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Chapitre 1

Introduction

1.1 Historic

In 1695, I’'Hopital sent a letter to Leibniz. In his message, an important question about the
order of the derivative emerged: What might be a derivative of order 1/27

In an answer, Leibniz foresees the beginning of the area that nowadays is named fractional
calculus (FC). In fact, FC is as old as the traditional calculus proposed independently by Newton
and Leibniz.

In opposition to what occurs in the case of FC. This difference with classical calculus can
be seen as a problem for the slow progress of FC up to 1900. After Leibniz, it was Euler (1738)
that noticed the problem for a derivative of noninteger order.

Fourier (1822) suggested an integral representation in order to define the derivative, and his
version can be considered the first definition for the derivative of arbitrary (positive) order.

Abel (1826) solved an integral equation associated with the tautochrone problem, which is
considered to be the first application of FC.

Liouville (1832) suggested a definition based on the formula for differentiating the exponen-
tial function. This expression is known as the first Liouville definition. The second definition
formulated by Liouville is presented in terms of an integral and is now called the version by
Liouville for the integration of noninteger order.

After a series of works by Liouville, ten years after his death was published the most impor-

tant paper by Riemann, independently, developed an approach to non-integer order derivatives



in terms of a convenient convergent series.

Hadamard (1892) published a paper where the noninteger order derivative of an analytical
function must be done in terms of its Taylor series.

Marchaud (1927) introduced a new definition for noninteger order of derivatives. This
definition coincides with the Liouville version for “sufficiently good” functions.

Erdelyi-Kober (1940) presented a distinct definition for noninteger order of integration that
is useful in applications involving integral and differential equations.

Caputo (1967) formulated a definition, more restrictive than the Riemann-Liouville but
more appropriate to discuss problems involving a fractional differential equation with initial
conditions.

After the first congress at the University of New Haven, in 1974, FC has developed and
several applications emerged in many areas of scientific knowledge. As a consequence, distinct
approaches to solving problems involving the derivative were proposed and distinct definitions

of the fractional derivative are available in the literature, see [1].

In this work, we will look at fractional derivatives through fractional differential equations
as well as trying to address the analytical and numerical solutions of this equation having the

operator D® define under specific conditions.

1.2 Thesis plan

We propose to study the differential equations of fractional order in the space C}!, and numerical
solution of this equation.

In this spirit the thesis is composed of three chapters:

* In the first chapter, we introduce the tools of fractional analysis necessary to the realization
of the problem of existence and uniqueness of differential fractional equations while passing by
the theories of the operators and matrix, in addition to fractional local analysis tools and
numerical method for the numeric solution.

* In the second chapter,

we show its existence by using the following steps: The first step:



We can reduce the equation in unknown u, Pu = f to an equivalent fractional system,
DU = K(t)U + F, (1.2.1)

where 0 < 8 < 1, has a solution, with det K # 0.
The second step:

Transform the system to a new system,

DU = K(t)U + F, (1.2.2)
where K, is the diagonalized matrix of K, where can we write the system
OPu; = O;u; + fi
t Wi i Uq 2

The third chapter :

The solution of 8,;8 u; = B;u; + f;, we find ug = u, is the analytic solution of the fractional
differential equation. We will explain this in an application supported by examples.

In the fourth chapter, we find the numerical solution u; of the fractional differential equation
by using the local fractional theory and numerical methods and then obtain the solution of the
fractional differential equation by interpolation polynomial P;.

This presents a systematic existence and formulations the solution of fractional differential
equations.

The main difficulties of this research are:

The existence of many definitions of fractional derivative maks the difficulty for use of a
specific definition, we should mention also that we can have several alternative expressions D¢
for the same definition.

The difficulty decomposition of characteristic equation in IR.



1.3 Mathematical tools

The fractional differential calculus is a branch of mathematical analysis that examines the many
different possibilities for the definition of real numerical powers or the complex number powers
of the differential operator D%. In this work, we will consider the different possibilities for

solving differential equations.

The purpose of this part is to present the elements of the theory of fractional calculus

described in this work.

Taylor’s fractional formula

For k integer we have: u(z) = % (z — xo)F .
keZ
The generalization of this formula gives us: w(z) = > ulilzz>£:§())) (z — mo)*™ .

kEZ+
Leibniz’s formula

For n integer we have:

0" (wv) = Z ) " Fudku.

k<n

The generalization of this formula gives us :

0" (wv) = Z (2)8(”_k)o‘u6kav.

0<k<n

Proposition 1.3.1 All operator P of ordre Bm can be written in the form,

P (t, Dfmu) = ng (t, Dﬁmu) ka

k<m

= Dfmu—i— ngkau
k#m
= f%z+ﬁpm—1a

P, is the main part of the operator P.



Proposition 1.3.2 P can be written in the form (Replace Dy with Dt’B in [1]),

P = (pf- )\d)md 0o (Df - )\2>m2 o (D - )\1>m1 + RO, (1.3.1)

R(O) — ZTJ('O)D%B(mij)v T(O) _ rj('O) (t) ’

Proposition 1.3.3 Let P an operator of the type (1.3.1) (Replace D, with DZB in [1]), we have,
m

P = Pjo..oPyoPi+R, R=Y nD)"" (1.3.2)
=0

Fo= <Dtﬁ - )‘j>mj +af) (Df - )\j>mj_1 + .. +al) = <Df - Aj)m" n igz(f) (Dtﬁ 3 Aj)”lj—k’

A€ C-T,T)+C(-T.1]) .9 = ¢ (1) € C(-T,T)) sy = i (1) € C (=T, T)).
Proposition 1.3.4 Let a,3 € Q% and m € Z, we define

[Da,Dﬁ] — Dp°pf — pipe,

[D*, D™ = D*D™— D™D,
Remark 1.3.5 For DPD* = D*"# we have [D D] =0.

1.3.1 Specific functions for fractional derivation

We present the Gamma functions of Euler and Mittag-Laffer, which will be used in the other

chapters. These functions play a very important role in the theory of fractional calculus.

The Gamma function. One of the basic functions of fractional computing is the

Fuler Gamma function, which extends the factorial to non-integer values.

Definition 1.3.6 The gamma function of Euler is defined by the following integral: for Re(a) >

0, we defined T'() by
+oo

I(a)= /to‘_le_tdt, (1.3.3)

0



and incomplete Gamma function is

+oo
I(a,z) = /taletdt. (1.3.4)

T

An important property of the function I'(«) is the following recursive relation:
MNa+1) =al(a).

We define the extension of I'(«) for a negative as follows:
Suppose —1 < a <0s00 < a+1<1andI'(a) is well defined by Euler’s formula, but not
I'a).

We then agree to define I'(«) by the relation I'(a) = F(O‘;l), and the process is extended
step by step.

Thus for —(n 4+ 1) < a < n (n positive integer or zero), we will have:

MNa+n+1)
(a+1)..(a+n)

INa) = -

The Béta function. FEuler’s Beta function is defined by the following integral:

1
B(z;y) = /tx_l(l —t)¥"tdt  (Rex > 0; Rey > 0). (1.3.5)
0

The relationship between Euler’s Beta function and Euler’s Gamma is given by:

The Mittag-Leffler function. The integral representation of the two-parameter Mittag-

Leffler function is

1 [t Pet
E.p(z) = 271_/ﬁa_ezdt, ze€C, Re(a)>0, (1.3.6)
D

where the contour D is already defined.

And the corresponding integral representation of the one parameter Mittag-Leffler function



(in 1903), (for B =1) is Ea(2) = 5 [ L 12 dt, zeC, Re(a)>0 where the contour D is
already defined [1].

The two parameter Mittag-Leffler function [1] was defined by

k

> z
EO‘7B(Z) = Z m, Z,ﬁ S C, Re(o[) > 0.

> z
Ea(Z) = Z m, A C, Re(a) > 0,

and F,(t*) is defined by following series,

Ol

ZF T+ ah) ze€C, Re(a)>0.

k=0
Some Properties Mittag-Lefller Function. Let E,(at*) = Z r lkf 7y 1s the one
=0
parameter Mittag-Leffler function, with 0 < a < 1.
For a # 0
Ey(at*)EL(bt*) = Eu((a+ b)tY),
E,(at*)Eq(—at®) = 1,

D¥(Ey(at®)) = aFEy(at®),
D*(Eqy(at®)Eq(btY)) = (a+b)Eq(at®)Eqy(btY), (1.3.7)

D*(Ey(at®)Eq(—at®)) = D*1=0.

where D® is Caputo or Jumarie derivative [1].

1.3.2 Fractional derivation

One long-standing problem of fractional calculus is that there exist too many definitions while
lacking physical or geometric meanings.

There are many definitions of fractional derivative, that sammit be studied all or enumer-



ated. We will mention some of them :

Caputo fractional derivative, Grunwald-Letnikov fractional derivative, Riemann-Liouville
fractional derivative, Kolwanker-Gangal local fractional derivative, Jumarie modified fractional
derivative, Griinwald—Letnikov derivative, Sonin—Letnikov derivative, Liouville derivative, Hadamard
derivative, Marchaud derivative, Riesz derivative, Riesz—Miller derivative, Miller—Ross deriva-
tive, Weyl derivative, Erdélyi—Kober derivative; Machado derivative, Chen—Machado derivative,
Coimbra derivative, Katugampola derivative, Caputo-Katugampola derivative, Hilfer deriva-
tive, Hilfer-Katugampola derivative, Davidson derivative, Chen derivative, Atangana—Baleanu
derivative, Pichaghchi derivative,....... Unfortunately, most of these fractional derivatives have a
lot of unusual properties.

There are attempts to unify the conditions and characteristics that must be achieved for a

general definition of fractional derivatives.

Some definitions of Fractional Derivatives
We considered Df* in general as a fractional derivative.
Liouville derivative:

Do‘f(x)zi— f x—38) “f(s)ds, —oo0<uz<+00. (1.3.8)

Liouville left-sided derivative:

D3 f (2) = F(;a)j;: (x—5) "L f(s)ds, 0< < +oo. (1.3.9)

Liouville right-sided derivative:

400
ﬂ d” g gyl poy o ~
r(n_a)d$n/( ) f(s)ds, x < +oo. (1.3.10)

T

D2 f(z) =

Riemann-Liouville left-sided derivative:

/(m —5) L (s)ds, a <z < +oo. (1.3.11)

a

. 1 an

(n — o) dz™

10



Riemann-Liouville right-sided derivative:

b

DY f(z) = S Fn o) da / o=l e () ds, @ <b.

Modified Riemann-Liouville fractional derivative:

Caputo left-sided derivative:

x

D2 f (x) = F(nl—a)/ (z— 5) "+ <j:nf (s)) ds, a<z< oo

a

Caputo right-sided derivative:

DF 1) = s [ (S5 9) ds a <

Griinwald-Letnikov left-sided derivative:

n—1
fed _ f(k) ((1) ({E — a)kia 1 n—a—1 p(n)
I = 3 S i o

Griinwald-Letnikov right-sided derivative:

n—1 k) . k—a \n b
G f JJ CL) ( 1) o \n—a—1 r(n)
= Dy f(t) kzo Fn—a—|—1) —l—r(n_a)/(x s) L (s)ds,

Weyl derivative:

|7
D%f (@)= S {/(sm)‘”‘lf(s)ds] oz <o
Marchaud derivative:

D°f () =

11

(1.3.12)

(1.3.13)

(1.3.14)

(1.3.15)

(1.3.16)

(1.3.17)

(1.3.18)



Marchaud left-sided derivative:

o [f@)-f@—s)
/ q

D¢ = . 1.3.1
G f (x) T —a) Jito s, 0<z< 400 (1.3.19)
0
Marchaud right-sided derivative:
1 Tr@—fats)
x)—f(x+s
D¢ = . 1.3.2
“f(x) I‘(l—a)/ Jito ds, x <400 (1.3.20)
Hadamard derivative:
o [f@- 1)
D%f () = ds, 0<uz<+o0. 1.3.21
f( ) F(l - Ol)[(ln(:n/s))lﬂx ( )
Chen left-sided derivative:
Daf()—1d7( ) f(s)ds, c<u<+ (1.3.22)
put $_F(1—a)d:v T—s s)ds, c<zx 0. 3.
Chen right-sided derivative:
Daf()—_1d7( — ) f(s)ds, @< (1.3.23)
o x_l“(l—a)dm T —s s)ds, x<c. 3.
C
Davidson-Essex derivative:
Do, fla) = b 7(x Lt (s, o<z <too. (13.24)
0¥ - T'(1—a)dgnti-k dsk ’ ' o
0
Canavati derivative:
Daf()—1d7( — )" d—nf() d +1l<a< <r<+
DS x_I‘(l—n—f—a)d:ﬁ T — 5 2o s s, n a<n a<czx Q.
(1.3.25)

12



Jumarie derivative:

D§. f (z) = 1“(7;—04)571/ (z —s)" >t (;Z;f (s)> ds, 0<uz < +o0.
0

Riesz derivative:

T

. . 7f (x—s)" T 1 f(s)ds
Dxf(l') = QCOS(Oég)F (Oz)dl’in ++j>o (8_:B)—0‘+”—1f(8) i , —oo <.

Cossar derivative:
N
-1

oA gy ) =0 f(9)ds, 0<z< oo

T

D3+f (z) =

Local fractional derivative:

DS, f () = lim Se) s “

£—00 £

Katugampola fractional derivative:

DS, f () = lim S(e) “

£—00 £

Osler fractional derivative:

JD2f ()= L Te) /D ( 1O

21

We can see [5].

Remark 1.3.7 For 0 < a < 1,n =1, in general the above definitions,
left-sided:

T

/(:c —5)" % f'(s)ds, —00o<a<u,

a

1

Df (z) = m

13

(1.3.26)

(1.3.27)

(1.3.28)

(1.3.29)

(1.3.30)

(1.3.31)

(1.3.32)



right-sided:

b
D f (x) /s—x T (s)ds, v <b< 400,

and

De (Dﬁ f (:c)) — D (Dﬁ f (x)) = DB (z).

Or
left-sided D*f (x) = o= L di

@%H

(x—s)"*f(s)ds, —0<a<uz,

\_/

right-sided D®f (z) = F(_l )di} (s—x) *f(s)ds, = <b< +o0,
and '
D (D) (2)) = D+ () - 1= 0T (a}(f}j)

Some definitions of Fractional Integrals

Riemann-Liouville left-sided integral:

Riemann-Liouville right-sided integral:

1
LY f Fa/ (s)ds, x<b.

Weyl integral:

14

(1.3.33)

(1.3.34)

(1.3.35)

(1.3.36)

(1.3.37)



Chen left-sided integral:

IE f () = a/ (x—98)*"f(s)ds, z>c

Chen right-sided integral:

I f(z) = a/(s—x)o‘_lf(s)ds, x < c.

Cossar integral:

121 @) = i [ o= F ),

—
~—

Erdélyi left-sided integral:

O'x_o'(a""ﬁ) y

Ig,ﬁf (l‘) = T (Oé)

0

Erdélyi right-sided integral:

1558 @) = 555 / (7 —27)* 57T A= L (5) ds.

Kober left-sided integral:

[ﬁgf (z) =

Kober right-sided integral:

x> cC.

/(330 _ So)afl sa(ﬁ—l—l)—lf (S) ds.

f (@) = s [ (s =0 s (s)ds.

We can see [5].

Remark 1.3.8 For 0 < a < 1,n =1, the above definitions in general,

15

(1.3.38)

(1.3.39)

(1.3.40)

(1.3.41)

(1.3.42)

(1.3.43)

(1.3.44)



left-sided I°f (z) = %a)f (x—5)* 1 f(s)ds, —o0<a<uz,
b
right-sided 1°f (x) = %a)f (s —x)* 1 f(s)ds, = <b< +o0.

All definitions are attempted to satisfy the usual properties of the standard derivative. The
only property inherited by all definitions of the fractional derivative is the linearity property.
However, the following are the setbacks of one definition or another:

I) Most of the fractional derivatives do not satisfy D*C = 0.

IT) Most of the fractional derivatives do not satisfy the known product rule
D%fg=gD"f + fD%.
IIT) Most of the fractional derivatives do not satisfy the known quotient rule:
Do f/g = gD”‘fg—2 fD%g
IV) Most of the fractional derivatives do not satisfy the chain rule:
D f(g () = (g ()™ 3™ (g (x)).
V) Most of the fractional derivatives do not satisfy:
DPDef = DPtey.

1.3.3 Some of the most famous expressions of fractional derivative :

Grunwald-Letnkov derivative.

Let the function f(t) is integrable, is known as the Grunwald-Letnkov definition of fractional

derivative :

Definition 1.3.9 If the function f(t) € C™ ([a,b]),and n —1 < a < n then,

n—1
G nHa _ f(k) ((L)(t — a)kia 1 ! _ g)yn—a-l (n) s)ds
D N e S (T [t aas)

=0 a

16



where

SDME Dl (1) =8 DG DR f(6) = DEFPF ().
For 0 < a < 1 expression is,

fla)(t —a)™ 1
Tl-a) T(-a

SDRf(t) =

and

Sppo =

Riemann-Liouville derivative.

Let the function f(t) is integrable expression as following defines,

(1.3.46)

Definition 1.3.10 If the function f(t) € C"([a,b]),and n — 1 < a < n then the integro-

differential expression

t

d" dn
EDf(t) = 1“(711—o<)dt"/(t — )" f(s)ds = d?(.f”*af(t)),a < t.
t
FDR () = pory e | (=" f(6)ds = G o).t < b

a

Here the n is a positive integer number just greater than real number na.

For 0 < a < 1 expression is,

t

/(t —38)"f(s)ds| ,a < t.

a

1 d

fD?f(t) = 1—\(1_0‘)%

(1.3.47)

(1.3.48)

(1.3.49)

The above expression is known as the Riemann-Liouville definition of fractional derivative,

withn —1<a <n.

And,

e DF(If () = f(t),

17



sin—1<a<n,m-—1<3<m,and

(k) t_a)k—a—n
L'k —n—a+1)

RDP(EDPF() = FDrtg(r) Zf

)

dar

T @DRf() = JDI), (1.3.50)
RDO‘(dtnf( ) = fD?+af(t)—gf:()liaz(i__ﬁii)n. (1.3.51)
So,
aDRf(t) =5 DY f (D),
EDF(EDL 1 (1) =8 D] (Dyf (1) =8 DI £ (1),
and

C
R pa -«
DyC = t— # 0.
a’t I'l-a) (t—a)
But, another modification of the definition of (left /right) R — L type fractional derivative
of the function f(x), in the interval [a,b] was proposed by Jumarie [7] in the form described

below,

t
rea )t =) f()ds = I7f(t),  a<0

a

AD§f(t) = 1 jZ(t f(s)ds = L(I'7f(t), O<a<l

&

(fe=m@E)m. m<a<m41.
Using the above definition Jumarie [7] proved,

Dy (f(#)g(t)) = (Di'g(t) f () + g(t) Dy (f(2))- (1.3.52)
Again from the Jumarie definition of fractional derivative we have % D&(C) = 0.

Caputo derivative

Definition of Caputo fractional derivative is given below.

18



Definition 1.3.11 If the function f(t) € C" ([a,b]),and n — 1 < o < n then,

CDRf(t)

e

and

n aflf(n)

mn

(s)dsn,

d
C na — na—l(n) _ h—a R na(ra
EDR) = g [ (= o O s = PG FO)EDE (1 (1)
0
n—1
« «a f(k) a)(t —a §
= @) = £ - 3 A= (1353)
k=0 '
For 0 < a < 1 expression is,
CDaf / t _ 8 af
1.3.4 Fractional derivative of the usuel functions:

() C (t—a)P e sin(at)
Grunwald-Letnkov & D (1) ﬁ(i —a) @ %(t —a)f= | a% | a®sin(at + aF)
Riemann-Liouville ZDg f(t) F(lc_'a) (t—a)™@ %(t —a)f7 | a%® | a“sin(at + aF)

Caputo § D f(t) 0 %(t —a)P~ | a% | a“sin(at + aF)

1.3.5 Integral Transform

Let f(t) be a function of ¢, the integral

+oo
/ K(s, ) (t)dt

19

(1.3.54)

(1.3.55)




is defined as the integral transform (¢) provided the integral is convergent, where K (s,t) known
as the kernel of transformation which is a function is a two variables s and %, s is a parameter
independent of .

Kernel K (s,t) defines different types of transformations, some of them are given below:

e ' whent >0
i) We define Laplace transform of f(t), L(f) if K(s,t) =

0 when t < 0

+oo
F(s)=L(f(t)) = /e‘“f(t)dt. (1.3.56)
0
The following formula seems to be another useful property for the Laplace transform of the
derivative of an integer order n of the function f(t):

n—1
L(f™(1) = s"F(s) = Y "' 7Ff9(0).
k=0
With the help of the inverse Laplace transform, the original f(¢) can be gained from the

Laplace transform,

a+ib
1
f(t) =LY (F(s)) = Tm'bg?oo e F(s)ds, a= Re(s). (1.3.57)
a—ib
Lemma 1.3.12 Fora > >0, a € IR and s* > |a| we have the following inverse Laplace
transform formula

s+ a

-
L [5] = t01 B, 5(—at®). (1.3.58)

For > 3 > 0,a € IR and s* 7 > |a|, we have the following inverse Laplace transform

formula,

( . n+k
—a
1 (4118~ " (a—B)
-1 — sa(n+1)—1 k(a—p3
r {(s“ + asﬁ)"“} t 2 e AT ) (1.3.59)

k=0
Lemma 1.3.13 Fora > > 0,a > d,a € IR, 5% > |a| and ‘so‘ +asB’ > |b| we have,
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n+k

(=b)*(—a)*
1 s° 5 1+OOJroo " k(a—B)+
L~ =1*°" a=p)tna 1.3.
La+asﬁ+b] g %gr(/ﬁ(a—ﬁ)ﬂwﬂ)a—é)t (1.3.60)

Laplace transform table of some basic fractional calculus :

ft) =L~ (F(s)) | F(s) = L(f(1)) | f(t) = L7H(F(s)) | F(s) = L(f(#))
a—1 _ o
i"(a) 510‘ t* 1E0‘70‘(_at ) ﬁ
ol —a 1 a 1
tF(a)e ! (sta)~ t E171+O‘(at) s*(s—a)
tiaE — t b fo
o—at 11-a(at) s (1.3.61)
O0<ax<l
oy L (e, at) ey t°71 By p(at®) o
a—1 a—1
Ey(—at®) (§+(z)‘)‘ 1F1 (o 15 at) (Lf—a)a
«a a A1 . A. s
1 — Eqo(—at?) s(s°+a) T'(5) 1F1 (o; B at) (s—a)®
Laplace transform of some fractional operators with order « :
Derivative Laplace Transform of
Riemann-Liouville R oo Y
- LGP f(1) = 5 (s)
integral o"I7* f(t)
Riemann-Liouville LEDSf(t) = s*F(s) =& D f()1=o
derivative FD f(t) 0<ax<l1 (1.3.62)
LD f(t) = s*F(s) — f(0
Caputo derivative § D@ f(t) GDFF®) (5) = 0)
0<ax<1
Griinwald-Leitnikov L(§ D f(t)) = s¥F(s)
derivative § D% f(t) 0<ax<l1

We will take care only of the terms of the derivation that conform to the following :
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As mentioned previously, there are a large number of definitions of fractional derivatives.
We cannot make use of all the previous definitions and there are several attempts to generalize
the definition of these fractional derivatives’ forms. In this research, we will only care about

definitions that satisfy the conditions, which are:

Condition 1.3.14 Let a € [0,1]. An operator D% is a fractional differential operator if it
satisfies the following :

1) Linearity: D*(f + g) = D*(f) + D*(g) for all f,g € Dom(D®).

2) D°(f) = f for all functions f, and D'(f) = f', for all f € Dom(D?").

3) The product law : D*f (x) g (z) = f (z) D% (z) + g (x) D*f (x).

Remark 1.3.15 For0 < a < 1,n = 1, the definitions,(1.3.13),(1.3.14),(1.3.18),(1.3.19), (1.3.20),
(1.3.21), (1.3.24), (1.3.25), (1.3.26) the above conditions check.

22



Chapitre 2

Existence of Solution

2.1 The existence of solutions for fractional differential equations

This part concerns the existence of solutions for fractional differential equations of the form :

k=n
P (t,D;ﬂ’u) u(t) = ggk(t)Dka’“u(t) = (1), (2.1.1)

then D oy € Q # % the (Riemann-Liouvillle or Caputo or .....) fractional derivative.
The coefficients g (t) € C([to,T]), the function f(t) are defined for ¢ € [tg,T] .Their regu-
larity must be such that for each u € C’g‘,([to, T)),m = max {kart, gm (t) = 1.
= n

—Ysr

To prove the existence of the problem solution(2.1.1), we prove the following theorem:

Theorem 2.1.1 The problem(2.1.1), has a solution.

Proof. We demonstrate the existence of a solution of(2.1.24) by converting it into an

equivalent system that accepts the solution.

Let ak:Z—:;akEIN,bkeIN,b:pgcm{bk},ﬁ:%,i:f and,

1
kay, = ka—k = —kigar, = Bkigar = Bmy,
b b
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with my = kigar € IN,and 0 < 8 < 1, the defined fractional operator by D?,

C([to, T) — Cp([to, T1)

u(t) —  DPu(t)

we can transform the problem to,

k=n
S k®DI () = £(1), (2.12)
k=0

we have fmy = f + ... +  (my fois), we can write D™ = DB . DB = (DP)™ where
0<p<l1.

For each k there are my and d such that, if K <n and d < k1, so

k=n m
> gn(t)D™ = P=Pjo..oP,oPi+R, R=) nDy! (2.1.3)
k=0 1=0

Uz

i=d
Pi = Zgl(;)(Dtﬁ_)‘])nl_ka,L: 17"d7 an =mg
k=0 =1

(&) e C(lto, 1))
= n(t) € C([to, T])

where \;,j = 1,2, ...., be continuous functions on an interval [to,T"), and
(D] = \j) = (D] = A; () .D).

The factorization of the operator P for the determination of the coefficients gi,r; and the
calculation r, the number of roots multiplied.

By studying the case "m' = mj; — r" we extend the study for any order because of m’ =
m—r< ... < m, and Cm=1) C galm=r)

From factorization(2.1.24), we can reduce the equation in unknown u,

k=n

> ge(t)DPMiu = Pu = f, (2.1.4)
k=0
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to an equivalent system.

Without generality loss, but having only a simpler notation, consider the case d = 2 of an

operator with two multiple characteristic roots, we both :

and, by permutation,

with

Py

Py

P=P,oP + R,

P:P10P2+R,

ni
n 1 niy—
(D] — )™+ Y g8l Df — A,
k=1

n2
n 2 -
(D} = Xo)2 + 3 g2/ (D] — Ag)m2t.
k=1

n1
n ~(1 ny—
(D =A™ + g5 (D) = am,
k=1

ng
n ~(2 no—
(D} = x)"2 + > gD — Ag)n2F,
k=1

(@)

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)

The factors P; and P; have the respective coefficients 95k and g}](.l])f of order 0 while the

remainders R and R have respective coefficients r; and 7; of the order [ — my,, and

and

P20P1:P—R,

]510]52:P—R,
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For example : ny =ng =1,

PyoPr = (D =X (H)(Df =\ (1))
= D¥ — (A () + X2 (£)) DY+ Xa () A1 () + DP AL (2)

= th —g1(t) Df + 92 (t),

and
PioPy = (Df =M (0)(D] =X (1)
= D¥ — (AL (t)+ X2 (£)) DY + Xy (t) Ay () + DV As (£)
= D~ () D] +32(1).
And ny =2,

P o= (D] =\ ()= (D] =\ )(Df — A (1))
= D? —2x (t) D + X2 (t) + DI X (t)

= D —gi(t) D] + g2 (t).

Then, given the function u, we define the vector

U= (UO,...,umkfl,umk,...Ukafl)t, (2111)
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Ung—1 = (D) = M), Ungpy—1 = (D) — M)l

~ (2.1.12)
Up, = Pru, Un+ny = Pou,
’LLn1+1 = (Dtﬁ — )\Q)Plu, un+n2+1 = (Dtﬁ — )\1)?2’&,
Up—1 = (Dtﬁ — )\2)"2_1P1u Uop—1 = (Dtﬁ — Al)nl_lpgu.
, N1 + N9 = M.
The equation 2.1.4 is equivalent to,
(D] = M)uj = uja (0<j<nm—2)
B _ < (1)
(Dt - )\1>un1—1 = Uny — k;Z: Ini—k kUn1—k
=1
(Df — )\Q)Uj = Uj+1 (TL1 <j<my— 2)
s _ 3 (2)
(D} = A2)umy—1 = f — Ru — Egmk—k,kumk—k
k=1 (2.1.13)

(D] = X2)tmyt5 = g1 (0<j <na—2)
8 A ~(2)
(D} = A2)Umy+ns—1 = Umytny — kzlgmk+n27k,k“mk+nz—k
(D) = M)yt = Umprjpr (n2 < j < my —2)

8 P — 525D
(Dy — M)ugmy—1 = f — Ru — k21gmk_k’kumk_k

Lemma 2.1.2 Letu and P <t, Df(m_T)u> be as in proposition (1.3.1) and, given the function

u, left the vector u = (Ug, ..., Umy—1, Umys --U2m,—1)"  the matriz defined in (2.1.13)

This gives immediately
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S0,

mg—1
Ru= % r;j(t)u;,
=0
- mg—1
Ru = Z fj(t)umk-Fﬁ (2114)
=0
Tj, ’I:j € C([O, T]),
DEUj:Alu]'—FUjJrl (0<j<n —2)
8 < (1)
Dt unlfl = )\lunlfl + unl - Zgnlfk’kunl_k
k=1
Dfuj = )\2Uj + Ujt1 (nl <j<my— 2)
3 3 (2)
Dt Ump—1 = )\2umk71 +f— Ru-— Zgnlfk,kumk—k
k=1 (2.1.15)

D}ty g = Mottt + Uy jpr (0 <5 <np—2)
B 2 -(2)
Dt Ump+ns—1 = )\2umk+n271 + Umy+ny — Zgnl_k7kumk+NQ—k
k=1
‘Dtﬁumk"!‘j = Alumk"!‘j + Umny+j+1 (nQ <Jj<mp— 2)

D! =) — Ru— 3V
L U2my—1 = AU2my—1 + f U Zgnl_k,kuzmk—m
k=1

we have u = ug, the rest R, R is of order 0.
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And we have

me m—1
2 2
>0 umek = gk u,
k=1 Jj=m1
2 -(2) M )
~(2 ~(2
i Umtma—k = Z Imtmg—5i
k=1 j=m
mo m—1
~(1 ~(1
Zg,ﬁ )u2m—k = Z gin),ijJrj
k=1 Jj=m1
m—1 mi1—1 m—1
ijuj = Z bjUj + Z b]u]
Jj=0 j=0 j=mi
m—1 mi1—1 m—1
bjumy; = bjtm+j + Z bjUm-;
j=0 j=0 Jj=m1
we have
{D?uzzm?MwW4+uj
=1

. J
{WM=;memﬂ+wﬂ
=1
0<7<m—1.

(2.1.16)
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(2.1.14) and (2.1.13) give,

.

Dluj— (Muj+uj ) =0, (0<5<my —2)

7=0

DtB’UJj — ()\guj —I—Uj+1) =0, (m1 <7 §m—2)

j=0 Jj=mi

we put U = (up, ...,um,l,um,...u2m,1)t and F' = (0,...,0, f,0, ...,O,f)t.

The problem(2.1.15) turns into an equivalent problem:

O’U — K(t)U = F,

for a symmetric system Btﬁ —Kofdmg—rx dng—1r,d=2n, since K =

real matrix A;. m

2.1.1 Equivalent diagonal system

In this part, transform the system(2.1.18) to system,

DU = K(t)U + F,
U(0) =G,

where K, is the diagonalized matrix of K.

We need to prove the following tools :

30

3 m1 -2
Dt umlfl - - gm1 j < ) Um1,1 + Uml — 0

mi1—1 m—1
D1 — (- > bjuj— > (bj + gﬁ,f)_j) uj + >\2um1> =f

Dfuerj — (MUm4j F Umtjr1 ) =0, (0< 5 <mg —2)

3 ( m+m2—2~(2) >
Dt Um+mo—1 — | — Z gm+m2_juj <)\2 - 91 Um4mo—1 + Umtms | = 0
j=m
D tmsj — (MUmaj + tmpjp1r ) =0, (mp < j<m—2)
3 ( my1—1_ m—1 ,_ (1)
Diugm—1— | — X bjumej — Y (bj + G, ) Umntj + AMU2m—1
\ j:0 j:m1

)~

(2.1.17)
(2.1.18)

A 0
), is a

0 A
(2.1.19)



Proposition 2.1.3 The system (2.1.18) has the solution,

U e C?([0,T)),

such that,

U Ol < (1+Culd?) | [IF@IEdr| . telo1).
0

Proposition 2.1.4 The solution of (2.1.4),

we ' 'n ¢ (0,1]),
7=0

satisfies
t

[y

m

07u 0] sy <€ | [ 7P ar| te 1),

Jj=0 0

Remark 2.1.5 In both cases C,, depends on normes

(CECIOD] I

Proof. To resolve (2.1.18) in C?, it is necessary that u(t) € C80m=7),

Of the two proposition(1.3.3) and(2.1.16), and for k large enough, operators

qj(kﬁ) (t) : cB — oB(m—r—k)

continuous

and applying derivative fractional 8f = Of ,0 < B <1, (21.4) we get the problems for

fractional derivatives u(%) = 8{3 u,

o (Pu) = {1

(2.1.20)
Pu®) 4 ) (Pu) — Pul® = Pul®) 4 [9°, P]u= P,

with

[0°,P| =8’ P — POy

31



We obtain the matrix of components ug-ﬁ ),

U:(u§5);0§j§2m—1,0<ﬁ§1), (2.1.21)
obtained from (2.1.12) by replacing u by u(?), on the other hand,
of (Pu) = PPu+ Pu® = Pul®) + 07, P| w,

S0,

PBy = [85,P} Uu.

Proposition 2.1.6 Let the vector U = (U, ..., Umy—1, Umys ---U2m,—1)" defined by (2.1.12).
For each k there are my, and r such that, if k < n, there is then a matriz Q = Q(t).
Where,

D™y = QU,Q € C([-T,T)) (2.1.22)

Proof. We can suppose |\;(t) — Ai(t)| > 0,i # j and,

p(t) =77+ ga(t)7”,

we can write, p,(t) = (W),j =1,.....d, wehave Vi # j p;+p;, = 1let pjAi+p\j = P,

so (mi=m)

d d d d
Vit G O] (0 +e)) T OLD (i +pirg)) =77,
j=li=1 j=li=1
i#j i#]
therefore,

d d d d d
7 = ()T + )™ Y i o))

Jj=li=1 j=li=1
i#j i#j
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because,

(r)k=(m=1) ZZ pj+p))" '“ZZ piXi + pidg))Fmm=h),

j=li=1 j=li=1

i#] i#]
and,
d d %
(X 2o (pjdi + piAg))
B d d J=1z;}
L= =00 (o +p)" " —
jzlj;; (22 2 (gjXhi + girg))m=D
j=li=1
i#j
d d &
(Z Z(pj)\z + pz)‘J))
d d jZIl;II
= QD (o +p))" T —
j=li=1 (2, ))r)im=b
1#] 2
d
()0 ‘L
= o O s+ )™ FOD J(pihi+ pid))F
j=li=1 j=li=1
i#£] 1#£]
S0,

d d d d d
= () ) T h ) (2023)

For d = 2 we have,

B _ B _ B _ B _
7-5 _ (7' )\1 _ T )\Q)m_l_k (7' )\1)\2 _ T )\2)\1)k
)\2—)\1 )\2—)\1 )\2—>\1 )\2—)\1
1
= ()" HET = M) (S =) (= e
2 — A1

+(= (77 = X)) M),

and, by Newton’s formula, we have
m—1—k k
7_6: Z Z [( )m 1-k1— k2()\2_)\1)1 m()\l)k kl()\Z)k2] (Tﬁ_)\l)kl—i-kg (TB_AQ)m—I—kl—kQ
k1=0 k
,on put T

g, = (=1 RR (g ) O )R (g ke (2.1.24)
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we have

where ord g

(k)
k1 ko <k4+1—my.

Posed k3 = ki + ko,

nit+ngo—1

+ Z gl(cl;) (7'5 — )\1)’“3 (7'5 — )\g)m_l_k3

ks=n1
ni—1 L
Z g](gS)(TB . )\l)kg (Tﬂ B )\2)m—1—k3
k3=0

no—1

+ Z gl(c];)(Tﬁ _ Al)k3+m (7'5 _ )\2)%,1,;63
k3=0

1) In this sum, for ks = k1 + ko < n1, let us write

and,

(Tﬁ _ >\1)k3 (7./3 _

(7.6 _ >\1)k3 (7./3 _

A2)"2[(77 — A1) + (A — Mg ihe
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(2.1.25)

(2.1.26)

)\2)n2+n1—1—k3 — (Tﬁ _ Al)k3 (7.6 _ )\2)”2(7'6 _ )\2)711—1—163



(7"8 — )\1)k3 (Tﬁ — )\2)”2[(76 — )\1) + ()\1 — Ag)]nl_l_k‘q‘

— (7’8 _ Al)k3+”1_1_k3_j (Tﬁ —Xo)"2 (A — Ag)j
= ()\1 — )\Q)j(T’B — )\l)n1—1—j (7‘6 — )\2)”2 (2.1.27)

2) and for k3 = k1 + ka2 > ny,
(77 = A)Fetm(h — Ag)mamtohs = (78 — X)) (70 — Ap)Fs (78 — Ag)na—ihs
= (17 = M) (17 = Xg)" 218 = Xa) + (g — M)
and,
(T8 — A )R8 (78 — Ng)mtne—l=ks — (76 _ N ymths—ni(rf _ Ny )y tna—l-ks
= (78 — )™ (78 — Ak (£8 — \g)mAna—l=ks
= (T8 = A)™ (78 = Ng)rrAma—l—ks [(Tﬁ —A2) + (A2 — )\1)]

k3—nq

S0,

(77 = M) (P = Ay H IR [(7F — hg) 4 (Ag — Ap)) ™
ks—n1
D D Y L G P L e e PPV
7=0
ks—n1 ' A
= > e = MY = a)m(r? = At (2.1.28)
j=0

and, If we have nj; +ns = my and j' = j — ny in the second sum, so
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Z g](c’Z) (7_,3 o )\1)k3+n1 (’TB . )\2)n2—1—k3

=0 7=0
ng—1

g(k) (Tﬁ _ )\l)nl
k3=0
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ni+ng—1

Z gl(c’;)kz( B _ )\l)j(Tﬁ _ )\2)n1+n2—l—j
§=0
ni—1 ‘
= Z G, (70 = M) (77 = Ayt
ni+ng—1 ) A
+ Y gL @ = M) gt (2.1.29)
Jj=n1
ni—1 ‘
= Z G, (70 = M) (77 = Ayt
no—1 ‘ A
+ Z G (P = M) (78— ng)na 1o (2.1.30)
ni—1 ' ‘
= Y AT A (P gt
§=0
neT ! . .
+ Z g(k) S )P = Ag) 2 (7P N )
(2.1.31)
we have
ni+ns—1 . . ) ni—1 L '
D gAY e = R g = A = )
Jj=0 j=0

ng—1
+ Z 9,
Applying again Newton’s formula, we get

ni—1

= Z bg{?(Tﬁ - Al)j(Tﬁ -
7=0

no—1

A2)"? + Z békj) (7-5
j=0

Wlthordb()<k—|—mk—mz—]<k’—m—|—r
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From (2.1.12), this gives

ni—1
DIy = Z b (78 — M) (78— Aa)2u + z b3 (78 — Xo)i (77 — Ap)™u
. et " (2.1.32)
b1]Um+n2+j + Z bgjum 145 + Z 4] Dl
ordrl(k) Sk—l—lgk—mgk—m—i—r,ordbg? <k—-m-+r.
The third sum, we can substitute D,lfu with the expression given by (2.1.32) itself.
Repeating this process k' +2my — 1 = k' — (—2my, + 1) times, we get
K/ ni—1 ( no—1_ ;
Dy u = Z 513 Umng+ng+j T Z bQJumk 1+5 T Z 7“1 Dt“
: : (2.1.33)

ordbl()gk—mk+r, o'rdrl()g—ka—l—r—l—l

Now, we use (2.1.16) for Dfl in the third sum of (2.1.33) in order to obtain for each of k,

nggmk—l

Dfﬂu

n1—1 no—1
}: (k) 8L
Z bljum+n2+] + ZbQJUmk 1+j + T Dt u
ni—1 na—1 ni+n2—1
Biy
Z bl]umk+n2+] + ZbQJU"nk 145+ Z D
ni—1 no—1 ni+ns—1 7
Z bl]umk+N2+]+ Zb2jumk 1+5 + Z E :T Uj— l+u]
j=0 =1
ni—1 ng—1 ni—1 J
Z bljumk+n2+g + szjumk 145 + Z ZT’I Wi+ uj)
7=0 I[=1
no—1 J
Jj+n1)
+ § Zrl Ujing—1 + Ujin,)
7=0 I[=1
ni—1 no—1 ni—1 ]
Z T wa“mk D Zr, uj—i + uj)
7=0 I[=1
no—1 J
Jj+n1)
+§ : Zrl Ujtn,— l+uj+n1)
7j=0 I[=1
ni—1 no—1 ni—1 no—1
(k) (k) (k) (k)
D Vi it + ) by Sy —1 T Y T Umynat T ) o 14
Jj=0 Jj=0 Jj=0 Jj=0
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We put @ =

ni—1 na—1 ny—1 no—1

K . .
Z T W1 ¢UNETE T S ( (ARSI Sy (T

=0 =0 =0
ni—1 no—1
k) k

SO+ gy + > 08 4 81

j=0 7=0
ni—1 ng—1

Z ql]umk+n2+1 + Zq2]umk 1+j

7=0 7=0
ka—l

> My, ord ¢ < Bk —my)

§=0

2mk 1
Dﬁku = Z qj u], ord qj( < B(k—my) (2.1.34)
7=0
(QUth ""7q2mk71)a S0

ka—l

QU = (q07 g1, - q2mk71)(u07 vy Umy,—1, Umy,» "'u2mk71)t = Z QJuj

It is sufficient to note that we have executed a finite number of products, depending only

on my,n, and applying proposition (1.3.4) to fulfil the proof D™y = QU. m

Proposition 2.1.7 For every 0 < k < m—r there exists a matriz of functions F' and a matrix

Q such that,
9P Plu=FQU,0<pB<1
[ ] QN & (2.1.35)
FeCP0,T];Q € CP0,T)
Proof. The demonstration is achieved in steps :
First step: we define
t
U(‘”:( @, 0<j<2m—1> ,
then (2.1.21) becomes,
0= (V®:5<5(m—1).
By replacing in (2.1.22) u by 9°u we obtain,
DAm=") (8'8u) =QU®, (2.1.36)
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from which the desired shape

[aﬂ, P} u="Y" fs, (t; Dﬂ<m—r>u> 8 DAM=T) 4. (2.1.37)

o <mn
0<y<B

Second step :
[ |

Lemma 2.1.8 Let A1(t) # (1),

have

l
(i) [a, (D =) ] = ¥ ay (DF =x) " 1<i<ng,0rd ayy = kB
for any operator a of order h ;

(i) [(Df - Al)l () - Ag)d} = = a (pf - )\1>H (- AQ)H,
L<l<m1<i<myordap =F(i+j—1)

(i) [(D? )" (o - )\2)”2_(1} = v (0 n)" (0F )"

1<

+ 3 n(D) - Ag)”ﬂ (7 - )\1>m

1<i<d

( J

+ E: CU‘<Z)? —-A1> (Z)f —-Ag)
1<i<ni—1
1<j<no-—-1

1<1<n1<I<ng,l+d>1,ord(a;b;) =5 (-l —d+1i),ordc; =
Blm—l—d—i—j—1)

Proof. (2.1.8)( [6] ) Let P, @, R three operators. We have the identity:

[P, QR PQR — QRP

— PQR- QPR+ QPR - QRP
— (PQ-QP)R+Q(PR— RP)
= [P, QIR+ Q[P R]

[P,QR] = [P,Q|R+ Q[P, R], (2.1.38)

provided that all compositions are well defined.
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By using (2.1.38), can prove (z) by induction on [, we put 9% =DP — A i, and
J t J

bt = [eora) )]

l d n1—1t n
- B B B ! B 2
i D—)\,D—)\g]: a; (D? = DP — ),
@) (0 2) (0= 3)] = 2 i (0F-)" (02 )
by (i) and(2.1.38). We prove the equality (i7) with [ = 1,

(02 =) (02 =2)] = [(97 ) (92 a) (92 )
- (o =) (o7 =), (o =)
F[(0F - n). (07 - )] (07 - 2)"
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. _Z_ (p7 - )\2) (7 - )\1) (Dﬂ Ag)d A (D7 - AQ)M (D7 =) (7 - A2)d_j

1<j<d

= D akj (Df—)Q)

1<j<d
By dint of (7), (i¢) and(2.1.38), we prove (ii).

—J

We have the representation of the identity operator
lzq(Df—)\l) —q(Df—)Q) +r
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with ¢ (¢) = m and 7 (t) d’ordre —1,
we prove (7i¢) by induction on [ + d the use of (i), (4¢),(2.1.38) and identity in

(D,@B _ /\1>n1_l (Dtﬁ — )\2)n2_d = <Df — )\1>nl_l [q (Dtﬁ — )\1) —q (Dtﬁ - )\2) + 7’] (Dtﬁ - )\2>n2_d~

Since one must only perform compositions, depending on [, d, and n.
End of the proof of the lemma(2.1.8).
Third step :

Let 6 such that (M —r+1) < 6 < BM (r > 1),M < m after (1.3.2) we have P =
PP+ R.

Only the larger order terms that 3 (M 4+ m —r) can appear in [0°, P],
[85, P2P1] = [86, PQ]Pl -+ Pg[@é, Pl]

Let’s use again(2.1.38)and (1.3.2), We have

1

[ PP = (0, <Dtﬁ - >\2>n2] (Dtﬁ - /\1)n ‘
+30[0°, a§_2)] (Df B )\2>n271 o) (Df B )\1>n1ﬂ
2¥)

+ %a§2)[857 (Df _ )\2)”2#]&51) (Dtﬁ B )\1>n17i (2.1.39)

1<i<ml1<j<mgi+j>1,

the factors of the second member in equality(2.1.39) are the compositions of the operators
ni—1 n 7j
a,[0°, g, (Dtﬁ - )\1) 1 ; (Df - )xg) 7 with ord (a) =0, ord(q) < 1.

Repeated use of(2.1.38) given

(0] =) 1= 2 (07-n)"
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Because

@ (07 -x)"T =

where, we have

0
%0l = > < >q(7)8‘57 = Y a7, orda, <0,
0<y<é 4 0<y<s
lyl<r [yI<r
the rest contains all the order terms < 8 (|d] +m —r) in (2.1.39).
On the other hand, (2.1.40) and () of the lemma (2.1.8), and all order compositions >

B(|6] +m —r) in (2.1.39), entrain

( 2 iy (‘Dtﬁ - )\2>n2_j (Dtﬁ — Al)nl_i 7,

4,3,Y
1<i<ml<j<ng,i+j<r

(2.1.41)
0<~v<d, |y <r—i—j
ord a;j, <0
fori+j > 2,
( ni—l n
0%, BalPL = b, (D)= 01) " (D] = 2g) 004
Ly
ng—d ni
biny (DF = 22)" " (DF = x) " 0 4 R
d% by \Tt T2 £ (2.1.42)

1<Ld<r—1,0<7;,7 <0, M| <r—1Llyl<r—d

ord (biy,,bay,) <0,0rd (R) < |6] +n—r.
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R can be replaced by > Can %79 cq  ordre 0.
la]<n—r,|8]<]9]

In the same way, we get P2[0°, Py].
Apply the(2.1.42) operator to function u, we get

Z f vqw V7 ,ordq(a) <0,

la|<n
0<~<5

than,
Q= (o0 alf) ) O = (a0, ) )
and,
F = (fo, f1, s fom—1) »
S0,

N7 g 6 o k) 5 t
FQU = (5717 énz_1> G I R R

- Z fawqw w

|| <m
0<~<5

{86’]3}“ - Z 18 ﬁqw w

|| <m
0<~<5

= FQU .
Let (2.1.16) (2.1.35), allows to write

F (t pAM-+m=r) ) — B+ F (t,DB(MJ“m_T)u).
U

Ja ( +. pB(M+m— 70) C}

with
Fy=(0,....,0, f,0,....,0, f),
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the systems (2.1.13) and (2.1.14) prove that the equation (2.1.20) is equivalent to the system

FT—KT-FQU=F

where

U - K U =R, (2.1.43)
with,
K = K +FQ
K = K (t,p70m=) = Q (1, DTy ),

F::ﬁ@pwwwwymzm@.

The operator af — K is symmetrical and K a real diagonal matrix.
So far, taking the proposition (2.1.6) into consideration, we have proved the following result

of posedness for equivalent problems(2.1.4) and (2.1.18) : equivalent problem: 85 U—-K@t)U =

Fy is a simple form

Oui(t) = (Df - )\j(t)> wit) = f;(t),j =1,2i = 0,..2m — 1. (2.1.44)

Which means that if equations (2.1.45) is an accepted solution, the solution of equation (2.1.45)
isu=mwug. m

Remark 2.1.9 In case =1, in the same way as before, we get an equivalent system,

U —K@t)U =F, (2.1.45)
and
(Dy — Aj(8)) uilt) = fi(t),5 = 1,20 =0,..2m — 1, (2.1.46)

and (2.1.45) accepts the solution in accordance with the terms of the first-order system

equations solution.
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Chapitre 3

Analytic solution

The existence of the solution does not mean that it can be set analytically. In this chapter, we

will use some techniques to find analytical solutions?

We’re going to take a look at fractional differential equations of the form :

k=n
P (t, D;ﬂ’u) w(t) = 3 gr(t)DFult) = f(t), (3.0.1)
k=0
with
P = Pg @) P2 o ...Pm, (302)
SO e
(ProPyo..Py)u(t) =Y gu(t)D ™ u(t) = f(t),gn(t) = 1,
k=0
and,

Py = (D] = \)™ = (D} = X)(D) = \)..(D] = X)), > ni =n. (3.0.3)
=1

So, in this chapter we’re also going to have an example dealing with fractional differential
equations with Laplace transforms as well as a discussion of some larger systems of differential

equations.

Here is a brief listing of the topics in this chapter.
In this section, we’ll start the chapter off with a quick look at some of the basic ideas

behind solving fractional differential equations. Included will be updated definitions/facts for
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the Principle of Superposition,

Homogeneous Differential Equations — In this section, we will extend the ideas behind solving
« order, homogeneous differential equations to higher order.

We are concerned with solution u(t) of equation(2.1.44), which depends on the solution of
equations,

Difui(t) — Ai(t)ui(t) = gi(t). (3.0.4)

Which can be write into the system,

Diuia(t) = Xi(Quau(t) = 0, (3.0.5)

Dtauim(t) — )\i(t)ui,p(t) = g,-(t). (306)

Assuming that Equations (3.0.4) accept the solution w;(t) = w;p(t) +u; q(t), where (3.0.5)
is called homogeneous equations, and (3.0.6) non-homogeneous equation.

Where u; g(t) is called homogeneous solution of equation (3.0.4), and w; p(t) the particular
equation(3.0.4), whereas wug(t) = u(t).

For o = 1, the differential equation of the first order is famous.

For a # 1, the fractional differential equation :

First, A(t) = A is constant and D{'u(t) — \u(t) = g(t).

We look for the general solution of homogeneous equation Diu(t) — A(t)u(t) = 0.

I will be interested in solving the differential equation (3.0.4) by solving the homogeneous
equation (3.0.4) or solving the differential equation(3.0.6), for which the particular solution is

known,

Considering the derivative of function f(¢) > 0 with order 0 < a < 1,we suggest defining

the fractal logarithm

Lng (f(t)), which are subject to properties D ( Ln, (f(t))) = D;(ngt) and Ln, (e%) =

(a)®

T(a+1)"

The following properties can be inferred
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1- if a =0,Lng (e*) = Ln, (1) = 0.

2- Lng (A.B) = Lng (A) + Lng (B) ; Lng (A/B) = Ln, (A) — Ln, (B)

3-for A=1,Ln, (1/B) = —Ln, (B)

For a # 1, A(t) = A, is the fractional differential equation Dj'u(t) — Au(t) = g(t).

3.0.2 The general solution of the nonhomogeneous fractional differentials

equations

Let the fractional differential equation
Dfu(t) — X () u(t) = g(t) (3.0.7)

Now, we propose some techniques for solving the (3.0.7) fractional differential equation

I) A(¢) is contunus function :

A) If we can write A () in the form

A = 200 (3.0.8)

with 6 (t) # 0.

The general solution of the homogeneous fractional differential equation is

Dfun (1) + b ftg’” w(t) = 0,
() Dpunt) + Do) _
0 (1) B
D6 (t)un(t)) = 0
up(t) = H—Ct) (3.0.9)

And the particular solution, remplacing (3.0.8) in (3.0.7) ,we get

0 (t) Difup(t) + D70 (t) up(t) = 0 (¢) g(t)
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S0,
we have

Or by using the value of a constant in (3.0.9),

et
up(t) = @

we have

Difup(t) = A (@) up(t) = unr(t)Di'c (t) + ¢ (8) Diup (8) = A(t) ¢ (t) un (t) = g(t)

ur (t)Di'e () = g(t)
is giving
c(t) = I;* (6 (t) g(t))
output
_ 1P g)
Outcome
_ eI () g@)
u(t) = 0
B) If we can write A (¢) in the form
A =2 g ftgt) (3.0.10)

with 6 (t) # 0.
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The general solution of the homogeneous fractional differential equation is

.Dfuh@>‘D§Z$’uh@> .
6(t) Dfun(t) — DO6(t)
92 (t) uh(t) =0

up(t

o [ga] = 0
un(t) = e (t)

And the particular solution, remplaceing(3.0.8) in(3.0.7) ,we get

0 (t) Difup(t) — D70 (t) up(t) = 0(t) g(t)

0.(t) Diuy(t) — DO (D up(t)  g(t)
02 (1) 0(t)

| Tu®] )
“[em]‘ew’

we have

Or by using the value of a constant in(3.0.9),

we have

Difup(t) = A (1) up(t) = um (1) Dy'e(t) + ¢ (¢) Diup (t) = A(t) ¢ (8) un(t)

so,

is giving

o1

(3.0.11)



output

Outcome

u(t) =0 (1) (c+ I (6 (1) g(2))) -

C) Using the fractional derivative of chain rule :

Let y > 0 and f(y) = In(y), f'(y) = i, by usig the chain rule [7]

Di'f (g(t)) = fg (9 (£) Dig () ,

we have

Dy In (u (1))

The general solution of the homogeneous fractional differential equation

D u(t) — A (t) u(t) =0,

can be written as

Diru(t)
aw W
So,
Lng (u(t)) = I7A()
ug(t) = celi M)

And the particular solution, by using the value of a constant in (3.0.12),

up(t) = ¢ (t) I,
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we have

Dt up(t) = X (8) up(t) = un (t) Di'c (¢) + ¢ () Difup (1) — A(t) ¢ () un (t) = g(t),

S0,
un (t)Di'e(t) = g(t)
is giving
e(t) = I (g(t)e 20
output
up(t) = eI (g(t)e= D)
outcome

u(t) = efF ) (C+ e <g(t)e—lf‘)\(t)>>

IT) A(t) = A is constant :

A) Using the Laplace transform

Proposition 3.0.10 Let the fractional differential equation Du(t) — Au(t) = g(t) Using the
Laplace transform, F(s) is obtained u(t) = L~( Gs) Jwith G(s) = L(g(t)) and F(s) = L(u(t)).

SE—\

Proof. we have

L(Du(t) + Mu(t)) = L(Dfu(t)) + AL(u(t)) = L(g(t))

So u(t) = L_l(g(jz\) ]

Example 3.0.11 g(t) =1+¢t, G(s) = L(1+t) =144 =31

_ s—1 _ 1 - 1
ut) = Iy~ ) Y )
e LN ) S L () = 3 (- Balat®) — 17 B (—at®)
2 8(8a+>\) (5a+)\) Y « o



B) Using the Mittag-leffler function

Proposition 3.0.12 the fractional differential equation Dgu(t) — Au(t) = 0 has solution in
the form u(t) = Eo(At®), where E, is Mittag-leffler function.

Proof. let u(t) = E,(At*), we have

Du(t) = DX Eq(M®) = AEq(M®) = Auft).

]
And the particular solution, by useing the value of a constant in (3.0.12),

up(t) = c(t) Ea(AtY)

we have
Ditup(t) = A () up(t) = up (t)Di'c (t) + ¢ () Difug (1) — A () ¢ (t) um (t) = g(t)

S0,

Ea(X*)Di'c(t) = g(t)
is giving

o 9(t)
t)y=1

=1 (555m)

output
g(t)
t) = Eq(AtY) I}
w(t) = Ea et (5250 )

outcome

u(t) = Ea(A®) <c+ft“ <Eag<(2a)>>

C) Using the exponential form

Proposition 3.0.13 the fractional differential equation D{u(t) — Au(t) = 0, has it solution in

1
the form u(t) = ce**t.
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1
Proof. Let u(t) = ce**?, we have

1 1 1
Dfu(t) = Dfce’™t =Dl 4+ A IDoe
Lia A&t | A&L At
1 x « o
= c(Aa)e "+ e " ' Di'c = che

= Au(t).

And the particular solution, by using the value of a constant in (3.0.12),

up(t) = ¢ (£) M

we have
Diup(t) = A(8) up(t) = un (6)Dic(t) + ¢ (¢) Difup (t) — A(t) c (1) un (t) = g(t)
D (1) = g(t)
is giving
o-n(2)
output
() = (2
outcome

ult) = N1 <c L Ip <:A(t)t>> .

Without generality loss, but having only a simpler notation, consider the case n; = 1 and

i = 1,2 of an operator with two characteristic roots A1, Ao.

Proposition 3.0.14 Let A\; (1), 2 (t), 0 < 8 < 1 and the fractional differential equation:

(DF* = (O (8) + X2 () Dt + (M (1) A (1) = Dfda (1)) w = f(1) (3.0.13)
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FEquation (3.0.13) has the solutions.

Proof. Let the fractional differential equation
(D = A () ua (t) = f(2) (3.0.14)

with the solutions of(3.0.14) is uy () = uyp (t) + w1y (t).
And
(D — X2 (t)) uz (t) = w1 p (1) (3.0.15)

with the solutions of (3.0.15) are ua (t) = ugp () + uayp (t).
We have

(D = (A1 (1) + A2 (8)) D + (A1 (8) A2 (1) — DA (1)) ua,n (1)
= (D%uzp (8) — (M (8) + A2 (1)) Dftug (1) + (A1 () Az () — DAz (1)) uzy, (1)
= D (D} = A2 (B)) ug,n (8) — Ax (8) (DF — Az () uz,n (¢)

0,

= D (0) = A (?)(0)

0 ugp, (t) is the general homogeneous solution of (3.0.13).

And

(DF* — (A1 (t) + A2 (£)) Dy + (A1 () A2 (t) — Dffxg (1)) uzyp (1)
= (D%ugyp (t) — (A1 (t) 4+ A2 () Dftugy (8) + (A1 () Az (£) — D A2 (1)) ug,p (1)
= Dy (D} — A2 (1)) ugyp (t) — A1 () (D — A2 () uzp ()

= Difuip () = A (Huap () = (DFf = A () ua (8) = f(2),

so ugp, (t) is the particular solution of (3.0.13).
Outcome wu (t) = ugp (t) + ugyp (t) is the solution of (3.0.13). m

Remark 3.0.15 In the same way for case \1 (t) = A2 (t) ,n1 # 1.

We can generalize this proposition,

56



Proposition 3.0.16 Let \; (t),i =1, 0 < 8 <1 and the fractional differential equation :

(D7 = )™ (D) = 2)™..ccs( DY = M) ) w (2) = £(2). (3.0.16)

The general solution of equation (3.0.16) of the form,
u(t) = Cit* =V, g (t) +ug.p (1), k=1,..,n;

With, w; g (t) is the solution of homogeneous equation (Dtﬁ —Xi (t))u(t) =0, and we get ug p (t)
of the solution,
(D = Ao (8)) 1 () = ()
(D) = Xi ()ui—1,p () =uip (t), i=1,....m— 1.

Proof. Let the fractional differential equation

(D = A1 () ua (t) = f(2), (3.0.17)

with the solution of (3.0.14) are uy () = uyp (t) + uiyp (t).
And

(D = i (1) g1 (B) = upyp (8) , K =1,., > ni=n, (3.0.18)
=1

with the solution of (3.0.15) is ug41 () = wpr1,n (£) + wpy1,p (1) -

We prove by the recurrence

P(m):u(t) = Cit* Yy, g (t) +ugp (), k=1,..,n, (3.0.19)

is the solution of (3.0.16).
For P (n = 1) is true, proved in the precedent proposition.

Assume P (n =1) is true, then P (n =1+ 1) also is true.
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Let P(n=1):wu (t) =upn (t) +up (t) be the solution, and let w41 () = w4 4 (1) +uiyp (t)

thus P (n =1+ 1) is true.
Therefore, we finish the proof with the conclusion that n is true. =

In the nexte we try all cas possiblle,

3.1 The differential equations

The decomposition of P = P; o P, + R,with (R =0 Or R # 0) remainder (existence or nonex-

istence ).

We shall apply with differential equation, with 5 = 1.

3.1.1 The differential equations (§ = 1) with remainder nonexistence R=0:

Example 3.1.1 In this example, let the differential equation with § = 1,and , R =0,

u") —5u) + 6u = 2¢t, (3.1.1)

write D3u — 5Dyu + 6u = 2¢€!, is clear my = 2, and the function characteristic

D?u —5Dyu +6u = 2¢
(Dy —3)(Dy —2)u = 2

P,Piu+ Ru = f,

so,

)\1:3aA2:27
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andd=2,n=1,n9 =1, so

DA = DiAg =0,

we have

PPy = (Dy — 3)(Dy — 2)u = (Dy — 3)(Dy — 2)u = P,P; = 2¢,

and,

The system equivalent with B =1 is,

Dfum_1 = MUp,—1 + Up; — Egnl kUni—k
(Dtﬁ = A2)tmy—1 = f — Ru — Egnl)—kumkfk
k=1
So

(Dy — M1 + ggl))uo =
(Dy — A2 + bﬁl) + gf)) = —bél)uo + f

and

(

= (D=3)+ ") (D -2)+g)u+ Ru=f
(D-3)(D— 2)u—|—g§1)(D — 3)u+g§2)(D 2)u+g(1)g§ u+ Ru = f
(

Dy —3)(Dy —2u+ Ru = f

After compensation, we get with ny = 1,n =1,

(0 _ g g g® _ @ gy o @ g @ 0

then g, =0,9

s0,

(D —2)(Dy—3)u+ Ru = f

(Dt—3)(Dt—2)u+}~%u = f
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and

SO

the system s produced

with

o O O W

Diuy =

Diuy =

Diug =

Diug =

3ug + uq
2up + e
2ug + ug

3uz + €

U — K(t)U = F

, det K # 0, so the system(3.1.2) has a solution.

We need only the system,

0 00

200 ,and F' =
0 20

0 0 3

Uy = u

(D¢ — 3)up = uy
(D¢ — 2))ug = 2¢t
(Dy — 2)ug = us
(Dt — 3)ug = €
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and just solve the differentials equations of the first degree

(Dr — gi (1))ui = fi (1)

The solution of(3.1.3) s :

The solution of (Dy — 2)uy = 2¢', is up = c1e? — €,

50 (Dy — 3)ug = —et, is ug (t) = coe3 — 2¢t.
So, the solution of (D — 3)ug = €', is uz = cze?* — €,
s0 (Dy — 2)ug = —€', is ug (t) = coe — 1et.

So the solution of (3.1.1) s : u (t) = c2e3 + c1e?* + 2¢t;

Verify that the general solution satisfies the differential equation (3.1.1)

1
u" (t) = 9cpe3t —dere® + iet
1
—5u' (t) = -5 <30263t —2c1e® + 2et>

3t 2t , 6 4

6u(t) = 6coe” — 6cre” + 3¢
7 / 3¢ ot 1 6 1\, ¢
u’ (t) —5u' (t) +6u(t) = (946 —15)cee” + (10 —4 —6) cre” + 54—5—5 e’ =e".

Example 3.1.2 In this example, let the differential equation with § = 1,and , R =0,

u® — 503 4+ 9u®) — 74D 4 2 = g™, (3.1.4)

write Diu—5D3u+9D?u—T7Dyu+2u = 8¢, is clear my, = 4, and the function characteristic

r4—5r3+97’2—7r—|—2:(7"—1)3(r—2):0
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so,

(Dy —1)3(Dy —2)u = 83\ =10 =2,

P,Piu+ Ru = f,

andd=2,n =3,n9 =1, so

Dt)\l = _Dt)\Q - 0,

we have

PPy = (Dy — 1)3(Dy — 2)u = (Dy — 2)(Dy — 1)3u = PPy = 8¢,

and,

Ru=Ru=0
The system equivalent with 5 =1 1is,

8 5 o)
Dt Up,—1 = Alunl—l + Un,; — gnl_kun1—k
k=1

n2
(DY = A\p)timy—1 = f — Ru — glgg§>_kumk_k

So
(D¢ = M1 + 99))“0 =u

(Dy — A2+ bgl) + 952))u1 = —b[()l)uo + f

and

Pu = (PboPi+Ru=f
= (D=1 + gD -1+ gD~ 1)+ gD —-2)+ ¢ )u+ Ru= f

= (Dy—13(D;—2)u+Ru=f

After compensation, we get with ny = 3,ne =1,

then o) = o = 0, = g = 0,6 = 5,42 9,6 = 7,80 =2,
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s0,

and

SO

(D; — 1)*(D; — 2)u + Ru

(Dt —2)(Dy

Dy

(
(Dy
(

>

t

(

S

)

t

™)

(
(Dy
(Dt

(D

o~

Dtuo
Dtul
DtUQ
D;ug
Diuy
DtU5
Dtu6

DtU7

~13u+Ru

luo = U

)
)

—_

u = U2

H
\

1)UQ = us

uz = 8

w
|

2ugs = us

o~
|

—_
ot

)
Jus = ug
)

Lug = wuy

=]

Duy = 8%,

= Up+u

= uj+uo

= U9+ us

= 2ug+ 83
= 2uy4 + ug
= Us+u4

= Ug + Us

= us+ 8™,
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the system is produced

oU—-KtU=F (3.1.5)
with
10000000 0
01 00O0O0UO0O0 0
001 000O0TUO0TU 0 0
00020000 Qe3t
K = ,and F =
00002000 0
000O0O0OT1TUO0OU 0 0
000O0O0O0T1O0 0
000O0O0DO0T 01 Re3t

, det K =4 # 0, so the system(3.1.5) has a solution.

We need only the system,

(3.1.6)

and just solve the differentials equations of the first degree
(Dt = gi (1))ui = fi (1)

The solution of (3.1.6) is :

The general solution of the homogeneous equation (3.1.4) is

up (t) = (cl + teg + t203) el + cqe®.
The particular solution of (3.1.4) :
The solution of (Dy — 1)ug = 8¢3t, is ug = cret + 4e3,
50 (Dy — 1)ug = 4e3, is ug (t) = coe! + 2e3,

and the solution of (D; — 1)uy = 2%, is uz = cze’ + e,
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50 (Dy — 2)ug = €3, is ug (t) = cqe? + 3.
So the solution of(3.1.4) s uy, (t) = ug, (t) = €
So the solution 0f(3.1.4) is : u(t) = (c1 + tca + t?c3) €' + cse® + €3

Verify that the general solution satisfies the differential equation(3.1.4),

2u(t) = 2[(c1+tea+tcs) e’ + cae® + €]
~7uW () = —7[(c1 + (1 +t)ca+ (2 +2t) c3) e + 2cae® + 3¢
9w (1) = 9[(c1+ 2+t ca+ (B +4t+2)cs) el + dese® + 9e]
—5u® (t) = —5[(cL+ (3+1t)ca+ (> + 6t +6) c3) e’ + Scae? + 27¢]
u® () = (c1+ @A+t er+ (248t +12) ) e + 16cse* + 81,

50
u® — 50 4+ 902 — 7uM) 4 2y = ge¥.
Example 3.1.3 Let the differential equation (8 =1, R=0).

/ ) 3 1

write D?u + (% + %)Dtu + (t% - é) u = = is clear my, = 2, and the function characteristic

t2 t
2 3 6 3\’ 1
2 _
Dtu—l—(t+t)Dtu—l—<tQ+(t>>u = 3
2 3 1
Dy + 5Dy + = = =
( t+t)( t—i-t)u 3

and let \i(t),i=1,2

and sod=2,n1 =1,ny =1
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P, = (D-\ "J+Zg(f D—X\) 7 j=1,2..d.

Pl = (D-\)+g) ),Pz = (D= X2) + g
PP = PP,
and
mip—1=1
Ru = Z bgl) (t)u; = b(()l)uo + bgl)ul
=0
uy = (D — )\1)’&0,’& = Up

The system equivalent with 8 =1 1is,

ni 1
Dtﬁuﬂq—l == )\lunl—l + Unp, — Zgél)_kunlfk

LT
Uf—kﬁww4=f—Ru—g¥ﬁ%w%%.

So,
(D — M + 9%1))% =
(Dt — Ay + bgl) + gf)) —bél)w) + f

and,

PyoPi+Ru=f
(D=21) + g (D = Xo) + ¢ )u+ Ru— f

(
(
(D= A)(D = Ao)u+ g (D = Xo)u+ (D = A)u+ gV gPu+ Ru— f
(

Dt—t)(Dt—e)u—i-te (Dt—e)u—f
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After compensation, we get

mk—lil

Ru = Z b;l)(t)uj = b((]l)uo + bgl)ul =te'(Dy — e)u
=0
= tetul = Ru

with ny = 1,n9 =1, then gil) = ggl) = O,ggz) = 952) = O,bgl) = bgl) = O,bgl) = bgz) =0,

the system is produced

U —K@t)U =F (3.1.8)
with
0 3000
1 2
% 0200
F=|" ,and K = ¢
0 0020
1 3
% 000 2

, det K # 0, so the system (3.1.8) has a solution.
We can write(3.1.8) ,of the form,

;

Uy = U = U2
(D + %)uo = u
(Dy + 2)ug = t% (3.1.9)
(D¢ + 2)ug = ug
(Di + $)uz = —5uz + 5
we need only the system,
Upg = u
(Di+ B)up = 1y (3.1.10)

(Dt + %)Zﬂ = %2

and just solve the differentials equations of the first degree

(Dt — gi (t)uwi = fi ()
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the solution of(3.1.10) s :

The solution of (D¢ + %)ul = %27 is up = c% + %7
w0 (De+ B = b, 5500 = (0) = ek + .
1

So the solution of (3.1.7) is : u(t) = cayz + cg + 3,

Verify that the general solution satisfies the differential equation(3.1.7),

u’ (t) = 02% + 01%3

i) = 42 (CQ—?’ N Cll>
t t 4 2t2

3 3 1 1 1
i) = 2 (%3 Feag t 3>

SO

y 5! 3 1 5 3 1 1 1
/ / _ —

3.1.2 The differential equations with remainder existence R+#0:

Example 3.1.4 In this example, let the differential equation with 8 =1, and R # 0,

u") — 3u) 4 3u = ¢, (3.1.11)

write D?u — 3Dyu + 3u = et, is clear my, = 2, and the function characteristic
D?u — 3Dyu + 3u = (Dy — M) (Dy — A2)u = (Dy — A2)(Dy — A\)u = e

so,

+£z’:X2

M+ A=3 M =3\ = 5

N W

and sod=2,n1 =1,no =1, and

DA = DAy = 0.

We have
PP =P Db
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And,
Ru=Ru+#0

and,

The equivalent system with B =1 is,

3 & (1)
D} Up,—1 = MUp,—1 + Up; — k;lgnlfkum,k
nay
2
(D} = Xo)ttgmy—1 = [ — kzlg,(“)_kumkfk

So
(Dy — M1 + ggl))uo =up

(Dy = X+ 8 + ¢y = —pDug + 7

After compensation, we get with ny = 1,ne =1,

then ¢{") = g5 = 0,9 = g8 = 0,,bf" = —2,b(7 = —3,b(7 = bV = 1,

s0,

(Dt - )\1)(Dt - )\Q)u = f

(D = X2)(Dy — M)u = f

and

the system is produced

U — K(t)U = F
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with

0 A 0 0 O

et 0 X 0 O
F= ,and K =

0 0 0 X O

et 0 0 0 X

, det K # 0, so the system (3.1.12) has a solution.

We need only the system,

up = u
(Dt — A2)up = wq
(Dy — A1))ug = et
(Dt — A1)ug = ug
(Dy — X2)ug = €t

and just solve the differential equation of the first degree

(Dt — gi (t)uwi = fi (t)

The solution of(3.1.13) s :

The solution of (Dy— A)ur =€, is up = c1e™’ + = €',

s0 (D¢ — Ao)ug = ﬁet, is ug (t) = coe?2t + met = cpe2t 4 ¢t
So the solution of (3.1.11) s : u (t) = coe™2t + creM? + ef;

Verify that the general solution satisfies the differential equation(3.1.11),

(3.1.13)

3 3v3 3  3v3
u” (t) = Cg)\%ebt + 01)\%6>\1t + el = Co ( — {Z) e>\2t +e ( + fl) 6)\115 + et

2 2 2
9 3Vv3 9 3Vv3
—3u' (1) = —3cahe™ — 3 A eM — 3¢l = ¢ (2 + {z) et 4 ¢y (2 - iz
—3e
3u(t) = 3™+ 3cieM 4+ 3ef,

S0

u” (t) — 3u’ (t) + 3u (t) = ca (0) coe™ 4 ¢1 (0) e + (3 -3+ 1) el =€l
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Example 3.1.5 In this example, let the differential equation with 8 =1, and R # 0,

u) — 4tul) 4 (442 4 2) u = (42 — 4t + 3) ', (3.1.14)

write D?u — 4tDyu + (4t2 + 4) U = (4152 — 4t + 5) el, is clear my, = 2, and the function

characteristic

Diu—4tDiu+ (4% +4)u = (Dy— M) (Dy — A)u
= Dlu— (A (t) + X2 (1) Dyu+ (A1 (8) A2 (£) — Dyda (1) w

= (4*—4t+5)¢,

we have

s0,
A1 (t) + Ao (t) =2« (t) =4t, \ (t) Ao (t) — D)o (t) = 4t2 +4; A\ (t) =2t+ 21 = 5\2 (t)
and sod=2,n1 =1,no =1, and
D1 = Diho = 2.

We have
PP =P b

And,
Ru # Ru # 0.

The equivalent system with 8 =1 1is,

B 5 o)
Dyup, 1 = AMUpy—1 + Upy — 9, —kUn1—k
k=1

B 3 (2)
(Dt - )\Z)Umkfl = f - Zgnlfkumk—kv
k=1
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So
(Dt — M1+ 0 )uo = wy

(Dt — Ay + bgl) + 952))u1 = —b[()l)uO + f

After compensation, we get with ny = 1,ne =1,
then o = ) = 0,6 = o — 0, 40 = —2.4 = _3.p) —pD — _1,

so,

and

the system is produced

U —K({t)U =F (3.1.15)
with
0 Ao (t) 0 0 0
(44> — 4t +5) ¢! 0 M@ O 0
F= ,and K =
0 0 0 M@ 0
(42 — 4t +5) € 0 0 0 Xo(t)

, det K # 0, so the system (3.1.15) has a solution.
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We need only the system,

Ug = U
(Dy — A2 (1)up = g
(D — A1 (8))uy = (42 — 4t +5) €' (3.1.16)
(Dy = A1 (8)uz = us
| (Dy— A2 (t)us = (482 — 4t +5) ¢!

and just solve the differential equation of the first degree
(Dy — gi () ui = fi (t)

The solution of (3.1.16) is :

The solution of (D¢ — A\)uy = €t, is u; = cret’+2ti 4 (1—)2) e,
50 (Dy — X2)ug = (1 — A2) €et, is ug (t) = coel” 2 4 et
So the solution of(3.1.14) is : u (t) = coe!” T2t 4 ¢t 200 4t

Verify that the general solution satisfies the differential equation (3.1.14),

u' (1) = e (4% —4+8ti) e T2 e (4% — 4 - 8ti) e 2 4 e
4t () = oo (—4t2 — 8ti) e 4oy (— 4t 4 8ti) e 2 — 4get
A2+ u®) = co (48 +4) e +op (487 +4) e + (42 +4) €
W () — At () + (42 + ) ut) = c2(0)coe™ +c1 (0) e + (4P +4 -4t +1) €

= (4*—4t+5)€.
Example 3.1.6 In this example, let the differential equation with =1, and R # 0,

u) — (4t 4+ 1) ul 4 (42 4t — 2) ul) — (42 — 8t +2) u = (8t —4) ¢, (3.1.17)
write Dju—(4t + 1) Du+(4t* + 4t — 2) Dyu— (4% — 8t + 2) u = (8t — 4) €', is clear my, = 3,
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we put

A A2 () = a(t) +if (1) = A3 (t)

and the function characteristic

Diu— (4t + 1) Dfu + (4> + 4t — 2) Dyu — (4% — 8t +2) u
= (_Dt — )\1)(Dt — )\2)(Dt — )\3)’&
= (D¢ — M) [Diu— (A2 (t) + A3 (t)) Dy + (A2 (£) A3 (t) — Dids (t)) u]

Dy (A2 (1) + A3 (1)) + A2 (1) A3 (1) Do
—DiAs (1) + A1 (1) A2 (2) A3 (2)
+ (Dy (A2 (8) A3 (1) — DiAs (1) + A2 (t) A3 (1) — DAz (1)) u

= Ddu— (A () + X2 (t) + A3 (t)) D2u + (

= (8t—4)€,
s0,

Ao (1) +A3(t) = A () +20(t) =4t + 1,2 (t) A3 (t) — Dedo (t) = 4t% + 2;
A4 —8t+2 = (Dy(A2(t) A3 (t) — Deds (1)) + A2 (t) As () — Dids (1))

)\g(t) = 2t—|—2’L’:X23(t),A1 =1,
and sod=2,n1 =1,no =1, and
D1 =0,D)dg = DiAg = 2.

The equivalent system with 8 =1 1is,

8 5 o)
Dt Upy;—1 = Alunlfl + Up, — 9 —kUn1—k
k=1

na
(D? = XYt 1 = f — P 9%t
=1

So
(D¢ — A1+ 99))“0 =u

(Dt — Ay + bgl) + 952))u1 = —b[()l)uo + f
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After compensation, we get with ny = 1,ne =1,

then ggl) = gél) = 0,g§2) = géQ) =0,, b(()l) = -2 b(OQ) = -3, b?) = bgl) = —1,

s0,

(D = A1 ()(De = A2 (8))(Dy — Az (t))u = f

and

(Dt — )\3 (t))uo = Ui
(Dt — )\2 (t))u1 = u

(Dy =M ()uz = (8t—4)e

the system s produced

U —-—Kt)U=F (3.1.18)
with
0 As (1) 0 0 0 0 0
0 0 Xe(t) 0 O 0 0
(8t —4) el 0 0 10 0 0
F= ,and K =
0 0 0 0 1 0 0
0 0 0 0 0 X(t) 0
(8t —4) €t 0 0 00 0 As (1)

, det K # 0, so the system (3.1.18) has a solution.

We need only the system,

Uy = U
(Dt — Al (t)) U9 = (8t — 4) et
(Dt — )\2 (t))u1 = U9
(Dt — )\3 (t))uo = U

(3.1.19)

\

and just solve the differential equation of the first degree

(Dy = gi (1))ui = fi ()
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The solution of (3.1.19) s :
The solution of (Dy — Ay (t))ug = (8t — 4) €', is ug = cre’ + (42 — 4t +5) €',
and (Dy — Ag)ug = (44 — 4t +5) €', is ug (t) = coel” T2 4 (1 = Ag) €,
s0 (Dy — Ag)up = (1 — Ag) €, is ug () = czel” 2 4 (1 — \y) et
So the solution of (3.1.17) is : u (t) = coet T2t 4 cget” =2t 4 1t et

Verify that the general solution satisfies the differential equation(3.1.17),

u(//’) = o (442t +20) €t2+2ti e (442t — 2i)€t2—2ti + C3€t 4et
— (@)U () = g (42 — A+ 8ti) €T oy (42 — 4 — 8t7) € 4 cgel
—(4t+1)¢€
(4% 44t —2) ' (1) = o (—4t% —8ti) e 2 4 ¢y (—4t® + 8ti) et 2 4 ¢3¢t

+ (4t* + 4t — 2) €'
— (4752 — 8t + 2) u(t) = —co (4752 — 8t + 2) et 2ty c1 (4t2 + 4) et 2t csel

— (41&2 + 4) et
s0,

u) = (4t + 1) u?) + (42 + 41— 2) u) — (42— 8t +2) u
= c2(0) " T2 4 ¢y (0) e’ 72 4 (0)e' + (4t +4t —4—1+1)€

= (8t—4)€.

3.2 The fractional differential equations.

The fractional differential equations is related to the definition of fractional derivative, which
can distinguish between them : D{C = % £ 0 or DXC =0 and DD’ = D For

Dy Dy = Do + L@l
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Example: Let f(a) # 0, and « € ]0, 1].

() IDEf(HC 2DEf(t) 6D f(t)
DPC || prgy(t—a)*#0 it —a)*#0 0
Dy Dy SDp Rpje — [aii-al = @g:g;“ #o D> | CDpe

If we have f(a) = 0, we will get DEC = 0 and DE D = D2,

We randomly select the following examples:

3.2.1 The fractional differential equations with remainder nonexistence R=0.

Example 3.2.1 Let the fractional differential equation with D§C = 0 and DFD§ = D3,
2 4
ul3) — 206 4y = ¢t (té — gt% +T <3)> (3.2.1)

the function characteristic

T%—QT%-i-l = (T%)2—3(T%)1+2

1 1 1 1 1
we can write, Dt(‘"’)u - 2D§6)u + Df/o)u = (Dt(ﬁ) - Dgo))(Dt(‘i) — Dt(o))u = (Diﬁ) — 1)2u,is clear
8= %,mk =2, and \(t) =1,
alsod=2andmp =3, n1 =2ne=1=r=1,m' =my —r,r =1,

and,

nj ) '
Ppo= (D-X)"+ > g (DA j=1,2...d.
=1
Po= (D= )2+ g"+ gD = N), Po= (D= As) + gt

PP = PP
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we can write

1
P = (Df — 1,

and
mk—lzl
Ru = Z b;l) (t)uj' = b[()l)uO + bgl)ul
=0
Uy = (D — Al)u(),u = Uup
So

(D¢ = A1 + g%l))uo =u
(D¢ — Aa + bﬁ” + g§2))u1 = —bé”uo +f

we can write n; = 2,ny = 2,

The equivalent system is,

(D,@B — A\)ug = ug — ggl)ug
(DY = \)uy = up
(DY = M)uz = f — Ru— (g7us + g5 ur)
(Dtﬁ — A1)usz = uy
(D~ No)us = us — ( G ua + 35 us)
(DQB —AMus = f — Ru — (ggl)ug, + §61)U4)

then ggl) _ gél) _ 0’952) _ 952) — 0, bgl) _ bgl) _ O,bgl) _ bgz) —0,
the system is produced
(D) — M)ug = w1
(D} — Ao)ur = uz
(D} = Ao)ug =0
(D] = Na)uz = uy
(D) — A2)us = us
(D) — M)us =0
AM=2 =1
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U =KU+F (3.2.2)

with
1000 0
0100 et<t§—2t6>
K = ,and F = ,
0010 0
0001 et<t%—2t%>

det K =4 # 0, so the system (3.2.2) has a solution.
We can write(3.2.2) ,of the form,

1 1
Dy — 2Dy + DOy = et (¢ -2
1 1
(Df —1)(Df —1)u = et ( t5 -2
1
(Df —1)uy =¢€* ( t3 — 2 ts

we need only the system,

(3.2.3)
uy(t) = —et
(DF — Dug(t) = u1(t) = Dfug(t) — ug = —e
uo(t) =e

and just solve the differentials equations of the fractional degree
(D] = Xo)ui = fi ()

the solution of (3.2.3) s :
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1
so (Df — 1)ug = et <2F(
So the solution of (3.2.1) s :

u(t) = e (01 +tocy + t%) .

Verify that the general solution satisfies the differential equation (3.2.1),

1 4
Dy = 6t<cl+té02+t;’+r 3 )

(%) t 1 1
—2D,%"u = =2 |c1+1t6cy+13 +

u(t) = € <Cl Ftoey +t

=
~
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we can write,

is clear 8 = g, my = 2, and the function characteristic

ri o )

and let \i(t),1 = 1,2,

M(t) = F(ll(il)t‘é, Ao(t) =T (Z) %

alsod=2and mp =2, n1=1,nga=1=r=1,m' =my; —r,r=1,

P = (D- >\”J+Zg (D= X\)70 5 =1,2...,d.
P = (D) +g§>+gé><D M), Py = (D — o) + g,
we can write
1 1 1 F(Q) 5
PyPiu = (DS — M ())(DF — \o(t))u = — 87 Ve = F (¢t
2Pru = (Df = M(H)(Df — Ma(D)u (ug) Ty 15 =0,
SO
Ru = 0
u = up
1
Uy = (Dt6 — )\g(t))uo
1 1 F(Q) s
Df — (¢ = s O
e = v )



And

1 1 2 5
PiPu = (Df)\2(15))(Dt6)\1(t))u:<r(111)Egﬁ%)m
6 6
= F(H) = Df (M) = (D)
_ (7Y L \T@®),
= s0-(r(3) r(%))r(gf
- YL \T@),s
= <F(6> F(%))F(é)t
u = U2
ws = (DF — M(t))us

(DF —M(D)us = f(t)— R

The equivalent system is

(DY — X)ug = uy — ggl)uo

(Df — A2)ug = ug
(D] — A2)uz = f — Ru — (g uz + g5 u1) ;
(Df — Ao)ug = uy
(D) = Mo)ua = us — ( 37 ua + 5 us)
(Df = M)us = f = Ru — (g Vus + 5 wa)

(Df — A1)up = ug
(D) — No)ur = f(t)
(D — Xp)ug = u3

(D] = Xa)us = f(t) — (F (§) - 1"(1161)> 11:%2;

FU=K@t)U+F
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r(%)
0 (1)t s 0 0
with K = (&) . :
0 0 I (&)t s 1
0 0 0 l_4=5
r(s)
0
f@)
and F =
0

(
det K = (E((é))t—é . 1) (Ilf((lel))

solution.

We can write (3.2.5) ,0f the form,
(of =t (s +r @) o+ 3 (T @ ) ) wo - (1)

(3.2.6)

and just solve the differentials equations of the fractional degree

(D} = X)ui = fi (t)

The solution of(3.2.6) s :

The general solution of the homogeneous solutions of

The particular solution of

83



DF — 8 Yuny () = (<A — A T (1) EEN ) pE 4l
o R IR O 6)) K
'LLLp(t) = (1 (t)t
I (%) _
ea(t) = D, 6At62:AFE§§tal
6
s0
() s
t) = H=A 67 s,
up () = u1p (1) F(%) 1
10 5
,is up(t) = clt—l-Ar(Tﬁ)lté,
1 1 1 1 1 1 F(m 5
Df — t6> uy(t) = (Df— t6> <c1t+A 67 t6
( (%) (%) F(§) -1
r() s
1 T (4 1 A 6/ %
= Df <c1t+A (g)tg)— s
r'(3) r'(%) +ert
L 1 s I (% 15 1
= ca|Dft— to | + A 6 DSts —
(t (%) ) F(lé)—1< T
c ( LI 1 t3>
= 1 —
res e
P -1\rx) T%)
- A F(%O) F(%)_l t% —At%
a r(d)-1 I (% a
6 6
1 - 10
and (Dt6 -r (%) t61> up () = Ariflﬁ))lti is :
6
: : s 7\ 45 P(g)r(8),s
and the particular solution of | Df —T (£)t7 Jug(t)=A (D)1 te =wugp, (1), so
D# <u0,h(t)> — 0
t 1
uop (1) = czté,



S0

uop(t) = co(t)ts
() = Do (tal (AFF((IG‘;))P_(Sl)tg))
6
_ pi (Af(lél)l)F(é)tg>
r(§) -1
LT (E),:
= A 6
EYEE

T ()T (1) | M o
- a-r@r o) r(%)‘r<6>)“
L TOrEr  1rehr@),.
T -00-T(rE) T
_ APETR)
NOED

we can wrile,
Verify that the general solution satisfies the fractional differential equation (3.2.4),
1 1 1 7 1 —1 T (Z) T\ T (é) 4
D} —t7s (11 +T ()) Df +t3 ( 8L T <> 8L ) ) u(t) = Ats
( L (%) 6 L (%) 6/ T (5)
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,with DEC # 0 and D®D® # D2 with

Example 3.2.3 Let the fractional differential equation

(3.2.7)
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we can write,

() )

and

1 1 1 ,(1 1 1o, /1\ 3
MM —DPA = | =< +1+-T%(2) - —-I(z)-=
e <F2(§)+ T <2> 2y 2 \2) 2

also d =2 and my =3, ny =2, and R =0.

So
(Df — )\1)’&0 = U1

(DY = M\)uy =0
(Dt’B — )\1)’LL2 = us
(Df — )\1)’&3 =0

The equivalent system is,

1
OFU = KU (3.2.8)
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with

A 0 0 O 0
0 A 0 O 0
K = ,and F = :
0 0 X O 0
0 0 0 X\ 0

det K =4 #0, so the system (3.2.2) has a solution.
We can write (3.2.2) ,of the form,

2l 2 1 1 L 1 1
D2y — (=)t 2D2u—=t71(T%(= 1)u=
P (r(;)+ (2)) TS ( (2)+>“

1
th — )\1)’11,1 =0
1
<Dt2 — )\1) ug = U1
Uug =u

we need only the system,
1
DZuq(t) = Mua(t)

f (3.2.9)
th uo (t) = )\1’U,O (t)

and just solve the differentials equations of the fractional degree
1
(Dt2 - Al)ul =0

the solution 0f(3.2.9) is :

1 o
The solution of (D7 — \1)*u1 = 0, whit \; = <F(11) 4T (g)) 3 . we have Dzﬁtﬂ _
2

LB+1) 1—a
mt y G/n/d

cot (t% 4 1)

=\, we get up(t) =1 (t% + 1) and for mnp = 2, uz (t) =
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So the solution of (3.2.7) is :

u(t) = (t% i 1) (t%cg n cl> .

Verify that the general solution satisfies the differential equation (3.1.17),

—
[\]

(o) )
} “_5 [5(;(2;)”(5))( R @)*

—
[\)

2 1 1 1 2
Dtct% | = (= t*%Dt2 ct% e -
I (3) 2 2 I'(3

2

1
I <2> + 1) ctz

3.2.2 The fractional differential equations with remainder existence R+0:

Example 3.2.4 In this example, let the differential equation with DFC =0, and R # 0,

u(%) — Qu(%) + 2u = \/i,

u(%)—Qu(i)—i-Qu = V2

2
t

N

1
u—2Dfu+2u = V2

1 1
<Dt4 -\ (Dt“ - >\2> u = V2

D

1 1
write Dt24u —2D2u+ 2u = /2, is clear my, = 2, we put

A (t) = a(t) +if (1) = A2 (1)
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S0

Moo= 14+i=MX (1),
AL+ A = 2,
Ay = (1 + Z) (1 — Z) =2,

and the function characteristic

21 1
D, *u—2D2u+2u

_ (D}—Al) <D}—A2>u:ﬁ

and sod=2,n1=1,n9 =1, and
s0,

and

the system is produced

1
oMU — K(t)\U =F (3.2.11)
with

0 M) 0 0 0

0 Ao (t 0 0

F = V2 , and K = 2 (1)

0 0 0 At 0
V2 0 0 0 A1)

, det K # 0, so the system(3.2.11) has a solution.
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We need only the system,
1
(D;—M@)u1:¢2 (3.2.12)

and just solve the differential equation of the first degree

1

(D} = gi (1))ui = fi (2)

: We have Df'e AL — \@eAt

DZ At
— )Ul = f e’\t — )\

The solution of (3.2.12
The solution of <D

=

) i
1
i = A\, we get A\ = N} = —4, and

1 1
Df ey (t) =+2e* = D} e4t,
1 1
and (D} — )\g)ug =1, we have D402( ) =elt = %Dt‘le‘“, 50 up (t) = cae 4 + %,
So the solution 0f(3.2.10) s : u (t) = ce ™ + %;
Verify that the general solution satisfies the differential equation(3.2.10),

1 1 1 1 1
D? | ce ™ + ) — 2D} (ce_4t + > + 2 <ce_4t + >
! ( V2 ! V2 V2
= D% (ce_4t + 1) — 2Di (C€_4t + 1) + 2 <ce_4t + 1>
! V2 ! \/5 V2
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Chapitre 4

Numerical solution of fractional differential equations

If we cannot set the general solution analytically, we will assign a numerical solution in the

vicinity of t using the interpolations in the vicinity of ¢g to a solution in the polynomial form.

Solving differential equations of fractional order in an accurate, reliable and efficient way
is much more difficult than in the standard integer-order case; moreover, the majority of the
computational tools do not provide built-in functions for this kind of problem. The increasing
interest in applications of fractional calculus has motivated the development and the investiga-
tion of numerical methods specifically devised to solve fractional differential equations (FDEs).
Finding analytical solutions of FDEs is, indeed, even more, difficult than solving standard or-
dinary differential equations (ODEs), in the majority of cases, it is only possible to provide a
numerical approximation of the solution.

Although several computing environments (such as, for instance, Maple, Mathematica,
MATLAB and Python) provide robust and easy-to-use codes for numerically solving ODEs,
the solution of FDEs still seems not to have been addressed by almost all computational tools,

and usually, researchers have to write codes by themselves for the numerical treatment of FDEs.

In this section we will address both :

1- The approximate numerical solution (y;) of differential equations F’ (t, D,@B u) = 0 using
local fractional

2- Using the previous values (y;) we will build a solution u(t) = cP, (t) using interpolation

fractional polynomials.

92



4.0.3 Numerical methods

Our main concern here is to give a numerical scheme to solve a fractional differential equation
0<a<l).

The use of local fractional orders differential and integral operators in mathematical models
has become increasingly widespread in recent years (see ([11]) and ([13])). Several forms of
local fractional differential equations have been proposed in standard models, and there has
been significant interest in developing numerical schemes for their solution.

We shall be concerned with the construction and the analysis of numerical methods for :

Calculating of the values local fractional integral by some method to approximate

to D u(t) — At)u(t) = g(t),

(4.0.1)
U 1tg= ao,
with 0 < a < 1.
Local fractional derivatives
We use the following local fractional derivatives definitions [11],
d%y (z) A% (y (z) =y (20))
oo DY =y (gg) = 2| =1 4.0.2
0 a:y@:) Y (330) dzo { =0 ILH;O (z _xo)a ) ( )
with
A%(y(z) —y(@0)) =T (a+1)A(y(z) —y(z0)), 0<a<L (4.0.3)
** We propose a new practical definition for the local derivative
a a d*y (z) A% (y (z) —y (o))
xOD:ry (x) = y( )(xO) = Az Lx:zo: wlingo R 568‘ ) (404)
with
A%(y(x) —y(xo)) =T (a+1)A(y(z) —y(x0)),dz* =2 — 25, 0<a<l1. (4.0.5)
And

dx® T—an e — x¢
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with

Ve (y(2n) —y () =T (a+ 1)V (y(zn) —y (), 0<a<l. (4.0.7)
And
D5y (z) =y (z;) = d(;ii@ o=z, = Jim > (yx(fl;g (%)), (4.0.8)
with

>Y(y(zi) —y (@) =T(a+1)(y(@+zit1 — i) —y(x+ziz1 — ), 0<a<l. (4.0.9)

4.0.4 Finite Difference

Let the arguments x; each having a mate Y; = y (z;) and supposing the arguments spaced, so
that x; 1% — ;% = h®, the following 3 types of fractional differences of the Y; values are very
useful :

1) The fractional forward differences (4.0.5), A?Y; =T (o + 1) (Yiy1 — Yi).

2) The fractional backward differences (4.0.7), VY; =T (a+ 1) (Y; — Yi_1).

3) The fractional central differences (4.0.9), >*Y; =T (a+1) (Yiq1 — Yio1).

The fractional differences of these differences in general are denoted,

k
Akey, =TH(a+ 1) AMY, =TF (a+1) Y (-1)™ y(z,p ) k=2,on  (4.0.10)

m=0 m

defines the k th differences.
Some operations on extended finite difference ([11]) :

The differences of a constant function,
A*C =0,
1. and for a constant another function,

A“CY; = CAYY;,
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where C' denotes a constant.

The difference of a sum of two functions :

VAN (Yk + Zk) =AY, + A“Z,..

The linearity property :

yANS (Clyk + CQZk) = C1A"Y), + CQAQZ]C,

where C7 and Cy are constants.

The differences of a product :

VAN (Yka) = LAY}, + Yk+1AaZk,

in which the argument k + 1 should be noted.

The differences of a quotient :

Ao <Yk> _ YANASS TN SWACY AN
Zy, Zky1Zk ’

and again the argument k + 1 should be noted.

Remark 4.0.5 In the same concept, we can rewrite the relationships of the fractional (back-

ward/central) differences.

4.0.5 The Fractional Polynomial

Given the n+1 data points (z;,y;),7 = 0,1, 2, ..., n, P,(z) the polynomial of the fractional degree

such that interpolation conditions are satisfied (Generalization and improve) P, (x;) =

Theorem 4.0.6 Suppose data points x;; i = 0,1,..,n are distinct numbers in the interval [a, b]

and y;; © = 0,1,..,n, there exists a unique fractional polynomial P, (z) of degree < na, such

that the interpolation conditions P,(x;) = y; are satisfied.
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Imagine that there is an unknown function f(z) for which someone supplies you with its
(exact) values at (n + 1) distinct points zo < z1 < ... < Ty, i.e. f(z;) = vyi,i = 0,1,..,n are
given.

Newton’s interpolating polynomials

We begin by recalling the Newton interpolating polynomial. This polynomial is a polynomial

of degree na ([11])

Proposition 4.0.7

n k—1
Po(z)=ao+ Y ap [J(=* - 2f), (4.0.11)
k=1 =0

AFfmg) _ Ay

satisfit Po(xj) =vyj,j =0,1,..n, with aj, = e
and
b [k
AFly(wo)] = Ay(wo, - .ai) =D (=" [ | ylaxs).
i=0 ?

We can write the fractional forward Newton polynomial (4.0.11) by,

n k—1
Po(z) =yo+ Y_ Arayo(JJ (2™ — 2)).
k=1 i=0

Lagrange Interpolating Polynomials

We can represent the function f(x) by a polynomial of degree P, (z) = Ag+ A1z%+ ...+ Apz™®.

Can be rewritten as:

i=n n i=n
(2% = ag)
Po(@) =) wi ]] (m@fxi) = YiLia(®), (4.0.12)
=0 k=Okzi k) =0
with Py (x;) = v,
n a a
r —x
L’L,CV(;U) - H o — HZ";;’
k=0k#£i " k

satisfy, L; o(z;) =1, and L; o(xy) = 0.

4.0.6 Approximate of fractional integrals
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Let’s suppose that we are given an initial-value problem of the form

w0 D'y (1) = A () y(t) + f(2)

1 (4.0.13)
2o D{ Y lt—0= ag

In integrals method for one equation, the approximate value of the unknown function at the

next point Ayw; = 8 | — o,

We structure a local fractional iteration procedure, as

i=n

1
y(tn) = @Z(tiﬂ = 5)* [(A(sa)y(si) + g(s:))] ((si41 — 51)) ,
i=0
where
S; = (1 — k‘) t; + ]{Zti+1, ke [0, 1[,
and
Sit1— S; = (1 — k) tiv1 + ktiyo — (1 — k) t; — ktip1
= (I—Fk)(tir1 —ti) + b (tiva — tiy1) =tiv1 —
s0,

) = T (1 - B ()™ [(Asa)u(s) + a(s0)]. (4.0.14)

1=

S

o

By assuming that the value of y (z;) is exact, we find that the application of to compute

y (x;41) creates an error in the value of y (z;+1). This error is called the local truncation error,
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eit, 1. Defining the local solution, y(z), by

6?+1 =Yy ($i+1) — Yi+1

can be obtained by comparing the formula for y;;1 with Taylor’s series expansion of the

local solution about the point z;. Since,

(A.ﬁi)Qa
I' 2a+1)

(h)

_ ) (20) (¢ (5
FlarT) 70 (€ (@),

y(@iv1) = y(@i+h)=y(x)+ f@i,y(xi)) +

et = 0((bz)).

In general, we are interested by approximating the problem (4.0.13) using local fractional iter-

ation procedure

Yit1 = Yi+ F(ég:i_)j) (1 —0) (Maxi)y(zs) + g(x4)) + 0 f (ziv1, y(wir1))]
— e S 0y + ol (1.0.15)

Example 4.0.8 Let

< DS T (g) t61) w(t) = — (r(l) +T (g)) te,y(1) =1, (4.0.16)

and the particular solution is y (t) = %, in [1,2], and u(2) = %, h=0,1.

[e[S)]

There are a lot of algorithms that can give approximation to the solution. We propose this

algorithm to find sequential approximations of the solution in [1,2],

yirr = Tla+1) (g + (8 — 1) (Mt (t:) + g(t )))
r 1)(1 &)t Tl r ! t%7
- (a =+ ) + H—l - (%) + 6 R
the Successive Approximation y; for the Solution y(t;) and error of fractional Differential Equa-
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tions (4.0.16) ,

t 1.1 1.2 1.3 1.4 1.5
yi 0,914559615 | 0,903082586 | 0,829761612 | 0,763002806 | 0,702019015
y(ezact) || 0,909090909 | 0,833333333 | 0,769230769 | 0, 714285714 | 0, 666666667
Error || 0,005468706 | 0,069749253 | 0,060530843 | 0,048717092 | 0, 035352348
t 1.6 1.7 1.8 1.9 2
yi 0,646171422 | 0,5949291 | 0,547842084 | 0,504522883 | 0, 464633428
y(ezact) 0,625 0,588235294 | 0,555555556 | 0, 526315789 0,5
Error || 0,021171422 | 0,006693806 | 0,007713471 | 0,021792906 | 0, 035366572

After that, we use the values y; to construct fractional polynomial.

Let the valuesy; are calculated previously, given the n data points (x;,y;),1 = 1,2, ...

P,(x) ~ y(x) the polynomial of the fractional degree such that interpolation conditions are

satisfied Py (x;) = y;, where Py(x) :

k—1

=0

Pa(z) = a0+ Y ar [[(@* —af) =yo + D Alanol
k=1 k=1

Newton Divided Difference Table( see [11]).

k—1

=0

[1e" —a2)

ao = Yo a1 = Ay ag = A%yo as = A%yo ag = A%Z/O
1 —5,677606897 | 18,57656704 | —45,78928702 | 94,23257323
as = A‘%yo ag = A%yo ar = A7%?/0 ag = Ag%yo ag = A%yg
—170, 6852705 280, 7785447 | —428,1122615 | 613,6262944 | —5043,330472

And Py (2) = 0,499999968 and y (2) = 0,5

ea = |Pa(2) — y (2)| = 0,0000000032.

y(t) = Pa(t) = ag+ Y _ ay
k=1

n

99

k-1

[T .

=0

So, we can write the general solution approzimation of fractional differential equation (4.0.16),



The table of error is eq = |Pu(t) — y (t)].

t 0.25 0.5 0.75 1.25 1.5
€n 0,003114461 | 2,42553EL — 05 | 1,49861F — 07 | 3,4317E — 13 0
t 2.5 3 3.5 4 4.5
eo || 8,29072E — 08 | 2,07035E — 06 | 1,67773E — 05 | 7,72705E — 05 | 2,5387E — 04

Remark 4.0.9 Outside interval [xo, zy] the error is near zero.

Example 4.0.10 Let

) ) u(l) = 2, (4.0.17)

and the exact solution is u (t) = ¢ + t%, in[1,2], c=1,h=0,1.

We propose this algorithm to find sequential approxzimations of the solution in [1,2],

1
+2 1 T(3 ti
Yirr = yi + D(a+1) | (74 —t?)ir zl)yi+t{1 <3F%; T (11)> ’
2 i 2

Successive Approzimation y; for the Solution y(t;) and error of fractional Differential Equations
(4.0.17),
t; 1.1 1.2 1.3 14 1.5

yi || 2,371089999 | 2,869720027 | 3,35793816 | 3,871554393 | 4,426155877

t; 1.6 1.7 1.8 1.9 2

i || 9,032361535 | 5,69930395 | 6,43584207 | 7,251113082 | 8,154845485
by the best estimate of y; given the n data points (z;,y;),i = 1,2,...,n, Py(x) ~ y(t) the

polynomial of the fractional degree such that interpolation conditions are satisfied P, (xz;) = v,
x—x)

1=n 1=n
where Po(z) = 3" yi [ Ti—o gt Exa_ixg) = > vyiLio(x) Lagrange polynomial.
i=0 : i=0

Lagrange polynomial Table ,
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Lo (2) L1 (2) L2 (2) L3 (2) Ly (2)

—0,213820032 || 2,592433201 | —13,98439932 | 44,26051715 | —91,12563169

L5 (2) Le (2) L7(2) Lg (2) Lo (2)

127,6453775 || —123,2969363 | 81,14888088 | —34,8476974 | 8821275993
And P,(2) = 2,181792803, y (2) = 2, 181792831 and

ea = |Pa(2) — ¥ (2)] = 0,0000000027

So, we can write the general solution approximation of fractional differential equation (4.0.17) ,

n

yB)=Palt) =S [ (-t =3 v T -
1=0

n a _ t«
i=0  k=0,k#i = Hk:Ov’#i(ti tk)k:(),k;éi

The table of error is eo = |Pu(t) — y (t)].

t 0.25 0.5 0.75 0.9 1,25

eq || 0,084868941 | 0,001415033 | 1,42653EL —05 | 3,0634L — 07 | 6,50999E — 11
t 1.5 1.75 2.25 2.5 3,9
€a 0 6,95288E — 11 | 2,66508E — 06 | 3,96307E — 05 | 0,001302527

Remark 4.0.11 Outside interval [zg, x| the error is near zero.

Example 4.0.12 Let

w3 —2u(8) 4oy = et (275% _ QF

and the exact solution is u (t) = et (01 + t%CQ + t%> , i [0,1], c1 =co=1,h=0,1.
We need only the system,




and just solve the differential equation of the first degree

1

(Df —1ui = fi (¢)

We propose this algorithm to find sequential approxzimations of the solution in [0,1],

vigr = (v +T(a+1) ((#8 — t8)vi + f (t:)))

Yirr = (yi+T(a+1) (¢85 — )y + vig1))

where

S

<Dt 1)3/0:1)07 yo =u(0) = 1.

Successive Approzimation y; for the Solution y(t;) and error of fractional Differential Equations
(4.0.18),
t; 0.1 0.2 0.3 0.4 0.5

yi || 2,371089999 | 2,869720027 | 3,35793816 | 3,871554393 | 4,426155877

t; 0.6 0.7 0.8 0.9 1

Y || 5,032361535 | 5,69930395 | 6,43584207 | 7,251113082 | 8, 154845485
by the best estimate of y; given the n data points (z;,y;),i = 1,2,...,n, Py(x) ~ y(t) the

polynomial of the fractional degree such that interpolation conditions are satisfied P,(xz;) = v,

i=n a_..a i=n ]
where Po(z) = 3" yi [ Ti—o gt E;_;gg = Y yiLio(x) Lagrange polynomial.
=0 ¢ =0
Lagrange polynomial Table ,
Lo (1) Ly (1) Ly (1) Ls(1) Ly (1)

—2,36091F — 09 || 0,001301852 | —0,056271884 | 0,667273078 | —3,639139146

Ls (1) Le (1) L7 (1) Ls (1) Lo (1)
11,03149473 —20,18248322 | 22,88603303 | —15,77504964 | 6,066841211
And P, (1) = 8,154783766 ,y (1) = 8, 154845485 and

eo = |Pa(1) — y (1)] = 0,000006171
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So, we can write the general solution approximation of fractional differential equation (4.0.18) ,

n

B _i:na' n o o _i:n vi o o
y(t) - Pa(t) - Z v H (t tk,’) - ;HZ:()JC#Z(QI . t%) H (t tk)

i=0  k=0,k#i k=0 ki

The table of error is e = |Py(t) —y (t)].

t 0.25 0.55 0.75 0.95 1

€o || 1,42572E — 05 | 2,79195E — 07 | 3,84522E — 07 | 1,38373E — 05 | 6,17191F — 05

t 1.3 1.5 1.7 1.9 2

€a 0,005071895 0,026746732 0,094529825 0,261766421 0,408147583

Remark 4.0.13 Outside interval [to,t,] the error is near zero.
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Abstract

In this work, we have proved the existence of the solution to the differential
equations of one variable by transforming them into a system of equations
that accept the solution and can be solved analytically. Whenever we have a
problem to find the exact solution, we can calculate the numerical solution of
the equations that are difficult to be solved analytically, and create the
solution by using the interpolation. Some examples are provided to illustrate
that.

a3l
) lelisat asl g yarie Gl ag sl aglialal) cabeall Jall g g GG Lad Jaall 128
(R 3l Jal ala) Je Ll (5 5S0Lal 5 olilla Ll (a5 Jal) i 4 518 Y slao Al

IS (pae da Y alaily Jall oLl s Lllad Ll Canay 3l c¥alaall b Jall Gl
¢ diely

Résumé

Dans ce travail, nous avons prouvé l'existence de la solution des
équations différentielles factionnaire d'une variable en transformé en un
systtme d'équations acceptant la solution et pouvant étre résolue
analytiquement. Une solution approchée est calculée en utilisant la solution
numérique d'équations difficiles a résoudre analytiquement et créer la

solution en utilisant I'interpolation soutenue par des exemples.



