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Abstract

In this work we study the existence of weak solutions for a class of nonlinear differential equations
with periodic boundary conditions and impulses. The approach is based on variational methods and
critical point theory.

In the first chapter we recall some basic tools of elementary functional analysis and some general
results on critical point theory.

The second chapter is devoted to the question of existence of the solutions to a class of nonlinear
differential equations with instantaneous impulses by means of variational methods.

In the third chapter we consider a class of nonlinear differential equations with non-instantaneous
impulses and obtain the existence of solutions.

For the last chapter we generalize the model studied in the foregoing chapter.

Keywords: Nonlinear differential equation with impulses. Instantaneous impulses. Non-instantaneous

impulses. Variational method. Weak solution. Critical point.
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Résumé

L’objectif de ce travail est I’étude de D'existence de solutions faibles pour une certaine classe
d’équations différentielles non linéaires avec impulsions. L’approche utilisée est basé sur la méthode
variationnelle et la théorie du point critique classique.

Dans le premier chapitre nous présentons des outils de base nécessaires a 1’étude des trois prin-
cipales parties qui constituent cette these.

Le deuxieme chapitre s’attache a I'étude de l'existence de solutions faibles pour un systeme
d’équations différentielles non linéaires avec impulsions de type instantanées.

On s’intéresse dans le troisieme chapitre a l'existence de solutions faibles mais avec impulsions
de type non-instantanées.

Le dernier chapitre est consacré a une généralisation pour le dernier modele.

Mots clés: Equation différentielle non linéaire avec impulsions. Impulsions de type instantanées.

Impulsions de type non-instantanées. Méthode variationnelle. Solution faible. Point critique.
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Notations

In what follows, we use the following notations

(ti, sil

Ii7 Jl
aiaﬁi
u'(t])

u'(t)

Impulse points, such that

O=to<ti<te<...<tp <tpm1=1T.

Impulse intervals, such that

0=50<t1 <81 <ty <859<...<ly < Sy <t =1T.

Impulse functions defined on R.

Impulse functions defined on R. But in this work we took them constants.
The right derivative of u at t;, i.e., u/(t]7) = lim,_,+ /(?).

The left derivative of u at t;, i.e., u/(¢;) = lim, ,,— u/(¢).

AU () =/ () —d/(8]).

Jus fo
Dufi7 vaz

The derivatives of f(t,u,v) at u and v respectively.
The derivatives of f;(¢,u,v) at u and v respectively.
Dual space.

Bidual space.

Scalar product in the duality X, X.

Weak topology on X.

Weak convergence.

Strong convergence.

The limit inferior.

Canonical injection from X into X™**.

Dimension of a vector space.

Closure of the set A.



|A] Measure of the set A.

Bx Closed unit ball in X, i.e. By = {x € X; |lz|lx < 1}.
QCR” Open set in R™.

1 Open interval in R.

ol Boundary of 1.

LP(Q) = {u : QQ — R, wu is measurable and / |u(z)Pdx < oo}, 1<p< .
, | - 1
p Conjugate exponent of p, i.e., — + — = 1.
p p

a.e. Almost everywhere.

L>(Q) = {u : Q — R, u is measurable and |u(x)| < C a.e. in Q for some canstant C’}.

inf Infimum.

essinf Essential infimum.

supp f Support of the function f, i.e., supp f = {:U el, f(x)# 0}.

C(I) Space of continuous functions on I.

C(I) Space of infinity times differentiable functions with compact support in I.
max Maximum.

min Minimum.

D%u Successive derivatives of the function u, i.e. D%u = u(®.

Wmp WP H™ Hi* WP Sobolev spaces.
L(X,Y) Space of linear bounded operators from X into Y.
o(h) Landau notation, a little quantity such that its norm when it divided by

the norm of h will tend to zero.

DF(a) or F'(a) Differential of I at the point a.

DF Differential of F'.

CH(U) Class of functions differentiable on U with the differential must be continuous on U.
VF(a) Gradient of F' at the point a.

Ls.c. Lower semi-continuous.

w.ls.c. Weakly lower semi-continuous.



General Introduction

The aim of this thesis is the study of some impulsive problems with regard to the existence of
weak solutions, where our results are based on the variational methods and the classical critical point
theory.

The theory of impulsive differential equations describes processes which experience a sudden
change of their state at certain moments. Processes with such a character arise naturally and often,
especially in phenomena studied in physics, chemical technology, population dynamics, biotechnology
and economics. A comprehensive introduction to the basic theory is well developed in the monographs
see for example the books [0, 10, 13, 15, 21] and in the references therein.

If a sudden change in the behavior of the phenomenon is happening and take some time before
returning to the initial situation, in this case we speak of non-instantaneous impulses, as the figure

below illustrates.



Non-instantaneous impulses

Impulse conditions

o O=o o' (h=a; SO
| I—'-l...‘ I I ®ceccec® | l._.....‘...-. | |
| ! 1 I | ™ ! I
0 t]_ S]_ t2 S2 Ty tm Sm T

Impulse intervals

In the above figure the impulses start abruptly at points t;, k = 1,2,--- ;m, and keep the derivative

constant on a finite time interval (¢, si],k =1,2,--- ,m.
Now if the change of the state happens quickly and again quickly nothing happens, here we are

talking about instantaneous impulses, as the figure below shows.



Instantaneous impulses

u' (ti+)-u' (ti-)=Ii(u(ti))
1=1,2, ..., m
Impulse conditions

O ‘t]_ t2 eseseses tl ssssssssse tm T

Impulse points

The impulses in the above figure start abruptly at points ¢,k =1,2,--- ,m.

Recently Herndandez and O’Regan [14] initially the theory of non-instantaneous impulsive differ-
ential equations. For example, impulses start abruptly at the instant ¢, and their action continue on
a finite time interval (ty, si]. This type of problem motivates to study certain dynamical changes of
evolution processes in pharmacotheraphy [20, 12, 24]. The existence of solutions of non-instantaneous
impulsive problem has been studied via some approaches, such as fixed point theory and theory of
Co— semigroup, see, for example, [11, 9, 20]. Important contributions to the study of the mathemat-

ical aspects of such equations have been undertaken in [2].

Many problems can be understood and solved by minimization of a functional, usually related

5



to the energy, in an appropriate space of functions. Recently, variational methods have been widely

used to study impulsive problems. This method was initiated by Tian and Ge [23] and Nieto and
O’Regan [19]. For some recent works see, for example, [1, 3, 4, 5, 7, 16, 22, 25, 26] and the references
therein.

Our purpose in this work is to show that the existence of solutions of the impulsive differential
equations considered is a problem equivalent to minimize some energy functional. Also, the critical
points of the functional are indeed solutions of the impulsive differential equations problem. The goal
of this work is to solve some class of boundary value problems for impulsive differential equations by
using critical point theory. The variational structure of general non-instantaneous impulsive problem
has been study in first time by Bai and Nieto [1].

Our work is made up of four chapters, and is organized as follows

In the first one we presented some well-known basic tools of elementary functional analysis and
some general results on critical point theory which were useful for the following.

The second chapter is devoted to the question of existence of the solutions to a class of nonlinear

differential equations with instantaneous impulses by means of variational methods.

(

—u"(t _ fu(t,uﬂ})a t e (07T)\{t1,...,tm},

A (ty) =/ (6) — W (t;) = L (u(ty)), k=1,2,...,m,
)

\
where the impulses start abruptly at points t;.

In the third chapter we considered a class of nonlinear differential equations with non-instantaneous



impulses and obtained the existence of solutions.

([ —w'(t) = Dufi(t,u(t) = ultisr) v(t) = v(tisn) ), € (sitia], i =0,1,...,m,
—v"(t) = Dufi (ta u(t) —u(tivr),v(t) — v(ti+1>)a t € (si,ti], 1=0,1,...,m,
wW(t) = g t € (t,s], i=1,2,...,m,
V(t) = Bi, te (tiysi], 1=1,2,...,m,
u(sh) = W(s;), i=1,2,...,m,
V(sS) = V(s)), i=1,2,...,m,
W(0F) = ap,  V(0T) = B,
)

= u(T)=v(0)=v(T)=0.

Here the impulses start abruptly at points ¢; and keep the derivative constant on a finite time interval
1ti, sil.

For the last chapter we generalized the model studied in the third chapter, by adding the terms
n;(t) (u(t) — u(tiﬂ)) and 6;(t) (v(t) - v(ti“)) to the principal equations.

—u”(t)—l—m(t)(u(t)—u(tiﬂ)) - D fl(t ult

) —
€ (si,tiya), 1=0,1,...,m,
(1) + 0:(8) (v(t) = v(ti1)) = D ﬁ(t u(t) = ultian), v(t) = vltisa) ),
€ (siytiz1], 1=0,1,...,m,
u(t) = a te(tys], i=1,2,...,m,
V(t) = Bi, t€ (ti,si], 1=1,2,...,m,
u'(sf) = W(s;), i=1,2,...,m,
V(sf) = V(sy), i=1,2,...,m,
u'(0%) = ag,  v'(07) = b,
\ w(0) = u(T)=v(0)=v(T)=0.



Chapter 1

Some basic tools

In this section we introduce some notations and definitions which are used throughout this work.

1.1 Some functional spaces

1.1.1 Weak topology o(X, X*)

Let X be a Banach space and X* be the dual space with norm

X+ = Ssup ‘<f7x>X*,X‘-

rzeX
llzllx <1

1f1

Let f € X*, we denote by ¢y : X — R the linear functional ¢(x) = (f,z)x~ x. As f runs
through X* we obtain a collection (pf)fex+ of maps from X into R. We now ignore the usual

topology on X (associated to || - ||x) and define a new topology on the set X as follows:

Definition 1.1. (Weak topology) The weak topology on X is the coarsest (or weakest) topology on
X, denoted by o(X, X*), that makes all the maps (¢y)fex continuous.

Remark 1.1. The open sets of the weak topology o(X, X*) are obtained by considering first Ngpite

of sets of the form w;l(w), w s an open set in R, and then Ugpitrary-

We have in the following some properties of the weak topology.

8



Chapter 1 Some basic tools

Proposition 1.1. The weak topology o(X, X*) is Hausdorff (i.e. given x1,x9 € X with x1 #
there are two open sets Oy and Oy for the weak topology o(X, X*) such that x1 € Oy,x9 € Og, and
01 N 02 == @)

Notation. If a sequence (z,) in X converges to x in the weak topology (X, X*) we shall write
Tp — T

To avoid any confusion we shall sometimes say, "z, — x weakly in o(X, X*)”. In order to be totally
clear we shall sometimes emphasize strong convergence by saying, "x,, — x strongly”, meaning that

n—o0

|z, — z||x — 0.

Proposition 1.2. Let (x,) be a sequence in X. Then

~

(xn — x weakly in a(X,X*)) = <(f,xn>X*’X — (f,x)x+x, Vf € X*).

8o

(xn — strongly) — (xn — x weakly in o(X, X*)).

o

(xn — x weakly in o(X, X*)) = ((HanX) is bounded and ||z||x < liminf ||anX)

4. (xn — z weakly in o(X,X*) and f, — [ strongly in X* [i.e. 1 fn — fllxr =5 O]) —
((fn>$n>X*7X — (f, x>X*,X)-

Remark 1.2. In a Hilbert space H with the scalar product (-,-)g, we have through Riesz-Fréchet

representation theorem:

T, =~ <= lim (y,x.)g = (y,2)mg, Yy € H.

n—-4o00

Proposition 1.3. When X is finite-dimensional, the weak topology o(X, X*) and the usual topology

are the same. In particular, a sequence (x,) converges weakly if and only if it converges strongly.

Remark 1.3. Open (resp. closed) sets in the weak topology o(X, X™*) are always open (resp. closed)
in the strong topology. In any infinite-dimensional space the weak topology is strictly coarser than
the strong topology, i.e., there exist open (resp. closed) sets in the strong topology that are not open

(resp. closed) in the weak topology. Here are two examples:



Chapter 1 Some basic tools

1. The unit sphere S = {:c € X; |z||x = 1}, with X infinite-dimensional, is never closed in the

weak topology o(X, X*). More precisely, we have

gJ(X,X*) _ Bx,

where EU(X’X*) denotes the closure of S in the topology o(X,X*) and Bx denotes the closed
unit ball in X,
By = {:c e X; |lallx < 1}.

2. The unit ball U = {.:1: €X; |lz||lx < 1}, with X infinite-dimensional, is never open in the weak
topology (X, X*).

Every weakly closed set is strongly closed and the converse is false in infinite-dimensional spaces.

However, it is very useful to know that for convex sets, weakly closed = strongly closed.

Theorem 1.1. Let C' be a convex subset of a Banach space X. Then C s closed in the weak topology
o(X, X*) if and only if it is closed in the strong topology.

Corollary 1.1. (Mazur) Assume (x,) converges weakly to x. Then there exists a sequence (y,) made

up of conver combinations of the x,’s:

k=n k=n
Yn = Zankxka Zank = ]-a Qp,, Z 0 (n S N*)a
k=1 k=1

such that (y,) converges strongly to x.

1.1.2 Reflexive spaces

Let X be a Banach space and X* be the dual space with norm

Ifllx- = sup [{f,2)x-x]|-

zeX
Izl x <1

The bidual X™* is the dual of X™* with norm

€llx- = sup  [(&, ) x-].
X*

fe
lFllxx<1

10



Chapter 1 Some basic tools

There is a canonical injection from X into X** defined as follows

J: X — X
r — J,: X — R

[ (Jo [lxexr = (f,T)x* x.

It is clear that J is linear and that J is an isometry, that is, ||J.||x« = ||z|/x. It may happen that
J is not surjective from X onto X**. However, it is convenient to identify X with a subspace of X**
using J. If J turns out to be surjective then one says that X is reflexive, and X** is identified with

X.

Definition 1.2. (Reflexive Space) The space X is said to be reflexive if the canonical injection J
from X into X** is surjective, i.e., J(X) = X**.

When X is reflexive, X** is usually identified with X.

Remark 1.4. Many important spaces in analysis are reflexive. Clearly, finite-dimensional spaces
are reflevive (since dim X = dim X* = dim X**). L spaces are reflexive for 1 < p < oo. Hilbert

spaces are reflevive. However, equally important spaces in analysis are not reflexive, for example L

and L*.
The next result describes the basic properties of reflexive spaces.
Theorem 1.2. The following statements are equivalent:

1. X is reflexive.

2. The closed unit ball in X
By — {x e X; ||zllx < 1},

is compact in the weak topology o(X, X™*).

3. For every bounded sequence (x,) in X, there exists a subsequence (x,,) thal converges in the

weak topology o (X, X*).

In order to clarify the connection among the above equivalent, it is maybe useful to recall the

following facts:

11



Chapter 1 Some basic tools

e If X is a metric space, then
X is compact <= every sequence in X admits a convergent subsequence.

e There exist compact topological spaces X and some sequences in X without any convergent

subsequence.

e If X is a topological space with the property that every sequence admits a convergent subse-

quence, then X need not be compact.
Here are some further properties of reflexive spaces.

Proposition 1.4. Assume that X is a reflexive Banach space and let A C X be a closed vector

subspace of X. Then A is reflexive.

Corollary 1.2. A Banach space X 1is reflexive if and only if its dual space X* is reflexive.

1.1.3 L? Spaces

Let © € R™ with n € N*.

Definition 1.3. Let p € R with 1 < p < oo, we set

LP(Q2) = {u : Q= R, u is measurable and /Q|u(x)]pdac < oo},

[l ooy = {/Q|u(x)|pdxr.

with norm

Definition 1.4. We set
L>*(Q) = {u :Q = R, u is measurable and |u(x)| < C a.e. in Q for some canstant C’},

with the norm

[|lw|| oo () = inf {C, lu(z)| < C a.e. on Q}

We have the following properties:

12



Chapter 1 Some basic tools

1. LP is a Banach space for any p, 1 < p < o0.

2. The dual of L? is L, for any p, 1 < p < oo, where p/ is the conjugate exponent of p, i.e.

1 1
— + — = 1. The dual of L' is L*°. The dual of L* is strictly bigger than L!.
p

p
3. Holder’s inequality:

/ 1 1
Assume that v € L? and v € L? with 1 <p,p/ < oo, —+ = = 1. Then uv € L' and
p D

/Q fu(z)o(@)|dz < [lull ol -

4. LP is reflexive for any p, 1 < p < oo.
5. L' and L* are not reflexive spaces.

6. L? equipped with the scalar product

(u,v) :/Qu(x)v(x)dx,

is the unique Hilbert space among all L” spaces.

7. If u € L*° then we have

lu(z)| < ||ul| = a.e. on Q.

1.1.4 Sobolev spaces

Let I = (a,b) be an open interval, possibly unbounded, and let p € R with 1 < p < oc.
1.1.4.1 The space W'*(I)

Definition 1.5. The Sobolev space WP (1) is defined to be
WP(I) = {u eI /€ LP(I)}.

We set H'(I) = W'2(I).

13



Chapter 1 Some basic tools

It is essential to notice here that the derivative taken above the function u is in the sense of
distributions, i.e.
uelP(l) = JvelP(): /ugp’ dr = —/vgp dx, Yo € CZ(I),
I I

where C2°(I) is the space of infinity times differentiable functions with compact support in I,

supp o = {z € I, p(x) # 0}
The space WHP(I) is equipped with the norm
ullwrr = lJullze + (|| v,
or with the equivalent norm
1
lullwr = (Il + ), 1< p < o,
The space H'(I) is equipped with the scalar product

(u, 0) g = (u, )2 + (W, 0") 2 = /(uv +u'v') du,
I

and with the associated norm

-

2
el = (luli3e + 132 )

Here some properties of Sobolev space WP(I):

1. The space WP is a Banach space for 1 < p < oc.

2. WP is reflexive for 1 < p < oo.

3. H'is the unique Hilbert space among all WP spaces.

4. For any u € W'?(I) with 1 < p < oo, and I bounded or unbounded, then there exists a function
u e C(I) (C (I): space of all continuous functions on I with norm ||v||s = max, 7 ]v(t)\), such
that

u=u a.e. onl,

and

u(z) — uly) = /x o/ (t)dt, Y,y € 1.

14



Chapter 1 Some basic tools

We note that if one function u belongs to W1* then all functions v such that v = u a.e. on I also
belong to WP, Every function v € W' admits one (and only one) continuous representative
on I, i.e. there exists a continuous function on I that belongs to the equivalence class of u
(v ~uif v =ua.e). When it is useful (for example, in order to give a meaning to u(x) for

every r € 7) we replace u by its continuous representative.

In order to simplify the notation we also write u for its continuous representative. We finally

point out that the property "« has a continuous representative” is not the same as "u is

continuous a.e.”.
5. Sobolev inequality (Sobolev embedding):
(a) There exists a constant C' (depending only on |I| < oo) such that
[ullwes(ry < Cllullwrey, Yu e WH(I), ¥ 1 <p < oo,

In other words, W'?(I) C W®(I) with continuous injection for all 1 < p < co.
(b) If I is bounded then

e The injection WP(I) € C(I) is compact for all 1 < p < oo.

e The injection WH(I) C LY(I) is compact for all 1 < g < .

Remark 1.5. The injection WY L(I) C C(I) is continuous but it is never compact, even if I is

a bounded interval.

Remark 1.6. (Continuous embedding / Compact embedding) If X and Y be two normed vector

spaces, with norms || - ||x and || - ||y respectively, such that X CY.

» We say that X is continuously embedded in Y if the identity function

1: X — Y,
r —

is continuous, i.e. if there exists a constant C' > 0 such that
|zlly < Cllzllx, Vo € X.

» We say that X is compactly embedded in Y if

15



Chapter 1 Some basic tools

o X is continuously embedded in'Y .

o The identity function i of X into Y is a compact operator, i.e. any bounded subset in
X is relatively compact subset in'Y (or in other words for any bounded sequence (z,,)

in X, there exists a subsequence (x,,) that converges in'Y.).

6. Suppose that I is an unbounded interval and v € W?(I) with 1 < p < oco. Then

lim wu(z) =0.
xzel
|z|—o00

1.1.4.2 The space W,"(I)

Let 1 <p < 0.

Definition 1.6. We denote to the closure of C°(I) in WYP(I) by Wy *(I), i.e.

WLP(T)

c(I) = Wy(I) C WH (1)
We set HY(I) = W, *(I).

The space W, P(I) is equipped with the norm of W'?(I), and the space H}(I) is equipped with
the scalar product of H*(I).

Here some properties of the space VVO1 P(I):
1. Wol’p is a Banach space for 1 < p < oo, and it is reflexive if 1 < p < .
2. H} is a Hilbert space.

et U

3. If I = R, we have C>*(R) B WP(R), and therefore W, ?(R) = WhP(I).

4. The following property is a basic characterization of functions in Wy (I):

If u e WhP(I), then we have
u € WyP(I) <= u=0ondl,

where 01 denotes the boundary of 1.
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5. Poincaré’s inequality:
Suppose I is a bounded interval. Then there exists a constant C' (depending on || < co) such
that
lullzory < Cll ||y, Yu € WyP(1).

As a consequence of Poincaré’s inequality, the quantity ||u/[|zr(;) is a norm equivalent to the

WhP(I) norm.

6. If I is bounded, the expression (u',v’)2() = /u’v' dx, defines a scalar product on H}(I), and

I
the associated norm, i.e., |||, is equivalent to the H'(I) norm.

1.1.4.3 The space W™?(])

Let m > 0 an integer.

Definition 1.7. The Sobolev space W™P(I) is defined by
WmP(T) = {u e LP(I) | D*u € L*(I), Va € {0,1,2,--- ,m}},
where D*u, o € {0,1,2,--- ,m} denote the successive derivatives of u, i.e.
Dy =wu, D'u=4', D*u=1u",---, D™u=u".
We set H™(I) = W™2(I).
We have for any a € {0,1,2,--- ,m}:
D% € LP(I) <= Fv, € LP(I) : /uDO‘go dr = (—1)“/%(,0 dx, Yo € C(1).

1 1

The space W™P(I) is equipped with the norm

m
ullwme => 1 D%l v,
a=0

or sometimes with the equivalent norm

=

m
P
[[ullwmr = <Z HDQUHZEP) , 1<p<oo
a=0

17
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The space H™(I) is equipped with the scalar product

(u,v)gm = Z(Dau, D)2 = Z/DauDo‘v dx,
a=0 a=0"1

and with the associated norm .
m =
2
fulla = ( S 10°ul:)
a=0

It is easily show

L CWRPC WP C WP CWOP = LP.

We can extend to the space W™P (m > 2), all the properties shown for W'?. For example, if
I is bounded, W™?(I) is continuously embedded in C™!(I) for 1 < p < oo, and it is compactly

embedded if 1 < p < o0.

1.1.4.4 The space W;""(I)

Let 1 < p < oo, and let m > 2 an integer.
Definition 1.8. Wy""(I) is defined as the closure of C°(I) in W™P(I), i.e.

SR

=" = wr(ny < wre(r),
We set HJM(I) = W2(I).
Remark 1.7.

1. We can also define WP (I) as follow

Wén,p([) = {’U,E Wm,P(]) / D% =0 on 0I, Va € {0’17... ’m_l}}.

2. It 1s necessary to note the distinction between:
WOZ’p(I) = {U € W?,p([) / u=Du=0 on 8[}’

and

W) "W,y P(I) = {u e W*P(I) / u=0 on 8[}.

18
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We finish this section by adding the following result

Proposition 1.5. (Proposition 1.2. of [17]) Let 1 < p < oo, and let T > 0. If the sequence (x,,)
converges weakly to x in W%’p(O,T), then (z,,) converges uniformly to x on [0,T).

Here the Sobolev space WP(0,T) is the space of functions u € W(0,T) with u(0) = u(T) , i.e.

WP (0,T) = {u e W'(0,T) / u(0) = u(T)}.

1.2 Some classical definitions and results on critical point

theory

Let X and Y two normed spaces.

1.2.1 Differentiable maps

We begin by defining two kinds of differentiability, the notion of Fréchet derivative and then recall

the definition of Gateaux derivative.

Definition 1.9. (Bounded operator) A linear operator F' : X — Y is called bounded (or continuous)

if there is a constant C' > 0 such that
[F(2)]ly < Cllz|x, Vo € X.

We denote by L(X,Y) to the space of all linear bounded operators from X into Y.

The norm of a bounded operator is defined by

F(x Y
||117||L(X,Y>=Sup—|| @lly _ sup [|[F(z)[ly = sup [|F(z)]y.
zeEX ||17||X zeEX zEX
x#0 llll x <1 lzf| x=1

x#0
Definition 1.10. (Fréchet derivative) Let U a nonempty open subset in X .
An operator F : U C X — Y s called Fréchet differentiable at a point a € U, if there exists a
function G, € L(X,Y) such that
F(a+h)— F(a) = Go(h) + o(h), h € X,
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Chapter 1 Some basic tools

where the remainder o(h) (Little o -Landau notation-) is in 'Y and satisfies

m lo(h)ly _o
Inllx—0 [|h|lx

It is essential to notice if a € U, and since U is open, then there exists > 0 such that the ball
B(a,r) = {x €eX/|r—a|x < 7“} C U. Hence we can choose h € X with ||h||x < r to ensure
a+ h € U, therefore F(a + h) will be well defined.

Usually the operator G, will be denoted by

DF(a), dF(a), d,F or F'(a),

and it is called the Fréchet derivative (differential) of F' at the point a € U.

The image of h € X under DF(a) (DF (a)(h) € Y) is called the Fréchet differential of F' at the
point a taken at h.

We say F' is Fréchet differentiable on U if F' is Fréchet differentiable at each point of U. In this
case, the mapping a — DF'(a) is called Fréchet derivative (differential) of ' on U, and it is denoted
by DF, hence

DF:U — L(X,Y)
a — DF(a).
F is said to be of class C!' on U if the differential DF is continuous on U, and we write F' €

CH(U, F) = C\(U).

Definition 1.11. (Gateauz derivative) Let U a nonempty open subset in X.
An operator F' : U C X — Y s called Gateaux differentiable at a point a € U, if there exists

G, € L(X,Y) such that

lim F(Hﬁ? —FlO) _Gom), vhex,

t—0

where the limit is taken for real t and convergence in the norm of Y is meant.
As in the notion of Fréchet derivative G, will be denoted by
DF(a), dF(a), d,F or F'(a),

and is called the Gateaux derivative of F' at the point a € U.
The image of h € X under DF'(a) (DF (a)(h) € Y) is called the Gateaux differential of F' at the

point a in the direction h.
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We say F'is Gateaux differentiable on U if F'is Gateaux differentiable at each point of U. In this
case, the mapping a — DF'(a) is called Gateaux derivative of F' on U, and it is denoted by DF,
hence DF : U — L(X,Y).

Remark 1.8.

1. It follows immediately from the definitions, if ' is Fréchet differentiable at a € U, then F 1is
Gateaux differentiable at a, and the Fréchet and Gateaux derivatives of F' at a are the same.
The converse is not always true, but we have the following
If the Gateauz derivative DF exists in some neighborhood U(a) C U of the point a € U,
and is continuous at a, then the Fréchet derivative DF (a) ezists and the Fréchet and Gateaux
derivatives of F' at a are the same. In other words, a continuous Gateauz derivative is a Fréchet

derivative.

2. If F is Fréchet differentiable at a € U, then F is continuous at a.

1.2.1.1 Some basic examples

In the following some basic examples which are used in the next chapters (regarding the con-

struction of the energy functional).

Example 1.1. Let H be a Hilbert space with the scalar product (-,-)gy. Consider the functional F

defined as following

F:H — R

1 1
w o F(u) = 5llulh = 5w

Since

1 1 1
Plu+¢) = F(u) = Sllu+ @l = Sllulll = (@ 0)a + 5 1ol
so F'is Fréchet differentiable at any point v € H, and we have

DF(u):H — R
¢ > DF(u)(p) = (u,0)n,

1

and o(p) = 3 el
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Example 1.2. Let F': R® — R be a real function and n > 1.
If F is differentiable (in the sense of Fréchet) at the point a € R™, then all the partial derivatives of

I at the point a are exist, and we have
DF(a):R" — R

h +— DF(a)(h) =(VF(a),h) = Z gi (a)hs,

i=1
where VF(a) is the gradient of F' at the point a, and (-,-) denotes the canonical scalar product in
R™.

The converse is not always true, but we have the following
If the partial deriwatives of F' at the point a are exist and continuous, then F' is differentiable at the

point a.

Example 1.3. If FF : R — R be a derivable function. So for any © € R we have DF(x)(h) =
F'(z)h, h € R.

As a special case if f: R — R be a continuous function, and F defined as follows:

F:R — R
r — F(z)= /w f(s)ds,
0

then F' is derivable, and we have DF (x)(h) = f(z)h, h € R.

1.2.2 Extreme points

Let F' be a real functional defined on a nonempty open subset U C X (F UCX — R).

Definition 1.12. (Eztremum point) A point xq € U is called an extremum of F if there exists an

open neighborhood U(xzy) € X of x¢ such that
F(z) < F(xg), for every v € U(xg) NU, i.e., F is mazimal at xo,
or

F(z) > F(xy), for every x € U(xo) NU, i.e., F is minimal at x.
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Definition 1.13. (Critical point -Stationary point-) If F' is differentiable at xo € U, then xq is called

a critical point (or stationary point) of F if
DF(zo) =0.
In the following result a necessary condition for xy to be an extremum.

Theorem 1.3. Suppose F' is differentiable at xq € U.
If zg is an extremum of F, then DF(zq) = 0 (i.e., zg is a critical point of F). In other words a

necessary condition for xy to be an extremum s that it is critical.
Remark 1.9.

1. The foregoing theorem shows us if we need to find the extremum points of a function F' we have

to look for them among the critical points.

2. Not always a critical point is an extremum point. For example the function F defined on R by

F(x) = 23 has a critical point at 0, but 0 not an extremum point.

3. In the case X = R"™, we have the following equivalents

DF(z) =0 <= VF(z)=0,
oF
(9@-

(z) =0, Vi=1,2,-- ,n,

so the problem of finding the critical points returns to solve a system of n algebraic equations

oF
89@-

i=1,2,-,n.

(.1'1,[['2,"' 7xn) = Oa

1.2.3 Minimizing sequence / Weakly lower semi-continuous functions /

Coercive functions

Definition 1.14. (Minimizing sequence) A minimizing sequence of a functional F : X — R, is a
sequence (z;) C X, such that
lim F(z;) = inf F(z).

j—ro0 zeX
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Definition 1.15. (Lower semi-continuous / Weakly lower semi-continuous) A functional F': X —

R, is lower semi-continuous (resp. weakly lower semi-continuous), if

V(z;) C X :2; — o = liminf F(z;) > F(z),

J—>00

(resp. V(z;) C X : 2; = v = liminf F(z;) > F(:U))
j—ro0

The following properties are easy consequences of the definition:

1. The sum of two l.s.c. (resp. w.l.s.c.) functions is l.s.c. (resp. w.Ls.c.).

2. The product of a l.s.c. (resp. w.l.s.c.) function by a positive constant is l.s.c. (resp. w.ls.c.).

3. If (px)rea is a family of Ls.c. (resp. w.ls.c.) functions, the function sup,c, ¢ defined by

(sup w) (u) = sup a(u),
AEA AEA
is L.s.c. (resp. w.ls.c.).
Remark 1.10.
1. If the functional F is w.l.s.c. then F is l.s.c.

2. If the functional F' is continuous then F is l.s.c.

Definition 1.16. (Coercive) A functional F : X — R, is called coercive if, for every x € X,
F(z) = 400 if |z||x = +oc.

Now we are interested to find conditions that ensure that a functional, defined on all of a Banach

space, achieves its extremum. So we have the following result

Theorem 1.4. (Th. 1.1 of [17]) Let F be a functional defined on a reflexive Banach space X .
If I satisfies

1. F s w.ls.c.

2. F has a bounded minimizing sequence.
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Then, F has a minimum on X. In other words F' is bounded from below on X and achieves its

infimum at some point xo € X. If moreover F is differentiable at xo, then DF(xy) = 0.

Proof. Let (x;) be a bounded minimizing sequence. Going if necessary to a subsequence, we can

assume, by the reflexivity of X, that (z;) converges weakly to some x € X. Thus,

F(z) <liminf F(z;) = lim F(x;) = inf F(y),
j—00 j—00 yeX

so that inf cx F(y) = F(z). O

Remark 1.11. The existence of a bounded minimizing sequence will be in particular insured when

F' s coercive.

Corollary 1.3. If F satisfies
1. Fisw.ls.c.
2. F 1is coercive.

Then, F has a minimum on X.

1.2.4 Convex functions

Definition 1.17 (Convex function). A functional F : X — R, is convex if
F((1=XNz+Xy) <(1=XNF(z)+ AF(y),
forall X € (0,1), z,y € X.
The following properties are easy consequences of the definition:
1. The sum of two convex functions is a convex function.
2. The product of a convex function by a positive constant is a convex function.
3. If (px)area is a family of convex functions then sup,c, ¢ is a convex function.

In view of theorem 1.4, it is important to obtain sufficient conditions for weak lower semi-

continuity.
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Theorem 1.5. (Th. 1.2. of [17]) If X is a normed space and F : X — R, is l.s.c. and convez,

then F is w.l.s.c.

Proof. Assume that x; — = and let ¢ > liminf, , . F(z;). Going if necessary to a subsequence,
we can assume that ¢ > F(z;) for all j € N*. By Mazur’s theorem (corollary 1.1), there exists a

sequence (y;) with

J J
Y; = E :ajk'rk7 E :O‘/jk =1, Qg 2 0,
k=1 k=1

such that y; — 2. Since F'is l.s.c. and convex, we obtain

F(x) < liminf F(y;),

j—+oo
J
= liminf I/ ;T
J
< liminf o Flx
= j~>+ooz Jk (k)7
k=1
J
< liminf { ¢ o
= liminf (c),
Jj—+o00
= c.

Since ¢ > liminf; , | F'(z;) is arbitrary, we have F'(z) < liminf; ,, . F(z;), so that F'is w.ls.c. O

Corollary 1.4. If the functional F' is continuous and convexr on a normed space X, then F' is w.l.s.c.

In particular, for every sequence (xj) C X converging weakly to x, we have

lim inf [[2;]|x > [|z| x.
‘7—>OO
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Chapter 2

Variational approach to instantaneous

impulsive differential system

In this chapter we consider a nonlinear Dirichlet problem with instantaneous impulses and obtain

the existence of solutions by means of variational methods.

;

—u"(t) = fu(t,u,v), t € (0,T)\ {t1, ..., tm},
= fo(t,u,v), t € (0,T)\ {t1, .., tm},

\
where 0 = £y < t; < ty < ... < t;, < tjpy1 = T, the impulses start abruptly at points ¢x, here
o' () = lim, St (t). The nonlinear functions f,, f, (the derivatives of f(¢,u,v) with respect to
u and v respectively) are Carathéodory functions on (0,7) x R?, and Iy, Ji, (k = 1,...,m), are

continuous functions on R.

2.1 Functional space framework

We define the following functional spaces:
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Chapiter 2 Variational approach to instantaneous impulsive differential system

C[0,T] be the space of all continuous functions on [0, 7] with the norm

o = t)].
lulloo = maxc u(t)]

H;(0,T) is the Sobolev space with the inner products

(u,v); :/0 o' () (t) dt,

and
(u,v)2:/0 u(t)v(t) dt+/0 u' ()0 (t) dt,

which induce the corresponding norms

\Mh:<A\w@fﬁ>,

T 2 4 2
|2 = / |u(t))| dt+/ /()| dt
0 0
By Poincare’s inequality,

g 2 1 ’ / 2 1
(/0 u(t)dt) S\/_)\_1</0 |/ (1)) dt) , for any u € Hy(0,T),

2

7r
we easily obtain that the norms ||.||; and .|| are equivalent. Here, \; = 73 is the first eigenvalue

N

and

N

N|=
N|=

of the Dirichlet problem
—u"(t) = Mu(t), t € (0,7); u(0) =u(T)=0.

Set H = H}(0,T) x H}(0,T), in the Hilbert space H, for any (u,v) € H, we set the norm

sl = (Jall + )

Lemma 2.1. There exists v > 0 such that, if (u,v) € H, then

lulloos Nlvlloe < | (w, v)]] -
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Proof. For any (u,v) € H, it follows from the mean value theorem that

for some 7 € (0,7). Hence, for t € [0,7T], using Holder’s inequality and Poincare’s inequality

u(t)] = ,

u(T) + /Tt u'(s) ds

< o)+ [ ) s
< 3 [ wnass [ as
<

1
ﬁHUHL2 + VT ||| 2,
1
< — 2—|—\/T u 2,
< il + VT,

< (77 7)o,

+ /T > 0, such that

1
Then, there exists v =
’ VNT

lulloe < | (w, 0) | -

Similarly, we can get

[llse < | (s 0)| -

2.2 Variational approach

In the following, we are concerned with problem (2.1) subject to impulses in the derivative at
the prescribed instantsts ¢, k = 1,2,...,m. We are interested in the solution (u,v) of problem (2.1)

satisfying the impulse conditions,

Au(t) = () — o/ (t) = Telu(ty)), (2.2)
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and
AV (t) = V' () =o' (t) = Je(v(te)), k=1,2,...,m. (2.3)

For u,v € H*(0,T), we have that u,v,u’ and v' are both absolutely continuous. Meanwhile,
u” 0" € L2(0,T). Hence, Au/(t) = v'(t7) —u'(t7) = 0 and Av/(t) = o/(t7) —v'(t7) = 0 for any
t € 10,77

If u,v € H}(0,T), then u,v are absolutely continuous and v’,v" € L*(0,T). In this case, the
one-sided derivatives «'(t7),u/(¢t7),v'(t") and v/(¢~) may not exist.

Thus, we need to introduce a concept of solution which is different from a classical solution. We
say that (u,v) is a classical solution of problem (2.1) if it satisfies the corresponding equations a.e.
on [0, 7], the limits «/(¢]), u/(t; ), v'(t)) and v/(t; ),k = 1,2, ...,m, exist and (2.2), (2.3) hold.

Taking (¢, 1) € H and multiplying the two sides of the equalities

—u"(t) = fult,u,v),
and

—"(t) = f,(t,u,v),
by ¢ and v respectively, then integrating from 0 to 7', we have

_/0 W ()p(t) dt:/o fult, u,v)p(t) dt, (2.4)

and
_ /0 o (#E) dt = /0 fult 1w, 0)(2) dt. (2.5)

The first terms of (2.4) and (2.5) are now

- [wwewa = =30 [T e

k=0 k

and

= ZJk(“(tk))%/)(tkH/O V()Y (t) dt. (2.7)
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In connection with (2.4), (2.5), (2.6) and (2.7), we have

T T m
| s aes [ m+§j@ DI
0 0
/ Jult,u,v)p dt—i—/ fo(t,u,v)(t) dt. (2.8)
Based on equality (2.8), we introduce the concept of weak solution for problem (2.1).

Definition 2.1. We say that a pair of functions (u,v) € H is a weak solution for problem (2.1) if
identity (2.8) holds for any (p,v) € H.

We consider the energy functional corresponding to problem (2.1)

¢: H— R,
defined by
1 (T 2 T 2 m o pulty) m o ro(te)
®(u,v) = —/ <u’(t)) dt+§/ (v’(t)) dt+Z/ Ik(t)dtJrZ/ Je(t)dt
0 0 k=10 k=10
T
— f(t,u,v) dt,
0
for more details about the construction of ®, see the subsection 1.2.1.1.
Therefore
1 2 m u(ty) i mo eo(ty) ; T ]
= = I (t t Ji(t t — t t. (2.9
JMML+;A (1) +;A (0 = [ pun) a2

Proposition 2.1. The functional ® : H — R, defined by (2.9) is continuously Fréchet-differentiable

and weakly lower semi-continuous. Moreover, the critical points of ® are weak solutions of (2.1).

Proof. Using the continuity of f,, f,, [ and Ji, k =1,2,...,m, we easily obtain that the functional
® € C'(H,R). Furthermore, we have the differential of ® at (u,v) € H

O (u,v) : H— R,
is defined by

W%M%WZAUWW@ﬁ+AUﬂW®ﬁ
+ka; o(tr) +2Jk (k)

—Afﬂwwﬂﬂﬁ—lfwwmwﬂﬁ
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This shows that the critical points of ® give us the weak solutions of (2.1).
To show that ® is weakly lower semi-continuous, let {(u;,v;)} C H, with (u;,v;) = (u,v), then
we have that {u;} and {v;} converge uniformly to v and v on [0, 7] respectively (Proposition 1.5).

In connection with the fact that iminf; . ||(u;,v;)||z > ||(w,v)||sz (Corollary 1.4), one has

2 m u;(ty)
+) / Ii(t) dt
Sy

1
liminf ®(uj,v;) = liminf{é))(uj,vj)

J—00 J—>00

m Uj(tk) T
w3 [T mw de- [t de .
k=10 0
1 2 m_ pu(ty)
> — I
> 2H(u,v) H+;/o k(1) dt
m v(t) T
+Z/ Jo(t) dt — [ f(t,u,v) dt,
1 0 0
= ®O(u,v)
This implies that the functional ® is weakly lower semi-continuous. O

2.3 Main results

Theorem 2.1. Suppose that f,, f, verify the following condition:
(Hy) There exist M > 0, such that

|fu(t7u7v)| < M> fOT’ every (t,U,U) € (OaT> X RQa
| fo(t,u,v)| < M, for every (t,u,v) € (0,T) x R?,

and the impulsive functions Iy, J, k = 1,2, ...,m, verify

(Hy) There exist My, > 0,k =1,2,...,m, such that

|Ix(uw)| < My, for every u € R,
|Jk (V)| < My, for every v € R.

Then there is a critical point of ®, and (2.1) has at least one solution.

Proof. From the theorem 1.4, the remark 1.11 and the proposition 2.1, to get the result, we just

show that ® is coercive.
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For any (u,v) € H, we have

1 2 m o ru(ty) m o eo(te) T
P(u,v) = g|(u,) H+Z/ I (t) dt+2/ Ji(t) dt—/ Ft,u,v) dt,
k=170 k=170 0

1 2 m u(tk) m v(tk) T

> 5w —Z/ Mydi—Y M, dt—/ <M|u|+M|v|> dt,

Ho Do k=170 0

1 2

> S| —mmax{dnule = mmax{ag} vl = MT(ulloe + 0],

from the lemma 2.1, we have

2

d(u,v) > %H(u,v) H—Zmymgx{Mk}H(u,v)

—2MTfyH(u,v)
H H

This implies that ®(u,v) — oo if ||(u,v)||g — oo, then ® is coercive on H. O

Remark 2.1. We can relax the conditions (Hy) and (Hz) by the condition (Hs) and (Hy) to obtain
the generalized result.
(H3) There exist a,b > 0, and oy, € [0, 1), such that
| fu(t,u,v)| < a+ blu|*, for every (t,u,v) € (0,T) x R?,
| fo(t,u,v)| < a+blv]*2, for every (t,u,v) € (0,T) x R%
(Hy) There exist ag, by > 0, and By € [0,1),k =1,2,...,m, such that
|1 (w)| < ag + bp|ul®*, for every u € R,
| T (v)| < ag + b|v|?*, for every v € R.
Theorem 2.2. Assume that (Hs) and (Hy) are hold, then the problem (2.1) has at least one solution.

Proof. For any (u,v) € H, we have

2 m u(ty) m v(ty) T
. + Z/ I (t) dt + Z/ Ji(t) dt —/ f(t,u,v) dt,
k=10 — 0

O(u,v) = %H(u,v)

1 2 m u(ty) m v(tx)
> —H(u,v) - Z/ (ak +bk|t|ﬁk) dt — Z/ (ak +bk|t|ﬂk> dt
2 B = o k=10
T
—/ <a|u] + alv| + bul T + b\v|°‘2+1> dt,
0
1 2 “
> _ _ Br+1
> Sl - mmax{adlule - maxived Y flull

k=1

m
-m ml?x{ak}HvHOO — m}?«X{bk} Z o] 26+
k=1

—aT(HuHoo ; uvuoo) - bT(HuH?.“;“ n Hvuss“),
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Chapiter 2 Variational approach to instantaneous impulsive differential system

now using the lemma 2.1, we get

Br+1
O (u,v) > ’

9 m
S )| = 2mymacfad | o) = 2maxini} > 4% 0)
k=1

as+1

(w o)

a1+1

— Tyt — bTyo2t!

(u, )

—2aT7H(u,v) .

Because a1 + 1, a0 + 1,6, +1 < 2, k=1,2,...,m, we have that

O (u,v) = oo,

| (w,0)[| =00

it follows that the functional ® is coercive on H. O]

Example 2.1. Let T =mn,t; = 1. We consider the following problem with impulses

—u"(t) =t + J/u(t), t € (0,7)\ {t:},
—o(t) =t /D), te (0,m)\ {1,
u(0) = u(m) = v(0) = v(mw) =0, (2.10)
A (ty) =o' () — ' (t7) = 2+ u(ty),
| AV(h) = /() = o'(t) =t + /o(t),
where the functions f: (0,7) x Rx R — R and I;, J; : R — R are defined by

(

5 3
Ft,u,v) = u-+to+ au? + Zv%,

Li(u) = 2+ Vu,
Jl(’U) = 1+ \5/5

We can see that

| fult, u,0)] = |2+ ul < 72+ Jul5,
| folt,u,0)| = [t + Vo] <7+ Ju]3,

and

IL(u)| = |2+ | <2+ |ul3,
T (0)] = 1+ /o] <1+ [o]5.

Taking a = 72,0 = 1,01 = % and oy = % so (Hs) holds, for a; = 2,by = 1,5, = % then (Hy) holds.

By Theorem 2.2, the instantaneous impulsive problem (2.10) has at least one solution.
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Chapter 3

Variational approach to

non-instantaneous impulsive differential

system

In this chapter we present the variational structure associated to the following nonlinear problem

with no instantaneous impulses

—u"(t) D, fi (tu u(t) —u(tivi), v(t) — U<ti+1>)7 t € (si,tiy], 1=0,1,...,m,
—W"(t) = D,f; (t, u(t) — ultis), v(t) — v(tiﬂ)), te (s tin], i=0,1,...,m,
u'(t) a, L€ (ti,s], i=1,2,...,m,
v'(t) Biy t € (tiysi], i=1,2,...,m, (3.1)
u'(s]) u(s;), i=1,2,...,m,
v'(sf) v'(s;), i=1,2,...,m,
u'(0) ag, V' (07) = B,
L u(0) w(T) =v(0) =v(T) =0,
where 0 = 59 < 11 < 51 <ty < 59 < ... <ty < S§p < type1 = T, the impulses start abruptly at
points ¢;,4 = 0,1,2,...,m, and keep the derivative constant on a finite time interval (¢;,s;]. Here
u'(sF) = limsﬁsii u'(s), and oy, B;,1 = 0,1,2,...,m, are given constants. For each 1 =0,1,2,...,m,

the nonlinear functions D, f;, D, f; (the derivatives of f;(t,u,v) with respect to u and v respectively)

are Carathéodory functions on (s;, ;1] x R2.
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

3.1 Functional space framework

We need to define as like as the previous chapter the following functional spaces:
C[0,T] be the space of all continuous functions on [0, 7] with the norm
[ulloo = max fu(t)].

t€[0,T]

H3(0,T) is the Sobolev space with the inner product

th=A1NWNﬂ%

|Mh:<A‘w@fﬁ>.

Set H = H}(0,T) x H}(0,T), in the Hilbert space H, for any (u,v) € H, we set the norm

and the corresponding norm

sl = (Jall + )

By Holder’s inequality and Poincare’s inequality we have the following lemma

Lemma 3.1. There exists v > 0 such that, if (u,v) € H, then

lulloe, N[vlloo < [[(u, v)|[ -

For the proof we can see the previous chapter.
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

3.2 Variational formula

We use the ideas of the variational approach of the problem (3.1), for each (p, 1) € H, we have

- [ wety e =~ [Curoe a-

—Z/M ) dt — /s:u”(t)ap(t) dt

m

- /0 u' () (1) dt—Z(u’(ti)—u’(ty+ ))so(tz-)
-3 (#00) ~ )l
B /OTU i(u _%) (t;).

=1

To determine u/(t; ),i =1,2,...,m, on (s;_1,t;] we have

_ / u(H)dt = / Dofica (fult) = u(t) v(t) - v(t:) ) dt

then
L (E) / Dufi- 1 t w(t) — u(ty), v(t) — v(t; ))dt,
and as u/(s; ) =u/(s; ;) = ;1,1 =2,...,m, (for i =1, we have v/(s§) = u/(0%) = a0>, we obtain
W) = ap g — /ti Duf,;,l(t,u(t) —u(ty), o(t) — v(ti)>dt,z’ —1,2,...,m
Therefore
T T m
- [wwew ar = [ woeo de- Y (o - an)ele)
’ - . = (3.2)
+ ( D, f; (t,u(t) = u(lit1),v(t) — v z+1)>dt> P(tiv1)-
1=0
On the other hand,
T m tit1 m Si
— | u')p(t) dt = — u’(t)p(t) dt — u”(t)p(t) dt
J ) >

i/j# D, f; (t,u(t) — u(tivr),v(t) — v(tiﬂ))gp(t) dt

-3 [ et d

(3
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

Hence
- [wew e = 30 [ Dufi(tuo) = ulti) o) vt ott) . 33

Thus, in view of ¢(t,4+1) = ¢(T) =0, (3.2), and (3.3), we find that

/ ")/ 1) di i (01 - )t
- i [ Dt (00) = )00 = o)) (10 = i)t (3.4)
Similarly
[ oo =3 (51~ )ote
- i [ D (0) = o) = o0e0) (910) - w0t (35
We combined (3.4) and (3.5), we obtain
[ 00 as [ a3 (- aete =3 (- Ao
=3 [ DA (t0) ) o) = 800 (60 = )
+ i [ Dt = atts)oo) = o0) (000~ vt )at. (39)

Now, we introduce the concept of weak solution for problem (3.1).

Definition 3.1. We say that a pair of functions (u,v) € H is a weak solution for problem (3.1) if
identity (3.6) holds for any (p,v) € H.

We consider the energy functional corresponding to problem (3.1)

. H— R,
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

is defined by

O(u,v) = % /OT (u’(t)>2dt n % /OT <U’(t)>2dt -y (ai_l - ai>u(z€i) - Zm: <ﬁi_1 = @)v(ti)

_ Z /:i+l fi (t, u(t) — u(ti_,_l),?}(t) - U(ti+1)>dta

.
Il
—
<.
Il
—

ST S U S e
_ i /” Fi(tult) = ultien),o(t) = vltinn) )dt, (3.7)

for more details about the construction of ®, see the subsection 1.2.1.1.

Proposition 3.1. The functional ® : H — R, defined by (3.7) is continuously Fréchet-differentiable

and weakly lower semi-continuous. Moreover, the critical points of ® are weak solutions of (5.1).

Proof. Using the continuity of D, f;, D, fi,i = 0,1,...,m, we easily obtain that the functional ® €
C'(H,R). Furthermore, we have the differential of ® at (u,v) € H

' (u,v) : H— R,

defined by

Vo) = [ v as [ oowo a3 (o -a)etw) - 3 (51— )

i=1 i=1

- i / D (tu(t) — ultinn), o(e) — oltin)) (900) — i) )

_Z/ i+ D fz t u(t) — u(tiyr),v(t) — v(tiﬂ)) (1/}@) —(t z+1)>dt

This shows that the critical points of ® give us the weak solutions of (3.1).
To show that ® is weakly lower semi-continuous, let {(u;,v;)} C H, with (u;,v;) = (u,v), then

we have that {u;} and {v;} converge uniformly to v and v on [0, 7] respectively (Proposition 1.5).
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

In connection with the fact that liminf; o ||(u;,v;)||m > ||(w,v)||x (Corollary 1.4), one has
) m m
‘H — Z <a7, 1— %) Z (@‘—1 — Bi)vj(ti)

1= =1

- i / (b0 = )0 (ti+1)>dt}

Jj—ro0 Jj—ro0

1
liminf ®(u;,v;) = liminf{ﬁH(uj,vj)

1 2 m m
> ) H—;(ail—a) ;(@1—@) t)
m tit1
B / (s ult) = ultis), v(t) = v(tsi) )t
i=0 ¥ i
= ®(u,v).
This implies that the functional ® is weakly lower semi-continuous. O]

3.3 Main results

In this section we give the proofs of our main results in this chapter.
Theorem 3.1. Suppose that D, f;, D, f;, verify the following condition:
(Hy) There exist M; > 0,i=0,1,...,m, such that

|Dufz(tauyv)| S Mia fOT every (t,u,v) € (Sivti-‘rl] X Rza
D, fi(t,u,v)| < M;, for every (t,u,v) € (s;,ti41] X R*.

Then there is a critical point of ®, and (3.1) has at least one solution.

Proof. From the theorem 1.4, the remark 1.11 and the proposition 3.1, to get the result, we just

show that ® is coercive.
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

For any (u,v) € H, we have

O(u,v) = %H(u,v)”j{—i(% 1— ) i(ﬁz 1= > (t:)

1= =1

_i /t+ it () = ultis), o(t) = v(tisn) )dt

> %H(u v) Z — Xm: (ai,l — ai)U<ti) - Xm: <6i71 - 5i>v(tz‘)
=1 =1
_Z/Z“(Mlu —u(tip)| + Mifo(t) — v(tis ‘)dt
> §H<u o, = m max, {\az-,l—oa@-\}uunoo—m max {[6i1 = il vl

.....

from the lemma 3.1, we have

o) - ;uwr s (il - s,

H i=l.m C ) HH =1,
—4(m+1) (u,v)
This implies that ®(u,v) — oo if ||(u,v)||g — oo, then ® is coercive on H. O

Remark 3.1. We can relax the condition (Hy) by the following condition

(Hy) There exist a;,b; > 0, and v1,7v2 € [0,1),i =0,1,...,m, such that

Dt u,0)| < a4 blul, for every (tu,v) € (s, tr] x B2,
| Dy fi(t,u,v)| < a; + b2, for every (t,u,v) € (s4,ti11] x R2

Theorem 3.2. Assume that (Hs) holds, then the problem (3.1) has at least one solution.

Proof. By the same argument of the above theorem, we show that the functional ¢ is coercive.
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Chapitre 3 Variational approach to non-instantaneous impulsive differential system

Let (u,v) € H, then

ot = Yol 35 o e 3 (500 8)et

i= =1

_ i/j“ f; (t,u(t) — u(tivr),v(t) — v( z+1)>dt

> @ - i (i1 — s Jult:) - Zi: (81— ) ol
> [ (ai\u@) ~ uft)] + o) = v(tin)
it = ulti) [ 4 bifo(t) - v(tiH)!”z*l) dt.
Then
o) > o) —m max {\@H l Pl = m max {151 = Bl } ol

=U,...y

........

1 2
O (u,v) > §H(u,v) — My max {|ozZ 1 — }H u,v H —my max {]@ ﬂz}H u, v
g i=tem U0 TR gy T =
—4(m+ 19T ; ’ |
(m+1)y max {a} (u,v) .

Y1+1

—(29)" (m+ T (u,0)||
Y2+1

—(29)* (m+ 1T (u,0)|

-----

Because v; + 1,7, + 1 < 2, we have that
lim  ®(u,v) = oo,

[[(u0) || =00

it follows that the functional ® is coercive on H. O]
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Variational approach to non-instantaneous impulsive differential system

Example 3.1.

;

—(t) =

taking f : R xR — R by

It’s clear that

and

Let T =1, we consider the following problem with non-instantaneous impulses

le (Si7ti+1]7 1=0,1,...,m,

t e (Si,ti+1], 1=0,1,...,m,

@i, < (ti75i]7 i=1,2...,m, (3 8)
Bi te (tiysl, i=1,2,...,m, '
U/(Sl )? = L 27 y T,
U/(S )’ 221’27 7m’
aO’ Ul(0+) ﬁo;
u(1) = v(0) = v(1) = 0,
z )
= v R.
f(z,y) 1+$2+1+y2’ r,y €

1 — a2
Do f (2, y)| = D <1, Vz,yeR,

1 —y2
1Dy f(z,y)| = m <1, Vz,yeR

Then all the conditions of Theorem 3.1, and thus Problem (3.8) has at least one solution.
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Chapter 4

Variational approach to

non-instantaneous impulsive differential

generalized system

In this chapter we deal with the following not instantaneous impulsive differential system of the

form
4

() + m(8) (u(t) = u(tirn)

(1) + 6,(0) (0(t) — v(tis))

\

where 0 = 59 < t] < 81 <ty <8y < ...

< tm < Sm < Tmt1

- D ﬁ(t u(t) = ultis), o) = (ki) ).
€ (siytiz1], 1=0,1,...,m,

- D ﬂ(t u(t) = ulti), v(t) = v(ti)),
€ (siytiz1], 1=0,1,...,m,

a, L€ (t;,s], i=1,2,...,m, (41)
Biy, t € (tiysi], i=1,2,...,m,
u(s;), i=1,2,...,m,
V(s;), i=1,2,...,m,
ag,  V'(07) = B,
w(T) =v(0) =v(T) =0,
=T. Foreach:=0,1,2,...,m, n;,0; €

L>(s;,t;+1], the nonlinear functions D, f;, D, f; (the derivatives of f;(t,u,v) with respect to u and

v respectively) are Carathéodory functions on (s;,#;11] x R*. And for i = 1,2...

Jm, u(s7) =
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Chapitre 4 Variational approach to non-instantaneous impulsive differential generalized system

lim, , =4 (s), o, f; are given constants where the impulses start abruptly at points ¢; keep the
derivative constant on a finite time interval (¢;, s;].

Throughout this chapter we need the following assumptions

(A1) Assume that
vi > =N, Vi=0,1,... m,
2

where v; = min {essinfte(siﬁmﬂ ni(t), ess infye (s, t01] Qi(t)} and \; = ﬁ
i+1 — Si

4.1).

(see lemma

(A2) Suppose that D, f;, D, f; verify the following condition:
There exist a;,b; > 0, and ;1,7 € [0,1),7=0,1,...,m, such that

| Do fi(t,u,v)| < a; + bilu|™, for every (t,u,v) € (84, tip1] x R?
|vai(ta u, U)‘ S a; + bi|v‘v2a for every (ta ’LL,U) € <8i7ti+l] X R2‘

4.1 Functional space framework

We define the following functional spaces:
C[0,T] be the space of all continuous functions on [0, 7] with the norm
[ulloo = max fu(t)].

te[0,7)

H}(0,T) is the Sobolev space with the inner product

(1, 0)1 = / ! (0)/(1) dt.

|Mh=<é\w@fﬁ>

Set H = H}(0,T) x H}(0,T), in the Hilbert space H, for any (u,v) € H, we set the norm

and the corresponding norm

N

w0l =l + o)

We need the following results
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Chapitre 4 Variational approach to non-instantaneous impulsive differential generalized system

Lemma 4.1. We have for each w € H}(0,T)

tit1 2 tit1 9
Ai/ (w(t) —w(tiﬂ)) dtg/ w'(t)|dt, Vi=0,1,....m,

2

where \j = ————.
(tit1 — 54)?
Proof. For i € {0,1,...,m} and t € (s;,t;41], we have

2

(wt) ~w(tr)) = ( /t o w’(s)ds) |

< (/tti# 12d3> (/ttm |w’(s)\2ds),
< (t7;+1 — t) (/:i“ ‘w/(s)|2d5>,
/Sjiﬂ <w(t) — w(tz‘+1)>2dt < [_ (1?2%—75)2] :+1 (/:H }w/(t)}th)7
therfore

/:M (w(t) - w(tz'+1))2dt < (tZHT_SZ)Q (/:+1 ’w’(t)’%lt).

By (A1), we also introduce the norm

/OT |ul<t)‘2dt + i /:M ni(t) (u(t) - u(tiﬂ))zdt
' /OT v/t + ﬁ_nj / o (v - v(tHl))th] ,

K3

I, o) =

NI

clear that || - [|%; is well defined, since for each w € H}(0,T)

T 9 m t
/ |w!(¢)] dt+2/
0 i=0 v Si

i+1

(0) (w(t) = wltinn)) e
> /0 O+ i ” / H (wlt) - w@iﬂ))th,
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Chapitre 4 Variational approach to non-instantaneous impulsive differential generalized system

using (A;), we obtain
/ ‘U} ‘ dt + Z/ - — w(tl+1)>2dt
/ ()| dt — ZA /L+1 (wt —w(tiﬂ))zdt,

from the lemma 4.1, we have

/yw ydt+z/”1 (2+1>dt>/|w |dt—2/ /(1) dt,

i tit1 T 9 T 9
/ |w'(t)] dt+Z/ (H—l)) dt>/ |w'(t))| dt—/ |w'(t)|dt,
0 0
as a result
+1
/ |w'(t |dt+2/ (m)) dt > 0.
Lemma 4.2. Assume that assumption (A1) holds, then, for the Sobolev space H, the norm || - || g
and the norm || - ||3; are equivalent.

Proof. Since v; > —)\;, there exists (; € (0,1) such that v; > —X\;(1 — (;), which implies that
v; > =XN(1 =), fori=0,...,m, where ( = min{¢;, i =0,...,m}.

For any (u,v) € H, we have

(TR MTIUIRES O ART0] COR) o

V
=
=
S

Q

~

+
[

N \
/

£
=
~—

|

<
=
+

—
N—
[\

QU

~

+ / o' (0)|"dt + iw t (0() — v(tern))
> /O o () Pt — (1 — g)ixi /:m (utt) - u(tm))th
+/0 ’Ul(t)‘zdt —(1-¢) f:/\i /:ZH <U(t> v(t z+1)> dt,
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by lemma 4.1, we get

()| at

m

I o)l = /OTlu'<t>\2dt— 02 /

=0
T m i1
+/0 |/ () |*dt — / o' (4)]"dt,
2:0
T T
> /0 |u'(t)\2dt—(1—g)/0 |/ (t)[*at
T T
+ [ ola-a-o [ ol
:g/\u |dt+g/ ()| dt,

I o)l = <l o)

therefore

Moreover, one has

(o)l = / ol \dHZ/
/ ) ‘“*Z / 00 (v0) — o)) ot

(1) dt + Z 7o / - (u(t> ~ufti)) dt
+/0 ’”'<t>\2dt+;ueinoo [ (=) a

VAN
N

using lemma 4.1, we obtain
T m ) t;
ol < | \u’(t)]2dt+ZHn;\¢ / o
T m tl+1 9
+/ (1)) dt+2 V()] dt,
0 i— Z S;
T ) " T s
< [ lwwPati [ ol

T 2 T 2
+/ |v’(t)| dt + ye|oo/ \v/(t)\ dt,
0 0

where \n[m:max{w, z:O,...,m}, and \9\oo:max{|’ | , zzO,...,m}.
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Hence
2 r 2 T 2
lwolii < (14 hnke) [ lwPar+ (1+16le) [ o far
0 0
SO
oy < (1 mox {61 } ) G0 0
Thereby, the norm || - ||z and the norm || - ||3; are equivalent. O

Lemma 4.3. There exists v > 0 such that, if (u,v) € H, then

[ulloos 10]loe < | (us0)|[7-

Proof. By Holder’s inequality and Poincare’s inequality, there exists a constant ¢ such that (For more

details about the proof see the previous chapters)

lullse < 6w, )] -

Using Lemma 4.2, there exists v such that

*

H

lulloo < 7[|(u, )
Similarly, we can get

lolloo < ]| (u, 0) 15

4.2 Variational formula

Following the ideas of the variational approach of the problem (4.1), for each (p,v) € H, we have

—/U u(t)p(t) dt = —/Olu”(t)go(t) dt—Z/:i u"(t)p(t) di

-3 [ wew ae- [ et

= /O ' u' (1) (t) dt — i (u’(t;) —u(tF ))w(ti)
— in: (u’(s;) - u’(s?))so(sz),
— /OT u' () (t) dt — i (u'(tl ) ozz) p(t:)
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To determine '(t; ), i =1,2,...,m, on (s;_1,t;] we have

[ e [ o0 = wte) = [ Dufi () — w00 — ottt

i—

then

() +ul(shy) + / t Niea (1) (u(t) - u(ti))dt - / t D fi,1<t,u(t) —u(t), o(t) — v(ti)>dt.

And as u'(sf ) = u/(s; ;) = a1, 1 = 2,3,...,m, for i = 1, we have u/(s§) = v/(07) = ag, we

obtain

u(t7) = a1 + /t ni—1(t) (u(t) — u(ti)>dt — /t Dufi_1<t,u(t) —u(t;),v(t) — v(tz»))dt,

for:i=1,2,...,m
Therefore
—/OTu”(t)gp(t)dt:/OTu' dt i(az 1—04) t:)
+W4</“U)ﬁ@u@—-mﬂ><w—vmﬂnw><wo
i=0 S

T 3
o )—‘
VRS
T~
E
A
/\
~
N—
|
I
=
_T_
Al
S~—
~_
QL
~
\_/
/\
_T_
-
N—
—~
N
[\)
S~—

On the other hand,

= 3 [ D 1) ), 000 = o)
D) RRTCICURTTUR) BUTED o A YO
hence
‘AT “ é[ﬁDﬁtu (1), (0) = vlti) ()t
) RRTCICORIO) FOTN(E)
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Thus, in view of ¢(t,4+1) = @(T) =0, (4.2), and (4.3), we find that

/0 Lt (1)t i (a1 — ) o(t)

- ij / Dufi(tult) = ultis), o(t) = vlti)) (9(6) = pltinn) ) dt
B T_n / ma(®) (u(t) = wltin) ) (9(0) = pltisn) )b (4.4)
Similarly
/OT o (£)y (£)dt - i_nj (81— 5:) it

_ Z/ml D fz t u(t) — ultio), v(t) — v(tiﬂ)) (@b(t) _ @b(tiﬂ))dt

=3 [ 00 (00 - vtte)) (400 - vt e (45)

We combined (4.4) and (4.5), we obtain

[ woeas [ vawen -3 (o - o)t i (51— )ote)
- i/'tiﬂ D, f; (tau(t) —u(tis1) (tis1 >(90 (tiv1 )dt
+Z/tl+l D fz t w(t) — u(tivr),v(t) — vt ><¢ (tir1 )dt

_ Z /S 1 (t) u(t) — u(tiﬂ)) (gp(t) — ot z+1)>dt
=3 [ 0 (o) = o0s00) (0~ vttt (49

Based on equality (4.6), we introduce the concept of weak solution for problem (4.1).

Definition 4.1. We say that a pair of functions (u,v) € H is a weak solution for problem (4.1) if
identity (4.6) holds for any (p,1) € H.

We consider the energy functional corresponding to problem (4.1)
d: H— R,
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defined by
1 T !/ 2 1 4 / 2
®(u, ) 5/0 (u (t)> dt + 5/0 <v (t)> dt
+ Z (az - az—1>u<ti) + Z <ﬁz - ﬂz—l)v(tz)
i=1 i=1
m tit1
S [ At ) utti. o) = o))
i=0 v Si
LI i 2 1 gL [hn 2
+5 Z/ i (t) (u(t) - u(tiH)) dt + 3 Z/ 0;(t) (v(t) - v(tiﬂ)) dt,
i=0 /' si i=0 v si
SO
1 2 “
O(u,v) = §H(u, ) . + Z (al — a,_1>u(ti) + Z (6, — @_1)@(1&-)

For more details about the construction of ®, see the subsection 1.2.1.1.

Proposition 4.1. The functional ® : H — R, defined by (4.7) is continuously Fréchet-differentiable

and weakly lower semi-continuous. Moreover, the critical points of ® are weak solutions of (4.1).

Proof. Using the continuity of D, f;, D,f;;i = 0,1,...,m, we easily obtain that the functional ¢ €

C'(H,R). Furthermore, we have the differential of ® at (u,v) € H

O (u,v) : H— R,
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is defined by

¥ (u, 0) (i, ) = / o (6)g (£)dE + / () (8)dt

_ > | D,f; (t,u(t) —u(tit),v(t) — v(tlﬂ)) <¢(t) — Sp(tl_i_l))dt
=3 [ D) ) v10) — 0(600) (910~ )

i=0
this shows that the critical points of ® give us the weak solutions of (4.1).

To show that ® is weakly lower semi-continuous, let {(u;,v;)} C H, with (u;,v;) = (u,v), then
we have that {u;} and {v;} converge uniformly to v and v on [0, 7] respectively (Proposition 1.5).
In connection with the fact that liminf; o ||(u;,v;)|[5 > ||(w,v)||5; (Corollary 1.4), one has

—i(ai 1 — 042>u]( i) — i(ﬁz Bi)vj(ti)

=1

1
liminf ®(u;,v;) = liminf{éll(uj,vj)

J—>00 J—>00

m

>/ (b0 — )y () — vy z+1>)dt}

*2 m m
> o, - Z (= as)utt) = 3 (81 = ) ott)
141
_Z/ fz t U ( z+1) (t) - ( z+1)>dt
= O(u,v).
This implies that the functional ® is weakly lower semicontinuous. =

4.3 Main result

In this section we give the proof of our main result in this chapter.
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Theorem 4.1. Suppose that assumptions (A1) and (As) are satisfied. Then there is a critical point
of ®, and (4.1) has at least one solution.

Proof. From the theorem 1.4, the remark 1.11 and the proposition 4.1, to get the result, we just
show that & is coercive.
For any (u,v) € H, we have

2 m m

v) ; — Z (ozi_l — Oéi>u(ti) - Z (51_1 — @‘)U(ti)

1= =1

_ i /:'“ fi (t, u(t) — u(tiyr),v(t) — v( z+1)>dt

O(u,v) =

G

ST Y P YR P
_ i / " (ai‘u(t) — utinn)| + ailo(t) = v(tin)|
i=0 v 5
+hifu(t) — u(tis) ‘MH +bifu(t) - U(ti+1)|72+1> dt,
> 2—mi:n3;;; {jaics = alblulloo = m o {16i-1 = 6 vl

.....

----------

now using the lemma 4.3, we get

%2

O(u,v) > %H(u,v) Y

*

..........

—4(m + 1)fyT max {al} ‘ u,v)
b xv1+1
—@)" (m+ 1T (u, v)
7777 %72 +1
—(27) (m + 1) (u,v)

Because v1 + 1,72 + 1 < 2, we have that

lim  ®(u,v) = oo,
[ (w,0) [ 7500

it follows that the functional ® is coercive on H. O
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Corollary 4.1. Suppose that assumption (Ay) is satisfied and D, f;, Dy fi,i = 0,1,... m, are bounded.

Then there is a critical point of ®, and (4.1) has at least one solution.

Example 4.1. Let T' = 1, we consider the following problem with non-instantaneous impulses

Y

() + (;Si(t —s)+ 1) (ult) ~u(ti) = 2+ \/ u(t) — ut)

tiy1 —

t € (sitiv1], i=0,1,...,m,
—(t) + ((t — )+ (L 51)2) <v(t) - v(tiﬂ)) = i+ \/ u(t) — v(tisn)

te (Si)ti+1]7 7::0,17...,7717

?

S u'(t) = a5 te(tys], 1=1,2,...,m,  (4.8)
V() = B, te(t,s], i=1,2,...,m,
u'(sf) = W(s;), i=1,2,...,m,
V(sf) = V(sy), i=1,2,...,m,
W'(07) = ag, V(07) =P,
\ uw(0) = u(l) =v(0) =v(1) =0.
First we can see that fori=0,1,...,m, ni(t) = ———(t — s;) + 1, 0;(t) = (t — s;) + (t — 54)%, and

tit1—38q

1
vi=0>— i then (Ay) holds. Next, taking a; = 1,b; = 1,7 = 5 and v2 = =, i=20,1,....,m,

2
(tir1—si

W

(As) holds. Then, by Theorem /.1, the non-instantaneous impulsive problem (4.8) has at least one

nontrivial solution.
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We divided this thesis into three parts. In the first one, we focused our attention on a class of

nonlinear differential equations with instantaneous impulses, of the form

(

(t)
V'(t) =

u'(t) = fult,u,v), t € (0, T)\ {t1,....,tm},
! folt,u,v), t € (0, T)\ {t1, ..., tm},

\

where the nonlinear functions f,, f, are Carathéodory on (0,7) x R?, and Iy, J; are continuous on

R.
By means of a variational method we have shown the existence of weak solutions under the

following two conditions on the functions f,, f,, I and Jj

1. There exist a,b > 0, and oy, ay € [0,1), such that
| fu(t,u,v)] < a+blu|*t, for every (t,u,v) € (0,T) x R?,

|fo(t,u,v)] < a+ blv|*2, for every (t,u,v) € (0,T) x R

2. There exist ag, by > 0, and S € [0,1),k = 1,2, ...,m, such that

|1 (u)| < ay + bg|u|?*, for every u € R,

| T (v)| < ay + by|v|?, for every v € R.

In the second part, we were interested in studying of a problem with non-instantaneous impulses,
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of the type
[ (1) = D.f (t»u(t) —u(ti1),v(t) — U(tz‘+1)>7 t€ (sitip], i=0,1,...,m,
(t) = vai(t,u(t) —u(tin), v(t) —U(tiﬂ)), te (sitinl, i=0,1,...,m,
wW(t) = a te(tys], i=1,2,...,m,
V(t) = Bi, t€ (tiysi], 1=1,2,...,m, @)
u'(sf) = W(s;), i=1,2,...,m,
V(sS) = V(sy), i=1,2,...,m,
u'(0%) = ap,  V'(07) = b,
L u(0) = w(T)=wv(0) =o(T) =0,

where «;, §; are given constants. The nonlinear functions D, f;, D, f; are Carathéodory on (s;, t;41] X
R2.
As in the foregoing model based on a variation method we obtained the existence of weak solutions
when the following condition is satisfied
e There exist a;,b; > 0, and ;1,7 € [0,1),4=0,1,...,m, such that
| D fi(t,u,v)| < a; + bi|u"t, for every (t,u,v) € (i, tir1] X R?

| D, fi(t,u,v)| < a; + b;|v|"?, for every (t,u,v) € (s;,ti11] x R2.

Then in the third part, we generalized the previous model as follows

—u(t) +mi() (u(t) = ultiy)) = D fz<t u(t) = ultian), v(t) = v(tisn) ),
€ (siytiz1], 1=0,1,...,m,
() + 6:(8) (v(t) = v(ti1)) = D ﬁ(t u(t) = ultinn), o(t) = vltisr) )
€ (siytiz1], 1=0,1,...,m,
Ul(t) = 4, t e (ti,Si], 1= 1,2,...,771, (3)
Ul(t) = 61', t (ti,Si], 1= 1,2,...,771,
u'(sf) = W(sy), i=1,2,...,m,
V(sh) = V(sy), i=1,2,...,m,
W(0%) =y, V(07) =,
)

X = u(T) =v(0) =o(T) =0,
where 1;,6; € L*®(s;,t;11], and the nonlinear functions D, f;, D, f; are Carathéodory functions on

(si,tip1] X R2, ay, B; are given constants.
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Under the following assumptions

(A1) Assume that

v; > _>\i7 Vi:(),l,...,m,
where v; = min {essinfte(shti“] ni(t), essinfyc(s, 1,4 Qi(t)} and \; = —)2

(As) Suppose that D, f;, D, f; verify the following condition:
There exist a;,b; > 0, and 7,7, € [0,1),7=0,1,...,m, such that

|Dufz(tau7 'U)| <a;+ bi|u|wl7 for every (tauav) S (Si7ti+1] X R2a

| Dy fi(t,u,v)| < a; + b;Jv|2, for every (¢t,u,v) € (s;,tiy1] X R?,

there is at least one solution of the generalized problem.

This work raises a number of questions for researchers to explore in further studies. Several

generalizations are considered

1. We can consider a more general case by taking functions f and g, instead of f, and f, derivatives

of f(t,u,v) at u and v respectively.

2. For models (2) and (3), there are significant difficulties when considering non-constant impulses.

For that, we can consider «; and f3; depend on t or on u(t) and wv(t).

3. What may happens when T tends to infinity? How about the global solutions? And then the
stability.

4. It would also be interesting to give a multivalued version to the previous problems. More

precisely, we can consider the following impulsive differential inclusions problem

;
,u//l<t
!

) € Ft,u,v), t€(
V"(t) € G(t,u,v), t € (

\

where F,G : [0,T] x R? — 28,
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