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ABSTRACT

Our main purpose in this thesis, is devoted to study the
existence of solutions for various types of fractional
differential equations and inclusions with non instantaneous
impulses with the Caputo fractional derivative in a Banach
space of infinite dimension. The arguments are based upon
Monch’s fixed point theorem and the technique of measures
of noncompactness.
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RESUME

Notre but principal, dans cette these, est de présenter plusieurs
résultats d’existence pour certaines classes d’équations et in-
clusion différentielles d’ordre fractionnaire au sens de Caputo
dans des espaces de Banach de dimension infinie. Ces résul-
tats ont été obtenus par 'utilisation de théoréeme de point fixe
de Monch combiné avec la mesure de non compacité de Ku-
ratowski.

Mots clé: Probleme a valeur initiale, impulsions, mesure de
non compacité, dérivé fractionnaire de Caputo, inclusions dif-
térentielles, saut a valeurs multivoque, point fixe, espace de
Banach.

Classification AMS: 26A33, 34A37, 34G20, 34A60, 47HOS.
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INTRODUCTION

The theory of fractional differential equations and inclusions is an impor-
tant branch of differential equation theory, which has an extensive physi-
cal, chemical, biological, and engineering background, and hence has been
emerging as an important area of investigation in the last few decades; see
the monographs of Abbas et al. [1-3], Atangana [11], Kilbas et al. [36], Pod-
lubny [44], and Zhou [48], and the references therein.

On the other hand, the theory of impulsive differential equations has
undergone rapid development over the years and played a very impor-
tant role in modern applied mathematical models of real processes rising
in phenomena studied in physics, population dynamics, chemical tech-
nology, biotechnology and economics; see for instance the monographs by
Bainov and Simeonov [17], Benchohra et al. [18], Hilfer [34], Lakshmikan-
tham et al. [37], and Samoilenko and Perestyuk [45] and references therein.
Moreover, fractional differential equations and inclusions present a natu-
ral framework for mathematical modeling of several real-world problems.

In pharmacotherapy, instantaneous impulses cannot describe the dy-
namics of certain evolution processes. For example, when one considers
the hemodynamic equilibrium of a person, the introduction of the drugs
in the bloodstream and the consequent absorption for the body are a grad-
ual and continuous process. In [4,5,7,33,43] the authors initially studied
some new classes of abstract fractional differential equations with non in-
stantaneous impulses in Banach spaces.



CONTENTS 2

However, the theory for fractional differential equations in Banach spaces
has yet been sufficiently developed. Recently, Benchohra [19] applied the
measure of noncompactness to a class of Caputo fractional differential
equations of order r € (0,1] in a Banach space. Let E be a Banach space
with norm || - ||

In what follows, we will give a brief description of each chapter of this
thesis.

Chapter 1 entitled "Preliminaries” contains notations and preliminary
results, definitions, theorems and other auxiliary results which will be
needed in this thesis, in section 1.1 we give some generalities, in section
1.2 we present some properties of Measures of noncompactness, in sec-
tion 1.3 we give brief on fractional calculus, in section 1.4 we present some
properties of set-valued maps and in section 1.5 we cite some fixed point
theorems.

The chapter 2 that'’s titled "Impulsive Fractional Differential Equations In
Banach Spaces”.
We present in section 2.2 the existence of solutions for a class of initial
value problems for impulsive fractional differential equations involving
the Caputo fractional derivative in a Banach space

‘D'y(t) = f(t,y(t)), forae.t € [0,T],t #tg, k=1,...,m, 0 <r <1,

Ayly, = Ii(y(t,)), k=1,...,m,

y(0) = yo.
where “D" is the Caputo fractional derivative, f : J x E — E is a given
function, I, : E - E, k=1,....m,andy € E,0=tg <t; < --- <t <

b = T Ayl = () —y(8), y(6) = i y(te+h),y(t) = lm y(te+h)
represent the right and left limits of y(¢) at¢t =tk =1,...,m.

In section 2.3, we shall present some existence for the following nonlocal
problem

‘Dy(t) = f(t,y(t)), forae.t € [0,T],t #tg, k=1,...,m, 0 <r <1,

Ayly, = Li(y(t,)), k=1,...,m,
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y(0) + ¥(y) = vo,

where ¢ : PC'(J, E) — F is a continuous function.
In section 2.4 we give an example to illustrate the usefulness of our main
results.

The chapter 3 that’s titled "Nonlinear Fractional Differential Equations
With Non instantaneous Impulses In Banach Spaces”.
We establish in section 3.2 the existence of solutions for a class of ini-
tial value problems for non instantaneous impulsive fractional differential
equations involving the Caputo fractional derivative in a Banach space.

‘D'y(t) = f(t,y(t)), fora.e.t € (sg,tgr1], k=0,...,m, 0 <r <1,

y(t) - gk(tvy(t))a le (tk’v Sk]> k= 17 cee, M,
y(O) = Yo,
where °D" is the Caputo fractional derivative, f : J X E'— E, g : (tx, sg] ¥
E — E, k=1,...,m,are given functions, J = [0,7] and yy € E,0 = 509 <
<851 < <ty < Sy <tpmr1=1T.
In section 3.3 we deal with the following nonlocal case:

‘D'y(t) = f(t,y(t)), fora.e.t € (sp,tgr1), k=0,...,m, 0 <r <1,

y(t) = ge(t,y(t)), t € (tr,se), k=1,...,m,
y(0) + ¥ (y) = vo,

where ¢ : PC(J, E) — E is a continuous function.
In section 3.3 we present an example to illustrate the above results.

The chapter 4, that’s titled "Nonlocal Fractional Differential Inclusions
with Non Instantaneous Impulses”.
In section 4.2 we prove results on the existence of solutions for a class of
fractional differential inclusions with non instantaneous impulses involv-
ing the Caputo fractional derivative in a Banach space.

°Dy(t) € F(t,y(t)), fora.e. t € (sg,try1], k=0,...,m, 0 <r <1,

y(t) = gk(t7y(t>>7t S (tka Sk]7 k= 17 sl M,
y(0) = wo,
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where “D" is the Caputo fractional derivative, /' : [0,7] x £ — P(E) is a
multivalued map, gy, : (tx,sx] X E — E, k =1,...,m, is a given function,
andyoEE,0:80<t1 <85 < - <tm<8m<tm+1:T.

In section 4.3 we present the following nonlocal problem:

‘D'y(t) € F(t,y(t)), forae. t € (sg,trs1], k=0,....,m, 0 <r <1,

y(t) = gk(t>y(t))>t € (tka 5k]7 k= L s,
y(0) + ¥ (y) = o,

where ¢ : PC(J, E) — E is a continuous function.
In section 4.4, we give an example

The chapter 5, that’s titled ” Fractional Differential Inclusions with Non
Instantaneous Impulses and Multivalued Jump”.
In section 5.2, we study the existence of solutions for a class of fractional
differential inclusions with non instantaneous impulses and multivalued
jump in a Banach space, exactly the problems of the following form:

°Dy(t) € F(t,y(t)), fora.e. t € Jr := (sk,ter1], k=0,....,m, 0 <r <1,

y(t) € Gi(t,y(t)), t € Ji = (tiy s}, k=1,...,m,

y(0) = vo.
where “D" is the Caputo fractional derivative, ' : [0,7] x E — P(E) is
a multivalued map, Gj, : (¢, 5] X E — P(E), k = 1,...,m, is a given

multivalued map, and yp € £,0 =50 <11 <51 <+ <ty < Sy < g1 =
T.
In section 5.3 for more generalization we present the following problem:

‘D'y(t) € F(t,y(t)), ae. t € Jp:= (g trs1], k=0,....m, 0 <r <1,

y(t) € Ge(t,y(t)), t € Jp := (t,s), k=1,...,m,
y(0) + ¥ (y) = wo,

where ¢ : PC(J, E) — E'is a continuous function.
In section 5.4 we end this chapter with an example
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In this chapter, we collect some notations, definitions, theorems, lem-
mas and facts concerning measures of noncompactness, phase spaces and
multivalued analysis and other auxiliary results which will be needed in
the sequel.

1.1 Generalities

Let E be a Banach space with the norm || - || and "J := [0, 7.

Definition 1.1.1. A function f : J — FE is called strongly measurable if
there exists a sequence of simple functions ( f,,),, such that

T || (6) — £(8)]| = 0.

Definition 1.1.2. A function f : J — E is Bochner integrable on J if it is
strongly measurable and

lim

T
n—oo fq

[fn(t) = f()]ldt = O

for any sequence of simple functions (f,,)n,

then . .
/ f(t)dtHS [ st

Definition 1.1.3. A function f : J — E, is said absolutely continuous if for
every ¢ > 0 there is § > 0 such that, for every finite collection of pairwise
disjoint intervals (a1, b1), (az,b2), ..., (a,,b,) C I with ) .(b; — a;) < 0, we

have
Z | f(b;) — f(a)| <e.

Propertie:
If f is an absolutely continuous function, then the following properties
hold:

(1) fis continuous.

(II) fisalmost differentiable.

Denote by
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¢ C(J, E) the Banach space of all continuous functions from J into £
with the norm

[Ylleo = sup{lly(®)I| : t € J}.

¢ L'(J, E) the Banach space of measurable functions y : J — F which
are Bochner integrable, equipped with the norm

T
Iyl = / ly(®) .

¢ L>(J, E) be the Banach space of measurable functionsy : J — E
which are essentially bounded.

¢ PC(J,E)and PC'(J, E) are the Banach spaces defined by

PC(JE)={y:J = E:y e C([0,t1] U (tg, sg] U (s, tera], ),
k=1,...,mand there exist y(t; ), y(t}),y(s; Jand y(s;)
k=1,...,mwithy(t;) = y(tx)and y(s;) = y(sk)}

and

PC\(‘]?E) = {y S = B /RS C((tlmthrl]?E)? k= 1?"'7m7
and there exist y(t;, ),and y(¢{) k = 1,...,m with y(¢;) = y(tx)},

with the norm
[yllpe = llyllpcr = sup [ly@)]-
ted
¢ AC(J, E) is the space of absolutely continuous functions.

¢ AC'(J, E) is the space of continuously differentiable functions
whose first derivative is absolutely continuous.

¢ AC™(J, E) is the space of continuously n differentiable functions
whose the derivative of order n is absolutely continuous.

¢ J', J" are the sets defined by
J'=[0,T]\ UL, (tr, si].

JV=10,T)\ {t1,...,tm}-
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Moreover, for a given set V of functions v : J — E let us denote by
V(t)={v(t),veV} ted

and
V(J)={v(t),veV, teJ}.

Definition 1.1.4. Amap f : J x E — E is Carathéodory if
(1) t — f(t,y) is measurable for ally € E, and

(1) y — f(t,y) is continuous for almost eacht € J.

If, in addition,

(ii1) for eachr > 0, there exists g, € L*(J, R, ) such that

|f(t,y) < g.(t) forall |y| <r and almosteacht € J,
then we say that the map is L'-Carathéodory.
We refer to [40,47] for more details.

1.2 Some properties of measure of noncompact-
ness

Now let us recall some fundamental facts of the notion of Kuratowski mea-
sure of noncompactness.

Definition 1.2.1. ( [14]). Let X be a Banach space and 2y the bounded
subsets of X. The Kuratowski measure of noncompactness is the map
a: Qx — [0,00] defined by

a(B) =inf{e > 0: B C U, B; and diam(B;) < €}; hereB € Qx.

The Kuratowski measure of noncompactness satisfies the following properties:
Properties: Let X be a Banach space. Then for all bounded subsets A, B
of X the following assertions hold (for more details see [14])

(@) a(B) =0« Bis compact (B is relatively compact).
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(b) a(B) = a(B).

() AC B= a(A) < a(B).
(d) a(A+ B) < a(A) + a(B).
(e) a(cB) = |c|a(B);c € R.
® alcowB) = a(B).

1.3 Brief on Fractional Calculus

For completeness we recall the definition of Caputo derivative of frac-
tional order.

Definition 1.3.1. ([36]). The fractional (arbitrary) integral of the function
h € L*([0,T], E) of order r € R, is defined by

1

I"h(t) = W/o (t — s)""*h(s)ds,

where I is the Euler gamma function defined by
[(r) = / tte~tdt, r > 0.
0

Definition 1.3.2. ( [36]). For a function h € AC"(J, E), the Caputo frac-
tional derivative of order r of h is defined by

(DR = s [ (=,
where n = [r] + 1.
We need the following auxiliary lemmas [36].
Lemma1.3.1. [36]Letr > 0and h € AC"(J, E). Then the differential equation
‘Dgh(t) =0, foraeteJ

has solutions h(t) = co+cit+cot?>++ -+ 1t" L, €R,i=0,1,2,...,n—1,
n=[r]+ 1
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Lemma 1.3.2. [36] Let r > 0and h € AC™(J, E). Then
I"Dyh(t) = h(t) + co + et + cot® + -+ + e, 1t" !, foraeteJ

forsomec; € R,i=0,1,2,....n—1,n=[r]+1

1.4 Some Properties of Set-Valued Maps

Let (X, | - ||) be a Banach space and A be a subset of X. We denote:
PX)={ACX:A#0}

and
Py(X) ={A C X : Abounded },

Pua(X)={A C X : Aclosed },
Peop(X) ={A C X : Acompact },
P.,(X)={AC X : Aconvexe },

Pevep(X) = Pey(X) N Pep(X).

Definition 1.4.1. Let X and Y be Banach spaces. A set-valued map F' from
X toY is characterized by its graph(F'), the subset of the product space
X xY defined by

graph(F) :={(z,y) e X xY 1y € F(x).}

Definition 1.4.2. 1. A measurable multivalued function F' : J — Py (X)
is said to be integrably bounded if there exists a function g € L'(R.)
such that ||f|| < g(t) for almostt € J forall f € F(t).

2. F is bounded on bounded sets if F(W) = |J,c, F(x) is bounded in
X for all W € Py(X), i.e. sup ey {sup{|ly|| : y € F(x)}} < 0.

3. Aset-valued map F is called upper semi-continuous (u.s.c. for short)
on X if for each o € X the set F(x) is a nonempty, closed subset
of X and for each open set U of X containing F(z,), there exists an
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open neighborhood V' of x such that F'(V) C U.
A set-valued map F is said to be upper semi-continuous if it is so at
every point ry € X.

4. A set-valued map F is called lower semi-continuous (l.s.c) at o € X
if for any y, € F(xzo) and any neighborhood V' of y, there exists a
neighborhood U of x, such that

F(xg) NV # forall zy € U.

A set-valued map F' is said to be lower semi-continuous if it is so at
every point zy € X.

5. F is said to be completely continuous if F'(B) is relatively compact
for every B € P,(X). If the multivalued map f is completely continu-
ous with nonempty compact values, then f is upper semi-continuous
if and only if f has closed graph.

Proposition 1.4.1. Let F' : X — Y be an u.s.c map with closed values. Then
graph(F) is closed.

Definition 1.4.3. Let F be a Banach space. A multivaluedmap F' : JxE —
FE is said to be L' —Carathéodory if

(i) t — F(t,y) is measurable forally € E,
(ii) y — F(t,y) is upper semicontinuous for almost eacht € J,

(iii) for each p > 0, there exists ¢, € L'(J,R,) such that

|F(t,y)llp < ,(t), forallly| < pandea. teJ,

such that ||[F(t,y)|| = sup{|[f]| : f € F(t,y)}.

Definition 1.4.4. Let X,Y be nonempty sets and ' : X — P(Y). The
single-valued operator f : X — Y is called a selection of F' if and only
if f(z) € F(x), for each x € X. The set of all selection functions for F is
denoted by Sp.

» For each y € C(J, ), define the set of selections of F' by

Spy = {f € L'(J,E), f(t) € F(t,y(t)) ae.t € J}.



1.5 Fixed Point Theorems 12

The following lemmas is very important to prove our result.

Lemma 1.4.1. [38] Let | be a compact real interval. Let F be a multivalued
be a Carathéodory multivalued map and let © be a linear continuous map from
LY(J,E) — C(J, E). Then the operator

© 0 Spy : C(J, E) = Pre (C(J, E)),y = (© 0 Sky)(y) = O(Sky)

is a closed graph operator in C(J, E) x C(J, E).
Definition 1.4.5. Let 7 : X — P(X) be a multi-valued map. An element
x € X is said to be a fixed point of T if v € T (x).

For more details on multivalued maps and the proof of the known results
cited in this section we refer interested reader to the
books [2,3,12,13,29,31,35].

1.5 Fixed Point Theorems

Fixed point theory plays an important role in our existence results, there-
fore we state the following fixed point theorems.

Theorem 1.5.1. ( [8,41]) (Ménch’s fixed point theorem). Let D be a bounded,
closed and convex subset of a Banach space such that 0 € D, and let N be a
continuous mapping of D into itself. If the implication

V =conoN(V)orV=NV)u{0} = a(V)=0

holds for every subset V' of D, then Nhas a fixed point.

Lemma 1.5.1. ([32]) If V C C([0,T]; E) is a bounded and equicontinuous set,
then

(i) the function t — a(V'(t)) is continuous on .J, and

a.(V) = sup a(V (1)),

0<t<T

(ii) a(fOTx(s)ds cxeV)< fOToz(V(s))ds,



1.5 Fixed Point Theorems 13

where

V(s)={z(s):x eV}, se
Theorem 1.5.2. ([8,41]). Let E be a Banach space and f € L'(J, E) countable

with |u(t)| < h(t) for a.e.t € J, and each u € C; where h € L'(J,R,) then the
function ¢(t) = a(C(t)) belongs to L'(J, R, ) and satisfies

o ({/OTU(S)dS cue c}) < 2/0T a(C(s)ds.

Theorem 1.5.3. ([8,41]) (the set-valued analog of Ménch'’s fixed point theorem).
Let K be a closed, convex subset of a Banach space E ; U a relatively open subset of
K,and N : U — Pc (K) Assume graph (N) is closed, N maps compact sets into
relatively compact sets, and that for some 0 € U, the following two conditions are
satisfied:

( M C U, M C conv({0}JN(M))

and M = C with C C M countable ) = Mcompact.

x & AN (z)for all v € U\U, X € (0,1).
Then there exists v € U with x € N(x).
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2.1 Introduction

This chapter is organized as follows. In section 2.2 we give results for a
class of initial value problems for impulsive fractional differential equa-
tions in Banach spaces

‘D'y(t) = f(t,y(t)), forae.t € [0,T],t #t, k=1,....m, 0<r <1,

(2.1)

Ayly, = I(y(t,)), k=1,....,m, (2.2)

y(0) = yo, (2.3)

where D" is the Caputo fractional derivative, f : J x £ — E is a given
function, I, : F - E, k=1,...,m,andys € E,0 =ty <t; < -+ <t <

b = T Ayl = y(6) —y(t), y(87) = lm y(te+h),y(t,) = lim y(te+h)
represent the right and left limits of y(t) at ¢ = ¢;,k = 1,..., m. In section
2.3, we shall present some results for the following nonlocal problem

‘D'y(t) = f(t,y(t)), forae.t € [0,T],t #ty, k=1,....,m, 0<r <1,

Ayly, = Li(y(ty)), k=1,...,m,
y(0) + ¥(y) = o,

where ¢ : PC'(J, E) — FE is a continuous function.

This results is based on Monch’s fixed point theorem combined with the
technique of measures of noncompactness,which is an important method
for seeking solutions of differential equations. See Akhmerov et al. [9],
Alvarez [10], Banas et al. [14-16], Guo et al. [32], M onch [41], Moénch ,
Von Harten [42] and Szufla [46]. An example is given in section 2.4 to
demonstrate the application of our main results.

2.2 Existence of solution

First of all, we define what we mean by a solution of the problem (2.1)-
(2.3).

Definition 2.2.1. A function y € PC"(J, F) is said to be a solution of (2.1)-
(2.3) if y satisfies y(0) = yo, “D"y(t) = f(t,y(t)), fora.e. t € J*, and Ay|;, =
Li(y(t,)), k=1,...,m.
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To prove the existence of solutions to (2.1)-(2.3), we need the following
auxiliary lemmas.

Lemma 2.2.1. Let 0 < v < land let h : J — E be integrable. Then linear
problem

Dry(t) = h(t), teJ, k=0,...,m, (2.4)
y(t) = I(y(ty)), k=1,...,m, (2.5)
y(0) = yo, (2.6)

has a unique solution which is given by :

Yo+ i Jo (t = 5) " h(s)ds ift € [0,t],
Yo+ 1wy o1 Sy, (6= 8)"h(s)ds

t r—
+ﬁ J, @t = s)" " h(s)ds

+ 30 Liy(ty)), ift € (te,tosa] k=1,...,m.
2.7)

y(t) =

We are now in a position to state and prove our existence result for
the problem (2.1)~(2.3) based on Monch’s fixed point. Let us list some
conditions on the functions involved in the problem (2.1)—(2.3):

(H1) The function f : J x E — E satisfies the Carathéodory conditions.
(H2) There exists p € L'(J,R,) (N C(J,R,) such that

L7yl < p(t)lly[| for any y € Erand t € J.

(H3) There exists ¢ > 0 such that

Ik(y)|| < clly||, foreachy € Eand k= 1,...,m.
(H4) For each bounded set B C E we have
a(lx(B)) < ca(B).

(H5) For each bounded set B C F we have

a(f(t, B)) < p(t)a(B), t € J.



2.2 Existence of solution 17

Let

p* = supp(t).
teJ

Theorem 2.2.1. Assume that assumptions (H1)-(H5) hold. If

(m+ 1)p*T"

1 .
T+ 1) + me < 1, (2.8)
then the problem (2.1)—(2.3) has at least one solution defined on J.

Proof. Transform the problem (2.1)—(2.3) into a fixed point problem. Con-
sider the operator N : PC'(J, E) — PC"(J, E) defined by

N(y)(t) =yo + 5 Z (=) (s, y(s))ds

o<t <t /tk—1

+ﬁ / (L= 57" f(s,y(s))ds
£ L))

Clearly, the fixed points of operator NV are solutions of problem (2.1)-
(2.3).
Let

HyOH
To Z 1 (m_;’_l)p*T'r ) (29)
—Me= ey

and consider the set
Dy, ={y € PC(J,E) : ||ylloc <70}

Clearly, the subset D, is closed, bounded and convex. We shall show that
N satisfies the assumptions of Theorem 1.5.1. The proof will be given in a
three of steps.

Step 1: N is continuous.
Let {y, } be a sequence such that y,, = y in PC"(J, E).
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Then for each ¢t € J, we have

IN(yn)(t) = N(»)(®)]| = Z (t = 5)" IS (5, yn(5)) — F(s,9(s)) | ds

o<t <t /tk-1

L / (t = ) F (s, yn(5)) — £ (5 9(5)) ds

FO") th
+ 3 () = Te(ya ()]

Since I, is continuous and f is of Carathéodory type, the Lebesgue
dominated convergence theorem implies

IN(Yn) = N(y)lloo = 0 asn — oo.

Consequently, N is continuous.

Step 2: N maps D, into itself.
For each y € D,,, by (H2), (2.8) and (2.9)we have for each ¢t € J,

INWOI < llyoll + 773 Z /t — )" I (s, y(s))llds

0<t <t k-1

L L / (t— ) F (5. y(5))lds

I'(r) th
+ > I(ty))
< llyoll + 775 Z - p(t)llyllds

0<t <t /tk—1

1
o /tku—s) p(0) s
£ 3

0<trp<t

(m+ 1)p*T"
< HyOH + 7o <W + mc

+

< rp.
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Step 3: N(D,,) is bounded and equicontinuous.
By Step 2, it is obvious that N(D,,) C PC"(J, E) is bounded.
For the equicontinuous of N(D,,), letr,» € J, 71 < mand y € D,,. Then

IN(y)(r2) = N () (m)] = vo
+ 1 /0 |(m2 — 5)771 — (1 — S)PIHU(S,Q(S))HdS

L'(r)

1 T2 r=1 _ (7 _ gyl < (s )
+F(T) /T (72 =) (v = 8)" [l f(s,y(s))lld
+ Y L)

rop” N ,
= F(r+1)[72 - il
+ > L)

0<tk<(7'2—7'1)

As 11 — 7, the right-hand side of the above inequality tens to zero.

Now let V be a subset of D,, such that V' C conuv(N(V) U {0}). Then
V' is bounded and equicontinuous and therefore the function ¢t — v(t) =
a(V(t)) is continuous on J. By (H4),(H5), Lemma 1.5.1 and the properties
of the measure o we have for each t € J

u(t) < a(N(V)(¢) U {0})
< a(N(V)(?))

< L > / (t—s)"'p(s)a (V(s))ds

o<tp<t” k-1

o

e

5 [ it

O<tp<t k-1

< L
- I'(r)
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1 ' r—1
£y L = plsjatwls)ds
+ > ca(v(s))

O<tp<t

)p*T™
< vl (M 1 mc) .

_|_

I'(r+1)

This means that

ol 1= (BT ] <0

By (2.8) it follows that ||v|| = 0; thatis, v(t) = 0 for each ¢t € J, and then
V (t) is relatively compact in E. In view of the Arzéla-Ascoli theorem, V' is
relatively compact in D,,. Applying now Theorem 1.5.1 we conclude that
N has a fixed point which is a solution of the problem (2.1)-(2.3).

2.3 Nonlocal impulsive differential equations

This section is concerned with a generalization of the results presented
in the previous section to nonlocal impulsive fractional differential equa-
tions. More precisely we shall present some existence results for the fol-
lowing nonlocal problem

‘D'y(t) = f(t,y(t)), fora.e.t € [0,T],t #ty, k=1,....,m, 0<r <1,

(2.10)
Ayl = L(y(t,)), k=1,...,m, (2.11)
y(0) + ¥(y) = wo, (2.12)

where f, I,k = 1,...,m are as in section 2.2 and ¢ : PC'(J,F) — Eis a
continuous function.

Nonlocal conditions were initiated by Byszewski [28] when he proved
the existence and uniqueness of mild and classical solutions of nonlocal
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Cauchy problems. As remarked by Byszewski [26,27], the nonlocal con-
dition can be more useful than the standard initial condition to describe
some physical phenomena. For example, in [30],the author used

p
=3 ey, (213)
=1
where e;,i = 1,...,p, are given constants and 0 < 27 < ... < z, < T to

describe the diffusion phenomenon of a small amount of gas in a transpar-
ent tube. In this case, 2.13 allows the additional measurements at z;,7 =

1,...,p.
Let us introduce the following set of conditions.

(H6) There exists a constant M* > 0 such that
|lv(u)|| < M* for eachu € PC'(J, E).

(H?7) For each bounded set B C PC’(J, E) we have
a(y(B)) < M*a(B).

Theorem 2.3.1. Assume that assumptions (H1)-(H7) hold.If
(m + VpT"

I'(r+1)
then the nonlocal problem (2.10)—(2.12) has at least one solution defined on J.

+me+ M <1, (2.14)

Proof. Transform the problem (2.10)-(2.12) into a fixed point problem.
Consider the operator N : PC'(J, E) — PC'(J, E) defined by

N(y)(t) = yo — %—2/-wvmw

0<tp<t th—1

1 ! r—1
+mﬁwgmwm
£ Y L)

Clearly, the fixed points of the operator N are solution of the problem
(2.10)—(2.12). We can easily show the conditions of Theorem 1.5.1 are sat-
isfied by N.

O
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2.4 An Example

Let us consider the following infinite system of impulsive fractional initial
value problem,

1 1
CDryn(t) = myn(t), fora.e. t e [07 1],t 7é 5, O<r<l1 (215)
1 1~
Ynl(=1y = 5%(75) (5 ) ; (2.16)
yn(0) = 0. (2.17)

Set .
E:ll:{y:(y17y27"'7yn7"'7)7Z|yn| <OO}7
n=1

E is a Banach space with the norm

lyll = lynl-
n=1

Let
f(ta y) = <f1<t7y)7 fZ(ta y)? R fn(ta y)a s ')7
fn(tayn> = myn(t>a
and
1
Clearly conditions (H2) and (H3) hold with
1 1
p(t) = m, and ¢ = g

We shall check that condition (2.8) is satisfied with T" = 1,p* = % and
m = 1. Indeed

(m+1)p*T" 1 1
( D s <leT(r+1)> (2.18)
Then by Theorem 2.2.1 the problem (2.15)-(2.17) has at least one solution
for values of r satisfying (2.18).
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3.1 Introduction

In this chapter, we offer a generalization of the problem presented in the
previous chapter in particular in the first section we are interested with the
existence of the following differential equations with non instantaneous
impulses in Banach spaces

‘D'y(t) = f(t,y(t)), fora.e.t € (sg,tgs1], E=0,...,m, 0<r <1, (3.1)

y(t) = gk<t7y<t))7 le (tka 3k]7 k= 1a sy, (32)

y(0) = yo, (3.3)

where “D" is the Caputo fractional derivative, f : J x E — E, g; :
(tk,sk) x E — E, k = 1,...,m, are given functions, J = [0,7] and y, €

E0=5s50<t; <8 < - <typ < Sn <tmy1 =7T. The second section is
concerned with a generalization of the results presented in the previous
section to non instantaneous impulsive fractional differential equations
with nonlocal conditions. More precisely we shall present some existence
and uniqueness results for the following nonlocal problem

‘D'y(t) = f(t,y(t)), fora.e.t € (sg,tgr1], k=0,...,m, 0 <r <1,

y(t) = ge(t,y(t)), t € (tr,se), k=1,...,m,
y(0) + ¥ (y) = vo,

where ¢ : PC(J, E) — E is a continuous function.

3.2 Existence of solution

First of all, we define what we mean by a solution of the problem (3.1)-
(3.3).

Definition 3.2.1. A function y € PC(J,E) N AC(J', E) is said to be a so-
lution of (3.1)-(3.3) if y satisfies y(0) = yo, “D"y(t) = f(t,y(t)), for a.e.
t € (Sg,trt1],andeach k =0,...,m,and y(t) = gr(t,y(t)), forall t € (tx, skl
and every k=1,...,m.
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To prove the existence of solutions to (3.1)-(3.3), we need the following

auxiliary lemmas.

Lemma 3.2.1. Let 0 < r < 1 and let h : J — E be Bochner integrable. Then

linear problem

CDry(Zf) = h(t), teJ, = (Sk,tk+1], k= 0,...,m,

y(t) = gr(t), t € Jp:= (te, 5] k=1,...,m,
y(O) = Yo,

has a unique solution which is given by :

Yo+ 17 Jo (t = )" h(s)ds ift € [0,t1],

y(t) = < gr(t), ifted, k=1,...
gr(sk) + ﬁ f;k(t — )" th(s)ds, ifted, k=1,...

Proof. Assume that y satisfies (3.4)-(3.6).
If t € [0,t] then
°D"y(t) = h(t).

Lemma 1.3.2 implies

1 ! r—1
m/0 (t — $)h(s)ds.

Ift € J| = (t1, s1] we have y(t) = g1(t).
If t € J; = (51,12, then Lemma 1.3.2 implies

y(t) = yo +

y(t) = y(sr>+ﬁ / (t — sy~ hs)ds

1 ' r—1
O] /Sl (t—s)"""h(s)ds.

Ift € J5 = (ta, s2) we have y(t) = go(1).
If t € J; = (s9,13] then again Lemma 1.3.2 implies

= qi(s1) +

y(t) = y(s;>+ﬁ / (t — sy~ hs)ds

/t(t — s)""h(s)ds.

BRRRARCNA

7m7

(3.4)
(3.5)
(3.6)

(3.7)
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Ift € J, = (t, sx) we have y(t) = gi(t).
Ift € Ji = (S, tp+1] then Lemma 1.3.2 implies

y(t) = ylsi) + o / (t — 5) h(s)ds

00 S,
- )+ 575 (4 ()

Conversely, assume that y satisfies equation (3.7).
If t € [0,¢], then y(0) = yo and, using the fact that °D" is the left inverse of
I", we get

“D"y(t) = h(t), t € (0,].

Ift € Jy == (g, tkt1], k = 1,...,m, and using the fact that °D"C = 0,
where C'is a constant, we get

cDry(t) = h(t), te J, = (SkythrlL k=1,...,m.
Also, we have easily that
y(t):gk(t), t e J,/C = (tk,Sk], k=1,....,m.
We are now in a position to state and prove our existence result for

the problem (3.1)—~(3.3) based on Monch’s fixed point. Let us list some
conditions on the functions involved in the problem (3.1)—(3.3).

(H1) The function f : J x E' — E satisfies the Carathéodory conditions.

(H2) There exists p € C(J,R,) such that

17t )]l < p(t)lyll forany y € Eand t € .

(H3) gy, are uniformly continuous functions and there exists ¢, € C(J,R;)
such that

llgr(t, )|l < ck(t)]|y||, foreachy € Eandte J, k=1,...,m.

(H4) For each bounded set B C E we have

a(gi(t, B)) < ci(t)a(B), t € J.
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(H5) For each bounded set B C E we have
a(f(t, B)) < p(H)a(B), t € J.

Let
p* =supp(t), ¢ = max (sup(cx(t))).
teJ k=l...m tej
Theorem 3.2.1. Assume that assumptions (H1)-(H5) hold. If
p*Tr
<1 3.8
Trrn  © 0 G5)

then the problem (3.1)—(3.3) has at least one solution defined on J.

Proof. Transform the problem (3.1)—(3.3) into a fixed point problem. Con-
sider the operator N : PC(J, E) — PC(J, E) defined by

Yo+ iy Jo (t = 8)" 1 (s, y(s))ds ift € [0,t1],
N()(t) = < gi(t, y(t)), ifteJ,k=1,...,m, 39
i (s, Y(sk) + 1y Jo, (6= ) 7 f (s, y(s))ds, ift € Sy k=1,...,m.

Clearly, the fixed points of operator N are solutions of problem (3.1)—(3.3).
Let

02 L — (3.10)

T(r+1)

and consider the set
Dyy ={y € PC(J,E) : |lylls <70}

Clearly, the subset D, is closed, bounded and convex. We shall show that
N satisfies the assumptions of Theorem 1.5.1. The proof will be given in a
three of steps.

Step 1: N is continuous.
Let {u,} be a sequence such that u,, — win PC(J, E). Then

fort € J,, we have

IN(yn) (@) = N () (O < llgr(t, yn(t)) — gr(t, y (1))l

1 ' r—1
G /Sk“’“ = ) (5. a(5)) — F(s,y(s))llds.
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fort € [0,t;], we have

IN(yn)(t) = N(y)(@)]| < %/O (t =) IS (5, un(5)) = F(s,5(s))llds,

and for t € J;, we have
[N (un) () = N ()OI < gkt yn(t)) = gr(t, y(@))]-

Since g, is continuous and f is of Carathéodory type, the Lebesgue
dominated convergence theorem implies

IIN (u,) — N(u)||oc = 0asn — oo.
Consequently, N is continuous.

Step 2: N maps D, into itself.
For each y € D,,, by (H2),(H3),(3.8) and (3.10) we have:
foreacht € [0,14],

IN(@) @I < IIyolH%/o(t—S)T‘lllf(s,y(S))HdS

< ||yo||+ﬁ / (t — sy p(t) ly(0)l|ds

lwoll 7o (22 4 e
T C
Pl e 1

To.

IA

IN

For eacht € J,

IN@WOI < llgw(t, y@)]

+ 7 +c
Yo 0 ( 1)

IN

IN

To.
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For eacht € J,,

IN(w)®I - < ||gk(8k,y(8k))ll+ﬁ/(t—S)r_lllf(S7y(S))lld8

1 ' r—1
crlly(si)ll + W/Sk(t — )" p(O)lly(@)lds

T .
< yoll + 7o m+0

< ro.

Step 3: N(D,,) is bounded and equicontinuous.
By Step2, it is obvious that N(D,,) C PC(J, E) is bounded.
For the equicontinuous of N(D,,),let 71,7 € J, 71 < mand y € D,,. Then,
for 1, € J, we have
1 [ B .
IN(y)(72) = N(y)(n)| = m/ [(r2 =)™ = (70 = )"l (5, 9(5))) |l ds

T1
*

ToP T r
[ I

S G
for 7, € [0,¢], we have
1 " -1 1
[N (y)(m2) = N(y)(m)|| = W/ (2 =) = (11— 8)" [l f(s,y(s)) | ds.
ropt .,
= 2F(7’+ 1)[7'2 -],

and for 7y, » € J;, we have

[N () (72) = N()(m)ll = lge(72, y(12)) — g1, y(m0))]].

As 11 — 7, the right-hand side of the above inequality tens to zero.

Now let V be a subset of D, such that V' C conv(N(V) U {0}). Then
V' is bounded and equicontinuous and therefore the function ¢t — v(t) =
a(V(t)) is continuous on J. By (H4),(H5), Lemma 1.5.1 and the properties
of the measure o we have for each ¢t € J

v(t) < a(N(V)(t) U{0})
< a(N(V)(1)).
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Ift e Jp,

ift € [0,1]
lt) < alggs [ 0= Vo))
1 ¢ .
< 57 | =9 pa V()
I .
<7 | = et
p*Tr
< ol (r(r T 1))
. p*TT'
<l (¢4 g )
ift e J,

v(t) < algr(sk, V(sk))

This means that
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By (3.8) it follows that ||v|| = 0; thatis, v(¢) = 0 for each ¢t € J, and then
V (t) is relatively compact in E. In view of the Arzéla-Ascoli theorem, V' is
relatively compact in D,,. Applying now Theorem 1.5.1 we conclude that
N has a fixed point which is a solution of the problem (3.1)-(3.3).

]

3.3 Nonlocal Fractional Differential Equations With
Non instantaneous Impulses

This section is concerned with a generalization of the results presented
in the previous section to nonlocal impulsive fractional differential equa-
tions. More precisely we shall present some existence results for the fol-
lowing nonlocal problem

‘D'y(t) = f(t,y(t)), fora.e.t € (s, tgs1), k=0,...,m, 0 <r <1, (3.11)

y(t) = ge(t,y(t)), t € (tx, sk], k=1,...,m, (3.12)
y(0) + ¥ (y) = o, (3.13)

where f,gr,k = 1,...,m are as in section 3.2 and ¢ : PC(J, E) — E'is
a continuous function. Let us introduce the following set of conditions.

(H6) There exists a constant M* > 0 such that

| (uw)|| < M*||u|lpc for each u € PC(J, E).

(H?7) For each bounded set B C PC(J, E) we have
a(¢(B)) < M a(B).

Theorem 3.3.1. Assume that assumptions (H1)-(H7) hold.If

* T

p*T
L(r+1)

fO M <, (3.14)

then the nonlocal problem (3.11)—(3.13) has at least one solution defined on J.
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Proof. Transform the ~problem (3.11)—(3.13) into a fixed point problem.
Consider the operator N : PC(J, E) — PC(J, E) defined by

— () + 55 Jo (t = )" F(s,(s))ds if t € [0, 1],
N(y)(t) (t,y(t)), ifte J,k=1,...,m, (3.15)
k(s y(s)) + 13 Jo, (E = 9)" " f(s,y(s))ds, ift € ek =1,...,m

Clearly, the fixed points of the operator N are solution of the problem
(3.11)—(3.13). We can easily show the conditions of Theorem 1.5.1 are sat-
isfied by N.

O

3.4 An Example

Let us consider the following infinite system of impulsive fractional initial
value problem,

- 17 /1
)= — iy te (21 (3.17)
Y = et O ) 32| '
yn(0) = 0. (3.18)
Set

E:ll:{y:(y17y27---aynv"'7)72|yn| <OO}7

FE is a Banach space with the norm

lyll = 19nl-
n=1

Let
f(tay) = (f1<t7y)7f2(t7y)7 N '7fn(t7y)’ s ')a

Y
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and
gl(t y) = (gll(t7 y)v 912<ta y)7 s 7gln(t7 y)? e ')7
_ sinfyn(t)]
gln(t7y> - 4—i—n—|—et'
Clearly conditions (H2) and (H3) hold with

1 1

p(t) = m, and Cl(t) = m

We shall check that condition (3.8) is satisfied with r = 1,7 = 1, P* = -
and ¢* = 1. Indeed

T R U
| =—=+ .
T(r+1) 57 5

Then by Theorem 3.2.1 the problem (3.16)-(3.18) has at least one solution.
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4.1 Introduction

In this chapter, we will continue to generalize the results obtained in chap-
ter 3 by giving the results of the existence of solutions to a inclusions prob-
lem and will be organized as follows: in Section 2, we deal with the ex-
istence of solutions of fractional differential inclusions with non instanta-
neous impulses

°Dy(t) € F(t,y(t)), foreach t € (sx,tgr1], k=0,...,m, 0<r <1, (4.1)

y(t) :gk(tay(t))vte (tkysk]7 k= 17"'am7 (42)

y(0) = wo, (4.3)

where “D" is the Caputo fractional derivative, F' : [0,7] x E — P(E) is a
multivalued map, g : (tx. sx] X E — E, kK =1,...,m, is a given function,

andyp € E,0 =50 <t1 <81 <<ty < Spm <tmp1 =1T.
in section 3,we study the fractional differential inclusions with non instan-
taneous impulses and nonlocal initial conditions, of the form

°D"y(t) € F(t,y(t)), foreach t € (sg,txt1], E=0,....,m, 0 <r <1,

y(t) = gk(tay(t>)7t € (tlm Sk]7 k= 17 cee, M,
y(0) + ¥ (y) = o,

where ¢ : PC(J, E) — Eis a continuous function.
We use analogize Monch’s fixed point theorem (multivalued’s version)
combined with the technique of measures of noncompactness.

4.2 Existence of solution
First of all, we define what we mean by a solution of the problem (4.1)-
(4.3).

Definition 4.2.1. A function y € PC(J,E) N AC(J', E) is said to be a
solution of (4.1)-(4.3) if there exists a function f € L!(J, E) with f(t) €
F(t,y(t)), for a.e. t € J, such that

‘Dry(t) = f(t), forae. t € J0<r <1,

and the function y satisfies conditions (4.2)-(4.3).
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We are now in a position to state and prove our existence result for the
problem (4.1)—(4.3) based on Monch'’s fixed point. Let us list the following
conditions.

(H1) F:J x E — Py.(FE) is a Carathéodory multi-valued map.

(H2) There exists a function p € L>(J,R ) such that

|E(t, 9)|lp = sup{||v]|« : v(t) € F(t,y)} < p(t), for each (t,y) € JXE.

(H3) For each bounded and measurable set B C C(J, E) and for each
t € J, we have
a(F(t, B(t)) < p(t)a(B(1)),

where B(t) = {u(t) : u € B}.

(H4) gy, are uniformly continuous functions and there exists ¢, € C(J,R;)
such that

gkt )|l < cr(t)||yll, foreachy € Eandt e J, k=1,...,m.

(H5) The function ¢ = 0 is the unique solution in PC(.J; E) of the inequal-
ity

2 t
O(t) < P / O(s)ds,k=0,...,m.
IL—c /s,

(H6) For each bounded set B C E we have

a(gi(t,B)) < cr(t)a(B),t € J.

Let
p" = esssupep(t),
¢ =max{supcg(t): k=1,...,m} < L (4.4)
teJ

Remark 4.2.1. In (H3) and (H6), « is the Kuratowski measure of noncom-
pactness on the space .

Theorem 4.2.1. Assume that assumptions (H1) - (H6) hold. Then the problem
(4.1)—(4.3) has at least one solution defined on J.
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Proof. Transform the problem (4.1)—(4.3) into a fixed point problem. Con-
sider the multi-valued map N : PC(J, E) — P (PC(J, E)) defined by
N(y)(t) ={h € PC(J,E):

Yo+ 17 Jo (t =)~ f(s)ds ift €[0,4],
h(t) = ge(t, y(t)), ifteJ k=1,...,m,
gk(ska y(sk)) + F(lqn) fstk(t - S)rilf(‘s))d‘% ift € Jk? k= ]-a cee, M,

7f S SF#J}
Clearly, the fixed points of operator NV are solutions of problem (4.1)-

(4.3). The proof will be given in a couple of steps.

Step 1: N is convex for each y € PC(J, E).
If hy, he belong to N(y), then there exist fi, fo € Sg, such that for each
t € J we have

Yo+ w7 Jo (t = )"~ fils)ds if t € [0, 1],
hi(t) = q gi(t,y(1)), ifteJ ,k=1,...,m,1
Ik (Sk, y(sk)) + ﬁ fstk(t —s) " i(s))ds, ifte J,k=1,...,m.
Let0 < A < 1. Foreacht € J we have
(Ahy 4+ (1 = XNho)(t) =
Yo + 10y Jot =) L1+ (1= X) fo) (s)ds ift € [0,4],

gr(t,y(t)), ift e Jg,
9u(k,y(58) + iy JL (= ) Oy (1= N fa)(s))ds, it € Ji.

Since Sp, is convex (because F' has convex values), we have
(Ahy + (1 = A)ha) € N(y).

Step 2: For each compact M € U, N(M) is relatively compact .
To prove this, let M € U be a compact set and let (h,,) be any sequence of
elements N(M). We show that (h,) has a convergent subsequence by us-
ing Arzéla-Ascoli criterion of noncompactness in PC(J, E) . Since (h,) €

=1,2
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N(M) there exist (y,,) € M and (f,,) € Sp,, such that

Yo + 75 fot—sr Lfa(s)ds ift € [0,t4],
ha(t) = < gx(t, yn(t)), ifteJ k=1,...,m,
9k (Sk, yn(sk)) + ﬁ fstk(t —8) " fu(s))ds, ifte Jyk=1,....m

Using Theorem 1.5.2, the properties of measure of o and (H5), we obtain
that

Yo + w5 f (t—8)" L fu(s)ds ift € [0,4],

a({ha(t)}) = a | S gilt, yn( ), ifteJ, k=1,...
(5t Yn(50)) + 1 Jo (L= 8) " fuls))ds, ift € Tk =1,...

Ift €]0,¢]

a({hn(t)} yaf{(t — )" fuls)ds}

(4.5)
t(t — 8) Lo fo(s)ds).

Ift € J,, we have

a({hn()}) < afgilsk ynl(si)} + 15 Jo af(t = )7 fuls)}ds
< cp()afyn(si)} + iy [ (= s) ol fuls)}ds  (4.6)

< C*a{yn } + r(r) fs t_ 5 T 1O‘{fn( )}ds'

Ift e J,
' a({halt)}) = algn(t, ya(®))

< cr(t)af{ya(t)} (4.7)
< crofyn(t)}-

On the other hand, since M is compact in U, the sets { f,(s),n > 1},
{yn(t),n > 1} are compact. Consequently, a{ f,,(s),n > 1} = 0fora.e.s € J
and a{y,(t),n > 1} = 0 for a.e. t € J. we conclude that {h,(t),n > 1} is
relatively compact in E, for each ¢t € J. In addition let 7, and 7, from J ,
71 < To. Then, for 7, 7 € J;,, we have

7m7

, M.
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on(r2) = a(r) | = ks [ (e — )7 = (7 = 5 ~1) fuls) | ds
4.8)
< 1y Ja 12 = 8)" 7 = (11— 8)" " [p(s)ds,
for 7, 5 € [0,¢], we have
Von(r2) = lrar)ll = ks J72((72 = 5" = (7 — 5" ().
(4.9)

< F(lr) S (2 = 8) 7t = (11— s)" " p(s)ds,
and for 7, » € J;, we have

”hn(72) - ‘hn(ﬁ)” = ||9k(72,yn(72)) - gk(ﬁ,yn(ﬁ))”- (4.10)

As 7, — 1, the right hand side of the above inequality tends to zero. This
shows that {h,(t),n > 1} is equicontinuous. Consequently, {h,,n > 1} is
relatively compact in PC(J, E).

Step 3: N has a closed graph.
Let (Y, hn) € graph(N),n > 1}, with ||y, — y||, [|hn — h|| — 0 as n — oo.
We must show that (y,h) € graph(N). (yn,h,) € graph(N) means that
h, € N(y,) which means that there exists f, € Sg,, , such that for each
tel,

Yo+ g Jo(t = 8) 7 fuls)ds if# € [0.11).

ha(t) = Q gr(t, yn(t)), ifteJ k=1,...,m,
i (Sks Yn(sk)) + F(lr) fstk(t —8) L (s))ds, ifte Jyk=1,...,m.

Let
(o if t € [0, 4],

an(t) = € gi(t,ya (1)), ifteJ k=1,....m,
\gk(smyn(Sk))’ ift € Jk, k= 1,...,m.

(Yo ift € [0,t4],
a(t) = gr(t,y(t)), ifteJ k=1,...,m,
gk(Sk,y(sk)), ifte Jy,k=1,...,m.
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We have ||a,, — al]| = 0asn — oo.
Consider the continuous linear operator
©:L>*(J,F) —C(J,FE)
w5 Jot =) f(s)ds  ift € [0,t],
f—0O(f)t) =10, ifteJ k=1,...,

We have

[(hn = an)(t) — (h = a)(B)]| =

implies that

|(hp, —an)(t) — (h—a)(t)|| — 0asn — oo.

F(lr) fstk(t - S)rilf(s))d'& ift € Jka k= 1, cee

From Lemma 1.4.1 it follows that © o Sg is a closed graph operator. More-

over, we have
(hn - an)(t) € @(SF,yn)

Since y, — y, Lemma 1.4.1 implies that

b ot =5y f(s)ds ift € [0,1),

(")
(hy —an)(t) =40 ifteJ k=1....m
9 ko ) 9 9
f o (=) f(s)ds, it € k=1, m,

for some f € Sg, .
Step 4: M relatively compact in PC(J, E).

Let M C U, where M Cconv({0} U N(M)) and for some countable set
C C M let M = C. Taking into account (4.8)-(4.10) , it is easily seen that
N(M) is equicontinuous. Therefore, M Cconv({0} U N(M)) implies that
M is equicontinuous. It remains to apply the Arzéla-Ascoli theorem to
show that for each ¢ € I the set M(t) is relatively compact. By taking into
account that C' is countable and C' C M Cconv(0 U N(M)), we can find a

3

3
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countable set H = {h,, : n > 1} C N(M) such that C' C conv({0} U H).
Then, there are y,, € M and f, € Sg,, with

Yo+ 17 Jo (t =) fuls)ds ift € [0,1],
ha(t) = 9 gr(t, yn(t)), ifteJ k=1,...,m,
9k(51Yn(58)) + 15 [1 (= 8)7 "1 fu(s))ds, it € Jpk=1,...,m.

Taking into account Theorem 1.5.2 and the fact that M C C' C eonv({0} U
H), we obtain

a(M(1) < (a(C(1) < a(H(t)) = afha(t) :n < 1}).

Using (4.5)-(4.7), we obtain
ift € [0,¢]

(MO < ps [[(¢= o7 alule)dsn 2 1)

if t € J,, we have

o0} < Calin®) + 75 [ (0o fuls).m 2 1),
ift e Jj,
a({M(t)}) < c*a{ya(t),n > 1}.
Also, since f,, € Sg,, and y,(s) € M(s), then from (H3) we have

(t—s)"ra{fu(s)ds,n > 1} = (t — )" " 'p(s)a(M(s))ds.

It follows that
ift € [0,]

2p
a({M(1)}) < 7
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if t € J,, we have

a({MB)}) < — 2

ift e J,
a({M(t)}) < Fa(M(t)) = (1 = )a(M(t)) < 0.

Consequently, if ¢t € [0,t;] U J;, we have by (H5)and condition(4.4), the
function ® given by ®(t) = a(M (t)) satisfies & = 0; that is, a(M(t)) = 0
for all ¢ € J. Now, by the Arzéla-Ascoli theorem, M is relatively compact
in PC(J, E).

Step 5: A priori estimate.

Lety € PC(J, E) be such thaty € AN(y) for some A € (0,1). Then for each
t € J we have

Mo+ 3 Jo (6 — )71 f(s)ds ift € [0,,],
y(t) = § Agr(t, y(t)), ifteJ, k=1,...,m,
Ak (Sk, y(sk)) + ﬁ [t —s) " f(s)ds, ifte Jyk=1,...,m,

Sk

for some f € Sp,. On the other hand we have,

HMM|sn%WMWWHmm+§5/“%—w“wﬂmm

%wmeHmm+§5/“h—@“w@w

p*T
«||y(t -
ey O+ ol + 5oy

* T

L(r+1)

IN

IN

IA

Hly@I =+ llyoll +

Then

1 T
< — =d.
o < 1= (1ol + s )

U={ye PC(J,E):|y| <d+1}.

Set



4.3 Nonlocal Fractional Differential Inclusions with Non Instantaneous
Impulses 43

Condition (1.5.3) is satisfied by our choice of the open set U. From The-
orem 1.5.3, we conclude that N has at least one fixed point y € PC(J, E)
being a solution of problem (4.1)-(4.3).

O

4.3 Nonlocal Fractional Differential Inclusions with
Non Instantaneous Impulses

In this section we consider the following class of impulsive differential
inclusion:

‘D'y(t) € F(t,y(t)), forae. t € (sg,tgr1], k=0,....,m, 0<r <1, (4.11)

y(t) = gk’(tay(t))7t € (tkv Sk]7 k= 17 cee, M, (412)
y(0) + ¥ (y) = v, (4.13)
where f,gx,k = 1,...,m are as in section 4.2 and ¢ : PC(J,E) — Eis

a continuous function.

Let us introduce the following set of conditions.

(H7) There exists a constant M* > 0 such that
| (u)|| < M*||ul|pc for eachuw € PC(J, E).

(H8) For each bounded set B ¢ PC(J, E') we have

a((B)) < M*a(B).
Theorem 4.3.1. Assume that assumptions (H1)-(H8) hold, then the nonlocal
problem (4.11)—(4.13) has at least one solution defined on J.

Proof. Transform the problem (4.11)-(4.13) into a fixed point problem.
Consider the multi-valued map N : PC(J, E) — P (PC(J, E)) defined by
N(y)(t) = {h € PC(J E):

Yo — V() + i Jo (t — )" f(s)ds if ¢ € [0,41],
, iftcJ k=1,...,m,,f € Sry}
(s y(sk) + my Jo (E— )7 f(9))ds, ift € Jok=1,...,m.
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Clearly, the fixed points of operator N are solutions of problem (4.11)-
(4.13). We can easily show the conditions of Theorem 1.5.3 are satisfied by
N.

O

4.4 An Example

Let us consider the following problem fractional differential inclusions
with non instantaneous Impulses,

°D} ! _ Lot
Dzy,(t) € O nieis Hy(t)H)[yn(t) 1,y.(t)], foreach t € <O, 3}U<2,1} :
(4.14)
. 11
yn(t) = PR AGIRAS (5’ 5} : (4.15)
yn(0) = 0. (4.16)

Set .
E:ll:{y:(ybyQ?'”ayn?'"7)7Z|yn| <OO}7
n=1

E is a Banach space with the norm

lyll = lynl-
n=1

Let
F(t,y) = (Fi(t,y), F5(t,y), ..., Fu(t,y),...),
1
and

gl(t7y) = (gll(t7y)a912(tvy)7 s agln(tay)v e ')7

sin [y, ()]
t =
alt:y) 4+n+et



4.4 An Example 45

Clearly F' is closed and convex valued. For eachy € Fand t € [0,1],
we have

F(t < .

Il < 5=y
Hence, the hypothesis (H2) is satisfied with p(t) = 5 and ¢ (t) = 1.
Since all conditions of Theorem 4.2.1 are satisfied with p* = % and

= %, problem (4.14)-(4.16) has at least one solution.



CHAPTER 5

L FRACTIONAL DIFFERENTIAL INCLUSIONS

WITH NON INSTANTANEOUS IMPULSES AND
MULTIVALUED JUMP ()

Contents
51 Introduction ... ....................... 47
5.2 Existenceofsolution . ... ................. 47
5.3 Nonlocal Fractional Differential Inclusions with Non

5.4

Instantaneous Impulses and Multivalued Jump . . . . . 55

AnExample . .. ... ... . . o i i i, 56

(4) [23] M. Benchohra and M. Slimane, Fractional differential inclusions with non

instantaneous impulses and multivalued jump, Libertas Mathematica (accepted).

46



5.1 Introduction 47

5.1 Introduction

There are very few results for impulsive differential inclusions with mul-
tivalued jump operator see [6,24,25,39]. In order to give more general re-
sults of the above in chapter 4 in this chapter, we study the following frac-
tional differential inclusions with non instantaneous impulses and multi-
valued jump operator

‘Diy(t) € F(t,y(t)), ae. t € Jp:=(Sg,tgr1], k=0,...,m, 0 <r <1,

(5.1)

y(t) € Ge(t,y(t)), t € Jp = (t,s), k=1,...,m, (5.2)

y(0) = o, (5.3)

where “D" is the Caputo fractional derivative, ' : [0,7] x E — P(E) is
a multivalued map, Gy : (tg,sx] x B — P(E), k = 1,...,m, is a given

multivalued map, and yp € E,0 =50 <11 < 851 <+ <ty < Sy < bppy1 =
T. Then we study the nonlocal case exactly the problem

Dry(t) € F(t,y(t)), ae. t € Jyi= (sptiml, k=0,....m, 0<r<1,
y(t) € Gk(tay(t))> te ']li: = (tkask]7 k= 17 cee,m,

y(0) + ¥(y) = vo,

where ¢ : PC(J, E) — E is a continuous function.
These results are obtained by the same method as in the previous chapter.

5.2 Existence of solution
First of all, we define what we mean by a solution of the problem (5.1)-
(5.3).

Definition 5.2.1. A function y € PC(J, E) is said to be a solution of (5.1)-
(5.3) if there exists a function f € L'(J, E) with f(t) € F(t,y(t)), for a.e.
t € J and a function g, € L'(Ji, E) with gi(t) € Gi(t,y(t)), for ae. t € J,
such that

‘D'y(t) = f(t), foraete Jyk=1...,m0<r <1,

y(t) = gi(t), forae. t € J,k=1,...,m,

and the function y satisfies conditions (5.3).
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To prove the existence of solutions to (5.1)-(5.3), we need the following
auxiliary lemmas.

Lemma 5.2.1. Let 0 < r < landlet h : J — E be measurable. Then linear
problem

‘D'y(t)=nh(t), ted, k=0,...,m, (5.4)
y(t) = op(t), ted, k=1,...,m, (5.5)

has a unique solution which is given by :

Yo + ﬁ fot(t —s)" " h(s)ds if tel0,t],
y(t) = on(t), ifted,k=1,....m, ((57)
Jk(t)—kﬁj;tk(t—s)“lh(s)ds, ifteJy, k=1,...,m.

We are now in a position to state and prove our existence result for
the problem (5.1)—(5.3) based on Monch’s fixed point. Let us list some
conditions on the functions involved in the (5.1)-(5.3).

(H1) F:J x E — Py.(F) is a Carathéodory multivalued map.
(H2) There exists a function p € L>(J, R, ) such that
IE®Ey)lp = sup{llv]l : v(t) € F(t,y)} < p(b).
for each (t,y) € J x E.
(H3) For each bounded set B C PC(J, E) and for each t € .J, we have
a(F(t, B(t)) < p(t)a(B(1)),
where B(t) = {u(t) : u € B}.
(H4) Gy : J x E — Py.(E) and there exists ¢, € C(J,R; ) such that
Gkt y)lp = sup{[ul : u(t) € G, 9)} < ex(B)]lyl],

foreachye Fandte J, k=1,...,m.
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(H5) For each constant d > 0, the function ¢ = 0 is the unique solution in
PC(J; E) of the inequality

O(t) < d/t(t —8) " '®(s)ds, k=0,...,m.

Sk

(H6) For each y € PC(J; E), the selection functions g, € S¢, , are uni-
formly continuous on J.

(H7) For each bounded set B C E we have

a(Gi(t,B)) < c(t)a(B), t € J.

Let
Pt = 6555Upter<t)a

= gﬁfm(stlelg(ck(t))) <1 (5.8)

Remark 5.2.1. In (H3) and (H7), « is the Kuratowski measure of noncom-
pactness on the space .

Theorem 5.2.1. Assume that assumptions (H1) - (H7) hold. Then the problem
(6.1)—(5.3) has at least one solution defined on J.

Proof. Transform the problem (5.1)—(5.3) into a fixed point problem. Con-
sider the multi-valued map N : PC(J, E) — P (PC(J, E)) defined by

Yo + 1y Jo (t = 8) 1 f(s)ds if t € [0, 1],
N(y)(t) ={h € PC(J,E) : h(t) =  gu(t), ifteJ k=1,...,m
(k) + iy J1 (=) 7 f())ds, it € S k=1,...,m,

f € Spy. g1 € Sapyt-

Clearly, the fixed points of operator )V are solutions of problem (5.1)—
(5.3). The proof will be given in a couple of steps.

Step 1: N is convex for each y € PC(J, E).
If hy, hy belong to N(y), then there exist fi, fo € Sp, and g, gk, € S,y
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such that for a.e.t € J we have

Yo+ 13 Jo (t = )" fi(s)ds if t € [0, ),
hi(t) = < gr, (1), ifteJ, 1=12
Gk (%) + 13 o, (= )" fils))ds, ift € J.
Let0 < XA < 1.Foreacht € J, we have

(Ahy 4+ (1 = Nho)(t) =

Yo+ w3 Jo (=) (A fr 4 (1= N) fo)(s)ds ift € [0,,],
(Agry + (1= A)gr, ) (1), ift € Jp,
(Agis + (1= Ngio) (1) + g [ (6 — 87 A+ (L= N f2)(s)ds, ift € Jy.
Since Sg,, S¢, 4 are convex (because F', G, has convex values),we have
(A 4+ (1 = A)ho) € N(y).

Step 2: For each compact M € U N (M) is relatively compact .
To prove this, let M € U be a compact set and let (h,,) be any sequence
of elements N(M). By using Arzéla-Ascoli criterion of noncompactness
in PC(J, E) . Since (h,) € N(M) there exist (y,) € M, (f.) € Sg,, and
Gk, € Sa, .y, such that

Yo+ 17 Jo (= 8)" " fuls)ds if t € [0,t4],
hn(t) = gkn(t)a ift e Jllm
e (58) + 155 Jo, (8 = 9)" " fuls))ds, ift € Jp.
Using Theorem 1.5.2,the properties of measure a, we obtain that
Yo+ 13 Jo (t = 8" fuls)ds ift € [0,t,],

al{h,(O)}) =« G, (1), ift e Jg,
G (58) + 13 Jo, (8 = 8) " fuls))ds, it € Jj.

If t € [0,t,] we have
a({ha(D}) < 25 flad(t— sy fuls)ds)

(5.9)

w25 fo (8 = 5) " La{ fu(s)ds},
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if t € J,, we have

a{ha(0}) < afge,(s)} + 1y i, ol — )7 fuls)}ds

< a{Gr(sk, Yuls))} + 1y fstk a{(t— )" fa(s)}ds

(5.10)
< en(t)adyn(sk)} + % fstk (t —s)"Laff.(s)}ds
< cafyn(t)} + 1y Ju, (t = 8)al fuls)}ds,
if t € J;, we obtain that
a({h()}) = afgr, ()}
< a{Gi(t,ya (1)}
(5.11)

< cr(t)afyn(t)}

< C*&{yn(t)}'

On the other hand, by (H1)and since M is compactin U, the sets { f,,(s), n >
1},{yn(t),n > 1} are compact. Consequently, o{f,(s),n > 1} = 0 for
ae. s € Jand a{y,(t),n > 1} = 0 for a.e. t € J. we conclude that
{hn(t),n > 1} is relatively compact in £, for each ¢ € J. In addition let 7y
and 7, from J, 71 < 75. Then, for 71, 7» € J;,, we have

() = o)l = ks S (7 — 57" — (1 — 57 fuls) s
(5.12)
< F(lr) SN = 8) 7t = (11— s) " |p(s)ds.
For 11,75 € [0,t1], we have
[hn(T2) = [ha(T) || = Hﬁ f:f((Tz —8)" = (11— 8)" ) fuls) | ds.
(5.13)
(o — 8)" "t — (11 — )" Lp(s)ds,

and for 7y, » € Ji, we have

[hn(72) = [ha(T)Il = NGk (72) = Gro (72)]]- (5.14)
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By (H6) as 7 — 73, the right hand side of the above inequality tends to
zero. This shows that {h,(t),n > 1} is equicontinuous. Consequently,
{hy,n > 1} is relatively compact in PC(J, E).

Step 3: N has a closed graph.
Let (yn, hn) € graph(N),n > 1}, with ||y, — y||, [|hn — h|| — 0 as n — oo.
We must show that (y,h) € graph(N). (yn,h,) € graph(N) means that
h,, € N(y,) which means that there exists f,, € Sg,, and g;, € Sg, 4, such
that, such that foreach t € J,

Yo+ w3 Jo (t = 8)" " fuls)ds if t € [0,t4],
hn(t) = § gr. (1), ift € Jp,
G (1) + 77 Jo, (L= )7 fuls))ds, ift € Jj.

Let
(o ift € [0,4],
an(t) = gp, (t), ifte J.,
LGk (81), ift € Jy,
and

(yo lft € [O,tl],
a(t) = q gu(t), ifte.J,,
Lgk(sK), ift e Jg.

We have ||a,, — a|]| = 0asn — oc.
Consider the continuous linear operator

© : L®(J,E) —C(J,E)

L —s) U f(s)ds  ift € [0,4],
f—0(f)t) =10, ift e Jl,
F(lr) fstk (t—s)"""f(s))ds, ifte J.

We have

[(hn = an)(t) = (h = a)(@®)]| = [[(hn = R)(t) + (@ = an) ()]
I



5.2 Existence of solution 53

Thus
|(hy — an)(t) — (h —a)(t)|| — 0asn — oc.

From Lemma 1.4.1 it follows that © o Sp is a closed graph operator. More-

over, we have
(hn - an)<t) € @(SFyyn)'

Since y, — y, Lemma 1.4.1 implies that

Lot =) f(s)ds  ift € [0,41],

Iy
(hn —an)(t) = 40, ift € J,

i o (=5 f(s))ds, ift € Jp.

for some f € Sg,, .
Step 4: M relatively compact in PC(J, E)

LetM C U, where M Cconv({0} U N(M)) and for some countable set
C C M let M = C. Taking into account (5.12)-(5.14) , it is easily seen that
N(M) is equicontinuous. Therefore, M Cconv({0} U N(M)) implies that
M is equicontinuous. It remains to apply the Arzéla-Ascoli theorem to
show that for each t € I the set M(t) is relatively compact. By taking into
account that C' is countable and C' C M Cconv(0 U N(M)), we can find a
countable set H = {h,, : n > 1} C N(M) such that C' C conv({0} U H).
Then, there are y,, € M , gx,, € Sa, 4, and f,, € Sp,, with

Yo+ w7 Jo (= 8) " fuls)ds if t € [0,ty],
hn(t) = § i, (1), ift € Jj,
e (55) + 15 Jo, (8 = 9)" " fuls))ds, ift € Jp.

Taking into account Theorem 1.5.2 and the fact that M C C' C conv({0}U
H), we obtain

a(M(t)) < (a(C(t) < a(H (1) = afha(t) : n < 1}).
Using (5.9)-(5.11), we obtain for ¢ € [0, ¢]

2

o) < 5 [ =7 alfulds.n = 1),
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for t € J,, we have

a({M(B)}) < Caly(®)} + % / (t— ) ol fuls)n > 1}ds

Y

and fort € Jj,
a({M(t)}) < c"afyn(t),n = 1}
Also, since f,, € Sp,, and y,(s) € M(s), then from (H3) we have

(t—s)""a{fu(s)ds,n > 1} = (t — s)" " 'p(s)a(M(s))ds.
It follows that if ¢ € [0, 1], we have

2p* ' r—1
o(MW)) < s / (t - 5)" " a(M(s))ds,
2p* ' r—1
< W/o (t—s)""a(M(s))ds,
if t € J, we have

*

2p ! r—1
oM < im0 o a0 )

ift e J,
a({M1)}) < ca(M(t) = (1 - ")a(M(t) < 0.

Consequently, if ¢ € [0,t;] U J,, we have by (H5)and condition(5.8), the
function ® given by ®(t) = «(M(t)) satisfies & = 0; that is, a(M(t)) = 0
for all ¢ € J. Now, by the Arzéla-Ascoli theorem, M is relatively compact

in PC(J, E).
Step 5: A priori estimate.

Lety € PC(J, E) be such thaty € AN(y) for some A € (0,1). Then for each

t € J we have
Mo+ w5 Jo (t— )7 f(s)ds ift € [0,t],
y(t) = Agn, (1), ift € Jj,
Ao (55) + 355 Jo (8 = 9)" " f(s)ds, ift € Jy,
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for some f € Sp,. On the other hand we have,

@l < ||gnk<t>||+||yo||+ﬁ / = s £ (s) s

< @Myl + llyoll +ﬁ/k+l(t—5)’"lp(8)d8

*r

< ¢, t
< clly@®I + llyoll + T+ 1)
. p* T
< t .
< ly@®I + llyoll + T+ 1)
Then T
1 p* '
< =d.
Set

U={ye PC(J,E):|y|| <d+1}.

Condition (1.5.3) is satisfied by our choice of the open set U. From The-
orem 1.5.3, we conclude that IV has at least one fixed point y € PC(J, E)
being a solution of problem (5.1)-(5.3).

]

5.3 Nonlocal Fractional Differential Inclusions with
Non Instantaneous Impulses and Multival-
ued Jump

In this section we consider the following class of impulsive differential
inclusion:

‘D'y(t) € F(t,y(t)), ae. t € Jy:= (sk,tgs1], k=0,...,m, 0 <r <1,

(5.15)
y(t) € Ge(t,y(t)), t € Jp = (t,s), k=1,...,m, (5.16)
y(0) +¥(y) = yo, (5.17)

where f, Gy, k =1,...,m are as in section 4.2 and ¢ : PC(J,E) — E is
a continuous function.
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Let us introduce the following conditions.

(H8) There exists a constant M* > 0 such that
|1 (u)|| < M*||u||pc for each u € PC(J, E).

(H9) For each bounded set B ¢ PC(J, EY) we have
a(¥(B)) < M*a(B).

Theorem 5.3.1. Assume that assumptions (H1)-(H9) hold, then the nonlocal
problem (5.15)—(5.17) has at least one solution defined on J.

Proof.
Transform the problem (5.15)-(5.17) into a fixed point problem. Con-
sider the multi-valued map N : PC(J, E) — P (PC(J, E)) defined by

Yo — V() + w5 Jo (t — )" f(s)ds ift € [0, 1],
N(y)(t) ={h € PC(J,E) : h(t) =  gi(t), ift € Jj,
gr(sk) + ﬁ fstk (t —s)"1f(s))ds, ifte Jy,

f € SF,yagk: S SGk,y}-

Clearly, the fixed points of operator NNV are solutions of problem (5.15)-
(5.17). We can easily show the conditions of Theorem 1.5.3 are satisfied by

N.
O
54 An Example
Let us consider the following problem ,
D3y, (t) € ! [Yn(t)—1,yn(t)], for each t € (O 1}U(l 1}
yn (9+n+et)<1+Hy(t)H) yn 7yn Y ’3 27 )
(5.18)

nio) e THE @m0 + e (53] 619
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yn(0) = 0. (5.20)
Set

E=1"={y= (4ot )s S Jal < o}
n=1

E is a Banach space with the norm

lyll = lynl-
n=1

Let
F(t,y) = (Fi(t,y), F5(t,y), ..., Fu(t,y),...),
1
and

Gl(ta y) = (Gll(t7y)7 G12<t7y)7 B G1n<t7y)7 c ')7
Grult.) = T2 1)) +1)

Clearly F' is closed and convex valued. For eachy € Fand t € [0,1],
we have

F(t < .
1Pl < 5

Clearly G is closed and convex valued. For eachy € Fand t € [0,1],
we have

t < .
1G1(t,9)llp < et

Hence, (H2) and (H4) are satisfied with p(t) = 2 and ¢ (t) = .

Therefore all conditions of Theorem 1.5.3 are satisfied with p* = % and

= % Hence, the problem (5.18)-(5.20) has at least one solution.



CONCLUSION AND PERSPECTIVE

Our main purpose in this thesis, is to present some results of the existence
of solutions for some classes of fractional differential equations and inclu-
sions with the Caputo fractional derivative in infinite dimensional Banach
spaces. These results were obtained by using the Monch fixed point theo-
rem combined with the Kuratowski’s measure of noncompactness.

For the perspective, we will study the global existence of solutions to-
gether with stability for more classes of fractional differential equations
and inclusions.

58



BIBLIOGRAPHY

[1] S. Abbas, M. Benchohra, J. Graef and J. Henderson, Implicit Fractional
Differential and Integral Equations; Existence and Stability, De Gruyter,
Berlin, 2018.

[2] S. Abbas, M. Benchohra and G M. N’'Guérékata, Topics in Fractional
Differential Equations, Springer-Verlag, New York, 2012.

[3] S. Abbas, M. Benchohra and G. M. N'Guérékata, Advanced Fractional
Differential and Integral Equations, Nova Science Publishers, New York,
2015.

[4] S. Abbas and M. Benchohra, Uniqueness and Ulam stabilities results
for partial fractional differential equations with not instantaneous im-
pulses, Appl. Math. Comput. 257 (2015), 190-198.

[5] S. Abbas, M. Benchohra and M.A. Darwish, New stability results for
partial fractional differential inclusions with not instantaneous im-
pulses, Frac. Calc. Appl. Anal. 18 (1) (2015), 172-191.

[6] N.U. Ahmed, Systems governed by impulsive differential inclusions
on Hilbert spaces, Nonlinear Anal. 45 (2001), 693-706.

[7] R. P. Agarwal, S. Hristova, D. O’Regan, Non-Instantaneous Impulses in
Differential Equations, Springer, New York, 2017.

[8] R. P. Agarwal, M. Meehan and D. O'Regan, Fixed Point Theory and Ap-
plications, Cambridge University Press, Cambridge, 2001.

59



BIBLIOGRAPHY 60

[9] R. R. Akhmerov, M. I. Kamenskii, A. S. Patapov, A. E. Rodkina and
B. N.Sadovskii, Measures of Noncompactness and Condensing Operators,
trans. from the Russian by A. Iacob, Birkhauser Verlag, Basel, 1992.

[10] J. C. Alvarez, Measure of noncompactness and fixed points of non-
expansive condensing mappings in locally convex spaces, Rev. Real.
Acad. Cienc. Exact. Fis. Natur. Madrid 79 (1985), 53-66.

[11] A. Atangana, Derivative with a New Parameter. Theory, Methods and Ap-
plications. Elsevier / Academic Press, Amsterdam, 2016.

[12] J.P. Aubin and A. Cellina, Differential Inclusions Springer-Verlag,
Berlin-Heidelberg, New York, 1984.

[13] J.P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhduser,
Boston, 1990.

[14] J. Banas and K. Goebel, Measures of Noncompactness in Banach Spaces,
Marcel Dekker, New York, 1980.

[15] J. Banas and B. Rzepka, An application of a measure of noncompact-
ness in the study of asymptotique stability, Appl. Math. Lett.16 (2003),
1-6.

[16] J. Banas and K. Sadarangani, On some measures of noncompactness
in the space of continuous functions, Nonlinear Anal. 68 (2008), 377-383.

[17] D.D. Bainov, P.S. Simeonov, Systems with Impulsive Effect, Horwood,
Chichister, 1989.

[18] M. Benchohra, J. Henderson and S. K. Ntouyas, Impulsive Differential
Equations and Inclusions, Hindawi Publishing Corporation, Vol 2, New
York, 2006.

[19] M. Benchohra, J. Henderson and D. Seba, Measure of noncompact-
ness and fractional differential equations in Banach spaces, Commun.

Appl. Anal. 12 (4) (2008), 419-428.

[20] M. Benchohra and D. Seba, Impulsive Fractional Differential Equa-
tions In Banach Spaces. Electron. J. Qual. Theory Differ. Equ.. Spec. Ed. I
8 (2009), 1-14.



BIBLIOGRAPHY 61

[21] M. Benchohra and M. Slimane, Nonlinear fractional differential equa-
tions with non instantaneous impulses in Banach spaces.]. Math. Appl.
41 (2018), 39-51.

[22] M. Benchohra and M. Slimane, Fractional differential inclusions with
non instantaneous impulses in Banach spaces Results in Nonlinear Anal
2 (1) (2019), 36-47

[23] M. Benchohra and M. Slimane, Fractional differential inclusions with
non Instantaneous impulses and multivalued jump, Libertas Mathemat-
ica, (accepted).

[24] M. Benchohra and M. Ziane. Impulsive evolution inclusions with
state-dependent delay and multivalued jumps. Electron. . Qual. The-
ory Differ. Equ. 42 (2013),1-21 .

[25] M. Benchohra and M. Ziane. Impulsive evolution inclusions with in-
finite delay and multivalued jumps. Surv. Math. Appl. 7 (2012), 1-14.

[26] L. Byszewski, Existence and uniqueness of mild and classical solu-
tions of semilinear functional-differential evolution nonlocal Cauchy
problem. Selected problems of mathematics, 6(1995),25-33.

[27] L. Byszewski, Theorems about existence and uniqueness of solutions
of a semilinear evolution nonlocal Cauchy problem, J. Math. Anal.
Appl. 162 (1991), 494-505.

[28] L. Byszewski and V. Lakshmikantham, Theorem about the existence
and uniqueness of a solution of a nonlocal abstract Cauchy problem in
a Banach space, Appl.Anal. 40 (1991), 11-19.

[29] K. Deimling, Multivalued Differential Equations, Walter De Gruyter,
Berlin-New York, 1992.

[30] K.Deng, Exponential decay of solutions of semilinear parabolic equa-
tions with nonlocal initial conditions, .J]. Math. Anal. Appl 179 (1993),
630-637.

[31] S. Djebali, L. Gérniewicz and A. Ouahab, Solution Sets for Differential
Equations and Inclusions, De Gruyter Series in Nonlinear Analysis and
Applications, 18 Walter de Gruyter and Co., Berlin, 2013.



BIBLIOGRAPHY 62

[32] D.Guo, V. Lakshmikantham and X. Liu, Nonlinear Integral Equations in
Abstract Spaces, Kluwer Academic Publishers Group, Dordrecht, 1996.

[33] E. Herndndez and D. O’Regan, On a new class of abstract impulsive
differential equations, Proc. Amer. Math. Soc. 141 (2013), 1641-1649.

[34] R.Hilfer, Applications of Fractional Calculus in Physics, World Scientific,
Singapore, 2000.

[35] Sh. Hu and N. Papageorgiou, Handbook of Multivalued Analysis,
Theory I, Kluwer, Dordrecht, 1997.

[36] A. A.Kilbas, H. M. Srivastava and ].J. Trujillo, Theory and Applications
of Fractional Differential Equations, Elsevier Science B.V., Amsterdam,
2006.

[37] V. Lakshmikantham, D.D. Bainov and P.S. Simeonov, Theory of Impul-
sive Differential Equations, Worlds Scientific, Singapore, 1989.

[38] A. Lasota and Z. Opial, An application of the Kakutani-Ky Fan the-
orem in the theory of ordinary differential equation, Bull. Accd. Pol.
Sci., Ser. Sci. Math. Astronom. Phys. 13 (1965) 781-786.

[39] S. Migorski and A. Ochal, Nonlinear impulsive evolution inclusions
of second order, Dynam. Systems Appl. 16 (2007), 155-173.

[40] J. Mikusinski, The Bochner Integral, Birkhduser, Basel, 1978.

[41] H. Monch, Boundary value problems for nonlinear ordinary differ-
ential equations of second order in Banach spaces, Nonlinear Anal. 4
(1980), 985-999.

[42] H. Monch and G. E. Von Harten, On the Cauchy problem for ordinary
differential equations in Banach spaces, Archiv. Math. Basel 39 (1982),
153-160.

[43] M. Pierri, D. O'Regan and V. Rolnik, Existence of solutions for semi-
linear abstract differential equations with not instantaneous impulses,
Appl. Math. Comput. 219 (2013), 6743-6749.

[44] 1. Podlubny, Fractional Differential Equations, Academic Press, San
Diego, 1999.



BIBLIOGRAPHY 63

[45] A.M. Samoilenko, N.A. Perestyuk, Impulsive Differential Equations,
World Scientific, Singapore, 1995.

[46] S. Szufla, On the application of measure of noncompactness to exis-
tence theorems, Rend. Sem. Mat. Univ. Padova 75 (1986), 1-14.

[47] K. Yosida, Functional Analysis, 6 edn. Springer-Verlag, Berlin, 1980.

[48] Y. Zhou, Basic Theory of Fractional Differential Equations, World Scien-
tific, Singapore, 2014.



Abstrac

Our main purpose in this thesis, is devoted to study the existence of solutions for
various types of fractional differential equations and inclusions with non
instantaneous impulses with the Caputo fractional derivative in a Banach space.
The arguments are based upon Manch's fixed point theorem and the technique of

measures of noncompactness..

Résumé

Notre but principal, dans cette these, est de presenter plusieurs résultats
d’existence pour certaines classes d' équations et d' inclusions différentielles
avec impulsions non instantanées d’ordre fractionnaire au sens de Caputo

dans des espaces de Banach de dimension infinie.

Ces résultats ont été obtenus par l'utilisation du théoreme de point fixe de Monch

combiné avec la mesure de non compacité de Kuratowski.
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