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Abstract
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On Bit-Interleaved Coded Modulation with Iterative Decoding

by Slimane BENMAHMOUD

To increase the diversity order of coded modulation, Zehavi proposed Bit Interleaved Coded
Modulation (BICM). Compared to Trellis Coded Modulation (TCM), BICM is very flexible in the
design of the encoder and the modulator. BICM outperforms Ungerboeck’s TCM over fully inter-
leaved Rayleigh fading channel but it suffers degradation over AWGN channel.
BICM with soft-decision feedback significantly outperforms TCM and performs closely to Turbo-
TCM over both AWGN and Rayleigh fading channel.
This thesis considers BICM with iterative decoding (BICM-ID) in its soft-decision feedback version.
In this work, we’ve studied the Soft-Input Soft-output (SISO) decoding algorithm and we’ve inves-
tigated the modulation block to improve the adaptability and the performance of this system: first,
after a detailed theoretical study on BICM, its performance has been characterized. Then, to get
a clear idea on iterative decoding and to fully explore the BCJR algorithm used later in BICM-ID,
turbo codes have been studied. After this, the focus was on the joint optimization of signal con-
stellation points and their mappings where a new improved symbol mapper/8-ary constellation
was introduced. Finally, we’ve investigated the MAP algorithm’s variants. In particular, we’ve
proposed a new approximation for the Jacobian logarithm and we’ve demonstrated its suitability
for MAP decoding in BICM-ID.
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Résumé:
Pour augmenter l’ordre de diversité de la modulation codée, Zehavi a proposé la modulation

codée à bits entrelacés (BICM). Par rapport à la modulation codée en treillis (TCM), la modulation
BICM est très flexible en ce qui concerne la conception du codeur et du modulateur. La modulation
BICM surpasse la modulation TCM d’Ungerboeck à travers un canal à évanouissement de Rayleigh
complètement entrelacé mais elle souffre une dégradation à travers un canal AWGN.
La modulation BICM avec un retour de décision souple surpasse, d’une manière considérable, la
modulation TCM et elle a une performance proche à celle de la modulation Turbo-TCM à travers
les canaux AWGN et à évanouissement de Rayleigh.
Cette thèse traite la modulation BICM avec décodage itératif (BICM-ID) dans sa version de décision
souple. Dans ce travail on a étudié l’algorithme de décodage à entrée-souple et sortie-souple (SISO)
et on a examiné le bloc de modulation pour améliorer l’adaptabilité et la performance de ce sys-
tème. En premier lieu, après une étude théorique détaillée sur la modulation BICM, sa performance
a été caractérisée. Ensuite, afin d’avoir une idée claire sur le décodage itératif et de bien explorer
l’algorithme BCJR, qui va être utilisé plus tard pour la modulation BICM-ID, les turbo codes ont
été étudiés.
Ensuite, on s’est concentré sur l’optimisation conjointe des points de la constellation et leurs éti-
quettes où on a introduit un nouvel mappeur/constellation 8-aire. Enfin, on a examiné les dif-
férentes variantes de l’algorithme MAP. En particulier, on a proposé une nouvelle approximation
pour le logarithme Jacobien et on a démontré qu’elle est bien convenable au décodage MAP pour
une modulation BICM-ID.
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Chapter 1

Introduction and Background

In this chapter, We’ll talk about some basic concepts in digital communication. First, we’ll present a digital
communication system and we’ll describe the role of its basic elements. Then, we’ll present two statistical
channel models namely AWGN and fading that will be used in this work. After that, we’ll talk about diversity
techniques used to mitigate fading over the second type of channels (i.e. fading channels). Shannon’s channel
coding theorem will also be highlighted. After that, error-control coding techniques will be briefly discussed,
and we’ll particularly discuss convolutional codes which represent a basic element in our study. Trellis coded
modulation will be then briefly introduced. The outline and contribution of this thesis will be presented at
the end of this chapter.

1.1 Digital communication systems

Basically, a digital communication system contains three major elements: a transmitter, a commu-
nication channel, and a receiver (Fig. 1.1). In its most simple form a transmitter contains only a
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FIGURE 1.1: The basic elements of a digital communication system [1].

binary source and a modulator. This latter performs the operation of binary bits’ mapping to sig-
nals (modulation) that can be transmitted over the channel. The channel has negative effects on
the transmitted signal such as attenuating its amplitude, adding noise, and changing its phase [1].
To overcome the effects of an impaired channel on the transmitted signal, some error correction/
control capability is needed. For this purpose, an entity called a channel encoder is needed. The
use of this later results in a coded communication system. The channel encoder introduces a con-
trolled redundancy to the binary data bits, that will be mapped into transmitted signals, to make
the data transmission more reliable. Error control/correction coding or channel coding is used to
achieve high transmission reliability at the cost of more bandwidth and an increase in the receiver
complexity. At the receiver, the inverse operations, namely demodulation and channel decoding,
are performed [2].
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1.2 The wireless communication channel

In any communication system, the channel is used to carry the signal to be transmitted from the
transmitter to the receiver. An electromagnetic wave representing the transmitted signal may travel
from the transmitter to the receiver on the direct line-of-sight or my reach the receiver with different
reflected, diffracted and/or scattered versions [1].
For line-of-sight space and satellite communications, the Additive White Gaussian Noise (AWGN)
channel model is considered as an appropriate model [2]. It provides a minimum complex starting
model [2].
In mobile radio channels, the line-of-sight is rarely available and we have a multi-path propagation
of the transmitted signal which leads to the phenomena of fading [2]. In this case, the AWGN
channel model must be extended to introduce the fading assumption.

1.2.1 AWGN channel model

Let xk be the transmitted discrete-time signal and rk be the received discrete-time signal at time k.
In an AWGN discrete-time channel model, the received signal (Fig. 1.2) is given by

rk = xk + nk (1.1)

where nk is the value, at time k , of a discrete-time Gaussian random variable (r.v)N having a mean
µN = 0 and a variance σ2

N
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Let’s consider a transmission system with the following parameters 

sE : the symbol's energy. 

bE : the bit's energy. 

cR : the code's rate. 

m : the number of bits per symbol. 

We can write, 
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Figure 1.2: Discrete-time AWGN channel model [2]. 

 

 

FIGURE 1.2: Discrete-time AWGN channel model [2].

1.2.2 Fading channel model

For a discrete-time fading channel model, the received signal rk (Fig. 1.3) at time k is given by

rk = ak.xk + nk (1.2)

where ak is the scalar fading gain. We consider, in this work, a flat fading where ak is considered
constant over the symbol time. The fading gain ak can be Rayleigh, Racian, or Nakagami dis-
tributed [4].
Rayleigh fading:

Rayleigh fading channel model is considered when there is a large number of independent scatters
and no line-of-sight signal. Urban areas in mobile communication, for instance, mostly possess this
kind of channel. The fading amplitude A is modeled as a Rayleigh random variable whose pdf is
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given by [4]

fA(a) =
2a

σ2
A

e
−a2

σ2
A (1.3)

where σ2
A is its variance.

Rician fading:
Rician fading channel model is used when there is a strong line-of-sight signal and additional dif-
fuse signals from multi-path reflections [4]. For instance, rural areas in mobile communication,
usually have this kind of channel. The fading amplitude A, in this case, is modeled as a Rician
random variable whose pdf is given by [4]

fA(a) =
a

σ2
A

e
−(a2+v2)

2σ2
A .I0(

av

σ2
A

) (1.4)

where v2 represents the power in the line-of-sight path and 2σ2
A denotes the diffuse power. I0(.) is

the zeroth-order modified Bessel function of the first kind.
If we put

k =
v2

2σ2
A

(1.5)

and,
E[A2] = v2 + 2σ2

A = 1 (1.6)

Equation (1.4) can be rewritten as

fA(a) = 2a(1 + k).e−(k+a2(1+k)).I0(2a
√
k(k + 1) (1.7)

From equation (1.7), we can observe that as the line-of-sight power v2 is reduced (k → 0), the term
I0(2a

√
k(k + 1))→ 1, and the Rician pdf becomes a Rayleigh pdf with σ2

A = 1.
Nakagami fading:
Nakagami-m fading channel model is a generalization of the Rayleigh fading channel model with
two parameters. The fading amplitudeA is then modeled as a Nakagami-m random variable whose
pdf is given by [4]

fA(a) =
1

Γ(m)
.

(
m

σ2
A

)m
.a2m−1.e

−ma2

σ2
A , m ≥ 0.5 (1.8)

where Γ(.) is the Gamma function and m = σ4
A/E[(A2 − σ4

A)] is the ratio of moments. for m = 1 ,
equation (1.8) gives the pdf of a Rayleigh distributed r.v.
With a two parameter pdf, Nakagami distribution can describe different fading environments. Be-
cause of this feature, it is widely used in performance analysis. It was suggested as the best fit for
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the distribution of the signals received in urban radio multipath channels.

1.3 Diversity techniques over the wireless channel

Transmission over fading channels results in a sever degradation of the system’s BER performance.
An efficient solution to mitigate the effect of fading is to provide copies of the same transmitted
signal that are affected by independent fading gains, at the receiver side and appropriately process
them to make the detection more reliable. This technique is called diversity. The following diversity
techniques are of particular interest.

1.3.1 Time Diversity

In time diversity, the information signal is transmitted in different time intervals in such a way that
it experiences independent fades over time. Repetition code is an example of time diversity where
the information signal is repeated exactly the same over a number of time intervals. However,
the use of repetition codes decreases the system’s bandwidth efficiency. Channel codes can be
considered as a time diversity technique, where redundancy is used by the receiver to overcome
the effects of fading. In this thesis two types of channel codes are considered: convolutional codes
(CC) and their parallel concatenation (Turbo codes)[8].

1.3.2 Frequency Diversity

In frequency diversity, the information signal is transmitted using different frequencies to provide
independently faded versions of the information signal at the receiver side. Frequency diversity
can be used over frequency selective channels [8].

1.3.3 Spatial Diversity

In spatial diversity, also known as antenna diversity, multiple transmitting or receiving antennas
(or both) are used. When the space between adjacent antennas is sufficient, the signals transmit-
ted between different antenna pairs will be affected by independent fading gains. Three types of
antenna diversity exist. Transmit diversity when multiple antennas are used at the transmitter,
receive diversity when multiple antennas are used at the receiver, and transmit-receive diversity
when multiple antennas are used at both the transmitter and the receiver which results in the so-
called Multiple-Input Multiple-Output (MIMO) system [8].

1.4 Shannon’s channel coding theorem

Consider a discrete memoryless source with an alphabet l having the entropy H(l) and produces
symbols over Ts seconds. Consider also a discrete memoryless channel that has a capacity C that it
is used once every Tc seconds.
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The channel-coding theorem also known as the noisy coding theorem states that if [9]

H(l)

Ts
≤ C

Tc
(1.9)

there exists a coding scheme for which the source output can be reliably transmitted over the chan-
nel. The term reliably doesn’t imply zero probability of error, but it means that the error probability
can be made arbitrarily small.
If the condition in equation (1.9) isn’t satisfied (i.e. if H(l)/Ts > C/Tc ), we can’t transmit and re-
construct the source output with an arbitrarily small error probability. The channel coding theorem
specifies the channel capacity as an upper limit on the rate at which we can make reliable trans-
mission. The original proof of this theorem was given by Shannon [9]. In chapters 9 and 10 of [10],
Hamming presented a detailed proof of the theorem. The channel coding theorem doesn’t show
how to construct a code that assures a reliable transmission. It doesn’t also have a precise result for
the probability of error after decoding the channel output.

1.5 Error control coding

Error control coding is a technique used to detect and correct erroneous symbols resulting from
transmission over unreliable channels. A channel encoder adds redundancy, to the data symbols,
according to a prescribed rule. It proceeds as follows: divides the sequence of data bits into data
words each of k bits. Each data word will be mapped to a code word of n bits (n > k). Out of
2n possible bit words of length n, there are only 2k valid code words. The set C of valid code
words is called the channel code. The code rate is R = k/n. Historically, channel codes have been
classified into block and convolutional codes according to the absence or the presence of memory
in the encoder [1]. This thesis considers only convolutional codes and their parallel concatenation
[9].

1.5.1 Convolutional Codes

Convolutional codes introduced by Elias [11] in 1955 are now widely used in wireless communi-
cations. A convolutional encoder can be viewed as a k−input, n−output Finite Impulse Response
(FIR) filter with operations performed over the binary Galois field, and then the encoding process
will be a discrete-time convolution of its input sequence with its impulse response. Alternatively,
it may be viewed as a Finite State Machine (FSM). So it can be represented by trellis and state dia-
grams or by graphs [9].
A convolutional code is specified by: the data word length n, the code word length k, and the
constraint length K defined as the number of previous data bits involved plus 1. A (n, k,K) con-
volutional code involves the current data bit and (K − 1) previous data bits. M = K − 1 refers to
the code’s memory. The number of code’s states is 2M . The code rate is R = k/n. A (n, 1,K) binary
convolutional code at each time t receives 1−bit data word dt and produces an n−bit code word
ct = (c

(1)
t , c

(2)
t , ..., c

(n)
t ) as follows [9]

c
(j)
t =

k−1∑
i=0

g
(j)
i dt−1 (1.10)
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where j = 1, 2, ..., n. g(j)
i ∈ 0, 1 are the coefficients of the polynomial of the convolutional code. The

convolutional code (2,1,3) shown in Fig. 1.4 is defined by [9]c
(1)
t = dt

⊕
dt−2

c
(2)
t = dt

⊕
dt−1

⊕
dt−2

(1.11)
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Figure 1.9: a (2,1,3) convolutional encoder [12]. 

1.5.2 Trellis diagram of Convolutional Codes 

The trellis diagram is the most frequently used representation of convolutional codes. The trellis 

diagram for the code shown in figure 1.9 is depicted in figure 1.10. 

 

Figure 1.10: Trellis diagram for (2,1,3) convolutional encoder [12]. 

FIGURE 1.4: a (2,1,3) convolutional encoder [12].

1.5.2 Trellis diagram of Convolutional Codes

The trellis diagram is the most frequently used representation of convolutional codes. The trellis
diagram for the code shown in Fig. 1.4 is depicted in Fig. 1.5. The upper branch coming out of a
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1.5.2 Trellis diagram of Convolutional Codes 

The trellis diagram is the most frequently used representation of convolutional codes. The trellis 

diagram for the code shown in figure 1.9 is depicted in figure 1.10. 

 

Figure 1.10: Trellis diagram for (2,1,3) convolutional encoder [12]. FIGURE 1.5: Trellis diagram for (2,1,3) convolutional encoder [9].
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state corresponds to an input data bit equal to 0, and the lower branch corresponds to an input data
bit equal to 1. Each node represents a particular state s at a particular time t [9].

1.5.3 Distance properties of a convolutional code

The free distance dfree defined as the smallest Hamming distance between all possible code-words
of the code, determines the error correction capability of this convolutional code. It is given by [9]

dfree = minCA 6=CBdH(CA, CB) = minC 6=0dH(C, 0) = minC 6=0WH(C) (1.12)

where CA and CB are two different code words. dH(.) is the Hamming distance and WH(.) is the
Hamming weight.

1.5.4 Convolutional codes’ decoding

Optimal decoding of convolutional codes consists on Maximum Likelihood (ML) decoding. A ML
decoder searches, in the trellis, the most likely sequence to the received one. If L is the code bit
sequence’s length, then all the 2L possible code sequences must be examined one by one which is
impractical for real applications. Low complexity algorithms, to decode convolutional codes, were
developed. The Viterbi algorithm (VA) [11] is the most famous one. The basic concept behind the
Viterbi algorithm is the sequential computation of the metrics and the tracking of the survivor paths
in the trellis. An extended version of the Viterbi algorithm called the Soft-Output Viterbi Algorithm
(SOVA) was proposed in [12]. The Bahl, Cocke, Jelinek, and Raviv (BCJR) algorithm that performs
Maximum A Posteriori (MAP) decoding using a recursive forward and backward calculation of
state probabilities over the trellis was proposed in [13].

1.6 Coded modulation

Channel codes introduce certain constraints on the possible combinations of the bits to be trans-
mitted to help the receiver correct errors introduced by the channel. The previous operation is
performed at the expense of adding redundancy which results in reducing the system’s bandwidth
efficiency. If we use channel encoder and we follow it by a high-order modulator that takes in more
bits we can compensate the loss introduced by redundancy. However, the use of high-order mod-
ulation has a negative effect on the error-performance of the system because it results in a more
crowded constellation. To overcome this unsatisfactory performance, Massey proposed to jointly
design the channel encoder and the modulator [14]. By this idea Massey founded a new field called
coded modulation (CM). Another very successful solution is the one called Trellis Coded Modula-
tion (TCM) proposed by Ungerboeck [15].

1.6.1 Trellis Coded Modulation

TCM is a coding technique that improves the system’s error performance without requiring more
bandwidth. TCM has the following basic features [15]:
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• The number of constellation points used is larger than what is required for the modulation
format of interest with the same data rate; the additional points allow redundancy for error-
correction coding without requiring more bandwidth.

• Convolutional coding is used to introduce certain dependency between successive signal
points, such that only certain patterns are permitted.

• Soft-decision decoding is performed at the receiver side, in which the permissible sequence
of signals is modeled as a trellis structure, hence, the name trellis codes.

In the design of Ungeboeck’s TCM, we emphasize on maximizing the Euclidian distance between
code words rather than maximizing the Hamming distance of the error-correcting code [15].
To achieve a bandwidth efficiency of m bits/sec/Hz, an m/(m+ 1)−rate convolutional code and a
constellation of 2m+1 points are used.
Fig. 1.6 shows a TCM with 4−states, rate−2/3 code and 8−PSK constellation (m = 2). In Unger-

CChhaapptteerr  0011::  IInnttrroodduuccttiioonn  &&  BBaacckkggrroouunndd  

36 

 

To achieve a bandwidth efficiency of m bits/sec/Hz, an / (m 1)m  -rate convolutional code and a 

constellation of 12m  points are used.  

Figure 1.11 shows a TCM with 4-states, rate-2/3 code and 8PSK constellation (m=2). 

 

Figure 1.11: TCM with 4-states, rate-2/3 code and 8PSK constellation (m=2) [14]. 

In Ungerboeck's TCM, the M-ary signal constellation is partitioned hierarchically into 

constellation subsets of M/2, M/4, M/8, ... point that have progressively larger increasing intra-

subsets minimum Euclidian distance. This operation called set partitioning (SP) forms the key 

idea in the construction of TCM. In figure 1.12, the partitioning procedure for an 8PSK 

constellation is shown. The resulting subsets share the common property that the minimum 

Euclidian distance between their individual points increased at every partitioning step. 

 

Figure 1.12: Partitioning of an 8PSK constellation (d0<d1<d2). [15]. 

FIGURE 1.6: TCM with 4-states, rate-2/3 code and 8-PSK constellation (m=2) [15].

boeck’s TCM, theM−ary signal constellation is partitioned hierarchically into constellation subsets
of M/2, M/4, M/8, ... point that have progressively larger increasing intra-subsets minimum Eu-
clidian distance. This operation called set partitioning (SP) forms the key idea in the construction
of TCM. In Fig. 1.7, the partitioning procedure for an 8-PSK constellation is shown. The resulting
subsets share the common property that the minimum Euclidian distance between their individual
points increased at every partitioning step [15].

1.6.2 Coded Modulation over Fading Channels

Authors of [16] and [17] used symbol interleaving for TCM to provide time diversity over fad-
ing channels. Fig. 1.8 shows a symbol interleaved TCM system. The performance of symbol in-
terleaved TCM was evaluated analytically in [18] for the first time, where it was shown that the
Pairwise Error Probability (PEP) P (x→ x̂) can be given by

P (x→ x̂) = Ea[P (x→ x̂/a)] = Ea

Q
√∑N

i=1 a
2
i ||xi − x̂i||2
2N0

P (x→ x̂/a)

 (1.13)

where a = [a1a2...aN ] is the sequence of channel fades and N is the set of all i for which xi 6= x̂i.
Authors of [19] derived an exact analytical expression of the PEP.
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To achieve a bandwidth efficiency of m bits/sec/Hz, an / (m 1)m  -rate convolutional code and a 

constellation of 12m  points are used.  

Figure 1.11 shows a TCM with 4-states, rate-2/3 code and 8PSK constellation (m=2). 

 

Figure 1.11: TCM with 4-states, rate-2/3 code and 8PSK constellation (m=2) [14]. 

In Ungerboeck's TCM, the M-ary signal constellation is partitioned hierarchically into 

constellation subsets of M/2, M/4, M/8, ... point that have progressively larger increasing intra-

subsets minimum Euclidian distance. This operation called set partitioning (SP) forms the key 

idea in the construction of TCM. In figure 1.12, the partitioning procedure for an 8PSK 

constellation is shown. The resulting subsets share the common property that the minimum 

Euclidian distance between their individual points increased at every partitioning step. 

 

Figure 1.12: Partitioning of an 8PSK constellation (d0<d1<d2). [15]. FIGURE 1.7: Partitioning of an 8-PSK constellation (d0 < d1 < d2). [16].
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1.6.2 Coded Modulation over Fading Channels 

Authors of [15] and [16] used symbol interleaving for TCM to provide time diversity over fading

channels. Figure 1.13 shows a symbol interleaved TCM system.

Figure 1.13: A block diagram for symbol interleaved TCM [16]. 

The performance of symbol interleaved TCM was evaluated analytically in [17] for the first 

time, where it was shown that the Pairwise Error Probability (PEP) )ˆ( xxP  can be given by 
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(1.18) 

Where  1 2... Na a a a is the sequence of channel fades and n is the set of all i for which ii xx ˆ . 

Authors of [17] showed that the minimum symbol Hamming distance (the code diversity) and

the minimum product of the squared distance of the code are the primary design parameters for 

TCM over fading channels. 

Authors of [18] derived an exact analytical expression of the PEP. 

To increase the code diversity, and hence improving the reliability of coded modulation over

fading channels, Zehavi [19] used a bit-level interleaver instead of the symbol-level interleaver 

which results in a diversity order equal to the minimum binary Hamming distance of the used

FIGURE 1.8: A block diagram for symbol interleaved TCM [17].

To increase the code diversity, and hence improving the reliability of coded modulation over fading
channels, Zehavi [20] used a bit-level interleaver instead of the symbol-level interleaver which
results in a diversity order equal to the minimum binary Hamming distance of the used code.
The structure proposed by Zehavi outperformed symbol interleaved TCM over Rayleigh fading
channels. This scheme called later Bit Interleaved Coded Modulation (BICM) will be the topic of
chapter 2.

1.7 Outline and contribution of this thesis

This thesis is organized as follows:
In chapter two, we provide a detailed theoretical study of BICM accompanied by some Matlab R©
scripts to show how one can simulate a given block in BICM.
We present also simulation results that have been carried out to evaluate the BICM’s BER per-
formance and to analyze the effects of various parameters on its performance over both Rayleigh
fading and AWGN channels.
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Chapter three considers parallel concatenated convolutional codes (Turbo codes) and their itera-
tive decoding technique. It details the BCJR algorithm used in their decoding and finally performs
a comprehensive simulation to characterize their BER performance. This material sheds a special
light on our understanding of iterative decoding.
Chapter four covers the basic theory underlying iteratively decoded BICM.
The main contribution of this thesis is contained in chapter Five, where firstly the effects of various
parameters on BICM-ID’s BER performance were investigated. Then a joint optimization of sig-
nal constellation points and their mappings were proposed to introduce a new improved symbol
mapper/8-ary constellation for BICM-ID, and finally a detailed study on MAP algorithms used in
BICM-ID’s decoding have been done which led to propose a new approximation for the Jacobian
logarithm and to demonstrate that it is suitable for MAP decoding in BICM-ID.
Finally, we conclude this work and we give suggestions for future research.
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Chapter 2

Bit-Interleaved Coded Modulation’s
fundamentals

In this chapter, We’ll study, in details, Bit Interleaved Coded Modulation (BICM). We’ll provide some Matlab
scripts to show how a given block, in BICM, can be simulated. We’ll carry out simulations to characterize its
Bit Error Rate (BER) performance and analyze the effect of various parameters on its BER performance over
both Additive White Gaussian Noise (AWGN) and Rayleigh fading channels.

2.1 Introduction

In 1982, Ungerboeck proposed Trellis Coded Modulation (TCM), a joint design of a convolutional
encoder and a multi-level/phase modulator [1]. TCM maximizes the Minimum Squared Euclidian
Distance (MSED) to provide a significant improvement over AWGN channels. For fading channels,
the diversity order is the key parameter in determining the error performance of a coded system [2].
For TCM using a symbol-based interleaver, the diversity order is the minimum number of distinct
symbols between any two code words. By replacing symbol-level interleaving by bit-level inter-
leaving in TCM, Zehavi in [3] succeeded to increase the diversity order to the minimum number of
distinct bits between any two code words, which is in fact the minimum binary Hamming distance
of the coded system. This scheme, called later in [4] Bit Interleaved Coded Modulation (BICM),
achieves better performance than Ungerboeck’s TCM over Rayleigh fading channels. For example,
a gain of 2 dB at a BER level of 10−5 can be attained by using BICM with 8−states, rate−2/3 con-
volutional encoder, a Gray mapped 8−PSK constellation and a random bit-level interleaver over
8−PSK Ungerboeck’s symbol-based interleaved TCM [3]. The BICM’s diversity order can be in-
creased by using a convolutional code that provides the largest minimum Hamming distance for a
given code rate and constraint length.

2.2 BICM’s System Model

2.2.1 BICM’s transmitter

The BICM’s encoder, as introduced in [3], is depicted in Fig. 2.1. It consists of a rate-2/3 convo-
lutional encoder serially concatenated with three parallel random bit-level interleavers followed
by a Gray mapped 8-PSK constellation. Each two information bits (dk

(1), dk
(2)) are encoded using



12 Chapter 2. Bit-Interleaved Coded Modulation’s fundamentals

the rate-2/3 convolutional code to produce three coded bits (ck
(1), ck

(2), ck
(3)) which will be inter-

leaved separately to produce three interleaved bits (vk
(1), vk

(2), vk
(3)). Each three interleaved bits

(vk
(1), vk

(2), vk
(3)) represent a non-binary complex (channel) symbol, where Gray labeling is used

for the sake of optimizing the system’s performance. The purpose of the interleavers is to disperse
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FIGURE 2.1: BICM’s encoder schematic employing 3 independent bit interleavers [3].

the bursty errors introduced by the correlated fading and to maximize the diversity order. In [4],
authors proposed to use a single bit-interleaver (Fig. 2.2) instead of the three bit-interleavers. The
reason for this is to increase the system’s flexibility, reduce its complexity and simplify the analysis.
Under Matlab environment this random bit-level interleaver can be implemented simply using the
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FIGURE 2.2: The single interleaver that replaces the 3 independent interleavers.

following user-defined function:
function [output] = BitInterleaver(input,alpha)

% BitInterleaver.m

% Description: Interleave one block of data according to the interleaving

pattern alpha

% calling syntax:

% [output] = BitInterleaver(input,alpha)

% output = interleaved data

% input = un-interleaved data

% alpha = interleaver pattern

% Interleaving

output=input(alpha);

end

Its inverse function (i.e. the bit de-interleaver) can also be implemented as follows
function output=BitDeInterleaver(input,alpha)

% BitDeInterleaver.m

output(alpha)=input;

end



2.2. BICM’s System Model 13

The BICM’s encoder in Fig. 2.1 uses Paaske’s Non-Systematic Non-Recursive (NSC) convolutional
code chosen (see table 11.1 on page 331 of [5]) as the optimum convolutional code in the sense it
gives the highest possible minimum Hamming distance for a rate-2/3 and a constraint length k = 3,
hence attaining optimum performance over Rayleigh fading channel.
In Fig. 2.3, we show this NSC code. Its free bit-based Hamming distance is dfree = 4. This code has
the generator polynomials g1 = [4, 2, 6] and g2 = [1, 4, 7]. At each cycle of encoding a two-bits data
word (dk

(1), dk
(2)) is encoded to generate a three-bits code word (ck

(1), ck
(2), ck

(3)) and to generate
a new state S. This encoder has 8 states. Each state is given by

S = {s0, s1, s2} (2.1)

where s0, s1, and s2 are the contents of the shift registers constructing the encoder in Fig. 2.3.
The trellis diagram for this code is shown in Fig. 2.4. Paaske’s NSC code in Fig. 2.3, can be
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FIGURE 2.3: Paaske’s NSC code of 8-states, rate-2/3, constraint length k=4, and gen-
erator polynomials g1 = [4, 2, 6] and g2 = [1, 4, 7] [5].

implemented using the following user-defined Matlab function
function [encded_bits] = paaske_code(dk1,dk0)

% paaske_code.m

% Description: Paaske’s NSC code shown in figure 3

% calling syntax :

% [output] = paaske_code(input1,input2)

% output = encoded bits

% input1 = first message bit

% input2 = second message bit

% Initialisation of Shift registers and encoded bits

s0=0;s1=0;s2=0;

ck3=zeros(1,length(dk1));

ck2=zeros(1,length(dk1));

ck1=zeros(1,length(dk1));

for bit_index=1:length(dk1);

% Calculation of encoded bits
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The trellis diagram for this code is given in figure 2.4. 
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An encoding example 

 

Figure 2.4: The trellis diagram for Paaske’s code shown in figure 2.3 [5]. 

Paaske’s NSC code in figure 2.3, can be implemented using the following user-defined Matlab® 

function  

 
function [enocdedbits] = paaske_code(dk1,dk0) 
% paaske_code.m 
% Description: Paaske's NSC code shown in figure 2.3 
  
% The calling syntax is: 
  
% [output] = paaske_code(input1,input2) 
  
% output = encoded bits 
% input1  = first messgae bit 
% input2  = second messgae bit 
  

Input bits (dk
(1), dk

(2)) 

01 10 01 00 10 10 

Passkee’s 
encoder 

100 000 000 001 010 110 

Output bits (ck
(1), ck

(2)), ck
(3)) 

FIGURE 2.4: The trellis diagram for Paaske’s code shown in Fig. 2.3.

ck3(bit_index)=mod((dk0(bit_index)+s1),2);

ck2(bit_index)=mod(dk1(bit_index)+s0,2);

ck1(bit_index)=mod(s0+dk1(bit_index)+dk0(bit_index)+s1+s2,2);

% Next states of convolutional encoder

if (bit_index =length(dk1))

s0=dk0(bit_index);

s1=s2;

s2=dk1(bit_index);

end% if

end% for

% reshaping of the encoded bits

bmat=[ck3;ck2;ck1];

enocdedbits=reshape(bmat,1,3*length(ck1));

end% function
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Each three interleaved bits (vk
(1), vk

(2), vk
(3)) are to be mapped into a complex symbol si ∈ Ψ ac-

cording to the rule
µ : si = µ((vk

(1), vk
(2), vk

(3))), si ∈ Ψ, i = 1, 2, ...,M (2.2)

where M is the number of symbols in the constellation set Ψ . For an 8-PSK constellation, M = 8,
Ψ = {s0, s1, ..., s7} and si = exp(−j2πi/8). The symbol µ in (2.2) represents the operation of signal
mapping. A Gray mapper for an 8-PSK constellation, can be implemented using the following
user-defined Matlab function.
function output=8PSK_GrayMapper(input)

% 8PSK Gray mapper

% calling syntax :

% output = 8PSK_GrayMapper(input)

% input : binary input vector

% output : complex output vector

complex_points =exp(j*([1 4 2 3 8 5 7 6]*2*pi/8));

reshaped_input = reshape(input,3,length(input)3);

y = complex_points(bi2de(reshaped_input)́+1);

end% function

2.2.2 BICM’s receiver

The resulting complex symbols (from the mapping block) are then passed through a discrete-time
channel. The received discrete-time signal, for a fully-interleaved flat Rayleigh fading channel
model is given by [3]

r = g.si + n (2.3)

where g is the fading amplitude, which can be modeled as a Rayleigh random variable and n is a
sample of an AWGN with a zero mean and a variance σ2

N = N0/2, where N0/2 is the unilateral
Power Spectral Density (PSD) of a white Gaussian noise. For AWGN channel, we take g = 1. The
received signal r will be used to calculate the conditioned Log-Likelihood Ratio (LLR) for each
interleaved bit vk in the tuple (v1, v2, v3) . This LLR is given by [3]

L(vk/r) = ln (p(vk = 1/r)/p(vk = 0/r)) (2.4)

where
λ(vk/r) = ln(p(vk = b/r)) = ln

∑
si∈Ψkb

p(r/si, g) (2.5)

is called the bit-metric.
From equations (2.4) and (2.5), it follows that

L(vk/r) = λ(vk = 1)− λ(vk = 0) (2.6)

In (2.5), Ψk
b , b ∈ {0, 1} , k = 1, 2, 3 , denotes the subset of Ψ that contains all symbols si whose labels

(v1, v2, v3) have the value b in the kth position. The function p(r/si, g) is the probability density



16 Chapter 2. Bit-Interleaved Coded Modulation’s fundamentals

function (PDF) of receiving r conditioned by the transmitted signal si and the fading amplitude g.
It is given by

p(r/si, g) =
1√

2πσ2
× e

−‖r − g.si‖2
2σ2


(2.7)

where
dsi = ‖r − g.si‖ =

√
(r1 − g.si1)2 + (r2 − g.si2)2 (2.8)

is the Euclidean distance between r and the faded version of si. (r1, r2) and (si1 , si2) are the real
and imaginary components of r and si respectively.
By substituting (2.7) in (2.5), we find that

λ(vk = b) = ln
∑
si∈Ψkb

1√
2πσ2

× e

−‖r − g.si‖2
2σ2



= ln
1√

2πσ2
+ ln

∑
si∈Ψkb

e

−‖r − g.si‖2
2σ2


(2.9)

By using the approximation ln
∑

i zi
∼= maxi(lnzi), (2.9) can be re-written as follows

λ(vk = b) = ln
1√

2πσ2
+maxsi∈Ψkb

(
−‖r − g.si‖

2

2σ2

)
(2.10)

By substituting (2.10) in (2.6), we find that

L(vk/r) = maxsi∈Ψk1

(
−‖r − g.si‖

2

2σ2

)
−maxsi∈Ψk0

(
−‖r − g.si‖

2

2σ2

)
=

[
−minsi∈Ψk1

(
−‖r − g.si‖

2

2σ2

)]
−
[
−minsi∈Ψk0

(
−‖r − g.si‖

2

2σ2

)] (2.11)

From (2.11), we can observe that the bit-metric λ(vk = b) and therefore the conditioned LLR L(vk/r)

are based on the MSED between the received signal r and the faded version g.si of the transmitted
signal si.
After being interleaved, the three conditioned LLRs (L(v1/r), L(v2/r) and L(v3/r) ) will be fed to a
standard Soft-Input Hard-Output (SIHO) Viterbi algorithm.
An example of L(vk/r) computation [7], [9]:
The conditioned LLR of the interleaved bit vk is given by

L(vk/r) =

[
−minsi∈Ψk1

(
−
d2
si

2σ2

)]
−

[
−minsi∈Ψk0

(
−
d2
si

2σ2

)]
(2.12)

if we take the case of a Gray mapped conventional 8-PSK constellation shown in Fig. 2.5. For the
1st bit position (i.e. k = 1 ), we have

Ψ1
1 = {s5, s6, s7, s8}; Ψ0

1 = {s1, s2, s3, s4} (2.13)
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FIGURE 2.5: A Gray mapped conventional 8-PSK constellation.

For the 2nd bit position (i.e. k = 2 ), we have

Ψ1
1 = {s3, s4, s4, s6}; Ψ0

1 = {s1, s2, s7, s8} (2.14)

For the 3rd bit position (i.e. k = 3 ), we have

Ψ1
1 = {s2, s3, s6, s7}; Ψ0

1 = {s1, s4, s5, s8} (2.15)

This operation called Sub-Set Partitioning is illustrated in Fig. 2.6. The conditioned LLR of the
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FIGURE 2.6: Sub-Set Partitioning of a Gray mapped 8PSK constellation.

interleaved bit v1 is given by

L(v1/r) =

[
−minsi∈{s5,s6,s7,s8}

(
−
d2
si

2σ2

)]
−

[
−minsi∈{s1,s2,s3,s4}

(
−
d2
si

2σ2

)]

=

[
−min

(
d2
s5

2σ2
,
d2
s6

2σ2
,
d2
s7

2σ2
,
d2
s8

2σ2

)]
−
[
−min

(
d2
s1

2σ2
,
d2
s2

2σ2
,
d2
s3

2σ2
,
d2
s4

2σ2

)] (2.16)

For the case shown in Fig. 2.7, L(v1/r) can be given by

L(v1/r) =

[
−min

(
d2
s5

2σ2

)]
−
[
−min

(
d2
s4

2σ2

)]
(2.17)

To simplify the computation of L(vk/r) the previous operation can be divided into two steps:

• Step 1: bit-metric computation using equation (2.5).

• Step 2: conditioned LLR computation using equation (2.6).
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FIGURE 2.7: An example of a received signal r and its Euclidean distances from dif-
ferent constellation symbols (case of 8-PSK constellation).

The following user-defined Matlab R© functions can be used for this purpose. In these scripts, we
consider a Gray mapped QPSK constellation.
function [ bit_metrics ] = bit_metrics( R,S,EsNo,fade_coef )

% bit_metrics transforms received vector R of received symbols (r1,r2,....rn)

into a vector of bit metrics

% calling syntax:

% [output] = bit_metrics( input, S, EsNo, fade_coef)

% output = Vector of bit metrics

% Required inputs:

% R= received complex Vector

% S= complex vector representing the constellation points

% EsNo= the symbol SNR (converted back from dB to linear)

% EsNo = log2(M)*en*rate;

% en = 10ˆ(EbN0db/10);

% where "EbN0db" is the SNR in dB.

% rate is the code rate.

% M is the number of symbols in the constellation.

% fade_coef = 1 by N vector of (complex) fading coefficients (1 by N ones-vector

for an AWGN channel)

%-------------------------------

% begin

for n=1:length(R) bit_metric1(n)=-EsNo*((real(R(n))-fade_coef*real(S(1)))ˆ2+

(imag(R(n))-fade_coef*imag(S(1)))ˆ2);

bit_metric2(n)=-EsNo*((real(R(n))-fade_coef*real(S(2)))ˆ2+

(imag(R(n))-fade_coef*imag(S(2)))ˆ2);

bit_metric3(n)=-EsNo*((real(R(n))-fade_coef*real(S(3)))ˆ2+

(imag(R(n))-fade_coef*imag(S(3)))ˆ2);

bit_metric4(n)=-EsNo*((real(R(n))-fade_coef*real(S(4)))ˆ2+

(imag(R(n))-fade_coef*imag(S(4)))ˆ2);

bit_metrics=[bit_metric1,bit_metric2,bit_metric3,bit_metric4];

end % for

end % function
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function [ bits_LLRs ] = LLRb( bit_metrics)

% LLRb performs bits’ LLRs computation

% calling syntax:

% [output] = Compute_LLRb( input )

% % output=vector of bits’ LLRs values

% Required inputs:

% input= 1 by M vector of symbol likelihoods ratios

%-------------------------------

bit_metric1=bit_metrics(1:4:length(bit_metrics));

bit_metric2=bit_metrics(2:4:length(bit_metrics));

bit_metric3=bit_metrics(3:4:length(bit_metrics));

bit_metric4=bit_metrics(4:4:length(bit_metrics));

for n=1:length(bit_metrics)/4

LLRb1(n)=max(bit_metric2(n),bit_metric3(n))-max(bit_metric1(n),bit_metric4(n));

LLRb2(n)=max(bit_metric3(n),bit_metric4(n))-max(bit_metric1(n),bit_metric2(n));

bits_LLRs=[LLRb2;LLRb1];

end % for

end % function

2.3 Performance evaluation of BICM

We present here some simulation results that have been carried out to evaluate the BICM’s BER
performance and to analyze the effects of various parameters on its performance. The BER vs. SNR
curves are provided and commented. The convolutional encoder shown in Fig. 2.8, is used in all
the next simulations. A random bit-level interleaver and a conventional 8−PSK constellation are
considered.
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ck
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FIGURE 2.8: The NSC convolutional encoder (7, 5)8, rate-1/2 and constraint length
k=3. [6].

2.3.1 The influence of the block length

In Fig. 2.9 and 2.10, BER vs. SNR curves are shown parameterized by the block length. The
simulation parameters, for these two figures, are provided in Table 2.1.

These figures show that, the block length doesn’t have a significant effect on the system’s BER
performance over both Rayleigh and AWGN channels.
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FIGURE 2.9: BER vs. SNR as parameterized by the block length (over Rayleigh fading
channel).
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FIGURE 2.10: BER vs. SNR as parameterized by the block length (over AWGN fading
channel).

TABLE 2.1: Code Simulation parameters.

Figure # Channel
Code
generator Code

rate
Mapping Block

length

9 Rayleigh (7, 5)8 1/2 Gray 256, 2048,
and 8192

10 AWGN (7, 5)8 1/2 Gray 256, 2048,
and 8192
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2.3.2 The influence of signal mapping

In Fig. 2.11 and 2.12, BER vs. SNR curves are shown parameterized by the signal mapping method.
Five different signal mappings namely Gray, SP, SSP, MIXED [7] and MSEW [8] are considered.
Fig. 2.11 and 2.12 compares the performance of these mappings over Rayleigh and AWGN chan-
nels. The simulation parameters, for these two figures, are provided in Table 2.2. From these two
figures, we can clearly see that Gray mapping gives the best performance over all other mappings.
SSP and MSEW mappings give the worst performance while SP and Mixed mappings’ perfor-
mances are between those of Gray and SSP.
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FIGURE 2.11: BER vs. SNR as parameterized by the mapping method (over Rayleigh
fading channel).
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FIGURE 2.12: BER vs. SNR as parameterized by the mapping method (over AWGN
fading channel).
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TABLE 2.2: Code Simulation parameters.

Figure # Channel
Code
generator Code

rate
Mapping Block

length

11 Rayleigh (7, 5)8 1/2 Gray,
SP,
SSP,
MIXED,
and
MSEW

8192

12 AWGN (7, 5)8 1/2 Gray,
SP,
SSP,
MIXED,
and
MSEW

8192

2.3.3 The influence of the encoder’s type

In Fig. 2.13, BER vs. SNR curves are shown parameterized by the encoder’s type (NSC or RSC).
Gray mapping is considered. The simulation parameters, for this figure, are provided in Table 2.3.
This figure shows that, for small SNR values (i.e., when SNR ≤ 3dB) NSC code outperforms RSC
code, but for high SNR values (i.e. when SNR > 3dB) the opposite happens.
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FIGURE 2.13: BER vs. SNR as parameterized by the encoder’s type.

2.3.4 The influence of the channel’s type

In Fig. 2.14, BER vs. SNR curves are shown parameterized by the channel’s type (Rayleigh or
AWGN). Gray mapping is considered. The simulation parameters, for this figure, are provided in
Table 2.4. This figure shows that BICM has better performance over AWGN channel.
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TABLE 2.3: Simulation parameters.

Figure # Channel
Code
generator Code

rate
Mapping Block

length

13 Rayleigh (7, 5)8 1/2 NSC
or
RSC

8192
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FIGURE 2.14: BER vs. SNR as parameterized by the channel’s type.

TABLE 2.4: Simulation parameters.

Figure # Channel
Code
generator Code

rate
Encoder
type

Block
length

14 Rayleigh
or
AWGN

(7, 5)8 1/2 NSC
or
RSC

8192

2.4 Conclusion

BICM represents an important advancement of spectral efficient coded modulation. The results of
simulations, carried out to characterize the BICM’s BER performance, show that:

• The block length doesn’t have a remarkable effect on the BICM’s BER performance over both
AWGN and Rayleigh fading channels.

• Gray mapping gives the best performance among the five studied mappings.

• For small SNR values, NSC code outperforms RSC code, but the opposite happens for high
SNR values.

• BICM BER performance over AWGN channel is better than it over Rayleigh fading channel.
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Chapter 3

Turbo Codes & Iterative Decoding

In this chapter, We’ll go through the theory underlying iterative decoding of parallel concatenated convolu-
tional codes (i.e. turbo codes). We’ll talk, in details, about the BCJR algorithm used in their decoding. We’ll
carry out simulations to characterize their Bit Error Rate (BER) performance.

3.1 Fundamentals of Turbo Codes

Parallel concatenation of convolutional codes was first proposed by Berrou et al [1]. Because of the
iterative decoding process that resembles the turbo engine’s functionality, authors in [1], called this
type of codes Turbo Codes. Essentially, a turbo encoder consists of the parallel concatenation of
two or more Recursive Systematic (RSC) convolutional codes separated by an interleaver.

3.1.1 Recursive Systematic convolutional codes

A convolutional code is systematic if one of the output sequences is exactly the input sequence,
otherwise it is non-systematic (NSC) [1]. In Fig.3.1(a), we show a systematic convolutional code of
rate 1/2, constraint length k = 3, 8-states and its generator polynomial is G = [g1, g2] = [7, 5]8. If
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FIGURE 3.1: Rate-1/2 convolutional codes. (a) a NSC code. (b) a RSC code [1].

the state of the internal shift register depends on the past output, this code is said to be recursive,
otherwise it is non-recursive. The code in Fig. 3.1(a) is a non-recursive, where the code in Fig. 3.1(b)
is its equivalent RSC. A RSC encoder can be obtained from a NSC one by setting one of the outputs
equal to the input (make it systematic) and using feedback in the encoding process, i.e. we need to
transform the non-systematic feed-forward code generator into a systematic feed-back generator.
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In Fig 3.1(a), the feed-forward code generator is GNSC(D) = [g1(D), g2(D)] = [1 +D +D2, 1 +D2]

which must be transformed into GRSC(D) = [1, g1(D)/g2(D)] = [1, (1 + D2)/(1 + D + D2)] to
construct the feed-back code generator. The trellis diagram for the RSC code depicted, in Fig. 3.1(b),
is shown in Fig. 3.2. A NSC code and its equivalent RSC code have the same distance properties.
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i.e. the same free distance [1]. The code generators are often expressed in an octal form. For the
RSC code in 3.1(b), we write G = [1, 5/7]8. RSC code is the basic building block in a turbo encoder.

3.1.2 Turbo encoder

In Fig. 3.3, a classical turbo encoder is shown. There are two RSC encoders concatenated in parallel.
Before entering to the second RSC encoder, the information bits are to be interleaved using a bit-
level interleaver. Interleaving plays an important role in the performance of turbo codes [1]. TheCChhaapptteerr  0033::  TTuurrbboo  CCooddeess  &&  IItteerraattiivvee  DDeeccooddiinngg  
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FIGURE 3.3: A classical turbo encoder [1].

code-word, in a turbo code, consists of the input (systematic) bit followed by the two other (parity)
bits generated by the two RSC encoders. i.e. codeword ck == [ck(1) = dk, ck(2), ck(3)].
At the end of the encoding process, to force the first RSC encoder to the all-zero state, flushing bits
are added. For the second RSC encoder, it may or may not be terminated to zero [3]. Each RSC
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encoder in a turbo code is called a component or constituent encoder. The rate of the code in figure
3.3 is R = 1/3. To obtain a higher rate, this code may be punctured. For example, the puncturer in
Fig. 3.4, Chooses odd bits from RSC1 and even bits from RSC2 to increase the code rate to 1/2.

3.1.3 Iterative Decoding of turbo codes

Fig. 3.5 shows the idea of turbo decoding introduced in [1]. The first observation we can make,
regarding the structure of this turbo decoder is that it consists of a serial concatenation of two
decoders. The first decoder receives, from the channel, noisy versions of the systematic bits and of
the parity bits generated by the first RSC encoder. At this level, we observe a de-multiplexer that
allows sending, to each decoder the parity bits generated by its corresponding encoder. As shown
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FIGURE 3.5: The structure of a turbo decoder [1].

in Fig. 3.5, the turbo decoder operates on noisy versions of systematic bits r(1) and the two sets of
the parity bits r(2) and r(3), in two serial concatenated stages (decoders), to estimate the original
information bits.
First, r(1) and r(2) are fed to decoder 1. This later performs decoding and produces extrinsic Log-
Likelihood Ratio (LLR) information of systematic bits. Before application to decoder 2, this extrinsic
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LLR information is interleaved, to compensate for the interleaving introduced in the turbo encoder.
In addition, r(2) the noisy version of parity bits generated by encoder 2 and the interleaved version
of r(1) are used as two other inputs to decoder 2. By using these inputs, decoder 2 produces a more
refined estimate of the original information bits. This estimate is de-interleaved and transferred
back to decoder 1 to begin a new iteration.
Each of the two decoders uses a Bahl, Cocke, Jelinek, and Raviv (BCJR) algorithm [2]. This later
was first proposed to solve a MAP detection problem. To decode a convolutional code using a BCJR
algorithm, two assumptions have to be considered. (1) The convolutional encoding operation is
modeled as a Markov process, and (2) the channel is assumed memoryless.

3.1.4 The BCJR algorithm

Let us consider the rate−1/2 RSC encoder given in figure 3.6. A binary PSK modulator is used after
this RSC encoder to map the binary bits 0 and 1 into BPSK symbols -1 and + 1. As shown in Fig.
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FIGURE 3.6: A transmitter in a turbo encoding process [3].

3.6, we will follow the same steps in references [3] and [4]:

• dk is the information bit at time k. csk and cpk are respectively the systematic bit and the parity
bit corresponding to dk. They all take on a value 0 or 1.

• xk = (csk, c
p
k) is the binary PSK modulated pair corresponding to (csk, c

p
k). They take on a value

+1 or -1.

• Xs = (xs1, x
s
2, ..., x

s
N ) is the systematic sequence which corresponds to the information se-

quence to be coded D = (d1, d2, ..., dN ).

• Xp = (xp1, x
p
2, ..., x

p
N ) is the non-systematic sequence which corresponds to the information

sequence to be coded D = (d1, d2, ..., dN ).

• The pair yk = (ysk, y
p
k) is the noisy version, of pair xk = (csk, c

p
k) coming out of the channel.

• Y = (y1, y2, ..., yN ) = (ys1, y
p
1 , y

s
2, y

p
2 , ..., y

s
N , y

p
N ) is the noisy sequence observed by the decoder.

• m is the memory of the RSC encoder. The encoder is of 2m states.

• S is the set of all 2m RSC encoder’s states, i.e. S = {s1, s2, ..., s2m} where sk is the state of the
encoder at time k.
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• S+ is the set of pairs s′, s corresponding to all state transitions from sk = s′ to sk = s caused
by information bit dk = 1. Similarly, S− is defined for dk = 0 .

The maximum a posteriori (MAP) decoding is carried out as follows

dk =

1, if p(dk = 1/Y ) ≥ p(dk = 0/Y )

0, if p(dk = 1/Y ) < p(dk = 0/Y )
(3.1)

The so-called a posteriori (or conditioned) LLR of dk is defined as

L(dk/Y ) =
p(dk = 1/Y )

p(dk = 0/Y )
(3.2)

The numerator and denominator of equation (3.2) are a posteriori conditional probabilities. The
sign of L(dk/Y ) is an indication of which information bit dk, 1 or 0, was coded at time k. The
magnitude of L(dk/Y ) is a measure of the likelihood (reliability or confidence) of the decision we
have made: the more the L(dk/Y ) magnitude is far away from the zero threshold decision the more
we trust in the decision we have made [3].
Equation (3.1) can be re-written as follows

dk =

1, if L(dk/Y ) ≥ 0

0, if L(dk/Y ) < 0
(3.3)

By applying Bayes’ rule to equation (3.2), we obtain

L(dk/Y ) = ln
p(dk = 1, Y )

p(dk = 0, Y )
(3.4)

By observing the trellis structure of the RSC encoder, if we know the previous state Sk−1 = s′ and
the present state Sk = s, the information bit caused this transition is therefore known.
By taking into account that transitions between the previous state Sk−1 and the present state Sk are
mutually exclusive (just one can occur at a given time) the probability that any transition occurs is
equal to the sum of the individual probabilities, that is,

p(dk = 1, Y ) =
∑
s+

p(Sk−1 = s′, Sk = s, Y ) (3.5)

p(dk = 0, Y ) =
∑
s−

p(Sk−1 = s′, Sk = s, Y ) (3.6)

Equation (3.4) will be reformulated as follows

L(dk/Y ) = ln

[ ∑
s+ p(Sk−1 = s′, Sk = s, )∑
s− p(Sk−1 = s′, Sk = s, Y )

]
(3.7)
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We can partition the received N−symbols sequence Y into three sub-sequences: a past sequence
Y<k, a present sequence (i.e., at time k ) Yk, and a future sequence Y>k:

Y = Y<k, Yk, Y>k = y1, y2, ..., yk, yk+1, yk+2, yN (3.8)

Then, we have
p(Sk−1 = s′, Sk = s, Y ) = p(Sk−1 = s′, Sk = s, Y<k, Yk, Y>k) (3.9)

By using Bayes’ rule, we have

p(Sk−1 = s′, Sk = s, Y ) = p(Y>k/Sk−1 = s′, Y<k, Yk).p(Sk−1 = s′, Y<k, Yk) (3.10)

For a memoryless channel, the current signal Y>k depends only on the current states (it depends
neither on the previous states’ nor on the past sequence Y<k or current sequence Yk). Therefore,

p(Y>k/Sk−1 = s′, Y<k, Yk) = p(Y>k/Sk = s) (3.11)

p(Sk−1 = s′, Y<k, Yk) = p(Yk, Sk = s/Sk−1 = s′, Y<k).p(Sk−1 = s′, Y<k)

= p(Yk, Sk = s, Y<k−1 = s′).p(Sk−1 = s′, Y < k)
(3.12)

By substituting equations (3.11) and (3.12) in equation (3.10), we obtain

p(Sk−1 = s′, Y<k, Yk) = p(Y>k/Sk = s).p(Yk, Sk = s/Y<k−1 = s′).p(Sk−1 = s′, Y < k)

= βk(s).γk(s
′, s).αk−1(s′)

(3.13)

where,

• βk(s) = p(Y>k/s) represents the conditional probability that given current state is s , the future
sequence will be Y>k.

• γk(s′, s) = p(Yk, s/s
′) represents the probability that next state is sand the received symbol is

Yk given the previous state s′.

• αk−1(s′) = p(s′, Y < k) represents the joint probability that at time k − 1 the state is s′ and the
received sequence until then is Y < k.

Now, by substituting equation (3.13) in equation (3.7), we obtain

L(dk/Y ) = ln

[∑
s+ βk(s).γk(s

′, s).αk−1(s′)∑
s− βk(s).γk(s

′, s).αk−1(s′)

]
(3.14)

Now, we present how the BCJR algorithm computes the three probabilities αk−1(s′), βk(s) and
γk(s

′, s) for a rate−1/2 RSC encoder.
Firstly, γk(s′, s) is computed as follows

γk(s
′, s) = ck.exp

(
dk.L(dk)

2

)
.exp

(
Lc
2

2∑
i=1

xiky
i
k

)
(3.15)
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where ck is some constant that can be ignored because it will cancel out since it appears both in the
numerator and denominator of equation (3.14).
The channel reliability value Lc is given by

Lc = 4gR(Eb/N0) (3.16)

where N0/2 is the noise bilateral power spectral density,g is the fading amplitude (for non-fading
channel g = 1, R is the RSC code’s rate, and Eb is the bit’s energy. L(dk) is the LLR for the informa-
tion bit dk, and it is given by

L(dk) = ln

[
p(dk = 1)

p(dk = 0)

]
(3.17)

Secondly, αk(s) and βk−1(s′) are computed recursively as follows

αk(s) =
∑
s+

αk−1(s′)γk(s
′, s) (3.18)

βk−1(s′) =
∑
s+

βk−1(s)γk(s
′, s) (3.19)

Since the BCJR algorithm assumes the trellis begins with and ends at the all-zero state S0 = 0, the
initialization conditions for αk(s) and βk−1(s′) are

α0(si) =

1, for si = s0

0, for si 6= s0

(3.20)

βN (si) =

1, for si = s0

0, for si 6= s0

(3.21)

The BCJR algorithm uses equations (3.15), (3.18), and (3.19) to evaluate equation (3.14). α, β and
γ are referred to as the forward, backward and transition metrics, respectively. Because of this the
BCJR algorithm is also known as the forward-backward algorithm.
Due to the iterative nature of turbo-decoding, the forward and backward metrics may face a nu-
merical overflow or underflow. To circumvent this problem, α and β should be normalized as
follows

α
′
k(s) =

αk(s)∑
s αk(s)

(3.22)

β
′
k−1(s) =

αk(s
′)∑

( s
′)βk(s)

(3.23)

So that ∑
s

α
′
k(s) =

∑
s′

β
′
k−1(s) = 1 (3.24)
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3.2 Performance evaluation of Turbo codes

After studying the fundamental theory underlying turbo codes in the previous section we now
undertake a comprehensive simulation to characterize the BER performance of turbo codes. BER
vs. SNR curves are used to study the effects of various system’s parameters on its performance.

3.2.1 The effect of the number of iterations

In Fig. 3.7 to 3.10, we show the influence of iteration number on the BER performance of turbo
codes. Simulation parameters, for these figures, are provided in table 3.1.

 
 

(a) frame length= 200. (b) frame length= 400. 

 

 
(c) frame length= 1000. 
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FIGURE 3.7: BER vs. SNR as parameterized by the number of iterations (g = (1, 5/7)8,
rate= 1/2).
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(a) frame length= 200. (b) frame length= 400. 

 

 
(c) frame length= 1000. 
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FIGURE 3.8: BER vs. SNR as parameterized by the number of iterations (g = (1, 5/7)8,
rate= 1/3).
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(a) frame length= 200. (b) frame length= 400. 

 

 
(c) frame length= 1000. 
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FIGURE 3.9: BER vs. SNR as parameterized by the number of iterations (g =
(1, 21/37)8, rate= 1/2).
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(a) frame length= 200. (b) frame length= 400. 

 

 
 

(c) frame length= 1000. (d) frame length= 2000. 
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FIGURE 3.10: BER vs. SNR as parameterized by the number of iterations (g =
(1, 21/37)8, rate= 1/3).

TABLE 3.1: Simulation parameters.

Figure #
Code
generator

Code
rate

Frame
sizes

Max. Number
of
iterations

3.7 (1, 5/7)8 1/2
200, 400,
and 1000

10

3.8 (1, 5/7)8 1/3
200, 400,
and 1000

10

3.9 (1, 21/37)8 1/2
200, 400,
and 1000

10

3.10 (1, 21/37)8 1/3
200,
and 400

10

These figures show that as the number of iterations increases, the BER decreases and tends to
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converge. When the frame size is small (200 and 400), to make the BER converge we need few
number of iterations (3 to 5 iterations) and by increasing the number of iterations above 5, we
obtain a small gain.
Also, we can observe that the non-punctured turbo code (Rate= 1/3) has a significant coding gain
compared to the punctured one (Rate= 1/2). For example, for a SNR= 1.5 dB we can attain a
BER= 2.10−5 when we use a non-punctured turbo code (Fig 3.8 (c)) compared to a BER= 5, 5.10−4

when we use a punctured turbo code (Fig 3.7 (c)). Comparing Fig 3.7 to Fig 3.9 and Fig 3.8 to 3.10,
we can observe that increasing the constraint length deceases the BER at the region where BER is
smaller than 10−3.
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3.2.2 The effect of the frame size

In Fig. 3.11 to 3.12, we show the influence of the frame size on the BER performance of turbo codes.
Simulation parameters, for these figures, are provided in table 3.2.

 
(a) frame length= 200. 

 
(b) frame length= 400. 
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FIGURE 3.11: BER vs. SNR as parameterized by the frame size (g = (1, 5/7)8, rate=
1/2).
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(a) frame length= 200. (b) frame length= 400. 

 

 
(c) frame length= 400. 
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FIGURE 3.12: BER vs. SNR as parameterized by the frame size (g = (1, 5/7)8, rate=
1/3).

TABLE 3.2: Simulation parameters.

Figure #
Code
generator

Code
rate

Frame
sizes

Max. Number
of
iterations

3.11 (1, 5/7)8 1/2
200, 400,
100
and 1000

10

3.12 (1, 5/7)8 1/3
200, 400,
and 1000

10

These figures show the importance of the frame size in the design of turbo codes. Generally, a
large frame size corresponds to a lower BER.
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3.2.3 The effect of the code rate

In Fig. 3.13 and 3.14, we show the influence of the code rate on the BER performance of turbo codes.
Simulation parameters, for these figures, are provided in table 3.3.

 

 

 
 

(a) frame length= 200. 

  

(b) frame length= 400. 

  
(c) frame length= 1000. 
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FIGURE 3.13: BER vs. SNR as parameterized by the code rate (g = (1, 5/7)8, and
g = (1, 21/37)8 rate= 1/2).
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(a) frame length= 200. 

  
(b) frame length= 400. 

 
(c) frame length= 1000. 
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FIGURE 3.14: BER vs. SNR as parameterized by the code rate (g = (1, 5/7)8, and
g = (1, 21/37)8 rate= 1/3).
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TABLE 3.3: Simulation parameters

Figure #
Code
generator

Code
rate

Frame
sizes

Max. Number
of
iterations

3.13
(1, 5/7)8

and
(1, 21/37)8

1/2
200, 400,
and 1000

10

3.14
(1, 5/7)8

and
(1, 21/37)8

1/3
200, 400,
and 1000

10

From these two figures, we can observe that for a fixed frame size and a code rate but different
constraint lengths, the BER curves diverges as the SNR increases. This divergence is more clear for
large frame size.

3.3 Conclusion

This chapter was devoted to turbo codes to understand the theory underlying them and to charac-
terize their BER performance.
The results of the simulations, carried out to characterize the turbo codes performance show that:

• The number of iterations has remarkable effect on the turbo codes BER performance where
we’ve noticed that as we increase the number of iterations, the BER decreases and tends to
converges.

• The frame size is an important parameter in the design of turbo codes. Generally, a large
frame size corresponds to a lower BER.

• For a fixed code rate and a fixed frame size but with different constraint lengths, the BER
curves diverges as the SNR increases. This divergence is more clear for large frame size.
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Chapter 4

Bit-Interleaved Coded Modulation with
Iterative Decoding

In this chapter, We’ll cover the basic theory underlying iteratively decoded Bit-Interleaved Coded Modula-
tion (BICM). We’ll present its two decision feedback methods. We’ll talk about BICM-ID using punctured
convolutional codes. Finally, we’ll present some techniques used to reduces BICM-ID’s receiver complexity.

4.1 Introduction

For a coded modulation system, an optimal maximum a posteriori (MAP) decision can be per-
formed if the receiver can compute the overall a posteriori probability regarding the information
bit dk. i.e., p(dk = b/ri, C,Ψ). Where the conditioning on C and Ψ denotes respectively the knowl-
edge of the code structure and the knowledge on the modulation process. Such an optimal receiver
which can perform joint demodulation and decoding is illustrated in fig 4.1.

FIGURE 4.1: Optimal joint demodulation and decoding [1].

For BICM, the presence of the interleaver between the modulator and the channel encoder
makes a joint demodulation and decoding tremendously complex [1]. This problem is similar to
that of decoding turbo codes [2]. This suggest that an iterative structure is also an efficient sub-
optimal technique to solve this problem and that good performance can still be achieved [3]. For
conventional BICM, the information travels only in a single direction from the demodulator to the
decoder. When we use iterative decoding, the additional information available at the output of the
channel decoder and that travels back to the demodulator can potentially improve the detection ac-
curacy. The iterative structure will allow the demodulator to take into consideration the likelihood
of the transmitted sequence computed by using the code structure, and thus to take into account
the structure imposed by the channel code C.
Reference [3] is the first paper that applied iterative decoding for BICM where a BICM’s iterative
decoder with hard-decision feedback was proposed. In [3] and [4], it was shown that BICM with
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hard-decision feedback significantly outperforms Trellis Coded Modulation (TCM) over Rayleigh
fading channels and compares favorably with it over AWGN channels. Also, through the use of
punctured codes, BICM-ID provides a simple mechanism for variable rate transmission. BICM-ID
with hard-decision feedback suffers a performance degradation when the feedback contains errors.
The key solution to this problem was proposed in [5] where soft-decision feedback was introduced.
In [5], it was shown that BICM with soft-decision feedback significantly outperforms TCM and
performs closely to turbo-TCM over both AWGN and Rayleigh fading channels.

4.2 BICM with hard decision feedback

4.2.1 The principle of hard decision feedback

BICM-ID system has the same transmitter as conventional BICM. For the receiver, the binary hard-
decision from the output of the Viterbi algorithm is transferred back to the demodulator after being
interleaved (Fig 4.2). The exact procedure is as follows [6]:

FIGURE 4.2: Hard decision feedback for BICM-ID [6].

1. The first round of decoding is identical to that of BICM.
2. For any next iteration, the bit metric λ(vk = b) is re-calculated as follows
This example illustrates the calculation of λ(vk = 1) with an 8-ary signal constellation.The a priori
information for any signal si with label si = µ(v1 = 1, v2, v3) ∈ Ψ1

1 is given by

p(si) =

1, if v1 = 1, v2 = v̂2, v3 = v̂3

0, otherwise
(4.1)

Where v̂2 and v̂3 are the results reflected from the previous iteration. The bit-metric for the first bit
of the transmitted signal taking on value 1 is

λ(v1 = 1) = −minsi∈Ψ1
1
‖r − g.µ(1, v̂2, v̂3)‖2 (4.2)
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The same thing for si = µ(v1 = 0, v2, v3) ∈ Ψ1
0:

p(si) =

1, if v1 = 0, v2 = v̂2, v3 = v̂3

0, otherwise
(4.3)

The bit-metric for the first bit of the transmitted signal taking on value 0 is

λ(v1 = 0) = −minsi∈Ψ1
0
‖r − g.µ(0, v̂2, v̂3)‖2 (4.4)

The same thing for si = µ(v1 = 0, v2, v3) ∈ Ψ1
0: The bit-metrics for the second and third bits of the

transmitted signal are to be computed in the same manner, and their values areλ(v2 = 1) = −minsi∈Ψ2
1
‖r − g.µ(v̂1, 1, v̂3)‖2

λ(v2 = 0) = −minsi∈Ψ2
0
‖r − g.µ(v̂1, 0, v̂3)‖2

(4.5)

λ(v2 = 1) = −minsi∈Ψ2
1
‖r − g.µ(v̂1, v̂2), 1‖2

λ(v2 = 0) = −minsi∈Ψ2
0
‖r − g.µ(v̂1, v̂2), 0‖2

(4.6)

3. Branch-metrics calculation
The branch-metric for the bit of the kth position in the transmitted signal is given by

Λ(vk) = log

[
p(vk = 1/r)

p(vk = 0/r)

]
= λ(vk = 1)− λ(vk = 0) (4.7)

For the previous example, we have
Λ(v1) = λ(v1 = 1)− λ(v1 = 0)

Λ(v2) = λ(v2 = 1)− λ(v2 = 0)

Λ(v3) = λ(v3 = 1)− λ(v3 = 0)

(4.8)

4. After being de-interleaved, the newly generated branch-metrics are used as inputs for a Viterbi
decoder.
As mentioned in [3], the minimum Euclidian distance between coded sequences can be made large
for BICM-ID by choosing an appropriate signal labeling (i.e. the operation si = µ(v1, v2, v3) which is
the key that BICM-ID outperforms conventional BICM and that make it suitable for both Rayleigh
fading and AWGN channel.
Fig. 4.3 compares the operations of bit-metric computation, for the first bit v1 = 0, between BICM
and BICM-ID. For BICM, Fig. 4.3(a), it is given by

λ(v1 = 0) = min(d2
010, d

2
001, d

2
000) (4.9)

For BICM-ID, Fig 4.3(b), it is directly given by

λ(v1 = 0) = d2
0v̂2v̂3 (4.10)
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Where v̂2 and v̂3 are the previous iteration’s decoding decisions for the second and third bits. Bit

FIGURE 4.3: Comparison of bit-metrics computation in BICM and BICM-ID. (a) BICM.
(b) BICM-ID [6].

interleaving, in the upper branch of the iterative receiver, insure the feedback bits’ independence
of the bit for which we calculate the bit metric.

4.2.2 Signal mappings for BICM-ID

Figure 4.4 illustrates the subset partitioning for each of the three bit positions for two mapping
methods namely: Gray and Set Partitioning (SP), for a conventional constellation. It is clear that

FIGURE 4.4: Gray and SP mappings for conventional 8−PSK constellation [4].

these two mappings methods have different inter-subset Hamming distance properties. For the
first iteration, Gray mapping outperforms SP [4], [7]. For the second iteration, by knowing the
two feedback bits, the third bit must be chosen from one of two labels of a pair of constellation
points (Fig 4.5) i.e. a BPSK constellation. In Fig 4.5, one can observe that the 8−PSK constellation is
translated into a BPSK constellation, for each bit position [4]. This increases the Euclidian distance
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FIGURE 4.5: Pairs of constellation points from which the third bit must be chosen [4].

between considered constellation points which is the cause of the performance improvement. To
optimize the 2nd iteration’s performance, we need to maximize the Euclidian distance between each
two points of the four BPSK constellations representing the 8−PSK constellation [4]. Therefore, it
is clear from figure 4.4 that SP mapping outperforms Gray mapping. If the two feedback bits,
used to choose the third bit from a BPSK constellation, are wrong we will pick up a wrong BPSK
constellation. Authors of [4] called this feedback error. Therefore, the first iteration performance
affects the performance of next iterations. Also the feedback error affects, differently two different
mapping methods, therefore to improve the performance of BICM-ID we must choose a mapping
method which is robust to feedback errors. Paper [4] proposes Mixed mapping as a compromise
between optimizing the first iteration performance and maximizing the improvement provided by
iterative decoding over both AWGN and Rayleigh fading channels.

4.3 BICM with soft decision feedback

As said in the previous section, the feedback data sections that are less affected by noise can en-
hance the decoding of data sections that are more affected by noise. Also, we know that errors in
feedback lead us to choose the wrong constellation point. Therefore, it is decisive to control the
error propagation and to reduce the effect of feedback errors. BICM-ID with soft decision feed-
back [5] was proposed as a solution to this problem. A simplified soft-decision feedback iterative
decoder for the BICM-ID is depicted in Fig. 4.6. The SISO de-mapper and the SISO decoder are
the MAP decoders for the mapper and the convolutional code, respectively. One iteration includes
SISO de-mapping, de-interleaving and SISO decoding, in this order. We consider a fully interleaved
frequency non-selective channel. The discrete-time complex baseband received signal can be given
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FIGURE 4.6: A simplified diagram for a BICM’s soft-decision feedback iterative de-
coder.

as
yt = αte

jθtxt + nt. (4.11)

where αtejθt is the complex fading coefficient, and nt is the complex white Gaussian noise sample
with variance N0 = E{|nt|2}. The extrinsic LLR λe(v

i
t;O) for the interleaved bit vit can be computed

as [8]

λe(v
i
t;O) =

∑
xt∈Xi

1

exp{log(p(yt/xt)) +
∑
j=1
j 6=i

ṽjt (xt).λ(vit; I)}

∑
xt∈Xi

0

exp{(logp(yt/xt)) +
∑
j=1
j 6=i

ṽjt (xt).λ(vit; I)}
. (4.12)

where ṽjt (xt) is the value of the j-th bit of the label corresponding to xt. In the first iteration, we
assume that the interleaved bits vit are equally likely so we initialize the a priori LLR λe(v

i
t; I) = 0.

The SISO decoder uses the a priori LLR λ(cit; I) of the coded bits, the a priori LLR λ(uit; I) of the
information bits and the structure of the convolutional code to generate the extrinsic LLR λe(v

i
t;O)

of each coded bit and the extrinsic LLR λ(uit; 0) of each information bit. After the last iteration, we
take the hard decision on the LLRs λ(uit; 0) of the information bits to get the final decoded bits.

4.4 Punctured convolutional codes for BICM-ID

For a digital communication system, the transmission rate can be adjusted by changing the code
rate or the modulation’s constellation or both. We call this technique variable rate transmission.
Convolutional codes puncturing proposed in [9] to reduce the decoding complexity of high rate
codes, allows us to change the code rate. Punctured codes are high rate codes that are generated
by selectively removing bits from the convolutional code’s output symbol to obtain a higher rate.
All punctured codes from the same mother code, can share the same encoder/decoder. Punctured
convolutional codes have been used for TCM in [10], [11] and [12], which have simplified the imple-
mentation of this latter but leads to a performance degradation compared to Ungerboeck’s TCM.
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To overcome this problem references [12] and [13] proposed solutions. However, these solutions
are optimized for only a certain channel type or a specific code rate. Fig 4.7 shows an example on
how to puncture a rate−1/2 convolutional code. If N is the coded sequence’s length and N ′ is the
number of non-transmitted bits, then the resultant punctured code has a rate R = N/2(N −N ′).

FIGURE 4.7: Puncturing of a rate-1/2 convolutional code [9].

4.5 BICM-ID with reduced complexity

4.5.1 M-BCJR and T-BCJR

Due to iterative decoding, BICM-ID suffers a considerable amount of decoding latency which rep-
resents a drawback. To reduce the decoding latency, one can search a method to decrease the com-
plexity of the decoding algorithm i.e. the MAP algorithm. Two well known methods to reduce the
complexity of the MAP algorithm are the T-BCJR and the M-BCJR variants [14]. M-BCJR algorithm
uses only M most likely states to reduce the BCJR’s complexity, where T-BCJR uses a threshold to
determine the states to be eliminated (a state with probability smaller than the threshold value will
be discarded). At different trellis stages, the T-BCJR uses variable number of states, but the M-BCJR
uses a fixed subset of M states. By this T-BCJR has a dynamic behavior where M-BCJR has a static
behavior. Because of this the former shows better performance compared to the latter [14].

4.5.2 Stopping criteria for BICM-ID

Decoding complexity is also related to the number of iterations. Stopping criteria, to reduce the
number of iterations, used when negligible performance improvement is observed are another
approach to reduce the decoding latency. Stopping criteria for turbo codes can be modified and
adapted to be suitable for BICM-ID. Turbo decoding stopping criteria can be classified into two
classes. The first is based on soft-bit decisions, such as Mutual Information (MJ) criterion [15],
Cross-Entropy (CE) criterion [16], Measurement of Reliability (MOR) criterion [17], and Probability
of Error (PE) criterion [15]. The second class of stopping criterion is based on hard-bit decisions,
such as Hard Decision Aided (HAD) criterion [18], and Sign Change Ratio (SCR) criterion [19].



50 Chapter 4. Bit-Interleaved Coded Modulation with Iterative Decoding

In [20] CE criterion is adapted and applied to BICM-ID, where it is shown that the cross-entropy
between the SISO decoder’s outputs λ(uit;O) is given by

H[P j(uit/yt), P
j−1(uit/yt)] =

N∑
t=1

[
λj−1(uit;O)− λj(uit;O)

1 + eλ
j(uit;O)

+ log
1 + e−λ

j−1(uit;O)

1 + e−λ
j(uit;O)

]
(4.13)

where P j(uit/yt) and P j−1(uit/yt) are the conditional probability of transmitting uit given the re-
ceived signal yt at iteration (j − 1) and j respectively. λj−1(uit;O) and λj(uit;O) are the a posteriori
LLR of data bit uit at iteration (j − 1) and respectively. After calculating the CE, the following
stopping condition is applied

T (j) < M(j) (4.14)

where T (j) is given by

T (j) =
N∑
t=1

[
λj−1(uit;O)− λj(uit;O)

1 + eλ
j(uit;O)

+ log
1 + e−λ

j−1(uit;O)

1 + e−λ
j(uit;O)

]
(4.15)

and M(j) is chosen as
M(j) = T (1).10−4 (4.16)

It was found in [20], that BICM-ID with CE stopping criterion can achieve almost the same perfor-
mance with less iterations compared with fixed iterative decoding number. The SCR criterion is a
simplified version of the CE criterion. It is shown that T (j) in equation (4.20) is directly related to
the number of sign changes c(j) in λj(uit;O) from iteration (j − 1) to iteration j [18]. Iterations in
the SISO decoder will be stopped when

c(j) ≤ (0.5 to 0.03).N (4.17)

is satisfied. Where N is the length of the information bits’ sequence. This method requires less
complexity compared to CE. An improved SCR approach was proposed in [21]. In HAD criterion,
the hard decisions on λj−1(uit;O) at iteration (j − 1) are stored to be compared with their counter-
parts λj(uit;O) at iteration j. If they agree (i.e. they have the same values) for the entire block, the
iterations in the SISO decoder will be stopped at iteration j.

4.6 Conclusion

In this chapter, the theory underlying BICM-ID was covered. Two decision feedback methods were
presented. Some techniques used to reduce the BICM-ID’s receiver complexity were presented.
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Chapter 5

Performance analysis of BICM-ID

In this chapter, We’ll present the main contribution of this thesis. Firstly, we’ll analyze the effect of various
parameters on BICM-ID’s BER performance. Then, we’ll investigate the joint optimization of signal constel-
lation points and their mappings to introduce a new improved symbol mapper/8-ary constellation. Finally,
we’ll examine different MAP algorithm’s variants and we propose a new approximation for the Jacobian
logarithm and we’ll demonstrate its suitability for MAP decoding in BICM-ID.

5.1 The effects of various parameters on BICM-ID’s BER performance

In this section, the BER vs. SNR curves were plotted to show the influence of various parameters,
including the iterations’ number, the block length and the mapping operation. Also an extensive
comparison between various mappings has been carried out. The textbooks’ simple convolutional
encoder, shown if Fig. 5.1, is used in all the following simulations. It has a rate= 1/2, a constraint
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FIGURE 5.1: The NSC convolutional encoder (7, 5)8 of rate-1/2 and memory m=2 [1].

length= 3, four states and a generator polynomial G = [g1, g2] = [7, 5]8. It is non-systematic. In
convolutional coding, non-systematic codes are preferred over systematic codes [1].
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5.1.1 The influence of the iterations’ number

In Fig. 5.2 and 5.3, BER vs. SNR curves are shown parameterized by the number of iterations. The
simulation parameters, for these two figures, are provided in Table 5.1. The NSC convolutional
code shown in Fig. 5.1 is considered.
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  Table 5.3: Simulation parameters, for figures 5.6 to 5.17. 

Figure # Channel Code  

generator 

Code rate Mapping Block length Iterations number 

 5.6 

Rayleigh 

(7,5)8 1/2 

Gray 

4000 

1 to 8 

 5.7 SP 

5.8 SSP 

5.9 MIXED 

5.10 MSEW 

5.11 AWGN Gray 

5.12 SP 

5.13 SSP 

5.14 MIXED 

5.15 MSEW 

5.16 Rayleigh Gray, SP, SSP, 

MIXED and MSEW 

1, 2 and 8 

5.17 AWGN 

Table 5.4: HMMSED before and after feedback [4] 

Mapping HMMSED  

before 

HMMSED  

after 

Gray 0.7664 0.8093 

SP 0.6640 1.2209 

SSP 0.5858 2.8766 
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Figure 5.2: BER vs. SNR (over Rayleigh fading channel) as parameterized by the number of 

iterations. 

FIGURE 5.2: BER vs. SNR (over Rayleigh fading channel) as parameterized by the
number of iterations.
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Figure 5.3: BER vs. SNR (over AWGN channel) as parameterized by the number of iterations. 

(a) BER=[10-6, 5.10-1]. (b) BER=[10-8, 10-6]. 

 

 

 

 

FIGURE 5.3: BER vs. SNR (over AWGN channel) as parameterized by the number of
iterations. (a) BER=[10−6, 5.10−1]. (b) BER=[10−8, 10−6].
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TABLE 5.1: Simulation parameters

Figure # Channel
Code
generator

Code
rate

Mapping Block
length

Iteration
num-
ber

5.2 Rayleigh (7, 5)8 1/2 SSP 4000 1 to 8

5.3 AWGN (7, 5)8 1/2 SSP 4000 1 to 8

Fig. 5.2 and 5.3 show that, for both Rayleigh and AWGN channels, the BER decreases as the
number of iterations increases and tends to converge. However, when the number of iterations
increases, the time required for the decoding process increases. Also, we can observe that when
we pass from iteration 1 to iteration 2, the BER significantly deceases. This is due to the fact that,
by the information transferred back from the SISO decoder to the SISO demapper, this later will
have further knowledge about coded bits which directly influence the decoding process. Through
iterations, the BICM-ID’s BER decreases, however the decreasing rate decreases. This can be ex-
plained as: after some iterations, feedback will not bring a significant information about coded bits
compared to it when we pass from iteration 1 to iteration 2. The system’s convergence behavior
over AWGN channel is very different from it over Rayleigh fading channel. For AWGN channel,
we have a remarkable divergence between iterations 1, 2, 3 and 4. Iterations 5, 6, 7 and 8 have
almost the same BER performance. To further study the behavior of iterations 5, 6, 7 and 8 we run
simulations for the BER’s interval [10−8, 10−6]. The result is given in Fig. 5.3(b). For Rayleigh fad-
ing channel, iterations 6, 7 and 8 have almost the same BER performance and they converge with
iterations 4 and 5 when SNR is greater than 7.

5.1.2 The influence of the block length

In Fig. 5.4 and 5.5, BER vs. SNR curves are shown parameterized by the block length. The sim-
ulation parameters, for these two figures, are provided in Table 5.2. These figures show that, for
the first iteration the block length has almost no influence on the BER. However, starting at the 2nd

iteration, a large block length is desirable to obtain a good performance. We can observe also that,
over both Rayleigh fading and AWGN channels more than 0.8 dB gain can be provided at a BER
equal to 10−4, when the block length is increased from 500 to 2000 bits. However, a small loss is
observed when the block length is reduced from 4000 to 2000 bits.
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FIGURE 5.4: BER vs. SNR (over Rayleigh fading channel) as parameterized by
the block length. (a) Block length=500 bits. (b) Block length=2000 bits. (c) Block

length=4000 bits. (d) Comparison.
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FIGURE 5.5: BER vs. SNR (over AWGN channel) as parameterized by the block
length. (a) Block length=500 bits. (b) Block length=2000 bits. (c) Block length=4000

bits. (d) Comparison.
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TABLE 5.2: Simulation parameters.

Figure# Channel
Code
generator

Code
rate

Mapping Block
length

Iteration
number

5.4 Rayleigh (7, 5)8 1/2 SSP 500,
2000,
and
4000

1,2,4 and
8

5.5 AWGN (7, 5)8 1/2 SSP 500,
2000,
and
4000

1,2,4 and
8

5.1.3 The influence of signal mapping

In Fig. 5.6 to 5.15, BER vs. SNR curves are shown parameterized by the signal mapping. Five
different signal mappings namely Gray, SP, SSP, MIXED [2] and MSEW [3] are considered. Fig.
5.16 and Fig. 5.17 compare the performance of these mappings over both Rayleigh and AWGN
channels. The simulation parameters, for all these figures, are provided in Table 5.3.These figures
show that:

• Gray mapping, for the 1rst iteration, gives the best BER performance. However, it doesn’t
bring any performance gain through iterations. This is because its Harmonic Mean of the
Minimum Squared Euclidian Distance (HMMSED) is almost unchanged after iterations (Table
5.4).

• Contrary, SSP mapping brings a very significant gain through iterations due to the large im-
provement in its HMMSED (Table 5.4).

• SP mapping has a performance between those of Gray and SSP.

• MIXED mapping has better performance than SP for the first iteration but its performance is
poorer than it of SP through iterations.

• MSEW mapping shows almost the same performance as SSP over AWGN channel (Fig. 5.17)
and it is slightly better than SSP over Rayleigh fading channel (Fig. 5.16).
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Figure 5.5: BER vs. SNR (over AWGN channel) as parameterized by the block length. (a) Block 

length=500 bits. (b) Block length=2000 bits. (c) Block length=4000 bits. (d) Comparison. 
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Figure 5.6: BER vs. SNR (over Rayleigh fading channel) using Gray mapping. FIGURE 5.6: BER vs. SNR (over Rayleigh fading channel) using Gray mapping.
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Figure 5.7: BER vs. SNR (over Rayleigh fading channel) using SP mapping. 
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Figure 5.8: BER vs. SNR (over Rayleigh fading channel) using SSP mapping. 
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Figure 5.9: BER vs. SNR (over Rayleigh fading channel) using MIXED mapping. 

FIGURE 5.7: BER vs. SNR (over Rayleigh fading channel) using SP mapping.
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Figure 5.7: BER vs. SNR (over Rayleigh fading channel) using SP mapping. 
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Figure 5.8: BER vs. SNR (over Rayleigh fading channel) using SSP mapping. 
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Figure 5.9: BER vs. SNR (over Rayleigh fading channel) using MIXED mapping. 

FIGURE 5.8: BER vs. SNR (over Rayleigh fading channel) using SSP mapping.
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Figure 5.7: BER vs. SNR (over Rayleigh fading channel) using SP mapping. 
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Figure 5.8: BER vs. SNR (over Rayleigh fading channel) using SSP mapping. 
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Figure 5.9: BER vs. SNR (over Rayleigh fading channel) using MIXED mapping. FIGURE 5.9: BER vs. SNR (over Rayleigh fading channel) using MIXED mapping.
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Figure 5.10: BER vs. SNR (over Rayleigh fading channel) using MSEW mapping. 
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Figure 5.11: BER vs. SNR (over AWGN channel) using Gray mapping. 
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Figure 5.12: BER vs. SNR (over AWGN channel) using SP mapping. 

FIGURE 5.10: BER vs. SNR (over Rayleigh fading channel) using MSEW mapping.
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Figure 5.10: BER vs. SNR (over Rayleigh fading channel) using MSEW mapping. 
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Figure 5.11: BER vs. SNR (over AWGN channel) using Gray mapping. 
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Figure 5.12: BER vs. SNR (over AWGN channel) using SP mapping. 

FIGURE 5.11: BER vs. SNR (over AWGN channel) using Gray mapping.
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Figure 5.10: BER vs. SNR (over Rayleigh fading channel) using MSEW mapping. 
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Figure 5.11: BER vs. SNR (over AWGN channel) using Gray mapping. 
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Figure 5.12: BER vs. SNR (over AWGN channel) using SP mapping. FIGURE 5.12: BER vs. SNR (over AWGN channel) using SP mapping.
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Figure 5.13: BER vs. SNR (over AWGN channel) using SSP mapping. 
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Figure 5.14: BER vs. SNR (over AWGN channel) using MIXED mapping. 
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Figure 5.15: BER vs. SNR (over AWGN channel) using MSEW mapping. 

FIGURE 5.13: BER vs. SNR (over AWGN channel) using SSP mapping.
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Figure 5.13: BER vs. SNR (over AWGN channel) using SSP mapping. 
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Figure 5.14: BER vs. SNR (over AWGN channel) using MIXED mapping. 
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Figure 5.15: BER vs. SNR (over AWGN channel) using MSEW mapping. 

FIGURE 5.14: BER vs. SNR (over AWGN channel) using MIXED mapping.
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Figure 5.13: BER vs. SNR (over AWGN channel) using SSP mapping. 
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Figure 5.14: BER vs. SNR (over AWGN channel) using MIXED mapping. 
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Figure 5.15: BER vs. SNR (over AWGN channel) using MSEW mapping. FIGURE 5.15: BER vs. SNR (over AWGN channel) using MSEW mapping.
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Figure 5.16: BER vs. SNR (over Rayleigh fading channel) for all mappings. 

3 4 5 6 7 8 9 10
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

 

 

 Gray, Iter 1

 Gray, Iter 8

 SP, Iter 1

 SP, Iter 8

 SSP, Iter 1

 SSP, Iter 8

 MSEW, Iter 1

 MSEW, Iter 8

 Mixed, Iter 1

 Mixed, Iter 8

B
E

R

SNR(dB)  

Figure 5.17: BER vs. SNR (over AWGN channel) for all mappings. 

5.2 Joint Optimization of signal constellation points and their mappings 

5.2.1 Seven different 8-ary constellations for BICM-ID 

Constellations with different symbols’ positions have different Euclidian distances. Therefore, 

they have different performances. In this section, seven different 8-ary constellations are used. 

These constellations are: Conventional, Rectangular, Cross 8-ary, (1,7), Optimum (it is optimum 

in the sense that it performs optimally, at high SNR, for AWGN channel [5]), (4,4), and 

Triangular. Figure 5.18 shows these constellations.  

FIGURE 5.16: BER vs. SNR (over Rayleigh fading channel) for all mappings.
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Figure 5.16: BER vs. SNR (over Rayleigh fading channel) for all mappings. 
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Figure 5.17: BER vs. SNR (over AWGN channel) for all mappings. 

5.2 Joint Optimization of signal constellation points and their mappings 

5.2.1 Seven different 8-ary constellations for BICM-ID 

Constellations with different symbols’ positions have different Euclidian distances. Therefore, 

they have different performances. In this section, seven different 8-ary constellations are used. 

These constellations are: Conventional, Rectangular, Cross 8-ary, (1,7), Optimum (it is optimum 

in the sense that it performs optimally, at high SNR, for AWGN channel [5]), (4,4), and 

Triangular. Figure 5.18 shows these constellations.  

FIGURE 5.17: BER vs. SNR (over AWGN channel) for all mappings.
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TABLE 5.3: Simulation parameters.

Figure# Channel
Code
generator

Code
rate

Mapping Block
length

Iteration
number

5.6 Rayleigh (7, 5)8 1/2 Gray 4000 1 to 8

5.7 Rayleigh (7, 5)8 1/2 SP 4000 1 to 8

5.8 Rayleigh (7, 5)8 1/2 SSP 4000 1 to 8

5.9 Rayleigh (7, 5)8 1/2 MIXED 4000 1 to 8

5.10 Rayleigh (7, 5)8 1/2 MSEW 4000 1 to 8

5.11 AWGN (7, 5)8 1/2 Gray 4000 1 to 8

5.12 AWGN (7, 5)8 1/2 SP 4000 1 to 8

5.13 AWGN (7, 5)8 1/2 SSP 4000 1 to 8

5.14 AWGN (7, 5)8 1/2 MIXED 4000 1 to 8

5.15 AWGN (7, 5)8 1/2 MSEW 4000 1 to 8

5.16 Rayleigh (7, 5)8 1/2 Gray,
SP,
SSP,
MIXED
and
MSEW

4000 1, 2 and
8

5.17 AWGN (7, 5)8 1/2 Gray,
SP,
SSP,
MIXED
and
MSEW

4000 1, 2 and
8
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TABLE 5.4: HMMSED before and after feedback (see equation (17) and table II in
reference [4]).

Mapping HMMSED
before

HMMSED
after

Gray 0.7664 0.8093

SP 0.6640 1.2209

SSP 0.5858 2.8766

5.2 Joint Optimization of signal constellation points and their mappings

5.2.1 Seven different 8-ary constellations for BICM-ID

Constellations with different symbols’ positions have different Euclidian distances. Therefore, they
have different performances. In this section, seven different 8−ary constellations are used. These
constellations are: Conventional, Rectangular, Cross 8−ary, (1,7)(see reference [22] of the current
chapter), Optimum (it is optimum in the sense that it performs optimally, at high SNR, for AWGN
channel [5]), (4,4), and Triangular. Fig. 5.18 shows these constellations.
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For Conventional and Rectangular constellations, SSP mapping is used, because in [6], [7] we 

found that it is very suitable for these constellations. For other constellations the used mappings 

are mentioned in figure 5.18. 
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Figure 5.18: Different constellations with their mappings: (a). Conventional 8PSK, (b). 

Rectangular, (c). Cross 8-ary, (d). (1,7), (e). Optimum,(f). (4,4) and (g). Triangular. 

As this investigation concentrates on signal constellations and their mappings, a 4-states, rate-1/2 

NSC convolutional encoder whose generator polynomials are G=[g1,g2]=[7,5]8 is considered 

(figure 5.1). A random bit-interleaver of length 12276 coded bits is used. For each BER point, 

we simulate almost 10+8 information bits, and we count at least 100 erroneous bit. The Max-log-

Map version of the BCJR algorithm is used to decode the NSC code. A Rayleigh fading channel 

model is considered. 

Figures 5.19 to 5.25 give the BER curves for each constellation for iterations 1, 4 and 8. These 

results show that the system’s performance can be improved through iterations except for the 

optimum constellation when we pass from iteration 4 to iteration 8.  

FIGURE 5.18: Different constellations with their mappings: (a). Conventional 8-PSK,
(b). Rectangular, (c). Cross 8-ary, (d). (1,7), (e). Optimum,(f). (4,4) and (g). Triangular.

For Conventional and Rectangular constellations, SSP mapping is used, because in [6], [7] we
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found that it is very suitable for these constellations. For other constellations the mappings men-
tioned in Fig. 5.18 are used.

As this investigation concentrates on signal constellations and their mappings, a 4−states, rate−1/2

NSC convolutional encoder whose generator polynomials are G = [g1, g2] = [7, 5]8 is considered
(Fig. 5.1). A random bit-interleaver is used. For each BER point, we simulate up to 10+8 informa-
tion bits, and we count at least 100 erroneous bit. The Max-log-Map version of the BCJR algorithm
is used to decode the NSC code. A Rayleigh fading channel model is considered.
Fig. 5.19 to 5.25 give the BER curves for each constellation for iterations 1, 4 and 8. These results
show that the system’s performance can be improved through iterations except for the optimum
constellation when we pass from iteration 4 to iteration 8.
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Figure 5.26, explicitly compares the BER performances of all constellations after 8 iterations. 

This figure shows that after 8 iterations for SNRs greater than 2.7 dB, (1,7) constellation 

outperforms with a significant gain all other constellations. For example, at BER level of 10-6, 

the SNR gain provided by (1,7) constellation over Cross 8-ary constellation is about 3 dB, and it 

is about 5.5 dB over Conventional constellation. We note also that with a SNR=3.5 dB 

(respectively 6 dB) we can reach a BER level equal to 10-5 (respectively 3.10-7). 

We conclude that (1,7) constellation associated with its mapping gives better performance than 

all other studied constellations.  
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Figure 5.19:  BER performance of BICM-ID with Conventional constellation for iterations 1, 4 

and 8. 
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Figure 5.20:  BER performance of BICM-ID with Rectangular constellation for iterations 1, 4 

and 8. 

FIGURE 5.19: BER performance of BICM-ID with Conventional constellation for iter-
ations 1, 4 and 8.
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Figure 5.19:  BER performance of BICM-ID with Conventional constellation for iterations 1, 4 

and 8. 
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Figure 5.20:  BER performance of BICM-ID with Rectangular constellation for iterations 1, 4 

and 8. 

FIGURE 5.20: BER performance of BICM-ID with Rectangular constellation for itera-
tions 1, 4 and 8.
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Figure 5.21:  BER performance of BICM-ID with Cross 8-ary constellation for iterations 1, 4 

and 8. 
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Figure 5.22:  BER performance of BICM-ID with (1,7) constellation for iterations 1, 4 and 8. 

3 4 5 6 7 8 9 10
10

-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

 

 

 Iter 1

 Iter 4

 Iter 8

B
E

R

Eb/N0(dB)  

Figure 5.23:  BER performance of BICM-ID with Optimum constellation for iterations 1, 4 and 

8. 

FIGURE 5.21: BER performance of BICM-ID with Cross 8-ary constellation for itera-
tions 1, 4 and 8.
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Figure 5.21:  BER performance of BICM-ID with Cross 8-ary constellation for iterations 1, 4 

and 8. 
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Figure 5.22:  BER performance of BICM-ID with (1,7) constellation for iterations 1, 4 and 8. 
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Figure 5.23:  BER performance of BICM-ID with Optimum constellation for iterations 1, 4 and 

8. 

FIGURE 5.22: BER performance of BICM-ID with (1,7) constellation for iterations 1, 4
and 8.
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Figure 5.21:  BER performance of BICM-ID with Cross 8-ary constellation for iterations 1, 4 

and 8. 
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Figure 5.22:  BER performance of BICM-ID with (1,7) constellation for iterations 1, 4 and 8. 
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Figure 5.23:  BER performance of BICM-ID with Optimum constellation for iterations 1, 4 and 

8. 

FIGURE 5.23: BER performance of BICM-ID with Optimum constellation for itera-
tions 1, 4 and 8.
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Figure 5.24: BER performance of BICM-ID with (4,4)  constellation for iterations 1, 4 and 8. 
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Figure 5.25: BER performance of BICM-ID with Triangular constellation for iterations 1, 4 and 

8. 
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Figure 5.26: BER performance of BICM-ID for all constellations after 8 iterations. 

FIGURE 5.24: BER performance of BICM-ID with (4,4) constellation for iterations 1, 4
and 8.
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Figure 5.26: BER performance of BICM-ID for all constellations after 8 iterations. 

FIGURE 5.25: BER performance of BICM-ID with Triangular constellation for itera-
tions 1, 4 and 8.

Fig. 5.26, explicitly compares the BER performances of all constellations after 8 iterations. This
figure shows that after 8 iterations for SNRs greater than 2.7 dB, (1,7) constellation outperforms
with a significant gain all other constellations. For example, at BER level of 10−6, the SNR gain
provided by (1,7) constellation over Cross 8-ary constellation is about 3 dB, and it is about 5.5 dB
over Conventional constellation. We note also that with a SNR=3.5 dB (respectively 6 dB) we can
reach a BER level equal to 10−5 (respectively 3.10−7).
We conclude that (1,7) constellation associated with its mapping gives better performance than all
other studied constellations.
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5.2.2 A new improved symbol mapper/8-ary constellation for BICM-ID

In this section we propose a new combination symbol mapper/8-ary constellation, which is a joint
optimization of an 8-ary signal constellation and its symbol mapping operation, to improve the
performance of BICM-ID.
The basic idea was to use the so called (1,7) constellation instead of the conventional 8-PSK constel-
lation and to choose the most suitable mapping for it.
A comparative study between the combinations most suitable mapping /(1,7) constellation and
SSP mapping/conventional 8-PSK constellation has been carried out. Simulation results showed
that the 1rst combination significantly outperforms the 2nd combination and with only 4 iterations,
it gives better performance than the 2nd combination with 8 iterations. A gain of 4 dB is given by
iteration 4 of the 1rst combination compared to iteration 8 of the 2nd combination at a BER level
equal to 10−5, and it (iteration 4 of the 1rst combination) can attain a BER equal to 10−7 for, only, a
SNR= 5.6 dB.
(1,7) Constellation and the proposed mappings
For a given number of bits (the value of m) that should be transmitted per symbol, the signal con-
stellation and the mapping method must be specified. The (1,7) constellation’s symbols set is given
by

sL = exp(j2π(L− 1)/7)) for L = 1, 2, ..., 7 and sL = 0 for L = 8 (5.1)

These symbols are shown in Fig. 5.27(a) accompanied with the symbols of conventional 8-PSK
constellation in Fig. 5.27(b). In table 5.5, we show the seven different mapping methods (called
MAP1, MAP2, . . . , MAP7) for (1,7) constellation and the SSP mapping used for conventional 8-PSK
constellation.
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Figure 5.27: The two used constellations: (a) and (b) their symbols’ positions. (c). Sub-sets 

partition for (1,7) constellation (MAP3 is considered). 
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Figure 5.28: The BICM-ID’s BER performance for all used mappings (for (1,7) constellation) 

after 8 iterations. 

FIGURE 5.27: The two used constellations: (a) and (b) their symbols’ positions. (c).
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TABLE 5.5: (1,7) constellation and the seven used mappings (MAP1, MAP2,. . . ,
MAP7).

(1,7) con-
stellation

s1 s2 s3 s4 s5 s6 s7 s8

MAP1 000 001 011 010 110 111 101 100

MAP2 000 001 010 011 100 101 110 111

MAP3 000 001 010 011 110 111 100 101

MAP4 000 101 010 011 100 001 110 011

MAP5 001 010 111 100 011 010 110 000

MAP6 001 111 100 101 011 110 010 000

MAP7 111 101 100 001 011 010 110 000

8-PSK con-
stellation

s1 s2 s3 s4 s5 s6 s7 s8

SSP 000 101 010 111 100 001 110 011

In practice, to compute the a posteriori LLRs of the interleaved bits (de-mapping operation), we
need to divide the constellation set Ψ into two sub-sets Ψb

k for each position k where b ∈ {0, 1} (the
bit’s binary value). For a MAP3 mapped (1,7) constellation (Fig. 5.27(c)), we have the following
constellation’s sub-sets

Ψ0
1 = {s1, s2, s3, s4},Ψ1

1 = {s5, s6, s7, s8} (5.2)
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Ψ0
2 = {s1, s2, s8, s7},Ψ1

2 = {s3, s4, s5, s6} (5.3)

Ψ0
3 = {s1, s3, s5, s7},Ψ1

3 = {s2, s4, s6, s8} (5.4)

In Fig. 5.27(c), a filled (respectively an unfilled) circle represents a symbol for which the binary
label has the value b = 1(respectively b = 0) in the kth bit’s position.For simulation, the same pa-
rameters used in section 5.2.1 are considered in this section. Fig. 5.28 explicitly compares the BER
performances of these seven mappings after 8 iterations.
These results show that MAP3 is the most suitable (among all used mappings) mapping for (1,7)
constellation. For example, with MAP3 we can achieve a BER equal to 5.10−8 for 6 dB (Fig. 5.28).
From Fig. 5.28, we can also observe that to achieve better performance we can use MAP4 for SNRs
smaller than 3.2 dB and MAP3 for SNRs greater than this value (we call this technique adaptive
symbol mapping).
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Figure 5.28: The BICM-ID’s BER performance for all used mappings (for (1,7) constellation) 

after 8 iterations. 

FIGURE 5.28: The BICM-ID’s BER performance for all used mappings (for (1,7) con-
stellation) after 8 iterations.

A comparison between the combinations MAP3 mapping/(1,7) constellation and SSP map-
ping/ Conventional 8-PSK constellation were carried out and its result is given in Fig. 5.29. This
figure shows that the first combination gives a very significant gain compared to the second com-
bination and this is from the 1rst to the 8th iteration.
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Figure 5.30: The BICM-ID’s BER performance with MAP1/ (1,7) constellation for iterations 1-

8. 

FIGURE 5.29: A comparison between the performances of the system using the two
combinations.

It is necessary to note that the 1rst combination, with only 4 iterations, gives better performance
than the 2nd combination with 8 iterations. For example, a gain of 4 dB (4.5 dB respectively) is given
by iteration 4 (iteration 8 respectively) of the 1rst combination compared to iterations 4 and 8 of the
2nd combination at a BER level equal to 10−5, and they (iterations 4 and 8 of the first combination)
can attain a BER equal to 10−7 for a SNR= 5.6dB.
We conclude that the new combination MAP3/(1,7) constellation significantly outperforms the well-
known combination SSP mapping/ conventional 8-PSK constellation. Fig. 5.30 to 5.36 give the BER vs.
SNR curves for each mapping for (1,7) constellation for iterations 1 until 8.
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Figure 5.30: The BICM-ID’s BER performance with MAP1/ (1,7) constellation for iterations 1-

8. 

FIGURE 5.30: The BICM-ID’s BER performance with MAP1/ (1,7) constellation for
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Figure 5.31: The BICM-ID’s BER performance with MAP2/ (1,7) constellation for iterations 1-

8. 
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Figure 5.32: The BICM-ID’s BER performance with MAP3/ (1,7) constellation for iterations 1- 

8. 
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Figure 5.33: The BICM-ID’s BER performance with MAP4/ (1,7) constellation for iterations 1-

8. 

FIGURE 5.31: The BICM-ID’s BER performance with MAP2/ (1,7) constellation for
iterations 1-8.
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Figure 5.32: The BICM-ID’s BER performance with MAP3/ (1,7) constellation for iterations 1- 

8. 
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8. 

FIGURE 5.32: The BICM-ID’s BER performance with MAP3/ (1,7) constellation for
iterations 1- 8.
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Figure 5.32: The BICM-ID’s BER performance with MAP3/ (1,7) constellation for iterations 1- 

8. 
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Figure 5.33: The BICM-ID’s BER performance with MAP4/ (1,7) constellation for iterations 1-

8. 

FIGURE 5.33: The BICM-ID’s BER performance with MAP4/ (1,7) constellation for
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Figure 5.34: The BICM-ID’s BER performance with MAP5/ (1,7) constellation for iterations 1- 

8. 
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Figure 5.35: The BICM-ID’s BER performance with MAP6/ (1,7) constellation for iterations 1-

8. 

 

FIGURE 5.34: The BICM-ID’s BER performance with MAP5/ (1,7) constellation for
iterations 1- 8.
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Figure 5.34: The BICM-ID’s BER performance with MAP5/ (1,7) constellation for iterations 1- 

8. 
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Figure 5.35: The BICM-ID’s BER performance with MAP6/ (1,7) constellation for iterations 1-

8. 

 

FIGURE 5.35: The BICM-ID’s BER performance with MAP6/ (1,7) constellation for
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Figure 5.36: The BICM-ID’s BER performance with MAP7/ (1,7) constellation for iterations 1-

8. 

5.3 Simplified SISO algorithms  

5.3.1 Simplified versions of the MAP algorithm 

5.3.1.1 Historical background 

The original MAP, also called BCJR [8], algorithm suffers from complexity due to its need to 

perform many multiplications and exponentiations.  

In order to reduce the MAP algorithm’s complexity several variants have been proposed. A 

logarithmic version is proposed by Robertson et al [9]. In a logarithmic version, exponentials 

disappear and multiplications become additions.  

Authors of [10] used the Jacobian logarithm to simplify the MAP algorithm. The Jacobian 

logarithm is given by [11] 

ln( ) max( , ) ( )x y

ce e x y f x y                                                                                               (5.5) 

Where ( ) ln(1 )z

cf x y e   , with z x y  , and (.)cf is referred to as the correction or 

compensation term (function).  

FIGURE 5.36: The BICM-ID’s BER performance with MAP7/ (1,7) constellation for
iterations 1-8.

The work in this subsection was published in Paper A ( see Appendix B).

5.3 Simplified SISO algorithms

5.3.1 Simplified versions of the MAP algorithm

5.3.1.1 Historical background

The original MAP, also called BCJR [8], algorithm suffers from complexity due to its need to per-
form many multiplications and exponentiation.In order to reduce the MAP algorithm’s complexity
several variants have been proposed. A logarithmic version is proposed by Robertson et al [9]. In a
logarithmic version, exponentials disappear and multiplications become additions.
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Authors of [10] used the Jacobian logarithm to simplify the MAP algorithm. The Jacobian logarithm
is given by [11]

ln(ex + ey) = max(x, y) + fc(|x− y|) (5.5)

where fc(|x − y|) = ln(1 + e−z) , with z = |x − y| , and fc(.) is referred to as the correction or
compensation term.
To reduce the computational complexity of the MAP algorithm involved when evaluating the Jaco-
bian logarithm, authors in [12] and [13] proposed to neglect the compensation term which resulted
in the so called Max-log-MAP algorithm.
Although, max-log-MAP algorithm is the least complex proposed algorithm and that it isn’t sen-
sitive to imperfect noise estimation [14] its sub-optimality yields to an unacceptable performance
loss in some applications [15].
Robertson et al [16] proposed to approximate fc(.) by a pre-computed table and they showed that
only few values need to be stored. In this approximation an 8-values correction table results in a
negligible performance loss.
A slightly more complex variant than the max-log-MAP called constant-log-MAP was proposed in
[17]. This variant uses a constant correction term which has two values, i.e, fc(z) = a for z < T ,
otherwise zero is added, where the two parameters a and T are optimized by computer search.
Classon et al [18] proposed to take a = 0.5, and T = 1.5 as the best values for UMTS’ turbo code.
The performance of the constant-log-MAP is between that of the max-log-MAP and the (exact)-log-
MAP algorithms [19].
The constant-log-MAP algorithm is equivalent to a Robertson’s approximation with a two-value
correction table [19], and it can be seen as a simplified version of [16].
Although its BER performance is only slightly worse than log-MAP, the disadvantage of constant-
log-MAP is that it is susceptible to noise variance estimation errors than is log-MAP [19].
A linear approximation was proposed in [15] for which fc(z) = a.(z − T ) for z < T and zero
otherwise, where the two parameters are also optimized via computer search. The two values
a = −0.24904, and T = 2.5068 were found to minimize the total squared error between the exact
correction term and its linear approximated version [20].
The linear-log-MAP algorithm is between the exact-log-MAP and the constant-log-MAP algorithms
in term of performance and complexity, and it converges faster than the constant-log-MAP algo-
rithm.

5.3.1.2 BICM-ID’s, with various MAP variants, performance

In the following simulations four variants of the MAP algorithm namely Exact-log-MAP, Max-
log-MAP, Constant-log-MAP and Linear-log-MAP are considered. In Fig. 5.37 to 5.40, BER vs.
SNR curves for BICM-ID using the previous four MAP’s variants are shown. Fig. 5.41 compares
the performance of these MAP’s versions. A Rayleigh fading channel model is considered for all
previous simulations. Table 5.6 contains simulation parameters for Fig. 5.37 to 5.41.

These figures show that, Linear-log-MAP has the nearest performance to Exact-log-MAP, fol-
lowed by Constant-log-MAP and finally by Max-log-MAP that gives the poorer performance es-
pecially for the SNR interval [4,7]. Also, it is clear that Linear-log-MAP converges faster than
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Constant-log-MAP.
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Figure 5.37: BER vs. SNR of BICM-ID using Linear-log-MAP. 
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Figure 5.38: BER vs. SNR of BICM-ID using Max-log-MAP. 

FIGURE 5.37: BER vs. SNR of BICM-ID using Linear-log-MAP.
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Figure 5.38: BER vs. SNR of BICM-ID using Max-log-MAP. FIGURE 5.38: BER vs. SNR of BICM-ID using Max-log-MAP.
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Figure 5.39: BER vs. SNR of BICM-ID using Constant-log-MAP. 
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Figure 5.40: BER vs. SNR of BICM-ID using Exact-log-MAP. 
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FIGURE 5.39: BER vs. SNR of BICM-ID using Constant-log-MAP.
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Figure 5.40: BER vs. SNR of BICM-ID using Exact-log-MAP. 

3 4 5 6 7 8 9 10
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

 

 

 Exact, Iter 1

 Exact, Iter 2

 Exact, Iter 4

 Exact, Iter 8

 Linear, Iter 1

 Linear, Iter 2

 Linear, Iter 4

 Linear, Iter 8

B
E

R

SNR(dB)  

(a) 

FIGURE 5.40: BER vs. SNR of BICM-ID using Exact-log-MAP.
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FIGURE 5.41: Comparison of various MAP’s versions. (a) linear-log-MAP vs. Exact-
log-MAP. (b) Max-log-MAP vs. Exact-log-MAP. (c) Constant-log-MAP vs. Exact-log-

MAP. (d) All MAP’s versions.

TABLE 5.6: Simulation parameters.

Figure
#

Code
generator

Code
rate

Modulation
/Mapping

MAP
variant

Block
length

iteration
number

5.37 (7, 5)8 1/2
Conventional
8PSK/SSP

Linear-
log-MAP

6138 1 to 8

5.38 (7, 5)8 1/2
Conventional
8PSK/SSP

Max-
log-MAP

6138 1 to 8

5.39 (7, 5)8 1/2
Conventional
8PSK/SSP

Constant-
log-MAP

6138 1 to 8

5.40 (7, 5)8 1/2
Conventional
8PSK/SSP

Exact-
log-MAP

6138 1 to 8

5.41 (7, 5)8 1/2
Conventional
8PSK/SSP

All 6138 1, 2 and
8
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5.4 A new approximation to the Jacobian logarithm suitable for MAP
decoding in BICM-ID

In this section, we propose a new method to approximate the compensation term in the Jacobian
logarithm used by the MAP decoder. Using the proposed approximation, the complex functions
ln(.) and exp(.) in the exact-log-MAP algorithm can be estimated with high accuracy and lower
computational complexity. The efficacy of the proposed approximation is investigated and demon-
strated by applying it to iteratively decoded BICM.
Due to Iterative Decoding in BICM-ID we need a repeated evaluation of the Jacobian logarithm
used by the MAP decoder and this results in an inevitable high computational complexity which
lead to an increase in the latency of decoding and the energy’s consumption.
The main goal of the proposed approximation is to estimate the compensation term in the Jacobian
logarithm by another function that is very close to it and that has less computation operations.
Fig. 5.42 illustrates a plot of the computation term’s values versus the absolute values of z = |x−y|.
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Figure 5.42: The exact values of fc(|x-y|)=ln(1+exp(-|x-y|)) versus the absolute values |x-y|. 
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Figure 5.43: The exact values of the compensation term along with the proposed approximated 
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The following computer simulation results are presented for a BICM-ID using a 4-states, rate 1/2 

NSC convolutional encoder with the generator polynomials 821 [7,5]]g,[gG  . A random bit-

interleaver of 12276 coded bits in length is used. A fully-interleaved Rayleigh fading channel 

model is considered and a conventional 8PSK constellation with SSP mapping is used.  

FIGURE 5.42: The exact values of fc(|x−y|) = ln(1+exp(−|x−y|)) versus the absolute
values |x-y|.

As can be seen from Fig. 5.42, fc(.) is a descending non-linear function and it has a negative
differentiation value and a zero asymptote in infinity.
when z ∈ [0, 1], fc(.) can be modeled by [21]

fc(z) = a/(b+ z) (5.6)

The values of a and b are calculated in such a way that the error is minimized. When the maximum
difference between the exact correction function and its approximated version is chosen as an error
criterion Shahab [21] found that a = 1.343 and b = 1.405 are optimized values. When z ∈ [0, 1], if
we divide this range into sub-ranges we can model the correction function by linear functions, for
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each sub-range, of the form
fc(z) = a.z + b (5.7)

where a and b are the slope and the intersection of each linear function. The approach of dividing
the whole range into sub-ranges was first introduced in [21] for turbo codes. In our case we take 4
sub-ranges (]1,1.5], ]1.5,2], ]2,3], and ]3,4]). From the previous figure, we can remark that when the
absolute value of the difference is greater than 4, the compensation term takes almost a constant
value (0.01 is used in our simulations). Fig. 5.43, shows the proposed correction function along
with that used by the exact-log-MAP. As can be seen from Fig. 5.43, the proposed approximation is
very precise and there isn’t much difference between the exact and the proposed versions.
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Figure 5.42: The exact values of fc(|x-y|)=ln(1+exp(-|x-y|)) versus the absolute values |x-y|. 
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FIGURE 5.43: The exact values of the compensation term along with the proposed
approximated version.

The following computer simulation results are presented for a BICM-ID using a 4-states, rate-
1/2 NSC convolutional encoder with the generator polynomials . A random bit-interleaver of 12276
coded bits in length is used. A fully-interleaved Rayleigh fading channel model is considered and
a conventional 8PSK constellation with SSP mapping is used.
Figure 5.44 compares the BER vs. SNR for BICM-ID of the proposed approximation with it of the
exact-log-MAP for 8 iterations. Figure 5.45 compares the BER vs. SNR for BICM-ID of the proposed
approximation with it of the exact-log-MAP for iteration number 8. From these comparisons, we
can note that for all iterations the performance loss, except for the SNR interval [5,7] dB, is very
small.
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Figure 5.44: The BICM-ID’s BER performance for Exact-log-MAP and the proposed algorithms 

for 8 iterations. 
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Figure 5.45: The BICM-ID’s BER performance for Exact-log-MAP and the proposed algorithms 

for iteration # 8. 
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FIGURE 5.45: The BICM-ID’s BER performance for Exact-log-MAP and the proposed
algorithms for iteration 8.

From this table, we can see that after 8 iterations and for a SNR=5 a BER= 2.4 × 10−4 is at-
tained by the exact-log-MAP algorithm vs. a BER= 2.5 × 10−4 attained by the proposed algo-
rithm where there is a very small difference. The maximum performance loss is at a BER level of
BER = 7.5× 10−5 and it is equal to 0.5 dB.
It can be said that the difference between these two algorithms, except for the SNR interval [5,7]
dB, is insignificant and they have roughly the same BER performance. We conclude that the pro-
posed algorithm achieves nearly identical performance compared to the exact-log-MAP algorithm
when they are applied to BICM-ID. We conclude that the proposed algorithm is suitable for MAP
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decoding in BICM-ID.
The work in this subsection was published in Paper B ( see Appendix B).

5.5 Conclusion

The main contribution of this thesis was presented in this chapter. A new improved symbol/8-ary
constellation was introduced and a new approximation for the Jacobian logarithm used in BICM-
ID’s MAP decoding was proposed. Simulation results show that this latter is fairly suitable for
BICM-ID’s MAP decoding.
The proposed new combination MAP3/(1,7) constellation outperforms the well-known combina-
tion SSP mapping/conventional 8-PSK constellation.
The proposed approximation for the Jacobian logarithm helps to reduce the system’s complexity
and gives a comparable performance compared to the non-approximated one.
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Appendix A

Conclusion and suggestions for future
research

Conclusion
This thesis considered the problem of BICM-ID’s performance improvement over both Rayleigh
fading and AWGN channels. First of all, we presented some basic concepts needed in our study.
Then we made a detailed study on BICM, and its functioning. We developed some Matlab scripts
to help simulate BICM. We also carried out some simulations to evaluate the BICM’s BER per-
formance. After this, studying turbo codes helped us to enhance our understanding of iterative
decoding. We studied in details the BCJR algorithm used in the decoding of turbo codes. The basic
theory underlying BICM-ID was then studied. To improve the BICM-ID’s performance, we firstly
studied the effects of various parameters on its BER performance, and then we proposed a new
improved symbol mapper/8-ary constellation which helps to improve its performance. Finally, we
studied in details MAP algorithm used in BICM-ID’s decoding. This study leaded us to propose a
new approximation for the Jacobian logarithm which helps to reduce the system’s complexity.
Suggestions for future research
Although making some contributions, the research work in this thesis has only focused on two
problems: the joint optimization of the signal constellation points with their mappings, and reduc-
ing the complexity of the MAP algorithm used in the decoding of the convolutional code used in
BICM-ID. Many open problems remain to be answered. For example, analytical methods to charac-
terize and optimize new classes of symbol mappers are to be investigated. Reducing the decoder’s
complexity is another suggestion for future research. The M-BCJR and the T-BCJR algorithms are
to be used in BICM-ID context. Iterations’ stopping criteria used in turbo codes are to be adapted
for BICM-ID.
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