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Introduction

Impulsive diiferential equations, that is, differential equations involving impulse ef-
fect, appear as a natural description of observed evolution phenomena of several real
world problems. Many processes studied in applied sciences are represented by differ-
ential equations. However, the situation is quite different in many physical phenomena
that have a sudden change in their states such as mechanical systems with impact,
biological systems such as heart beats, blood flows, population dynamics, theoretical
physics, radiophysics, pharmacokinetics, mathematical economy, chemical technology,
electric technology, metallurgy, ecology, industrial robotics, biotechnology processes,
chemistry, engineering, control theory, medicine and so on. Adequate mathematical
models of such processes are systems of differential equations with impulses.
The theory of impulsive differential equations is a new and important branch of differ-
ential equations. The first paper in this theory is related to

Milman and Myshkis [44] and then followed by a period of active research which
culminated with the monograph by Halanay and Wexler [33].

A comprehensive introduction to the basic theory is well developed in the mono-
graphs by Benchohra et al. [11], Graef et al. [31], Laskshmikantham et al. [42], and
Samoilenko and Perestyuk [61].

This thesis is devoted to the existence and stability via fixed point theorem of so-
lutions for different classes of initial values problems for impulsive differential equation
and inclusions with fixed and variable moments. This thesis is arranged as follows:

e In Chapters 1, 2, we introduce definitions, lemmas, notions of semigroup and
fixed point theorem which are used throughout this thesis.

e In Chapter 3, we consider the following impulsive delay equations.

() = —a(t)x(t—r),t
Azyy, = IL(z(t))),k=1,..., (0.0.1)
x(t) = Y(t),t € [-r0

where a : [0,00) — R be bounded and continuous, r be a positive constant,
0=ty <t; <...<tp<...,limt=o0,lima(ty+h)=2a(t]) imz(t, —h) =
k—o00 h—0 h—0

z(ty) and Az, = x(t])) — z(t}).



For any function x defined on [—r,+o00) and any t € J, we denote by x; the
element of C'([—r,0],R) defined by.

() = z(t+0),0 € [—r,0]

Here z;(.) represents the history of the state from time t-r, up to the present time
t.

By Krasnoselskii fixed point we studied the asymptotic stability as zero solution
of problem 0.0.1 is provided in the first section of chapter 3. In the least section we
investigate the stability of zero solution for some class of impulsive perturbation
problem with delay.

In Chapter 4, we study the existence, uniqueness, continuous dependance on ini-
tial condition and boundedness of solution for a system of impulsive differential
equation using the fixed point approach in vector Banach space. Also the com-
pactness and u.s.c of operator solution are investigated, we consider the following
system

( /

() = f(t,z,y),te€J:=[0,00),t#tg, k=1,...,
y(t) = glt,z,y),ted, t#t, k=1,...,
() —x(ty) = L(z(tr),y(te), k=1,...,
V) - yltr) = Dol y(t) k1., 002)
z(0) = xo,
\ y(O) = Yo,

where 7o, 70 € R, f,g: JxRxR — R are a given functions, I, I, € C(RxR,R).
The notations z(t}) = hlim+ x(ty + h) and x(t,) = hlim+ x(t, — h) stand for the
—0 —0

right and the left limits of the functions y at t = i, respectively.

In Chapter 5, we establish the measurable Filippov’s theorem and relaxation
problem for the following system of differential inclusions with impulse effects.

z'(t) € Fi(t,z(t),yt),y (t) € Fo(t,z(t), y(t)), a.e.t € [0, (0.0.3)
2(0) = z0,y(0) = yo. (0.04)
where F; : [0,b] x R” x R" — P(R") are multifunctions and xg, yo € R™.

In Chapter 6 we prove existence result based on a nonlinear alternative of Leray-
Schauder type theorem in generalized Banach spaces.

(2t € Au(t)+ PNt (), y(t), te (0.0t £
V(0 € Ao) £ (a0 1€ 0%t

Az(t) € Iu(z(ty), t=t k—12 . m 005
Ay(t) € Tuly(t), (0.0.5)
z(0) = zo€ E,

\ y(O) = yer,



where J := [0,b], F is a real separable Banach space with inner product (-, )
induced by norm || - ||, A: D(A) C E — FE is the infinitesimal generator of a
strongly continuous semigroup of bounded linear operators (S(t));>0 in X and
FYF? . ]0,b] x E x E — P(E) are given set-valued functions, where P(F)
denotes the family of nonempty subsets of X, I}, : B — P(FE), (k=1,2,...,m).

Key words and phrases: Impulsive differential equation, multifunction, fixed point
theorems, differential inclusion, generalized metric space, vector Banach space, stabil-
ity, Filippov theorem, relaxation, compactness, delay equation.

AMS (MOS) Subject Classification. 34A12, 34A34, 34A37, 34A60, 34B15, 34B27,
34B37.






Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, and preliminary facts from multi-
valued analysis, which are used throughout this thesis. We denote by

PX)={Y CcP:Y #0}

Pa(X) ={Y € P(X): Y closed};

Pp(X) ={Y € P(X): Y bounded};

Peoy(X) ={Y € P(X): Y convex};

Pop(X) ={Y € P(X): Y compact};

Pev.ep(X) = Pep(X) N Pep(X).

1.1 Multivalued Analysis

Let (X,d) and (Y, p) be two metric spaces and F' : X — P(Y) be a multi-valued
mapping. The map F is called upper semi-continuous (u.s.c.) on X if for each xy € X
the set F'(xg) is a nonempty, closed subset of X, and if for each open set N of Y
containing F'(xy), there exists an open neighborhood M of xy such that F(M) C Y.
That is, if the set F~1(V) is closed for any closed set V in Y. Equivalently, F is u.s.c.
if the set F*1(V) is open for any open set V in Y.

The mapping F' is said to be completely continuous if it is w.s.c. and, for every
bounded subset A C X, F(A) is relatively compact, i.e., there exists a relatively
compact set K = K(A) C X such that

F(A) = {F(z):x € A} C K.
Also, F'is compact if F(X) is relatively compact, and it is called locally compact if
for each = € X, there exists an open set U containing = such that F(U) is relatively

compact.

A multivalued map F' : X — P(X) has convex (closed) values if F'(z) is convex
(closed) for all z € X. We say that F' is bounded on bounded sets if F'(B) is bounded
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in X for each bounded set B of X, that is, sup,cg{sup{|| vy ||: v € F(x)}} < o0.
Finally, we say that F' has a fixed point if there exists € X such that x € F(z).

A multivalued map F' : J — Py (X) is said to be measurable if for each x € F, the
function Y : J — X defined by

Y(t) = dist(x, F(t)) =inf{|| z — z ||: z € F(t)} (1.1.1)
is Lebesgue measurable

Theorem 1.1.1. [24] Let F': X — P, (Y) be a closed locally compact multifunction.
Then F' is u.s.c.

In what follows, by E we will denote a Banach space over the field of real numbers
R and by J a closed interval in R. We let

C(J,E)={Y : J — E y is continuous}.

C(]0,b],R™) is the Banach space of all continuous functions from [0, b] into R™ with the
norm

[Ylloo = suplly(®)]| - 0 < ¢ < b}

L*(]0,b],R™) denotes the Banach space of measurable functions y : [0,b] — R™ which
are Lebesgue integrable and normed by

b
lyllz: = / | y(t) | dt for all y € Ll([O, b, R™).
0

Definition 1.1.1. The map f : [0,b] x B — R" is said to be L'-Carathéodory if
(i) t — f(t,x) is measurable for each x € B;

(i1) x — f(t,x) is continuous for almost all t € [0,0];

(iii) For each q > 0, there exists h, € L'([0,b], R,) such that

| f(t, )| < hy(t) for all ||z||p < q and for almost all t € [0, b].

Theorem 1.1.2. (Kuratowki, Ryll and Nardzewski) [39] Let E be a separable Banach
space and let F': J — Py (E) be a measurable map, then there exists a measurable map
f:J — E such that f(t) € F(t), for every t € J.



Let A be a subset of J x B, A is L ® B measurable if A belongs to the c— algebra

generated by all sets of the form N x D, where N is Lebesgue measurable in J and D is
Borel measurable in B. A subset A of L!(J, E) is decomposable if for all u,v € A and
N C J measurable, the function u,ny+v,;_n € A, where x stands for the characteristic
function.
Let X be a nonempty closed subset of £ and G : X — P(F) a multivalued operator
with nonempty closed values. G is lower semicontinuous (l.s.c.) if the set {x € X :
G(X) N B # (0} is open for any open set B in E. The following two results are easily
deduced from the limit properties.

Lemma 1.1.1. (See e.g. [8], Theorem 1.4.13) If G : X — P, (Y) is w.s.c., then for
any o € X,
limsup G(z) = G(zy).

T—TQ

Lemma 1.1.2. (See e.g. [8], Lemma 1.1.9) Let (K,)nen C K C X be a sequence of
subsets where K is compact in the separable Banach space X. Then

co (limsup K,,) = ﬂ o ( U K,),

n—oo N>0  n>N
where ¢o A refers to the closure of the convex hull of A.

Lemma 1.1.3. [{1]. Given a Banach space X, let F : [a,b] X X — Pep (X)) be an
L*-Carathéodory multi-valued map such that for each y € C([a,b], X), Sk, # 0 and let
[ be a linear continuous mapping from L([a, b], X) into C([a, b], X). Then the operator

I'o SF : C([(l,b],X) — Pcp,c’u(c([a7 b]7X))7
y — (I'o SF)(y) := ['(Sry)

has a closed graph in C([a,b], X) x C([a,b], X).

1.2 (Cy-Semigroups

Let E be a Banach space and B(E) be the Banach space of linear bounded operators.

Definition 1.2.1. A semigroup of class Cy is a one parameter family {S(t) |t > 0} C
B(E) satisfying the conditions:

(1) S(t)oS(s)=S(t+s), fort,s >0,
(ir) 5(0) =1,
(iii) the map t — S(t)(x) is strongly continuous, for each v € E, i.e;

lim S(t)x =z, VYo € E.

t—0



A semigroup of bounded linear operators S(t), is uniformly continuous if
lim |5() — 1] = 0.
Here I denotes the identity operator in E.
We note that if a semigroup S(t) is class (Cp) then satisfies the growth condition.

Proposition 1.2.1. Let {S(t)}i>0 be a semigroup of bounded linear operator. Then
there exists some constant M > 0 and w € R such that

1S 5 < Me**, for t > 0.

If, in particular M = 1 and 8 = 0, i.e; ||S(t)||p) < 1, for t > 0, then the semigroup
S(t) is called a contraction semigroup (Cp).

Definition 1.2.2. Let S(t) be a semigroup of class (Cy) defined on E. The infinitesimal
generator A of S(t) is the linear operator defined by

A(z) = lim S((h)(x) = z) for x € D(A),

h—0 h ’

where D(A) = {z € E | lim,_o W exists in E}.

Let us recall the following property:

Proposition 1.2.2. The infinitesimal generator A is closed linear and densely defined
operator in E. If v € D(A), then S(t)(z) is a C'-map and

d

Z9(0)(@) = A(S(t)(2)) = S(£)(A(z))  on [0, 00).

Theorem 1.2.1. (Hille and Yosida) [54]. Let A be a densely defined linear operator
with domain and range in a Banach space E. Then A is the infinitesimal generator of
uniquely determined semigroup S(t) of class (Cy) satisfying

1S(t)||pE) < M exp(wt), t>0,

where M > 0 and w € R if and only if (\[ — A)~™' € B(F) and ||[(M — A)™"|| <
M/A—w)", n=1,2,..., for all X € R.

For more details on strongly operators, we refer the reader to the books of Gold-
stein [32], Pazy [54].



1.3 Analytic semigroups

Definition 1.3.1. Let A = {z : ¢1 < argz << ¢9,01 < 0 << o} and for z € A let

S(z) be a bounded linear operator. The family S(z), z € A is an analytic semigroup
mn A if

(i) z — S(z) is analytic in A.

(ii) S(0)=1 and limo S(z)x =z for every x € E.
Z—

(iii) S(z1 + 22) = S(21)S(22) for z1, 29 € A.

A semigroup S(t) will be called analytic if it is analytic in some sector A containing
the nonnegative real axis.

Clearly, the restriction of an analytic semigroup to the real axis is a Cjy semigroup.
We will be interested below in the possibility of extending a given Cj semigroup to an
analytic semigroup in some sector A around the nonnegative real axis.

Theorem 1.3.1. [5}] Let S(t) be a uniformly bounded Cy semigroup. Let A be the
infinitesimal generator of S(t) and assume 0 € p(A). The following statements are
equivalent:

(a) S(t) can be extended to an analytic semigroup in a sector As = {z : |argz| < §}
and ||S(2)|| is uniformly bounded in every closed subsector Ay, § < 6, of As.

(b) There exists a constant C' such that for every o >0, T # 0

IR(o +it : A)| < g

(c) There exist 0 < 6 < w/2 and M > 0 such that

p(A) DX ={X:larg\ < g—f—cS}U{O}

and
M

IRO: )l < 5

for A € X, X # 0.

(d) S(t) is differentiable for t > 0 and there is a constant C' such that

C

1AS@I < - t>0.
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1.4 Fractional Powers of Closed Operators

For our definition we will make the following assumption.

(DDC) Let A be a densely defined closed linear operator for which
p(A) DXt ={\:0<w<|arg)\| <7}UV

where V' is a neighborhood of zero, and

|IR(A:A)|| < for A € 7.

1+ |l

If M =1and w = 7 then —A is the infinitesimal generator of a Cy semigroup.
If w < § then, by Theorem 1.3.1, —A is the infinitesimal generator of an analytic
semigroup. The assumption that 0 € p(A) and therefore a whole neighborhood V' of
zero is in p(A) was made mainly for convenience. Most of the results on fractional
powers that we will obtain in this section remain true even if 0 € p(A).

Definition 1.4.1. Let A satisfy Assumption (DDC) with w < 5. For every a > 0 we
define
AY = (AL
Fora=0, A*=1.
Theorem 1.4.1. [5/] Let A“ be defined by Definition 1.4.1 then,
(a) A% is a dosed operator with domain D(A®) = R(A™%) = the range of A~°.
(b) o> >0 implies D(A*) C D(AP) .

(¢) D(A~) = E for every a > 0.

(d) If o, B are real then
APy = A APy

for every x € D(AY) where v = max(«, B, a + ).

Theorem 1.4.2. [54] Let —A be the infinitesimal generator of an analytic semigroup
S(t). if 0 € p(A) then,

(a) S(t): E — D(A®) for everyt >0 and a > 0.
(b) For every x € D(A%) we have S(t)A%x = A*S(t)x.
(¢) For everyt > 0 the operator A*S(t) is bounded and
[A*S ()] < Mat™e™".
(d) Let 0 < o« <1 and x € D(A®) then
IS(t)z — || < Cat™[|A%]].
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1.5 Fixed point theorems

In this section we present some classical fixed point theorems.

Theorem 1.5.1. (Schaefer’s fized point theorem) (see also [62], page 29). Let X be a
Banach space and let N : X — X be a completely continuous map. If the set

¢ ={z e X: x=N(x) for some A > 1}
1s bounded, then N has a fixed point.

Theorem 1.5.2. (nonlinear alternative [30]). let X be a a Banach space with C C X
closed and convex. Assume U is a relatively open subset of C with0 € U and G : U — C
1s a compact map. Then either,

(i) G has a fized point in U; or
(ii) there is a point u € OU and X € (0,1) with u = AG(u).

Before stating our next fixed point theorem, we need some preliminaries.
Let (X, d) be a metric space induced from the normed space(X, | . |). Consider H, :
P(X) x P(X)— R, U{oc}, given by

Hy(A, B) = max{sup d(a, B),supd(A,b)}, (1.5.1)
acA beB

where d(A,b) = inf,c4d(a,b),d(a, B) = infyepd(a,b). Then (Ppa(X), Hy) is a metric
space and (Pq(X), Hy) is a generalized (complete) metric space (see [39]).

Definition 1.5.1. A multivalued operator G : X — Py(X) is called

(a) y— Lipschitz if there exists v > 0 such that

Hq.(G(z),G(y)) < ~vd(z,y), for each z,y € X; (1.5.2)

(b) a contraction if it is y— Lipschitz with v < 1.
The following is due to Schauder.

Theorem 1.5.3. [50] Let B is a closed, convexr and nonempty subset of a Banach
space E. Let N : B — B be a continuous mapping such that N(B) is a relatively
compact subset of E. Then N has at least one fixed point in B. That is, there exists
y € B such that Ny =y.

Theorem 1.5.4. (Krasnoselskii) [43] Let X be a Banach space. Suppose that A and
B map X into X such that

(i) A is completely continuous operator,
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(i) B is a contraction with constant 0 < a < 1.

(111) the set

T
A
18 bounded. Then there exists x € X with Az + Bx = .

M={zeX: x=AB(3)+M(),r€ (0,1)

For further readings and details on multi-valued analysis and fixed point theory,
we refer the reader to the books by Aubin and Celina [6], Aubin and Frankowska [8],
Deimling [24], Djebali et al [25], Dugundji and Granas, [27], Gérniewicz [29], Hu and
Papageorgiou [53], Kamenskii [38], Kisielewicz [39], Smirnov [63], and Tolstonogov [64].



Chapter 2

Vector metric spaces

The classical Banach contraction principle was extended for contractive maps on spaces
endowed with vector-valued metric space by Perov in 1964 [57] and Perov and Kibenko
[56]. Till now, there have been a number of attempts to generalize the Perov fixed point
theorem in several directions and also have been a number of applications in various
fields of nonlinear analysis, system of ordinary differential and semilinear differential
equations.

2.1 Generalized metric space

In this section we define generalized metric space (or vector metric spaces) a prove some
properties. If, z,y € R", x = (z1,...,2,), ¥y = (Y1,---,Yn), by x < y we mean z; < y;

foralli =1,...,n. Also |z| = (|x1|,. .., |z,|) and max(z, y) = max(max(z1,y1), ..., max(x,, y,)).
If c € R, then x < ¢ means z; < ¢ for each i = 1,...,n. For z € R", (z); = z;, i =
1,...,n.

Definition 2.1.1. Let X be a nonempty set. By a generalized metric on X (or vector-
valued metric) we mean a map d : X x X — R™ with he following properties:

(1) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u="v
(i1) d(u,v) = d(v,u) for all u,v € X
(111) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.
Note that for any i € {1,...,n} (d(u,v)); = d;(u,v) is a metric space in X.

We call the pair (X,d) generalized metric space. For r = (r1,rs,...,1,) € R} we
will denote by
B(zg,r) ={z € X : d(zo,z) <r}

the open ball centrad in xg with radius r and

B(zg,r) ={z € X : d(x¢,x) <1}

13



14

the closed ball centered in zy with radius r = (ry,...,7,) >0, r; >0, i =1;...,n.

Definition 2.1.2. Let (X, d) be a generalized metric space. A subset A C X is called
open if, for any xg € A, there exists r € R} with r > 0 such that

B(.To,’l") - A.

Any open ball is an open set and the collection of all open balls of X generates the
generalized metric topology on X.

Definition 2.1.3. Let (X, d) be a generalized metric space

(a) A sequence (z,) in X converge (or R’ -converges) to some x € X, if for every
e € RY, € > 0 there exists po(e) € N such that for each

d(zp,x) <e forall p> po(e).

(b) A sequence (x,) is called Cauchy sequence if for every e € R", € > 0 there exists
po(€) € N such that for each

d(xp,zq) <€ forall p,q> pole).

(c) A generalized metric space X is called complete if each Cauchy sequence in X
converges to a limit inX.

(d) A subsetY of a generalized metric space X is said to be closed whenever (x,) CY
and x, = x, asp — oo imply x € Y.

Using the above definitions, we have the following properties: If z, = x as p — oo,
then

(i) The limit  is unique.
(ii) Every subsequence of (x,) converges to .
(iii) If also x, — x as p — oo, then
d(zp,yp) — d(z,y) as p — oo.
Theorem 2.1.1. For the generalized metric space (X,d) the followings hold:

(a) Every convergent sequence is an Cauchy sequence,

(b) Every Cauchy sequence is bounded,
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(c¢) If an Cauchy sequence (x,) has a subsequence (x,, ) such that
Tp, —> T aS P — 00,

then
T, — T as p — 00.

Proof. (a) Let (xp)pen be a convergent sequence in X. The for every e € R’} there
exists po(€) € N such that

d(zy,x) < for all p > poy(e).

NN e

Then for every p,q > po(€) we have
d(zy, zy) < d(zp,z) + d(zy, ) = d(z), 24) < €.
Hence (x,)pen is an Cauchy sequence in X.

(b) Let (x,)pen be an Cauchy sequence. Fixe € € R’} there exists po(e) € N such
that
d(7p, 7y) <€, forall p,q > po(e).

Hence for each p € N, we get

Ty € B(xpy(e),€+1), 7= 1§i,}2§0§5)—1d(%’ z;),

this implies that (z,)peny bounded in X.
(c) Let (x,)pen be an Cauchy sequence and let (z,,),.en be a subsequence of (z,)pen
such that lim,, . z,, = x. The for every € € R there exist p,(€), g.(¢) € N such that

dlayty) < 5 for allp.q > p.(e)

and
d(zp,,z) < % for allpy > q.(€)
Then
d(zp,x) < d(xp,xp,) +d(zy,x) <e forall p>max(qg.(e),p.(e)).
Hence

Tp —> T as P — 00.

]

Definition 2.1.4. Let (X, d) and (Y, p) be generalized metric spaces, and let x € X.
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(a) A function f: X —Y is said to be continuous (or topologically continuous) at x
if for every e € R" e > 0 there exists some d(€) € R}, 0(e) > 0 such that

p(f(x), f(y)) <e
whenever x,y € X and d(z,y) < d(€).

The function f is said to be topologically continuous if it is topologically continuous at
each point of X.

Definition 2.1.5. Let (X,d) be an generalized metric space. We say that a subset
Y C X is closed if, (x,) CY and x, — x as p — oo imply x € Y.

Definition 2.1.6. Let (X, d) be a generalized metric space. A subset C' of X is called
compact if, every open cover of C" has a finite subcover. A subset C' of X is sequentially
compact if, every sequence in C' contains a convergent subsequence with limit in C.

Definition 2.1.7. A subset C' of X is totally bounded if, for each eR! with ¢ > 0,
there exists a finite number of elements x1,xs,...,x, € X such that

C C U B(xy,¢).
The set x4, ...,x,is called a finite e-net.
Theorem 2.1.2. If C is a subset of X, then the following affirmations hold:

i) C is compact if and only if, C is sequentially compact if and only if , C' is closed
and totally bounded;

it) C relatively compact, if and only if, C' sequentially relatively compact, if and only
iof, C' totally bounded.

Definition 2.1.8. Let (X, d) be an generalized metric space. If A C X is a nonempty

set, then the function
0(A) =sup{d(z,y) : =y € A}

is called the diameter of A. If 6(A) < oo, then A is called an bounded set.

Let (X,d) be a generalized metric space we define the following metric spaces: Let
X; =X, i=1,...,n. Consider [["_, X; with d:

g((xl> < 7xn)7 (yla . ayn)) = Zdl(xl7yl)
i=1
The diagonal space of [[;_, X; defined by

X:{(m,...,x)GHXi:xGX, i=1,...,n}.

=1
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Thus is a metric space with the following distance

di((z,...,2),(y,...,y)) = Zdi(x,y), for each z,y € X.

i=1

It is clear that X is closed set in I, X

Intuitively, X and X. This is showed in the following result.

Lemma 2.1.1. Let (X, d) be a generalized metric space. Then there exists h : X — X
an homeomorphism map.

Proof. Consider h: X — X defined by
h(z) = (z,...,xz) forall x € X.
Obviously h is bijective.

e To prove that h is a continuous map.
Let z,y € X. Thus

d,(h(z), h(y)) < Z di(z,y).

For € > 0 we take § = (£,..., %), let fixed 2y € X and B(z¢,6) = {x € X : d(x0,2) <

d}, then for every x € B(xo, 5,) we have
di(h(z0),h(x)) < e
e Now, h~!: X — X is a continuous map defined by
h i (z,...,z) =, (:L’,...,x)e)?.
To show that A~! is continuous. Let (z,...,7),(y,...,y) € )?, then
dh ™ (z,...,2),h (y,...,y)) = d(z,vy).

i :
== and we fix (2o, ..., 20) € X. Set

Let € = (e1,...,€,) > 0 we take § =
B((xg, ..., 70),0) ={(x,...,2) € X : di((0, ..., x0), (x,...,2)) <5}

For (z,...,z) € B((xg,...,0),d) we have

& oy B
<n
d*((xoa"'7$0)7($7"'7$)) <0= - di(x[)?x) < _;l
1=
Then )
lglil<nn€i
di(zg,x) < ———, i=1,...,n = d(x,x) < €.
n

Hence h~! is continuous. O
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Theorem 2.1.3. Every generalized metric space is paracompact.

Proof. Let X be a generalized metric space, by Lemma 2.1.1 there exists X metric space
homeomorphic to X. Since every metric space is paracompact hence X is paracompact.
O

2.2 Matrix convergent

Definition 2.2.1. A square matric M € M, x,(R) of real numbers is said to be con-
vergent to zero if

MF =0, ask— oco.

Lemma 2.2.1. [60] Let M be a square matriz of nonnegative numbers. The following
assertions are equivalent:

(i) M is convergent towards zero;
(i1) the matriz I — M is non-singular and

I-M)y'=T+M+M+...+ M +..;

(111) |A| <1 for every A € C with det(M — \I) =0
(iv) (I — M) is non-singular and (I — M)™! has nonnegative elements;

Proof. Assume that M is converge to zero. We show that I — M is non-singular it
suffices to prove that the linear system

(I —M)x=0 (2.2.1)
has only the null solution. Let 2 € C be a solution of the system (2.2.1), then
r=Mzr=Muz=. Mz=...

and letting k£ — oo we deduce x = 0. Hence I — M is non-singular. Furthermore, we
have
I—(I—-MIT+M+M4...M)Y=M"™"—-0 as k— oo

This implies that
(I—M)y'=I+M+M+.. M. .
O

Lemma 2.2.2. A square matriz M € M, x,(R) of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other words ,this
means that all the eigenvalues of M are in the open unit disc.
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Lemma 2.2.3. Let M € M,,«,(Ry) is convergent towards zero, then
2 < (I—M) 'z for every z € R".

Proof. Since M € M, x,(Ry) is convergent towards zero, then from lemma 2.2.1,
(I — M)t € Myxn(Ry) and

(I-M)"'=I+M+M+...
Thus for every z € R’} we have

(I-M)"'2=> Mz=z<(I-M) 'z

=0

Lemma 2.2.4. Let M € M,,»,(R.) is convergent towards zero, then
Py={z€R} : (I —M)z>0},

15 nonempty and coincides with the set
{(I — M)tz : 2 €R", 2 >0}

Proof. Clear that I — M € M, (R, ) and singular matrix, then for every z € R%, z =
(21, +.,2n) with 2; >0, i =1,...,n, we get (I — M)z > 0. This implies that P,, # 0.
Now we show that

Py = {(I— M)ilzo c20 ERY, zp > O}

Indeed, if zo € R™ and zo > 0, then
2= —M) "2 >2=2>0.

Hence (I — M)z > 0 and so z € Py. Conversely, if z € Py, then zp := ([ — M)z >0
and z = (I — M)~ 'z O

Definition 2.2.2. We say that a non-singular matric A = (a;j)1<i j<n € Muxn(R) has
the absolute value property if
ATHAI < T,

where
|Al = (laij|)1<ij<n € Muxn(Ry).

Some examples of matrices convergent to zero are the following:

1) A= (g 2>,Where a,b € Ry and max(a,b) <1



2) A:(a _C),Wherea,b,ceR+anda+b<1, c<1

3) A:(a :Z),wherea,b,c€R+and la—bl <1, a>1,b>0.

Lemma 2.2.5. Let M = (a;j)1<ij<n € Muxn(Ry) be a triangular matriz with

1
max{|a;li =1,...,n} < 7

Then the matriz A = (I — M)~ M is convergent to zero.

aiy ... Qin
Proof. Suppose M := : : € M, xn(R;). Then the eigenvalues of M
0 ... apn
are \; = 7%=, for all i« = 1,...,n. Since all of the eigenvalues of M are in the open
unit disc, the conclusion follows from Theorem 2.2.1. O

Example 2.2.1. Some examples of matrices convergent to zero are:

1. Mz(Z Z), where a,b € Ry and a+b < 1;

2. M:(a Z), where a,b € R, and a+b < 1;

a

3. M= (8 ZC)), where a,b,c € Ry and max{a,c} < 1.

2.3 Fixed point results in generalized metric spaces

Now, we recall how to define the contraction and other known helpful results for
the proof of Krasnoselskii’s theorem for single valued operators in generalized Banach
spaces.

Definition 2.3.1. Let (X, d) be a generalized metric space and let f: X — X be a
single valued operator. Then, f is called a single valued M -contraction if and only if,
M € Mum(Ry) is a matriz convergent to zero and

d(f(z), f(y) < Md(z,y), for any x,y € X.
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Theorem 2.3.1. [57/Let (X,d) be a complete generalized metric space with d : X x
X — R" and let N : X — X be such that

d(N(x), N(y)) < Md(z,y)

for all x,y € X and some square matrix M of nonnegative numbers. If the matriz M
is convergent to zero, that is M*¥ — 0 as k — oo, then N has a unique fized point
z, € X

d(N* (), 2,) < M*(I — M) d(N (), z0)

for every xg € X and k > 1.

Proof. Let x € X and define the sequence z,, = N™(z), where N" = No...o N. Using
the fact NV is M —contraction, we get

d(xpy1, ) < MPd(N(x), )
and, as a consequence,
d(Tp, Tpoyrn) < (MF+ MF 4 4 M A(N(2), 2)
From lemma 2.2.1 we deduce that
d(Tp, Tprn) < ME(I — M)7'd(N(2), 2).

Hence (zy) is a Cauchy sequence with respect to d and thus converges to some limit
., € X. The continuity of N guarantees that

T, = N(z4).
For uniqueness let 31, yo be two fixed points of N, then

d(y1,y2) = d(N*(y1), N*¥(y2)) < M*d(N (1), N(y2)).

Since M* — 0 as k — oo, this implies d(yy,y2) = 0, s0 ¥, = ¥o. O

In [65], the following version of the Krasnoselskii’s fixed point theorem in generalized
Banach space was obtained.

Theorem 2.3.2. (Krasnoselskii type) [65] Let X be a generalized Banach space. Sup-
pose that A and B map X into X such that

(i) A is a completely continuous operator.
(i1) B is a contraction with constant o < 1.

(117) the set M ={z € X : v =AB(%£)+ NA(z),\ € (0,1)} is bounded.

z
A
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Then there exists x € M with A(x) + B(x) = x.

Theorem 2.3.3. Let X be a generalized Banach space, C be a nonempty compact
convex subset of X, G : C'— Py (C) be an u.s.c. multivalued map, then the operator
inclusion G has at leat one fized point, that is there exists x € C' such that x € G(x).

As a consequence of the above result we present the multivalued version of Schae-
fer’s fixed point theorem and nonlinear alternative Leray-Schauder type theorem in
generalized Banach spaces.

Theorem 2.3.4. Let (X, || - ||) be a generalized Banach space and F : X — Py co(X)
be a completely continuous multivalued mapping and u.s.c. Moreover assume that the
set

A={zx e X :x e F(zx) forsome\e(0,1)}
1s bounded. Then F has a fixed point.



Chapter 3

Impulsive differential equations
with delay

The fixed point theory has been proven to be a powerful tool for dealing with the
stability of functional differential equations was studied in [13-20].

In this chapter we consider the following impulsive delay equations

2(t) = —a(t)x(t—r),teJ :=[0,00), t Fty, k=1,...,
Axymy, = Li(z(ty)),k=1,..., (3.0.1)
z(t) = (), te[-r0]

where a : [0,00) — R be bounded and continuous, r be a positive constant, 0 =
to <ty <...<tp<...limt=oc limz(ty+h)=zt})), limz(t, — h) = z(t,),
k—o0 h—0 h—0

Azyy, = z(tf) — z(t;) and Iy € O(R,R)
For any function x defined on [—r,+00) and any ¢t € J, we denote by x; the element
of C([—r,0],R) defined by.

z(0) =x(t+0),0 € [—r,0]

Here z,(.) represents the history of the state from time t-r, up to the present time ¢.

3.1 Stability via Banach fixed point
Consider the Banach space
PC, ={y € PC(]-r,00),R) : y is bounded},

where

PC([-r,00),R) = {y: [-r,00) = R, x € C((tx, tk+1], R),2(t;,) and z(t]) exist and satisfy

z(ty) = x(t;) for k=1,...}

23
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and T = Y|(t,,1,.,,)- Endowed with the norm

llly = sup{la(t)] : t € [=r; 00)},
PC}, is a Banach space. Next we define what we mean by a solution to problem (3.0.1).

Lemma 3.1.1. ( [10]) Let C C PC,. Then C is relatively compact if it satisfies the
following conditions:

(a) C is uniformly bounded in PCy(R*T,R).

(b) The functions belonging to C' are almost equicontinuous on Ry, i.e. equicontinuous
on every compact interval of R.

(¢c) The functions from C are equiconvergent, that is, given ¢ > 0, there corresponds
T(e) > 0 such that |x(m) — x(m2)| < & for any 71,72 > T(e) and x € C.

Definition 3.1.1. A function x € PC(J,R) is said to be a solution of (3.0.1) if
() =—a(t)e(t—r),t e Ry t#ty, k=1,...,Any, = Li(x(t;)),k=1,...,

and x(t) = (t),t € [-r,0].

Lemma 3.1.2. The solution of above problem can be expressed by the formula.

t 0
w(t) = w(0)e Joalstnds 4 / a(u+ r)z(u)du — e Jo alwtr)du / a(u+r)z(u)du
t—r

-

t s
— / als +r)e s “(“”)d“/ a(u + r)x(u)duds

-

0
t
0<tp<t

and z(t) = ¥(t), t € [-r,0].
Proof. Let € PC be solution of problem (3.0.1), then for ¢ € [0,¢;] we have

/0 (w(0)ek ™ a(wydu) ds = /0 t <ef5+’"a<u>du (dii / :a(u+r>x<U>dU)> ds,
/Ot (x(s)e (JSJrTa(u)du)/ds = /Ot (e 5”“(“““(0%/8 a(u+7")$(“)d“> ds

S—Tr

then

t+r t+r

¢
z(t)edo " adu _ g (0)elo atwdu — o “(“)du/ a(u+r)z(u)du
t—r

0
—elo CL(“)d“/ a(u+r)z(u)du

¢ d s+r 5
B / (£(6f0+ a(u)du) / a(u + r)a:(u)du) ds.
0 S—r
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Thus

z(t) = z(0)e” fota(s +r)ds + /t_ a(u+r)x(u)du
— e Jo alutr)du /0 a(u + r)x(u)du

-

t s
- / a(s + r)e” Js atutndw) / a(u + r)x(u)duds.
0 s—r

For t € (t1,ts], we get

/tt (x(s)efi“a(u)du)'ds - /t t< fti”““)d“(js / ST (u+7”)$<u)d“) ds

1

t+r t1+r t+r t
a(t)eln N — g(pyeln e =l / a(u + r)a(u)du
t—r
ft1+ra(u u n
—e / a(u+r)z(u)du
t1—r
t s
—/ a(s+re I / a(u + r)zx(u)duds
t1 S—r
. t
z(t) = x(tf)eiftl a(3+r)d8+/ a(u+r)z(u)du
t—r

t1
e iy olutr)du / a(u+ r)x(u)du
t1—r

t s
- / a(s + r)e” Js atutridu / a(u + r)x(u)duds.

t1 s—r

Then

¢
x(t) = z(0)e o alstrids 4 / a(u+r)z(u)du
t—r
0
—e o “(“”)d“/ a(u + r)x(u)du

-Tr

t s
- / a(s + r)e Js atutndu / a(u + r)x(u)duds
0 s—r

FI(z(t))e” J}, als+ryds.
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We continue this process we obtain for ¢ € [0,b], we concluded

0

t
z(t) = z(0)e ~Joalstrids 4 / a(u + 7)x(u)du — e o “(“+T)d“/ a(u+r)z(u)du
t—r

t s

—/ a(s +r)e s “(“”)du/ a(u + r)x(u)duds
0 s—r

+ Z [k(x(tk))e_ftk“(s+r)ds_

0<tp <t

-

]

We will use the Banach fixed point theorem to prove that under the Lipschitz
conditions of the jumps functions I, K =1,..., and for each small initial condition
a solution of problem (3.0.1) bounded and tends to zero as t — oc.

Theorem 3.1.1. Assume that:

) L5 Ja(u+ )| du+ [ |a(s + r)|em ot ndn 12 g (u )| duds < o
) [ia(s+r)ds — 00 as t — 0o

(Hg) There exist ¢, > 0, k=1,... such that

I(0) = 0, |Ix(z) — Ir(y)| < cklx —y|, for all z,y € R.

hold. If o + ch < 1. Then the problem (3.0.1) has unique bounded solution and
k=1
tends to zero ast — oo

Proof. Consider N : PC, — PCj, by

g[}( ) _fga (s+r)ds +L1:T CL(U—I-T):B(u)du
—e fo a(u+r)du f_ (U + T)x(u)du
(Nz)(t) =< fo a(s+r)e Js [ a(utr)du fs, a(u + r)a(u)duds
+ 2 o<t (@ (t))e =i el if £ € [0, 00),
. v(t) if t € [—7,0].

From (H,)-(Hs3), we can easily prove that N(PC}) C PC, and N is contraction opera-
tor, then by Banach fixed point there exists unique = € PC} such that x = N(z) which
is solution of problem (3.0.1). Now we show that x is bounded and tends to zero at
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t — oo. Let t € [0,00) then, we get

¢ 0
lz(t)] < / la(u + r)||z(u)|du + e~ Jo “(“”)d“/ la(u+ 7)||x(u)|du
t—r —r
t S
—l—/ la(s +r)|e” Js “(“”)d“/ la(u + 7)||x(u)|duds
0 s—r
+ Z ’[k(l'<tk t as—l—'rds

0<tp<t

Thus

t

()] < / la(u+ )| sup |w(u)|du + e~ i et / la(u+ )| sup |z(u)|du
uEOt uE[O,t]
/ la(s +17)|e” s““*’")d“/ la(u +7)| sup |z(u)|duds
s—r u€(0,t]
+ Z ¢k sup |z(u)].

O<tp<t UuEl0:]

Hence

0
lz(t)] < « sup |x(s)|+e_f0t“(“+r)du/ la(u+r)| sup |z(s)|

s€(0,t) s€(0,t)
+ Z ck sup |z(s)|.
o<tp<t €0
This implies that
€
sup |z(t)] < ———.
tee[—r,00)
Y
k=1

]

3.2 Stability via Krasnoselskii fixed point theorem

In this section we present the stability result of problem (3.0.1) via the following the-
orem

Theorem 3.2.1. Let (Hy) — (Hz) and the following condition

(Hy) there exist oy, B, > 0, k=1,... such that

11x(2)| < ag|z| + B, for allz € R.
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are satisfied. If o + Zak <1 and Zﬂk < 00. Then the problem (3.0.1) has unique
k=1 k=1
bounded solution. If B, =0, k= 1,... the solution of problem (3.0.1) tends to zero as

t — 00.

Proof. Let N : PC, — PCj, be operator defined in theorem 3.1.1. N = A 4+ B where
A, B : PCy, — PCy by

( ¥(0)e — g alstr)ds ft a(u+ r)z(u)du
—e foau—i-rduf (U+T) ( )du
Bo(t) = — fo s+ r)e Js alutr)du [2a(u+r)z(u)duds  if t € [0, 00),
L ¥() if t € [—r,0].
and

S Ll@t))e T e [0,00)
A(b(t) —_ 0<ti<t

0 if t € [—r,0].

Step 1 B is a contraction. Let ¢, € PC} then

(Be)(t) — (Bn)()] <

| atus i@ — nwyda

+ /0 a(s + r)e Js alutr)du / ’ a(u~+r)(dp(u) — n(u))duds

< / 0t + )][6(u) — ()| du
/ la(s +1)|e” s“““)d“/i la(u + 7)||d(u) — n(u)|duds

Hence

1B(¢) = Bm)lls < all¢—nll, forall ¢,n € PCy.

Step 2. A is continuous
Given ¢, — ¢ in PC}, then there exists M > 0 such that

|pnlls < M for every n € N,
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and

(Ad) (1) = (A < D [1(dnltr) — Iu((tr)].

0<tp<t

Zak < oo, and Zﬁk < 00,

hence for every € > 0, Jkg, kg € N such that

Zak<6LM7 Zﬁk<§7

k=ko k=ko

Since

Using the fact limg_,o tp = 00, Ing € N, such that for each k > ny =t > k.
From (Hy), we get

I AGn = Ad Iy < > [k(dn(te)) — Ik(o(tr))]

0<tp<tng—1

k=ng

no—1

D 1 (@n(tr)) — In(d(tr))]

+2e
3

IN

Used the fact that I are continuous functions, then we have

no—1

D Hk(@n(t)) = I(@(tr))] = 0 as n — oo

Hence

|Ap, — Adlly — 0 as n — oo.

Step 3 From, (H,), we can easily prove that A sends bounded sets into bounded sets
in PCy. We will now show that A(M) is contained in a compact set

Step 4. A sends bounded sets in PCY into almost equicontinuous sets of PC. Let r >
0, B, :={y € PCy : ||y|]lo <7} be abounded set in PCy, 71,79 € [0,00), 71 < 7o,
and ¢ € B, we have

Ag(r) = Y I(g(t))e fal e

0<tp<T1
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and
Ag(m) = D Iu(o(t))e e
0<ty <79
- T((ty))e~ U orniast [ atosris)
0<tp<7o
Then .
[49(r) = Ad(m)] < (1= e ) 3y + )
k=1
Thus

|Ap(m) — Ap(m2)| — 0 as 1 — To.

Step 5. We now show that the set A(B(0,7)) is equiconvergent, i.e. for every ¢ > 0,
there exists T'(¢) > 0 such that |[Ag(t) — Ag(s)| < e for every ¢,s > T(e) and
each ¢ € B(0,7). Letting ¢ € B(0,7). Then

[Ag(t) — Ag(s)] < D k(b))

s<tp<t

[oe) o
Since ch < 0, Z dr < 0o , then there exist ky(¢) € N such that
k=1 k=1

[e.9]

> (owr+p) <e

k=ko(€)

Hence

AG(t) — A(s)| < &, V't = kole).

Then A(B(0,r)) is equiconvergent. With Lemma 3.1.1 and Steps 2-4, we conclude
that A is completely continuous.

Step 6. Now, we show that the set
M={zePC(JR): ©=AB (;) T AA(2), A € (0,1))
is bounded. Let z € M then
Let t € [0,00) then, we get

¢ 0
lz(t)] < /t la(u+ 7)||z(w)|du + e o a(“”)d“/ la(u +7)[|z(u)|du
t S
—l—/ la(s + r)|e” Js “(“”)d“/ la(u + 7)||x(u)|duds
0 s—r

+ 37 la(te))|e e,

0<tp<t
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Thus
¢ ) 0
[z(t)] < / la(u+7)| sup |z(u)|du + e~ o2 [y )| sup |w(u)|du
uel0,4 —r uel0,t]
/ la(s +r)|e” J; alwtn) “/ la(u+r)| sup |z(u)|duds
s—r u€(0,t]
+ Z ay sup |z(u)| + Z Bk
o<tp<t  uclod 0<t, <t
Therefore
2B < a sup a(s)] + e ot / Ja(u+1)] sup Jz(s)]
s€(0,t) s€(0,t)
+ZO%SUP|$ H‘Zﬁk
o<tp<t  S€(01) 0<t,<t
Hence

> B
k=1 '
1—a-— Zak
k=1

By theorem 1.5.4 the problem (3.0.1) has a bounded solution.

()] <

Let ¢ be an initial condition and € > 0 such that ||¢|« < €, then

BB < e+ S ax sup Jas))

o<tp<t 5€(0)

So,

()] <

€
EEE——
1— E (67

k=1

3.3 Perturbated problem

In this section, we will show prove the bounded of solution and zero asymptotically
stability of the following problem:
() = —alt)x(t—r)+ f(t,z),t € J:=[0,00), t #ty, k=1,...,
Axt:tk = [k(l'(t,:)),k: 1,..., (331)
z(t) = ¥(t),t€[-r0]
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where f :[0,00) x C([-r,0],R) — R be a continuous function and 0 = tq < t; < ... <
t, < ,khIIl tp = 00.
—00

Our main results are based on Krasnoslkii’s fixed point theorem 1.5.4.

Theorem 3.3.1. Suppose that (Hy) and (Hs) and the following condition

(Hs) there exist p : [0,00) — Ry measurable, integrable function and positive number
M > 0 such that

[f @t 2)] <p@)|zllee for all x e C([-r,0],R)

where

¢
/ p(s)e” FiaWdlgs < M for all t € [0, 00).
0

hold. Then problem (3.3.1) has at least one solution and all this solution are bounded.

If in (Hy) we have Zﬁk = 0, then for every small initial condition, the solution of

problem (3.3.1) tends to zero as t — oc.

Proof. Consider N, : PCy, — PC, by

(

P (0)e Jo alstrids 4 f:ﬂq a(u+r)z(u)du
—e~ Joatwtndu [0 gy 4 r)a(u )du
— fo s+ 1)e Js alutrydu [7a(u+r)z(u)duds

s—r

N, t) = tas*r s .
(N.)(?) + Z Ip(x(ty))e ) /fs wg)e Js atwtdugg if t € [0, 00),

O<tp<t

L (1) if t € [—r,0].
Let A, : PCy — PC), be operator defined by
t ¢ t
Z I(z(ty))e Jyy als+r)ds +/ fs,zg)e” s atwtndugs 4 e [0, 00)
(Az)(t) = { o<u<t 0
0 if t € [-7,0].

Then
N.(z) = A.(z) + B(x), for each z € PC,

where B is defined in theorem 3.2.1. As in theorem 3.2.1, we can prove that A,
completely continuous and from (H;) the operator A is contractive. Also we can easily
prove that the set

M= {z € PCULR): x=AB. () + (@), A € (0,1)}
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is bounded. Hence by theorem 1.5.4 then problem (3.3.1) has at least one solution and
all this solutions are bounded. Now we show that for every small initial condition the
solution x of problem (3.3.1) tends to zero as t — oc.

Let t € [0,00) then, we get

()] < / @+ 7)) du 4 ¢ Jo oot | (u+7)||(w)|du

/| (s +1)|e s alewtn) “/ la(u + 7)||z(u)|duds

s§—r

t
57 (a(ty))fe el / (5,2, e atwndug,
0

O<trp<t
Thus
¢ ) 0
()] < / la(u+ )| sup |z(u)|du + e W”du/ la(u+ )| sup |z(u)|du
u€(0,t] —r u€[0,¢]
/ la(s +7)|e” sa””)du/ la(u+7)| sup |z(u)|duds
u€el(0,t]
+ Z ag sup |z(u ‘+/ | Zs|lsop(s)e™ J; alutr)dugy
O<tp<t  uEl0]
Therefore
1 t [ a(utr)d
pt) < ——— (et [ pls)p(s)e™ s )
S
k=1
where

p(t) = sup{le(s)| : s € [=r, 1]}

By Gronwall lemma, we obtain

AJ M

()] < =
1= 1=

k=1 k=1
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Chapter 4

Impulsive differential equations on
the half-line

In [58], Precup, established the role of vector-valued metric convergence in the study
of semilinear operator systems. In recent years, many authors studied the existence
of solutions for system of differential equations by using the vector version fixed point
theorem; see [12,47-49,59] and in the references therein.

In this paper we consider the following system of impulsive differential equations

() = f(t,zy),teJ:=[0,00),t#ty, k=1,...,
y'(t) = glt,z,y),ted, t#t, k=1,...,
w(tZ) - l’(ti) = {k(x(tk)ay@k))’ k= 17 ] (4 0 1)
y&;) -9 t;) = [k(x(tk)uy<tk>>7 k= 17 ] o
z(0) = o,
\ y(O) = Yo,

where 29,0 € R, f,g:J x R x R — R are a given functions, I, I, € C(R x R,R).
The notations z(t)) = hlim+ z(ty + h) and z(t) = hlim+ z(ty, — h) stand for the right
—0 —0

and the left limits of the functions y at ¢ = ¢, respectively.

By using Perov’s and Krasnoselskii fixed point type theorems in generalized Banach
spaces, we prove the existence, uniqueness and compactness of solution sets of above
problem .

35
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4.1 Uniqueness and continuous dependence on ini-
tial data

In order to define a solution for problem (4.0.1), consider the space of piecewise con-
tinuous functions

PC, ={y € PC(]0,00),R) : y is bounded}

where PC([0,00),R) = {y : [0,00) = R,y € C((tx, tr+1],R), k= 0,...,y(t;) and y(¢;)
exist and satisfy y(ty) = y(¢,) for k =1,...}.

PCjy is a Banach space with norm

1ylls = sup{ly(t)] = ¢ € [0,00)}.

Definition 4.1.1. A function (x,y) € PCy(J,R) x PCy(J,R) is said to be a solution
of (4.0.1) if and only if
,I’(t) = To+ f()t f(S,CE(S),y(S))dS + Z [k(x(tk)vy(tk’))?t € ‘]7

0<tp<t

y(t) = yo+ Jyals,z(s)y(s))ds + Y Tula(te) y(t)),t € J.

0<tp<t

In this section we assume the following conditions:
(H,) There exist functions [; € L*(J,RT),i = 1,...,4, such that
[f(tz,y) = fs,7.9)| < L)z —7[ + L@E)|y — 7], forall 2,7y, 7 € R
and
l9(t,z,y) — g(s, 7, 7)| < Is(t)|z — 7 + la(t)ly — 7], for all z,7,y,7 € R.
(Hy) There exist constants ajg, agr > 0, k=1,..., such that
[ 1i(z,y) — In(@,Y)| < arlr — [ + azly — 7, for all 2,7, 4,7 €R

and

> 11:(0,0)] < 0.
k=1

(H3) There exist constants by, bop > 0, k= 1,..., such that
‘Tk($7y> _Tk(fay)’ S blk|x - f’ + b2k‘y - y‘a for all x,f,y,@ eR

and

> " |1:(0,0)] < oo
k=1
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We will use the Perov fixed point theorem to prove that a solution of problem (4.0.1)
is bounded and tends to zero as t — oc.

Theorem 4.1.1. Assume that (Hy) — (H3) are satisfied and the matriz

o0 o
Il + ) aw Nl + ) as
k=1 P

M = = > € Moyo(R™) (4.1.1)
15|22 +Zb1k [l 22 +Zb2k
k=1 k=1
where i, .
Zaik < 00 and sz-k < o00,t=1,2,
k=1 k=1

converges to zero and f(-,0,0),9(-,0,0) € L'(J,R). Then the problem (4.0.1) has

unique solution. If we add that and

Zalk + Za% + me + szk <1,
k=1 k=1 k=1 k=1

the unique solution of (4.0.1) is bounded.
Proof. Consider the operator N : PC' x PC' — PC' x PC' defined by

N(z,y) = (Ni(z,y), Na(,y))
where
Nl =0+ [ Fls.a(s)u(o)ds + 3 a0yt € 029
and k
Nalr) () =+ [ ol a(s)u(s))ds + 3 Ttattpe).t € 0.09)

We show that the operator N was well defined. Given (z,y) € PCj, x PCy,t €
[0, 00), then

[Nz, )l < |x0\+/0 [f(s,x(s),y())lds + D Hala(te), y(t)]

0<tp <t

IN

Il lllly + Nallesllylls + Y (arsllzlls + asillylls)
0<tp<t

HIF (0,0l + D ([k(0,0)] + | 14(0,0)]).

0<tp<t
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Similarly we have

INo()lls < Mleslloollelle + Wallslylls + > Gullello + barllylls)

0<tp<t

+g(-0,0)[lr + D (11x(0,0)] + [1x(0,0))).

0<trp<t

Thus

Iz + > aw llallzr + > a
( N2 (z, )l ) ot st
N1 (2, )]s

sl + ) bue [Mallzr + ) bukll]| + bas
k=1 k=1

IN

(htr)

1£C0,0) [t + Y (110, 0) Iy + [1Z(0, 0) |»)

k=1

lg(,0,0) |zt + > (1Zx(0,0)] + | 74(0, 0)])

This implies that the operator N is well defined. Clearly, fixed points of the operator N
are solutions of problem (4.0.1). We show that N is a contraction. Let (x,y), (Z,7) €
PCy x PCy. Then (H;) and (Hs) imply

[Ni(z,9)(t) — Nu(7,79)(t)] < /0 |f(s,2(5),y(s)) — f(s,7(s),Y(s))|ds
+ Z (e (z(te), y(te)) — Ln(T(te), Y(tx))|

O<trp<t

/0 (L(3)|x(5) — T(5)] + La(s)[(5) — T(s)]) ds
+ ) (awlr(te) = T(te)| + azly(te) — T(t)))-

O<trp<t

IN

Thus
[Ny (2, y) = M@ Pl < (Ml + Y aw)llz — 2]
k=1

+ (ol +> az)lly = Flle-
k=1
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Similarly we have
INo(2,y) = No@ D)6 < (sl + > bl — 2l
k=1

o (lallze + > bar)lly = 7llo-
k=1

Therefore

[l = |,

NG - Nl < a1 (77

) , for all (z,v),(Z,y) € PCy x PC,.

Hence, by Theorem 2.3.1, the operator N has at least one fixed point which is a solution
of problem (4.0.1).
Now we show that the solution (z,y) is bounded. Let ¢t € [0,00). Then, we get

0<trp<t

jz(t)] < Ixo!+/0 f(ssa(s),y())lds + Y Hala(te),y(t)]
< Ixo|+/o(ll(S)le+lz(8)|y|)d8+za1k|x(tk)|+Zazk!y(tk)|

+”f('7070)HL1 + Hg<'7O?O)HL1 + Z ’[k(()?O) + Z ‘jk(ovo)l

k=1 k=1

and

y(@)] < \yo!+/0 (s(s)le ()] + La(s)ly(s))ds + D buele(te)| + D barly(t)]
+”f(> 0, O)HLl + Hg('a 0, O)HL1 + Z |[k<07 O) + Z |I_k(07 0)‘

Thus
lz(®)| + ly(®)| < |$o|+|yo|+/0((51(8)+l3(8))ll’(8)|+(l2(8)+l4(8))|y(8)|)d8

+ O at+ Y am+ > b+ Y ba)(lz(te)] + [y (te)])

=1

+2[£(,0,0)][ 1 + 2[[g(,0,0)[|x + 2 |T6(0,0) + 2> [1(0,0)].

k=1 k=1
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Hence

Sil(lopt)(\w(S)!Jr!y(S)l) < Ixo!+!yo|+/0 (h(s) +1s(s) + la(s) + lu(s)) X

sup ([(s)] + [y(s)[)ds

s€[0,t]
+ (Z ay, + Z agy + Z by + Z ka> sup (|z(te)| + |y(tx)])
k=1 k=1 k=1 k=1 s€(0,4]
+

2 £(.0,0)[z +2/lg(,0,0)[l 2 + 2> [1:(0,0) + 2> [14(0,0).
k=1 k=1

This implies that

sup (j2(s)] + [y(s)]) <+ / I(s) sup (j2(s)] + [y(s)])ds

5€(0,t) s€[0,]
where
(o] + [yol + 2] £(-,0,0) [z + 2[lg(,0,0)[[x +2 D [1x(0,0) +2 Y _ [4(0,0)|
k=1 k=1
Q= [e’¢) [e’¢) e’} o)
1- (Zam +Za2k +Zb1k +252k>
k=1 k=1 k=1 k=1

and

Li(s) 4+ 1a(s) + I5(s) + la(s)

l(S) - oS S [eS) S ’
1— (Zam + Zazk +Zb1k + Z%)
k=1 k=1 k=1 k=1

Using the Gronwall Inequality we obtain

sup (o(s)| +y(s)) < aexp ( [ tz<s>ds) |

s€[0,¢]

z]lo + lylls < cvexp (/ l(s)ds) .
0

This implies that the solution (z,y) is bounded. O

Then

For the next result we prove the continuous dependence of solutions on initial
conditions.

Theorem 4.1.2. Assume the conditions (H,)—(Hs) hold, that the matriz M defined in
(4.1.1) converges to zero, that I,(0,0) = I;(0,0), k= 1,... and f(t,0,0) = g(¢,0,0) =
0, t € J. For every (zo,y) € R x R we denote by (x(t,z0),y(t,y0)) the solution of
(4.0.1). Then the map (xo,vo) — (x(-,20), y(+,y0)) is continuous.
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Proof. Let (x,40), (To, Jo) € RxR. Then from Theorem 4.1.1, there exist (z(+, zo), y(+, ¥0)),
(Z(+,Z0),y(, 7o) € PCy x PCy such that

(¢, To) = To +/0 F(s,2(s,20),y(s,00))ds + > Tn(a(tr, o), y(ts, vo)), t € [0,00),

O<trp<t

y(t.10) = v + / 905, 2(5,70), y(5, 90))ds + 3 Tulw (b, 70), yl(ta 10)) £ € [0,00),

O<trp<t

(¢, To) = To +/0 F(s,2(s,%0), y(s,50))ds + > Te(w(te, Zo), y(tk, o)), t € [0, 00),

O<tp<t

and

ﬂ(tvﬂo) = Yo + /Otg(s,:C(s,io),y(s,go))dS + Z 7k<x(tk7<f0)7y(tkag0))at € [07 OO)

0<tp<t
Hence from the proof of Theorem 4.1.1 we deduce that

|zo — Zo| + |Yo — Yol

(-, 20) = (-, Zo)lls + [ly(-> yo) — u (- 5o)[ls < =
o

Zam +Za2k +Zb1k +Zb2k>
k=1 k=1 k=1

- X oxp ( /0 h l(s)ds) |

Then

(- 20) = (-, Zo)lls + [y (- 90) = (- Go)lls = 0, as (20, 30) = (Zo, o)

4.2 Existence and compactness of solution sets

In this section we present an application of e Krasnoselskii’s type fixed point theorem
to problem (4.0.1).

Theorem 4.2.1. Let (Hy) be satisfied and the following conditions:
(Hy) There exist oy, B, > 0, k=1,..., such that

[Ie(z,y)| < aglz| + Brly| + cx, for all (z,y) € R x R.
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(Hs) There exist oy, B, >0, k=1,..., such that
Ti(2,y)| < @la| + Bely| +Tx, for all (v,y) € R xR,

If
v ( A ) € My (®") (12,1

sllzr [[la][ 22

converges to zero andZak+Z ozk—l—z ﬂk—i—ZBk <1 ch < 00 and ch < 00,

then the problem (4.0. ]) has at least one bounded solutzon

Proof. Let N : PCy x PC, — PC}y x PCj be the operator defined in Theorem 4.1.1.
N = A+ B where A, B : PCy, x PCy — PCj, x PC} are defined by

B(x(t),y(t) = (Bi(z(t), y(t), Ba(z(t),y(t)), t€J,

where
{ Bi(z,y) = xo+f f (s),y(s))ds
By(z,y)) = yo+f0 3)»9(5))d3
and
Az(t),y(t)) = (Ar(z(t), y(t), A2(x(1),y(t)), t€J
where

Avwy) = Y Iel(x(tn), y(te)

O<trp<t
oo

Ay(z,y)) = Z Ti(x(tr), y(t))-

0<trp<t
Step 1 B is a contraction. Let (z,v), (%,y) € PCy x PCy. Then

|[Bi(x(t),y(t)) — Bu(zt), 5(1))| < /Otlf(s,ﬂf(S),y(S))—f(s,f(S),?(S))l
/Ot (L (s)[x(s) = Z(s)| + La(s)[y(s) = Y(s)]) ds.

IN

Hence
1Bi(z,y) = Bz, 9)lls < Nhllerllz ==l + (12l ly = s
Similarly we have

[B2(z,y) — Bo(Z,9)|ls < lsllzallz — 2l + [llall e [ly — Yllo-
Therefore

IB(z,y) — B@3)ll, < ( [l ([l 20 ) ( Hfﬁ—?Hb )

N3l zr [[2a]l 22 ly —lls
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Step 2. A is continuous
Given (2,,,9,) — (,y) in PCy, x PCj, then there exists M, M' > 0 such that

| znlls < M and [Jy,|ls < M’ for every n € N,
and

[(Ar) () = (Aax) ()] < Y (@, y0) — I, y)].

0<tp<t

Zak<oo, and Zﬁk<oo,

hence for every € > 0, there exists ky € N such that

Zak<6LM, k:ZkOBk< 6;4/

k=ko

Since

Using the fact limy_,o tx = 00, there exists ng € N, such that for each k > ny =
tr > ko.
From (Hj), we get

|| Al(xnayn) - Al(xay) HPCb < Z |Ik(xnayn) - Ik(x7y)|

0<ty <tng—1

+ > " (2May +2M'By)
k=ko
ko—1

k=1
+2€
3

IA

Using the fact that [ are continuous functions, then we have

no—1

Z |Ik(mn>yn) - Ik(I,y)| — 0 as n — oo.
k=0

Hence
| AL (Tn, yn) — Ar(z, y)||s — 0 as n — oo.

Similarly we have
|A2(xn, yn) — A2(x,y)|ly — 0 as n — oc.

Thus
|A(zn, yn) — Az, 9)|lp — 0 as n — oo.
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Step 3 From (Hj), we can easily prove that A maps bounded sets into bounded sets
in PC' x PC.

We will now show that A(M) is contained in a compact set.

Step 4. A maps bounded sets in PCy, x PCY into almost equicontinuous sets of PCy X
PC,. Let r = (r1,12) > 0, B, := {(z,y) € PCy, x PCy : |[(z,y)]|oc < 7} be a
bounded set in PC' x PC, 1,15 € [0,00), 71 < T2, and ¢ € B,.. We have

M6(r) = Socnen Teln(t), da(ts)
Ap(m1) = (Ar19(11), A2¢(71)) where { Asd(ry). = Zogtk;m Li(d1(ts), do(ty))

Then
[A16(72) — Aip(r)l < > I (th), da(th)-

71 <t <T2

Thus
|A1p(72) — A1p(11)| = 0 as 11 — To.

Similarly we have
‘A2¢<7'2) — AQQS(T]_)’ —0as 1 — 7.

Thus
|Ad(m) — Ap(12)| — 0 as 11 — To.

Step 5. We now show that the set A(B(0,7)) is equiconvergent, i.e. for every ¢ > 0,
there exists 7'(¢) > 0 such that [[A(¢(t)) — A(é(s))|| < & for every ¢, s > T'(e) and
each ¢ € B(0,r). Letting ¢ € B(0,r), then for every € > 0, there exists ky € N

such that
Z ok < o - Z Br < o -

k=ko

[A10(t) = Aid(s)] < Y Lu(du(te), date)

s<tp<t

< Z (agr1 + Bira).

SStkSt

Then, for every s,t > ko, we get

|A19(t) — Arp(s)| < 7“1204k+7”225k

k=ko k=ko
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Therefore for all ¢ € B(0,r) and s,t > ko we have

[A19(t) — A1g(s)| < e

Similarly we can prove that there exists ko > 0 such that for all ¢ € B(0,r) and
s,t > ko we have

[A20(t) — A20(s)] < e

Thus, for every (e,€) > 0 there exists (o, ko) > 0 such that for all s, > ky and
s,t > ko we have

|Ap(1) — Ap(12)| < (€,¢€), for every ¢ € B(0,r).
Step 6 Now, we show that the set
M ={(z,y) € PC x PC;(z,y) = AB($., 7) + M(x.y). A € (0,1)}

is bounded. Let (z,y) € M then

o) < leol + [ 'f(%%))‘cmr S IhCote).ults))

O<tk<t

< \xo|+/ (1(s) ()] + ) ds+zak|x ) |+Zﬁk|y ) |+ch
0

ly@)| < \yoH/O (Us(s)|(s)] + La(s) ds+zak\x t !+Zﬁk|y i !+ch-

Thus

IN

|9ffo|+|yo|+/0 ((L(s) + I3(s)[z(s)] 4 (U(s)2 + U(s)a) [y (s)|)ds
+ O e+ Y @)t + OB+ Y Bly(tl

00 0o
—f- Cr. —|— Ek.
k=1 =1

()] + ly(®)]
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Hence

sup (z(s)| + |y(s)]) < !xo!+!yo\+/0(11(8)+l3(8)+lz(8)+l4(8))

s€[0,t]

x sup ([z(s)] + [y(s)|)ds
s€0,t]

+ (Z ag + Zak) sup [z (x| + (Z Br + ZBk) sup [y (tx|
k=1 k=1 k=1 k=1 )

s€(0,t) s€(0,t
o0 oo
+ et Y T
k=1 k=1

This implies that

sup (Jz(s)| + [y(s)]) < 5+/0 L(s) sup ([z(s)] + [y(s)])ds

s€(0,t) s€[0,t]
where
|o| + [yo| + ch + ZEk
k=1 k=1
/8 = o0 (oo} (oo} o0
L= an+d an+y Bt By
k=1 k=1 k=1 k=1
and

l.(s) = li(s) + I3(s) + la(s) + l4(s)

1— (Zak+zak+ZBk+ZBk)
k=1 k=1 k=1 k=1

By the Gronwall Inequality, we have

sup (|2(s)] + |y(s)|) < Beller,
s€(0,t)

Then
lz]lp < Bellr . and |y, < Belltler,

Hence from Theorem 2.3.2 the problem (4.0.1) has at least one solution.

By simple modification in the prove we can obtain the following result.

Theorem 4.2.2. Let (Hy) be satisfied and the following condition:
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(Hg) There existsp € LY(J,Ry), and let v : Ry — (0,00) be a continuous nondecreasing
function such that

[f (&2, y)| < p)(lz] +[y]), for all (z,y) € R xR

and
l9(t, z,y)| < p()Y(|z| + |yl), for all (z,y) € R x R.

If

M, =

[o@) o

E aik E A2k
k=1 k=1

oo

€ Moy o(RT) (4.2.2)

converges to zero, then the problem (4.0.1) has unique bounded solution.

By the nonlinear alternative in generalized Banach space we can also prove the
following result.

Theorem 4.2.3. Assume that (Hy) — (Hg) hold. If

o] (o) (o] o [o.¢] oo
Zak‘{‘zak‘f‘ZBk"‘ZBk < oo,ch < oo and Zék < 00,
k=1 k=1 k=1 k=1 k=1 k=1

then the problem (4.0.1) has at least one solution. Moreover, the solution set
S(zo,v0) = {(z,y) € PCy, x PCy: (x,y) is solution of(4.0.1)}

is compact and the multivalued map S : (xo,y0) — S(xo, Yo) S u.s.c.
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Chapter 5

Differential Inclusions

It is well known that in C([0,00),R™), the distance between two trajectories of an
ordinary differential equation y' = f(x,y) (with a Lipschitz continuous vector field)
is majorized by the distance between two initial points multiplied by an exponential
function of time. The object of this chapter is to prove a Filippov type theorem and a
Filippov-Wazewski type theorem for impulsive differential inclusions. More precisely,
we consider the problem

y € F(t,yt)), ae teJ:=[0,0], t#ty, k=1,...,m, (5.0.1)

y(0) = o, (5.0.3)

where F' : J x R" — P(R") is a multivalued map, yo € R", and [, € C(R",R"),
k=1,2,...,m. In the case where the impulses are absent (i.e., [, =0,k =1,2,...,m)

and the problem (5.0.1)—(5.0.3) reduces to an autonomous control system, that is,
F(t,y) := f(t,U), where f is single map and U is a control set, a property of Filippov’s
theorem. Some generalizations of Filippov’s theorem were considered by Frankowska

28] and Zhu [68].

5.1 Filippov’s Theorem

In order to define a solution of (5.0.1)—(5.0.3), we consider the space

PC(J,R") = {y :J — R"|y(t) is continuous everywhere except for some t; at
which y(t;,) and y(t)) exist and y(t;) = y(tx), k=1,2,...,m }.

Clearly, PC(J,R") is a Banach space with the norm
[yl pc = sup{ly(t)| - t € J}.

We begin by defining what is meant by a solution of the problem (5.0.1)—(5.0.3).
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Definition 5.1.1. A function y € PC N AC(ty,tks1), kK = 0,...,m, is said to be a
solution of the impulsive differential inclusion (5.0.1)-(5.0.3) if y satisfies the dif-
ferential inclusion y'(t) € F(t,y(t)) a.e. on J\ {t1,...,tm}, and the conditions

y(t:) - y(tk) = [k<y(tl;))7 k=1,2,....,m, and y(O) =a.

We will consider a map generated by (5.0.1)—(5.0.3) by associating with each initial
point yy € R™ the set

S5 (Y0) = {y |y is a solution to (5.0.1) — (5.0.3) on [0, b] and y(0) = yo}.
The following two lemma are needed in this chapter.

Lemma 5.1.1. ( [68], Lemma 3.2) Let F : [a,b] — P(Y) be a measurable multi-valued
map and u : [a,b] — Y a measurable function. Then for any measurable v : [a,b] —
(0, +00), there exists a measurable selection f, of F' such that for a.e. t € [a, ],

u(t) = fo(®)] < d(u(t), F(t)) + v(t).

Lemma 5.1.2. (Mazur’s Lemma, [69], Theorem 21.4) Let E be a normed space and
{zk}ren C E be a sequence weakly converging to a limit x € E. Then there exists a

m
sequence of convexr combinations y,, = g kT With e >0 for k=1,2,...,m and
k=1

Z amr = 1, which converges strongly to x.
k=1

We now present a Filippov type result for the problem (5.0.1)—(5.0.3).

Theorem 5.1.1. Consider a function © € PC N AC(ty,tgr1), k = 1,2,...,m, and
assume that the following conditions hold.

(5.1.1.4) The function F : J x R — Py(R") satisfies:

a) for allu € R™, t — F(t,u) is measurable,

b) the map ~v : t — d(2/(t), F(t,z(t)) is integrable.
(5.1.1.B) There exists a function p € L'(J,Ry) such that

Hy(F(t,u), F(t,2)) <p(t)|lu—z| foralz, TeR"

(5.1.1.C) There exist constants ¢, >0, k =1,2,...,m, such that

|Ip(u) — Ik(2)| < cilu— 2| for each wu,z € R™.
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[fz ck < 1 then for every yo € R™, there exists y € S(yo) with |y(0) —z(0)| < § such
k=1

that
s> alat)l
[2(t) = y(6)] < n(t) + —=F— + =
1— Z Ck 1— Z Ck
k=1 k=1
and

n(t) = 5m exp Lﬂ? Jr/V(S)exp m(t) —mm(s) s
1—ch 1—ch 0 1—ch

and

Proof. Let fo = ', o(®) = 2(0)+ [ fo(o)ds + 3 Rlon(te)) and so(t) = (),

0<trp<t

k=1,2,...,m. Let Uy : [0,0] = P(R") be given by Uy(t) = F(t,yo(t)) N (fo(t) +
(v(t)))B(0,1). Since g and ~ are measurable, Theorem II1.4.1 in [22] tells us that the
ball (fo(t) +v(¢))B(0,1)) is measurable. Moreover F(t,yy(t)) is measurable and U; is
nonempty. From Lemma 5.1.1, there exists a function u which is a measurable selection
of F(t,y?) and such that

u(t) — g(t)| < d(g(t), F(t, yo(t)) = 7(1).

Then w € Ui(t), proving our claim. We deduce that the intersection multivalued
operator Uj (t) is measurable. By Lemma 1.1.2 (Kuratowski-Ryll-Nardzewski selection
theorem), there exists a function ¢ — fi(¢) which is a measurable selection for Uj.
Since the multivalued operator U, (t) is measurable (see Proposition I11.4 in [22]), there
exists a function ¢t — fi(t), which is a measurable selection for Uy, and so

yl(t> = Yo+ /Ot fl(S)dS + Z Ik(yl(tk))v y1<tk) = y0<tk)7 k= 1727 ceey T

0<trp<t
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Then, we have

1) =@ < ly(0) —x(0)] + / fols) — fuls)| ds
3 () - Llw(to)]

|y(o)—x(0)y+/0 V(s)ds
+ Z crlyr (t) — yo(te)],

0<tp<t

IN

and so

y1(t) = wo(t)] <

120) - (01 + | t’y(S)ds]

1 - t
1_2773% _(5—1—/0 v(s)ds].

k=1

IN

Define the set valued map Us(t) = F(t,y1(t)) N B(f1(t), p(t)|y1(t) — yo(t)]). It follows
that there exists a measurable selection f5(t) € Us(t) so that

ya(t) = Yo +/0 fals)ds + D Le(ya(t), vo(te) = pa(t), k=1,...,m.

O<trp<t

Hence,

ly2(t) — (1) <

IN
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We consider Us(t) = F(t,y2(t)) N B(fa(t), p(t)|y2(t) — y1(t)]). By Proposition III.4
in [22], there exists a measurable selection f3(t) € Us(t) so that

y@—m+/ﬁ Yds + > Ii(ys(te)), us(te) = va(te), k=1,..

Then,
() — )] < ——— [ 1fals) — fi(s)]ds
1—ch 0
k=1

< ——— [ i
(1—ch)3 0
— / p(s)e? o o / (w)im(s) — m(w)]duds
1= )

k=1

< )+ — / () [mit) — m(s)ds

2(1 -3 ) 21— )"

Thus, we have

lys(t) —va(t)] < 6m m?(t) + 1m / v(s)[m(t) — m(s))*ds
2(1 -3 ) 21— )"
Proceeding by induction, we have
s (8) — n(8)] < il (5.11)
(n+1)! ( Z ck>
, =1
| 2@ me) = mioas
+=0 o (5.1.2)
(n+1)! Z )t
k=1

We deduce that {y,} is a Cauchy sequence in PC, converging uniformly to a function
y € PC. From the definition of U,,, n € N,

[far1(@) = fu(O] < pO)]yn(t) = yn-a(t)], for n €N, ae. t€0,0].
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Hence, for almost every ¢ € [0, b], the sequence { f,,(¢)} is Cauchy in R™, and so {f.(t)}
converges almost everywhere to a measurable function {f(:)} in R™. Moreover, since
fo =2, and by the last inequality, we obtain

N

[fa(t) = fo(t) + fo(®)] < [fu(t) = fo(®)] + [fo(D)]

< Zp(t)|yk(t) — Y1 ()] + [ fo(?)]
< p() Z y(t) — Y1 (D] + [ fo(1)]

< p)A+(t),

where
1 b ’ b) —
A=) —— exp m(m) + / v(s) exp m(b) mm(s) ds.
1—ch 1—ch 0 1—ch
k=1 k=1 k=1
Then,
forall n € N, |y, (¢)| < Ap(t) + (1) (5.1.3)

From (5.1.3), we conclude that f, converges to f in L([0, 0], R™). Consequently,

o0 =+ [ Fds+ 3 Rluw), te 0.0

O<tp<t

is a solution of the problem (5.0.1)—(5.0.2) with the condition y(0) = yo. Thus,

Y € So(%o)-
Next, we prove that
s> arlz(te)]
lz(t) —y(t)] < n(t) + kzlm + =t — , for t € [0,b].
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+ /tp(s)é exp m(i) ds
0 1-— Z Cr
k=1
= [ ) [amress | MU s ST et
0 0 1— Z Ch 0<tp<t
k=1
Therefore
lz(t) —y(t)] < 1m 0+ 1m |f(s) = fu(s)|ds + exp m(nzi) )
1—ch 1—ch 0 1—ch
k=1 k=1 k=1
5 / exp | D) | / drds + Y exla(te)
0 1— Z Ch 0 0<tp<t
k=1
So
b
o) =y € — e [ p5) — ae)lds e | D |5
1—ch 1—ch 0 1—ch
k=1 k=1 k=1
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Then

o) - ulo)] < 1_sz / 55) = Fu(o)lds

D ke Ck

+(t) + S

| (tx)]-
Letting n — oo yields
[z(t) —y@)] < n(t) +

Finally, we prove that
2'(t) — ' ()] < p)n(t) +(t), ae. t €[0,b].

ZZL Cx0 4 22"21 crlo(ty)] ‘
1- Z?:l Ck 1-— 22”21 Ck

W) =y O] < 1fols) = fuls)| + [alt) — F(D)
< Zp(tnyk(t) g (O] + 1 falt) — £
< Z e (8) — v (8)] + | fult) — £(2)]
< 1) — O+ pn) Y —2m 0
n=0 n'(l - Z Ck)n+1
. / A(s)[m(s) — m(u)]"ds
+p(t)z 0 - + | fi(t) = fo(t)]
n=0 n'(l — Z Ck)n+1
< ptn() + () + 1falt) — FE)].
Thus,
() — o (O] < () +(0).
Set
PCA([0,b],R") = {y : [0,8] — R" : y € AC(Jp, R},
where Jy = [tg, tps1], £ =0,..., m, which is a Banach space with the norm

IWlare = sup (0] + / 1y () dt.
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Corollary 5.1.1. Assume that the conditions (5.1.1.B), (5.1.1.C) and the first part of
(5.1.1.A) hold. In addition, assume that there exists f € L'(J,R,) such that

Hq(0,F(t,0)) < f(t) forae. telJ
Then the set-valued map Sy : R" = P(APC) is Lipschitz with Lipschitz constant
m 2
L — k=1 —|— <2 — Z ck> exp Lb)
1 1

m m
— E Ck k=1 — g Ck
k=1 k=1

Moreover, if F' has compact and convex values, then Syp)(-) € Pep(PC), that is, Sjoy
1s compact in PC.

Proof. We show that
Hd(S[o,b] (360)> S[o,b](yo)) < L\xo - y0’7 for all xo, yo € R™.

Let zo,y0 € R™ and y € Sjop(y0). Then there exists f € L'([0,b],R") such that
£(t) € F(t,y(t)), and

—y0+/f dS—i-Z[k tk

0<tp<t

Then ~(t) = d(y'(t), F(t,y(t)) = 0. From Theorem 5.1.1, there exist x € Sy (7o) and
x(t

fi(t) € F(t,x(t)), such that
=xo+ [ fils I (x(ty))
’ / 1 0<tk<t )
and
o)~y < 22l 4y e [ 20
1— Z Cr 1— Z Ck
k=1 k=1
< 1m + exp m(t) |0 — Yol
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Also from Theorem 5.1.1, we have

tx’s — 9/ (s)|ds t 5) ex _mls) s
[ e —ves < [ psex l_ki:% a
= (B f o (5] e
< (1—ick) exp Lntz) — 1| [0 — wol.
k=1 1—ch

By an analogous relation, obtained by interchanging the roles of xy and g, it follows
that

_ - )
1— (1 > ck>
Hy(Sjo(%0), Sjop1(v0)) < =1

m

1—ch

k=1

“ m(b
+ (2—ch> exp b |[Zo — Yol-
1

Now, we shall prove that for every xo € R, Sjg (o) is compact. As in we can see
that Sjo (o). Let y,, € Spp)(20); then there exist g, € Sp,, such that, for each ¢ € J,

Yn(t) = xO“‘/Otgn(s)dS‘*’ Z Ik(yn(tlz)% te [O7b]'

0<tp<t

Since there exists f € L'([0,b],R") such that f(t) € F(t,0) a.e. ¢t € [0,b], by
(5.1.1.B), we have

yn(t)] + [ (2)] (5.1.4)
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where |y, (t)] < M for all n € N for some M > 0. For t € [0, ], we have

Yn(t) = xg +/0 gn(s)ds,

and hence .
yn(®)] < lool + / 190 (3)]ds. (5.1.5)
0

By the above inequality and (5.1.4), we obtain

t t
yn(8)] < ol + M / pls)ds + / F(s)lds, ¢ €0, (5.1.6)
0 0
Hence,

sup{|yn(t)| : t € [0,t1]} < |zo| + M||p|lz: + || f||z: := Ko, for all n > 1.

Let t € (t17 tQ], then

i) = [ n(s)ds + yalt) + L(y(t)).

t1

It is clear that
Yn(t) = yn(t1) + Li(yn(t1)),

Thus,

|yn(t—1i_)| < |yn(t1)| + |Il(yn(t1))|
< Ky +sup{|z| : x € B(0, Ky)},

where

Analogous to what we did above, we can show that there exists K» > 0 such that

sup{ly(t)| : t € [t1,t2]} < K.

We continue this process and also take into account that
t
yn(t) :/ n(8)d + Ynltr) + In(y(tm)), T € (tmsb)-
tm

We obtain that there exists a constant K, such that

sup{|yn(t)] : t € [tm,b]} < K.
Consequently, for each n > 1 we have

lynllpc < max{K;:i=1,...,m} := K.
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By the Arzela-Ascoli theorem, we can conclude that {y, : n > 1} is compact in PC, so
there exists y such that y, — y. We shall prove that y € Sjop(9). We need to show
that there exists g € Sg, such that for each t € J,

y(t) = mo+ / g(s)ds+ 3 Liy(t)).

O<tp<t

Since g, (t) € (Mp(t) + f(t))B(0, 1) then there exists subsequence of g, converge to g.

It remains to prove that g(t) € F(t,y(t)), for a.e. t € J. Lemma 5.1.2 yields the
k(n)

existence of af > 0, i =n,...,k(n) such that Z a;" = 1 and the sequence of convex
i=1

k(n)
combinaisons v, (:) = Za?gi(-) converges strongly to v in L'. Since F takes convex

=1
values, using Lemma 1.1.2, we obtain that

v(t) € N A{w()}, ae teJ

C n(i@{gk(t), k>n}
c Na{U Ft,y)} (5.1.7)

n>1 k>n

= co(limsup F(t, yx(t))).

k—o0

Since F'is Hy-u.s.c. with compact values, then by Lemma 1.1.1, we have

limsup F(t,y,(t)) = F(t,y(t), for ae. t e J

n—o0

This with (5.1.7) imply that v(t) € o F(t,y(t)). By Lebesgue dominated convergence

theorem and since I, k = 1,2,...,m, are continuous, we have
t
()~ 20— 3 Btwnlt)) = [ onls)as)
0<t<t 0

_(y(t) — X — Z I (y(t,)) — /Otg(s)dfs) HPC — 0, as n — 00.

0<trp<t

Therefore,

o =0t Y L)+ g(s)ds, te0,bl.

O<trp<t
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5.2 Relaxation Theorem

In this subsection, we examine to what extent the convexification of the right-hand side
of the inclusion introduces new solutions. More precisely, we want to find out if the
solutions of the nonconvex problem are dense in those of the convex one. Such a result
is known in the literature as a relaxation theorem and has important implications in
optimal control theory. It is well-known that in order to have optimal state-control
pairs, the system has to satisfy certain convexity requirements. If these conditions are
not present, then in order to guarantee existence of optimal solutions we need to pass
to an augmented system with convex structure by introducing the so-called relaxed
(generalized, chattering) controls. The resulting relaxed problem has a solution. The
relaxation theorems tell us that the relaxed optimal state can be approximated by
the original states, which are generated by a more economical set of controls that are
much simpler to build. In particular, “strong relaxation” theorems imply that this
approximation can be achieved using states generated by bang-bang controls. More
precisely, we compare trajectories of (5.0.1)—(5.0.3) to those of the relaxation impulsive
differential inclusion,

y'(t) € coF(t,y(t)), a.e. t € J=:[0,b]\{t1,...,tm}, (5.2.1)
y(tZ) - y(tk) = [k(y(tl;))> k= 17 sy, M, (5'2'2)
y(0) = yo. (5.2.3)

The following result is known.
Theorem 5.2.1. ( [37]) Let U : [0,b] — Pu(R™) be a measurable, integrable bounded
b
set-valued map and lett — d(0,U(t)) be an integrable map. Then the z'ntegml/ U(t)dt
0

is convez, the mapping t — coU(t) is measurable, and for every e > 0, and every
measurable selection of u of coU (t), there exists a measurable selection U of U such

that . .
sup )/ u(s)ds —/ ﬂ(s)ds‘ <e
te[0,b]'J0 0

/O t U (t)dt = /0 t U(t)dt = /0 t U (t)dt.

Our relaxation result in this subsection is the following.

and

Theorem 5.2.2. Assume that the conditions (5.1.1.A)-(5.1.1.C) are satisfied. If

ch < 1 then for every § > 0, there exists a solution y to the problem (5.0.1)-(5.0.3)
k=1
on [0,b] satisfying

2(0) = y(0) and ||z — y|pc < 0.



62

This implies that Sig,(Yo) = Sjo,5)(Yo), where
Sion = ={y | y is a solution to (5.2.1)-(5.2.3) on [0,b], y(0) = yo}.

Proof. Let y be a solution of the problem (5.2.1)—(5.2.3). Let € > 0 be given and let

y' be an integral solution of t — CoF(t,y(t)). Let § = ‘ O , From Theorem
eXp 1= % ¢k )
5.2.1, there exists a measurable selection f of t — F(t,y(t)) such that

¢ ¢
sup ‘/ f(s)ds —/ y'(s)ds‘ <.
te[0,b]'J0 0

Set
/f d$+ ka tk tk)—y(tk) k:1,2,...,m
0<tp<t

Then,
A (1), F(t, () < p(t)|#(t) — y(D)] < p(t)s, e t € [0,1].
From Theorem 5.1.1, there exists a solution y, of the problem (5.0.1)—(5.0.3) such that

. L (M=)
1-0) —y()] < 1ick/°6p() (T )

(5expi

IN

1=>70 1Ck>

<

for all ¢ € [0,0]. Thus, {7, (o) = Sjo.s(vo)- O



Chapter 6

Impulsive Semilinear Differential
Inclusions

In this chapter we consider the system with impulse effects

2(t) = Ava(t) € Fi(t2(t), y(t), o/(t) — Awy(t) € Balt, 2(t), y(t), t€[0,b], (6.0.1)

e(th) — 2(ty) € L(x(te), yth) —y(ty) € Tely(ty), k=1,...,m  (6.0.2)

z(0) = zo, y(0) = wo, (6.0.3)

where J := [0,b], E is a Banach space, F}, Fy: J x E x E — P(FE) are a multifunc-
tions, xg,yo € E. 0 =ty < t; < ... < ty, < t;ur1 = b. The operators A;, + = 1,2
are infinitesimal generator of a Cy — semigroup {7;(¢)}:+>o on a Banach space (E,| - |)
respectively, Iy, I, : E — P(E)(k = 1,...,m), and Ayli=, = y(t}) — y(t,). The
notations y(t;) = hli}r[r)l+ y(ty+h) and y(t, ) = hli)rng y(tx — h) stand for the right and the

left limits of the function y at ¢t = ¢, respectively.

In the absence of impulses and multimap framework the above system was used to
study the initial value problems and boundary value problems for nonlinear competitive
or cooperative differential systems from mathematical biology [46] and mathematical
economics [51] where the model can be set in the operator form (6.0.1)-(6.0.3).

In [47,59] the authors present existence and uniqueness results for system of semi-
linear differential equations without impulses. Recently Precup [58] proved the role of
matrix convergence and vector metric in the study of semilinear operator systems.
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6.1 Mild Solutions

In order to define mild solutions for problem (6.0.1) — (6.0.3), we consider the space

PC ={z:10,b] > E, z € C(Jy, E), k=0,...,m, such that
z(t;) and z(t)) exist and satisfy z(t;) = z(tx) for k=1,...,m}.

Endowed with the norm
|zllpc = max{[|z]|c, Kk =0,...,m},

PC' is a Banach space. Throughout this chapter, A is an infinitesimal generator of a
Cy — semigroup {7;(t)}+>0,7 = 1,2 and there exists M > 0 such that

I <M teR,.

Definition 6.1.1. A function (x,y) € PC x PC is said to be a mild solution of problem
(6.0.1)-(6.0.3) if there ewists vi,vy € L'(J, E) such that vi(t) € Fi(t,z(t),y(t)) i =
1,2 a.e. onJ, and T (x(ty)) € I(x(ty)), Ze(x(ty)) € Ix(x(ty)), k=1,...,m

z(t) = Ti(t)xo + / Ti(t — s)vi(s)ds + Z T(t —tr) L (z(t),)).

0 0<ti<t

and

y(t):Tg(t)yo—i—/ Tyt — syu(s)ds + S To(t — ) Tu(a(t)).

0 O<t<t

6.2 Existences result

Let (E,|-|) be a separable Banach space and F;: J X E X E — Pupe(E),i = 1,2 are
Carathéodory multimaps which satisfies some of the following assumptions:

(G1) There exist a functions p; € L'(J,R") and a continuous nondecreasing functions
¥;: [0,00) = [0,00),7 = 1,2 such that

|Fi(t,z,9)||p < p(t)Yi(|z| + |y|) for a.e. ¢t € J and each z,y € F,
b 00
du
pi(s)ds < —
< 5

(Go) I, I: E— Pe(E), k=1,. ..,m are closed and there exist constants cg, ¢ > 0
and continuous functions ¢y, ¢, : R™ — RT such that

with

1k (2)||lp < ckor(]z]) foreach z € E; k=1,...,m

and B _
11x(2)|lp < Coi(|z]) for each z € E, k=1,...,m.
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(G3) The semigroup 7;(-), i = 1,2 is compact for ¢ > 0.
The following result is known as Gronwal-Bihari Theorem.

Lemma 6.2.1. [21] Let u, g: [a,b] — R be positive real continuous functions. As-
sume there exist ¢ > 0 and a continuous nondecreasing function ¢ : Ry — (0, +00)
such that

u(t) < c+ /t§(5)¢(u(s)) ds, VYteJ

Then
t
u(t) < H™? (/ g(s)ds) , Vteld

provided

400 d b

Y _
—_— > g(s)ds.

i [

Here H™! refers to the inverse of the function H(u) = fcu % for u > c.

Theorem 6.2.1. Assume that F' satisfies either (G1), (Go) and (G3). Then the set of
solutions for problem (6.0.1)-(6.0.3) is nonempty. compact.

Proof. Consider the operator N: PC x PC — P(PC x PC) defined for (z,y) €
PC x PC by

( [ T+ /O Tt — $)or(s)ds |
+ Y Tt - t)T(y(te)), t€J
N g) = & (hah) € PC x PC - ({0 ho()) = 4 9
Ty (t)yo + /0 "Ty(t — s)un(s)ds
+ Y Dot — t)Ti(y(t), teJ

where v; € Sp, 2y = {v € L'(J, E): f(t) € Fi(t,x(t),y(t)), a.e. t € J} and Ty(x(ty)) €
In(z(ty)), Ze(y(t)) € Ix(y(ty)), k =1,...,m. Clearly, fixed points of the operator N
are solutions of Problem (6.0.1)-(6.0.3). Let

| Ty (t)xo + /0 Ti(t — s)vi(s)ds

0<trp<t



66

and
t
Ty (t)yo + / To(t — s)va(s)ds
No(z,y) = { hy € PC': hy(t) = T
2(7,y) 2 2(t) + Z To(t —te)Li(y(te)), t€ J
0<trp<t
Hence

N(z,y) = (Ni(x,y), No(z,y)) for every (z,y) € PC x PC.

Since, for each (z,y) € PC x PC, the nonlinearity F takes convex values, the selection
set Spay is convex and by (Gs), then N has convex values. From (G;) and (Gs), we
can prove that N maps bounded sets.

Step 1. N maps bounded sets into equicontinuous sets of PC x PC' into bounded
sets. It suffices to prove that N (B, x B,) is relatively compact in PC' x PC, where
B, ={z € PC: ||z||pc < q}. First, N(B, x B,) is an equicontinuous set of PC' x PC.
To see this, let 0 < 7 < 7 < b, (z,y) € B, x By, and (hy, he) € N(x,y). Then there
exist v; € SFi,%y,Z' = 1,2 and Ik(a:(tk)) S Ik(x(tk)),fk( ( )) € [k( ( )) k= 1

such that

hl(t) = Tl(t)l’o + /t Tl(t - S)Ul(s)dS + Z Tl(t — tk)Ik(x(tk)), te J,

and

hg(t) = Tg(t)yo + /t Tg(t — S)UQ(S)dS + Z Tg(t — tk).’fk(y(tk)), teJ

0 0<tp<t

Letting dj, = sup ¢x(r) and dy = sup ¢,(r), we obtain the estimates
Irl<q Irl<q

|hi(T2) — ha(m1)] < |T(T272I0 — T'(11)0|
n / IT3(r2 — 8) = Ti(ry — )l memyp ()4 (g)ds

+ [0 = S (s)n(ads + Y- T = m) (o

k=1

Z de|| T (71 — t) — T1(72 — t) || B()

0<trp <71
Hence
|hi(12) — ha(m1)] < ||Th(me — 1) — 1d|| By |0l
T1

S @I =) = sy [ n(s)ds
0

SMnlo) [ s 3 d

1 T1<tp<T2

+||T1(7'2—T1 —]dHB Z dk

0<tr<t1
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The terms in the right-hand side tend to zero as 71 — 75 — 0. Now we show that
Hy(t) = {Ni(z(t),y(t)) : t € J, (z,y) € B, x B,} is precompact set in E. Let 0 < ¢ <b
and 0 < e < ¢ then for (z,y) € B, x B, we have

(Ne(x(t),y0)() = {Ti()zo + f5 " Ti(t = s)a(s)ds + Y Ta(t — te) Ii(w(ty))}

= Ti(e){T(t—¢) :L’o—i-f “Ty( t—e—s)vkl(s)ds
+ 30 Tilt = e+ ) I(a(t)}

0<trp<t

Since T'(¢) is compact then the set

He(t) = {(Ne(2(t),y(t)) : (z,y) € By x By}
= Ti(e{Ti(t —¢) xo—f—fo Ti(t — e — s)vi(s)ds

+ ) Tt — e+ t)T(a(ty)),

0<trp<t

(a:,y) - Bq X Bq, V1 € SF’:B’y7 Ik(x(tk)) - Ik(l’(tk))},

is precompact in E. Moreover for every (hy(t), he(t)) € Ni(z(t),y(t)) x Ne(z(t),y(t))
such that

hi(t) = Ti(t)zo+ fg Ti(t — s)vi(s)ds + Z Ti(t — tg)Zi(x(tr)) }

0<tip<t
and
he(t) = Ti(t :1:0+f “Ti(t — s)vi(s)ds + Z Ty (t — t) T (2 (t)),
0<tp<t
we have

) =] < M [ popuids

which tends to 0 as € — 0. Therefore, there are precompact sets arbitrarily closed to
the set H(t). Then H(t) is precompact in E. It is clear that H(0) = {uo} is precompact
in X. Hence for each t € [0,b] the set H(t) is precompact in E.

By the Arzela-Ascoli theorem, we conclude that N;: PC x PC — P, (PC) are
completely continuous operators.

Step 2. N has a closed graph.
Let (Zn,Yn) = (2,9), by € N(2pn,yn) and h, := (hL, h2) — h := (hy, hy). We shall

n’''n

prove that h, € N(z,y). Now h,, € N(x,,y,) means there exist v, € Sp, 4 y,,1 = 1,2
and T (x(ty)) € Tn(zn(tr), Zp, (yn(te)) € Tn(yn(tr)), k=1,...,m, such that

h;<t>:T1(t)xo+/tT<t—s) No)ds+ Y Ti(t — t) T (xa(th)), t € J,

0<tr<t
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and

R2(t) = Ta(t)yo + /t Ty(t — s)v2(s)ds + Z To(t — ti) Ty (yn(tr)), t € J.

0 0<tp<t

Writing Al and h2 in the form

and

Lo(v})(t), if t € [0, 4],

W), it e (t, 1),

hl(t) = (6.2.1)

Ly 1(vh)(t), ift € (tm1,tm],

Ti(t)zo + /t Ti(t — s)vl(s)ds, t € [0,t]

Tl(t—tl)[Lo(vi)(tl)+I?(Lo(vi)(t1))]+/t vn(8)ds, t € (ty, 2]

Low?)(t),  ifte0,t],

Li(vp)(t),  if t € (t1,to], (6.2.2)

L1 (02)(t), ift € (tm1,tm],

To(t)yo + /Ot Ty(t — s)vl(s)ds, t € [0,t]

To(t — t1)[Lo(v2) (t1) + 7 (Lo(v)(t1))] +/t va(s)ds, t € (ty,to]

t
+/ vy (8)ds, t € (tm_1,tm)].
tm—1
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Consider the linear continuous operator

Iy :LY[0,t],E) = C([0,4], E)

defined by
t
v—Ty(v)(t) = / Ti(t — s)v(s)ds, t € [0,t4],
0
and
Ty 2 L[tk tera), B) = Cul[te, teral, B)
defined by

t
v—= D (v)(t) = / Ti(t — s)v(s)ds, t € [tg,tgya], k=1,...,m
tg

where
Ci([tr, tesa], E) = {y € C((tg, tgsa], E) : y(t:), exists}

From Lemma 1.1.3, it follows that 'y o S P 18 closed graph, where
Splk ={v & LY([tp, trg1], E): v(t) € Fy(t,z(t),y(t)), ae. t€ [tp,tr]}, k=0,1,...,m.

Moreover, we have that

m

Lo(vp)(t) = Ti(t)xo I'v 0 550 2(6)y(0)
Ly(vp)(t) = To(t — t1)[Lo(vy,) (1) + I (Lo(vy)(01))] € T1oSptumam:
Lo(vp)(t) = Ty(t — t2)[ L1 (v,)(f2) + T3 (La(vp)(t2))] €  T1oSp2

n

Lin—1(0)(8) = Ty (t = tm—1) [ Lin—2(0p) (1) + L5, 1 (Lin—2(vg) (tn1))] - € T © Sppaoyce):

Then there exists vg € Spo , , such that

h1<t) = Tl(t)l’o -+ /t Tl(t — S)U()(S)ds, t e [O,tl]

Using the fact that Z; has a closed graph, then there exist [1(z) € Z;(z) and vy € Spa
such that

]’Ll(t) = Tl(t — t1>[L0<U0)(t1) + Il(LO(’U}@)(tl)) + / T(t — 5‘)’01(8)d87 te (tl,tg].

t1

We continuous this process, we get
hi(t) = Ti(t = ty1)[Lim—2(Vm—1)tm=-1) + Zin—1(Lim—2(Vm-1)(tm-1))]

+ /t T(t — s)vm(s)ds, t € (ty,b].
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Set
vo(t) t €[0,t]
U(t) _ ’Ul(t) t e (tl,tg]
Um(®)  tE (tm,b].
Hence

hl(t) = Tl(t)l’o + /OtU(S)dS + Z Tl(t - tk)]k(l’(tk)), teJ

O<tp<t

Similarly we can prove that there exist © € Sg, ., and I4(y) € Zi(z), k = 1,...,m
such that

hg(t) = Tg(t)y() + /Ot@(s)ds + Z Tg(t - tk)jk<y(tk)), teJ

Then we have (x,y, h) € Graph(N).

Step 7. A priori bounds on solutions.

Let (z,y) € PC x PC be such that (z,y) € N(x,y). Then there exist (vi,vs) €
SFl,x,y X SFQ,x,y and Ik(x(tk)) S [k’(x(tk )7Ik(y(tk’)) € I ( ( ))7 k = 17"'7ma such
that

z(t) = Ti(t)xo + /Ot Ti(t — s)vi(s)ds + Z Ti(t — tg)Zi(x(ty)), t € J
and
y(t) = Ta(t)yo —1—/0 To(t — s)ve(s)ds + Z To(t — tp)Ti(y(ty)), t € J.

e For t € [0,t], we have

t
Elz(t)] < M|x0|+M/ lv1(s)|ds.
0

Hence

o0 < Mool +1 [ pi(pin(es)] + b s
and

WO < Mol + M [ pasales)] + (o)
Therefore

()] + ly()] < M!Io|+M|yo|+/0p(8)¢(!x(8)|+|y(8)l)d8



where
Yo = M(|zo| + |yol), p(t) = pi(t) + pa(t), t € [0,14].

By Lemma 6.2.1, we have

t1
lz()| + |y(t)] < vyt (/ p(s)ds) := Ky, for each t € [0, 4],
0

where s g
U
Uy(z) = —.
no U(u)
Consequently
ol < Ko and [yl < Ko.

e For t € (ty,ts], we have

()] < Ml\fl(x(tl))!\P+M/t [01(s)[ds.

Hence

(O] < M)+ [ pi(9)n(ote)] + (o)
and

(O] < M + M | pa(s)a(oto)] + (o))
Therefore

O+ O] < 2t [ 0]+ o) s
where

M = M(61(Ko) + ¢1(Ko)), p(t) = pi(t) +pa(t), t € [t ta].
By Lemma 6.2.1, we have

to
lz(®)| + ly(t)] < vt </ p(s)ds) := K, for each t € [ty, 5],
t1

where

Uy (z) = Z%.

This implies that
2]l < Ky and [lyllee < K.
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e We continuous this process, we get

b
lz(t)] + [y(t)] < W ! (/ p(s)ds) = K, for each t € [t,,, ],
tm

where B
du _

U(2) = Wa Y = M (¢ (Kp—1) + Gm(Km-1))-

Then
[2]|loo < K and [|ylloe < K.

This shows that
E={(z,y) € PCx PC: (x,y) € AN(z,y), A € (0,1)}

is bounded. As a consequence of Theorem 2.3.4 we deduce that N has a fixed point
(z,y) € PC x PC which is a solution to the problem (6.0.1)-(6.0.3). O

6.3 An example

In this section we present an example to illustrate the usefulness and applicability of
our results.

Example 6.3.1. Consider the following couple of partial differential inclusions with
impulsive effects

W(t€) € fmult, &)+ Ftult,&),v(t,€),, t>0, t#t, 0<E{<m,
V() € pput,€) +Gtut,§),v(tE)), t=0, t#t, 0<E<T,
UJ(t;_?g) - ( k> ) - aku@k)é)ﬂ k= Lo ym,

U(tl—:ag) - (k7 )_@kv(tlz7§)a k=1, y Ty

u(t,0) = wu(t,m)=0,t>0,

v(t,0) = w(t,m)=0,t>0,

w©0,§) = wo(§), 0<E<T,

v(0,§) = w(§), 0<E<,

\

(6.3.1)
where a, > 0, and G, F : [0, 7] X R x R — Py oo (R) are multivalued maps.
Let

§) =w(t,§) teld §el0n],
(&) = aw(ty,, ) €€[0,m], k=1,---,m,
tu(t, €),v(t,€)), , &€[0,7],
= G(t,u(t,§),v(t,€)), , §€[0,7].
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uO(é-) = U(O, 5)7 UO(&) = U(O7£) ) 5 S [07 W]a
Take K = H = L*([0,7]). We define the operator A by Au = u”, with domain
D(A) ={ueH, v, v €H and u(0)=u(r)=0}.

Then, it s well known that

E et (z,en)en, 2z €H,

and A is the infinitesimal genemtor of an analytic semigroup {S(t)}i>0 on H, which
15 given by

tu = Ze (u, en)en, u € H, and e,(u) = (2/7)?sin(nu),n = 1,2,---, is

the orthogonal set of eigenvectors of A. The analytic semigroup {S(t)}is0, t € J, is
compact, and there exists a constant M > 1 such that ||S(t)]|*> < M.
Assume now that

(i) There exist some positive number dy,dy, k € {1,---,m} such that
()] < diy [ T(E)] < di
for any € € R.
(ii) The functions F,G : [0, T|xH — Pepeo(H) defined by Fi(t,u)(.) = F(t,u(.)), Gi(t,u)(.) =

G(t,u(.)),u(.) = (z(.),y(.)) are u.s.c. and we impose suitable conditions on F' and
G to verify assumption (Gy) .

(iii) Assume that there exists an integrable function n : [0,T] — RT such that
[F(t, 2, 9)]* < ny(=l® +1y1*), Gtz y)l* < n®)v(=* +[yl*)

for any t € [0,T] and z,y € R, where ¥ : [0,00) — (0,00) is continuous,
nondecreasing and concave with

T = +00
1 Y(s) .
Thus, problem (6.3.1) can be written in the abstract form
( (1) € Ax(t) + F(t,z,y), teJ=[0,T)
y'(t) € Ay(t) + Gt,x,y), te J:=[0,T],
] () —a(te) = L(x(tn), k=1,....m; (63.2)
y(ty) —y(ty) = L(y(te)), k=1,...,m;
z(0) = xo,
\ y(O) = Yo.

Thanks to these assumptions, it is straightforward to check that (G;) — (Gs) hold
true and, then, assumptions in Theorem 6.2.1 are fulfilled, and we can conclude that
system (6.3.1) possesses a mild solution on [0, T7.



74



Conclusion and Perspective

Our main goal in this thesis is to present several results of existence and stability for
some classes of impulsive differential equations and inclusion in Banach space.

These result were obtained by using the krasnoselskii fixed point theorem.

we plan in the future the study of other classes, in particular, discrete differential
equations will be examined.
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