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Abstract

In this thesis, we study the existence of solution for a classes of impulsive
differential equation and system of fractional differential equations with
boundary conditions. Our results are based on variational methods
theorems and fixed point theorems in generalized Banach spaces, and we
study the existence and multiplicity of positive solutions for fractional
differential equations on bounded domains.

Résumeé

Dans cette these, nous étudions I'existence des solution pour une classe
d'équations différentielles impulsive et systeme d'équations différentielles
fractionnaires avec conditions aux limites. Nos résultats sont basés sur des
théoremes de la méthode variationnelle et des théorémes de point fixe dans
les espaces de Banach généralisés , et on étudie I'existence et la multiplicité
des solutions positives pour les équations différentielles fractionnaires sur
des domaines borneés
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Introduction

The theory of impulsive differential equations goes back to 1960 in a paper
of Milman and Myshkis [59,60]. After a period of active research, mostly
in Eastern Europe from 1960-1970, culminating with the monograph by Ha-
lanay and Wexler [38].

Several mathematical schools were created, continuing the scientific re-

search on the fundamental and qualitative theory of impulsive differential
equations and their applications in the early eighties and then see for exam-
ple ( [3,8,25,63,67]).
In recent years, a great deal of work has been done in the study of the
existence of solutions for impulsive boundary-value problems, by which a
number of chemotherapy, population dynamics, optimal control, ecology, in-
dustrial robotics and physics phenomena are described. Systems of ordi-
nary impulsive boundary value problems have been studied by a number of
authors (see [10,13,52,92]) Various mathematical results (existence, struc-
ture of solutions set, asymptotic behavior,...) have been obtained so far
(see [7,8,22,23,30]), and many authors have studied impulsive differential
equations using a variety of methods , such as fixed point theory, topolog-
ical degree theory (including continuation method and coincidence degree
theory), comparison methods (including upper and lower solutions meth-
ods and monotone iterative method) (see [78,80-82,97,106,107]). Recently
in [67,93] the authors studied the existence and multiplicity of solutions of
some class of second order impulsive problems by variational method have
become a powerful tool.

The initiative idea of non-integer order derivatives is quite old and history
of fractional calculus spans on three centuries. Since in the mid twentieth
century, and latter decades the number of papers devoted to fractional cal-
culus increased rapidly. One of the reasons for the significant interest in the
field of fractional calculus is that verity of physical [42], chemical [71] and
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biological [54] phenomena can be described with fractional differential equa-
tions. The field of fractional calculus can be considered as new branch of
applied mathematics. A fair amount of basic mathematical theory related to
the study of fractional calculus attributed to Leibniz, Caputo, Liouville, Rie-
mann, Euler and many others. However, in the past few decades more and
more convincing applications in different fields of engineering and sciences
have been found. It is notable that a larger part of research work is committed
to the existence theory of fractional differential equations(FDEs)(see [66,99]).
Recently, there have been some papers dealing with the existence and multi-
plicity of solution (or positive solution) of nonlinear initial fractional differ-
ential equation by the use of techniques of nonlinear analysis, (see [6,17,18,
47,96)).

In this thesis, we study the existence of some classes of impulsive differ-
ential equation and system of fractional differential equations with boundary
conditions. Our results are based on variational methods theorems and fixed
point theorems in generalized Banach spaces. We have arranged this thesis
as follows:

In chapter 1, we introduce notations, definitions, lemmas and critical
point theorems and fixed point theorems which are used throughout this
thesis.

In chapter 2, we present results on the existence results for systems of
the second order impulsive differential equations via variational method

—ii + m?u = f(t,u,v), t#tek=1,...,p, t€J,
—i +m?v = g(t,u,v), t£ty,k=1,....p, t € J,
u(t;) — u(t,;) = £]€(u( k)), k= 1, N

o(ty) —o(ty) = In(u(ty), k=1,...,p,

w(0) =u(d) = v(0)=v(b)=0,

(0.0.1)
where J := [0,0], m # 0,f,g : J x R® — R are two functions, I, I} €
C(R,R), k€ {1,2,...,n} a(t]) and @(t}) denote the right and the left lim-
its respectively of @ at ¢, for 0 <k <p, 0 =1y <ty,...,t, <t, <b, pe N.

We shall provide sufficient conditions ensuring some existence and unique-
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ness results for system (0.0.1) via an application of the Nash-type equilibrium
method in vector Banach spaces.

In chapter 3, we aim to study the following impulsive boundary value
problem with a second-order p-Laplacian on o(7") periodic time scales T :

(pp(uB (1)) = flo(t),u? (1)), A—ae. te0,0(D)k t#t,
ep(uP(t])) — p(u (7)) = Li(u(ty)), i=1,...,n
u(0) — u(o(T)) = u?(0) — u®(a(T)) = 0,

(0.0.2)

where A is the derivative on the time scale T, and o is the forward jump

operator, 0,7 € T with o(t) € T* and f(¢,z) : [0,0(T)A xR — R is Lebesgue

integrable in T for each x € R, and continuously A-differentiable with re-

spect to z for any A —a.e.t € [0,0(T))F, I;(u(t;)) € C(R,R), pp(u?(t)))

and ¢, (u®(t;)) denote the right and the left limits respectively of u® at t;
forOSkSp, O0=to<ty,...,txs <tp <T, peN.

The main tool employed here is the critical point theorem. three exam-
ples are also given to illustrate this work.

In chapter 4, we discuss the existence and multiplicity of positive solu-
tions for system of fractional differential equations with boundary conditions
and advanced arguments:

(pp(Dgsu(t)) +a
( p( 0+U(t)))/+

ay (8) f(u(6:1(2)), v(0a(t))) = O, 0<t<1,
) = u(

ay(t)g(u(f ())v(g()))za 0<t<l,

0+u( ) = u(0 0) =0, D0+U( ):’)/D0+u(77),
0+U( ) =v(0) =v'(0) =0, 0+U< )= g+v<77)

(0.0.3)
where € (0,1),7 € (0, W) D(‘)’Jr,D0+7 are the standard Riemann-
Liouville fractional derivatives with a € (2,3), 8 € (1,2) such that o > 41,

the p-Laplacian operator is defined as ¢,(s) = |s|P"2s, p > 1, and the func-
tions f,g € C(R?% R),a; € L'0,1],6; € C([0,1],[0,1]) for i = 1,2.

In the first section, the existence result proved via Leray-Schauder’s fixed

point theorem type in vector Banach space.
In the second section, our goal is to establish positive solutions for the system

8
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(0.0.3).
In third section, we present the following general existence, multiplicity and
localization result.

key words and phrases: Weak solutions, Sobolev spaces, critical point,
impulses, variational methods, fixed point, energy functional, Nash-type
equilibrium, fractional differential equations, p-Laplacian operator, cone, fixed
point theorem, positive solutions, multiplicity of solutions.



Chapter 1

Preliminaries

In this chapter, we will introduce some notations and concept, essential to
the development of other chapter. We will recall some critical point theorems
and fixed point theorems for a better presentation of the demonstrations of
the results of the our work .

1.1 Sobolev Spaces

In this section we discus Sobolev spaces. The following elements have been
gathered from several analysis and some specialized books and the most is
in the following bibliography [1,14,19].

Let I = (a,b) be an open interval, possibly unbounded, and let p € R with
1<p<oo.

Definition 1.1.1. We set
LP(I)={f: T —=R: fis measurable and |f|P € L*(I)},

equipped with the norm

Il = [ [ 1£@Pau] "

Definition 1.1.2. We set
L>=(I) = {f: I — R: fis measurable and || f||L=~ < +oo},

where

|fllze = inf{C, |f(z)] < C a.e. onl}.

10



1.1 Sobolev Spaces

Notation 1.1.1. Let 1 < p < oo: we denote by p' the conjugate exponent,

1 1
p D

Theorem 1.1.1. Assume that f € LP and g € L” with 1 < p < co. Then

/ Fal < 1ol (L11)

Theorem 1.1.2. Let (f,) be a sequence in LP and let f € LP be such that
| fo — fllp, = 0. Then, there exist a subsequence (fnr) and a function h € L?
such that:

o fup(x) = f(x) a.e. onl,
o |fur(2)| < h(x) Vk,a.e. on I.

Definition 1.1.3. A function f € L'(I) is said to be weakly differentiable if
there exists g € L'(I) such that:

/I 6(s)g(s)ds = — / F(8)6 (s)ds, Vo € CF(D),

where C3°(1) is the space of smooth functions with compact support.

Remark 1.1.1. There are functions which are weakly differentiable, but not
differentiable in the classical sense.

Example 1.1.1. The absolute value function u: R — Ry, u(t) = |t|, which
1s not differentiable at t = 0 has a weak derivative v : R — R known as the
sign function, and given by

1 af t>0;
v(t)=<¢ 0 if t=0;
-1 of t<O.

Definition 1.1.4. The Sobolev space WYP(I) is defined by

WhP(I) = {u € LP(I), dg € LP(I) such that /wp' = —/ggp Yo € C&(I)}.
I I

We set
HY(I) = WhY(I).

11



Preliminaries

Notation 1.1.2. The space WP is equipped with the norm
[ullwre = llulle + [J0|| v,

or sometimes, if 1 < p < oo, with the equivalent norm (||ul| e +||v'||z»)'/?. The
space H' is equipped with the scalar product

b
()i = (w,0)s2 + () = [ (w0
and with the associated norm

1/2
lullr = (Jlulize + Jl32) (112

Proposition 1.1.3. The space WP is a Banach space for 1 < p < co. It is
reflezive and separable for 1 < p < co. The space H' is a separable Hilbert
space.

Theorem 1.1.4. There exists a constant C' (depending only on |I| < o0)
such that

||u||Loo([) S CHUHWLp(]) Vu - Wl’p(I), Vl S P S 0. (1.1.3)

In other words, W'P(I) C L*°(I) with continuous injection for all 1 < p <
00.
Further, if I is bounded then

the injection W'*(I) C C(I)is compact for all 1 < p < oo, (1.1.4)
the injection W P(I) C LY(I)is compact for all 1 < q < oo. (1.1.5)

Definition 1.1.5. Given 1 < p < oo, denote by W, P(I) the closure of C*(I)
in WP(I). Set

Hy(I) = Wy(D).
The space Wol’p(l) is equipped with the norm of WYP(I), and the space H} is
equipped with the scalar product of H'.

The space Wol’p is a separable Banach space. Moreover, it is reflexive for
p > 1. The space H} is a separable Hilbert space.

Remark 1.1.2. When I = R we know that C1(R) is dense in W'P(R) ( by
theorem 8.7 see [14] ) and therefore W, P(R) = W'P(R).

12



1.1 Sobolev Spaces

Theorem 1.1.5. Let u € W'P(I). Then u € Wy*(I) if and only if u = 0
on O1.

Proposition 1.1.6. Suppose I is a bounded interval. Then there exists a
constant C' (depending on |I| < co) such that

||UHW1,p([) S OHU,”LP(I) Vu - WOLP(I) (116)

In other words, on Wy, the quantity ||W/||r(r) is a norm equivalent to the
WP norm.

The dual space of W, ?(I), (1 < p < o) is denoted by W~ (I) and the
dual space of H}(I) is denoted by H~*(I).
We identify L? and its dual, but we do not identify H] and its dual.We have

the inclusions
HyCcL*CcH™,

where these injections are continuous and dense (i.e., they have dense ranges).
If I is a bounded interval we have

Wol’p CL?cW ™ forall 1<p< oo,

with continuous injections (and dense injections when 1 < p < 00).
If I is unbounded we have only

Wy? c L2 Cc W forall 1<p<2,
with continuous injections,then we may write

Cee(I) c HY(I) c HY(I) c L*(I) c HY(I).

We define the following isometry operator
L:HYI)— Hy(I), hw Lh:=u,

where uy, is the unique element of HJ(I) guaranteed by Riesz’s representation
theorem, satisfying the identity

(uns V) gary = (hyv), v E Hy(I). (1.1.7)

Here, by (h,v) we mean the value at v of the functional h from (1.1.2), one
has

lunllZ iy = (wns wn) ey = (houn) < Nl nllunll gy

13



Preliminaries

whence
lunll gy < [Pl
On the other hand,
bl = sup AL gy e Do)
v£0 ||U||Hg(1) v#£0 ||U||Hg(1)

||Uh||H3(1)||U||H3(I)

<
v£0 HUHH(%(I)

These two inequalities show that L is an isometry between H ~'(I) and H}(I).

Lemma 1.1.7. [27] There exists ¢ > 0 such that, if u € HX(I,R), 1<
p < o0, then

[ulloe < ellull gy

per

Moreover, if fob u(t)dt =0, then
[ulloo < cfll| e,
where

HY(IL,R) = {u € H"”(I,R) : u(0) = u(b), u'(0) = u/(b)}.

per

Lemma 1.1.8. [27] Ifu e HP(I,R) (p € (1,00)) and fob u(t)dt = 0, then

per

1

% L, 1
lello < 7 [, with =+ 2 = 1.
p p

1.2 (Generalized Banach space

In this part, we consider the notation and definition of generalized Banach
space ,and we introduce definitions, lemmas and theorems concerning to ma-
trice convergent (see [108,109]).

14



1.2 Generalized Banach space

1.2.1 Some definitions

Definition 1.2.1. Let E be a vector space metric on IK =R orC. A map
|-l E — R% is called an norm on E if it satisfies the following properties

e ||z]| =0 then x = (0,--- ,0),
o [[Azl| = [Alllz[| for z € E X € IK,

o |lz+yll < llzll + Iyl for every z,y € E.

Remark 1.2.1. The pair (E,| - ||) is called a generalized normed space. If

the generalized metric generated by || - || (i-e d(z;y) = ||z — y||) is complete
then the space (E,|| -||) is called a generalized Banach space, where

Iz =yl

Iz —yll =

[z = ylln
Definition 1.2.2. Let E be a nonempty set and let || - || : E — R be a
norm on E. Then, the pair (E,| -||) is called a generalized normed space.
If moreover, (E,|| -||) has the property that any Cauchy sequence from X is
convergent in norm, then we say that (E,|-||) is a generalized Banach space.

Let C(I,R) x C(I,R) be endowed with the vector norm || - || defined by
[Vlloe = (J|t]loos [|ti2]|0o) for v = (uy, us). It is clear that (C'(I,R) x C(I,R),||-

|lo) is a generalized Banach space.

Definition 1.2.3. Let (E,| - ||) be a generalized Banach space. A subset
A C E is called open if, for any x € A, there exists r :== (r1,...,7m) € R,
such that B(xg,x) C A, where

B(zg,r) ={z € E: ||z — x| < r},
denote the the open ball centered in xy with radius r, and

B(zg,7) ={z € E : |Jx — x| <1},

the closed ball centered at xy with radius r.
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Definition 1.2.4. [36] Let X be a real Banach space. A nonempty closed
convex set P C X is called cone if

1) If v € P,A >0 then \x € P,
2) ifv e P,—x € P then x = 0.

Definition 1.2.5. Let (E,|| - ||) be a generalized Banach space a sequence
(z,) in E is called the Cauchy sequence, if for each € > 0 there exist N € N
such that for any n,m > N : ||z, — x| < €.

Definition 1.2.6. An generalized Banach space (E,|| - ||) is called complete
if each Cauchy sequence in E converges to a limit in E.

Definition 1.2.7. Let (E,|| - ||) be a generalized Banach space, we say that
a subset ' C E is a closed if (x,,) C F and x, — x imply x € F.

Let I = [a,b] be an interval of R. Let (£, ||.||) be a real Banach space.
Definition 1.2.8. A map f: I x E — E is said to be L*— Carathéodory if:

1. t — f(.,y) is measurable for ally € E,

2. y— f(t,.) is continuous for almost each t € |a, b,

3. for each r > 0, there exists h, € L'([a,b]; R,) such that

|f(t,y)| < h.(t) for all |y| < for almost each t € [a,b].

Definition 1.2.9. A subset A of a real Banach space E is called uniformly
bounded in E if and only if:

IM >0, Vfe A, |[[flleo <M.

Definition 1.2.10. Let f be a differentiable function defined from X in R.
A point u € X is said to be critical point f if and only if Df(u) = 0, where
D f s the differentiable of f.

Definition 1.2.11. Let C' be a convexr subspace of real vector space V ,and
F' a mapping of C' into R. F' s said to be convez if, for every u and v in C,
we have:

FOwu+ (1—\o) < AF(u) + (1 - NF() VA€ [o,1].

16



1.2 Generalized Banach space

Deﬁni_tion 1.2.12. Let real vector space V, we recall that a function F :
V — R is said to be lower semi-continuous on V' (Ls.c.), if it satisfies the
two equivalent conditions:

VaeR {ueV|F(u) <a} is closed,
VaoeV  limF(u) > F(u).

Definition 1.2.13. A functional E : D C X — R defined on an unbounded
set D, is said to be coercive if E(u) — 400 as |u| — oo.

Definition 1.2.14. A functional E: D C X — R defined on an unbounded
set D, is said to be anti-coercive if E(u) — —oo as |u| — oo.

Definition 1.2.15. Let E be a Banach space. A subset A of E is equicon-
tinuous on I if

Ve > 0,30 > 0,Vo,y € I |z —y| < d = |f(x) — f(y)] <e,
for all f € A.
Definition 1.2.16. Let E be a Banach space and €0 C E. The operator
T :Q — FE is called completely continuous if T is continuous and if for all

bounded subset B of ), T(B) is relatively compact on E.

Lemma 1.2.1. Let B be a subset of E = C(|a, b], R™), B is relatively compact
if

1. B is equicontinuous on |a,bl;

2. B s uniformly bounded in E.

Definition 1.2.17. Let F' be a Banach space. The mapping f: E — F 1is
called compact if -

1. f is continuous in E;

2. f(E)is relatively compact in F.

17



Preliminaries

1.2.2 Matrix convergent

In this section, we introduce definitions, lemmas and theorems concerning to
matrice convergent.

Definition 1.2.18. A square matriz M of real numbers is said to be con-
vergent to zero if and only if its spectral radius p(M) is strictly less than

1.

Lemma 1.2.2. Let M € M, ,,(R"), and I denote the identity matriz in
M, ,(RT). The following statements are equivalent:

M is a matrix convergent to zero.

The eigenvalues of M are in open disc, i.e., |pu| < 1, for every p € C
with det(M — pl) = 0.

M"™ — 0 as n — oo.
The matriz I — M is nonsingular and (I—M)™' = I+ M+.. . +M"+. ...

The matriz I — M is nonsingular and (I — M)~ has nonnegative ele-
ments.

Some examples of matrices convergent to zero, A € M, ,(R), which also
satisfies the property (I — A)~'I — A| < I are:

1. A= ( a 0 ) where a,b € RT and max(a,b) < 1,

0 b

0 b

2. A= < “ _C) where a,b,c e Rt anda+b<1,c<1,

3. A:(a :Z)Wherea,b€R+ and |[a —b| < 1,a>1,b> 0.

b

Lemma 1.2.3. If A € M,»,(R) is a matriz with p(A) < 1, then
p(A+ B) < 1 for every matric B € M,x,(Ry) whose elements are small
enough.

18



1.2 Generalized Banach space

1.2.3 Fixed point results

Fixed point theory plays a major role in many of our existence principles,
therefore we shall state the fixed point theorems in generalized Banach spaces.

Theorem 1.2.4. [31,102] Let X be a generalized Banach space and let N :
X — X be a completely continuous operator. Then, either

(i) the equation N(z) = x has a at least one solution, or
(i1) the set M ={x € X| uN(z) =z, € (0,1)} is unbounded.

Theorem 1.2.5. [75] Let (X, ||-||) be a normed space, Py, P, C X two cones;
P:=P xPy,r,ReR:, Pp:={ucP:r <|ul| <R} with0<r<R,
and let N : P,p — P,N = (Nl, Ns) a compact map. Assume that for each
i € {1,2}, one of the following conditions is satisfied in P, g :

1. Ni(w;) A u; if ||ug|| = i, and Ni(u;) 3 u; if ||wi]| = R

Then N has a fized point u in P with r; < ||u;|| < R; for i € {1,2},
where <, namely u 2 v if and only if v —u € P. We shall say that u < v if
v—u € P\ {0}

Remark 1.2.2. [75] In Theorem (1.2.5) four cases are possible foru € P, g :

(c1) + Ni(w) Auy if [lual| = 71, and Ni(u) # wy if [[ui]] = Ra,
No(u) 4 ug if |ua]| = re, and No(u) 3 ug if ||uz|| = Ra.
(c2) : Ni(uw) Auy if [[ual| = 71, and Ny(u) # uy if [[ui]| = Ra,
No(u) # ug if ||ua]| = re, and No(u) £ us if ||uz|| = Ra.
(c3) + Ni(u) # uy if |luall =71, and Ni(u) A w if [ = Ry,
No(u) £ ug if ||uz]| = re, and No(u) 3 ug if ||uz|| = Rs.
(ca)  Ni(uw) # wr if [lual| = 71, and Ni(u) A uy if [[ua]| = Ra,
No(u) # ug if ||ua]| = re, and No(u) £ ug if ||uz|| = Ra.

Theorem 1.2.6. [76] Let (X, ||-||) be a Banach space, Py, P, C X two cones
and P := P, x P, the corresponding cone of X?> = X x X, and let a;, 3; > 0
we denote:

Un = {u € Py Jull < ai}, and Vs, = fu € P |lul] < 5},

with o; # Bi,ri = min{ay, 5;} and R; = max{«;, 5;} for i = 1,2. Assume
that N : Wy x Wy — P,N = (Ny,Ns), is a compact map (where W; =
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Uy, UVp, fori =1,2) and there exist h; € P;\ {0},7 = 1,2, such that for
each i € {1,2} the following condition is satisfied in Wy x Wy :

Au; # Ny for ||u;]| = a; and X > 1, (1.2.1)

w; # Nyu+ ph; for ||u;|| = B; and p > 0. (1.2.2)
Then

1. N has at least one fized point u = (uy,ug) in P such that u; € U,, \ Vs,
fori=1,2if a; > B; fori=1,2,

2. N has at least two fired points located in (Uy, \ Vs,) X Uy, and (Uy, \
Vﬁl) X (Vﬁz \ Uaz) if 1 < oy and Py > g,

5. N has at least two fived points located in Uy, X (U, \ Va,) and (V3 \
Uay) X (Uay \ Vg,) if B1 > a1 and By < as,

4. N has at least four_(three non-trivial) Jized points in Uy, X Up,, Us,y X
(V,B2 \ UOcQ)a (VB1 \Um) X Uoc27 and (Vﬁ1 \ Ua1) X (Vﬁz \ UocQ) Zf a; < f
forv=1,2.

Remark 1.2.3. [76] Our previous results can be easily generalized to systems
of n operator equations.

1.3 Elements of calculus on time scales

A time scale is an arbitrary nonempty closed subset of real numbers. The
study of dynamic equations on time scales is a fairly new subject, and research
in this area is rapidly growing. The theory of dynamic equations unifies the
theories of differential equations and difference equations. We suppose that
the reader is familiar with the basic concepts concerning the calculus on
time scales for dynamic equations. Otherwise one can find in Bohner and
Peterson books [11,12,48] most of the material needed to read this work. We
start by giving some definitions necessary for our work. All the definitions,
theorem, notations, and basic results that are used in this section can be
found in [11,12].
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1.3 Elements of calculus on time scales

1.3.1 Description of time scales

Definition 1.3.1. A time scale is an arbitrary nonempty closed subset of the
set of real numbers R is denoted by T.

Example 1.3.1. The reals R, the integers Z, the positive integers N, and the
nonnegative integers Ny are a time scales. The most common time scales are
T = R for continuous calculus, T = Z for discrete calculus, and T = ¢™° =
{¢" : n € No}, where ¢ > 1, for quantum calculus.

Example 1.3.2. The rational numbers Q, the irrational numbers R\Q, the
complex numbers C, and the open interval (0,1), are not time scales.

We Assume throughout that a time scale T has the topology that it
inherits from the real numbers with the standard topology.

Definition 1.3.2.

o [fT has a right-scattered minimum m, we define T, = T — {m}; otherwise,
we set Ty, = T.

o If T has a left-scattered mazimum M, we define T* =T — {M?}; otherwise,
we set TF =T.

Definition 1.3.3. The forward jump operator o(t) : T — T and the backward
gump operator p(t) : T — T are given by

o(t) = inf{s > t},

p(t) = S;elql?{s <t}

The graininess function u(t) : T — [0,00) is given by u(t) = o(t) —t. A
point t € T is called right-dense if t < supT and o(t) = t, right-scattered if
o(t) > t, left-dense if t > inf T and p(t) = t, and left-scattered if p(t) < t.

Here it is assumed that inf() = supT (i.e., o(t) = t if T contains the
maximal element ¢) and sup @ = inf T (i.e., p(t) = ¢ if T contains the minimal
element t).

Points that are right-scattered and left-scattered at the same time are called
isolated. Points that are right-dense and left-dense at the same time are
called dense.
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Example 1.3.3. 1. If T =R, o(t) =t, p(t) =1t and pu(t) = 0 for all
t € T. Hence every point t € R is dense.

2. If T=hZ (h#0), o(t) =t+h,p(t) =t—h and u(t) = h for allt € T.
Hence if h > 0 every point t € Z 1is isolated.

3. If T =¢" ={¢" : n € No}, (h # 0),0(t) = qt, p(t) = , and p(t) =
q(t — 1) for allt € T. Hence if ¢ > 1 every point t € ¢™° is isolated.

4o T ={L:n e N}U{0}, o(t) = 15, p(t) = 145 and u(t) = {5 for all
teT—{1}.

5 IfT=N2={n?:n¢eN}olt) = (Vt+1)2pk) = (Vt —1)? and
p(t) =2vt+1 for allt € T.

Definition 1.3.4. If f : T — R we define the function f7: T — R by
fo(t) = f(o(t)) forallteT,
i.e., fo=foo.

The notion of periodic time scales is introduced in Kaufmann and Raffoul
[46].

Definition 1.3.5. Suppose that Ty is a positive number. If for any t € T,
t+1T, € T, holds then T s called a T} periodic time scale and T} is a period.

Definition 1.3.6. Suppose that T is a T periodic time scale, and v : T — R
is a function. If for anyt € T, t+T, € T holds and satisfies u(t+171) = u(t),
then u s called a periodic function and 11 is a period of u. The smallest
period of a periodic function is called the fundamental period of the function.

Remark 1.3.1. The definition of periodic functions implies that if u is a
periodic function with the period Ty then u(t) = u(t + mTy) holds for all t,
m1y +t €T and any integer m.

1.3.2 Differentiation on time scales

The theory of dynamic equations at time scales was introduced in 1988 by
Stefan Hilger in his doctoral dissertation where he defined the A-derivated
as follows (see [41]).
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1.3 Elements of calculus on time scales

Definition 1.3.7. Let g : T — R is a function and t € T*. Define g*(t) to
be the number (when it exists) with the property that given any e > 0, there
is a neighborhood U of t (i.e. U = (t—0,t+0)NT for some 6 > 0) such that

(g7 (1) — g(s)) — g° () (a(t) — 5)| < €|o(t) — s|, for all s € U.

We call g»(t) the delta derivative or Hilger derivative of g at t.

The real number gV (t) is called nabla derivative of g at the point t € Ty if
for any € > 0, there is a neighborhood U C T of t such that

l9(p(8)) = g(s) — g" (t)(p(t) — s)| < e|p(t) — s,
for all s € U.

Remark 1.3.2.
o If T =R, we can easy show that g°(t) = ¢'(t) = gV (¢).
o IfT=7Z, then g°(t) = g(t +1) — g(t) and g¥(t) = g(t) — g(t — 1).

Example 1.3.4. 1. If g : T — R is defined by g(t) = a for allt € T,
where a € R is constant, then g~(t) = 0. This is clear because for any
e >0,

(97(1) = g(s)) = 0(a(t) = 5)[ = |a —a| =0 < e|o(t) = s|, forall s € U.

2. If g: T — R is defined by g(t) =t for all t € T, then g”(t) = 1. This

is clear because for any e > 0,
[(g7(t) — g(s)) — L(a(t) — s)| =0 < €lo(t) —s|, forallseU.

Theorem 1.3.1. Assume f : T — R is a function and let t € T*. Then we
have the following:

o [f f is differentiable at t, then f is continuous at t.

o [f f is continuous at t and t is right-scattered, then f is differentiable
at t with
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o [ft is right-dense, then f is differentiable at t with
f(t) — f(s)

o [If f is differentiable at t, then
Fla(t)) = &) f2 (1) + f(1).
Example 1.3.5. 1. If T =R, then f2(t) = f'(t) for allt € R.
2. If T = hiZ, then fA(t) = LENTEO — Af forallt € T.
8. If T = ¢ and f(t) =%, then f2(t) = qt +t for allt € T.
4. IFT =¢™ (¢>1) and f(t) =log(t), then fA(t) = 229 for ali ¢ € T.

t(g—1)

Theorem 1.3.2. Assume f,g: T — R are differentiable at t € T. Then
1. The sum f+ g: T — R is differentiable at t with

(f +9)% = F2(t) + g2 (1).
2. For any constant a, af : T — R is differentiable at t with
(af)2(t) = af>(t).
3. The product fg: T — R is differentiable at t with

(f9)2(t) = f2(g(o(t) + f()g>(2)
= [fA(0)g() + f(o(t)g™(2).

4. If f(t)f(a(t)) # 0, then L is differentiable at t with

f
Lo 1)
30 =~ Fo7e0)

5. If g(t)g(o(t)) # 0, then 5 is differentiable at t with

_ [20)g(t) — f(H)g (1)
g g(t)g(a(t)) '
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1.3 Elements of calculus on time scales

Example 1.3.6. 1. Leta€ Randm €N, f: T — R defined by f(t) =
(t —a)™ we have

-1

A= (o) —a)*t—a)y™ "1

0

3

i

2. Leta e Randm € N,g: T—{a} — R defined by g(t) = ﬁ provided
(t—a)(o(t) —a) # 0 we have

Theorem 1.3.3. Suppose f : T — R is differentiable at ty € T\{maxT}.
If f2(to) > 0, then f is right-increasing. If f2(ty) < 0, then f is right-
decreasing.

1.3.3 Integration on time scales

Definition 1.3.8. A function f : T — R is called requlated provided its
right-sided limits exist (finite) at all right-dense points in T and its left-sided
limits exist (finite) at all left-dense points in T.

Definition 1.3.9. A function f : T — R is called rd-continuous provided it is
continuous at every right-dense point t € T and its left-sided limits exist, and
i1s finite at every left-dense point t € T. The set of rd-continuous functions

f:T — R will be denoted by
Cra = Crd(T) = Crd(T7 R)

The set of functions f : T — R that are differentiable and whose derivative
15 rd-continuous is denoted by

Cry = Cra(T) = Cpy(T,R).

Theorem 1.3.4. Let [ be requlated. Then there exists a function F' which
is pre-differentiable with region of differentiation D such that

FA(t) = f(t) holds for allt € D.
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Definition 1.3.10. Assume f : T — R is a requlated function. Any function
F is called a pre-antiderivative of f. We define the indefinite integral of a
requlated function f by

/fA(t)At = F(t) +c,

where ¢ is an arbitrary constant and F' is a pre-antiderivative of f. For all
a,b €T, the Cauchy integral is defined by

b
/ f(t)At = F(b) — F(a).
A function F : T — R s called an antiderivative of f : T — R provided
FA(t) = f(t) holds for all t € T.

Lemma 1.3.5. [16] A function [ : [a,blr — R is absolutely continuous
on la,blr if and only if f is A-differentiable almost everywhere on |a,b)r,
2 € Li([a,b)r,R) and
f(t) = fla) + f2(s)As, vt € [a, b]r.
[a,b)T

Lemma 1.3.6. [2] Let f and g : [a,blr — R are absolutely continuous
functions on [a,b]r, then fg is absolutely continuous on |a,blr and we have

/[ U 7908 = F0)50) ~ fla)gle) = / U A0
Theorem 1.3.7. Ifa,b,c € T,a € R, and f,g € C,q, then

./ ) + g Ar = / far / g

. /ab[af(r)]AT _ oz/abf(r)Ar,

. /abf(r)Ar _ —/baf(r)Ar,

. /abf(r)Ar:/acf(r)Ar—l—/cbf(r)Ar,
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/ Fo()g> (AT = (f9)(b) / 50r)
/ F()g> (AT = (fg)(b) / 73(r)
. / F(r)Ar =

b
o if f(t) >0 foralla <t<b, then/ f(r)Ar >0,

‘ < / ’ g(r)Ar.

Definition 1.3.11. Infinite integrals are defined as

/:O f(r)Ar = lim /:f(r)Ar

Theorem 1.3.8. If f: T — R is an arbitrary function and t € T, then

o if f(t) < g(t) on [a,b) then,

o(t)
/t ) Ar = u(t) £(1).

1.3.4 Sobolev’s spaces on time scales

In this section, we define the Sobolev’s spaces on time scales and study their
important properties (see [2,37]).

Definition 1.3.12. Let E C T be a A—meaiumble set and let p € R =

[—00, +00] be such that p > 1 and let f : E — R be a A-measurable function.

Say that f belongs to L\ (E,R) provided that either / lf(t)PAt < +oo if
E

p € R, or there ezists a constant C € R such that |f| < C A-a.e. on E if

p = +o0.

Lemma 1.3.9. Let p € R be such that p > 1. Then the set L ([a,b)r,R) is
a Banach space together with the norm defined for f € LX([a,b)T,R) as
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foPat)”, peR
1128 (abyrr)y = (/[ab 7)1 ) (1.3.1)
inf{C eR:|f|<C A—a.e.on[a,b)r}, p=-+oo.

Moreover, LA ([a,b)r,R) is a Hilbert space together with the inner product
given for every (f,g) € L ([a,b)r,R) x LX([a,b)T,R)by :
< [,9 > 12 (lab)yr )= - f(t)g(t)At
a,b)r

Proposition 1.3.10. Suppose p € R and p > 1. /Let p" € R be such that
}D—l— }% = 1. Then , if f € L% ([a,b)r,R) and gf € LX([a,b)T,R), then
f.g € Ly([a,b)1,R) and

||fg||L1 [ab)'ﬂ-R) < ||f|| (abTR) ||g||P ab)TR)

1
Forp € R,p > 1, with the norm || f|| 12 (jab)rr) = (/ lf ()\”At)p
[a,0)T

Definition 1.3.13. Let p € R be such that p > 1. and u : [0,0(t)]r — R.
We say that u € WX%([O,J@)]T,R) if and only if u € L, ([0,0(t))r,R) and
there exists g € LN (([0,0(T))r,R) such that

[ useas== [ glse(9)as
[0,0(T))r [0,0(T))r
Jor Vo € C§,4([0,0 ()5, R). where

Cora([0; o (O)]1,R) = {u : [0, 0(t)]r = Rlu € Cog([0,0(t)]3, R), u(0) = u(o(T)) = 0}.

WXP([0,0(T))r, R) is a Banach space which is equivalent to the following
functional space

AC([0,0(T)]r,R) = {u: [0,0(T)]r — R|u is absolutely continuous and
u® € LR (([0,0(T))z, R)}.

Thus
WAP([0,0(T)]r, R) = ACx([0,0(T)]r, R),

is a reflexive Banach with the norm

lull =y, = ([ ulaes [ dpar),ue WO R).
[0,0(T)) [0,0(T))r
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1.4 Theorems of variational method

Proposition 1.3.11. [2/ Let p € R be such that p > 1, and J equipped with
the Lebesgue A— measure. Then, the following statements are true:

1. If p > 1, then the immersion Wé’p(J) — C(J) is compact.

2. If p =1, then the immersion WAP(J) < C(J) is compact if and only
if every point of J is isolated.

Corollary 1.3.12. Let p € R be such that p > 1, and J equipped with the
Lebesgue A— measure, let {Tm ymen € WAP(J), and let z € WAP(J). If

{Zm}men converges weakly in Wi’p(e]) to x, then {xm }men converges strongly
in C(J) to .

Lemma 1.3.13. There exists a constant ¢ > 0 such that, ifu € Wx*([0,0(T)]1, R)
and [,co. 51y, WAL =0, then

lulloo < elluzy.

Proposition 1.3.14. [89] Let Qr be an open subset of T" and |Q7| < 0.
Suppose that 1 < p,r < oo and f € C(Qr x R,R) satisfies

[f(t2)] < e(1+ Jz]7). (1.3.2)
Then for any x € LA (Qr,R), f(-,x) € L'y (Qr x R,R) and the operator

N LPA(QT,R) — LTA(QT X R, R) X = f(t,l')

1S continuous.

1.4 Theorems of variational method

In this section, we state some theorems which are used to prove our main
results.

Theorem 1.4.1. [7}] Let (X, |- |;), i = 1,2 be Hilbert spaces identified to
their duals and let X = X; x Xy. In addition, assume that Ei(-,v) and
Es(u, ) are bounded from below for every u € X1,v € Xs, and the following
boundedness condition holds: there are R,a > 0 such that

either Ey(u,v) > i)I(lf Ei(,v)+a for|ul; > R and all v € X5(1.4.1)
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or Ey(u,v) > i)I(lf Es(u,-)+a for|vls > R and alluw € X;. (1.4.2)
2

Then the unique fized point (u*,v*) of (N1, Na) is a Nash-type equilibrium of
the pair of functionals (Ey, Es), i.e.,

Ey(u*,v*) = i)I(lf Eq(-,0")
Es(u™,v*) = inf Ey(u”,-).
Xo

Definition 1.4.1. Let E be a real Banach space, ¢ € C'(E,R), for any
sequence {u,} C E such that p(u,) is bounded and

¢ (up) =0 as n— oo,

then, {u,} is called a Palais Smale sequence (PS sequence, for short). If a
PS sequence of p possesses a convergent subsequence, we say that ¢ satisfies
the PS condition.

Lemma 1.4.2. [79] Let E =V @& X, where X is a Banach space and V # 0
is finite dimensional vectorial space. Suppose that ¢ € C1(E,R) satisfies the
PS condition, and

1) there are a constant o« and a bounded neighborhood D of 0 in V' such that
plop < a,

2) there is a constant > « such that ¢|x > 5.

Then, ¢ possesses a critical value ¢* > 3. Moreover, ¢* can be characterized
as

¢" = nf max p(h(u)),

where T' = {h € C(D, E)|h = id on OD}.

Lemma 1.4.3. [56] If ¢ is weakly lower semi-continuous on a reflexive Ba-
nach space X* and has a bounded minimizing sequence, then ¢ has a mini-
mum on X*.

Lemma 1.4.4. [15] Let E be a Banach space such that

E:Xl@X27
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1.5 Basic definitions on fractional calculus

where X1, Xy are two subspaces of E and dim Xy = m < oo. Let ¢ be a
C! functional on E which satisfies the PS condition. Assume that for some
r > 0 we have

o(u) >0 forue Xy and ||ul] <,

and
o(u) <0 forue Xy and ||ul] <.

Assume that ¢ is bounded below and i%fgp < 0. Then, ¢ has at least two

nonzero critical points.

1.5 Basic definitions on fractional calculus

In this chapter, we present some definitions that have an important role in
the theory of fractional calculus see [21,58,112].

1.5.1 Riemann-Liouville Integrals

In this section we give the definitions of Riemann-Liouville fractional inte-
grals.

Definition 1.5.1. The function I" : (0,00) — R, defined by

[(x) ::/ t" e tdt,
0

is called Eulers Gamma function (or Eulers integral of the second kind).
Remark 1.5.1. Forn € N, we have (n — 1)! =T'(n).

Definition 1.5.2. Let o € R,. The operator I, defined on Li[a,b] by

19 f () = ﬁ / “(w— 0 (o)

fora < x <b, is called the Riemann-Liouville fractional integral operator of
order a.
For o = 0, we set I? := I, the identity operator.
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The definition for o = 0 is quite convenient for future manipulations. It
is evident that the Riemann-Liouville fractional integral coincides with the
classical definition of I in the case a € N, except for the fact that we have
extended the domain from Riemann integrable functions to Lebesgue inte-
grable functions (which will not lead to any problems in our development).
Moreover, in the case o > 1 it is obvious that the integral IS f(z) exists for
every x € [a, b] because the integrand is the product of an integrable function
f and the continuous function (z —.)*"!. In the case 0 < a < 1 though, the
situation is less clear at first sight. However, the following result asserts that
this definition is justified.

Theorem 1.5.1. Let f € L'a,b] and a > 0. Then, the integral I%f(x)
exists for almost every x € [a,b]. Moreover, the function 12 f itself is also an
element of L'[a,b].

One important property of integer-order integral operators is preserved
by our generalization:

Theorem 1.5.2. Let 3,a >0 and ¢ € L'[a,b]. Then,
Lg =11,
holds almost everywhere on [a,b]. If additionally ¢ € Cla,b] or B+ a > 1,
then the identity holds everywhere on [a,b].
Corollary 1.5.3. Under the assumptions of Theorem 1.5.2,
I°1%¢ = I°1° 6.
Example 1.5.1. Let f(x) = (x — a)® for some 3 > —1 and o > 0. Then,

/() = #) / (1 — )P (x — 1),

N
_ r—a)*’ 135 —5)*"tds
- Fale— o [ -
@ . F(B+1) o+
I3 f(x) = m(iﬂ_a) g

Theorem 1.5.4. Let a > 0. Assume that (fx)i2, is a uniformly conver-
gent sequence of continuous functions on [a,b]. Then we may interchange the
fractional integral operator and the limit process, i.e.

(I3 I fi)() = (lim T2 f)(2).
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In particular, the sequence of functions (12 fx)e2, is uniformly convergent.

Theorem 1.5.5. Let 1 < p < oo and let (Bk)7, be a convergent sequence of
nonnegative numbers with limit 3. Then, for every f € LP[a,b),

lim % f = I°f,
k—o0

where the convergence is in the sense of the LP[a,b] norm.

1.5.2 Riemann-Liouville Derivatives

Having established these fundamental properties of Riemann-Liouville inte-
gral operators, we now come to the corresponding differential operators.

Definition 1.5.3. Let o € R, and 5 = [a] + 1. The operator D2, defined by
D f(x) = DPI7=* f(x)
15 called the Riemann-Liouville fractional differential operator of order c.
For a = 0, we set D := I, the identity operator.

Theorem 1.5.6. Assume that ay,an > 0. Moreover let ¢ € L'[a,b] and
f =102 Then,
Dgzl Dng — DglJraQ f

Note that in order to apply this identity we do not need to know the function
¢ explicitly, it is sufficient to know that such a function exists.

Example 1.5.2. Let f(z) =272 and a; = ay = 1/2.
Dy f(x) = Dg* f(x) = 0,

and hence also
Dg' Dg? f(x) =0,
but
D+ f(a) = Dyf () = —(20%)".
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Preliminaries

Example 1.5.3. Let f(z) = 22, a; = 1/2 and oy = 3/2.
Dg' f(z) = v/m/2 and D§* f(x) =0,

This implies
Dy Dg* f(x) = 0,

but
D Dg f () = —2/4 = DRf(x) = Dy f(x).

In other words, the first of these two examples shows that it is possible
to have
DD f = DD f # Do,

whereas the second one exemplifies the case where
ng Dng 7§ DgzDng — D;n—&-az f,
holds.

Theorem 1.5.7. Let a > 0. Then, for every f € L'a,b),
DSISf = f, almost everywhere.

Theorem 1.5.8. Let a > 0. Assume that (fx)72, is a uniformly convergent
sequence of continuous functions on [a,b], and that DS fy, exists for every k.
Moreover assume that (DS fi)52, converges uniformly on |a + €,b] for every
€ > 0. Then, for every x € (a,b|, we have

(klggo D3 fe)(x) = (Dg klggo fi) ().

Theorem 1.5.9. Let f; and fy be two functions defined on [a,b] such that
D2 f1 and D2 fy exist almost everywhere. Moreover, let c1,co € R. Then, D (¢q f1+
cofo) exists almost everywhere, and

Dy (cifi + cafs) = a1 Dy fi + caDg fo.

Lemma 1.5.10. Let a > 0, ¢ N, and 8 = [«]. Assume that f € CP[a,b]
and x € [a,b]. Then,

D) = gy [ =0 o
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1.5 Basic definitions on fractional calculus

Definition 1.5.4. For a function h € AC™(J), the Riemann-Liouville frac-
tional order derivative of order a > 0 of h, is defined by

1 [t h(s)
D h(t) = ————— ——d
0 M) = 7= dt"/o (t — sya—ns1 "™

where n = [a] + 1 and [a] denotes the integer part of the real number a.

Remark 1.5.2. [6]

1. If A > —1
P +1)
DO{ t)\: t)\ «
or FrA—a+1)
and
Dgt*™ =0, m=1,2,...,n, where n = [a]+ 1.

2. D I8 u(t) = u(t) for allu € C(0,1) N L'(0,1).
3. Ifue LY0,1),a > B> 0, then
DI IS u(t) = I8 u(t).
Lemma 1.5.11. [6] If we assume that u € C(0,1) N L'(0,1), then the frac-
tional differential equation
Dgiu(t) =0, «a>0,

has u(t) = Cit* P+ Cot® 2 + ...+ Cpt*™,C; €R, i =1,2,...,n, as unique
solution, where n = [a] + 1.

Lemma 1.5.12. [6] Suppose that u € C'(0,1) N L*(0,1), such that DS u €
C(0,1) N L*(0,1). Then

I8 Diu(t) = u(t) + Crt* ™ 4 Cot* > + ...+ Cpt™ ",
for some C; € R, i =1,2,...,n, where n = [a] + 1.
Lemma 1.5.13. [18] If x,y > 0,7 > 0, then
(o +y) < max{2 L 11 + 7).
Lemma 1.5.14. [18] Let ¢ > 0, > 0. For any x,y € |0, ¢|, we have that
1. Ify > 1, then |27 — 3| < vtz —y),

2.0f0 <~y <1, then |27 —y?| < |z —y|".
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Chapter 2

Systems of second impulsive
differential equations

In this chapter we study the existence results for systems of second impulsive
differential equations via variational method. More precisely we consider:

—ii +m?u = flt,u,v), t#t,k=1,...,p, t € J,
— +m?v = g(t,u,v), t#ty,k=1,....p, t € J,
w(ty) —uty) = I(u(ty), k=1,....p, (2.0.1)
o(tf) —o(ty) = Ie(u(ty)), k=1,...,p,
w0) =u(b) = o

where J := [0,b], m # 0, f,g : J x R? = R are two functions, Iy, [} €
C(R,R), k €{1,2,...,n}, u(t}) and u(t{) denote the right and the left lim-
its respectively of @ at ¢ for 0 <k <p, 0 =tg <t;...,tx <t, <b, peN.

We shall provide sufficient conditions ensuring some existence and unique-
ness results for system (2.0.1) via an application of the Nash-type equilibrium
method in vector Banach spaces.

Let (Xj,|-1]i), @ = 1,2 be Hilbert spaces identified to their duals and let
X = X x X,. Consider the system

u = Ni(u,v)
{U — Nt o) (2.0.2)

where (u,v) € X. Assume that each equation of the system has a variational
form, i.e., that there exist continuous functionals Fi, F5 : X — R such
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that E)(-,v) is Fréchet differentiable for every v € Xs, Es(u,-) is Fréchet
differentiable for every u € X, and

Eyi(u,v) = u— Ny(u,v),

Ey(u,v) = v— Na(u,v). (2.0.3)

Here, by Fi1(u,v), Eae(u,v) we mean the Fréchet derivative of Fy(-,v) and
Es(u, ), respectively.

Define Sobolev space
Hy(J)={ue L*(J):ue L*(J),u(0) = u(b) = 0},

We endow H{}(J) with the scalar product

(w, V) () = /Ob(ma + mPuv)dt = m*(u, v) 205y + (0, 0) 12
and the corresponding equivalent norm
lull gy = (M2 [[ullZagy + Nl Fa) "> (2.0.4)
The advantage of using the norm (2.0.4) on Hj(J) is that a Poincaré-type

inequality holds in connection to the embedding Hj(J) C L?(J), namely, the
obvious relation

lwll 2 () u € Hy(J) (2.0.5)

1
<
||U||L2(J) =

A similar Poincaré inequality holds for the inclusion L?(J) € H~*(J). Indeed,
if h € L*(J), then using (2.0.5) and the above isometry, we obtain

HhH%[—l(J) = ||uhH§I6(J):<h'7uh> = <h7uh>L2(J)
< 1||h||L2(J>HUhHLQw < lunlla o 1Al L2
= a1 llhlzzon
which gives
1
Al 1) < EHhHLQ(J)- (2.0.6)
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Systems of second impulsive differential equations

2.1 Variational formulation of the problem

Lemma 2.1.1. The function E = (Ey, Fs) : Hy(J) x H}(J) — R defined

by
b 1 P rulty)
El(u, U) = / §(U2 + m2u2) — F‘(Zf7 u, U) dt + Z/ Ik(S)dS,
o L | = Jo
b '1 T p v(tg) _
Es(u,v) = / 5(1}2 +m*v?) — G(t,u,v)| dt + Z/ Ix(s)ds,
o L | = Jo
where Y
F(t,u,v) = f(t,s,v)ds,
0
and

G(t,u,v) = / g(t,u, s)ds,
0
are the functionals energy of the system (2.0.1).
Proof. Let w € C§°(J), then

For t € [0, 4]
t1 t1 t1
/ —twdt +/ m2uwdt :/ wf(t,u,v)dt.
0 0 0

By integration of above equation, we get

t1 t1 t1
(—uw)(tl)—i-/ uwdt+/ m2uwdt:/ wf(t,u,v)dt.
0 0 0

For t € (t1,t2], we have

to to to
/ —twdt + / mPuwdt = / wf(t,u,v)dt.
t1 t1 t1

By integration of least equation, and using the jump definition of u/(¢]), we
obtain

(—aw)(ty) + (wu)(t) + /t2 wdt + /t2 m*uwdt = /t2 wf(t,u,v)dt.

t1 t1
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2.1 Variational formulation of the problem

For t € (t,,b): We continue the same calculus and we find

b b b
/ —dwdt%—/ m2uwdt—/ wf(t,u,v)dt.
t t t

Then
b b
(—tw)(b) + (aw)(t,)) +/ wwdt + m2uwdt = / wf(t,u,v)dt
tp
b b
(uw)(t,) + +/ uwdt—i—/ miuwdt = / wf(t,u,v)dt.
tp
Observe that
P tp tp tp
u(ty)w(t,) = w(tk)lk(u(tk),v(tk))+/ uwdt+/ mQuwdt—/ wf(t,u,v)dt.
o 0 0 0

Consequently,

p

Zw(tk)lk(u(tk)))+/0buwdt+/0bm2uwdt:/Obwf(t,u,v)dt.

k=1
For w = u, we obtain

p

> ulte) I(ulty)) + / bu2dt+ /O bm2u2dt: /0 buf(t,u,v)dt.

k=1 0

Finally we define the energy functional £ = (Ey, FEs) by:

by " P rulty)
Ey(u,v) = / §(u2 +m*u?) — F(t,u,v)| dt + Z/ Ix(s)ds,
o L 1 0

b '1 ] p U(tk)_
EQ(U,U) = / 5(1}2+m2@2) —G(t,u,v) dt—l—Z/ ]k(S)dS
0 L 0

. k=1
where

F(t,u,v) = /Ou f(t,s,v)ds, G(t,u,v) = /ng(t,u,s)ds.
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Systems of second impulsive differential equations

Now, we define what we mean by a solution of problem (2.0.1).

Definition 2.1.1. A pair of function (u,v) € Hy(J) x Hy(J) is said to be a
weak solution of problem (2.0.1) if

P b b b
Zw(tk)[k(u(tk))—i-/ uwdt+/ m2uwdt:/ wf(t,u,v)dt,
P, 0 0 0

and

p

b b b
w(tk)fk(u(tk))+/ qut+/ m2u2dt:/ wf(t,u,v)dt,
0 0 0

k=1

for every w € H}(J).

2.2 Existence result

We assume that the following conditions are satisfied:

(Hy) f,g:J xR*— R are Carathéodory functions.

(Ha) f(-,0,0),9(-,0,0) € L*(J) and there exist m;; € Ry (4,7 = 1,2) such
that

0) < omy|u — 1l + mas|v — 7|
< mor|u — 1| + maog|v — 7|

for all u,u,v,v € R, a.e. t € J.
(Hj3) There exist m;; € Ry (4,5 = 1,2) such that

[Te(@)=Te(y)] < Ty, [o—yl,  [1k(2) = Tk(y)] < Ty, lo—yl, for all z,y € R.
Lemma 2.2.1. Assume that the conditions (Hy) and (Hy) hold. Then

b m
— o IF(s,u,v)|ds > —%”“H%%J) — maal|v][ L2 lull£2() (2.2.1)
=1 £(t,0,0)[[ L2 [wll L2y

Proof. Indeed, from (Hs) we have
[f(tu0)| < malul 4+ malol + [f(£,0,0)], (2:2.2)
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2.2 Existence result

whence, since f(-,0,0) € L2(J), f(-,u(-),v(-)) € L*(J) whenever (u,v) €
L3(Ry) x LA(R,). Also (2.2.2) gives

m
|F(t7u7 ?})| < = |u|2 + m12|v||u| + |f(t7070)||u|

2
Then
b b g )
— [ B lds =~ [T + mlu(s)lluts)] + 1£(s,0,0)lu(s)]] ds
0 0
mi1
> —THUH%W) — mazlvl| L2 llull 220y
=[G 0,00l 20wl 2y
]
We assume that the spectral radius of matrix
p
mi1 + Z m3mk11 VvV btk mio
M - W k=1 P , (223)
Moy Moo + Z M Mgy \/ bl
k=1

is strictly less than one.
Lemma 2.2.2. The energy E of the problem has a Fréchet derivative.

Proof. Direct computation shows that the derivative of F at any u, after the
direction w € H}(R), is given by

(Ef(u,v),w) = }\%(El(u + Aw,v) — By (u,v)) A

(Ej(u,v),w) = lim [/Ob B((u + Ai)? +m?(u + Iw)?) — F(t,u + )\w,v)l dt

A—0

P u(ty)+Aw(ty) b 1 .9 2 92
> Bis)ds = [ 300+t~ Pl
k=1

; u(ty)
—Z/O ]k.(s)ds] At
_ /0 i+ mPuw? — f(tuw,oywldt+ > w(te) T (u(ty))
= (uw,w)grcyy — (f(u,0), w2 + Zw(tk)]k(u<tk))‘

k=1
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Systems of second impulsive differential equations

Hence, the Fréchet derivative of E) at any u € H}(J) is given by

En(u,v) = w—Lf(uv)+ ) Iu(u(ty)

= u— Ny(u,v)
and
Exp(u,v) = v— Lg(,u,v) + ka(v(tk))
k=1
= v — Ny(u,v)

where Ny, Ny : HY(J) x Hi(J) — H}(J) are defined by

Ny (u,v) = Lf (- u,v) = Y Ti(u(ty)),

and
NQ(U’uv) = Lg('7u7v) - ij(v(tk))
k=1

O

This shows that the weak solutions of (2.0.1) are the critical points of the
functional E.

Theorem 2.2.3. Assume that the conditions (Hy), (Hs) and (Hs) hold. In
addition, assume that there exist two functions ¢,qg; : J X R — R such that
g(t,-), g1(t,-) are coercive and satisfied

gi(ty) <Gt x,y) <g(t,y), foralz,y € R ae teJ, (2.2.4)
and 3
I(z) >0, Ip(y) >0, forall x,y € R. (2.2.5)

Then the system (2.0.1) has a unique solution (u*,v*) € Hi(J)x H3(J) which
is a Nash-type equilibrium of the pair of functionals (Ey, Ey) associated to the
system, 1.e.,

Ey(u*,v*) = inf Ey(.,v")
Hg(J)

Ey(u*,v*) = inf Ey(u”,-).
Hg (J)
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2.2 Existence result

Proof. We shall apply Theorem 1.4.1. First using the Lipschitz conditions
(H,) we can obtain that E;(-,v), Fa(u,.) are bounded for each u,v € H}(J)

by P pulty)
Ey(u,v) = /0 [§(u2 + m?u?) — F(t,u,v)] dt + Z/o I(s)ds
k=1

1, b P pulte)
= 5””“1{3(])—/ F(SaU,U)dS-l-Z/ I (s)ds.
0 0

k=1
Using the inequality (2.2.1) and (2.2.5), we obtain
mn
2
_Hf(7 0, 0) ”LQ(J) ||UHL2(J)-

By Poincaré inequality, we get

1
Ev(w,v) = Sllully) — 5 lellzew) = mollollzo lullzo)

mi mio

1
Ei(u,v) > §||U||§43(J) - 2—mQ||U||fyg(J) - WH’U”L%J)HUHH&(J)

1
= A£G 0,002 el g

L LU T ST T
2 2m2 u Hé(J) m v L2(J) u HS(J)

v

1
=70, 00zl g -

Similarly, we can get

mag mio

1
By(uv) = 5 (1=525) ol — = lull o llollmy

1
——Ilg( 0,0)l[ 2 [Vl a3

Consequently, the functionals Fi(-,v) and Fs(u,-) are bounded from be-
low for each u,v € H}(J). In addition, we use the inequality from (2.2.4) to
obtain

1 ) b P v(ty)
Es(u,v) = il‘UHHé(J)_/o G(t,u(t),v(t))dt—i—Z/o Ix(s)ds
k=1

v

1 b
sty = [ dtotar
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Systems of second impulsive differential equations

we use the inequality from (2.2.5) to obtain
Ey(u,v) > ¢(v), forall, ve Hi(J) (2.2.6)

where ,
1 _
o) = 3ol = | dlto)ar

Since ¢ is coercive function, ¢ is bounded from below and thus Es(u,-) is
bounded from below uniformly with respect to u. Next,

1 b P pultn)
Pau) = lolfge = [ G @i+ Y [ T
k=1

1 ) b~ p v(tk)_
< iy - [ @toma+ Y [ s
k=1
Then
Es(u,v) < ¢1(v), forallv e Hy(J), (2.2.7)
where

te) _

1 b P
0n(0) = 3lloliye = | @it v+ > | Tspas
From (2.2.6) and (2.2.7)
d(v) < Ey(u,v) < ¢1(v), for all u,v € Hy(J). (2.2.8)
Since ¢ is coercive, for each A > 0, there is R) such that
¢(v) = Afor [|v][ gy = Ra. (2.2.9)

Let a > 0 and A = inf,cp1 (5 61(v) +a for [|v]| i) > Ra and any u € Hy(J)
we have

Esy(u,v) > ¢(v) > inf ¢1(v) +a. (2.2.10)
’UGH&(J)

From the first inequality of (2.2.8), we have

inf FEy(u,v)+a< inf ¢1(v)+a=A (2.2.11)
veH(J) veEHE(J)
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2.2 Existence result

But (2.2.9) and (2.2.11), imply that

Es(u,v) >
2( ) T weH(J)

inf  Fy(u,v)+a

vl a3y = By Yu € Hy(J).

This shows that E, satisfies the condition (1.4.2). Finally we prove that
N = (Ny, N,) is a Perov contraction. Indeed, for any u,v,u,v € Hg(J),
using the fact that L is an isometry between H~'(.J) and HJ(J), the relations
(2.0.5), (2.0.6) and the Lipschitz condition (H3), we obtain

<

[ N1 (u, v) — N1 (@, 0)|| g1 gy

IN

IN

For each k € {1,...,p} we have

IN

[k (u(te) = Te (o)l 23 )

VAN

IN

IN

Hence

ILFCusv) = L (5w 0) |y

+ > Hk(u(te)) = Te(@(te)) |y )

+ > Hk(u(te)) = Te(@(te)) |y -

i (/Ob ilute)) = fk(ﬂ(tmlzdt)é

mVb| I (u(ty)) — Tu(u(ty))]
mmkn\/l_)|u(tk) —u(ty)|

g, Vb /0 ") — ot
e\ bl ( /0 ) u’(t)|2dt) -

=

Mk (ulte)) = Te (@) ) < 0, VObkllu = Ullgg ey K =1,....p,
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Systems of second impulsive differential equations

Then

— mi _ mio _
[ N1 (u, v) = Ni(@,0) || ga sy < WHU — |25y + WHU — V|2

p
+ Z ULTIPRY btkHu - ﬂHH&(])
k=1

Therefore

L 1 ~ _
[N1(u, v) = Ni(@,0) | mp ) < 3 (mn + Y mm, v btk) [ = 2| 2 )

k=0
mio _
+WHU —UHHDI(J)-

Similar for Ny we have

o 1 g _
[No(u, v) = No(@,0) || a5y < e <m22 + ) m g, v btk) v =0 g3 )

k=0

+WHU — Ul a3 (9)-

Hence, N is a Perov contraction with the Lipschitz matrix M given by (2.2.3).
Therefore, Theorem 1.4.1 can be applied. n

Remark 2.2.1. Notice that the theory for systems of two equations can easily
be extended to the general case of n—dimensional systems.

2.3 Example

We conclude this chapter with an illustrative example.

Example 2.3.1. Consider the following system

—ii + m*u = f(t,u,v), te]0,b

—0 4+ m?v = g(t,u,v), te]l0,b]

wt) —u(ty) = Slut)l, a1 > 0,41 #0, t€(0,b) (23.1)
B — o) = Lh)l, a0

u(0) =u(b) = wv(0)=wv(b) =0,
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2.3 Example

where m # 0; az, B; € C([0,,R,), o, € L2([0,b],R,)(i = 1,2) and
F(t,u,v) = ay(t) cosu(t) + Bu(t) sinu(t) sinv(t) + o (t),
gt u,v) = as(t) sinv(t) + B(t) cos u(t) sinv(t) + oa(t).

In this case,
F(t,z,y) = ay(t)sinz + By (t)(1 — cosz) siny + o (t)z,

G(t,2,y) = as(t)(1 — cosy) + B2(1 — cosy)cosz + oa(t)y.
If the spectral radius of the matrix

1| fleulloo + 1181 floo + 2200 18]l
M - 2 “ m3 btq

m? 1821l lalloo + 182 llo0 + #25

is less than one, where then the system (2.3.2) has a unique solution, which
1s a Nash-type equilibrium of the corresponding pair of energy functionals.
In particular, the result holds for the following system on [0, 1]

—1i+u = Zcosu(t) + £ sinu(t)sinv(t) + oy (t)

-0+ = &sino(t) + g cosu(t) sinv(t) + oo(t)

uw(ty) —aty) = |u(t)], 1= % (2.3.2)
o) —o(t) = o)l =1

u(0) =u(l) = v(0)=v(1) =0,

where o; € L*([0,1],R,)(i = 1,2).In this case, the matriz M is

v |

=W I

} (2.3.3)

O DU =

and one can easily see that its spectral radius is less than one.
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Chapter 3

Impulsive p-Laplacian
boundary value problem

In this chapter, we aim to study the following boundary impulsive value
problem with a second-order p-Laplacian on o(7") periodic time scales T :

(SOp(UAA(f)))A = flo(t),u(t), A—ae te0,0(T)ft #t,

aS)
=
IS4
—~
~
<
~—
~—
|
aS)
]
g
>
<7
Il
S~
£
<

(3.0.1)

where ¢, (u?(t)) = |u®(t)|P"2u”(t), and A is the derivative on the time
scale T, and o is the forward jump operator, 0,7 € T with o(t) € T* and
f(t,z) :[0,0(T))k x R — R is Lebesgue integrable in T for each z € R, and
continuously A-differentiable with respect to x for any A —a.e.t € [0,0(T)]%,
Ii(u(t;)) € C(R,R), g, (u™(t])) and @, (u®(t;)) denote the right and the left
limits respectively of u® at ty for 0 < k < p, 0 =1ty < t1,...,tp <1, <
T, peN.
It is notable that in our study the function f is not required to be periodic
in ?.
Throughout this Chapter, we make the following assumption:

(Ho) There exist two functions a € C(R*,R*) and b € L'([0,0(t)]r,RT)

such that
/0 " ft s)ds| < a(lalble), 1£(t2)] < all2)b(e)
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3.1 Variational formulation of the problem

for all z € R and A — a.e.t € [0,0(T)]r.

In the cases where T = R or T = Z the problem (3.0.1) take the following
forms:

(op(u'(1))) = f(t,u(t), te€0,T],t#1; (3.0.2)

and
A(pp(Au(k))) = f(k+1u(k+1)), ke{0,1,2,...,N}, (3.0.3)
where N € Z* and A denotes the difference operator defined by
Au(k) =u(k+1) —u(k), ke{l,2,...,N}.

Also in this work, we consider the following impulsive problem with the
mixed derivatives on time scales of the form:

(@p(uA(t ))V - f(tv u(t))v A—ae te [O7T]T7t 7 tj,
@p(uA(tJ+ ) — ‘Pp(uA(tj_)) = Li(u(ty)), j=1,...,n,
u(0) = u(a(T)) = u?(a(T)) = u®(0) =0,

(3.0.4)

3.1 Variational formulation of the problem

In this section, we defined the functionals energy of the problem (3.0.1).
We consider the following Banach spaces

WAL(10,0(T)]7, R) = {u € WA%([0,0(T))r,R) : @ = 0},

and
WXZ’([Ov U(T)]Ta R) = Wi’%([ov O-(T)]T’ R) ® R,
with
U =u—u,
where .
u= u(t)At
o(T) /[o,a(Tm



Impulsive p-Laplacian boundary value problem

Proposition 3.1.1. [79] Assume that [ satisfies the condition (Hy), the
sequence

{ua} € Wi%((0,0(T)]r, R)
satisfies o!(u,) — 0 and {u,} is bounded in Wi’f}([o, o(T)|r,R). Then{u,}

has a convergent subsequence in Wi’%([O, o(T)]r,R)

Lemma 3.1.2. The functionals enerqy of the problem (3.0.1) is the function
(O Wi’f'}([()?a(T)]T,R) — R defined by:

o(T) o(T) n o rulte)
Y(u) = 219/0 |uA(s)|pAt—|—/0 F(a(t),u“(t))At+kz:;/0 I (t) At
(3.1.1)
3
F(t,f)z/o f(t, s)ds. (3.1.2)

Proof. Let v € Wi’%([o, o(T)]r,R), then
For t € [0, 4]

/ o)A ()) > As = / " o), u(s))o(s) s,
We use the integration by part, we get
vt (1) =0 O, 0)~ | " sy (1 () As = / " Fols)u()u(s)As.
This implies that
olta)ep(u (1)) = o0}y O)+ | B (5)op (1A (5)) A / " Fo(s),u ($)u(s)As.
For t € (1, 5], we have

/ 0(s) (pp(u(5)))* As = / Flo(s),u”())o(s)As.

By integration of least equation, and using the jump condition of u®(t]), we
obtain
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3.1 Variational formulation of the problem

v(t2)p(u® (t2)) = v(t1) i (u(tr)) + v(0)i, (u™(0)) + /{:2 V3 (s)ip(u(5))As

+/02f(0(s),u"(s))v(s)As.

For t € (t,,0(T)] : We continue the same calculus and we find

o(T) o(T)
[ o(s)(pp(u(5)) > As = / F((s),u”(s))v(s)As.

By integration by part,we get

o(T)
/t flo(s),u?())v(s)As = v(a(T))gp(u(o(T)) = v(tn)pp(u(tn)

Observe that

o(ta)en(ty) = Y v(tk)fk(U(tk))+/HUA(S)%(UA(S))AS—/Onf(U(S),U"(S))U(S)AS-

0<tp<tn 0

Consequently,

oo (T)) g (0(T)) — v(t) T (u(tr)) — vt Ta(u(t2)) — ... — v(ta)Lu(u(ts))
tn tn a(T)
- / 0B (8 (4 (5)) As— / F(o(s), 47 (3))o(s) As— / 0B (8 (4 (5)) As
o(T)

_ /t F(o(s), 17 (5))o(s) As.
Then

o(T) o(T) n
/0 |uA(S)|p_2uA(s)vA(s)As+/0 f(a(s),u”(s))v(s)As—i—Z v(tp) Ik (u(ty)) = 0,

k=1
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Impulsive p-Laplacian boundary value problem

forv=u
a(T) o(T) n
/ [u® (5)[PAs + / flo(s),u?(s))u(s)As + Z u(te) Ix(u(ty)) = 0.
0 0 k=1
Then
o (T) o (T) n
/0 [u® (s)[P At + /o F(o(t),u’(t))At + Z u(ty) Ix(u(ty)) = 0.

Finally we define the energy functional ¢ by:

e o(T) ) n
vl = / B ()P A+ / Flo(0) ()20 + 3 ule) e
e o(T) ) o pulty)
() = 13/0 A (s)| At+/0 Fo(t), u (t))AH;/O L(t)AL
where

3
F(t,g):/O f(t,s)ds.

Now, we define what we mean by a solution of problem (3.0.1).

Definition 3.1.1. A critical points u € Wi’f}([o, o(T)]r,R) of the functional
Y defined by (3.1.1) is said to be a weak solution of Problem (3.0.1) if

o (T) o (T) N
- / (1) P2 (At — / F(o(t),u” (0w A3 weli(t) =0,

for every w € Wi’fr([O, o(T)]r,R).

Proposition 3.1.3. The functional ¢ € Cl(Wi’f'}([O, o(T))r,R),R).
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3.1 Variational formulation of the problem

Proof. Firstly, we show the existence of the Gateaux derivative.
Direct computation shows that the derivative of 1 at any u, after the direction
v E Wi’%([O,U(T))T,R) and e € R (0 < |¢|] < 1), is given by

— 1
¢(U + EU) 1/J<u> _ / _HUA + EUA|p _ |uA]p]At
¢ [0.0(T))r P

/ F(o(t),u” + ev”) — F(o(t), u")At
[Ova(T))'ﬂ'

€

+

tr)

1< u(ty)+ev(t) n u(
+ —Z/ Ik(t)At—Z/ Li(t)At.
€ =1 /0 k=10

where F' is defined as formula (3.1.2).
For u € R, it follows from the mean value theorem that there exists p; € (0, 1)
such that

[u® +ev P [uS 7
B

pllu + eprv P2 |u + eprv][o?

- 3.1.3
< Cpllud| + o 18, (3.13)

where C' is a positive constant,|u®| and [v®| € L\ ([0, 0(T)]r, we use
Holder inequality on time scales we find

p—1

1
[ ket etae s [ [ tpad T epad”
[0,0(T)]r [0,0(T)]r [0,0(T)]r

which implies
[l + 2P 0] € Ly £([0,0(T)]x, R).
Given u € R, by the mean value theorem, there exists py € (0,1) such that

qlF (), u +ev’) = Flo(t),u”)] = 4% le@ur+per) 0]

|f<0'(t)7ua_|_p2€va)va|. (314)

Note that
|f(o(t),u” + paev?)[|v7] € Lp 1([0,0(T))r, R).
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Impulsive p-Laplacian boundary value problem

Therefore, for u € R, the mean value theorem indicates that there exists
ps € (0,1) such that

n

Z/Owwk Ik(t)At—an;/OUk L (t)At . a/x[k(é,)ds

k=1 = 1 § : 0
€ T € oz
k=1

) levg|
U +eP3vg

n
= > Iu(ug + epgvp) vyl

k’zl

= kafk(uk) € C(R,R) fore—0,
k=1

(3.1.5)

(o), vy = lim S[p(u + ev) — (w)

e—0 €

By formulas (3.1.3),(3.1.4),(3.1.5) and the Lebesgues dominated convergence
theorem on time scales, we derive that

o(T) n
(Wr(u),v) = /o (p\uA\p_QuAvA + f(a(t),u”)v") At + kalk(uk)

k=1
(3.1.6)

Secondly, we consider the continuity of the Gateaux derivative.
Assume that the sequence {u,} C Wé’f'}([O,a(T))T,R) satisfies u, — u as

n — 0o in Wi’%([o, o(T)]r,R). By proposition (1.3.11) tells us that
Wé’f'}([o, o(T))r),R— C([0,0(T))r,R) is compact.

Then, u,, — u as n — oo in LX ([0,0(T))r, R).
Let f(x) = p|a®|P~22>. From proposition (1.3.14) we get

[l |P~2us — \uA\p_%AHLqu —0 as n — oo

where ¢, = p%l. Using (Hp) and Lebesgue dominated convergence theorem
on time scales yields

/ |f(o(t),u)) — f(o(t),u”)|At — 0 as n — oc.
[0,0(T)r
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3.1 Variational formulation of the problem

By continuity of 1

N

D i (ultin)) = Tu(u(ty))] = 0 as n — oc.

For an arbitrary v € Wg’f;([o, o(T)]r,R), there holds

R O B A (U R T R EY

[
[07

+ Z <[kn(u(tkn)) _ Ik(u(tk))>q;k,

(¢
+ / D) (f(U(t),qu) — f<0(t)7UU)UU)At

Using the Holder inequality on time scales again gives:

@) =@l < [ Pl -ttt
[0,0(T))r

o
[0,0(T))r

+ i ‘Ikn(u(tkn)) - Ik(u(tk))“vﬂ

N
[0,0(T
(L e [ e,
0.0(T [0,0(T))

= FO(0),u )0 + Y | Tin ultin)) = Teu(ta) o

At

(f(O'(t), UZ) - f(O'(t), ug)v UJ)

p—1

PplAt) P

IN

< [lugp-ud - sz

i

+ 7 [f(o(t), uz) — f(o(t),u”)| At




Impulsive p-Laplacian boundary value problem

Hence, we have,

[/ () = (@] < [[lud-2ud = |t p2u®)

LY
v I [f(o(t),uz) = flo(t),u”)| At
loll .oty
+ % Z ‘]kn(u(tkn)) - Ik(u(tk))) — 0 as n — oo.
k=1

3.2 Main results

In this section, we state and prove our results on the existence of periodic
solution of equation (3.0.1) on time scales.

Theorem 3.2.1. Suppose that the condition (Hy) and that the following
condition holds:

(Hy) let {un} € WA%((0,0(T)]r, R) such that |u, || — oo and 20" — 1,
and there holds

lim inf/ Fo(t), us) A At+ZIk (Uie) —2 < 0,
[0,0(T))

n—oo | nk|

xT

/ f(t,s)ds
(Hs) the inequalities liminf|; o (WT > —ﬁ holds uniformly for
A —a.e. tel0,0(T))r, where

R, = SUP{”U”I;Z

AH?Z - ]-}7

I (t) At
(H3) the inequalities liminf, W > —é where

kp = sup{|[ull?

w273
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3.2 Main results

Then, the boundary value problem (3.0.1) has at least one periodic solution
mn Wi’f’}([o, o(T)|r,R).

Proof. We shall apply Lemma (1.4.2). The proof will be given in several
steps.

Step 1 To show that 1 satisfies the PS condition.
Assume that there exist a sequence {u,} C Wi’f}([o, o(T)]r,R) and a
constant ¢ such that

W (uy) — 0,  Y(u,) <c, n=12... (3.2.1)

We show that {u,} is bounded in Wi’f'}([(), o(T)]r,R).
Suppose to the contrary there exists a subsequence of {u,} (still de-
noted by {u,}) which is unbounded. That is,

|un|| = 00 as n — co. (3.2.2)

Let v, = g2y, then {vn} is bounded in WipT([O o(T)]r,R). It follows

from Proposition (1.3.11) that Wi%([O,U(T)] R) — C([0,0(T)]r,R)

is compact. Hence, there exist a point vy € WA,T([O: o(T)]r,R) and a
subsequence of {v,,} such that

v = v in WaR([0,0(T)]r, R),
and
v, — vo strongly in LY ([0,0(T))r, R). (3.2.3)

In addition, there exists a function w € L%([0,0(T))r,R) such that
lun] <w for A —a.e t €[0,0(T)]r.
By (H,), there exist constants 0 < €y < pLRp and M > 0 such that

u? (t) 1
/0 flo(t),s)ds > (——=4+¢) min |u(t)P*

PRy tef0,0(T))r
1
> ——[u@®)P" + eolu(t) P,
P,

for all u” € R with |u?| > M and A —a.e t € [0,0(T)]r.
Let ap = max,<ar a(|ul). It follows from (Hy) that

u? (t)
/0 F(o(t), s)ds > —arb(o(t)) (3.2.4)
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Impulsive p-Laplacian boundary value problem

holds for all u” € R with |u?| > M and A —a.e t € [0,0(T)]r. Hence,
we deduce that

u? (t)
/0 F(o(t), s)ds > —z%mwp-l +eolu(t)P = anb(o(t)) (3.2.5)

P

for all u” € R and A —a.e t € [0,0(T))r.
By (Hsj), there exist constants 0 < ¢ < é such that

/ I (t) At > (—ki +e1) mtin lz(t)P
0

P

¢ =[P~ -1
Ik(t)At > — + €1|JZ|p , (326)
0 kp
It follows from(3.2.1),(3.2.5),and (3.2.6) that
c (un)
lunl[P " Jlunll?

- 1/[00(7’ l(uujup A”Hunup/ / u?(s)juls) s

T szf lin(t) AL
nil™ p=1 /0

S e
- — —|u, ol
P Jo [Jeun]IP pit,

n

- aMb(J(t))}Ath L Z [— ‘ungz)l + 61|unk|p_1}

Tual? 2= \

> L s 2l [~ auto]a
- — ——|u, [P — ayb(o
pJo [l P PR .

1 - \unk]p_l

k
k=1 p

1/amu ) L s Y e
> - U, pAt——/ vnp_——/ apblo(t))At
vy R lun] Jo Tl Js

|Unk‘p_1

* Kl

[[un 7
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3.2 Main results

1
R I o e o1
[[wn[P p [0,6(T))r PRy ||un|| [0,0(T))r
1 |Unk‘p_1

apb(o(t))At — .
[[n [P /[o,a(:r))T kz:; p |

Using this inequality together with (3.2.2) and (3.2.3) gives

1
0 > —[1—/ [wol? A,
p [0.0(T))r
then
/ lwo[PAE > 1. (3.2.7)
[Ova(T))T

The weakly lower semi-continuity of the norm means that

1
[ elats [ )P = o] < lmint o] <1,
[0,0(T))r [0,0(T))r

that is
[vol] < 1. (3.2.8)

From (3.2.7) and (3.2.8), we deduce that

/ |(vo)2PAL = 0,
[0,0(T))r

|vg] = constant.

/ o PAE = 1,
[0,0(T)r

that is

Then, we obtain

which gives

p_ '
ol =
Thus, we have (by definition of u)
7=|P 1 P
J@l” ‘_ / U
[[en 7 o(T) Jio.oye lunl
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[l ) SRR »
— oalrt]| — | o0/ At
[|unl[P o(T) Jo.0m)s o(T) Jo.0m)s
1
a7y
which implies that
1
wlo(T)
[[ttn]|

It follows from (H;) that

o |Un| Unk
lim mf/ flo(t),uy)—At + E I (unr,) <0.
[0,0(T))r u

n—oo

However, by (3.1.6) and (3.2.1), we obtain

/ F(o (1), 05) 2 At Tt 2 = (4 (), ) =0 a5 71— o,
[Ova(T))'JT un| k=1

Ui| ||

which yields a contradiction.
Consequently, {u,} is bounded in Wi’g([o, a(T)]r,R). It follows from

Proposition (3.1.1) that {u,} has a convergent subsequence in Wi’f}([o, o(T)]r, R).
Namely, v satisfies the PS condition.
Since

Wx%([0,0(T)]r, R) = R & WA ((0,0(T)). R).
Step 2 We prove that 1 is anti-coercive on R. That is,
Y(r) = —o00 as || = 0o for x € R, (3.2.9)

which implies that the condition (/;) of Lemma (1.4.2) is fulfilled.
In order to prove (3.2.9), we need to show that there exist 6; > 0 and
p1 > 0 such that

/ flo(t),z)xAt < —d1]z| forall x € Rwith |x| > p1. (3.2.10)
[0,0(T)r
Otherwise, there is a sequence {z,,} C R with |z,| — oo such that

Tn 1
/ f(a(t)axn)xtAt > —— forn>1.
[0.0(T))r |Tn n
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. 1
This contradicts with (H;) because of the fact W — 1. So the

inequality (3.2.10) is true.From (Hy), we have

| / flo(t), sz)xds]At] < / / , sz)||x|ds] At
[0,6(T))r [0,6(T))r

r1

‘Ila N A
/[O,U(T))T[/O (|sz|)b(o(t))|x|ds] At

Pl

‘?a b(o z|ds|A
/[o,mﬁ/o W b(o(t))|z|ds|At

_ / pray, b(o (1)) At
[0,0(T))

IN

IA

where a,, = maxi;<,, a(|zl).

According to (3.2.10), we obtain

[ 1], rewmeidar - / A o s

E
< —oifzf(1 - )

kd
= —(51|ZL'| + 51p1.

We need to show that there exist d5 > 0 and p, > 0 such that

Zazklk(xk) < —dq|z| for all z € R with |z| > pe and for k=1,--- |n

k=1
(3.2.11)
For an arbitrary x € R with || > min{p;, p2} there holds
1 n
b(z) = - / 72 PAL + / F(o(t),z)At+ Yzl (xy)
P Jo,0(T))r [0,0(T))T k=1
= / / f(o(t), sz)xds)At + Zxk]k )
0,0(T

k=1
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P(x) = / ( f( (t), sr)xds + f(o(t), sx)xds)At

0.o(T)r Jo o

B(x) < —8e] +bips + / prapb(o () At — bylz] — —00
[0,0(T))r
as |r| = oo,

which implies that 1) is anti-coercive on R.
Step 3 We show that 1 is coercive in Wi’%([o, o(T)]r,R). That is,
Y(u) — 400 as |[ul| — oo in Wr%([0,0(T))r, R).

which implies that the condition (I3) of Lemma (1.4.2) is satisfied.
By the definition of R,, we have

lully, < Ryllull,  forallu C Wxh([0,0(T)}r,R).  (3.2.12)

It follows from the Holder inequality, inequality (3.2.5), (3.2.6) and
Lemma (1.3.13) that

1 7
Ylu) = _/ |u |PA75_|_/ / (o,s dsAt—i—Zuka uy,)
[0,0(T))r

p k=1

1
pR,

ug|P~t
+ Z[ | k’ +61|Uk|p_l}

1

> —/ lu|PAt —i—/ (— L|u|p ' eofuft — aMb(a(t)))At
P Jo 0

k=
1 A 1 1 /O'(T) p;l /U(T)
> — (o (T))? ulPAt — avb(o(t)))At
L pRpu))(o uPat) " = [ awb(o (1)
N \Uk\p_l
k=1 kp
> e, - Lo / " bl (1)t
Lo - L, - -
p A PR, o P
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3.2 Main results

Lo Ay 1 l Aqp—1 /J(T)
- » ———(0(T))*R Py — b(o(t)))At
> Sl = o M Rl = [ anblo(0)

n p—11[,,Ap—1
K7 a7
k=1 Fp
foru € Wi’f'}([o, o(T)|r,R). Hence, v is coercive on Wé”’}([o, o(T)|r, R).
Up to here, we see that all conditions of Lemma (1.4.2) are fulfilled.

Consequently, the boundary value problem (3.0.1) has at least one pe-
riodic solution in Wi’%( [0,0(T)]|r,R).

]

Theorem 3.2.2. Suppose that the condition (Hy) and the following condi-
tions are satisfied:

f(t,s)ds

|z[P

(Hy) the inequalities liminf|; o > 0 holds uniformly for A —
ae. t€[0,0(T))r,

I(s)ds

||

Hs) the inequalities lim inf,_ >0 for all x € R,
||

(H) let {u,} C WA%(0,0(T)}z, R) such that [fu]| — oo and 7D
and

Un () N Unk
lim / / f(t,s)AsAL+> / Lin(s)ds = +oc.
=2 J10,0(T))r J0 1 70

Then, the boundary value problem (5.0.1) has at least one periodic solution

in W% (10,0(T)]r, R).

Proof. Firstly, we prove that ¢ is coercive in Wi’,’}([(), o(T)])r, R) namely,
P(u) = +oo as ||u|| = oo for u e WX%([O,O’(T)]T,R).

If not, there exist a sequence {u,} C Wi’fp([O,a(T )]r,R) and a constant ¢
such that
[unll = 00, W(up) <e, n=1,2,... (3.2.13)
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Let v, =

then {v,} is bounded in WipT([O o(T)]r,R). Since

||un||7
WA’%([O,U(T)]T,R) — LA ([0,0(T))r,R) is compact,
there exist a point vy € Wé’%([O, o(T)]r,R) and a subsequence of {v,} such

that
vn = vy in WAL([0,0(T)]r, R),

and
v — v strongly in LA ([0,0(T))r, R). (3.2.14)

From (H,), for any €y > 0 there exists a constant M > 0 such that

u? (t)
/0 f(o(),s)ds > -2 min ()P > -2

)P 3.2.15
2 te0,0(T)]r u(®)l”, ( )

2

for all u” € R with |u?| > M and A— a.et € [0,0(T)|r. From (3.2.4) and
(3.2.15), it gives

u? (t) €o
/0 f(o(t),s)ds > —E|u(t)|p —apb(o(t)). (3.2.16)

From (Hj), for any €; > 0 such that

/ I(s)ds > —e€z, (3.2.17)
0

for all u” € R and A— a.e t € [0,0(T)]r. In view of (3.2.13), (3.2.16) and
(3.2.17) we have

c lp(un)

>
[[en 7 [[en 7

1 Alp ”(t)
- —/ unl” oy / / s)dsAt
2 [00 m | || HunH (0,0(T

CTERh
||w |pz
> 1/ ()2 PAE — / [P+ apsb(o (1)) At
2 Joory: [unll? Jio. ey, L2
_ = €1|unk|
[ [P

Ed
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1
TR S M (R O OV S o B GO
[[wn[P 2 J10,0(T))r 2 Jio,o(m)n [wnll? Jio.00m))
. Xn: 61|'Unk|
— [|up[P
1 1 anr Gy
_ ———(1+60)/ o PAE — / b(o() At — <
2 2 [0,0(T))r unllP Jio,001)) kz‘:HUn”p !
According to (3.2.13) and (3.2.14), there is

1
L1+ <o) / P At >
[0,0(T))r

Letting ¢y — 0, we obtain

DN | —

/ |’Uo‘pAt Z 1.
[0,0(T))r

By the weakly lower semi-continuity of the norm, we get
||vo|| < liminf [|v,|| = 1.
n—oo

That is

ol = [ (b + epp)ar <
T T

Using a similar argument to the proof of Theorem (3.2.1), we have
1. Then, it follows from (Hg) that

lim / / s)dsAt + / Iin(s)ds = +00.  (3.2.18)
o J[0,0(T)r Z

However, combining (3.2.13) with (3.2.18) gives

n(t
c > lim 9¥(u,) > lim / / ASAH—Z/ s)ds = +o0.

This yields a contradiction.
Since ¢ is lower semi-continuous and coercive, we see that 1 is bounded

Sl

[@n]o(T)
l[unl

—
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below and has a bounded minimizing sequence. From Lemma (1.4.3), we
conclude that ¢ has at least a single critical point in Wi”"}([O,a(T )T, R).
Consequently, the boundary value problem (3.0.1) has at least one single
solution in Wi’%([(), o(T)]r, R). O

Theorem 3.2.3. Suppose that the condition (Hy), (Hy), (Hs) and (Hg) hold,
and the following two condition are satisfied:

(H7) there exists a constant 6, > 0 such that

— |z|P < / f(t,s)ds <0 for all |z| <& and A—a.e. t € [0,0(T)]r,
2pRp 0

(Hs) there exists a constant 05 > 0 such that

BT k: s)ds <0 for all |z| < ds.

Then, the boundary value problem (3.0.1) has at least one periodic solution

in WX}}([O, o(T)]r, R).

Proof. 1t follows from (H7) and (Hg) that u = 0 is a solution of the boundary
value problem (3.0.1). In the following, we show that there exist at least
two nontrivial distinct solutions of the boundary value problem (3.0.1) in
Wi’f’}([o, o(T)]r,R) according to Lemma (1.4.4). From the proof of Theorem
(3.2.2), we know that 1 is coercive. Assume that

Un C WXZ”([Q U(T)]Ta R)v

such that ¢'(u,) — 0 as n — oo, and ¢ (u,) is bounded. From the proof
of Theorem (3.2.1), we know that {u,} is bounded. By Proposition (3.1.1),
we obtain that {u,} has a convergent subsequence in Wi”"}([O,a(T )T, R).
This implies that 1 satisfies the PS condition.
Since

Wa%(0,0(T))r, R) = R & Wr%([0,0(T))r, R),
according to (Hr) and (Hg) one has

/ / dsAtJrZ/ L(s)ds <0 (3.2.19)
[0,0(T))T
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for u € R with ||u|| < min{d, d2}. In view of (H7), (Hg) inequality (3.2.12),
and Lemma (1.3.13), we have

1 u (t) N o ru
blu) = _/ luAlpAt +/ / f(o,s)dsAt + Z/ I (s)ds
P J10,0(T))r [0,0(T))r JO k=1"0

1 1 1

> —[u®)h, - |u?
La 2pR, [0,0(T))r 2pk,

_ 1 Aqp 1 AP 1 p
= —[lu”||7n [[u]] ok, sup |ul

1 AP 1 A
= —1|U _ —

P P U P

1 1 1
= Bl = =l — ol
= 0

for w € WA%([0, 0(T))r. R) with [Jul] < 2
Let r = min{0, Rip}. There holds

Y(u) <0, uweR with [jul] <7,

and

Y(u) >0, ue Wyh([0,0(T))r, R) with |Jul| <.

It follows from the proof of Theorem (3.2.3) that ¢ is bounded below.
If inf Wi (0o()er) ¥ < 0, we observe that all conditions of lemma (1.4.4)

are fulﬁlled

Hence, it follows from lemma (1.4.4) that the boundary value problem (3.0.1)
has at least three distinct periodic solutions in Wi’%([O, o(T)|r, R).

If inf WA (0,0(T)]r.B) ¥ >0, by (3.2.19), we have

Y(x) = inf =0 forallz € R with ||z| <r,
WAL ([0,0(T)]r,R)

which implies that all x € R with ||z|| < r are minima of 1. That is, the
boundary value problem (3.0.1) has infinitely many solutions in ng;,([o, o(T)|r,R).
Consequently, the boundary value problem (3.0.1) has at least three distinct
solutions in Wi’gp([o, o(T)]r,RT).

O]
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Impulsive p-Laplacian boundary value problem

3.3 Examples

Example 3.3.1. Let T'=200,m € Z, and
T = {0,5 + 200m, 120 + 200m, 190 + 200m} U [190.5 4+ 200m, 200 + 200m].

Consider the following second-order p-Laplacian boundary value impulsive
problem on time scales T of the form

(Ju® ()Pl (1)) = ~so(r)(u ()2, A —aetG[O 200},
[t ()P [uA () — [t () Plut(t) = 55u7(200), k=1,....p,
u(0) — u(200) = u®(0) — u?(200) = 0.

(3.3.1)

x

Since / f(t,s)ds = —tx*  one can check that the condition (Hy) and all

0
conditions of Theorem (3.2.1) are fulfilled. It follows from Theorem (3.2.1)
that the problem (3.3.1) has at least one periodic solution.

Example 3.3.2. Let m e Z,n e N,T =1, and
1
T:{O}U{3—n+m}u[0.4+m,1+m].

Consider the second-order boundary value problem
(Ju® (@) P[ut@])> = —6((T) + O(t))(sgn( NP, A—aetel01]n
[ (G0 Plut 0] — [u () Plut®)| = Lu(T), k=1....p, a>0
u(0) — u(1) = 0,u”(0) — u?(1) = 0.
(3.3.2)
Since / f(t,s)ds = (o(t) + t)|z|°, one can see that the condition (H,)

0
and all conditions of Theorem (3.2.2) are fulfilled. It follows from Theorem
(3.2.2) that the problem (3.3.2) has at least one periodic solution.

Example 3.3.3. Let T = {0,1,2,3} and T = 1. Consider the boundary value
problem

ubB(t) —c = 0, A—aetel0,1)k t#tp,k=1,...,p, t€J,
ut(t7) —uB(ty) = —ai, k=1,...,p,a3 >0
u(0) — u(2) =0 uA(O) —u”(2) =0,

(3.3.3)
where f(t,s) = ¢ # 0 does not satisfy hypotheses (Hy) — (Hs). Here, one can
see that the boundary value problem does not have one periodic solution.
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Chapter 4

p— Laplacian fractional
boundary value problem

In this chapter, we discuses the existence and multiplicity of positive solutions
for system of fractional differential equations with boundary condition and
advanced arguments. The existence result proved via Leary-Schauder’s fixed
point theorem type in vector Banach space. Further, by using new fixed point
theorem order Banach space, we study the multiplicity of positive. Finally,
some example are given to illustrate the result.

4.1 Existence result

This section, is concerned the existence of solutions for the system of frac-
tional boundary value problem with p—laplacian conditions:

D (O(0), v(0:(1)) = 0, 0<t<1,
Jg(u(®r(1), v(6:(1)) = 0. 0<t<l,

(4.1.1)

\

wheren € (0,1),7 € (0, —%—), D, D§+, are the standard Riemann-Liouville
n

fractional derivatives with a € (2,3), € (1,2) such that a > g + 1, the p-

Laplacian operator is defined as ¢,(s) = |s[P™?s, p > 1, and the functions
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p— Laplacian fractional boundary value problem

f,g € C(R%R).

In recent years, many authors studied the existence of solutions for sys-
tems of difference and differential equations with and without fractional
derivative by using the vector version of the fixed point theorem (see [13,
33,34,40,45,65,68,70], the monograph of Graef et al [31], and the references
therein).

For establish the existence and multiple positive solutions of problem
(4.1.1), let us list the following assumptions:

(Hy) a; € L'0,1] is nonnegative and a;(t) # 0 on any subinterval of [0, 1],
fori=1,2.

(Hy) The advanced argument 6 € C((0,1),(0,1]) and 0 < 0(t) < 1,Vt €
(0,1).

Let R be the set of real numbers and Rt be the set of nonnegative real
numbers. Denote by C([0,1]) the Banach space of all continuous functions
from [0, 1] into R with the norm

Jul] = max{|u(t)] : ¢ € [0, 1]}
Define the cone P in C([0,1]) as P = {u € C([O 1]) = u(t) > 0,t € [0,1]}.
Let ¢ > 1 and § > 1 satisfy the relation 2 5 + = =1 113 + % = 1, where p, p are

given by (4.1.1).
To prove the existence of solutions to (4.1.1), we need the following auxiliary
Lemma.

Lemma 4.1.1. Given hy,hy € C[0,1],n7 € (0,1),7 € (O,WQ_%) and a >
B+ 1, the unique solution of the boundary value problem for a coupled system

(ep(Dgru(t))) +hi(t) =0, 0<t<1, (4.1.2)
(p(Dgsv(t))) + ho(t) =0, 0<t<1, (4.1.3)
D§u(0) = u(0) = u'(0) =0, Dg+u(1) = 7D0+u( ), (4.1.4)
DEo(0) = v(0) = () =0, DEv(l) = yDul), (415
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4.1 Existence result

is (u,v) € C([0,1],R) x C([0, 1], R) where

u(t) = /01 Gi(t, s)pq (/Os hl(T)dT> ds i
—e /01 Ga(1,5) 4 (/0 hl(T)dT) ds, o
and
Mﬂ:iAlGﬂaﬁ¢q([ihﬂ7M%>ds
+ 0T /01 G2(n, $)¢q (/OS hz(T)dT> ds, o
where

1‘,"‘_1(178)0‘1:5701)1

tafl(l_s)afﬁfl_(t_s)afl O < s < t < 1
G <t7 5) = B
T(a) St=s=z 4

[n(l—s)la*ﬁ;;)w—@“*ﬂ’l 0<s<n<l,
Ga(n,8) =\ pa—gpe-st 0<p<s<l

Proof. Integrating the equation (4.1.2) from 0 to ¢, we have

on (D5u(t)) — 0y (DG u(0)) = / ha(s)ds

D ult) = g, ( /0 t hl(s)ds) |

t
u(t) = —Ifve, (/ hl(s)ds) + At* 4 Bt 2 4 Ot
0

and so,

From Lemma 1.5.12

1 ! a—1 ° a—1 a—2 a—3

From (4.2.2), B=C =0, and so
t
u(t) = —Ig ¢q (/ hl(s)ds> + At (4.1.8)
0
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p— Laplacian fractional boundary value problem

Now, from Remark 1.5.2

Do+“( ) = I P, (/Ot hl(s)ds> + A(N—O‘)ta—ﬁ—l

L(a—B)
b ey [ hervards + AL @)jampr
~ —im | e manas s A e
Therefore
S S LSRN Y LI A ()
Diu(t) = —ggy [ =9 el [ mn(ryinyds - Am
7D0+u() = _ﬁ/o (77_3)&_'8_1%(/0 h1(T)dT)ds+A%

Xta—ﬂ—lna—ﬁ—17

by boundary condition (4.2.2), we have

R 7;—5—1 /01 (1 —;(Z‘)ﬁl% </0 hl(T)dT) ds
_ T /O " _P‘?a_ﬂ_l%( /0 ha(r)dr)ds,

1 — yno—h-t )

and replacing in (4.1.8), we obtain

u(t) = —ﬁ /0 (t— ) /0 Cha(r)dr)ds

ta—1 1 (1 _ S)af,b’fl s
hi(7)dt)d
+1 — ypahl /0 T(a) ‘Pq(/o 1(7)dT)ds

’)/ta_l 1 (77 _ S)a—ﬁ—l /s
hy(T)dT)ds.
+1 — ’y’)’,a_/B_l /0 F(O{) qu( 0 1(7-) 7—) S

Splitting the second integral in two parts of the form

tafl N k B tozfl
1 — ==t 1 — gt
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4.1 Existence result

we have k = yn®=#~1¢*=1 and thus,

u(t) = —ﬁ/{) (t — s)a_lgpq(/os hy(7)dT)ds

- t“*/()l %%([ hi(7)dr)ds

a—F—1ra—1 1 _ o\a—p-1 s
e (1-s) /
hi(7)dr)d
1 _VUQ_B_I/O F(a) (1011( 0 1<T> T) S

t to‘fl(l _ S)a—ﬁ—l _ (t _ S)afl ]
/0 (o) goq(/o hq(7)dT)ds
_6_

v [ [ s

a—1 n — 5 a—0—1 __ — 5 a—pB-1 s
1—7;77‘*51 /0 (1 —s)] F(a)(n ) % oul /0 o (r)dr)ds

_ /0 Gt ) /0 ha(r)dr)ds

ta—l

v

R

X /01 Ga(n, s)goq(/oS hy(7)dT)ds.

This completes the proof. ]

Lemma 4.1.2. [101] Let p € (0,1) be fized. The kernel G1(t,s) satisfies the
following properties:

1. Gy(t,s) € C(]0,1] x [0,1]) and G:(t,s) > 0 for all s,t € (0,1),
2. Gi(t,s) < Gi(1,s) for all s € (0,1),
3. min,<;<1 G1(t, 8) > p*'G1(1,s) for all s € [0,1].

We are now ready to present our main result in this section we give an
existence result based on the non linear alternative of Leray-Schauder type.

Theorem 4.1.3. Assume (Hy)-(Hy), and that the following condition holds:

(Hs) There exist functions p,q,h,p,q, and h € L*([0,1],RT) and constants
a1, g, a3, and oy € [0,1) such that

| f(u,v)|] < p(t)|u]* + q(t)|v]|** + h(t) for each t € [0,1] and u,v € R
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p— Laplacian fractional boundary value problem

and
lg(u,v)| < p(t)|ul® + §(t)|v|** + h(t) for each t € [0,1] and u,v € R.

If ayp, agp, asq, and ayuq € [0,1). Then the system (4.1.1) has at least one
solution.

Proof. Let N be the operator defined

N :C(0,1) x C(0,1) = C(0,1) x C(0,1)

defined by
N(u,v) = (N1(u,v), No(u,v)),
where
Ny Gi(t, $)pq ,v(05(7)))dT)ds
(u. ><1> / 90(/ Dol
TS / 20yl [ (D). (6,
and

/ Gi(t, s soq/ ag(7)g(u(b1(7)), v(62(7))))dr)ds

1,;;1;1 / Gl s / o (7) 901 (7)), v(62(r)))dr)ds.
(4.1.10)

We shall use Leray-Schauder fixed point theorem to prove that N has a fixed
point. The proof will be given in several steps.

Step 1 To show that N is continuous let (u,,v,) be a sequence such that
(tn,vn) = (u,v) € C[0,1] x C[0, 1] as n — oco. Then we have

1

| N1 (tn, v) () = Ni(u, 0)(1)]| = i Gu(t, S)soq(/os ay(7) f (un(01(7)), v (02(7)))d7)ds

% / Ga(n, >90q( /0 1 (7) f(tn(00(7)), vn (B5()))dr ) s

: / M o ([ n) ()01 ) ]

1 — b=
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4.1 Existence result

by lemma 4.1.2 and t € [0, 1]

Nt 0) (£) — N (1, 0) (1) < / Gu(1, 5) ( / 0 (7) £ (1 (2 (7)), 2 (B (7))
e () (ul61 (7)), 007 ))) 1d¢> s

tirr [ Galno) ([ )G (r) ety
— lai(7) f(u (91( ), v(B2(7)))]~ 1dT ds.
On the other hand, Since f is continue function combined with the fact that
|un, — ul|| = 0, as n — oo,
then there exists N > 1 such that for all 7 € [0, 1] the following estimate
[ (61(7)), 0a (Oa(7))) ) — Fu(1(7)), v(O2(7)))] < e,
holds for n > N. By the Lebesgue dominated convergence theorem,then
| N1(tn, v,) — Ni(u,v)|| = 0, as n — oo.
Similarly,
| No(tp, v5,) — Na(u,v)|| = 0, as n — oo.
Consequently, N is continuous.

Step 2 N maps bounded sets into bounded sets in C|0, 1] x C10, 1], it suffices
to show that for any r > 0 there exists a positive constant vector | = (I1;ls)
such that for each
(u,v) € B, = {(u,v) € C[0,1] x C[0,1] : ||u|| <7 ||v|| <7}, we have

IN (u, 0)[| < 1.
For each ¢ € [0, 1], we have

N, 0)(8)] < / Gt [ e >>,v<62<7>>>d7\) s

" 7’::;0‘15 1/ (G2, 5)1¢q (/ jax (7 (7)), v(b2(r )))dTI) ds

< w2 1) [ Gu1,9) [l i ()

+ L@l oG + fon (7)1 ()l drds

i mfx—{inaiﬂl}f / 00 / an () )" @y (r) Y
L@ ) oG + o ()] ()| drds
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p— Laplacian fractional boundary value problem

Thus

[N, )l < mas{22 D (ful D a7 ol + ol 2@ VlallE gl

1 _ Ja—pB-1 a—1
117 19-1 (1—s) vt a1(g—1)
el a2 [ T

-1 -1 — -1 -1 -1 -1
lar |l N7, + ol =D adl all s, + llalg, IR

1, a—B-1 1 — a—fp—1
y / U )
0

I'«)
< %W1>Ha1|\%:1|\pu%:l+r“2<q1>Ha1u%:1uq|\%:1
ol ) + D D
D g | g0+ a4 B,
Hence
M) < 2L e ety et o, 4 g4

(o = B)I(e)
g1 a1 max{2¢!, 1}° 71y
+la[|7, I, ) + (1 — " P )(a - B)(a)

— -1 - -1 -1
4020 a1 g, + A =

(r @ Vlaal|7,  plZ,

Similarly, we have

max{2971 1}
(o= B)I'(a)

llaallZ IRIE) +

[N (u, ) (7““3(‘5’”HazH%IlHﬁH%Il + D a7 gl

max {20, 132y 1o
e (e gy (el W

G— G—11 5141 G—117,1d—1
Fr D a2l + laal 5 IRIE) = b

Step 3 N maps bounded sets into equicontinuous. Let v € B,, be a bounded
set as in Step 2, t1,t5 € [0, 1] with ¢; < t9, from (4.1.6) and lemma 1.5.13 we
have
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4.1 Existence result

IV (1, 0) (k) — Na(w,0) (1)) < / G (t2, ) Gl<t1,s>|¢q</s|a1<r>
< o) oerinias) + L2 i
Sy / ar(r) F(u(Ba(r)), v(Bo(r)))dr)|ds

1
< /|G1(t2, — Gi(ty, s |/ lay (7)[p(T)]u(6:]
0

t t a—1
£ ()™ + h(r)drds][i™! + 7'_2 S / G, 5

S

“ s lax (7)[p(7)[u(@1|** + q(7)[0(02(7))|** + h(7)drds]|**

IN

max{271 1} / G (ta,5) — Ga (11, 5)| / s (0 o)
(O3 (7) 0D+ Jay ()7 ()7 (8o )] + an (7)o

t t a—1 1
i drds + s 1y 120 iy,

/05 IO @ )=
Flag (7)1 (P o(B2(7))[*2 @Y + |ay (7)]7 A (7)|* drds.

By lemma 1.5.14 we obtain

[Ny, 0)(t2) = Ni(u,0) ()] < max{2 8 1Y lal|F Il + r2@Vlaall7 lallF,”

il 1Y [ 1610,9) ~ Gate )l

max{2971 1}y(a — 1)|ty —
(1 —ne=f1)

1
Fre2@=D]lg, |9 g4 + ||a1||§11||h||7:11)/O |Ga(n, )| ds.

A T
(r D an |7 Il

Similarly, we have
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p— Laplacian fractional boundary value problem

1
INo(ut, ) (1) — Na(u, 0) ()] < ma{27, 1} (r5@D gl [513-1) / Gt 3)
—Gi(ta, s)|ds + max{27"" 1}(r O‘4@_1)||@2||31:1||€7||%:1
llalE R / Gt ) — G (fa, 5)|ds

max{297 1 1}y(a — 1)|ty — t4] - 1 i1
= (oD laz| 7 11
(1 —yno=b-1) fa P

+r T D a7 Nl + a1, IRIE)

x / Ga(n, 5)\ds
0

The continuity of G; implies that the right-side of the above inequality tends
to zero if to — t1. Therefore, by Arzela-Ascoli N is completely continuous.

Step 4 A priori bounds. Now it remains to show that the set
M = {(u,v) € C(]0,1],R) x C([0,1],R) : (u,v) = AN (u,v) 0 <A< 1},

is bounded. Let (u,v) € M, then there exists 0 < A < 1 such that u =
AN (u,v) and v = ANy(u,v). Thus, for t € [0, 1], we have

u(t)] < / G (1) al /8|a1< )£ (u(8:(r)), v(0(r))dr) | ds

ta 1
i [ 16l [ o) S0, o6
max {27 1} [lpl|% s | 1||u|ra1q1+||q|| a1 o] e

- - ¥ _ _ o (a—
+|Ia1||%11|!h||%11]/ G1<1,s)ds+_—a_ﬂ_l[l\pllillllalllillllull ta-1)
0 T —2m

IN

1
Hllgl1F: laall ol + HalHquthHqul]/ |Ga(n, 5)|ds

lul < max {2 BHIpll% a1 @ + gl & laa |92 o] 22
_ _ 1 —s)h-1 ~y noB1(1 — g)ah-1
+la ]| % A9 V ( + ds
H 1HL1 H HLl ] 0 F(a) 1_77]&_5_1 F(Oz)
lul < max {22 HIpll4: a9 @ + gl 4 aa |92 o] 22

1 1
g last 1 — ) B-14s
a5 W ) g [ (=9
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4.1 Existence result

< max{297! 1}

~ (@=B)A = (a)
Hlaa |7 1811

Similarly, we obtain

< max{277' 1}

~ (=B = (a)
a5 AN

Notice that if € < § and ||u|| > 1, then ||u||¢ < ||u||® Thus,||u|¢ < 1+ |Jul/®

for all u. We then have

2¢—1 1
lull + o]l < max{2”, 1)
(a—=B)(1 =y ()
s a5 ol 4 a2

max {2971, 1}goq(/0 a1 (7)dr)
(a=B) (1 —yn=F=HI(a)

HIal T a5 w40 + asl| 52 1Al
max{277! 1}
(a@—=B)(1 =y (a)

(ful[ @D 4 [fufjo@=0)
H(lalT 1T + Naall T gl g ) el *2 @Y + lof|*2@=D)
+(lall 5 RN+ laoll T2 IR
—1

e (s W+ el
Hlaall T D15 + Nl lalga®) (lull® + flofl*)
(a5 RN+ aoll T2 IR

max{277! 1}
(a—=B)(1 =y HI(a)
+ a5 gl el + o) + (el G 121G + Nl 52 1A

P15 a5 a2 + gl 25 an 25" 20D

Al q—1 3(G— ! G—1 G
(7 A T [ A P T

o]

[l E a7 =

+ (11 laz 17 |2

IN

(Pl a9 + flazll9 )9 x

IN

IN

(ol a5t + gl aall 5 + 11p)1et

where

o, = max{ai(q —1),a2(q¢ — 1), a3(G — 1), 4(q — 1)}
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p— Laplacian fractional boundary value problem

If |||l + ||v|| > 1, then

[l + ol max{27' 1}
(lull + [ol)> = (o= B)1 = m*#T(a)
Hlaol 3 P15+ Naall 4 gl
(laa|l 5 RN + Nazl S IR E
([l + [lo[[)o

—1 —1 qg—11 v1g—1
(”alHqu ||p||%1 —|—||a2||31:1 ||Q||qL1

or

max{2771 1}
(a—ﬁ)(l ’W‘ﬂ‘l)T(a)
Hlaoll D15 + a5 lall 5 + Nlaa |5 215
Hlaal| & A5

(lull + ol

(laallz Pl + HaquLTlHdH%?l

This implies that
lull+Hloll < [Alad |15 Il +lazll 5 gl a2 1515 el all )
(a5 IR + llazl 2RI

then
[ull +[Jv]l < [AB + C'7 == M,
where
Ao max{2771 1}
(a=B3)(1 =yn=FHI'(a)’
B = [l |5 Pl 5" + Naal S + laoll 5 D15 + llanllE gl gy
and
C = | RN + laall S 12N

As a consequence of Theorem 1.2.4, the operator N has a fixed point that
is a solution of system (4.1.1). This completes the proof of the theorem. [J

Example 4.1.1. Consider the fractional differential equation with advanced
argument for p-Laplacian

@3/2<D042u< ) t‘;le;2<|u<e<t>>|% +[e(O()]*) =0, 0<t<l1
32 (D 2u (1) + t;/1it2<13+\v<9<t>>|1/4+|u< ()[F) =0, 0<t<l
Dy?u(0) = u(0) = u'(0) = 0, DY°u(1) = LD u(l),
DY2v(0) = v(0) = v/(0) =0, DI/fv(1) = 1 7D7/6 (1),

(4.1.11)
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4.2 Positive solutions

where o = %iﬂ = %,77 = 1—70717 = 215 = %7(] =q = 3,a1(t) t—;/Q’ o(t) =
7t;1/2, 3 (/o a(t)dt ) = i,gog ( i ag(t)dt) = 77, oap = azp = % € (0,1),
aop = 55 € (0,1), aup = 13—2 € (0,1)

F8(0), o(60) = T (@)1} + o8OI, 60) = £, 7€ (0,1)
and
g(u(6(t)),v(6(t))) = 1it2(13+\U(9(t))|1/4+|U(9(t))!é% o(t)=1t", v€(0,1)

It is clear that, for all (t,u,v) € [0,1] x R?

Fuo)] < tult+lols)
9w v)| < (134 o/ + Jul).

Hence all the conditions of Theorem 4.1.3, hold, this implies that the
problem (4.1.11) has at leat one solution.

4.2 Positive solutions

In this section, our goal is to establish positive solutions for the problem to the

system (4.1.1). To this end, we first in this section we assumed the functions

f,9 € C(R* R,) and define the operator on P as N : P x P — P x P be

the completely continuous map N = (N, Ns) given in the proof of theorem

4.1.3. Then (4.1.6) and (4.1.7)are equivalent to the fixed point problem
u= N(u) uc P>

If v e P and

w;(t) = /1 G1(t, s)gpq(/os 1(T)v(T)dT)ds

tal -
e [ e[ aetnnds, i=1.2
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p— Laplacian fractional boundary value problem

and w;(t;) = ||wil|, by lemma 4.1.2 imply that, for any ¢ € [p, 1],
1 S
wi(t) = / Gl(t,s)gpq(/ ay(7T)v(T)dr)ds
0 0
,ytafl 1 S
| Gt | anryecrans
0

L —yna=P=1 Jy

/01 min G4 (¢, s)soq(/os ay(r)v(7)dr)ds

ta—l

u;(t)

v

v ! s
W/O G2(77: 5)90q(/0 al(T)U(T)dT)dS

/01 P> TG (1, s)%(/os ar(7)v(7)dr)ds

e Can, )l [ oty

L —ymo=h=t

A%

v

ot Uol (1, s)%(/os a1 (7)o(7)dr)ds
TR — /0 1 Ga (1, 8) /0 S al(T)v(T)dT)ds}

1 —ynpo=ht

v

ot [ /0 Gt s /0 oy (7)o(r)dr)ds
0 /0 ol 5)enl /0 S al(T)U(T)dT)ds]

1 —yna—Ff-t
wit) = p™ Hugl.
Define the cone P; for : = 1,2 in P by
P = {Uz € P :u(t) > p* g, for all t € [p, 1]} ,

and the product cone P = P; X P,, then N(P) C P. Before we state our
main result we introduce the following notations: «;, 5; > 0 with «; # 3; we

let r; = min{«y, 5;}, R; = max{«y;, 5;} i = 1,2.
= min{f(u1 (61(t)), ua(61())) : p <t <1, p°7 1B <y < By, p* 7y <wp < Rol,
) 3 el

Yo = min{g(u (01()), u2(01(2))) : p <t < 1,p" 'y <y < Ry, p* ' Bo < g < B},
[y = max{f(u1(01(2)), uz(61 (1)) : p <t < 1,0ty < uy < g, p® lrg <up < Ryl
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4.2 Positive solutions

Ty = max{g(u1 (01(t)), uz(01(t))) : p <t < 1,p% "1y <y < Ry, p* o < up < an}

Also, let
A=min{G(t,s) : p<t<1,0< s <1},

and

B =max{Gi(t,s) : p<t<1,0<s <1}

Theorem 4.2.1. Assume that there exist oy, 5; > 0 with o; # B;,1 = 1,2,
such that
Bri ' <ar , A >5,

4.2.1
BTy ' <ay , At > B, (42.1)

Then (4.1.1) has a positive solution u = (uq, ug) withr; < ||u;|| < Rii=1,2,
where r; = min{oy, B;}, R; = max{«;, 5;}. Moreover, corresponding orbit of
u is included in the rectangle [pri, Ri] X [pra, Ra].

Proof. First note that if u € P, g, then m < ||lw|| < Ry and ry < ||us|] < Ry
and by the definition of P,

{p*try <uy(t) < Ry and p* 'ry < up(t) < Ry},
for all ¢, showing that the orbit of u for ¢ € [p, 1] is included in the rectangle
[,07“1, Rl] X [pr% RQ]
Also, if we know for example that ||u;|| = aq, then

"oy <uy(t) < .

We now prove that for every uw € P,p and i € {1,2}, the following
properties holds:

|lui]| = ; implies w; £ N;(u),

|u;|| = B; implies w; % Nj(u), (4.2.2)

guaranteeing the applicability of Theorem 1.2.5. Indeed, if ||ju1]| = ay and
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p— Laplacian fractional boundary value problem

we would have u; < Ni(u), then
ui(t) < Ni(u)(t)

/0maXGl(t,s)maX|a1(t)f(u(91(t)),U(@g(t)))|q_1dt

tafl

IN

o
1 —ynpe=ft

1
qu1+r“+/ Galn), s
1 1 1 — -1 J, 2(n,5)

/0 Ga(1, 5) max [a (£) f(u(B: (1)), v(Ba(1))) |7 dt

IN

Bre!

aq

IA A

for all t. This yields the contradiction a; < ;.
Now if ||uy|| = By and uy > Ni(u), then for ¢ € [p, 1], we obtain

ur(t) > Ny(u)(t)

> /0 min G (¢, s) min a1 () f (w(61(t)), v(0(t)))]|4  dt

,Ytafl

1 —yne=ft
Ay
By

Then we deduce that $; > (31, which is a contradiction. Hence (4.2.2) holds
for ¢ = 1. Similarly, (4.2.2) is true for i = 2. By Theorem 1.2.5, we see that
N has at least one fixed point in P. Therefore, system (4.1.1) has at least
one positive solution. O

/0 Gy, ) min [a (£) f(u(6: (1)), v(6a(t))) [ dt

AV

Example 4.2.1. Consider the fractional differential equation with advanced
argument for p-Laplacian

a/2(D2u(®)) + 52 F(u(0(t), v(0(1))) = 0, 0<t<1
/(D201 + T2 g(u(B(1)), v(0(1)) = 0, 0<t<1
Dy*u(0) = w(0) = w/(0) = 0, Dg®u(1) = {5 Dg"u(3),
Dy ?0(0) = v(0) = v'(0) =0, Dy/*v(1) = LD v(d),

(4.2.3)



4.3 Multiple positive solutions

where f,g € C(R? R, ) are nondecreasing in u and v, 0(t) =7, v € (0,1).

Assume that
IECE e

Z— 00 Z Z— 00 Z - 0 <4‘2‘4)
and

lim £33 922 (4.2.5)

z—0 z z—0 z

From the conditions (4.2.4) and (4.2.5), we can prove that there exist ay, g, 51, Po >
0,00 < B1,a0 = P71 and Py = aq such that

f(p>~1B1,0% tas) 1

>
0471[-3 — a—1 A9
g(paiqal,pogilal) > P 1 <426)
pa7152 — po‘ilA
and 1 1
flon,B1) L 9B fr) o 1 (4.2.7)
o B 6%)] B

Then, we sets
Ty = Qq, Rl = 61 fO’f’i < {1,2},

[y = flay, Bi), T2 =g(B1,B),

and

a—1

1= f(p* B, p" an), e = g(p* o, p* T en).

We concluded that, (4.2.6) and (4.2.7) gquarantees (4.2.1). Hence by the-
orem 4.2.1, the problem (4.2.3) has a positive solution.

4.3 Multiple positive solutions

Now we study the existence of multiple positive solutions for the systems of
fractional boundary value problem with p-laplacian boundary conditions

(Hy) f,g are positive and increasing, i.e.

0<u<w0<v<yimply 0< f(u,v) < f(z,9),0 < g(u,v) < g(z,y)

We present the following general existence, multiplicity and localization re-
sult.
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p— Laplacian fractional boundary value problem

Theorem 4.3.1. Let the conditions (Hy) — (Hy) — (Hy4) hold and assume that
the norm || - || is monotone with respect to each cone P;(i = 1,2). Moreover,
suppose that there exist oy, 5; > 0, with o; # B;,1 = 1,2, such that

IN1(a1p ™t Rop® )| < e, [[No(Rp™ ™, c0p™ )| < (4.3.1)

[Ny (Brp=, 0) | > B, [[N2(0, B2p™ I < Ba, (4.3.2)
where R; = max{w;, B;}(i = 1,2).
Then problem (4.1.1) has at least

(1) one solution u = (uy, us) such that B; < ||\wil| < o, fori=1,2,if o, > f5;
fori=1,2;

(2) two solutions (uy,us) and (vy,vq) such that By < ||ur|| < a1, Ba < |luz| <
ag, 1 < ||v1]] < aq and ||vs]| < g if an > By and as < Ba;

(3) two solutions (uy,us) and (vy,ve) such that cay < ||ur|| < B1, e < JJusl| <
62, H'U1H < oy and 52 < HUQH < (g ’I;fOél < 61 and o > 52,'

(4) four solutions (uy, us), (vy,v2), (w1, we) and (21, 22) such that 5; < ||u;|| <
a, a1 < ||lvi|| < Br, and ||vs]| < o, [|wi|| < a1, < |Jwi|| < Be, and
2l < cu, if ai < B fori=1,2.

Proof. We shall apply Theorem 1.2.6 to the operator N = (Ny, Ny) defined
asin (4.1.9) and (4.1.10). Let us see that it satisfies conditions (1.2.1)-(1.2.2).
First we prove that

Auy # Ny(u) for every u € k with ||uy|| = aq, |lug|]] < Ry and all A > 1
(4.3.3)
Indeed, if not,
Mfua]l = Aoy = [[ N1 (w)]].

From 0 < u; < ayp® ! and 0 < uy < Rop® !, by (H,), (Hy) it follows that

0 < f(ur,uz) < flarp® ', Rop™™ ),

0< o, ( | a1<r>f<u1,uz>dr) < ¢, ( [ @, Rzpa_l)dfds) |
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4.3 Multiple positive solutions

by lemma (4.1.2) we obtain,

0 < Ni(u1,uz) < Ny(ap® ', Rop™™")
and the norm of X being monotone,

[Ny (1, ua)l] < [[Nieap™™ ", Rep™ ).
By assumption (4.1.9),

N1 (1 p™™t, Rop® )| < e,
so we obtain the contradiction
Aoy < o for some A > 1.

Hence (4.3.3) holds.

Now, we prove that

up # Ni(u) + pp®! for every u € P with ||ui| = B, ||uz|| < Ry and all
p = 0.

Assume the contrary, i.e.,u; = Ni(u) + pup® or some u € P with |ju;]| =
b1, ||uz|| < Ry and some g > 0. Then uy — Ny(u) € Py, s0o 0 < Ny(u) < uy,
and the norm of X being monotone

M) < Jlal = By (1.3.4)
Also, from the condition (Hy), 0 < B1p*! < wuy and 0 < uy, so we obtain
0 < fi(Brp™ 1, 0) < f(ur, up)
then by (H;) we obtain

00 ([t 0ar) < g ([ (i)

and by lemma 4.1.2 we conclude 0 < Ni(B1p*1,0) < Nj(uy,us). Hence by
monotone of the norm

IN1(B1p™ ™ Ol < [Ny (ur, wa) -
Now, from (4.3.4) we have

[N (Bip 1, 0)]| < B

which contradicts the assumption (4.1.10). Therefore, conditions (1.2.1)-
(3.0.4) hold for i = 1. Similarly, they can be verified for i = 2. O
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p— Laplacian fractional boundary value problem

Example 4.3.1. Consider the fractional differential equation with advanced
argument for p-Laplacian

) + S Fu(B(t)), v(6(t))) = 0, 0<t<l1
1) + 52 g(u(8(t)), v(8(t))) = 0, 0<t<l1
( 1

(4.3.5)
where f,g € C(R% R,) are nondecreasing in u and v, 6(t) =17, v € (0,1).
Since f,g are positive and increasing, we can easily shows that

f(7151,0) S 1 f(p*lar, p* Ry) 1
Io A a B
90,0 Bs) _ 1 g(p* TRy, c0p* ) L
52 - A’ (6] B

Thus conditions (4.1.9) and (4.1.10) hold. Then by Theorem 4.3.1 the prob-
lem (4.3.5) has multiplicity solutions.
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Conclusion and Perspectives

In this thesis, we studied the existence of solutions for boundary value sys-
tems for impulsive differential equation, and boundary impulsive value prob-
lem with a second-order p-Laplacian on time scale by variational methods
theorems .

Also in this work we discussed some existence and multiplicity of solution
for system of fractional differential equations, under various assumptions on
the right hand-side nonlinearity. The main assumptions on the nonlinearity
are the continuity and some Nagumo-Bernstein type growth conditions. We
have used fixed point theory in vector metric spaces with general properties
from functional analysis. We hope this thesis can provide contributions to
the questions of existence, positivity and multiplicity of solutions for frac-
tional differential equations on bounded domains.

We plan to look for the differential inclusions by variational methods
theorems.
We will study the question of stability of this class for problem of fractional
differential equation by Lyapunov method.

89



Bibliography

1]
2]

3]

[9]

R. A. Adams, Sobolev spaces, Academic Press, 1975.

R. Agarwal, V.O. Espinar, K. Perera, D. Vivero, Basic properties of
Sobolevs spaces on time scales, Adv Differ Equ., 2006, 038121.

R. Agarwal, D.O’'Regan, A multiplicity result for second order impulsive
differential equations via the Leggett Williams fixed point theorem, Appl.
Math. Comput., 161 (2005), 433-439.

S. Aizicovici, NS. Papageorgiou, V. Staicu, Multiple nontrivial solutions
for nonlinear periodic problems with the p-Laplacian, J. Differ. Fqu.,
(2007), 243, 504-535.

FM. Atici, DC. Biles and A. Lebedinsky, An application of time scales
to economics. Math. Comput. Modell. (2006), 43, 718-726.

7. Bai, H. Lii, Positive solutions for a boundary value problem of non-
linear fractional differential equation, J. Math. Anal. Appl., 311, (2005),
495-505.

D.D. Bainov, P.S. Simeonov, Systems with Impulsive effect, Horwood,
Chichister, 1989.

M. Benchohra, J. Henderson and S. Ntouyas, Impulsive differential equa-
tions and inclusions, Hindawi Publishing Corporations, Vol 2, New

York, 2006.

M. Benchohra, J.J. Nieto and A. Ouahab, Impulsive differential inclu-
sions via variational method, Georgian Math. J. 24, (2017), 313-323.

90



BIBLIOGRAPHY

[10]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

H. Berrezoug, J. Henderson, and A. Ouahab, FExistence and unique-
ness of solutions for a system of impulsive differential equations on the
halfline, J. Nonlinear Functional Analysis, 2017 (2017), Article ID 38,
pp. 1-16.

M. Bohner, A. Peterson, Advances in Dynamic FEquations on Time
Scales, Birkhéauser, Boston, 2003.

M. Bohner, A. Peterson, Dynamic FEquations on Time Scales, An Intro-
duction with Applications, Birkhauser, Boston, 2001.

O. Bolojan-Nica, G. Infante, R. Precup, Existence results for systems
with coupled nonlocal initial conditions, Nonlinear Anal., 4 (2014), 231-
242.

H. Brezis, Functional analysis, sobolev spaces and partial differential
equations, Springer-Verlag New York, 2011

H. Brezis, L. Nirenberg, Remarks on finding critical points, Commun.
Pure. Appl. Math. (1991), 44, 939-963.

A. Cabada, DR. Vivero, Criterions for absolutely continuity on time
scales, J. Differ. Equ. Appl., (2005), 11, 1013-1028.

A. Cabada, G. Wang, Positive solutions of nonlinear fractional differen-
tial equations with integral boundary value conditions, J. Math. Anal.
Appl., 389, (2012), 403-411.

G. Chai, Positive solutions for boundary value problems of fractional
differential equation with p-Laplacian, Boundary Value Problems, 2012.

D. G. Costa, An invitation to variational methods in differential equa-
tions, Boston, Birkhauser 2007.

FA. Davidson, BP. Rynne, Eigenfunction expansions in L spaces for
boundary value problems on time-scales, J. Math. Anal. Appl. (2007),
335, 1038-1051.

K. Diethelm, The Analysis of Fractional Differential FEquations,
Springer, 2010.

91



BIBLIOGRAPHY

[22]

[23]

[24]

[25]

[31]

[32]

S. Djebali, L. Gorniewicz and A. Ouahab, Fzxistence and Structure of
Solution Sets for Impulsive Differential Inclusions: A survey, Lecture
Notes, Nicolaus Copernicus University No 13 , 2012.

S. Djebali, L. Gorniewicz and A. Ouahab, Solutions Sets for Differential
Equations and Inclusions, De Gruyter Series in Nonlinear Analysis and
Applications 18. Berlin: de Gruyter, 2013.

A. M. A. El-Sayed, Nonlinear functional differential equations of arbi-
trary orders, Nonlinear Anal., 33 (1998), 181-186.

P. Eloe and J. Henderson, A boundary value problem for a system of
ordinary differential equations with impulse effects, Rocky Mountain J
Math, 27 (1997), 785-799.

L. Gasinski, N. S. Papageorgiou, On the existence of multiple periodic
solutions for equations driven by the p- Laplacian and a nonsmooth
potential, Proc. Edinb. Math. Soc., (2003), 46, 229-249.

L. Gasinski, N.S. Papageorgiou, Nonlinear Analysis, Chapman and
Hall/CRC Press, Boca Raton, 2006.

L. Gaul, P. Klein and S. Kempfle, Damping description involving frac-
tional operators, Mech. Systems Signal Processing 5, (1991), 81-88.

M. Giaquinta, G.Modica, Mathematical analysis: foundations and ad-
vances techniques for functions of several variables, Boston: Birkhduser,
2011.

J.R. Graef, J. Henderson and A. Ouahab, Impulsive Differential Inclu-
sions: A Fized Point Approach De Gruyter Series in Nonlinear Analysis
and Applications, 20. Berlin: de Gruyter, 2013.

J. R. Graef, J. Henderson, and A. Ouahab, Topological Methods for
Differential Equations and Inclusions, Monographs and Research Notes
in Mathematics Series Profile. Boca Raton, FL, CRC Press, 2019.

J.R. Graef, S. Heidarkhani, L. Kong, A critical points approach for
the existence of multiple solutions of a Dirichlet quasilinear system, .J.
Math. Anal. Appl., (2012), 388, 1268-1278.

92



BIBLIOGRAPHY

[33] J.R. Graef, H. Kadari, A. Ouahab and A. Oumansour, Existence results
for systems of second-order impulsive differential equations, Acta. Math.
Univ. Comenian. (N.S.), 88, (2019), 51-66.

[34] C. Guendouz, J. E. Lazreg, J. J. Nieto and A. Ouahab, Existence and
compactness results for a system of fractional differential equations, J.
Funct. Spaces (2020), Art. ID 5735140, 12 pp.

[35] D. Guo, Nonlinear functional analysis, Shandong Science and Technol-
ogy Press, 1985.

[36] D. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones,
Academic Press, San Diego, 1988.

[37] G. Guseinov, Integration on time scales, J. Math. Anal. Appl., (2003),
285, 107-127.

[38] A. Halanay and D. Wexler, Teoria Calitativa a Systeme cu Impulduri,
Editura Republicii Socialiste Romania, Bucharest, 1968.

[39] Z. He, On the existence of positive solutions of p-Laplacian difference
equations, J. Comput. Appl. Math., (2003), 161, 193-201.

[40] J. Henderson, A. Ouahab, and M. Slimani, Existence results of system
of semilinear discrete equations, Int. J. Diff. Equ. 12, (2017), 235-253.

[41] S. Hilger, Analysis on measure chains-a unified approach to continuous
and discrete calculus, Res. Math. (1990), 18, 18-56.

[42] R. Hilfer, Applications of Fractional Calculus in Physics, World Scien-
tific, 2000.

[43] A. lannizzotto, SA. Tersian, Multiple homoclinic solutions for the dis-
crete p-Laplacian via critical point theory, J. Math. Anal. Appl., (2013),
403, 173-182.

[44] B. S. Jensen, The Dynamic Systems of Basic Economic Growth Models,
Kluwer, Dordrecht, 1994.

[45] H. Kadari, J. J. Nieto, A. Ouahab and A. Oumansour, Implicit first
order impulsive differential systems, Int. J. Difference Equ. 15, (2020),
429-451.

93



BIBLIOGRAPHY

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

E. R. Kaufmann and Y. N. Raffoul, Periodic solutions for a neutral

nonlinear dynamical equation on a time scale, J. Math. Anal. Appl.,
319(1) (2006), 315-325.

A. A. Kilbas, J. J. Trujillo, Differential equations of fractional order:
methods, results and problems II, Appl. Anal. 81, (2002), 435-493.

V. Lakshmikantham, S. Sivasundaram, B. Kaymakcalan, Dynamic sys-
tems on measure chains, Vol. 370, Mathematics and its applications.
Dordrecht: Kluwer Academic Publishers, 1996.

S. Li, Y-H. Su, Z. Feng, Positive solutions to p-Laplacian multi-point
BVPs on time scales, Dyn. Partial Differ. Equ., (2010), 7, 46-64.

R. Liang, J. Peng and J. Shen, Double positive solutions for a non-
linear four-point boundary value problem with a p-Laplacian operator,
Nonlinear Anal., 68, (2008), 1881-1889.

X. Lin and D. Jiang, Multiple positive solutions of Dirichlet boundary-
value problems for second-order impulsive differential equations, .J.
Math. Analysis Applic. 321 (2006) 501514.

L. Liu, L. Hu and Y. Wu, Positive solutions of nonlinear singular two-
point boundary value problems for second-order impulsive differential
equations, App.Math.Comput, 196 (2008), 550-562.

H. Liang, P. Weng, Existence and multiple solutions for a second-order
difference boundary value problem via critical point theory, J. Math.
Anal. Appl., (2007), 326, 511-520.

R. L .Magin, Fractional calculus models of complex dynamics in biolog-
ical tissues, Computers and Mathematics with Applications, 59, (2010),
1586-1593.

A. B. Malinowska and D. F. M. Torres, Towards a combined fractional
mechanics and quantization, Fract. Calc. Appl. Anal. 15 (2012), 407-
417.

J. Mawhin, M. Willem Critical point theory and Hamiltonian systems,
Vol. 74, Applied mathematical sciences. New York (NY): Springer-
Verlag, 1989.

94



BIBLIOGRAPHY

[57]

[61]
[62]

[63]

[64]

[65]

[66]

[67]

[68]

F. Metzler, W. Schick, H. G. Kilian and T. F. Nonnenmacher, Relax-
ation in filled polymers: A fractional calculus approach, J. Chem. Phys.,
103, (1995), 7180-7186.

K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and
Fractional Differential Equations, Wiley, New York, 1993.

V. D. Milman and A. A. Myshkis, On the stability of motion in the
presence of impulses, Sib. Math. J., (in Russian), 1960, 233-237.

V. D. Milman and A. A. Myshkis, Randorn impulses in linear dynamical
systems, in ” Approximante Methods for Solving Differential Equations,”
Publishing house of the Academy of Sciences of Ukainian SSR, Kiev, in
Russian, 1963, 64-81.

J. D. Murray, Mathematical Biology, Springer, Berlin, 1989.

S. P. Nasholm and S. Holm, On a fractional Zener elastic wave equation,
Fract. Calc. Appl. Anal., 16 2013, 26-50.

R. Naulin and M. Pinto, Quasi-Diagonalization of Linear Impulsive Sys-
tems and Applications, J. Math. Anal. Appl., 1997, 281-297.

O. Nica, Initial-value problems for first-order differential systems with
general nonlocal conditions, Flectron. J. Differential Equations, Vol.
2012 (2012), No. 74, pp. 1-15.

O. Nica and R. Precup, On the nonlocal initial value problem for first
order differential systems, Stud. Univ. Babes -Bolyai Math., 56 (2011),
No. 3, 125-137.

J. J. Nieto, Solvability of an implicit fractional integral equation via a
measure of noncompactness argument, Acta Mathematica Scientia, 37,
2017, 195204.

J. J. Nieto and D. O’Regan, Variational approach to impulsive differen-
tial equations, Nonlinear Analysis: Real World Applications, 10, 2009,
680-690.

J. J. Nieto, A. Ouahab and M. A. Slimani, Existence and boundedness
of solutions for systems of difference equations with infinite delay, Glas.
Mat., 53(73), (2018), 123-141.

95



BIBLIOGRAPHY

[69]

[70]

[71]

[72]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

O. Nica, Existence results for second order three point boundary value
problems, Differ. Equ. Appl. 4 2012, 547-570.

O. Nica, Nonlocal initial-value problems for first-order differential sys-
tems. Fized Point Theory 13 (2012), 603-612.

K. B. Oldham, Fractional differential equations in electrochemistry, Ad-
vances in Engineering Software, 41, (2010) 9-12.

D. M. Pino, M. Elgueta, R. Manasevich, @A homotopic deforma-
tion along p of a Leray-Schauder degree result and the existence for
(|'P~2u)" + f(t,u) = 0,u(0) = u(t) = 0,p > 1., J. Differ Equ., (1989),
80, 1-13.

R. Precup, The role of matrices that are convergent to zero in the study
of semilinear operator systems, Math. Comp. Modelling 49 (2009), 703-
708.

R. Precup, Nash-type equilibria and periodic solutions to nonvariational
systems, Adv. Nonlinear Anal. 3, (2014), 197-207.

R. Precup, A vector version of Krasnosel’skii’s fixed point theorem in
cones and positive periodic solutions of nonlinear systems, J. fized point
theory Appl. 2 (2007), 141-151.

R. Precup and J. Rodriguez-Loépez, Multiplicity results for operator
systems via fixed point index, Results Math., 74, (2019), 14pp.

R. Precup and A. Viorel, Existence results for systems of nonlinear
evolution equations, Int. J. Pure Appl. Math. IJPAM 47 (2008), 199—
200.

D. Qian and X. Li, Periodic solutions for ordinary differential equations
with sublinear impulsive effects, J. Math. Anal. Appl. 303 (2005), 288-
303.

P. H. Rabinowitz, Minimax method in critical point theory with appli-
cations to differential equations, Vol. 65, Regional conference series in
mathematics. Providence (RI): American Mathematical Society;(1986).

I. Rachunkova and M. Tverdy, Second order periodic problem with
¢—Laplacian and impulses, Nonlinear Anal., 63, (2005), 257-266.

96



BIBLIOGRAPHY

[81] I. Rachunkova and M. Tverdy, Periodic problems with ¢—Laplacian
involving non-ordered lower and upper functions, Fized Point Theory,
(2005), 99-112.

[82] I. Rachunkova and M. Tverdy, Existence result for impulsive second
order periodic problems, Nonlinear Anal., 59 (2004), 133-146.

[83] Q. Sheng, An exploration of combined dynamic derivatives on time
scales for computational applications, Nonlinear Anal Real World Appl.,
(2006), 7, 396-414.

[84] V. Spedding, Taming nature’s numbers, New Sci. (2003), 7, 28-32.

[85] Y. -H. Su Arbitrary positive solutions to a multi-point p-Laplacian
boundary value problem involving the derivative on time scales, Math.
Comput. Modell., (2011), 53, 1742-1747.

[86] Y.-H. Su , Z. Feng, Positive solution to a singular p-Laplacian BVPs in
Banach space, Dyn. Partial Differ. Equ., (2011), 8, 149-171.

[87] Y. Su and Z. Feng, Existence theory for an arbitrary order fractional
differential equation with deviating argument, Acta Appl. Math., 118,
(2012), 81-105.

[88] Y.-H. Su, Feng Z. A non-autonomous Hamiltonian system on time scales,
Nonlinear Anal., (2012), 75, 4126-4136.

[89] S.H. Su and Z. Feng, Variational approach for a p-Laplacian boundary
value problem on time scales, Applicable Analysis,(2017)

[90] Y. -H. Su, W.-T. Li, Periodic solutions for non-autonomous second
order Hamiltonian systems on time scales, Dyn, Syst. Appl., (2009), 18,
621-636.

[91] H. Su, Z. Wei and B. Wang, The existence of positive solutions for a
nonlinear four-point singular boundary value problem with a p-Laplacian
operator, Nonlinear Anal., 66 (2007), 2204-2217.

[92] J. Sun, H. Chen, J. J. Nieto and M. Otero-Novoa, The multiplicity of so-
lutions for perturbed second-order Hamiltonian systems with impulsive
effects, Nonlinear Anal., 72 (2010), 45754586.

97



BIBLIOGRAPHY

[93] J. Sun, H. Chen, L. Yang, Existence and multiplicity of solutions for im-
pulsive differential equation with two parameters via variational method,
Nonlinear Anal., 73 (2010), 440-449.

[94] H. -R. Sun, W.-T. Li, Existence theory for positive solutions to one-
dimensional p-Laplacian boundary value problems on time scales, J.
Differ. Equ., (2007), 240, 217-248.

[95] H. -R. Sun, Y. -N. Li, J. J. Nieto, Q. Tang, Existence of solutions for
Sturm-Liouville boundary value problem of impulsive differential equa-
tions, Abstract Appl. Anal., 2012, art. no. 707163, 19 pages.

[96] X. Tang, C. Yan and Q. Liu, Existence of solutions of two point bound-
ary value problems for fractional p-Laplace differential equations at res-
onance, J. Appl. Math. Comput., 41, (2013), 119-131.

[97] C. Thaiprayoon, D. Samana and J. Tariboon, Periodic boundary value
problems for second-order impulsive integro-differential equations with
integral jump conditions, Springer open journal, (2012), 2012, 122.

[98] D. M. Thomas, L. Vandemuelebroeke, K. Yamaguchi, A mathemati-
cal evolution model for phytoremediation of metals, Disc. Contin. Dyn.
Syst., (2005), 5,411-422.

[99] Y. Tian, J. J. Nieto, The applications of critical-point theory discontin-
uous fractional-order differential equations, Proceedings of the Edinburgh
Mathematical Society, 2014, (2014) 131.

[100] Y. Tian and W. Ge, Application of variational methods to boundary
value problem for impulsive differential equations, Pro. Edinb. Math.
Soc., 51 (2008), 509-527.

[101] F. Torres, Positive solutions for fractional boundary Value Problem
with p-Laplacian, Inter. Jour. Math. Anal. , 10, (2018), 469-484.

[102] A. Viorel, Contributions to the Study of Nonlinear Evolution Equa-
tions, Ph.D. thesis, Babeg-Bolyai University Cluj-Napoca, Department
of Mathematics, 2011.

[103] JY. Wang The existence of positive solutions for the one-dimensional
p-Laplacian, Proc. Amer. Math. Soc., (1997), 125, 2275-2283.

98



BIBLIOGRAPHY

[104] J. Xiao, J. J. Nieto, Variational approach to some damped Dirichlet
nonlinear impulsive differential equations, J. Franklin Inst., 348 (2011),
369-377.

[105] J. Xiao, J. J. Nieto, Z. Luo, Multiplicity of solutions for nonlinear sec-
ond order impulsive differential equations with linear derivative depen-

dence via variational methods, Commun. Nonlinear Sci. Numer. Simul.,
17, (2012), 426-432.

[106] X. Yang and J. Shen, Periodic boundary value problems for second-
order impulsive integro-differential equations, J. Comput. Appl. Math.
209 (2007), 176-186.

[107] M. Yao , A. Zhao and J. Yan, Periodic boundary value problems
of second-order impulsive differential equations, Nonlinear Anal., 70
(2009), 262-273.

[108] P.P. Zabrejko, K-metric and k-normed lineair spaces: survey, collect.
Math., 48, No. 4-6, (1997), 825859.

[109] E. Zeidler, Nonlinear Functional Analysis, Vol.I, Fixed point theorems,
Springer, Berlin, 1993.

[110] QG. Zhang, H. -R. Sun, Variational approach for Sturm-Liouville
boundary value problems on time scales, J. Appl. Math. Comput.,
(2011), 36, 219-232.

[111] D. Zhao, H. Wang and W. Ge, Existence of triple positive solutions to
a class of p-Laplacian boundary value problems, J. Math. Anal. Appl.,
328 (2007) 972-983.

[112] Y. Zhou, Basic Theory of Fractional Differential Equations, Singapore,
World Scientific, 2014.

[113] J. Zhou , YK. Li, Variational approach to a class of second order Hamil-
tonian systems on time scales, Acta Appl. Math., (2012), 117, 47-69.

99



