N dordre -

REPUBLIQUE ALGERIEMNE DEMOCRATIGUE & POPULAIRE

ANIMNISTERE DE L"ENSEIGHNEMENT SUPERIEUR & DE LA RECHERCHE
SCIENTIFIGQUE

#7= NIV ERSITE DIILLALI LIABES
AT ULTE DES SCIEN<TES EXACTES

) |

Université SIDlI BEL AABBES

THESE
DE DOCTORAT

Ferhat Mohamed

Sid| Ba-Abbds

Presente par

Spécialité : MATHEMAIIQUES
Option : EQUATIONS AUX DERIVEES PARITELLES

Intitule

Existence globale et stabilization des équations aux dénvees
partielles

o

Soutenu le :29-11-2016
Devant le jury composé de :

Président Mr ABBES BENAISS A: Professeuwr al Université de Sici Bel Abbes.
Examinateurs : Melle Mama. Abdells - MCA (Université de Mascara)

Mr D.Behloul. Professeur 4 'USTHE.

Mr ?{@e@ﬁaﬁa ; : Professeur & I'université d’Oran

Mr Mechab ﬂfﬂsttlpﬁd , Professeur a l'université de Sidi Bel Abbes
Encadreur : Mr Ak HAKEM :

Professeur al'Umversité de Sidi Bel Abbes.







Contents

1 Preliminary 7
1.1 Banach Spaces-Definition and properties . . . . . . . .. ... ... ... .. 7
1.1.1 The weak and weak star topologies . . . . . . .. ... .. ... ... 8
1.1.2  Hilbert spaces . . . . . . . . . . 10
1.2 Functional Spaces . . . . . . . . . ... 10
1.2.1  The LP(Q) Spaces . . . . . . . o oo v 10
1.2.2  Some integral inequalities . . . . . . . ... ... 11
1.2.3  The W™P(§2) SpACes . . . . v v v v v v i it 12
1.24  The LP(0,T,X) SPACES . . . . v v v v i ittt it s s 15
1.2.5 Some Algebraic inequalities . . . . . . ... ... L. 17
1.3 Imtegral Inequalities . . . . . . . . . . . ..o 17
1.3.1 A result of exponential decay . . . . . . ... ... ... ... ... . 17
1.3.2 A result of polynomial decay . . . . . . .. ... ... ... ... ... 18
1.3.3 New integral inequalities of P. Martinez . . . . . . . .. ... ... .. 20
1.3.4 Generalized inequalities of A. Guesmia . . . . . .. ... ... .. .. 21
1.4 Existence Methods . . . . . . . . . ... 27
1.4.1 Faedo-Galerkin’s approximations . . . . . . . . .. .. .. .. .... 27
1.4.2 A priori estimation and convergence . . . . . . .. .. ... ... ... 28
1.4.3 Gronwall’slemma . . . . . . . . . . ... ... 28
1.4.4 Semigroups approach . . . . . . .. ... oL 29

2 Global existence and asymptotic behavior for a coupled system of vis-
coelastic wave equations with a delay term 31
2.0.5 Introduction . . . . . . . ... 31
2.0.6 Preliminary Results . . . . . .. .. .. ... ... ... 33
2.0.7 Global existence . . . . . . . .. .. 35
2.0.8 Asymptotic behavior . . . . .. ..o 50

3 Asymptotic behavior for a weak viscoelastic wave equations with a dy-
namic boundary and time varying delay term 57
3.1 Introduction . . . . . . . . .. 57
3.2 Preliminary Results . . . . . .. .. ... oL 60
3.3 Asymptotic Behavior . . . . .. ... 64



4 CONTENTS

4 Global existence and energy decay of solutions to a bresse system with

delay terms and infinite memories 73
4.1 Introduction . . . . . . . . . 73
4.2 Preliminary Results . . . . . . . . . ... oo 75
4.3 Well-posedness . . . . . . . . . 76
4.4 Asymptotic Stability . . . . ... 86
5 A general decay result in a quasilinear parabolic system with viscoelastic
term 97
5.1 Introduction . . . . . . . . . . . 97
5.2 Preliminary Results . . . . . . . . . ... 98

5.3 Asymptotic behavior . . . . . ... 100



CONTENTS 5

Notations
Q: Bounded domain in IR".
I': Topological boundary of €.
x = (x1, 1, ..., xy):CGeneric point of RY.
dx = dxidx,...dxyN: Lebesgue measuring on €2.
Vu: Gradient of u.
Awu: Laplacien of u.
[T, f~ tmax(f,0), max(—f,0).
a.e: Almost everywhere.
p: Conjugate of p, i.e zln + z% = 1.
D(Q): Space of differentiable functions with compact support in €.

D'(2): Distribution space.

Ck(2): Space of functions k-times continuously differentiable in .

Co(R2): Space of continuous functions null board in €.

LP(Q2): Space of functions p-th power integrated on 2 with measure of dz.

I = ([ |f<a:>|p)’1’.

Wir(Q) = {u € LP(Q), Vu € (LP(Q))V} .

WhP(Q): The closure of D(Q) in WP(Q).
1

lullip = (llully + [Vullp)? .

Wy P (Q): The closure of D(Q) in W(Q).

Wy 7 (): The dual space of WP ().

H: Hilbert space.

Hy = Wy™(9).

If X is a Banach space

T
Lr(0,7;X) = {f :(0,T) — Xis measurable;/ I f(®)])5%dt < oo} .
0

L>(0,T;X) = {f: (0,T) — Xis measurable; ess — sup,c(o 1) |1 f ()| } -
C*([0,T]; X): Space of functions k-times continuously differentiable for [0,7] — X.

D([0,T]; X): Space of functions continuously differentiable with compact support in [0, T7.
Bx = {z € X;||z|| < 1}: unit ball.
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Introduction
Stabilisation of somme class of partial differential equations

This thesis is devoted to the study of global existence , asymptotic behavior in time of
solutions to nonlinear evolutions equations and systems of hyperbolic, parabolic type . The
decreasing of classical energy plays a crucial role in the study of global existence and in
stabilisation of various systems.

In this thesis, the main objective is to give a global existence and stabilisation results. This
work consists in four chapter, the first one for wave equations with delay term.

The second one, for wave equations with a dynamic boundary and time varying delay term
in the presence of a memory term.

The third one, we deal with bresse system with delay terms and infinite memories.

The last one is devoted to quasilinear parabolic system with viscoelastic term.

The purpose of stabilisation is to attenuate the vibrations by feedlack, it consists to guar-
antee the decay of the energy of solutions towards 0 in away, more less fast.

More precisely, we are interested to determine the asymptotic behavior of the energy denoted
by E(t) and to give an estimate of the decay rate of the energy.

There are several type of stabilisation

1) Strong stabilization: E(t) — 0, as t — oc.

2) Logarithmic stabilization: E(t) < c(log(t))™%, Vt > 0, (¢, > 0).

3) Polynomial stabilization: E(t) < ct=°, Vt >0, (c,d > 0)
)

4) Uniform stabilization: E(t) < ce™ Vt >0, (c,d > 0).



Chapter 1

Preliminary

In this chapter we will introduce and state without proofs some important materials needed
in the proof of our results,

1.1 Banach Spaces-Definition and properties

We first review some basic facts from calculus in the most important class of linear spaces”
Banach spaces”.

Definition 1.1.1 . A Banach space is a complete normed linear space X. Its dual space X’
is the linear space of all continuous linear functional f : X — IR.

Proposition 1.1.1 ([34]) X' equipped with the norm ||.||x: defined by

(1.1) [ fllxr = sup{|f(u)] - [[ull <1},

1s also a Banach space.
We shall denote the value of f € X' at w € X by either f(u) or (f,u)x x.

Remark 1.1.1 From X'we construct the bidual or second dual X" = (X')'. Furthermore,
with each w € X we can define p(u) € X" by p(u)(f) = f(u), f € X', this satisfies clearly
|lp(z)]| < ||ul|. Moreover, for each u € X there is an f € X" with f(u) = ||u|| and ||f] =1,
so it follows that ||¢o(x)| = ||l

Definition 1.1.2 . Since ¢ is linear we see that
o: X — X",
is a linear isometry of X onto a closed subspace of X", we denote this by
X — X"

Definition 1.1.3 . If ¢ is onto X" we say X is reflexive, X = X"

7
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Theorem 1.1.1 ([81]). Let X be Banach space. Then, X is reflexive, if and only if,
Bx ={x € X :||z| < 1},

is compact with the weak topology o(X,X"). (See the next subsection for the definition of
o(X,X")).

Definition 1.1.4 . Let X be a Banach space, and let (u,)nen be a sequence in X. Then u,
converges strongly to u in X if and only if

lim ||u, — u||x =0,

and this is denoted by u, — u, or lim u, = u.
n—oo

Definition 1.1.5 The Banach space E s said to be separable if there exists a countable
subset D of E which is dense in E, i.e. D = F.

Proposition 1.1.2 If E s reflexive and if F is a closed vector subspace of E, then F is
reflexive.

Corollary 1.1.1 The following two assertions are equivalent: (i) E is reflexive; (ii) E' is
reflezive.

1.1.1 The weak and weak star topologies
Let X be a Banach space and f € X’. Denote by

pr: X = IR
r — (),
when f cover X', we obtain a family () rex of applications to X in IR.

(1.2)

Definition 1.1.6 The weak topology on X, denoted by o(X, X"), is the weakest topology on
X for which every (¢y)fex: is continuous.

We will define the third topology on X', the weak star topology, denoted by o(X’, X). For
all x € X. Denote by
e X' = IR

[ = w(f) = ([, 2)x x,

when z cover X, we obtain a family (¢,).cxs of applications to X" in IR.

(1.3)

Definition 1.1.7 . The weak star topology on X' is the weakest topology on X' for which
every (Qz)zex: is continuous.
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Remark 1.1.2 (/81]) Since X C X", it is clear that, the weak star topology o(X', X) is
weakest then the topology o(X', X"), and this later is weakest then the strong topology.

Definition 1.1.8 A sequence (u,) in X is weakly convergent to x if and only if

lim f(u,) = f(u),

n—oo

for every f € X', and this is denoted by u, — u

Remark 1.1.3 (/81))
1. If the weak limit exist, it is unique.
2. If u, — u € X(strongly), then u, — u(weakly).

3. If dimX < 400, then the weak convergent implies the strong convergent.

Proposition 1.1.3 On the compactness in the three topologies in the Banach space X:

1. First, the unit ball
(1.4) B ={reX:|z| <1},

in X is compact if and only if dim(X) < oc.

2. Second, the unit ball B' in X'( The closed subspace of a product of compact spaces) is
weakly compact in X' if and only if X is reflexive.

3. Third, B’ is always weakly star compact in the weak star topology of X'.

Proposition 1.1.4 (/81]) Let (f,) be a sequence in X'. We have:
L [fo =" fino(X', X)] & [fulx) =" f(x), Vo € X].

2. If fn, — f(strongly), then f, — f,in o(X', X"),
If fo = fino(X', X"), then f, =* f,in o(X', X).

3. If fr —=* f ino(X', X), then || f,|| is bounded and || f|| < lminf || f,].

4. If fr, = fin o(X', X)), and z,, — x(strongly) in X, then f,(z,) — f(x).
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1.1.2 Hilbert spaces
Now, we give some important results on these spaces here.

Definition 1.1.9 A Hilbert space H is a vectorial space supplied with inner product (u,v)
such that ||u|| = \/{u,w) is the norm which let H complete.

Theorem 1.1.2 (Riesz). If (H;(.,.)) is a Hilbert space, (.,.) being a scalar product on H,
then H' = H in the following sense: to each f € H' there corresponds a unique x € H such

that f = (x,.) and || f|y = ||=]/s-

Remark 1.1.4 : From this theorem we deduce that H" = H. This means that a Hilbert
space is reflexive.

Theorem 1.1.3 ([81]). Let (un)nen is a bounded sequence in the Hilbert space H, it posses
a subsequence which converges in the weak topology of H.

Theorem 1.1.4 (/81]). In the Hilbert space, all sequence which converges in the weak topol-
oqy 1s bounded.

Theorem 1.1.5 ([81]). Let (uy)nen be a sequence which converges to u, in the weak topology
and (Up)nen 1S an other sequence which converge weakly to v, then

(1.5) lim (v, u,) = (v, u)

n—r00

Theorem 1.1.6 (/81]). Let X be a normed space, then the unit ball
(1.6) B'={zeX:|z| <1},

of X' is compact in o(X', X).

1.2 Functional Spaces

1.2.1 The L?(Q2) spaces

Definition 1.2.1 Let 1 < p < oo, and let Q be an open domain in IR", n € IN Define the
standard Lebesque space LP(Q)), by

(1.7) LP(Q)) = {f : Q = IR is measurable and / |f(z)Pdx < oo} :
Q

Notation 1.2.1 Forpe IR and 1 < p < oo, denote by
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If p = 0o, we have

L>(Q) ={f: Q2 — IR is measurable and there exists a constant C such that
|f(z)] < C a.ein Q}

Also, we denote by
(1.8) [fllee = mf{C, |f(2)] < C a.ein Q.

Notation 1.2.2 For p € IR and 1 < p < oo, we denote by q the conjugate of p i.e.
1,1

=42 =1

p g

Theorem 1.2.1 ([81]) L*(Q2) is a Banach space, for all 1 < p < oo

Remark 1.2.1 In particularly, when p = 2, L*(Q) equipped with the inner product

(19) e = [ Syt
15 a Hilbert space.

Theorem 1.2.2 (/81]) For 1 < p < oo, LP(R2) is reflexive space.

1.2.2 Some integral inequalities

We will give here some important integral inequalities. These inequalities play an important
role in applied mathematics and also, it is very useful in our next chapters.

Theorem 1.2.3 (/3//, Holder’s inequality) Let 1 < p < oco. Assume that f € LP(S) and
g € L1(Q), then, fg € LP(Q2) and

/ Faldz < 1171l
Q

Lemma 1.2.1 ([81], Young’s inequality) Let f € LP( IR) and g € LI( IR) with 1 < p < oo
and%z%%—%—lzo. Then fxge L"( IR) and

1 gllorary < LNl zr oy 9 2o my

Lemma 1.2.2 ([81]) Let 1 <p<r <gq, %:%—I—I_TO‘, and 1 < a < 1. Then

rr < Jullg llullze®

lu
Lemma 1.2.3 (/81]) If u(2) < 0o, 1 <p < q < o0, then LY — LP, and

1_1
[ullzr < (€)7o fu| Lo
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1.2.3 The W™P(Q)) spaces

Proposition 1.2.1 Let Q be an open domain in IRY. Then the distribution T € D'() is
in LP(QY) if there exists a function f € LP(Q2) such that

(T.) = [ 1@)e@yds, for all g € D),
Q
where 1 < p < 00, and it’s well-known that f is unique.

Now, we will introduce the Sobolev spaces: The Sobolev space W#?() is defined to be the
subset of L” such that function f and its weak derivatives up to some order k have a finite
L? norm, for given p > 1.

WhP(Q) = {f € LP(Q); D*f € LP(). Vo la| <k},
With this definition, the Sobolev spaces admit a natural norm,

1/p

F—= I lweny = | D IDflp) | forp < +oo

la<m

and
= Iflwes@ = > ID* fllzseqe » for p=+oo

laf<m

Space WHP(Q) equipped with the norm || . ||yyx» is a Banach space. Moreover is a reflexive
space for 1 < p < oo and a separable space for 1 < p < oco. Sobolev spaces with p = 2 are
especially important because of their connection with Fourier series and because they form
a Hilbert space. A special notation has arisen to cover this case:

WE2(Q) = H*(Q)
the H* inner product is defined in terms of the L? inner product:

(f, 9 k) = Z (D*f,D%g)12(q) -

lal<k

The space H™(2) and W¥P(Q) contain C*(Q2) and C™(Q2). The closure of D(Q) for the
H™(Q) norm (respectively W™?(€2) norm) is denoted by HJ"(Q) (respectively WP (Q)).
Now, we introduce a space of functions with values in a space X (a separable Hilbert space).
The space L?(a,b; X) is a Hilbert space for the inner product

(f, 9)L2(a b x) =/ (f(t),g(t))x dt
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We note that L>=(a,b; X) = (L'(a,b; X))
Now, we define the Sobolev spaces with values in a Hilbert space X
For k€ N, p € [l,00], we set:

ov
8:62-

WHP(a,b; X) = {v € LP(a,b; X); € LP(a,b; X). Vi< k} ,

The Sobolev space W*?(a,b; X) is a Banach space with the norm

k of P 1/p
||f||Wk»P(a,b;X) = <Z e ) , for p < +0
im0 11 9%l Lp(a,bix)
k
ov
||f||Wk’°°(a,b;X) = Z Oz , for p = +00
im0 19Tl Lo (a,b:x)

The spaces W*?2(a, b; X) form a Hilbert space and it is noted H*(0,T; X). The H*(0,T; X)
inner product is defined by:

k b
ou Ov
(UaU)Hk(a,b;X) = E / <%, %>th :
i=0 V@

Theorem 1.2.4 Let 1 < p < n, then
WP(IR™) C LP (IR™)

1 1
where p* is given by — = — — — (where p = n,p* = 00). Moreover there exists a constant
p*

p n
C = C(p,n) such that

ull e < OVl poamm)Yu € WHP(IR™).
Corollary 1.2.1 Let 1 < p <n, then

WH(IR") C LY(IR") Vg € [p,p]
with continuous imbedding.
For the case p = n, we have
W™ (IR™) ¢ LY(IR") Vq € [n, +oo]
Theorem 1.2.5 Let p > n, then
WP(IR™) ¢ L=(IR™)

with continuous imbedding.
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Corollary 1.2.2 Let Q a bounded domain in IR™ of C' class with ' = 09Q and 1 < p < oo.
We have 1 11
if 1<p<oo, then WHP(Q) C LP"(Q) where il
if p=mn, then W'P(Q) C LY(Q),Vq € [p, +o0].
if p>mn, then WHP(Q) C L>(Q)
with continuous imbedding.
Moreover, if p > n, we have: Yu € WHP(Q),

u(z) = u(y)| < Clz —y|*lullwir@) a.ex,y €

n
with « = 1 — — > 0 and C is a constant which depend on p,n and . In particular
p

W (Q) C C(Q).

Corollary 1.2.3 Let Q a bounded domain in IR™ of C* class with ' = 9Q and 1 < p < oo.
We have

if p<mn, then WhP(Q)

if p=mn, then WHP(Q)
if p>mn, then WP (Q)

with compact imbedding.

1 1 1
C LY(Q)Vq € [1,p*[ where — = — — —.
p p n

C L1(Q2),Vq € [p, +o0l.
C C(Q

~—

Remark 1.2.2 We remark in particular that

WhP(Q) C LI(Q)
with compact imbedding for 1 < p < oo and for p < q < p*.
Corollary 1.2.4

1 1
if ——"2>0, then W™P(IR") C LYIR") where - = — —
¢ p

if ———=0, then W™(IR") C LY(IR"),¥q € [p, +00].

1 m
o

_ e
S3[33

if ——— <0, then W™P(IR") C L*=(IR")

n

i

with continuous imbedding.

Lemma 1.2.4 (Sobolev-poincarés inequality)

If 2<¢<

>3
n_2"7

q=2,n=12,

then
[ull, < Clg, Q)|[Vull2,

for all u € H}(Q).
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Remark 1.2.3 For all p € H*(Q), Ap € L2(Q) and for T sufficiently smooth, we have
o)l 20y < CllAp(H) ]| 2(0-

Proposition 1.2.2 (/81], Green’s formula) For all u € H*(Q2), v € H*()) we have

—/Auvd:c:/VuVUda:— @Udd,
Q Q aq o1

where — 1s a normal derwation of u at T'.

on

1.2.4 The L?(0,T, X) spaces
Let X be a Banach space, denote by L”(0,T, X) the space of measurable functions

Definition 1.2.2

f:0,T[— X
(1.10) E= ().
such that )
T P
(1.11) (/|uuw§ﬁ) o < 00, for 1< p < oo,
0
If p = o0,
(1.12) ||f||Lp(07T7X) = sup ess||f(t)]x-
t€]0,T]

Theorem 1.2.6 (/81]) The space LP(0,T, X) is complete.

We denote by D'(0,T, X) the space of distributions in |0, 7'[ which take its values in X, and
let us define

D'(0,T,X) = £(D]0,T], X),

where £(¢,p) is the space of the linear continuous applications of ¢ to ¢. Since u €
D'(0,T, X), we define the distribution derivation as

O
ot " = dt
and since u € LP(0,T, X), we have

>,V¢€D®ﬂ®7

wwzlwmmw Ve € D(0.T)),

We will introduce some basic results on the LP(0,T, X) space. These results, will be very
useful in the other chapters of this thesis
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Lemma 1.2.5 (/81]) Let f € LP(0,T,X) and g—{ € LP(0,7,X), (1 <p < o), then, the

function fis continuous from [0,T] to X. i.e. f € CY(0,T,X).

Lemma 1.2.6 (/81]) Let ¢ =|0,T[x an open bounded domain in IR x IR", and let g,, g
are two functions in L1(]0,T[, L1(Q)), 1 < ¢ < oo such that

(1.13) N gull aqo,rp ey < C,Vu € IN

and

Gu =g N P,
then

gu—> g in Li(p).

Theorem 1.2.7 (/81]) LP(0,T,X) equipped with the norm |.||paqorpx), 1 < p < 00 is a
Banach space.

Proposition 1.2.3 ([81]) Let X be a reflexive Banach space, X' it’s dual, and 1 < p,q <
00, L 4 % = 1. Then the dual of LP(0,T,X) is identify algebraically and topologically with

7p

L0, T, X").

Proposition 1.2.4 (/81]) Let X, Y be to Banach space,X C 'Y with continuous embedding,
then we have

LP(0,T,X) C LP(0,T,Y)

with continuous embedding

The following compactness criterion will be useful for nonlinear evolution problem, especially
in the limit of the nonlinear terms.

Proposition 1.2.5 (/82]) Let By, B, By be Banach spaces with By C B C By, assume that
the embedding By — B is compact and B — By are continuous. Let 1 < p,q < oo, assume
further that By and By are reflexive.

Define

(1.14) W = {ue L’0,T, By) : u' € LU0, T, B;)}.

Then, the embedding W — LP(0,T, B) is compact.
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1.2.5 Some Algebraic inequalities

Since our study based on some known algebraic inequalities, we want to recall few of them
here

Lemma 1.2.7 ([81] The Cauchy-Schwartz inequality) Every inner product satisfies the Cauchy-
Schwarz inequality

(1.15) (21, m2) < |21 ]|[|22]-

The equality sign holds if and only if x1 and x1 are dependent.
Lemma 1.2.8 (/81]Young’s inequalities) For all a,b € TR*, we have
(1.16) ab < aa® + —b?

' - 4o
where o 18 any positive constant.

Lemma 1.2.9 (/81]) For a,b > 0, the following inequality holds

p q
(1.17) <Ly
p q

1,1
where, = + = = 1.
’p+q

1.3 Integral Inequalities

We will recall some fundamental integral inequalities introduced by A. Haraux, V. Komornik
and A.Guesmia to estimate the decay rate of the energy.

1.3.1 A result of exponential decay

The estimation of the energy decay for some dissipative problems is based on the following
lemma:

Lemma 1.3.1 (/20]) Let E : IRy — IR, be a non-increasing function and assume that
there is a constant A > 0 such that

+oo
(1.18) vt >0, / E(r)dr <
¢

Then we have
(1.19) Vt>0,  E(t) <E0)e "
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Proof of Lemma 1.3.1.
The inequality (1.19) is verified for ¢ < %, this follows from the fact that F is a decreasing
function. We prove that (1.19) is verified for ¢ > %. Introduce the function

+oo
h:IR;y — IRy, h(t) = / E(r)dr.
¢

It is non-increasing and locally absolutely continuous. Differentiating and using (1.18) we
find that

Yt >0, I(t)+ Ah(t) <0.

Let
(1.20) Ty = sup{t, h(t) > 0}.
For every t < Tj, we have

(1)

<-A

h(t) = 7
thus )
(1.21) h(0) < e < ZE(o) e, for 0<t<Tp.

Since h(t) = 0 if ¢t > Ty, this inequality holds in fact for every t € IR,. Let € > 0. As F is
positive and decreasing, we deduce that

I 1
Vit >e, E(t)< —/ E(r)dr < =h(t—¢) < — E(0) e e,
t—e
Choosing ¢ = %, we obtain

vVt >0,  E(t) < E(0)e .

The proof of Lemma 1.3.1 is now completed.

1.3.2 A result of polynomial decay

Lemma 1.3.2 (/20]) Let E: IR, — IR, ( IRy = [0,+00)) be a non-increasing function
and assume that there are two constants ¢ > 0 and A > 0 such that

+00 1
(1.22) — / B () dr < £ B(O)B(®).
t
Then we have:
1 +q 1/q
1.2 t > Et)< FE _ .
(123 vz B < B0 ()

Remark 1.3.1 It is clear that Lemma 1.3.1, is similar to Lemma 1.3.2 in the case of ¢ = 0.
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Proof of Lemma 1.3.2.
If £(0) =0, then F = 0 and there is nothing to prove. Otherwise, replacing the function E

by the function we may assume that £(0) = 1.

E(0)
Introduce the function

+o0
h:IRy — IRy, h(t) = / E(r)dr.
¢

It is non-increasing and locally absolutely continuous. Differentiating and using (1.22) we
find that

vt >0, —h' > (Ah)

where
Ty = sup{t, h(t) > 0}.

Integrating in [0, ] we obtain that
Y0 <t < Ty, h(t)™ — h(0)™7 > ow'™e,
hence
(1.24) 0<t<Ty h(t)< (h90)+qA*er) ",
Since h(t) = 0 if ¢t > Tp, this inequality holds in fact for every t € IR, . Since

1 1
< = I+ _ —
h(0) < 2 E(0) = -

by (1.22), the right-hand side of (1.24) is less than or equal to:
- 1
(1.25) (h™9(0) + gA™9 1)1 < S+ Agt7e.

From other hand, E being nonnegative and non-increasing, we deduce from the definition of
h and the above estimate that:

1 a+1 1 FH(g+D)s
Vs>0, E( 5 +(q+1)s) < —/ E(r
e I =y (
A A

< - ~
1 +Aqsh(s) - 1+Aqu(1 +4gs) 7,

qt+1 dr

N

hence
1

1
> — < ——|
VS >0, E( +(q+1>8>—(1+AqS)l/q

A

1
Choosing t = i + (14 ¢)s then the inequality (1.23) follows.Note that letting ¢ — 0 in this
theorem we obtain (1.23).



20 Integral inequalities

1.3.3 New integral inequalities of P. Martinez

The above inequalities are verified only if the energy function is integrable, we will try to
resolve this problem by introducing some weighted integral inequalities, so we can estimate
the decay rate of the energy when it is slow.

Lemma 1.3.3 (/20]) Let E: IR, — IR, be a non-increasing function and ¢ : IRy — IR,
an increasing C* function such that

(1.26) $(0)=0 and ¢(t) — +oo when t — 4o0.

Assume that there exist ¢ > 0 and A > 0 such that

+oo 1
(1.27) / B()70/(1) dt < B(0)IE(S), 0<S < +oo.
S
then we have
ifq>0, then B(t) < E(0) (i> " w0
q ) e~ 1 +qA¢<t) ) — )

ifqg=0, then E(t) < E(0)e' ™0 vt > 0.

Proof of Lemma 1.3.3.

This Lemma is a generalization of Lemma 1.3.1, Let f: IR, — IR, be defined by f(x) :=
E(¢~(z)), (we notice that ¢! has a meaning by the hypotheses assumed on ¢). f is non-
increasing, f(0) = E(0) and if we set x := ¢(t) we obtain f is non-increasing, f(0) = E(0)
and if we set x := ¢(t) we obtain

o(T) o(T) T
) dy = E(o YN de= | EBE@®)™M (1) d
/¢ f) /¢ (6" ()) | Boswa

(s) (s) s
1 q
< ZE(()) E(S)
_ %E(O)qf(gb(S)), 0<S<T<+oo.

Setting s := ¢(S) and letting 7' — 400, we deduce that
+o0 1
Vs >0, (z)1 dw < 1 E(0)7f(s).

S

Thanks to Lemma 1.3.1, we deduce the desired results.
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1.3.4 Generalized inequalities of A. Guesmia

Lemma 1.3.4 (/20]) Let E: IR, — IR, differentiable function, A € TRy and ¥ : IRy —

IR convex and increasing function such that W(0) = 0. Assume that
+o00
/ V(E(t))dt < E(s), Vs>D0.

E'(t) < AE(t), Vt>D0.
Then E satisfies the estimate
E(t) < e Tog—1 (ew—h(t»q}(w—l(h(t) + ¢(E(O))>>>, vt > 0,

where

vt >0,
d(t) /t \pis) ds if A0,
K-YD(t), if t>T,
h(t) =
{0 if t€]0,Tpl,
VTHEH ()
K(t) D(t)+\p(w71(t+¢(E(O)))) o W20,
D(t):/te’\sds, vt > 0,
./ E(0) J0, if t>T,
To=D (qf(E(o»)’ TO_{L if tel0Tl

Remark 1.3.2 If A = 0 (that is £ is non increasing), then we have

(1.28) E(t) <yt <h(t) v @Z}(E(O))), vt >0
where (1) = /tl ﬁ,ds fort >0, h(t) =0for 0 <t < \IffE(?()))) and
y vt (t+(B©0)
h=(t) =t+ t>0

Wy (t+0(B0))

This particular result generalizes the one obtained by Martinez ([20]) in the particular case
of

U(t) = dtP™ with p > 0 and d > 0, and improves the one obtained by Eller, Lagnese and
Nicaise ([32]).
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Proof of Lemma 1.3.4.
Because E'(t) < AE(t) imply E(t) < M0 E(ty) for all t > ¢, > 0, then, if E(ty) = 0 for
some to > 0, then E(t) = 0 for all ¢ > ¢y, and then there is nothing to prove in this case. So
we assume that E(t) > 0 for all ¢ > 0 without loss of generality. Let:

L(s) = / B A Vs> 0.

We have, L(s) < E(s), for all s > 0. The function L is positive, decreasing and of class
C1( IR,) satisfying
—L'(s) = V(E(s)) > ¥(L(s)), Vs=>0.

The function v is decreasing, then

(L)) = g 21 %520
Integration on [0, ¢], we obtain
(1.29) V(L) >t +¢(E(0), Vt>0.

Since U is convex and ¥(0) = 0, we have
U(s) <U(l)s, Vs €[0,1] and P(s) > Y(1l)s, Vs> 1,

then {:% (t) = 400 and [(E(0)), +oo[C Image (¢0). Then (1.29) imply that

(1.30) L) < v (t+0(BO), =0,
Now, for s > 0, let
p = [eran iz
The function f; is increasing on [s, +oo[ and strictly positive on |s, +oo[ such that
fs(s)=0 and fi(t)+Afs(t) =1, Vt>s>0,
and the function d is well defined, positive and increasing such that:
d(t) <U(t) and Md'(t) =\¥(t), Vt>0,

then
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Integrating on [s, t], we obtain

(1.31) L(s) > /t U(E(r))dr > f,()d(E(t)), Vt>s>0.

Since lim d(s) = +o00, d(0) = 0 and d is increasing, then (1.30) and (1.31) imply

t—-+o0

1.32 E#)<d | inf Wl(SJFw(E(O))) Yt >0
(1:32) W <d™| =B, [A0) B

Now, let t > T and
v (s + w(E(0)))
() ’

The function J is differentiable and we have

J(s) = £72(0) [0 (s 4 0(B(0)) — £ (¥ (07 (s + v (EO)) )]

J(s) = Vs € [0, 1.

Then
J'(s)=0 & K(s)=D({) and J(s)<0 & K(s)< D(T).
E(0
Since K(0) = \If(lg 3)), D(0) = 0 and K and D are increasing (because ! is decreasing
and s — 7 ( ), > 0, is non increasing thanks to the fact that ¥ is convex). Then, for
s
t > Ty,

inf J(s) = J(K‘l(D(t))> = J(h(t)).

s€[0,t]

Since h satisfies J'(h(t)) = 0, we conclude from (1.32) our desired estimate for ¢t > Tj.
For t € [0, T}, we have just to note that E'(t) < AE(t) and the fact that d < ¥ implies

E(t) < ME(0) < P E(0) < g (e”\l/(E(O))) < e)‘TOd_1<eM\I/(E(O))>.

Remark 1.3.3 Under the hypotheses of Lemma 1.3.4, we have thT E(t) = 0. Indeed, we
—+00

have just to choose s = 1t in (1.32) instead of h(t) and note that d~*(0) = 0, tlz’:n Yt =0
——+00
and tﬁﬁof%t(t) > 0.

Lemma 1.3.5 ([Guesmia 20]) Let E : IRt — IR' be a differentiable function , a
R" — IR™ and A : IRY — IR" two continuous functions .Assume that there exist
r > 0 such that

(1.33) / " Bt < a(s)E(s).¥s > 0

(1.34) E'(t) < AHE(t), Vt>0
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Then E wverifies ,for all t > 0,

and

where \(t) = /t A(T)dT

Proof of Lemma 1.3.5.
If E(s) =0 or a(s) = 0 for one s > 0 ,the first inequality implies E(t) = 0 for ¢ > s,we
suppose then that E(t) > 0 and a(t) > 0 for t > 0

+

1 oo
Put w = - and ¥(s) = / E"(t)dt; we have
a

s

(1.35) U(s) < E(s), Vs>0.

the function ¥ is decreasing ,positive and of class C* on IR" and verifies:

U (s) = —E"(s) < —(w(s)¥(s)) ™, Vs>0

then

(1.36) U(s) < U(0)exp </0 w(7)d7> < f((g; exp (/0 w(T)dT> ifr=0
w s “1/r

(1.37) U(s) < ((%)T —|—/0 (w(T))THdT) ifr>0

Now we put for all s > 0,

(1.38) Fo(t) = exp(—(r + D)A(1)) / t exp((r + DX(r))dr, Vit > s

where fs(s) =0 and fi(t) + (r+ DA fs(t) =1, Vt > s > 0.
Under the second hypothesis in the lemma, we deduce

(1.39) E™ ) > 0,(fs()E™ (t));Vt > 5 >0

hence

g(s)
(1.40) (s) > / E™1(t) > fu(g(s) ™ (g(5))); Vs > 0
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where g : IR — IR™ with I,(g(s)) =0, I, is defined by

I(t) = (w(s))’"“/ exp((r + 1)A(7))dr
Let t > ¢(0) and s = h(t) with

h(t) = {0, it te [0,950)]
Hence we have g(s) =t and we deduce from (1.40 that, for all £ > ¢(0),

U(h(t)) = faq (E™L(t) = (egjp(—(r + 1)X(t)) /h(t) exp((r + 1)}((7))037) E(t)

We conclude from (1.36 and (1.37 that ,for all ¢ > ¢(0),

Bt) < f((g)) exp(A(E) ( /h t exp(X<T))dT) . (— /0 h(t)w(f)dT) i r— 0

and .

B(t) < exp(M(t)) ( /h ;) exp((r + 1)X(T))d7) L

h(t) T
G+ [ wnytar) o
0

The fact that [}, = I;(g(s)) = 0, we obtain the result of the lemma for ¢ > g(0).
If t € [0, g(0)] the second inequality of the lemma implies that

E(t) < E(0)exp(A(1))

Since h(t) = 0 on [0,9(0)], E(0)exp(A(t)) is identically equal to the left hand side of the
results of the lemma.That conclude the proof.

Lemma 1.3.6 ([Guesmia 20]) Let E: IR" — IR™ be a differentiable function , a,as €
IR™ and as, \,7,p € IRT such that

asA(r+1) <1

and for all 0 < s <T < +o0

/T E™(t)dt < ay(s)E(s) + as EP(s) 4+ asEB™(T),
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Then there exist two positive constants w and ¢ such that ,for all t >0,

E(t) <ce ™, ifr =0

Et)<c+t)7Y" ifr>0 and \=0

—1

Et)<cl+t)D, ifr>0 and A >0

Proof of Lemma 1.3.6.
We show that E verifies the inequality (1.33).Applying the lemma (1.3.5),we have

T
CL3ET+1 (T) = (13/ E,T—H(t)dt + CL3ET+1(S)

s

T
< as(r+1) / NE™ Y (0)dt + as B (s)

S

Under (1.33),we obtain:
+oo
(1.41) / B (t)dt < b(s)E(s), Vs> 0

where
ay + CLQEP(S) + agE’”(s)

Vs >0
1—a\r+1) = °F

b(s) =
We consider the function fy defined in (1.38)and integrating on [0, s] the inequality
E™Nt) > 0y fo(t)ETH(E)), VE>0

we obtain under (1.41)
b(0) E(0) > / EL(#)dt > fo(s)E™N(s), Vs >0
0

then )
E =5
E( s) < (M) ., Vs>0
fo(s)
on the other hand, the conditions of the lemma implies that

E(s) < E(0)exp(A(s) Vs >0

Hence

E(s) < min {E(O)exp(X(s>, (%) M} —d(s) Vs>0
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d is continuous and positive and

a1t aa(d(s))? + as(d(s))

>
bs) < 1—azA(r+1) V820

Hence we can conclude from (1.41) the first inequality (1.33) of the lemma (1.3.5) with

(S) _ ap + CLQ(d(S))p + ag(d(s))r
1 —agA(r+1) ’

Vs > 0.

This completes the proof.

1.4 Existence Methods

1.4.1 Faedo-Galerkin’s approximations

We consider the Cauchy problem abstract’s for a second order evolution equation in the
separable Hilbert space with the inner product (.,.) and the associated norm |.| .

(P) { u"(t) + A)u(t) = f(1),

te]
(,0) = up(z), u'(x,0)=ui(x);

where v and f are unknown and given function, respectively, mapping the closed interval
[0,7] € IR into a real separable Hilbert space H ,A(t) (0 < ¢ < T ) are linear bounded
operators in H acting in the energy space V C H.

Assume that (A(t)u(t),v(t)) = a(t;u(t),v(t)) , for all u,v € V; where a(t;.,.) is a bilinear
continuous in V.

The problem (P) can be formulated as: Found the solution wu(t) such that

3 we C([0,T);V),u' € C([0,T]; H)
(P) (u”(t),v) + at; u(t),v) = (f,v) in D'(]0,TY)
Ug € |4 , Uy < 1'—’17

This problem can be resolved with the approximation process of Fadeo-Galerkin.

Let V,, a sub-space of V with the finite dimension d,,, and let {w;,} one basis of V,,
such that .

1. V,, c V(dimV,, < o0),Vm € IN

2. V,, — V such that, there exist a dense subspace ¥ in V' and for all v € ¥ we can get
sequence {Up, tmewN € Vi, and u,, — w in V.

3. Vm C vm+1 and Umg]]\]vm =V.
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we define the solution u,, of the approximate problem

;

dm
U (t) = Y g5(D)wjm
=1
Um € C([0,T); Vi), ul, € C([0,T); Vi) 5t € L*(0,T; V)

P .
( m) <uxz(t)>wjm> + CL(t; um(t)awjm> = <f> wjm>a 1 § J S dm
dm dm
un(0) = D &0 wim » up,(0) = D 15(E)wjm
\ j=1 j=1
where
dm
ij(t)wjm — up in V as m — 00
j=1
dm
an(t)wjm — uy in Vas m — o0
j=1

By virtue of the theory of ordinary differential equations,the system (F,,) has unique local
solution which is extend to a maximal interval [0, ¢,,[ by Zorn lemma since the non-linear
terms have the suitable regularity. In the next step, we obtain a priori estimates for the
solution, so that can be extended outside [0, t,,,[, to obtain one solution defined for all ¢ > 0.

1.4.2 A priori estimation and convergence

Using the following estimation

T
[t + NI < € {Ilum(O)ll2 + ||, (0 +/0 IIf(S)IIQdS} ; 0<t<T

and the Gronwall lemma we deduce that the solution u,, of the approximate problem (F,,)
converges to the solution u of the initial problem (P).The uniqueness proves that u is the
solution.

1.4.3 Gronwall’s lemma

Lemma 1.4.1 Let T > 0, g € L'Y(0,T), g > 0 a.e and ¢, co are positives constants.Let
p e LY0,T) ¢ >0 a.e such that gp € L'(0,T) and

o(t) <c + 02/0 g(s)p(s)ds a.e in (0,T).

then, we have

(1) < creap (02 /0 t g(s)ds) a.c in (0,T).
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1.4.4 Semigroups approach

Definition 1.4.1 (/83]). Let X be a Banach space. A one parameter family T(t) for 0 <
t < oo of bounded linear operators from X into X is a semigroup bounded linear operator
on X if

e T(0) =1, (I is the identity operator on X ).
o T'(t+s)=T(t).T(s) for every t,s > 0 (the semigroup property).
A semigroup of bounded linear operators, T'(t), is uniformly continuous if

lim | T(t) — I|| = 0.

t—0

The linear operator A defined by

D(A) = {x € X; lim% em’sts}

t—0
and T T
e — lim (t)x —z _ (t)x
t—0 t dt
is the infinitesimal generator of the semigroup T(t), D(A) is the domain of A.

=0 Yz € D(A)

Theorem 1.4.1 ([83])(Lumer-Phillips). Let A be a linear operator with dense domain D(A)
mn X

o [f A is dissipative and there is a Ao > 0 such that the range , R(A\gI — A) = X, then A
1s the infinitesimal generator of a Cy semigroup of contraction on X.

o [f A is the infinitesimal generator of a Cy semigroup of contractions on X then
RN — A) =X V XA >0 and A is dissipative.

Remark 1.4.1 In the last chapter we will give an example for ilustration
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Chapter 2

Global existence and asymptotic
behavior for a coupled system of
viscoelastic wave equations with a
delay term

2.0.5 Introduction

In this chapter we consider a coupled system of viscoelastic wave equations with a delay
term, firstly global existence of the solutions is proved by Faedo-Galerkin’s procedure. Fur-
thermore, we study the asymptotic behavior in using multiplier technique introduced by A.
Guessmia [20]. We consider the following problem :

¢

t
Uy — Au — Ay + / g1(t — s)Au(s)ds
0
2
+> g, t = 7(0) + fi(u,v) =0,
i—1

t
vy — Av — Avy + / g2(t — s)Au(s)ds
(2.1) 0

2
+ Z a;vy(x, t —7(3)) + fo(u,v) =0,

u(z,t) =0, v(z,t) =0 on T x (0,400),

u(z,0) = up(x), v(z,0) =vo(x), u(x,0) =ui(z), x € Q,

u(z,t —7(2)) = po(x,t — 7(2)), € Q, t € (0,72),

vi(x,t —7(2)) = p1(x, t —7(2)), x€Q, t € (0,72), 7(1) =0, 7(2) = 7.

Ve

Where (2 is a bounded domain in R",n € N*, with a smooth boundary 9,and gy, g :
Rt — R, ¢;(.,.) : R?> - R i = 1,2, are given functions which will be specified later,
7o > 0 is a time delay, where puq, aq, oo, o are positive real numbers and the initial data

31
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(uo, u1, fo), (v, v1, f1) belonging to a suitable space. Problems of this type arise in material
science and physics.

Recently, the authors of [2] considered the following coupled system of quasilinear viscoelastic
equation in canonical form without delay terms

t
|ug|Puge — Au — v Auy + / g1(t — s)Au(s)ds + fi(x,u) =0, in Qx (0,4+00),
(2.2) O
|vg|Puy — Av — Y Avy + / go(t — s)Auv(s)ds + fa(x,u) =0, in Q x (0,+00),
0

where 2 is a bounded domain in R" (n > 1)with a smooth boundary 02,v1,72 > 0 are
constants and p is a real number such that 0 < p < (71%2 ifn>3o0rp>0ifn=1,2.
The functions ug, u1,vg and v, are given initial data. The relaxations functions ¢g; and g
are continuous functions and fi(u,v), fa(u,v) represent the nonlinear terms. The authors
proved the energy decay result using the perturbed energy method.

Many authors considered the initial boudary value problem as follows

uy — Au + /t g1(t — s)Au(s)ds + hy(ug) = fi(xz,u), in Q x (0,+00),
(2.3) 0
vy — Av + /0 g2(t — 8)Av(s)ds + ha(vy) = fo(z,u), in Q x (0,4+00),

when the viscoelastic terms g; (i = 1,2.) are not taken into account in (2.3) , Agre and
Rammaha [4] obtained several results related to local and global existence of a weak solution,
they showed that any weak solution blow-up in finite time with negative initial energy. Later
Said-Houari [6] extended this blow up result to positive initial energy. Conversly, in the
presence of the memory term (g; # 0 (i = 1,2.), there are numerous results related to the
asymptotic behavior and blow up of solutions of viscoelastic systems. For example, Liang
and Gao [7] studied problem (2.3) with hi(u;) = —Auy, ho(vy) = —Awu,. They obtained
that, under suitable conditions on the functions g;, fi,7 = 1,2, and certain initial data in the
stable set, the decay rate of the energy functions is exponential. On the contrary, for certain
initial data in the unstable set, there are solutions with positive initial energy that blow-up
in finite time. For hy(u;) = |u|™ 'uy and ho(vy) = Jug["" ;. Hun and Wang [8] estabilished
several results related to local existence, global existence and finite time blow-up ( the initial
energy E(0) < 0). on the other hand, Messaoudi and Tatar [9] considered the following
problem

t
uy — Au +/ g1(t — s)Au(s)ds + fi(x,u) =0, in Q x (0,+00),
(2.4) O
vy — Av +/ g2(t — s)Auv(s)ds + fa(x,u) =0, in Q x (0,+00),
0

where the functions f; and fs satisfy the following assumptions



33

{ | f1(u, v)] < d(ful™ + |v]™),
| fa(u, v)] < d(ful™ + [v]™),

for some constant d > 0 and 3; > 0, 5; < —=, i =1, 2, 3,4. They obtained that the solution

n—2)7
goes to zero with an exponential or polynomial rate, depending on the decay rate of the

relaxation functions g;,7 = 1, 2.
Muhammad I.M [26] considered the following problem

¢

Uy — Au +/ g1(t — s)Au(s)ds + fi(v,u) =0, in Q x (0,+00),

25) 0

vy — Av +/ g2(t — s)Av(s)ds + fo(v,u) =0, in Q x (0,4+00),
0

and proved the well-posedness and energy decay result for wider class of relaxation functions.
In the present paper, we analyze the influence of the viscoelastic terms, damping terms and
delay terms on the solutions to (2.1). Under suitable assumptions on the functions g;(.),
fi(.,.)(i = 1.2), the initial data and the parameters in the equations, we establish several re-
sults concerning global existence , asymptotic behavior and boundedness of solutions to (2.1).

2.0.6 Preliminary Results

In this subsection, we present some material for the proof of our result. For the relaxation
function g; we assume
(A1) : The relaxations functions g; and g, are of class C! and satisfy, for s > 0

a1(s) >0, 1—/ G(s)ds =1 > 0,
0

ga2(s) >0, 1—/ g2(s)ds =1y > 0,
0

gé(t) < —ng(t), A > O’
and gh(s) <0 and ¢'(s) <0.
We take fi,f> as in [10]

(2.6) fi(u,v) = alu +v|P (u + v) +b|u|p7_3|v|%u,

(2.7) fo(u,v) = alu +v|P~H(u +v) +b|U|pT_3|u|pT+lv‘
With a,b > 0 Further, one can easily verify that

ufl(ua U) + UfQ(U,’U) = (p + 1)F(u7 U),V(U,U) < Rz'
Where
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1 p
Pluv) = o 1><a|u+v|p“ + 2|3, fi(u,v) =

(Az) : there exists cg, ¢; > 0, such that

OF OF

%7 f2(U7U) = 8_1)

co(Jul"* + o) < F(u,v) < er(ju™ + o), ¥(u,v) € R

and

‘?9{; ‘ fz < C(luff™t + o), i=1,2 where 1<p<6
(A3) :
(2.8) ifn=1,2 p>3 ifn=3 p=23

2
Lemma 2.0.2 (Sobolev-Poincaré inequality). Let 2 < m < _n2 The inequality
n J—
[ullm < cl|Vulla  for we Hy(Q),

holds with some positive constant c,.

Lemma 2.0.3 ([11]). For any g € C' and ¢ € H(0,T), we have
1d ' 2 2 /
9(t = s)pprduds = —o = | (gop)(t) + [ g(s)dslellz | —gt)lellz + (g'o0)(t),
0

where

(gogo)(t)z/ (t— ) /|g08 2) — o(t, 2)[2dwds.

Lemma 2.0.4 ([11]). Suppose that (2.8) holds. Then there exists p > 0 such that for any
(u,v) € H(Q)?, we have

\+

P+1

-+ wll5E + 2lluv], i p(L[[Vull; + L[ Voli3) 2

Lemma 2.0.5 . Guessmia ([20]) E : Rt — RT be a differentiable function a;,ay € R**
and a3, N € RT such that
asA\(r+1) <1,

and for all 0 < § < T < 400,

/T BN (t)dt < ai(S)E(S) + aeB1(S) + aa BT,
S



E'(t) < AE(t), Vt>0,
then there exist two positive constants and ¢ such that, for allt >0
E(t) <ce ™ ifr >0,
E(t) <c(1 —i—t)_Tl,ifr >0 and A=0,
E(t) <c(1 —|—t)r<:i1>,ifr >0 and X>0.

Remark 2.0.1 . Avoiding the complexity of the matter , we take a =b =1 in (2.6) —

2.0.7 Global existence
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(2.7)

In order to prove the existence of solutions of problem (2.1), we introduce the new variables

21, 72 as in [12]

z1(x, k1, t) = ue(,t — moky), o € Q, ki € (0,1),
22(x7k27t> - ut(xut - 7—2k2>)x € QakQ € (O’ 1)7
which implies that
T2y (2, k1, t) + 21, (2, k1, 1) =0 € Q x (0,1) x (0, 00),

To2h (T, ko, t) + 21y (2, ke, t) = 0 € Q x (0,1) x (0, 00),
therefore, problem (2.1) is equivalent to

(

— Au— Auy + [ g1(t — s)Au(s)ds
+pnui(w,t) + paz 3771715) +f1( v) =0,
vy — AU — Avy —1—/ ga(t — u(s)ds

0

+aqu(z, t) + agze(x, 1,t) + fg(u v) =0,

21(x,0,t) = wy(x,t),z € Q,t >0,
29(2,0,t) = vy(x,t),x € Q,t > 0,

Zl(x k1,0) = ¢o(x, —Tok1), x € Q,

20(@, k2, 0) = ¢1(x, —Toks), x € Q,

U(I, ) - UO(ZE)’ut(xa()) = UI(I)’I‘ € Q,

v(z,0) = vo(x), ve(2,0) = vy (), x € Q,

| u(z,t) = 0,v(z,t) = 0,2 € 0Q,t > 0.

T2y (z, ki, t) + zkl(x,kl, t)=0€Qx(0,1) x (0,00),
(2.9) To2h (2, ko, t) + zg, (2, ko, t) =0 € Q x (0,1) x (0, 00),

In the following, we will give sufficient conditions for the well-posedness of problem (2.9) by

using the Fadeo-Galerkin’s method.
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Theorem 2.0.2 . Suppose that py < p1, as < ag, (A1) — (As) holds. Assume that
((ug, u1), (vo,v1)) € (HEF())? and (o, d1) € (L*(2 x (0,1))%. Then there exists a unique
solution ((u, z1), (v, 22)) of (2.9) satisfying

u(t), v(t) € C([=, 00); Hy(Q)) N CH([—, 00); L*(Q)),

us(t), vi(t) € L*([=72,00); Hy (Q)) N L*([~7, 00) x ).

Proof  We use the standard Faedo-Galerkin’s method to construct approximate solution.
Let {w;}52, is a basis of D(A) = H*(Q)(H(2). It is known that {w;}3>, forms an
orthonormal basis for L?(Q) as well as for Hj(€2). Moreover, the linear span of {w;}32; is
dense in L9(Q2) for any 1 < g < co. W, is the linear span of {wj.....w,}, we define also for
1 < j < n, the sequence ¢;(z, k) as follows ¢;(x,0) = w;(z). Then we may extend ¢;(z,0)
by ¢;(z, k) over L*(Q x [0,1]) and denote V;, to be the space generated by

{¢1,0cc pn},n=1,2.3.

t) = Zuk,j(t)wj 21 (t) = Z 2y ()05 (, k),

= va(t)wja 2y (t) = Z%,j(t)%‘(% k),

where ((u™(t), 27(t)), (v"(t), 25(t))) are the solutions of the following approximate problem
corresponding to (2.9) then ((u"(t), 21'(¢)), (v™(t), 25 (t))) verify the following system of ODEs:

;

Uy — Au — Ay + / g1(t — s)Au(s)ds
Fpaug(z, t) + pozi(z, 1,t) + fi(u,v) =0,
Uy — AU — Avy + / g2(t — s)Au(s)ds

+ayv(x, t) + agze(z, 1,t) + fo(u,v) =0,

’7'221(1', kq, )+ Zkl(.ilﬁ ki, ) =0e€Qx (0, 1) X (O, OO),
(2.10) Tozh (2, ko, t) + 2y (T, ko, t) = 0 € Q2 x (0,1) x (0, 00),
21(2,0,t) = wy(x,t),z € Q,t > 0,

29(x,0,t) = vy(x,t),x € Q,t > 0,

z1(@, k1, 0) = ¢o(x, —T2ki ), € Q,

2o(, kg, 0) = Q1 (w, —Toka), z € L,

(2,0) = uo(z), u(x,0) = uy (), x € Q,

(x,0) = vo(z), ve(,0) = vy(x),x € Q,

uw(z,t) =0,v(x,t) = 0,2 € 0Q,t > 0.

Ci:’

t

(2.11) (up(t), wy) + (Vu(t), Vw;) + (Vu(t), Vw;) + </0 g1(t — s)Vu"(t)ds, ij>
+ (uf(z, t), w;) + (pazt(x, 1,t), wy) + (f1(u(t), v"(t)), w;) =0,
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t

(v (t), w;) + (Vu™(t), Vw;) + (Vup(t), Vw;) + </ g2(t — s)Vu"(t)ds, ij>

0
v (2, 1), w;) + (25 (z, 1, 1), wy) + (f2(u"(t), v" (1)), w5) = 0,
for 7 = 1.....n. More specifically

(2.12)

(2.13) u™(0) = Z g (0)w;, v™(0) = Z vk (0)w;,
(2.14) uy'(0) = Z uy, ;(0)w;, v (0) = Z vy, (0)w;,
where

u™(0) = (u’,w;),v™(0) = (v, wy), v} (0) = (', wy), v} (0) = (V' wy),

j=1,....,n. Obviously, u™(0) — u° v™(0) — v" strongly in H}(Q2), u?(0) — u', v*(0) — v
strongly in L?(Q) as n — oo.

1

(215) (TQZ?t(xv kla t) + Z?k(x7 kh t))@z = 07
(2'16) (TZth(ma k27 t) + ng(.T, k27 t))(pi =0,
(2.17) 21(0) = 21 — fo,25(0) = 25 — f1 in L*(Q x (0,1)).

Let &1, & be positive constants such that

(2.18) Topy < & < T2(2p11 — p2),

(219) ToOy < 61 < T(QOQ — Oég).
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Step one.
Energy estimates.
Multiplying equation (2.11) by w;, ;(t) and the equation (2.12) by v ;(¢), and summing with
respect to j, we obtain

d 1 1 . 1, . 1.
13 il gl LIV @)+ 519 <t>||§+—||wt<t>u§]
d 2 n ,n H1 n|2
v+ [ Pnvde] 2 g + S
(2.20) o
—i-,uQ/zl(x,l,t)u?(x,t)dx—i-og/zﬂx,l,t)vf(m,t}dm
Q Q

- /0 t it =s) | Vu(s)Vup (s)duds - /0 t g2t — 3) /Q Vo (s) Vol (s)dads,

Using a lemma 2.0.3 and integrating (2.20) over (0,t), we get
1 n||2 1 ni|2 1 ni|2 1 ni2 n ,n
Sladllz + S llorllz + SIIVallz + SIIVerils + i Fu",v")dz

L (1 —/Otgl(s)ds) HVu”(t)H%Jr% (1 —/Otgz(sms) Vo™ ()3

2
1 1 n 2 ‘ n 2
+5(g1oVu")(#) + 5(g2oVu")(8) + [ luf(s)]lds +au [ log'(s)llads
0

//z1 x,1,8)u dxds+a2//z2 x, 1, s)vidxds

w5 [ oNvatas+ 5 [ a9 -3 [ wovueas

1 t
=5 | ghoven) s,
2 Jo

(2.21)

we multiply the equation (2.15) by & > 21,,5(t) and the equation (2.16) by & 22 2, (1),
summing with respect to j and mtegratmg the result over Q x (0, 1) to obtain

YA R T L
= o [ - GRG0

then
(2.23) th// 20 et dkldx——f—l/(z?f(x,kl, )dx—l—g—IHu H
Q

T2

in the same manner

(224) 9 dt// 22 l’ /{52, dk’gdl‘— —25—2/(23)2([L” kg,t)d(l}—l— 52 || ZLHQ
Q

T2
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Summing (2.21), (2.23) and (2.24), we get

t
m@+(m——)/Wme+Qu =) [ etiges
(2.25) 51//21 (x,1,5) dxds—kg // (2,1, s)dxds
+u2// zy(z, 1, s)vi(z, t d:vds+a2// 2y (x, 1, s)v(x, t)dxds.
aJo aJo

Using Young and Gauchy-Shwartz inequalities, we obtain

m@+w—%—)kmmw+@—%—ﬂkwmw

(2.26) +< L )fo fQ 2 :U,l,S d:L’dS—l—( _ a2) J‘O fQ ,22 x,l,s dl’dS
= E™(0).

Where E(t) is the energy of the solution defined by the following formula

1 1 1 1
B() = 5l (®)B + Sl I3 + IVl + 5190013

41 (1—/tgl() )Hvu()\|2 ;(1—/292() )HW()HE
51// 22(x, ky, t) dk;ldx+€2// 25 (w0, ka, t)dkoda

F(u,0)ds + 5(10V0) (1) + 3(02090)(0).

(2.27)

Q

we shall prove that the problem (2.11) —(2.17) admits a local solution in [0, t,,), 0 < t,, < T,
for an arbitrary 7" > 0. The extension of the solution to the whole interval [0,7] is a
consequence of the estimates below.

Step two.
First estimate. We Multiply the equation (2.11) by w; = —Au}, and equation (2.12) by
w; = —Awvy and summing with respect to n from 1 to n, respectively, using a lemma 2.0.3,
we get

d 1 n||2 1 n||2 ! nl|2 n

7 [aIVulz + SlAutlz + {1 = [ gi(s)ds+ | [|Au"]; + (groAu™)(t)

0
1 n 1 H1 n

(228) 4L gu(t)Au | — 2 (ghonu) (1) + B2V

—|—,u2/Qzl (x,1,t)Auy (t)dx:/Qfl(u”(t),wn(t))Au"(t)dx,

and
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|9+ otz + (1= [ gaast ) 18078 + (godem)io

(220) 4| — L(ghode™)(D) + 9er 3
+a2/922 (x,1,t)Avy t)dqz:/Qfz(u"(t),vn(t))AU”(t)d:v.

Using Young’s inequalities, summing (2.28)-(2.29), and integrating over (0,t), we get

t
Va5 + [IVorlls + | Aulls + [|Avf |5 + (1—/0 91(S)d8) | Au™|f3
t 1 1

# (1 [ o)) 18071+ oda)(0) + G (smoder0)

t 0 1 t 1 t
/ OO [ IO g [ thonur)syas

t
/(gzoAv o)ds + 14 /||wt JI2ds + 4 /”wt JI[2ds

//z1 (x,1,s dsdac—l—,ug/ |Au?(s)||5ds
ag/ / 22 (x,1,s dsda:—l—a2/ |Av?(s)||3dzds
0 Jo 0

< §||VU1 15+ §||VU1 15+ §||AU0 15+ §||A”UO I3
filu™, o)A — fi(u®,0°%) Au’

DN | —

_|_

l\JIHl\.’HH

(2.30)

+/ dx
o fz(u V") AU — fo(u”, ™) Av®

0
n n n n n n
/ / —f1 u”, v up Au +_(9Uf1(u LU oy A duds,

0
+ f2 u™ v uy Av™ + %ﬁ(u”,vn)vaU”

where

co = 5 IVul 3 + S IV E + S A E + 5[ Au

is a positive constant, we just need to estimate the right hand terms of (2.30). Applying
Holder’s inequality, Sobolev embedding theorem inequality
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fi(u"(s),v"(s))Au™(s)dxds| < /( P4 |o" |p+|u"| |U”|p+1> |Au™|dx,
Q Q
< C (B, + II"l1Z,) | Aun,
+ o (e an1MMuh
(2.31) < c<uwnp+nwn ) Aul),
+
+ (Vs 190 l,® ) 8w
< C(IAwB+ [Vur) 1
+ O (Ve + e e
< C'||Au"||2—|—c

Likewise, we obtain

(2.32) < CllAv™||5 + e

/ fi(u™, v")Audx
Q

Now we estimate [ := / — fi(u™, v uy Au"de,

ou
Q
then, by (Ay) and Young’s inequality we get

1] Sc/WM“+WW*WmmMM,
Q

(2.33)

< elllagll + s, gz + llonllsy g lap) | Au .
We get

11 < e Vaplls ™ + [Vorls D) I Vg ol Au s,
(2.34) < o Vull2]|Aut]ls,

< clAu3 + el Va3

Let
(2.35) y'(t) = [Vup ()5 + [Vor @)113 + A" (0I5 + [[Au” ()3

Then, we infer from (2.31) — (2.34) that

(2.36) (»HWum<%+cAQ<»w.

Using the Gronwall type inequality, we can get
(2.37) y"(t) < C.
Hence from (2.27) and (2.37), we obtain
[l (I3 + lor O3 + IVur (13 + Vo @15 + Va5 + 1Vor (9113
(2.38) / /21 x,1,s dxds—i—/ /22 x,1,8)dxds + (g10Vu")(t) + (g20VU")(t)

—l—/ /z{l (x, k1, s) dmds—l—/ /zg (z, ks, s) d:vds+/F(u,v)dx§L1,
0 Ja 0 Ja Q
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where L; is a positive constant depending on the parameter E£(0).
Step three.

Second estimate.
In same manner we Multiply the equation (2.11) by w; =
summing with respect to j from 1 to n, respectively

(2.39)

(2.40)

1 n n n n
I3+ / A A da + || A2 +

/Au Augdw%—/ /glt—s

M2/Zl (x>1at)Auttd$+/fl(u , 0" ) Aufdz,
Q

Q

1 n n n n
IVl + [ Auidvide+ AvIE +

/Au Avgdm—l—/ /gg (t —s)v

ag/z2 (x,1,t)Avy, dx—i—/fg(u v") Avgda.

Q

Summing (2.39)-(2.40) we obtain

(2.41)

_l_

1 n n n n
SVl + [ Auparde + Al +

1
TR+ / Av Az + AR +

2

/Au Au?tdx+//glt—s
/Au Avgdx—l—//ggt—s

Q

Q

/ 21 (z, 1, t) Augydr — g

Q

/fl(u",U")Au?t + fo(u", v")Avgde.

—Auj;, (2.12) by w; =

B3

T)Auy, (t)dxdr

@ 2o

T)Avy (t)dzdr

. dtnv I

7)Auy,(t)dxdr

7)Avy(t)dxdr

/ zy(z, 1,t) Avjydx

—Awvj; and

Exploiting Holder, Young’s inequalities, and lemma 2.0.3, for ¢ > 0, ¢ > 0 from the first
estimate we have

(2.42)

(2.43)

(2.44)

[ att=9) [ wersvisir

‘— / 2z, 1, t) Augdx
Q

‘— / Au(t)Auy,dx
Q

< ecf|Aug s +

C
ZllAan B,

< el Aup |3+ —— 2 - IVu (s)ll2ds,

€
< —||lAu||? +
m” w2

4e

2
H2Cy

/Q(z?f(x, 1,s)dz,
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(2.45) ‘—/Av(t)AUgdx SGCHAU{;Hg—i—iHAU"Hg,
Q
! 1—15)g2(0) [*
210) | [ gae— ) [ orimaviioir| < clavglp+ 2O [ ygnas
0 0
C
(2.47) \—/ﬁmmwm@m_ avglE+ 2% [ (@10
Q € Jo
) 0" () ()drds| < L/‘au“v-+|v"v>
Q
+ @w o5 ) | A de,
< Ol +1e71,) | Aot
os) b (I e ) D
< OOV + IVomzf dul
+ (197 19017 ) 1 8ug e
< C(Bupl+ [Var ) A
bV + I V) A e
< C|Aul]3 +c.

Likewise, we obtain

(2.49)

< CllAvE|s +c.

/ fo(u™, v")Au"dx
Q

Substituting these estimates (2.42)-(2.49) into (2.41), then integrating the obtained inequal-
ity over (0,t) and using (2.38), we deduce that

L
/nw%>mw+0—dmﬂ+ )/nm%>mw+lmn2

(2.50) / IVeal

< cel +

+cel +

m%+0fdmﬂ+ L) [ sl + ol

“ies L+ (1+ (1 =D (0)T)T + e

Qc?
=L+ (14 (1 =1)g2(0)T)T + c4.

Where c3, ¢, are positive constants depending only on ||u![|3 and |[v}||%3 . Choosing € > 0
small enough in (2.50) we obtain the second estimate

t t t t
(%D(AMMW%%+AMMWMM+AWMW%%+AWMW%MSM
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where Lo is a positive constant independent of n € N and t € [0, 7).

We observe that estimates (2.38) and (2.50) imply that there exists a subsequence (u™, z7'), (v", 25)

such that

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

Further, by Aubin’s lemma [54], it follows from (2.28) and (2.50) that there exists a subse-

u™ — u weakly star in L*(0,T; H*(2) N Hy(52)),
V" — v weakly star in L>(0,T; H*(Q) N Hy(Q)),
ul' — uy weakly star in L*(0,T; Hy(S2)),
vl' — vy weakly star in L=(0,T; Hy (),
ult — uy weakly star in L™®(0,T; L*(2)),
vl — vy weakly star in L°(0,T; L*()),
21 — 2z weakly star in L>=(0,T; L*(Q) x (0,1)),
28— zy weakly star in L>=(0,T; L*(Q) x (0,1)).
212, 1,t) — by weakly star in L*(Q x (0,T))

222, 1,t) — by weakly star in L*(Q x (0,T))

quence (u™(t),v™(t)) still represented by the same notation, such that

(2.62)

(2.63)

Then
(2.64)

and
(2.65)

u" — u strongly in L*(0,T; L*()),

V" — v strongly in L*(0,T; L*(9)),
u" — u and v" — v a.ein (0,T) x €,

uy — up and vy — v a.e in (0,T) x €,

Analysis of nonlinear term
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T
p=1 p+1
1 aas, o) loory = / / (s ()P + [0 ()P + [us(s)[ 75" o) 5" ) dsdi,

T T
< o [ Ivulpds e [ Vo) pas
(2.66) o ; . O T o
o T G IVuE dra® [T
Pl ptl
< 2PTLP 4 TLF TLI® +ci® TLi* TL.®
- C
In the same way for fo(u;, v;)
(2.67) 1 f2(ui, vi) [ L2@x 01y < C-

From the (2.66) and (2.67) we deduce that

(2.68) fi(ug, v) — fi(u,v) weakly in L*(0,T; LQ@;;?

filwi,vi) = fi(u,v) weakly in L*(0,T; L*(2

)

For suitable functions u,v € L>®(0,T; H}(Q)), 21,20 € L=(0,T; L*(2 x (0.1)), 11,1 €
L*(2 x (0,T)). We have to show that ((u, 21), (v, 22)) is a solution of (2

Using the embedding

X
1).
L(0, T3 Hy () = L*(0, T Hy (),
HY((0,T) x Q) < L*((0,T) x ).

From (2.54)-(2.55) we have that u}, v} are bounded in

L¥=((0,T); Hy () = L*((0,T); Hy (),
then uy,, v} are bounded in

L¥((0,T); L*(Q)) = L*((0,T); L*(2)).
Consequently, uy, vy are bounded in

H'((Q) x (0, 7)),

using Aubin-Lions theorem [54], we can extract a subsequence (u*) of (u*) and (v%) of (v™)
such that

(2.69) ué — uy strongly in L*(Q x (0,7)),

(2.70) vt = vy strongly in L*(2 x (0,T)),
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therefore
(2.71) ut — u; strongly and a.e. in (Q x (0,T)),
(2.72) vt — vy, strongly and a.e. in (Q x (0,T)),
similarly
(2.73) 24— 2 strongly in L*(0,T; L*(Q x (0,1)),
(2.74) 25 — 2y strongly in L*(0,T; L*( x (0,1)),

Now, we will pass to the limit in (2.11)-(2.12). Taking n = {Yw; € W, Vo, € V, in
(2.11)-(2.12) and fixed j < &,

/uft(t)wjdx+/Vug(t)ijdx%—/Vuft(t)ijd:c
it 0 0

t
(2.75) +// gl(t—s)Vug(t)dSijd:Udt—i-/uluf(t)wjd:v
aJo Q
—l—/ung(x,l,t)wjdx:/fl(ug(t)vf(t)wjdx
0 0

/Uft(t)wjdx—k/va(t)ijdm—k/vat(t)ijdx
Q Q Q

t
(2.76) —l—// gﬂt—s)Vuf(t)dstjdxdt—i-/alvf(t)wjdx
aJo Q
+/agz§(:ﬂ,1,t)wjdx:/fQ(ug(t)vf(t)wjdx
0 Q

by using the property of continuous of the operator in the distributions space and due to
(2.52)-(2.61) we have

(2.77) /uft(t)wjda: —* / wy (t)w;dx in D'(0,T),
Q Q
(2.78) / vf (Hwdz —* / v (tywjdz in D'(0,T),
Q Q
(2.79) /Vug(t)ijdx —* / Vu(t)Vw;dz in L=(0,T),
0 0

(2.80) / Vot (t), Vwdz —* / Vu(t)Vw;dz in L=(0,T),
Q Q



(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)
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/Vuft(t)ijda; — / Vuy(t)Vw,dx in L=(0,T),
0 Q
/vat(t)ijdx —* / Vuy (t)Vw;dx in L>(0,T),
Q Q

t
// g1 (t — 8)Vub(t)dsVw;dzdt
aJo
t
4*///gl(t—s)Vu(t)dstjdmdt in L>(0,T),
aJaJo

t
/ / g2t — s) Vot (t)dsVw;dzdt
QJOo
t
-7 / / / g2(t — 8)Vu(t)dsVw,dxdt in L=(0,T),
QJaJo

/f1 (t)w,;dx —* / fi(u (t)w;jdx in L>(0,T),
/f2 (t)w;dx —* /f2 (t)w;dx in L>=(0,T),
/Q,uluf(t),wjdx — /Q,ulut(t)wjdx in L>(0,T),
/g)ung(x, L, tywjdr —* /szl(x, 1, tywjdz in L*°(0,T),
/Qalvf(t)wjdx —* /Qalwt(t)wjdx in L>(0,T),

/ 25 (z, 1, tw;de —* / agze(z, 1, t)widr in L>(0,T),
0 Q

as £ — oo the convergence (2.77)-(2.90) permits us to deduce that
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/uft(t)wjd:c—l—/Vug(t)ijd:c—l—/Vuft(t)ijda:
0 Q Q

t
+// gl(t—s)Vug(t)dSijdxdt—k/,uluf(t)wjdx
aJo
+/,u2zl(x,1,t)w]dac—/f1( (), v (t)w;d,
(2.91)
—>/utt wjda:—l—/Vu ijdx—i—/Vutt )WVw,dx

+// g1 t—s)Vu(t)dstjdxdt—}-/,ulut(t)wjdx
0 Jo
+/u221(x,1,t)wjdx—/f1( (1), v(t)w;dx,

0
/vft(t)wjd:c—l—/Vvé(t)ijdx—i—/vat(t)ijdx
0 0 0

t
—l—// gg(t—S)va(t)ds,ijdxdt—l—/alvf(t)wjdx
aJo 0
—i—/anQ(x,l,t)wjdm—/fQ( (), v (t)w;da,
(2.92)
—)/Utt wjdx—l—/VU( )Vw]dx—l—/V'Utt )Vw;dx

+/Q/0 92 t—s)Vu(t)dstjdxdt—i—/Qozlvt(t)wjd:c
—i—/anQ(a;,l,t)wjdx: /QfQ(u(t),v(t))

0
using (2.15)-(2.16) and exploiting the convergence (2.58), (2.59) we deduce

293/ //7'2 zl)cp]dxdpdt—>/ //728t21+ 21)p; dx dp dt
294/ //TQ 22)<p]dxdpdt—>/ //728t22+ 2)p; dx dp dt

as £ — +o00. Hence, this completes our proof of existence result of system (2.11)-(2.17).
|

Remark 2.0.2 By virtue of the theory of ordinary differential equations, the system (2.9)
has local solution which is extended to a mazimal interval [0, Ty with (0 < Ty < 400).
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Now we will prove that the solution obtained above is global and bounded in time, for this
purpose, we define

095) [(t)zfl/g/ol zf(:c,kl,t)dklderéz/Q/ol 25 (w, ko, t)dkadx + (p + 1>AF(u,v)dw
o <1 ) /0t91<8>d5> Va3 + (1 - / t g2<s>ds) O]

51// 2k, 1) dkldx+§2// 2, ko, ) dkgdx+/F( v)dz
2.96
(290 +3 (1_/091() >||vu()||2 2(1—/0g2() )IIVU()IIQ,

we observe that

(2.97) E(t) = %(Ilut(t)l\i +le @15 + [IVu @3 + [VoB)13) + T (7).

Lemma 2.0.6 . Let ((u, 21), (v, 22)), be the solution of problem (2.9). Assume further that
I(0) > 0 and

(2.98) a=p (2<p il 1)E(O)> T

p—1

Then I(t) > 0 Yt moreover the solution of problem (2.9) is global and bounded, where p is a
positive constant appeared in lemma 2.0.4

Proof Since I(0) > 0, then there exists (by continuity of u(t)) T* < T such that
(2.99) I(t) > 0,

for all t € [0, T*]. From (2.95) (2.96) gives that

-1 1
J(t) > %{hHVuH%—IrleVUHS—FQ/ /zkal,t)dkldm}
(2.100) + = {gg/ /22 z, ky, t) dkgdx] +—1()
> 2(p+ 0 [[IVull3 +[[Voll3] -

Thus by (2.100),(2.97) we deduce

IVull3 + Vol <

(2.101) (p—1)

IN
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Employing lemma 2.0.4,(A;), we obtain

+1) [ Flultoot)de < pal Fulto)f+LITut)2)F

(2.102) < p(B2) T (B Tulto) I3 + IVe(t)]3)

= a(B|Vulto)[5 + [[Vo(to)3),
< (BullVulto)llz + IV (to).

Hence, we conclude from (2.102) that I(¢) > 0 on [0, ] which contradicts thus I(¢) > 0 on
[0, 7]
which completes the proof.

[ |

Lemma 2.0.7 . Let ((u,21), (v, 22)) be a solution of the problem (2.9). Then the energy
functional defined by (2.97) satisfies

ST
E'(t) = —{ p1 — o 2 (Al

(2.103) - (m - 2% - %) o2 — (25—; - %) /Q(zﬁ?(x, 1,t)dz
+ (25—722 - %) /Q(z;”)Q(a:, 1,t)dz < 0.

Proof  after deriving the equation (2.26) we get the desired result. [

Remark 2.0.3 . Due to the conditions (2.18),(2.19) we have (,ul — 25712 - %) > 0,
(m-2-2)>0 (£-2)>0 (£-2)>0

2.0.8 Asymptotic behavior

In this section we use the multiplier method introduced by A. Guessmia [20], we get the
following result

Theorem 2.0.3 . Suppose that ps < 1, e < g, (A1), (2.98) holds. With satisfy 1(0) > 0
Assume that ((ug, u1), (vo,v1)) € (Hg(2))* and (¢o, ¢1) € (L*(Q2x(0,1)))2. Then the solution
of problem (3.1) is global and bounded, Furthermore, we have the following decay property

E(t) < cE(0)e™" [t>0,
where ¢, w , are positive constants, independent of the initial data

Remark 2.0.4 we denote by c¢; various constants which may be different at different oc-
curences.



51

proof. First, we prove T = oo, it is sufficient to show that Iy ||Vu||3 + lo||Vv||3 is bounded
independently of t. we have from (2.97)

1 1
BO)2 Bl) = @I+ @13 + ),

1 1

> SO+ 310l
p—1
l 2+1 2

b (5o ) GVl + lvelB)
> (Il £ 4Vl

We multiply the first equation of (2.9) by E%, the second equation of (2.9) by E%v, inte-
grating over [S, 7] x Q2 we get

0= / Eq/ ur” — |Vul? — Augu — Avgo + pyu'u
(2.104) +u221 (z,1,)u+v"v+ ayv'v + a222(x, Lt)v + (ufi(u,v) + vfa(u,v))|dxdt

/0 g1(t — s)Av(s)v(t)dsdxdt —/0 go(t — s)Av(s)v(t)dsdxdt

T
0= Eq/uu'dm} —/ (qE'Eq_l)/uu’dmdt—Q/ Eq/u’dedt
Q Q
T

/ EY | (u?+ |Vul*)dzdt + [Eq/vv'dx] —/ (qE'ET 1)/vv’dxdt
s o Q .
—I—2/ Eq/v'Qda:dt+/ Eq/ (v + [Vu]?) dxdt+/ E% Auyds

s Q s

T
—l—m/ Eq/uu dxdt—i—,uQ/ Eq/u21 (x,1,t)dxdt
S Q S Q

T
(2.105) 44, Eq/vv’d$dt+u4/ Eq/UZQ(x,l,t)dxdt
s s 0

T T
— / E? / (p + 1)F (u, v)dzdt — / E'ET Yy Au,dt
S Q S

_ /S " e /Q /O Canlt — ) Au(s)o(t)dsdadt

T t
—/ Eq// ga(t — 8)Av(s)v(t)dsdudt + [Flulu,] g
S aJo
T T
—I—[EqvAvt]g— E/Eq_IUAUtdt+/ E%' Av,dt.
s s

+

o)
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Similarly, we multiply the third equation in (2.9) by E%e=2"% 2 Fle=2™*22, we get

T 1
0:/ Eq// e M2 (724 + 2, )dadt,
S 0 Jo
1 1 T T 1
= {Eq// 7'/ e_QTklzfdxdk’l} —7‘/ (qE'Eq_l)// e ¥ 2 dudky dt
aJo Jo S QJo
T 1 o
(2.106)+/ Eq// (—(6_2Tk1)+27'6 27k 2) dxdk, dt,
S aJo \ 0k
1 T T 1
= [Eq// Te_QTkledxdkl} —7'/ (qE'ETY) // e 2™ 2 dxdky dt
/ Eq/ T2 (w,1,t) — 23 (2,0,1)) dxdt+27'/ Eq// 27 2 dxdkydt.
In the same manner for the forth equation in (2.9)
T 1
/ Eq// e 2™ 2o (T2 + 24, )dwdt
S aJo
1 T T 1
(2.107) = [Eq / / re2fk2z2dxdk2] -7 / (qE'ET) / / e~ 2R2 2 A dkydt
/ Eq/ 23w, 1,t) — 25(x,0 t))dxdt—i—?T/ Eq// 2R 2 A dkydl.

Taking their sum, we obtain

A/ Bt < — [Eq/uu d:c]T—i-/T(qE’qu)/uu’da:dt
+2/ Eq/ udxdt — ,ul/ Eq/uud:cdt—ug/ Eq/uz'1 x, 1, t)dzdt
+p/ Eq/ u, v)dxdt — {Eq// Te 2k dxdkl}
7‘/ (qE'ETY) // ~27ks dxdl{:ldt+/ Eq/ 2T (2, 1,t) — 22 (x,0,t))dxdt
(2.108) — {Eq / VU da:] + / (qE'ET1) / vu'dzdt + 2 / E1 / v dxdt
—/,Lg/ Eq/vv'dxdt ,u4/ Eq/u22 x, 1, t)dxdt
{Eq / / Te 2k dxdkz} T /S (qE'ET1) / / 2R 22 dwdkydt
s

/ Eq/(e27 2(x,1,t) — 23(x,0,t))dxdt

/S /Q/Og1(t—s)Av( (t)defdtﬁL/STEq/Q/otgz(t—S)Av(s)v(t)dsdmt
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Where A = 2min{l1, 276;%, 2re_ } Using the Cauchy-Schwartz and poincaré inequalities
and the energy identity, we get

E1 / uv'dx
Q

qE’Eq_l/uu'dx
Q
cE1(t)|E'(1)|

&2

B0~ (1= 55— ) WIE = (o - 52— %) |3

S (S E 2 (> 2(r.1
(2.110) (272 2>/Qz1(x,1,t)da: (27_2 2)/92’2(1’, ,t)dz|

1
< acVal + 51l
< cE(t)'

(2.109)

VANRVAN

< B (- - 2) I3+ (or = 52— %) V3]
1 2 62 Qi

+ EUt) {(2572— %) /sz(x,l,t)dx—i- (2—72— 5 ng(x,lﬂf)dx
< BU(-E(),

‘qE’Eq 1 / / 2k 2 dydky
< cEUt)|E'(t)
< w%w%m - - (- 42— %) VI3

(2.111) - (5—1 - ﬂ) / 22z, 1,t)dr — L 2 /22(x 1,t)dzx|

270 2 o 1 ) 27_2 2 o 2 I
< B |(m- 2 -2) 3+ (-2 - %) VI
+  FEt) [(27?2 “2> Jo 7t x,l,t)d:c—l—( - %) Jo z%(x,l,t)dx]
< EU)(E ),

T T
1
/Eq/uzl(x,l,t)da:dt < /Eq(elcf||VuH§+—||zl(:c,1,t)||§)dt
S Q S de

(2.112) T
< c/ EY—FE' + cE(t))dt,
S

T T
E® [ «?dxdt < / EY(—E"dt
o113) | e < [ pem
< cEI(S),

[Eq /Q u'udxr = E9(S) /Q o (S)u(S)dx

S

(2.114) ~ BT / o/ (T)u(T)dx

Q
< CET(9),
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1 T 1
—{Eq// Te_QTklz%dxdkrl] < E195) // e‘2Tk1|zlzk1,S)|2dxdk‘1
aJo S
2.115
( ) — EYT // eI 2y (x, ke, T) Pdadky
S CEq—H

and

T 1 . T

qE'ET! // e 2™ Pdadkydt < c/ qE'Eidt
(2.116) /S ( o) o1 ddh s
< cETTY(S),
and
T T
q —27 2 q(__ v
o117 /SE /Qe (1, ) Pzt < c/s EY(—E)dt
< cET(S),
and
T
/ Eq/e_27|zl(x,0,t)|2dxdt = / /Eq _27|u (z,t)|*dxdt
2.118 S @
2118) Pl
< cEq“(S),

using the lemma 2.0.4, to get

\p / Flu,n)ds| < pp(ul[ Va3 + LIVo@®)|2) 5
(2.119) =
< o (22) 7 (0Tl + Ll o)
< ceE(t),

/Q /0 91(t = 5)Vu(t)(Vu(s) — Vu(t))dsdx
{/ gt —s)([Vu(s )“3 + ||Vu(t)||§)d5 - /0 g1(t — s)(||Vu(t) — Vu(s)”%)ds
/0 91(s)|Vu(t)[*dsdz,

1 1 [t 1
= —5/ / g1(8)|Vu(s)|*dsdx + 5/ g1t — s)ds||Vu(s)|3ds — 5(910Vu)(t).
aJo 0

O

|
iO\I\DIH

(2.120)
This yields
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(2.121) /Q/o g1(f = s)Auls)ulf)dsde = /Q/Otgl(t—S)W(S)W(t)dsda:
:%UO g1(t = 5)[[Vu )H%dS—l—/Otgh(t—S)HVu(s)Hgds—(ngu)(t)]_

Similarly

(2.122) / / ga(t = s)Av(s)u(t)dsdz - /Q /OtQQ(t_S)VU(S)VU(t)dex
=3 V 92(t = )| Vot )H%ds+/0 gz(t—s)HVU(s)Hgds—(gQOV’U)(t)}.

Employing Young’s inequality for convolution [|¢ * ¢|| < [|¢|||l¢||, and using the potential
well method’s we easily find

t pT 0 T
| [ o= aivaelasi < [ awa [ 1vaeize
0 JS 0

(2.123) < (1-14) / [ Vu(t)|2dt,

(1—1) / E(t)dt.

IN

in the same manner

[ ) IVut)dsar < 02()ds [ Vu(t) |2
(2.124) /O/S //

(1-1) / B(t)dt.
S

IN

exploiting (2.123) to obtain
T t T
/ (GuoVu)(B)dt = / / ot — $)|Vuls) — Vu(®)|dsdt,
S 0 S

< t (t)dt ' Vu(t)]|dt,
. [ o [ ivue)
0

o) T
< / gltdt/ LIV () dt,
0 S
T
< (1—11)/ E(t)dt.
S

Likewise we obtain

(2.126) /T(920Vu)(t)dt <(1- 12)/ E(t)dt
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/Q/O g1(t — s)Av(s)v(t)dtdsdx
= Vs - (@000 |

gl WVo(t)||2ds| | dt

(2.127)

IN

91 Vo (t)|2ds

1 T
dt + 65/ (g10V0)(t)| dt
S

g1V (t)|3ds| dt

+ /Tl

6 J—

g 2
T

< e/ A Ewa,
g 2

for some e sufficiently small we take (3 —11) >0
in the same way it gives

_ /Q /Ot g2(t — s)Av(s)v(t)dsdz

~ /Q /0 Canlt s)Av(s)v(t)dsd:vdt‘ < el —h) /S " (.

(2.130) /S B |- /Q /0 ot — 5)Av(s)o(t)dsdzdt §e(%—l2) /S B (1),

for the second and third equation we use the same technique.

Combining all above inequalities, and choosing €, small enough, we deduce from (2.109)-
(2.131) that

(2.128)

1 T
dt < e(= —zl)/ E(t)dt,
2 s

then

(2.129) /ST EY

(2.131) /T Bt dt < o(ETY(S) + B1TH(T)).
S

Where ¢ is a positive constant independent of E(0). From the last inequality, and the
conditions of lemma 1.3.6 are satisfied, then

(2.132) E(t) < cB(0)e™" ¢ > 0.
n



Chapter 3

Asymptotic behavior for a weak
viscoelastic wave equations with a
dynamic boundary and time varying
delay term

3.1 Introduction

In this paper, we consider the weak viscoelastic wave equations with dynamic boundary
conditions related to the Kelvin Voigt damping and delay term acting on the boundary in
a bounded domain. Under appropriate conditions on p; and us, we prove the asymptotic
behavior by making use an appropriate Lyapunov functional.

(

U — Au — §Au; — at) /t g(t — s)Au(s)ds = [ulP"?u, in Q x (0,+00),
u =0, ’ on Ty x (0,4+00),
0 duy ! 9,
(3.1) { uy=—a [a—Z(a:,t) +5a—z;(a:,t) +a(t)/0 gt — S)Au(s)a—Z(a:,s)ds
—a [pug(x, t) + pou(z, t — 7(t))], on T x (0,400),
u(z,0) = ug(x), ut(x,0) = uy(z), x € (),
L w(z, t—7(t) = folz,t —7(1)), on I'y x (0,400).

where u = u(z,t) , t > 0, z € Q, A denotes the Laplacian operator with respect to the z
variable,  is a regular and bounded domain of RN, (N > 1), 00 =T, Uy, 1 NTy =0
and %denotes the unit outer normal derivative, p; and poy are positive constants. Moreover,
7(t) > 0 represents the time varying delay term and wg, uy, fo are given functions belonging
to suitable spaces that will be precised later. This type of problems arises (for example) in
modeling of longitudinal vibrations in a homogeneous bar on which there are viscous effects.
The term Aw,, indicates that the stress is proportional not only to the strain, but also to

o7
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the strain rate. See [28].

This type of problem without delay (i.e p; = 0), has been considered by many authors during
the past decades and many results have been obtained (see [28], [30], [32], [33], [46]).

The main difficulty of the problem considered is related to the non ordinary boundary
conditions defined on I';. Very little attention has been paid to this type of boundary
conditions. We mention a few particular results in the one dimensional without delay term
for a linear damping (m=1)and g = 0 ([36-48], [33]). From the mathematical point of view,
these problems do not neglect acceleration terms on the boundary. Such types of boundary
conditions are usually called dynamic boundary conditions. They are not only important
from the theoretical point of view but also arise in several physical applications. For instance
in one space dimension, problem (3.1) can modelize the dynamic evolution of a viscoelastic
rod that is fixed at one end and has a tip mass attached to its free end. The dynamic
boundary conditions represent the Newton’s law for the attached mass, (see [30, 28, 32] for
more details). Which arise when we consider the transverse motion of a flexible membrane
whose boundary may be affected by the vibrations only in a region. Also some of them as in
problem (3.1) appear when we assume that is an exterior domain of R? in which homogeneous
fluid is at rest except for sound waves. Each point of the boundary is subjected to small
normal displacements into the obstacle (see [28] for more details). Among the early results
dealing with the dynamic boundary conditions are those of Grobbelaar-Van Dalsen [34, 35]
in which the author has made contributions to this field and in [39] the authors have studied
the following problem :

(uy — Au+ 0Au; = |u|P~lu, in Qx(0,+00),
u=0, on Ty x (0,400),
ou ou
Uy = —a %(l',t) + 58_J($7t) + a|ut’m_1ut(x7t) ) on I'y x (07 +OO)>
L u(z,0) = up(z), w2, 0) = us (), x €€,

and they have obtained several results concerning local existence which extended to the
global existence by using stable sets, the authors have obtained also the energy decay and
the blow up of the solutions for initial energy positive.

In absence of delay (uo = 0), the problem of existence and energy decay have been extensively
studied by several authors (see [28], [30], [32], [34] ) and many energy estimates have been
derived for arbitrary growing feedbacks (polynomial, exponential or logarithmic decay).
very recently the authors in [55] studied the following problem:

(uy — Au+b(z) + f(u) =0, in Qx(0,+00),
u(zx,t) =0, on Tgx (0,400),
ou
Ew + g(u(z,t)) =0, on T x (0,400),

\ U(I,O) - uo(:v),ut(x,O) = ul(x)J r €,
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they proved the existence, uniqueness and uniform stability of strong and weak solutions
of the nonlinear wave equation in bounded domains with nonlinear damped boundary con-
ditions with restrictions on function f(u) ; g(u;) and b(x) . They proved the existence by
means of the Glerkin method and obtain the asymptotic behavior by using perturbed energy
method and combining some ideas of Kmornik and Zuazua (see [80]).

It is widely known that delay effects, which arise in many practical problems, source of some
instabilities, in this way Datko and Nicaise [72,73] showed that a small delay in a boundary
control turns a well-behave hyperbolic system into a wild one which in turn, becomes a
source of instability, where they proved that the energy is exponentially stable under the
condition

(3.2) Mo < 1.

Recently, inspired by the works of Al and Nicaise [37] , Sthéphan Gherbi and B. Said-Houari
[39] considered the following problem in bounded domain:

(uy — Au— aAu, = 0, in Qx(0,+00),
u =0, on Ty x(0,4+00),
ou ouy
uy = —a | —(x,t) + a——(z,t) + pug(z, t) + poug(z,t — 1), on T'y x (0,+00),
ov ov
u(z,0) = ug(x), u(x,0) = uy (), x €,
[ w(z,t —7) = folz,t —7), on T'1 x(0,400),

and obtained several results concerning global existence and exponential decay rates for
various signs of 1, s.

The case of time varying delay in the wave equation has been studied recently by Nicaise,
Valein and Fridman , ([37] in one-space dimension and in the linear case in problem (3.1)
and proved an exponential stability result under the condition

po < V1—dpu,

where the constant d satisfies
Tty <d<1, Vt>0.

In( [12]) Nicaise, Pignotti and Valein extended the above result to higher-space dimension
and established an exponential decay.

Very recently Z-Y Zhang, J- Huang, Z-H. Liu, and M. Sun [54] , have sudied a more general
model than the above one

( t
uy — Au +/ h(t — s)ds + auy(z,t — 7(t)) =0, in Qx(0,+00),
0
u(z,t) =0, on T x (0,400),
o+ g(u(x,1)) =0, on T'1 x (0,+00),
U(Q?,O):Uo(ﬂi),ut(ﬂi,O):'u,l(m), IEQ;
L w(z, t —7(t) = folw, t —7(t)), on Ty x (0,400).
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Since it contains nonlinear term in the boundary. They investigated a nonlinear viscoelastic
equation with interior time-varying delay and nonlinear dissipative boundary feedback. Un-
der suitable assumptions on the relaxation function and time-varying delay effect together
with nonlinear dissipative boundary feedback, they proved the global existence of weak so-
lutions and asymptotic behavior of the energy by using the Faedo-Galerkin method and the
perturbed energy method.

Motivated by the previous works, it is interesting to investigate the rate of decay of solutions
by using an appropriate Lyapunov functional Precisely, we show that the decay rate of energy
function is exponential depending on both functions o(¢) and «(t) that will be precised later.

3.2 Preliminary Results

In this section, we present some material for the proof of our result. For the relaxation
function g, a and o we assume
(Ag) g, : Ry — R, are nonincreasing differentiable functions satisfying

00 t
(3.3)g(0) >0, Iy = / g(s)ds < oo, aft) >0, 1— a(t)/ g(s)ds=1>0 fort >0,
0 0
there exists a nonincreasing differentiable function o : R™ — R* satisfying

!

' —a(t)
g(t) < —a()g(t), o(t)>0, fort>0, lim Tl

Ay) 7 is a function such that

) e W*>(0,T]), VT >0,
3.5)

(
(3.4
( O<7<7(t)<m, Vt>0,
(3.6) T'(t) <d<1, Vt>D0,

where 7y and 71 are two positive constants.
(A2)
(37) Mo < V 1-— d/il

We choose & such that

M2
V1—d

H2

V1i—d

(3.8) <& <2 —

We denote
V={veH)(Q):v=0 on FO} H ( Q)

we denote (.,.) the scalar product in L?(2) i.e = fo ul (x,t)dr. Also we mean
by .||, the L9(€2) norm for 1 < ¢ < oo, and by |- ||q.1"1 the Lq(Fl) norm.
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Let T;0 be a real number and X a Banach space endowed with norm ||.||x. LP(0,7;X),
1 < p < oo denotes the space of functions f which are L? over (0,T) with values in X, which
are measurable and f € LP(0,T; X). This space is a Banach space endowed with the norm

1
T D
1l = ( / ||f||§<dt> .

L>(0,T; X) denotes the space of functions f :]0,7[— X which are measurable and f €
L>(0,T). This space is a Banach space endowed with the norm :

| fllz=,r:x) = ess sup || fllx.
o<t<T

We recall that if X and Y are two Banach spaces such that X < Y ( continuous embedding),
then
LP(0,T;X) — LP(0,T;Y), 1<p<o0.

We will also use the embedding
HE(Q) = LP(Q), 2<p<p where p=
and also

H}(Q) = LP(Ty), 2<q<q where g=
+oo if N=1,2.

We denote V' = H{, () N L*(I'y).
Now we give some estimates related to the convolution operator. By direct calculations, as
in [18-19] we find

oy s d [o() o) ([ ,
S0 =Tl - “Paone -T2 ([ oteras) o]

’ ’

#2025 0 w(t)+ Hg 0 w)(t) — 22 [ " g(s)dsllu],

where
(3.10) (g *u)(t) = / gt — syuls)ds, g ou= / " gt — s)u(s)ds|u(t) — u(s)|2ds,

and

(3.11) o) <2( [ o6)ds) @l + 10 0 w0
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Let us consider the new variable z as in [12] ,
2(x, k,t) = ug(x,t — 7(t)k), x € T,k € (0,1),
which implies that
() ze(z, ko t) + (1 — 7' () k) zp(x, k, t) =0, in Ty x (0,1) x (0, 00).

Therefore, problem (3.1) is equivalent to:

(

t

uy — Au — §Au; + a(t)/ g(t — 8)Au(s)ds = [u["%u, in Q x (0,00),

0
ou ouy t ou

Uy = —a [av(a: t) + 6(9_( x,t) + a(t)/o g(t — s)Au(s)%(x, s)ds

+ [pru(z,t) + pozi(x, 1,1)], on Ty x (0,400),
(3.12)

T(t)ze(x, k,t) + zi(z, kyt) =0, in T'y x(0,1) x (0,00),

Z($,k’,0):f()(l', _Tk)a QTGFla

u(z,0) = up(x), ur(z,0) = uy (), x €,

| u(z,t) =0, xely, t>0.

Remark. For seeking of simplicity, we take a =1 in (3.12) .
Now inspired by [43,44], we define the modified energy functional related with problem (3.12)

(3.13) E(t) =1% (1 —a(t) /Otg(s)ds) V()| + 75)27 /Fl/o (1. k8)) ks

5 1 2 1 p
@z + S llue®llor, — ]—QIIU( )Ny + at)(g o Vu)(t).

Lemma 3.2.1 . Let 2 < p < g and (u, z) be a solution of the problem (3.12). Then the
energy functional defined by (3.12) satisfies

B < - (05720 [ 60m - sIvulb
3.1 (15~ gy IOl + %0 0 )
20 [ aoasivunlz - Pooval

Proof By multiplying the first and second equation in (3.12) by u,(t), and integrating the
first equation over {2 and the second equation over I'y, using the Green’s formula, we get
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d 1 1
E O+ 5 Hut Dllzr, + S IVu®)z - ]—)Hu(t)Hi
£ om / Ol -+ [ a1t
(3.15) r
+ alt)(gova) / i) IV u(o)l
- ﬁ g®Vu®)|3 + ( — (g 0 Vu)(t) + 5[ Vu (1[5 = 0.
We multiply the third equatlon in (3.12) by 5( )z and integrate over I'; x (0,1) to obtain
1
/ / z2(7y, k, t)dkdy
(3.16) a
/ / (1—7( —z 2(y, k, t)dkdy.
I
Consequently,
d [(E(t)T(t !
D0
- 2 / (= @020 k)
+ g(t);(t) / / 2(v, k, t)dkdry
(8.17) SON N 00
= 5 [ o0 - 200+ ST [ 26106

1
+ / 2(v, k, t)dkdy
2 0 T

?/ﬂ(zz(%o,t) —2%(7,1,1))dy + w/r 2(y, 1, t)dy.

IN

From (3.15) , (3.17) and Young’s inequality, we get

B0 < = (=) i, - (G [ 2ok na

(3.18) - m/F 27, 1)y, )y + @(9’ 0 Vu)(t) — 0| Vu(t)13

_ O‘T@/O g(s)dsuvu(t)ng—@g(ﬂllvu(ﬂﬂi-

Due to Young’s inequality, we have

319) i [ 20100000 < w0, + 25 [ 20000

Iy
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Inserting (3.19) into (3.18), we obtain

g < - (LD - =) [ o1 — sjvuols
N w%) e, Oy o vy
20 [ ateiasivate iz - “Pavus

This completes the proof.

o (t) /°°

Remark. Since - g(s)ds||Vu(t)||* > 0. E(t) may not be non-increasing.

0
Remark. The following result to problem (3.12) can be established by combining arguments
of ([40],[52]).

Theorem 3.2.1 Let 2 < p < § and then gen uy € H} (Q), uy € L*(Q), fo € L*(Ty
(0,1)). Suppose that (Ag)—(As) hold. Then the problem (3.12) admits a unique weak solution
satisfying

u € L=((0,7); Hy,(Q),  ue € L¥((0,T); Hr, () N L=((0,T); L*(I')),
g € L((0,7); L*(2)) N L((0, T); L*(I'1)).

3.3 Asymptotic Behavior

In this section, we establish the asymptotic behavior for the solutions. We define the following
perturbed function:

(3.21) L(t) = ME(t) + ea(t)(t) + ea(t)I(t) 65@2@) V3,
where

(3.22) P(t) = /Quutd:c —|—/F uugdry,

and

(3.23) /F / 2(y. b, t)dkd.

We need also the following lemma

Lemma 3.3.1 Let (u,z) be a solution of problem (3.12), then there exists two positive con-
stants A\1,Ao such that
(3.24) ME(t) < L(t) < \E(t), t>0,

for M sufficiently large .
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Proof Thank’s to the Cauchy Schwarz and Young’s inequalities, and using the fact that
|lullo.r, < B||[Vull2, we have

1 1
(3.25) (O] < =l + =lwlzr + @[ Vaulls + wB?|[Vul,

it follows from (3.23) that Ve > 0

1
ol = |0 [ [ et
(3.26) IuJo,
< o) [ [ 20k
I'
Hence, combining (3.25),(3.26), and using the fact that a(t) < «(0). This yields
|L(t) — ME(t)] = +§ / / RO 2 (y, K, t)dkdry
It
(3.27) < ||Ut||2 |ut||2 r, + (ew +eB)||Vull3
dor(t
+ / / (v, k,t)dkdy + € ( )||Vu||§
r, 2
Where ¢; = £, ¢3 = 5, ¢35 = (ew + €B?), ¢4 = ¢, then we can write
(3.28) |L(t) — ME(t)| < csE(t),

where ¢5 = max(cy, 2, ¢3,¢4). Thus, from the definition of E(t) and selecting M sufficiently
large,

(3.29) ME(t) < L(t) < \E().
Where Ay = (M — ec5), Aa = (M + €ec;). This completes the proof.

Lemma 3.3.2 The functional defined in (3.23) satisfies

d £(t)
— < 2= 7
a0 < 5 llwllor, — ( - )/F/ (v, L,t)d 271 /F/ (7, k, t)dkdy.

Whereny, ne , 7o, 71 and d are a positive constants and &(t) are positive and bounded functions
such that & = sup;»q £(t), {1 = infy50 (1),

Proof  Taking derivative of (3.23) produces
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%](t) = %(g(we—’”“) /F 1 /O 1 22(v, k, t))dkdv)

— |eeon / /Olzw,kt))dkdv E(t)ke "0k (1 / / v,kt»dkdv}

1
d 2
t)/ /0 2% (k1)) dkdy
= k/ / 2y, k,t))dkdy — E(t) ke TR (¢ // fy,k:t)dk:dfy]
L Iy JO

" L) ““/F/Oa%“‘”)k) 2y, k. 1)) dhdy

1
& (t)e Tk / 227y, ke, t)dkdy — E(t) ke ™Dk ( / / (v, k, 1) dk;dy]
L 'y JoO Iy Jo

IN

b [5( )| 1[22(%0,2?))617—2 (1.0 + 07 [ = m,t)dv]
< §2<—2H wlr, - (1 d) (9,1, )dy — 7t n// (9, i, )l

(3.30)
m

Lemma 3.3.3 . The functional (t) defined in (3.22) satisfies

d
700 < ez + lluelizr, = (1 =20 = m)[Vull3 + [full}

ot c

(3.31) + 00w+ & [ )
mJr,
c
+ = 2\, 1at Qd’}/v
& [ L)
2a(t) [ 2 2
wheren = (1 — 3 g(s)ds | >0, m =2enc;B* >0 and (1 —2n—1n;) > 0.
0

Proof Taking derivative of ¢ and using the problem (3.12) , we have
d
0@ < uwllz + udllzr, = [Vullz + [[ullf + at)(g * VuVu)

— ul/ utudy—,ug/ 2(y, 1, t)udry.
F1 Fl

Young’s inequality produces V € > 0 and put |o(t)| <c

(3.32)

(3.33)

C
[ wtntut | < nesevulg+ £ [ ke
Fl 77 1—\1
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B30 | [ sonn0uenn) < s+ L [ geke,
339 aWxvuve < 20 [+ fj(govum

inserting (3.33)-(3.35) in (3.32) gives

d 20(t) [*
e o+l — (1= 252 [ atoyds = 2enc | (7l + fuly
3.36 0
a(t) c 2 ¢ 2
— t — t)|“d — 1,t)°d
#2000 vu+ £ [t oPar+ £ [P,
then J
SO0 < T+ i, — (1= 20— m) |Vl + full
ot c
(3.37) v ﬁ(gowxwu— (. )) Py

I

4 n
&
_ 1 2

where n = (1 2a( t) ) = 2enc?B? > 0 and (1 — 2n — ;) > 0, which

completes the proof
|

Lemma 3.3.4 Let L(t) the functional defined in (3.21), then L(t) satisfies

(3.38) C‘;tL( 1) < —a()CLE(t) + Caalt)(g 0 Vu)(t), it > 0.

Proof  We take the derivative of (3.21), we get

th( t) = ME'(t) +ea(t))'(t) + ea (t)U(t) + e/ ()I(t) + ea(t)I'(t)

(3.39) »
+ )Tl + eda(t) / VuVudz,
Q

making use of the inequalities

/uutdx
Q
’ CgB2 2 ’ 2 2
uudy| < o (1) o [Vullz + o (D) arfluellzr, ,
Iy

!

2
/ CS /
(3.40) a (1) <a (t)a—1||VU||§ +a (t)od[ludll3,

and

’

(3.41) N0
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using lemma 3.1.1 , and (3.12) so L/(t) gives the form:

Ma(t) , ,
P = =Ma [ 20,000 - Malulie, + 25 o Vu))
I
Mo/ (t) [* Ma(t
- 250 [ topastvulg - H5g0vul} - a1 9l
4 caldu} + cat)ulie, — calt) = 20— ) |Val3
ot ot
s a@luly+ g 0 0+ ulr,
O‘(t) 2 o/(t)ci 2 / 2 2
+ e— J 1t .t Vul|5 + ea’(t)at||u
) ?>r\2; )3 I (() g>(;u i
o (t a(t)E(t
+ S+ e ol + A g,
ool (t
+ // 2(y, k, t)dkdy + € 0‘2()”vu||§
F1
—  k,t)dkd
er()e() 27'150 / / G !

- ea(t)g(t)< o ) /F 1 (7,1, t)dy,

using the fact that a(t) < a(0) , we conclude

L) = —a(e((1—2n—m)— (@1 +B) - )28 |Vul3
+ eaft) (1+ats + L +§T0)||ut||2rl+ea<>(1+a 20 Juel3
+ eat)llully — M| Va3 + <4 (g 0 Vu)(t) + €22 2(, Lol

(343) B Oz(t) <Mgig)(t) - 6267(_11;(%))> /F 22(,77 1,t))d’7
1
Mayo a
~ aft) (W“ e22) Jull3r,

— eT(t)€ 22)5?/ / (v, k, t)dkdr.

Consequently, using the definition of the energy (3.13), for any positive constant M, we
obtain:



3.3. ASYMPTOTIC BEHAVIOR

) = —a@e((1-20—m) — (@004 B) = ) ) [Vul
— ea(t) (¥ —1) [Jullp — ealt) (% —of (1 + o?"‘((t) )) el
- calt) (¥ = (14 aftf + 5+ 50 ) i, + 29

+ 2Oy, |3, — eMal- (90 V(D) + < HA (g 0 Vu)(t)
(344) — M6||Vut||2+6a(t ||Ut||gr1 ( 717t>||2.F1

Maso(t o
— aft) (Ml - e 2)||ut||m

Mayo 1—d
- Oé(t) ( a%())(t) 6267('106(0)))/ (7717t)dﬁy

— ea(t)T 2’2)521/ / (v, k, t)dkdr.

69

First, we fix n—n; > 0 such that 1—2n—mn; > 0 and then take M > 0 such that (% — 1) > 0,

(t
since tlzm QT(t)) = 0, we can choose to > 0 sufficiently large so that
—00 (¥

(%ot (1+28)) >0, (1= 20— m) - (20 + B2) - H2E) >0, (Mo -
0. 30 > 0, (Mmet) _ L) 50, (4 (140328 + L+ 50)) >0,

271&0 a(0) 271a(0) ()
By using the poincaré and trace inequalities

luell3 < ClIVuell3,

and

luell5r, < ClIVul3.
Then (3.44) takes the form:

M

(3. 45);;5[/( t) < —Ma(t)ceE(t) — (M6 — eMa(0)C) || V|3 + G%Q(t)(g o Vu)(t),
then, choosing e small enough such that (M§ — eMa(0)C) > 0
we obtain

d M
(3.46) dtL( ) < —Ma(t)ceE(t) + 604(02) a(t)(g o Vu)(t),
setting 0 = 32, Oy = cf), Cy = €2 QM and
(3.47) (ZL( £) < —a()CLE() + Coa(t)(g 0 Vu)(t), ¥t > 0.

The proof is completed.

oz

70

)>
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Theorem 3.3.1 There exist two positive constants Cy, 0 and t; such that
(3.48) E@t) < Coeiefttl s)a(s)ds

Proof Multiplying (3.47) by o(t) and using the lemma 3.1.1. We get

c()LL(t) < —Cia(t)o(t)E(t)+ C’ga(t)a(t)(glo Vu)(t)
(3.49) < ~Cia®rOE) - Calvo(t)lg o Vu)(t)
< _Cia()oHEW + Gy (—2$E<t> ~a) [ g(s)dsnwuz).

Since o is nonincreasing, from the definition of E(t) and assumption (Ag), we have

d 202l00(/(t)
— t)L(t 205B(t)) < —al(t)o(t —— | E(t t>1
3 0L +20:E0) < ~a(00(0) (€1 + 320w ) B for o> 1
as we have lim 205l (1) = 0, we can choose t; > ty such that C3 = C; + 2Caloa’ (1 > 0 for

5% Ma(t)o(t) Na()o(?)

t> 1.
Now let x(t) = o(t)L(t) + 2C5E(t). Then we can verify that

(3.50) 0,B(t) < x(t) < 02 E(t).

Where 601, 05 are two positive constants, thus we arrive at

%X(t) < —Cya(t)o(t)x(t) for t > t;.

Integrating the previous differential inequality between ¢; and t gives the following estimate
for the function y

X(t) < X(tl)eicll fttl a(s)o(s)ds’ Vi >t
Consequently, by using (3.50), we conclude

E(t) < el oem@is yy >y

This completes the proof.
[

Remark 3.3.1 We illustrate the energy decay rate given by Theorem 2 through the following
examples which are introduced in [43,44].

1. If g(t) = ae ®0HD" a(t) = = fora,b>0and0<wv <1, theno(t) = bv(1+t)""

satisfies (Ag). Thus (3.48) gives the estimate

E(t) < Coe 007"
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2. If g(t) = ae®™ 0+ q(t) = —ln(ll—i-t) fora,b>0and 1 < v, then o(t) = —byln(ul:t()Ht)

satisfies (Ag). Thus (3.48) gives the estimate

3. Ifg(t) = e,  at) = (1%15) for a,b > 0 then o(t) = a satisfies (Ag). Thus (48)
gives the estimate

E(t) < Co(14t)7%°,

4. If g(t) = e, a(t) = b. Note that in these case (3.48) reduces to one of [13].
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Chapter 4

Global existence and energy decay of
solutions to a bresse system with
delay terms and infinite memories

4.1 Introduction

In this chapter We consider the Bresse system in bounded domain with delay terms in the
internal feedbacks and infinite memories acting in the three equations of the system. First,
we prove the global existence of its solutions in Sobolev spaces by means of semigroup theory.
Furthermore, the asymptotic stability is given by using an appropriate Lyapunov functional.

P — k1(ox + ¢ + lw)y — lks(we — L) + papr + pope(x, t — 71)
+/ gl(s)¢xx<m7t - S)dS = 0,
0

ptht - k2¢xm + kl (pr + w + lw) + m¢t + /72¢t(x7t - TZ)

(4.1) + /OOO 92(8) Ve (z,t — 8)ds = 0,

pren = k(s = 1p)s + k(s 44+ ) + iror + oo, t = 75)

—|—/ 93(8)wyz(x,t — 8)ds = 0,
\ 0

where (l’,t) € (07L) X <O7 +OO)7TZ' >0 (Z = 17273> is a time delaY7 /’L17u27/]717/1/27/fl7/f2 are
positive real numbers. This system is subject to the Dirichlet boundary conditions

0(0,t) = p(L,t) =(0,t) = (L, t) =w(0,t) =w(L,t) =0, t>0

73
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and to the initial conditions

( QO(I, _t) = QOO(x)v Spt(x 0) (p1<$>, w(xa _t> = wO(x>7 T € (OvL)
wt(x,O) (), w(z,—t) =wo(x), wi(z,0)=wi(x), z € (0,L)
oz, t—1) = Jio(%t 71), in (0,L) x [0, 7]
t(fL’,t—Tg) io(x,t—TQ), n (O,L) X [0,7’2]
wi(z,t —13) = folx,t —73), in (0,L) x [0, 73]

\

The initial data (@o, @1, Yo, 1, wo, w1, fo, fo, fo) belong to a suitable Sobolev space. By w, ¥
and ¢ we are denoting the longitudinal, vertical and shear angle displacements. The original
Bresse system is given by the following equations (see [63]) :

p1pu = Qo +IN + F,
Py = My — Q + F3,
prwy = Ny — 1Q + F5,

where we use N, () and M to denote the axial force, the shear force and the bending moment
respectively. These forces are stress-strain relations for elastic behavior and given by

N = Eh(w, —ly), Q= Gh(p, +v¢+lw), and M = El,,

where G, F/, I and h are positive constants. Finally, by the terms F; we are denoting external
forces. _

The Bresse system without delay (i.e ps = iz = iz = 0), is more general than the well-
known Timoshenko system where the longitudinal displacement w is not considered [ = 0.
There are a number of publications concerning the stabilization of Timoshenko system with
different kinds of damping (see [64], [65], [66] and [67]). Raposo et al. [68] proved the
exponential decay of the solution for the following linear system of Timoshenko-type beam
equations with linear frictional dissipative terms:

P1Ptt — Gh(@x + ¢ + lw)w - lEh(wx - lgO) + H1¥Pt = 0

P2 — Bl + Gh(%c + v+ lw) + Yy = 0.

Messaoudi and Mustafa [65] (see also [67]) considered the stabilization for the following
Timoshenko system with nonlinear internal feedbacks:

{ P1Pe — Gh(% + ¢ + lw)x - lEh(wx - lgD) + 91(%) = 0

Recently, Park and Kang [67] considered the stabilization of the Timoshenko system with
weakly nonlinear internal feedbacks.

In [69], Liu and Rao considered a thermoelastic Bresse system that consists of three wave
equations and two heat equations coupled in certain way. The two wave equations for the lon-
gitudinal displacement and the shear angle displacement are effectively globally damped by
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the dissipation from the two heat equations. The wave equation about the vertical displace-
ment is subject to a weak thermal damping and indirectly damped through the coupling.
They establish exponential energy decay rate when the vertical and the longitudinal waves
have the same speed of propagation. Otherwise, a polynomial-type decay is established.
Time delay is the property of a physical system by which the response to an applied force
is delayed in its effect (see [70]). Whenever material, information or energy is physically
transmitted from one place to another, there is a delay associated with the transmission. In
recent years, the PDEs with time delay effects have become an active area of research and
arise in many practical problems (see for example [71], [72]). The presence of delay may
be a source of instability. For example, it was proved in [73] that an arbitrarily small delay
may destabilize a system which is uniformly asymptotically stable in the absence of delay.
To stabilize a hyperbolic system involving input delay terms, additional control terms will
be necessary (see [74] and [75]). For instance, in [74] the authors studied the wave equation
with a linear internal damping term with constant delay and determined suitable relations
between p; and po, for which the stability or alternatively instability takes place. More
precisely, they showed that the energy is exponentially stable if uy < p1 and they found a
sequence of delays for which the solution will be instable if uy > ;. The main approach
used in [74], is an observability inequality obtained with a Carleman estimate. The same
results were showed if both the damping and the delay acting in the boundary domain. We
also recall the result by Xu, Yung and Li [75], where the authors proved the same result as
in [74] for the one space dimension by adopting the spectral analysis approach.

Motivated by the previous works it is interesting to give more general decay result to (1.1),
by combining the idea of ( [79],[80]). Our purpose in this paper is to give a global solvability
in Sobolev spaces and energy decay estimates of the solutions to the problem (1.1) for linear
damping , delay terms, and infinite memories . To obtain global solutions to the problem
(1.1), we use the argument combining the semigroup theory (see [74] and [76]) with the
energy estimate method. To prove decay estimates, we use a Lyapunov functional methods.

4.2 Preliminary Results

First assume the following hypotheses:
(H1)

(4.2) o] <, p2| <, 2| < i

(H2) g; : R, — R, are differentiable non-increasing function and integrable on R,
such that there exists a non-increasing differentiable function ¢ : R — R™ satisfying

gi(t) < =C()gi(D),
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and there exists a positive constant ko satisfying, for any (¢, %, w) € (Hj(]0, L[))?,

L L
ko/ (@2 + 92+ w2) dz g/ (ko2 + k1 (02 + ¥ + lw)? + k3(w, — w)?) dx
0

/0 ) ( / - gl(S)dS) o2dx + /0 " ( /O m gg(s)ds) Vd

OL 0+oo
+/ ( gg(s)dswi) dx.
0 0

By contradiction arguments, it is easy to see that there exists a positive constant k?o such
that, for (¢, ¥,w) € (Hy(]0, L]))®,

L L
(4.3) ko/ (cpi + 2 + wi) de < / (k2¢§ + k(g + U + lw)? + ks(w, — lg0)2) dx.
0 0

The above inequality will be proved later in lemma 4.3.1. Moreover if

+o0 -
(4.4) g = / gi(s)ds < ko,i=1,2,3,
0
then (4.3) is satisfied with

ko = ko — max {g?mgg?gg} :
On the other hand, thanks to Poincare’s inequality, there exists a positive constant /;0 such
that, for (¢, ¥, w) € (H;(]0, L[))?,

L L
(4.5) / (ko2 + k1 (0z + ¥ + ) + k3w, — lp)?) da < ko/ (2 + 92 +w?) dz.
0 0

4.3 Well-posedness

In order to prove the well-posedness result, we have to make the following operations: We
introduce, as in [74], the new variables

Zl(xapa t) = ¢t(x7t - Tlp)a S (Oa L)a p e (07 1)7 t> Oa
(4.6) 2o(x, p,t) = Ye(x,t —p), x€(0,L), pe(0,1), t>0,
23(13”07 t) = Wt(x7t - T3p)7 T € (07L)7 p e <07 1)7 t>0.

Also as in [79], the new variables

771(55775, 8) = 90(%15)
ﬁg(%,t, S) = w(x7t)
ns(x,t,s) =w(x,t) —w(x,t —s) in 0,L[xR; x Ry.
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These functionals satisfy

@m + (95771 — Yt = 0 mn ]0, L[XR+ X R+,
aﬂh + 85772 - ¢t =0 mn ]0, L[XR+ X R+,
Omz +0sm3 —wy =0 in ]0,L[xR; X Ry,
n:(0,t,8) =mi(L,t,s) =0, in Ry x Ry,
ni(z,t,0) =0, in ]0,L[xR.,i=1,2,3.

7

In order to convert our problem to a system of first-order ordinary differential equations, we

note the following:

(4.7) nd(x,s) =n;(x,0,s), i =1,2,3.

Then, we have

(4.8) T:zit(z, p,t) + zip(x, p,t) =0, in (0,L) x (0,1) x (0,400) for i =1,2,3.

Therefore, problem (4.1) takes the form:
(
+ﬂ221 (l’, 17 t) + / 91(3)axx771d5 = 07

0
lelt('xa Py t) + le(xv P, t) =0,
p2¢tt(x7 t) - ka:L‘a:(()fa t) + kl(‘ﬁ:{: + ¢ + l(JJ)(iL’, t) + :[Ilwt(wa t)

(4.9) +ipze(x, 1,t) + / G2(8)0pzmpds = 0,
0
7-2221‘,(1'7 P, t) + ng(.T P, ) = 07

+ﬁ:223<x7 17 t) + / 93(S)a$x773d8 = 07

0
T323¢(x, p,t) + 23,(x, p, t) = 0.

\

The above system subjected to the following initial and boundary conditions

C0(0,) = $(L,1) = 9(0,8) = ¥(L, 1) = w(0,8) = w(L,1), >0,
Zl(x70>t) = got(x,t),zg(x,(),t) = wt($7t>7 LS (0>L)>t > 07
23(x,0,t) = w(z,t), 2 € (0, L), x € (0,L),t>0,
p(x,0) = po, pi(x,0) = 1,9 (x,0) = 1o, Yu(2,0) = ¢

w(z,0) = wowe(x,0) = wy, z e (0,L),
2 (x, 1,t) = fi(z, t 1), in (0,L) x (0,71)
(410) ZQ(xa ) ) = f2( ) in (0 L) X (OaTQ)a
z3(z, 1,t) = f3(z, t—Tg) in (O, ) x (0,73)
m(z,t,s) =m(L,t,s) =0, € (0,L),t > 0,in Ry x Ry,
ne(x,t,s) =mne(L,t,s) =0, €(0,L),t>0,in Ry x Ry,
ns(x,t,s) =ns(L,t,s) =0, 336(0 L),t >0,in Ry x Ry,
m(z,t,0) =0, €(0,L),t >0, in Ry X Ry,
ne(z,t,0) =0, €(0,L),t >0, in Ry X Ry,
[ m3(x,t,0) =0, €(0,L),t >0, in Ry x Ry.

prow(w,t) — k‘l(%; Y+ lw)e(2,t) — lhs(we — o) (2, 1) + pps(w, 1)

pl&)tt(xv t) kS(wa: ZQO) (:L‘7 t) + lkl(QOx + ¢ + lw)(m, t) + /flwt(xv t)
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Let &1, & and &3 be positive constants such that

Tilpa| <& < T(2p1 — |pal),
(4.11) Tolfiz] < & < m2(2401 — /i),

Tslfta| < & < 73(2pm — |2]),
thanks to hypothesis (H1). We define the energy associated to the solution of the problem
(4.9)-(4.10) by the following formula:

p1 P2 p1 ks
E®) =S ledls + Flledls + Fllwdls + 5l

3 1
ks ks i
(4.12) o lles + v+ wllf + lws —lol3+ ) 3 |z, 0)ll5dp
i=1
L
— [ (bt + g+ i+l + Il + el
0

where

Hi*:{v R, — H;(]0, L]) // gi(s dsdx<+oo}

We have the following theorem.

Theorem 4.3.1 Assume that the hypotheses (H1) — (H2) hold.

Let (9007 P1, fl(-a _-Tl)a w07 @01» f2('7 _'7_2)7 Wo, W1, f3('7 _'7—3)7 Uéa 77(%7 778) € (H&(O, L) XL2<O7 L) X
L3((0,L) x (0,1)))%. Then problem (4.9) — (4.10) admits a unique solution

p € C([0,+00); Hy (0, L)) N C*([0, +00); L*(0, L)),
Y e C([0, +oo)7 H}(0,L)) N CY([0, +00); L*(0, L)),
w € C([0,400); H}(0,L)) N CY([0, +00); L*(0, L)),
21, %2, 23 € C([0, +00); L*((0, L) x (0, 1))),

M, 1,13 € C([0,+00); Hy (0, L)) N CH([0, +00); L*(0, L)).
We finish this section by giving an explicit upper bound for the derivative of the energy.

Lemma 4.3.1 Let (o, ¥, w, 21, 29, 23,1, M2, 13) be a solution of the problem (4.9)-(4.10).
Then, the energy functional defined by (4.12) satisfies

51 ’l;ﬂ) lloe]12 — </]“1 — 25—; ‘MZ‘) [k2alE:
( 53 |M2|> lewel2 — (25_711 - %) lz1(z, 1,)]13
-(&-] )Hﬂ;u%—<& “f)uu&mu

T3
1 L o) /
B 91(8)(0xm) dsd:c—l— G5(5)(0pm2)?dsdx
0. Jo
1 L 0
= / / g (0:M3) dsdx.
2 /o

(4.13)

_|_

+
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Proof  Multiplying the first equation in (4.9) by ¢, the third equation by v, the five
equation by wy, integrating over (0, L) and using integration by parts, we get

1 L L
5P dtll%llz 1/ (@0 + 1 + lw)ppda — lk’g/ (wz — l)pedm + pur || o2l
0 0
L [e’s)
+u2/ 21(x, 1,t)ppd —I—/ 91(8)Opemprdsdr = 0
0 0
1 L _
s B+ 2l + by [ (a0 lo)d + i)
0
L [e'S)
—I—[IQ/ zo(x, 1, t)Yydx +/ G2(8)Opemothydsdx = 0
1 dO L 0 L .
§p1 o llewe||2 — k‘g/ (We — 1) gwidr + Tky / (g + U + lw)widx + [y ||wy]|2
0 0

L 00
+/72/ z3(z, 1, t)wde + / 93(8)Opanawrdsdx = 0.
0 0

Then

d
dt

_ L L
+MWM+mWM+mWM+@/zmuwmm+m/zmuw%m
0 0
- L [e%) [e%)
5 / 2a(,1, Dwpda + / 01(5) (D) 2ds + / 02(5) (D) s
—l—/ 93(8)(ax7]3)2d8+/ 91(5)88(8x771)2d5—|—/ 92(5)04(0,m2)ds
OOO 0 0

"‘/ 93(5)05(0,m3)*ds = 0.
0

(4.14)
Multiplying the second equation in (4.9) by &;2; and integrating over (0, L) x (0, 1), to obtain:

2dt / / (z, p, t)dpdz = / / zizpdpde
(4.15) 272/0 (22(2,0,t) — 22(x,1,t)) dzx

17, 0,013 = llzs(, L1)I3]

P2 P1 ky ko ks
(Sl + 210005 + 2l + Sl + s+ -+ 1l + s = 1613

2_

where z1(z,0,t) = @i(x,t), 22(x,0,t) = (x,t) and z3(x,0,t) = wi(x,t). From (4.14),
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(4.15), integrating by parts, and using Young inequality we get

B = <u1 ) el = (7 = 52 ) holg = (7= 22 ) el

L
_Z 52 Hzl x717t)H2 :uQ/ Z1<x717t)(ptdx_/72/ Zl(xalat>¢tdx
0

—MQ/ z3(z, 1, t)wy dx + = // 91(8)(0m1) dsdx
// 95(3)(9um2) dsdx+ // g3 (0:m3) dsd:v.

Due to Young’s inequality, we have

L 1 1
/ a1, Ltyp(, t) de < glled, O3 + 5121 (. 103
0
L
1 1
(4.17) | e 1tyede ) do < o, + Gl 1 O)J3
0

L
1 1
/ 23(1', ]-’t)wt(‘r7t) dx < 5”&%([)’2,75)“% + 5”23(1’, 17t>||§
0

Inserting (4.17) into (4.16), we obtain
S ~ & |M2|
B <—(p—=L 1l 2 _ (=2l
N e L N GRS [
s & B\ (& Im ,
_ 53 2l St 172l 1
(m e | e e TR WO
& il sg 122
(2 - B i - (2 - B w0

/ / 91(8) (0 )*dsdz + - / / 95(5)(0yn2)*dsda
// 95(8)(0ym3)*dsdx.

This completes the proof of the lemma. [ ]
Now, we will give well-posedness results for problem (4.9)-(4.10) by using semigroup theory.
Let us introduce the semigroup representation of the Bresse system (4.9)-(4.10). Let U =
(0,0, W, P¢, Vi, W, 21, 22, 23, M1, M2, M3) L and rewrite (4.9)-(4.10) as

(4.18) { U’ = AU,

U(x,0) =Ux).

Uo(x) = (9007 1/}07 Wo, P1, 77[)1,(,«)1, fl(') _'7—1)) f2('7 _'7_2)7 f3('7 _'7-3)7 77(1)7 7737 ng)v
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where the operator A is defined by

Pt
Uy
Wt
o — 57 91(8)ds)pas — %‘P + %%g + ﬁ(lﬁ + k3)wy
y +p1 15~ 91(5)Opamnds
W —#—@t - &21( 1)
Pt _pil 9096 f() 92 dS wmc - —@Z’ _lklw
Wy + fo g2(s ds)ﬁmngds
A e | —&w B2 (., 1)
21 (kl + k’g)ng lklw
%2 fo 93 dS wxm £ kl W o p1 f(] 93 amﬁst
z3
m —‘ﬁwt - ﬂzz),( 1)
2 :2”
13 e
Lz,
©r — O
wt - 857]2
- a3773

with domain

H = {(H2*(]0, L[) n (Hy (10, L[)))* x (H5(J0, L))* x (L*(0, L; H'(0,1))° x Hy x H; x H3} .
(4.19)
The domain D(A) of A is defined by

(4.20) D(A) ={U € H; AU € H,n;(x,t,0) = 0,i = 1,2,3}.

Now, under hypothesis (H1), the sets H and H are Hilbert spaces equipped, respectively,
with the inner products that generate the norms

+o0
= / / (0xm;) 2dsdz,

L
U134 = / (P19} + P2t} + prw; + ko2 + ki (0r + ¥ + 1) + k3w, — lp)?)da
0

||771

« + H773

L 3 1 L
s [06 [ o [t gt g do sl + el
0 0 0

i=1
We show that the operator A generates a Cy- semigroup in H. In this step, we prove that
the operator A is dissipative. Let U = (p, %, w, u,v, @, 21, 22, 23,1, M2, 13) . Using (4.12) and
the fact that

(4.21) E(t) = %HUH%,
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we get

L L L
(AU, Uy :—ul/ u2da:—ﬁ1/ ’U2d$—ﬁ1/ o2 dx
0 0 0

7 L L
—ug/ 2 (z, )udx—ug/ 2o(z, 1)vdx—ﬁ2/ z3(z, 1w dx

(4.22) f%/ / Zz €T p zlp T p) dpd:l?——/ g1 / 6 x771 dsdx
0
——/ 92(s / 05(0u12) defB——/ gs(s / 0s(0,ms3)*dsd,
<0,

which, by using the integration by parts and the boundary conditions in (4.10), yields

L L L
(AU, U) gy :—,ul/ uzdx—ﬁl/ Ude—ﬁl/ o dx
0 0 0
L

—u{/La@:Uudr—ﬁz/ erMdm—ﬁ%/L 5(z, D& da

5@/ / zi(x, p)zip(x, p) dpdx + = / / (¢1(8)0um1)*dsdx
—|—§/ / (95(8)0um2) dsda:—|—§/ / (95(8)0,m3)*dsdz,
o Jo o Jo

and then, because, for any ¢ = 1,2, 3, the kernel g; is non-increasing,

(4.23)

(4.24) (AU,U) < 0.

Consequently, the operator A is dissipative. Now, we will prove that the operator Al — A is
surjective for A > 0. For this purpose, let

(f1s fas f3s fas o, foo frs 155 fo, fros fun, fr2)T € H, we seek

U = (v1,v2, V3,04, Us, Vg, 21, 22, 23, U7, Ug, Ug) T € D(A) solution of the following system of
equations
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( )\’U4 + %U4 + &21(., 1) + ﬂil<k1 — gé)ﬁmvl — pl—l(klaxvg — lkgvl)

P1

—pil {k10,v3 + k20,03 — géw} = fua,

3
_p% {(k2 - g(Q))a:crUQ - klamvl + gop%amzvf)} + by U3 + /\U5

s
+us + 225(, 1) = fe,

Ay + k)01 = (ks — )ity — g0rvn} + oup + Ghiuy

+%U6 + )\Ug -+ %23(., 1) = f5,
(4.25) Az + T_llzlp = f7,
Azg + ;1222p = [,
Az3 + :1323p = fo,
Avp —vs = fi,
AUy — Vg = fo,
Avg — vy = f3,

—vg + Avr + Osv7 = fio,
—vU5 + A\vg + Osvs = fi1,
L —Vg + A\vg + Osv9 = f12.

Suppose that we have found vy, v, and v3. Therefore, the seventh, the eighth and the ninth
equation in (4.25) give

vs = vy — fi,
(4.26) Vg = Avg — fo,
vy = Avg — f3.

Then it is clear that v; € H}(0, L), v, € H}(0,L) and v3 € H}(0, L). Furthermore, by (4.26)
we can find z;(i = 1,2,3) as

(4.27) 21(x,0) = v5(2), 22(x,0) = vg(2), z3(x,0) = v7(x), for z € (0,L).

Following the same approach as in [74], we obtain, by using equations for z; in (4.27),

;

P
zl(x’p) = Us(l’)@_)‘ﬁp + 7-16—>\7'1p/ f7(x’ S)QATIS dS,
0

p
(4.28) § 2(7,p) = ve(2)e ™™ 4 e AP / fs(, 8)e*™ ds,
0

\

P
Z3<JI, p) = U?(I)e_)\mp + 7'36_)‘7-3/)/ fg(:L’, 8)6AT3S ds)
0
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From (4.28), we obtain

(4.29)

(4.30)

;

p
z1(x,p) = Avi(2)e A — fre 1P+ T1e)‘ﬁp/ fr(x, )€™ ds,
0

P
22(x, p) = Aug(2)e ™ 2P — foe™ TP 4 Tze—m”/ fs(z, 8)e’™* ds,
0

p
23(2, p) = Avg(2)e™ P — fae™ TP 4 7'3€_>‘T3p/ folz, 8)e™* ds,
0

\

vy = (/08(04 + f10)erT> e s,
(/S(UE) + fn)erT) e ®,
0
Vg = (/S(UG + flg)erT> e s,
\ 0

Ug

By using (4.25) and (4.30) the functions vy, ve and vg satisfying the following system

(4.31)

p

Mg + pil (k:1 + *‘%vg - gé) OzzV1 — % (k10,v3 — lksvy) — % (k10,03 + koO,v3)
+%Z1(., 1) = ("2—1)‘ —+ 1) f3 -+ (/ ()\U3 — f3 + flo)erT) e,
0

T 2
A2 <l/f_11 + ’j}—j) vy + By 4 (k:1 + kapv1 — L (ks — g3> 0,03
24 ([ ow= s paear) e n( [ (Ou = ot ferar) ey
- 0 =~ 0
+%Z3<'7 1) = f5 + %fz,
()\2 + %) vy + l,lf_llvzs + l;—i&,;w + lj—;m — pi1 (ky — g2) Opuva + %22(,7 1)

_,%am </0 (Avz = f2 + flz)erT) et = (/\ + %) fi+ fs.
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Solving system (4.31) is equivalent to finding (vy,ve,vs3) € (H? N HE(0, L)) such that

( [F 1 A
/ )\2’(}3 + — <l€1 + M;Ug — gé) @Cmvl} ¢1d$
0 P1 P1

{ l
—/ — (klaacv?) - lk3U1) (klaxv3 + kanU?)) + &21(-7 1)} ¢1dx
0

_E P1

. plm,\ .
= / { (— + 1) fs+ (/ (Avg — f3 + flo)erT) 6_8} Ord,
0 P1 0
L ) 1 1 ,
/ A — + — | U+ — (kl + kQ@xUl — —(/{3 — go) &Cvg ¢2d$
0 P1 P2 P1 P1

L ~
+/ {%Us + &23(-7 1)} Padx
(4.32) . ;’13 o -
/ {ﬂ (/ Ay — f1+ le)GTdT) e+ fs+ &fz} ¢odx
0 P1 0 P1
L s
i /0 {A ( /0 (Ava— fot f@ew) e—sx} pud,

L A\ lk k 1
{(/\2 + A > v + —1U3 + —132:111 - (k2 - 93) 8mvz} ¢sdx
P1 P1 P1

1 Lk
+/ {&22(., 1) + —11)3} ¢3dl’
o P P2
{g

Consequently, problem (4.32) is equivalent to the problem

(4.33) a((vi,v2,v3), (¢1, ¢2, ¢3)) = L(¢1, P2, #3)

where the bilinear form a : [HJ(0, L) x H}(0,L) x H}(0,L)]> — R and the linear form
L:Hi(0,L) x Hy(0,L) x H}(0,L) — R are defined by
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a((v1,va, v3, O1, P2, P3)

L 1 A
= / {)\%3 + — (k1 + &vg - gé) 8mv1} O1dx
0 P1 P1

L
—/ {i (k‘laxl)g — ”{331)1)} ¢1d1‘
0 P1

[
—_— (k)lazvg -+ /{:28331)3) + &Zl(., 1)} ¢1dl’
P1 P1

L
/ N
L lky 1A 2k
(4'34) +/ )\2 -1 + 'u— Vg + —11}3 ¢2d£13
0 P1 P2 P1
Ly 1 7
+/ — (kl + koOyv1 — — (k3 — 93) OyU3 + &Z3<-7 1) p ¢odx
0 P1 P1 P1
In
R

L 7Py Ik k Ik
()\2 + &) vy + —1U3 + —1811)1 + —1U3} ¢3dl’

pr P P2

1 2 H2

- (kQ - g()) axxUQ + p_z2('7 1) ¢3dl’,
1

<M + 1) fg + (/s(/\’l)3 — f3 + fl())erT> 6_5 gbldl'
0

Agi 0]

o5
{— (/S()\M - fi+ f12)€TdT) e+ f5+ %fg dodx
0

1

4. s

( 35) A </ ()\UQ — fg + fll)erT) 6_8/\} ¢2d$
0

g_gawx </s<)\’U2 — f2 + f12)€TdT) 6_8} (ﬁgdl‘,
0

+ {()\‘f‘&) f1+f6}¢3d96’-
0 P1

It is easy to verify that a is continuous and coercive, and L is continuous. So applying the
Lax-Milgram theorem, we deduce that for all (¢, ¢a, ¢3) € H(0,L) x HJ(0,L) x H}(0,L)
problem (4.9)-(4.10) admits a unique solution (vy, v, v3) € H}(0, L) x H3(0,L) x HL(0, L).
Applying the classical elliptic regularity, it follows from (4.33) that (vy, vy, v3) € H?(0, L) x
H?(0,L) x H*(0,L). Therefore, the operator A\ — A is surjective for any A > 0. Conse-
quently, the existence result of Theorem 3.1 follows from the Lumer-Phillips and Hille-Yosida
theorems.

[y

4.4 Asymptotic Stability

In this section we prove the asymptotic stability result by constructing a suitable Lyapunov
functionnal. Now, let us introduce the following functional
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L +o0o
(4.36) L(t)=—p / ©1 / s)mdsdz,
0 0
L +o0o
(4.37) L(t) = —,02/ wt/ s)nadsdz,
0 0
oo
(4.38) / wt/ s)nsdsdz,
(4.30) 1i(t) = / (o101 + prbe + pruu) di,

(4.40) / / Z ~2ip 22t p) dp dir,

Then the following result holds.

Lemma 4.4.1 There exists a positive constant C' such that the following inequality holds
for every (o, v,w) € (H3(0,L))?
L
(4.42) / (loal® + [tha* + we?) dz < C/ (kala|* + kil + 0 + lw|?)da
+hsz|w, — lp|?* dx

Proof We will argue by contradiction. Indeed, let us suppose that is not true. So, we can
find a sequence {(¢.,¥,,w,)}ven in (H(0, L))? satisfying

L

1

(443) / (kQ‘wwcF—i_klhpux_‘_w—i_lwu‘z+k3‘w1/x _ZSOVP) dx S ;

0
and
L
(4.44) | Gpal? + ual? + by = 1.
0

From (4.43), the sequence {(¢,,1,,w,)},en is bounded in (Hj (0, L))%. Since the embed-
ding H}(0,L) < L*(0, L) is compact, then the sequence {(p,,%,,w,)},en converge strongly
in (L*(0,L))3.

From (4.43)
(4.45) e — 0 strongly in L(0, L).

Using Poincaré’s inequality we can conclude that

(4.46) 1, — 0 strongly in L*(0, L).
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Now, setting ¢, — ¢ and w, — w strongly in L?(0, L).
From (4.44), we have

(4.47) Ove + ¥, + lw, — 0 strongly in L*(0, L).

Then
(4.48) Oue + 1y, +lw, = 0 + U, +1(w, —w) +lw — 0 strongly in L*(0, L).

which implies that
(4.49) @ve — —lw strongly in L*(0, L).

Then, {®,}, is a Cauchy sequence in H'(0, L). Therefore {¢,}, converge to a function ¢,
in H'(0, L). Consequently {¢,}, converge to o1 in L?(0, L). Thus by the uniqueness of the
limit ¢; = ¢. Moreover ¢ € H}(0, L).

From (4.49) we deduce that

(4.50) 0y +lw=0aexe(0,L).

Similarly, we have

(4.51) wy —lp=0aexe(0,L),

and w € H}(0,L). The limits (4.50) and (4.51) provides us ¢ = w = 0, contradicting (4.43).
The proof is hence complete [ |

Lemma 4.4.2 the functional defined in (4.41) satisfies for any 6 > 0

L
) < —pulgl — (1 + ) / Srde + i) / (2da
0

—i—,ulé/ wtdx—l—c(;/ {ts + (o + ¥+ w)* + (w, — lp)*} da

+C(s// 91(5)(0zm) dsdx—q;// d,(5)(0pm1)*dsdx
(4.52)

+Ca// 92(5)(02m2) deﬂc—Ca// G5(5)(0pme)?*dsdx

+cs / / 93(8) (0o )*dsdx — cs / / 95(8)(0,m3)*dsdx

+05/ {21 (z,1,) + 23(z,1,t) + 2z2(z,1,1) }dm

Proof  Differentiating (4.41) with respect to ¢ and using the third equation in (4.9)-
(4.10), integrating by parts and using the fact that

G| aemas =5 [Tat -0 - p)as

(453) = [ ahtt=9) (o0 — ol s + ( [ s>ds) o

0
z/‘%@m@+ﬁ%
0
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in the same way for

d o0 o0
(4.54) p / g2(8)m2ds = / 95(8)mads + gaty,
0 0
and P -
(1.5%) G | atsmds = [ gitsymds + .
0 0

we conclude that

L L 00
I(t) = —p1g?/ Sotzdx—m/ Pt g1(s)mdsdx
0 0 0
L 00
s [at v t) [ ls)omdsds
0 0

L [e’e)
—kg/ (wx—lgo)/ g1(s)mdsdx
0

0

[ ([ i)
(4.56) . /OL < /Ooogl(s>am1d8>z

L 00 L
+,u2/ zl(a:,l,t)/ gl(s)mdsdasjt/ﬁ/ oz, t

0 0 0

L 0o . L
+/72/ 22(3771715)/ 92(5)772d8d37+u~1/ oi(w,t

0 0 0

. L 0o
—I—,[IQ/ 23(x,1,t)/ 93(s)nsdsdzx.
0 0

d$+M1/OL90t($>t)/OOO91
>/0°Og2<>
) [

89

(s)mdsdx
s)nedsdx

s)nsdsdx

Using Young’s, Poincaré’s and Holder’s inequalities for the last six terms of the above equal-

ity, using the second and third equations of (4.9), we find

L

) < —pulgl — 6(1+ ) / Sde + / YRde
0

+M15/ Wy dx + Cé/ {% 901 + w + lw) (

—1—05/ / 91 :c771 dsdx—c(;/ / g1
(4.57)

+cs / / 92(8)(0,m2)*dsdx — cs / / ga(s

+05// 93(5)(0xm) dsdx—(:a// g5(s

—1—05/ {21 (z,1,) + 23(z,1,t) + 22 (z, 1,1) }dx

The proof is hence complete.

—lp)*} da
(0xm1 )*dsdz
(0zm2) dsdm

(0,m3)*dsdx
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Lemma 4.4.3 The functional defined in (4.39) satisfies for any € > 0

L(t / {(p1 + )@} + (p2 + U7 + (p1 + €)wi } da
_Cl/ {w + (2 + 1 + w)* + (we — 1) }dx
/ / {91 (0xm1)* + ga(5)(0ema2)? + 93(8)(81»773)2} dx

{21 (z,1,t) + 25 (x, 1,t) + 25 (z, 1,t) } da

(4.58)

Proof  Differentiating I,(t) with respect to ¢, we see that

L L
B0 = [ (et + g+ pulde — o [t vt 0Pl
0 0
L L
vah [ oG- of) [ wtae s [t

0 +oo +oo
/ 901/ :c771d$d96’—/ ¢:{:/ x”Qdex
(4.59) oo
/ wx/ mngdsdac—,ul/ gotgodx—ul/ Wpdx
0 L
1

— 1 / wiwdr — ug/ 1z, 1, t)pdr — m/ zo(x, 1,t)pdx
0 0 0
UL L
—;72/ z3(x, 1, H)wdr — kS/ (wp — lp)?dx
0 0

Using Young’s and Poincare’s inequalities, we get for any € > 0

/ Oz / g1(s)0xmdsdx — / (o / g2(8)0ymedsdx

(4.60) / ww/ 93(8)0pn3dsdrdx
6/ (¢i+w§+w§)dm~l—c/ / Z 9i(8)(0ymi)*dsdx,
0 o Jo

L L L
—H1 / prpdr — fin Yipdr — 11 / wiwdx
(4.61) 0 0 I 0

<e fOL(gof + 7 + wi)dx + CE/O (02 + 2+ w?)dz,

L L L
—/1/2/ 2 (z, 1, t)pdr — ,[[2/ zo(x, 1, t)dx — /Ig/ z3(z, 1, t)wdx
(4.62) 40 0 0

L
s/ ce{z%<x,1,t>+z§(:c,1,t>+z§(x71,t)}dx+e/ (92 4+ ¢2 + w2)da.
0 0
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Inserting (4.60)-(4.62) into (4.59), we find

]/ / {pl‘l’ESOt"‘(pQ‘f‘e)T/}t (p1+e f}dl‘
L
k’o—Qe)/ (03 + 3 +wi)dz
/ / {91(5)(0um)? + 92(5)(0am2)? + g5(5)(0pm3)* } d

/ {21 (z,1,) + 23 (z, 1, ) + 23(z, 1, 1) }dx

(4.63)

Lemma 4.4.4 Then the functional defined in (4.40) satisfies

d e~2m [t 1 [t
S0 < ~21r) - / A L)+ - [ g i
0
—27’2
(4.64) —274(1) / (z,1,1) d:v—i——/ W2z, t)d
—27’3 1
—21I(t / (z,1,t))dz + — [ wi(z,t)dx.
73 Jo
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Proof  Differentiating (4.40) with respect to ¢ and using the third equation in (4.10),
we have

—271p 2 - —279p
dt dt/ / zi(z,p,t)dp + / / Z(x, p,t) dp
/ / 202 (2, p,t) dp dw

/ / M zu(x, p,t) 2 (@, p, 1)) dp da
T2p22t .CC P )22(.1' P, ))dp dfl'

6727-3pz3t .CL’, Ps t)Zg (I‘, Ps t)) dp dx

]
%/Oq

[
e
—— [ [ e dp de
|
|

_l 672T2p

d
d_p(22<x7 Ps t)))Q dp dz
1

72/0 0
/1 1

d
2 2 £))?dp d
0 e dp(zfi(x?p? ))) p ar

T3
1 rd
= __/ / [_ (672T1p2%(x,p, t))) + 212 (2, p, t))} dp dx
1 Jo Jo Ldp

1 1 /1 |: d <
—— — (e
71 Jo Jo Ldp
1 1/ [i e 2P 2z, p t))) + 273€ 2P 22 (2, p t))] dp dx
T3 Jo Jo dP ’ 7 ’ ’

_ b |:€_2T1 2(x,1,t)) — pi(z, t)) dx— / / e P22 (xz, p,t)) dp dx

1Jo

1 [6_2T222(x,1,t)) V2 (z, t)) dx— / / e 2P 22 (x, p,t)) dp dx
01 [e 22z, 1,1) — wi(z, t))} dx—Z/ / 2P 2w, p,t)) dp da
< 2/ / ~m0.2(2 5 #)) dp dx—l le—% (51, 4))da

—2/ / e 2 (2, p,t)) dp dx — —/ 21, 1,1))de

—2/ / 202w, p,t)) dp da — —/ 222 (2, 1,t))dx

+= / 2 (m, t))dxdx—l——/ Vi (x t))dxdx—i——/ wi(x,t)dr dx

< —2I4(t) — =2 /lzl(m,l,t)dx—i-—/ 2 (x,t) dx

/zQx,l,t d:zc—l——/ Vi (z,t)d

—2I4(t 273/ z3(z,1,t) dx—i—— wi(z,t) dx.
7-3 0

p

s (x, p, L‘))) +2re 72 (@, p, t))} dp dzx

1
T2 Jo
1

—217(t)
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Such that
L

(4.65) )= [ [ e ptydad.
o Jo
L

(4.66) o= [ [ ety
o Jo
L M

(4.67) Ig(t):/ / e 2022 (x, p, t)dxdp.
o Jo

This ends the proof of Lemma 4.3 .4

Now, let Ny, Ny > 0 and

(4.68) L(t) = N\ E(t) + No(Iy + Io + I3) + 14 + I5,

93

where F is the energy functional associated to (4.9) and defined in (4.12). Note that F is

non-increasing according to (4.16),

&1 |/~L2| ~ )
/ <_ 2 et 2_ - -
B <~ (i o) el = (- 5
~ & 1 § 1%
—@—i—%www-g Bl oo )13

ywmw@
/%/m%(ﬂimwkﬂ+ /“/ () (Oum)Pdsde

& |ml & |l
e | EXCRROI R ECes
T2 2 T3 2

1
2
1
+§// 95(5)(0,m3)?dsdx.
<0

Using (4.52),(4.58) and (4.64) with (4.16), we get

|12
5 [EAE
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L
L'(t) < —Na(er — c5) / (o + (00 + ¥+ 1w)* + (o — lp)?} da
1 L
NQpl( —5(1+M1))—NQC—T—1+N1 (I/Ll —25—11 %)}/0 (ptdl’
/ﬁ—é—w)—i—]\]ﬂz} Yrdz
T2

( 27’2 2
&1 |12]
-9V (2—7_1—7 —(C5+C€)Nz+2 Hzl(x,l,t)H%

6_2T1

T1

~ 727’2
(222 e oM+ 2 Lt 10l

(4.69) (- n
A Ny 25— 1L,0)|2
— B — (cs 4 o) Ny + |z3(, 1,2) |15

3 T1

+Ny(ce + cs) fL /OO 9i(8)(0,m;)?dsdx

N
+ (71 —CaNz)/ / Z 9:(5)ym;)*dsda
—2/ / e 2Tl (x, p, t)dpda.

We choose N; large enough so that

1
Br = Na(c1 — c5){Nap1(gy — 6(1 + p11)) — Noc — . + N <M1 - 571 — M) >0,

_ I 1 ~
Pz =14 N ﬂl_é_ﬂ — — — Nopiz p > 0.
27’2 2 T2

such that min{3y, B2, B3} > 0. (Note that ¢? > 0 because g; is continuous non-negative and
g:(0) > 0 ) and we find, for some positive constants ¢y,

L'(t) < —c4BE(t) + No(ce + 05)/ Z /OO 9i(8)(0,m;)*dsdx

N L
+ 5 cs N2 Z 9i(8)ums)*dsda
o Jo

On the other hand, by (4.70) and definition of E(t ( ) and [;, there exists a positive constant
Ny(not depending on Np) such that

(4.70)
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(4.71) (N1 = Ny)B(t) < L(t) < (N1 + N2 E(t).
Thus , choosing N; > N3 and using the fact that , g, <0

L 3 00
(4.72) L(t) < —esE(t) + N(ce + c3) / 3 / 0:(5)(Durs) 2dsdz.
o = Jo
Lemma 4.4.5 [79] For any i = 1,2, 3, there exist positive «;, the following inequalities hold:
L o)
(4.73) / / Gi(5)(Dume)? < —auE(8) if (H2) holds
o Jo
(4.74) O < —mCOE®) — 2B (1), ¥t >t
Define x(t) = ((t)L(t) + 212 E(t), which is equivalent to E(t)and ('(t) < 0 V¢t > 0, we obtain
/ < / _
) X0 < COLI - mal (OB

< —aC(t)E®{), Y t>t.

Integrating the last inequality over (to,t), we conclude that

(4.76) X(1) < x(0)e e S
Then, the equivalent relation between x(t) and E(t) yields

(4.77) B(t) < Ke @@,
This completes the proof.
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Chapter 5

A general decay result in a quasilinear
parabolic system with viscoelastic
term

5.1 Introduction

In this chapter, we consider
t
(5.1) A g™y — Lu + / ot — $)Lu(s)ds = 0,
0

in a bounded domain 2, A(t) is a bounded and positive definite matrix, Q € R"(n > 1),
initial data (ug,u;) are given functions belonging to suitable spaces and g a continuously

differentiable decaying function .
N

And Lu = —div(MVu) = — Z <a”(x)a%> The matrix M = (a;;(x)), where a;; €
ij=1 t
C'(€Q), is symmetric and there exists a constant ag > 0 such that for all z € Q and ¢ =

ij=1
following boundary conditions

(5.2) u(z,t) =0, €0, t>0,

and initial conditions

(5.3) u(x,0) = ug(x), w(x,0) =ui(x), x € Q.

To motivate our work, let us recall some results regarding quasilinear parabolic system.
This type of equation arises from a variety of mathematical models in engineering and
physical sciences. For example, in the study of a heat conduction in materials with memory;,
the classical Fourier’s law is replaced by the following form (cf.[84]):

97
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(5.4) q=—dVu— /_t k(x,t)u(x,s)ds,

o0

where u is the temperature, d is the diffusion coefficient and the integral term represents the
memory effect in the material. The study of this type of equations has drawn a considerable
attention and many results have been obtained see ([84], [85], [88], [89]). First from a math-
ematical point of view one would expect that the integral term should be dominated by the
leading term in the equation, for example, Messaoudi and Tellab [86] studied the following
system

(5.5) A(t)|ue| ™ 2uy — Au + /0 g(t — s)Au(s)ds = 0,

with the same conditions in (5.2)-(5.3) and they obtained energy decay result although the
memory term makes more complex. Berrimi and Messaoudi. [89] showed that if A satisfies
((A(t)v,v) > colv|* Vt e RT,v € R™), then the solutions with small initial energy decay
exponentially for m = 2 and polynomially if m > 2.

Very recently for a framework of blow-up in finite time Gongwei Liu and Hua Chen [85]
studied the following system

t
(5.6) A) Jug|™ %uy — Au + / g(t — s)Au(s)ds = |ulP~?u,
0

with the same conditions in (5.2)-(5.3) and they have obtained blow-up result for both initial
energy positive and negative under suitable conditions on ¢ and p.

Motivated by the previous works, in this chapter we investigate problem (5.1) in which we
generalize the results obtained in [86], supposing new conditions with which the stability is
assured, by using the lemma of Martinez.

Our work is organized as follows. In section 2, we present the preliminaries and some lemma.
In section 3 decay property is derived. Our results improves the one in Messaoudi and Tellab
[36]

5.2 Preliminary Results

In this section, we present some material in the proof of our main result. For the relaxation
function g we assume
(Ag) g: R™ — R* is a bounded C'! function satisfying

g(0) >0, 1 —/ g(s)ds =1< 1.
0

(A1) There exists a nonincreasing differentiable function £ : R™ — R* satisfying

g'(t) < =£(t)g(t), t > 0; /0 +w§(s)ds = +00.
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(Az) We also assume that
5 < < 2n
- T n-—2

(A3) The matrix M = (a;j(z)), where a;; € C*(€2), is symmetric and there exists a constant
ag > 0 such that for all z € Q and ¢ = (¢1, G, oo, Cv) € RY, we havezw 14 ()G >

ao|¢|? where Lu = —div(MVu) = — SN <ai7]‘(l‘) d )

if n>3;, m>2 if n=12.

3,j=1 Ox;

N
t) Ou(t
a(u Z: (913] axz / MYu(t).Vo(t)de,

N
ap = max (Z ||a”\|go> .
i=1

Where m > 2 and € is a bounded open subset of R"(n > 1). The values of u are taken in
R™ and A € C(R") is a bounded square matrix satisfying

(5.7) colvf* < (A(t)v,v) < ¢|v]?, Vt € RT, v € R,

Remark 5.2.1 The same as in [85] There are many functions satisfying (Ay) and (As).
Examples of such functions are

g1(t) = ae= PO 0<a<l1 and ga(t) =al + 1) e < —1.
We will also be using the embedding

Hy(Q) = LP(Q),  Hy(Q) — L™(Q),

and poincaré’s inequality. The same embedding constant ¢, will be used later.

Lemma 5.2.1 (/85]). Let E: R, — Ry be a nonincreasing function and ¢ : R, — R, be
a C? increasing function, 1(0) = 0 and lim(t) = +oo. Assume that there exists ¢ > 0 for

. t—o0
which

(5.8) / " B (1)t < cB(S), ¥S >0,
then
(5.9) E(t) < aB(0)e &) > g

where o, w are positive constants.
Lemma 5.2.2 (Sobolev-Poincaré inequality). Let 2 < m < % The inequality
lulln< el Vulla - for ue Hy(Q),

holds with some positive constant c,.
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Lemma 5.2.3 [85]. For u(.,t) € H}(Q), we have

2

(5.10) /Q(/Otg(t—s)(u(t)—u(s))ds) dz < (1 — e(gou) (),

where ¢ is the poincaré constant and [ is given in (Ay),
and

(gou)(t) = /0 g(t —s) /Q a(u(t) —u(s),u(t) — u(s))dxds.

5.3 Asymptotic behavior

In this section, we consider the energy decay of solutions associated to the system (5.1)—(5.3).
Similarly as in [92] we give a definition of a weak solution of the system (5.1) — (5.3).

Definition 5.3.1 A weak solution of (5.1) — (5.3) is a function u € C ([0, T); [Hg()]™) N
CY((0,7); [L™(2)]™), which satisfies

/ / s)|us(s)" us(x, 5)p(x, s dsd:c+/ /Lu z,8)é(z, s)dsdx
/o /0 /Qg (t —v)o(x,s)Lu(x,v)dvdzds = 0, :

for allt € [0,T] and ¢ € C([0,T); [H3()]") .

Now we define the "modified” energy equation related with problem (5.1) — (5.3) by

(5.11) Blt) = %(gou)(t) + % (1 - /0 g(s)ds) a(u(t), u(t)).

Lemma 5.3.1 Let u be the solution of (5.1) — (5.3) then, the energy equation satisfies

1

(5.12) E'(t) < 5(g'ou)(t) = 59(t)alu(t), u(t)) — /QA(t)Iut(t)!mdl’-

l\.’)lr—t

Proof By multiplying (1) by w(t), and integrating over € we get

(5.13) /Q A ug(6)| " — %%a( (), u(t)) + /Q /0 ot — ) MVu(s)Vay (t)dsda = 0.
Note that 1 4
(5.14) a(u(t), u(t)) = 5 Zalu(t), ult)),

we can easily obtain



5.3. ASYMPTOTIC BEHAVIOR 101

/t t—s) /MVu s)Vu(t)dxds
_ Z / / s)ai (@ 8;5) ag;(j)dxds

: :zj // <8;;f> o)
= 5 [at-9) (dt <u<t>,u<t>>ds) — 3 ot (Gatulo) - o) ute) - uo)as)

— SoOa(uu(®) + 5 [ (= s)au(t) = u(s).u(t) — u(s)ds
= 5o+ 50 0w + 55 ol o) [ atehas| - Sawatuto),ule),
(5.15)
where .
(5.16) (@ou)(®) = [ alt = alutt) = uls) ut) =~ u(s))ds,
from (5.13),(5. 14) and (5.15) we obtain
(5.17) B(t) < ~5(5/on)t) = 59(a(ut)u(®) ~ [ A@)ut)"de

Theorem 5.3.1 . Let (up,u1) € (HY(Q))? be given. Suppose that (Ag) — (As3), (5.7), hold.
Then there exist two positive constants w and K, depending on the initial data and cy for
which the solution of (5.1) — (5.3) satisfies

E(t) < Ke—wf(f &(s)ds

Proof From now and on, we denote by ¢; various positive constants which may be different
at different occurrences. We multiply the equation (5.1) by &(¢)u, integrate over Q x (S, T),
and use the boundary conditions to get

(5.18) / [ oA d”“”_/ Satut®) ute)drtr
| + /S t./QMVut/Ogt—s)Vu(s)dsdxzo. |
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We then estimate

—/Qf(t).MVu(t) /Otg(t—s)Vu(s)dsd:U
- / £(t).M /0 ot — $)(Vul(t) — Va(s))Va(t)dsdz — /0 g(s)ds.£(B)a(u(t), u(t)),

Q
(5.19)
by substituting (5.19) in (5.18) and adding the following term in (5.18)

(5.20) 3 ] €0 =3 [ oo,

(5.18) becomes

/S EWE(t)dt = - / / £ AW lug(8)™ 2y (Yt et + / () (gou) (1)t

(5.21) T t
- /S /Q E(t)M. /0 g(t — )(Vult) — Vu(s)). Vu(t)dsdzdt.

By using equation of lemma 2.3 and the equation (5.7) ,(5.12) the boundedness of A(t), and
condition As, we arrive at

| A0k uunir < 8 [ u@rdse [ uora

(5.22) < B |Vu®)|™ + cs / (1) de

< Bem (%@)m E(t) — (-6) E'(t), VB> 0,

then

we have also



5.3. ASYMPTOTIC BEHAVIOR

/ /0 My(t = $)(Vu(t) = Vu(s)) Vu(t)dsdz
= 3 [ [ ()

< o8 [ ([ ) o

(5.21) + ‘Z/ ([ oo (52 - agrg)>d8>2dx
< L (maxz |aijzo) a(u(t), ult)
e 0 g

daop

< (Z s 1% ) fZM(l ~1)(gou)(h).

and using the fact that

(5.25) £()(gou)(t)| = &(t)(gou)(t) < B(gou)(t) < B(—E'(t)),
we obtain
(5.26) / &(t)(gou)(t)dt </ B(—E'(t

By combining (5.19) — (5.25) we easily deduce the following

m—2

{ _ pem GMUZ o+ 1) (max oy X7 lagl%) + %wl—ﬂ}h

< (26(0) + ) B(S).
(5.27)
Where & = sup,.,&(t),

after some manipulation we get

(5.28) / SHE®dt < CE(S), VS > 0.

Such that

(20 + )

C= 3

{1=per (52) ™ [la+ 1) (waxon £ Nl + 50 0] b
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Choosing 3, d9, € small enough and by hypothesis we have [ < 1. By letting T go to infinity,
one can easily see that (A;) satisfied with ¢ (t) = fot &(s) ds. Which completes the proof.
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Abstract.

The first goal of thisthesisis to provedirectly the exponential decay rate of the
perturbedenergy of a coupledhyperbolicequationwith dissipative terms and
nonlinearones,furthemeore, we use the so-calledFaedo-Galerkinsmethods to prove the
existence of the solutions .Our second goal 1sstudy the Asymptotichehavior for a
weakviscoelasticwaveequationswith a dynanuchoundary and time varyingdelay, and by
applying the energymethodsweobtain the exponentialform of the energywhen t goes to
wfinity. Our thirdainusfocused on studing the thewelllknowen Bresse system and
undersuitable conditions on someparameteres on the equations weobtain the stability by
exploiting the perturbedLyapunouvfinctionals, alsowestudy the existence by senugroup
formulation . Our goal 1 the last chapterisbased on studying aparabolic system
withelepticoperator , by applyving the multiplicatormethods of martinez wlach leads to prove
the stability.

Key words:Faedo-Galerlunsmethod, energvmethod, energydecay .

Resume.

Le premier but de cette thése est de prouver directement le taux de la décroissance de
I"énergie de I"énergie pertirbé d'un systéeme hyperbolique couplé avec des termes de
dissipations et de sources non linéares , de plus on utilise la méthode de Faedo-Galerlun
pour démontrer I’ existence des solutions , notre deuxiéme but est d’étudier le comportement
asymptotique pour un systeme des ondes avec un dynanique sur la frontiére et terme de retard
variable, en appliquant la méthode de 1" énergie on obtient la forme d’ intégrale de 1 énergie
quand t tend vers 'infini, notre troisiéme but est abordé le systéme de Bresse , sous certains
conditions sur les parametres de 1’ équation, on obtient la stabilité en exploitant 1a méthode de
Lyapunouv, on étudie aussi |’ existence par la méthode de senm groupe. Notre but dans le
dernier chapitre est basé surl”étude d’un systéme parabolique avec un opérateur elliptique, on
applique la méthode de multiplicateur de Martinez qui méne a démontrer La stabilité

Mots cles: Méthode de Faedo-Galerkin, méthode de 1"énergie, décroissance de I'énergie
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