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Introduction

0.1 Yamabe invariant

0.1.1 Yamabe problem

Let (M,g) be a compact Riemannian manifold of dimension n > 3. The Yamabe
problem is the following : Does there exist a metric g, conformal to g, such that the
scalar curvature Sj of the metric g is constant?

In 1960, H. Yamabe formulated this problem and thought that he had solved
it. However, eight years later N.S. Trudinger pointed out a serious difficulty in
the Yamabe’s article. The problem is now completely solved, but it took many years
to find the appropriate approach. Nowadays the problem of finding a metric g with
constant scalar curvature in the conformal class [g] is known as the Yamabe problem.
The first step of the solution was given by N.S. Trudinger [42] who had understood the
gap of Yamabe’s proof when the scalar curvature S, > 0. In 1976, Aubin @ solved
the problem for any non locally conformally flat manifolds of dimension n > 6. The
problem was completely solved in 1984 by R. Schoen [39] where the proof is based
on the positive-mass theorem which had previously been proved by R. Schoen and
S.T. Yau [[40], [41]]. The reader can be refereed to [33], [6] or for more detail
on the subject. The method to solve the Yamabe problem was the following. Let
u € C®°(M),u > 0 be a smooth function and § = u¥~2g a conformal metric to g, the
real N = 2% is known as the critical Sobolev exponent. Then, we can check out that

n—2
the scalar curvature S, and Sy are related by the following equation (see [27)):

cnAgu + Syu = SglulN u,
where Ay = —divy(V,) is the Laplacian-Beltrami operator and ¢, = 4(:%21). Let
Ly =c,Ag+ Sy,

5



CONTENTS

this operator is called the Yamabe operator. Now, solving the Yamabe problem is
equivalent to finding a : v € C*(M) and u > 0 solution of

Lou = Colu|V 2, (0.1.1)

where C is a constant. In other words, we prescribe the scalar curvature (we put

Sz = Cp) and we look for the solution u that is to say we look for the metric g = u’¥ "?g.

In order to obtain solutions of this equation, Yamabe defined the quantity

M = inf Y
n(M, g) et (u),
where
[ uLgudo,
Y(u) =4
) (f“NdUg)%
M
with

/uLgudvg :/ cn|Vul® + Syudv,.

i M
The constant (M, g) is conformal invariant and it is known as the Yamabe invariant
while Y is the Yamabe functional. If we write Euler-Lagrange equation associated to
this functional, we will see that there is a bijection between critical points of Y and
solutions of equation . It follows that, if u is a positive smooth function such
that Y(u) = u(M,g), then u is a solution of and § = uN72 g is the desired
metric of constant scalar curvature Cy. The key point of the resolution of the Yamabe
problem is the following theorems, the first is due to Aubin @:

Theorem 0.1.1.

Let (M, g) be a compact Riemannian manifold of dimension n > 3 and S™ stands for
the standard unit n-sphere of R™™. If (M, g) < u(S"™), then there exists a positive
smooth function u such that :

Y(u) = p(M, g).

2
The constant u(S™) = n(n — 1wy is the Yamabe invariant of the sphere and w, stands
for the volume of this sphere.

The second theorem is due to Aubin ﬂEﬂ and Schoen [39|:

Theorem 0.1.2.

Let (M, g) be a compact Riemannian manifold of dimension n > 3. Then pu(M,g) <
w(S™). Moreover, we have equality in this inequality if and only if (M, g) is conformally
diffeomorphic to the sphere.

For conformally diffeomorphic see (|1.1.6] ).



0.1 Yamabe invariant

0.1.2 The second Yamabe invariant

Inspired by this approach, in their paper [If, B. Ammann and E. Humbert introduced
and studied an invariant that they called the second Yamabe invariant. It is well known
that the operator L, is elliptic, self-adjoint with respect to the inner product in L*(M)
and has a discrete spectrum :

Spec(Ly) = {A1(9), A2(9), -},
where the eigenvalues
Ai(g) < Xalg) < As(g) < ... < Ailg) = 400,
appear with their multiplicities. The variational characterization of A;(g) is given by

2 2
M) = g AwclVul+ Spudy,
weC= (M),u0 [y utdug

When the Yamabe invariant (M, g) > 0, the authors showed that (M, g) can be
given by : ,
H(M, g) = Inf M (g)Vol(M.g)*,

g€l

where
9] = {g =u""%g, ue C®(M) and u > 0}, (0.1.2)

is the conformal class of ¢ and
Vol(M,g) = / dvg = / u™dv,,
M M

denotes the Riemannian volume of M with respect to the metric g. The authors
enlarged the definition of (M, g) by putting :

Definition 0.1.1.
Let k € N*. Then, the k'™ Yamabe invariant is defined by:

1IN

g€l

where

[ en| Vol + Syvtdy,

Me(9) = inf sup ,
VG (H2(M)) yev\ {0} [ uN=-2v2du,
M

and the Grassmannian Gri(HZ(M)) is given in definition [1.2.2l With these notations,
w1 (M, g) = u(M,g) in the case pu(M,g) > 0. The authors were interested in studying

7
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the second Yamabe invariant po(M, g) for manifolds such that the Yamabe invariant
w(M,g) > 0, the most interesting case is when p(M,g) > 0. In particular, they
proved that us(M, g) cannot be attained by a conformal metric, but it is attained by
a generalized metric, in other words, there exists a metric § = v~ ~2g where u is no
longer necessarily positive and smooth, but v € L (M), u > 0, u # 0 and such that

:LLQ(Mu g) = )\2(§>VOZ(M7 g)ﬁ :
They obtained the following results:

Theorem 0.1.3.

Let (M, g) be a compact Riemannian manifold of dimension n > 3 whose Yamabe
invariant is non-negative. Then, us(M,g) is attained by a generalized metric in the
following cases:

o (M, g) >0 and (M, g) < [pa (M, g)% + (ua(S"))%]7.

o 11(M,g) =0 and pz(M, g) < pa (S").

Theorem 0.1.4.

The assumptions of Theorem are satisfied in the following cases:
e 11 (M,g) > 0,(M,g) is not locally conformally flat and n > 11.

e 11(M,g)=0,(M,g) is not locally conformally flat and n > 9.

For comformally flat, the reader is referred to [I.1.3

Theorem 0.1.5.

Let (M,g) be a compact Riemannian manifold of dimension n > 3. Assume that
wo(M, g) is attained by a generalized metric g = u™ ~2g. Then, there exists nodal (sign-
changing) solution w € C**(M) (o < N —2) of equation [0.1.1] such that |w| = u
where the space C**(M) is defined in[1.2.4

Note that in the case of u(M,g) < 0, the authors showed that u(M,g) = —oo.
However, Safaa El Sayed in her article [21] completed the results of B. Ammann and
E. Humbert [1] by studding how the sign of the second eigenvalue Ay(g) of the Yamabe
operator can be related to the existence of nodal solutions (sign-changing solution) of

the Yamabe equation ((0.1.1]).



0.2 Nodal solutions for a Paneitz-Branson type equation

0.2 Nodal solutions for a Paneitz-Branson type equa-
tion

0.2.1 Paneitz-Branson invariant, definitions and properties

In 1983, Paneitz discovered a conformally invariant fourth-order operator on 4-
dimensional Riemannian manifolds. In 1987, Branson extended the notion to
Riemannian manifolds of dimension n > 5. This operator has geometrical roots, it
is associated to the notion of the Q-curvature which can be seen as the analogue of
the scalar curvature for the conformal Laplacian in Yamabe problem. Let (M, g) be
a smooth compact Riemannian manifold of dimension n > 5, the Paneitz-Branson
operator P is given by:

Py = AZv — divg(A(V,0)*) + av, (0.2.1)

where A, = —div,(V,) is the Laplacian-Beltrami operator, A = a,S,g + b, Ric, a
smooth symmetric (2,0)-tensor on M, and Ric,, S, denote respectively the Ricci cur-
vature and the scalar curvature of g, the symbol # stands for the musical isomorphism
(index are raised with the metric) and A(V,v)# is the (1,0)-tensor whose coordinates
in local chart are

(A(V,0)*), = Ay ((V0)*) = Ayg™(V o),

with

_ . (n—2)>+4 4
Ai': nS ij bnR R n — ) bn:_ ’
37 09GOl = S T Y = 2) n—2
. _ n—4
and the function a = TQZ where,
1 n® —4n? 4 16n — 16 2
"=——A,S S — = | Ric,|*.
i T e -y e Y sl s L]

This operator is also conformally invariant. Indeed, let u € C*°(M),u > 0, we consider
the metric g = u'T g which is conformal to g and N = nQT" is the critical Sobolev

4
exponent. Then we have

4 n _ ,,N-1pn
Vo e CH (M), Pl(up)=u""P;(p). (0.2.2)
In particular, taking ¢ = 1, one gets the equation:

4
Pru =2 QuruN (0.2.3)

g 2
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The Paneitz-Branson operator can be seen as an extension of the conformal Laplacian
and ()7 is the Q-curvature which has the same role like the scalar curvature S, in the
Yamabe problem. Now, if the metric is Einstein (see , the geometric Paneitz-
Branson operator is reduced to:

Pl = AZv+ 0, SAgv + 3,550, (0.2.4)
where ) A ( Hn? - 4)
n° —2n — n—4)(n* —
n = 5 _ 7 4\ d n —
“ 2n(n — 1) and  § 16n(n — 1)?

Furthermore, the scalar curvature Sy is constant in this case. With a standard abuse
of notation, we have

/’UP;udvg = /uP;‘Udvg = /(AguAgU + A((Vu)*, (V,0)#) + auv)dv,, (0.2.5)
M M M

for all u,v € HZ(M) where H2(M) is the standard Sobolev space, which is the com-
pleted space C*°(M) with respect to the norm :

Joll = ([ (180 + (9,0 + %)y ). (0.26)
M

The fourth-order operator P is elliptic and also self-adjoint with respect to the inner
product in L*(M) and has a discrete spectrum, Spec(P;') = {A1(g), A2(g), ...} where
the eigenvalues A\(g) < Aa(g) < A3(9).... < Ak(g) appear with their multiplicities. In
particular, by referring to [1], in the geometric case, one sees that for any generalized
metric § = u 2~ of a Riemannian metric ¢ where u € LY(M) and u > 0, the k'™

eigenvalue A\, (g) of the geometric Paneitz-Branson operator P is characterized by

J vPvd,
M

Me(9) = inf sup (0.2.7)

VeGr(H2(M)) vev\joy | uN202du,’
M

where k € N* and Gry(H3(M)) is given above. In [9], by analogy of the Yamabe
invariant, M. Benalili and H. Boughazi defined the standard Paneitz-Branson pu(M, g)
by:

f’uP;'Udvg
M,g)= inf X 0.2.8
8 ) vGH%(M)(fUNdvg)% ( )
v#£0 M

10



0.2 Nodal solutions for a Paneitz-Branson type equation

and the Paneitz-Branson invariant of high order u(M, g) by:

Sl

ne(M,g) = inf A (g)[Vol(M,g)]*. (0.2.9)

gelg

where k € N*, Vol(M,g) = [ dvg = [u"dv, denotes the Riemannian volume of M
M M
with respect to the metric g and the set

lg)={g=u"= g, ue C®M) and u >0}, (0.2.10)

is the conformal class of the metric g and A,(g) are given by (0.2.7). The constants
w(M,g) and pp(M,g) are conformal invariants (see [1]).

0.2.2 Motivation

In 2010, the authors in [9] studied p(M, g), p11(M, g) and po(M, g) in the case S, > 0.
In particular, they proved the following theorem:

Theorem 0.2.1 @

Let (M, g) be a smooth compact Einstein manifold of dimension n > 5. Assume that
the scalar curvature Sy, > 0 and n > 12. Then ps(M,g) > 0 and is attained by a
generalized metric, in other words there exist u € LY (M) and w € H3(M) such that

Prw = pp(M, g)u"*w  and /uNzwzdvg =1

M

In particular, w is nodal solution and u = |w|.

As we have mentioned before, in 2012 Safaa El Sayed in studied the Yamabe equa-
tion when the Yamabe invariant (M, g) < 0. More precisely, let (M, g) be a smooth
compact manifold of dimension n > 3, the author was concerned by the following equa-
tion

Lyv = e|v|N 2, (0.2.11)

where L, is the Yamabe operator and ¢ € {—1,0,1} and N = %”2 is the critical

n

Sobolev exponent of the embedding HZ(M) C L(M). In particular, in Theorem m,
if the second eigenvalue of the Yamabe operator \y(g) < 0, the author proved that the

11
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equation (2.2.1)) has a nodal solution in the case e = —1.

Theorem 0.2.2.

Let (M, g) be a compact Riemannian manifold of dimension n > 3 whose Yamabe
invariant (M, g) is strictly negative, we denote by A2(g) the second eigenvalue of L.
Then, if Ma(g) < 0 or if Ao(g) > 0, (M, g) not locally conformally flat and n > 6:
There exists a function v sign-changing solution to the equation

Lyv = elv]N %

9

where € = +1 if Aa(g) > 0, € = —1 if Aa(g) < 0 and € = 0 if X\a(g) = 0. Moreover,
v e C*(M), for alla < N — 2.

Inspired by the previous results, M. Benalili and H. Boughazi in enlightened the

role of Sy in the existence of nodal solutions and assumed that S, is not necessarily

positive. It should also be noted that when the scalar curvature S; < 0, this implies

that [ vPJvdv, can be negative or positive and therefore the eigenvalues follow the
M

same thing contrary to the case S; > 0 which implies only the positivity of those
eigenvalues. The authors obtained the following result:

Theorem 0.2.3. [1]]

Let (M, g) be a smooth compact Einstein manifold of dimension n > 5. Assume that
the scalar curvature Sy < 0 and (M, g) < 0.

e If Aa(g) > 0 and M\(g) < 0, then ux(M,g) > 0 and is attained by a generalized
metric, in other words there exist u € LY (M) and w € H3(M) such that

Plw = (M, ¥ 2w and /uN_2w2dvg = 1.

M
o If ua(M,g) <0 and is attained, then w is a nodal solution and u = |w|.

Here (M, g) is given by formula (2.1.10) and it is always attained by positive C+# (M)
function when it is negative and 0 < 3 < 1.

Now in this work, we are interested by studying the sign of the latter solution w, then
we have noted two problems in the latter theorem.

The first problem:
If we assume that A\y(g) > 0, then ps(M, g) > 0 and is attained by a generalized metric

12



0.2 Nodal solutions for a Paneitz-Branson type equation

but there is no information about the sign of w in this case. In fact, to prove that
w changes the sign, we are going to use some ideas in [ﬂgﬂ,] in particular Theorem
(4), but it does not work. Indeed, without loss of generality, we can assume that
w2(M, g) = A2(g) and we know from || that for any generalized metric § = u'z g,
there exist two functions v,w € H3(M) satisfying

Plv =\ (g)u™ v, (0.2.12)

and
Plw = Xp(g)u™ *w. (0.2.13)

However, the sign of the solution w depends on the positivity of the solution v and it
is well known that the equation (0.2.12) has a positive solution if and only if S; > 0,
then it follows that it is impossible to find the sign of the solution w with this method.

The second problem:

If we assume that the second eigenvalue \y(g) < 0, which is the only the situation where
we can get (M, g) < 0. Unfortunately in this case, the second Paneitz-Branson in-
variant ps(M, g) is not well defined as shown below in the Proposition and this
situation is completely different to that made in [11], it seems that the second point in
Theorem [0.2.3] is never realized and therefore we cannot talk about such solution.

To solve these problems, we will study a more general case, we will show a new result.
The following theorem is our main result in this work :

Theorem 0.2.4.
Let (M, g) be a compact Riemannian manifold of dimension n > 5. Assume that
A1(g) < 0. Then, the equation

AZv — divg(A(V,0)*) + av = e[o|" v, (0.2.14)

has at least a nontrivial solution v € C*#(M) where A a smooth (2,0)-tensor on M,
the function a is smooth, ¢ < 0 and 0 < B < 1. In addition if the function a > 0, the
solution v is nodal (sign-changing).

In fact, we will show that the method used in can be extended to a more general
setting such as fourth-order elliptic equations with more general coefficients and non
Einstein manifolds and finally even on Einstein manifold whether A\2(g) > 0 or not,
in both cases the geometric equation Pllv = e|lv|Y~2v has at least one nodal solution
where € < 0.

Note that the method used in [21] is different from the one used in . More precisely,

13
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we are going to show on a compact Riemannian manifold of dimension n > 5, that the
first eigenvalue \;(g) is finite and achieved and in the case of A;(¢g) < 0, the equation
has at least nontrivial solution. In order to obtain solutions of , the
strategy we would like to apply is the following. For all v € C*°(M), we introduce the
following operator :

Lgv = Nlv — divg(A(Vg0)®) + av,

where A a smooth symmetric (2, 0)-tensor field and A(V,v)# is the (1,0)-tensor whose
coordinates in local chart are

(A(Vg0) )i = A (Vgu)?) = Aijg”* (Vg0)r,

and we define the quantity:
a = inf I, (u), (0.2.15)

where
n+4

(f |Lgu|"27f4dvg)T
M

1
| [ uLgudvy|
M

g(u) =

Here the infimum is taken over functions u in C*(M) such that [ uLgyudv, < 0 and the
M

constraint [ uedv, = 0 for all function ¢ € kerL,. We will show that the infimum «
M

is attained by a function u, and when we put v = \Lgu|n;+84Lgu, the function v will be
solution of Lyv = €|v|"Y v where € < 0, we also note that many works are devoted to
study this kind of equations which are very important and knows as non-linear fourth
order elliptic equations with critical Sobolev growth.

0.2.3 Results

In this work, our results are like that :
1) On Einstein manifolds (M, g) is not well defined :

Proposition 0.2.1.

Let (M, g) be a compact Einstein manifold of dimension n > 5, assume that the scalar
curvature S, is negative. Suppose that the second eigenvalue \y(g) of P} is negative,
then ps(M, g) = —o0.

2) We establish some results concerning the eigenvalues :

14



0.2 Nodal solutions for a Paneitz-Branson type equation

Proposition 0.2.2.

Let (M, g) be a compact Riemannian manifold of dimension n > 5. Then, the first
eigenvalue A\i(g) and the second eigenvalue Ao(g) of Ly are finite and achieved. In
other words, there exist nontrivial functions v,w € H2(M) solution of

Lyv=X(g)v and Lyw= \(9)w, (0.2.16)
and such that
/Udeg = /devg =1and /wvdvg = 0.
M M M

Moreover v,w € CH¥(M) with 0 < 8 < 1. In particular, if a > 0 and M\ (g) < 0, or if
a <0 and A\ (g) > 0, v is nodal solution, the same thing goes with w.

3) The infimum o = inf [,(u) is attained :

Theorem 0.2.5.
Assume that M\i(g) < 0. Then there exists a function u € H2(M) which is not iden-
tically null and such that the infimum of the functional 1, is attained by w. In other
words, we get

I,(u) = a.

The functional 1, is given by formula .

4) Our main equation has at least a nontrivial solution:

Theorem 0.2.6.
Let (M,g) be a compact Riemannian manifold of dimension n > 5. Assume that
A(g) <0, then the following equation :

Af]v — divg(A(V0)*) + av = e|v|V 20, (0.2.17)

has at least a nontrivial weak solution v € HZ(M) with € < 0.

5) Regularity and sign of the solution

Theorem 0.2.7.
The solution v of the equation is in C*P(M) and if we assume that the function
a > 0, then v changes the sign.

6) In the geometrical case we have the following results:

15
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Proposition 0.2.3.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5. If L, is
the geometric Paneitz-Branson operator Pj, the infimum o of the functional I, is a
conformal invariant where o is given above.

Proposition 0.2.4.

Let (M,g) be a smooth compact Riemannian manifold of dimension n > 5 and Py
be the geometric Paneitz-Branson operator. Assume that Qp > 0. If M\i(g) < 0, the
geometric equation Piv = e|v|N"?v has a nontrivial nodal solution v € C*P(M) where
€ <0 and 0 < B < 1. In particular, on Einstein manifold we have always Qy > 0.

A more interesting situation on non Einstein manifold with the standard Paneitz-
Branson u(M, g) when it is negative.

Theorem 0.2.8.
Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5 and P be
the geometric Paneitz-Branson operator. Assume that the standard Paneitz-Branson

w(M,g) <0 and QF > 0 where u(M, g) is defined by formula . If M(g) <0,
then (M, g) is attained by the generalized metric g = u¥g.

0.3 The first GJMS invariant

0.3.1 Definitions and some properties of the GJMS operator

Let (M,g) be a compact Riemannian manifold of dimension n > 3, and let k& be an
integer such that £ > 1 and 2k < n. In 1992, in Graham-Jenne-Mason-Sparling
have defined a family of conformally invariant differential operators defined for any
Riemannian metric, they are called GJMS operators for short. More precisely, for
any Riemannian metric g on M, there exists a local, formally self-adjoint, conformally
covariant operator
P,: C*(M) — C™(M),

such that for all u € C*(M), the GJMS operator P, is given by :

Pu = Alg“u + lot, (0.3.1)
where A, is the Laplace-Beltrami operator, and

lot = lower order (differential)terms.

More details about P, are found in the last chapter. This operator is conformally

invariant in the following sens : let ¢ € C°°(M) be a positive function and N = 22,

If n # 2k, then for any conformal metric § = goﬁg and for all w € C*°(M), we have :
Py(up) = ¢~ Py(u).
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0.3 The first GJMS invariant

By taking u = 1, we get
_n—2k

= —5 Q" (0.3.2)

Pyp

where
2

Qg = —5 15(1).
The scalar @), is called the @Q-curvature and is a Riemannian invariant associated to
this operator. The notion of the Q-curvature is due to Branson [14]. He also defined it
in the critical case n = 2k. Now when k = 1, P, is the conformal Laplacian operator
and @, is the scalar curvature S, (up to a constant). The problem of prescribing
a constant scalar curvature is the Yamabe problem, the classical reference for this
problem is the survey of Lee-Parker . When k = 2, P, is the Paneitz-Branson
operator introduced by Paneitz in [36] and the Q-curvature was introduced by Branson-
Drsted . Results for the prescription of the @)-curvature problem for the Paneitz
operator are in Djadli-Hebey-Ledoux , Robert , Esposito-Robert , Hang-
Yang , Gursky-Malchiodi and Benalili-Boughazi ﬂg] Moreover, concerning
fourth-order problems, there has been also an intensive literature on the question, we
refer the reader to ﬂgﬂ,,,. Solving the problem of prescribing Q-curvature
for the GJMS operator is very hard, we refer to Robert and Mazumdar for
some particular situations. The simple case of these problems is prescribing constant
(Q-curvature which is equivalent to finding a positive smooth solution u of the following
equation :

Pyu = ClulN 2y, (0.3.3)
where C' is a constant. In order to obtain solutions, we define the quantity
w= ueCool(I}\g),on(u)’ (0.3.4)
where
[ uPyudv,
I(u) = =

N <A£|u\Ndvg>%'

As in the first section, the constant p will be called the (standard) GJMS invariant
and in particular, if u € C*°(M), u > 0 and satisfy I(u) = pu, clearly u is solution of

(3.1.3) and g = uTE g is the desired metric of constant Q)-curvature.
It is also well known that the operator P, is elliptic, self-adjoint with respect to the
inner product in L?(M) and has discrete spectrum with eigenvalues

A(g) < Aalg) < A3(9)-.. < Arlg) — +oo,

appear with their multiplicities. The variational characterization of the first eigenvalue
A1(g) of P, is given by:

P,ud
M(g) = inf —fMU 99%%

0.3.5
veHZ(M)w20 [y, v2duy ( )

17



CONTENTS

where the space H7 (M) is the completion of C°°(M) for the norm

k 3
[l 2 = (/ Z|Vlu|2dvg> . (0.3.6)
M

Now as above, we introduce an invariant j; that we will call the first GJMS invariant
and we will define it by:

3\?

w1 = inf A (g)Vol(M, g) : (0.3.7)

g€lg]

where Vol(M,g) = [,, u"dv, denotes the Riemannian volume of M with respect to
the metric g and [g] is the conformal class.
Along the same lines, we enlarge the conformal class [g] to what we call the class of

generalized metrics conformal to g. We say that g = = g is a generalized metric of
the Riemannian metric ¢ if u € L™ (M),u > 0 and u is not identically null. By the
standard min-max method, one sees that for any generalized metric § = = g, the
first eigenvalue A\;(g) of the GJMS opreator P, is characterized by:

Pud
M(7) = inf sup fM bl A’

- - 0.3.8
VEGr(H2(M))  vev\{0} fM ulN=202du, ( )

where the Grassmannian Gri(HZ(M)) is given in the definition [1.2.2]

0.3.2 Motivation

Motivating by the same first part’s results, we want to study the first eigenvalue A\;(q)
for any generalized metric g and in particular we want to know when the first GJMS
invariant g, is attained by a generalized metric and what will be the relationship
between p; and the GJMS invariant p. To solve this problem, we will use the ideas

from | I ﬂgﬂ m . - More precisely, the method we would like to apply is
introduced in [[1], [9]].

Our main result in this part is the following generic theorem:

Theorem 0.3.1.

Let (M,g) be a compact Riemannian manifold of dimension n > 3. Assume that
M(g) > 0 and p < Ko~ where Ky is defined bellow. Then there exists a nontrivial
function v € C**(M) which satisfies Pyv = py|v|N"2v. In other words, p is attained
by the generalized metric g = |v|ﬁg and in particular, if Q, <0, v is a nodal (sign-
changing) solution. Moreover, if g is Einstein and S, > 0, the solution v > 0 and

18



0.3 The first GJMS invariant

v € C®°(M) and this implies that = py and means that g is a conformal metric.
Consequently, in the latter case py is attained by the desired metric g of constant Q-
curvature: Qz = —25-111.

Ky is the best constant in the Sobolev’s continuous embedding DE(R™) C LY (R").

1 .| AZu2d
—_— = }(071 == 1nf fR ’ ZUI| /Ug ) (039)
Ky ueDZR™) {0} ( [o, [ulNduvg) ™

where Di(R") be the space defined as the completion of C°(R™) for the norm |AZulfs.
Ky is also noted by Ko(n, k).

This theorem is a consequence of several results. Firstly, we establish some results
concerning the eigenvalues, in particular, if A\;(g) > 0, the first eigenvalue \;(g) is
achieved for all generalized metric § = uT g and the corresponding linear equa-
tion P,u = A\(g)u’ %0 has nodal (sign-changing) solution when @, < 0, however if
A1(g) < 0, we show that there exists a generalized metric § such that A\;(g) = —oo
which implies that iy = —oo. Secondly, we study our first GJMS invariant p; in case
A1(g) > 0, we will prove that u, is attained by a generalized metric if 1 — uKy > 0 and
the corresponding equation P,v = py|v|¥~?v has a nodal solution if Q, < 0, we note
that here this equation is nonlinear with critical growth. Finally, when the manifold is
Einstein with positive scalar curvature, we will prove that the solution v of the latter
equation is positive smooth, this implies the desired equality : puy = p and therefore it
is attained by a conformal metric g which is of constant Q)-curvature. The case S; < 0
implies that the solution v is nodal.

0.3.3 Results

Our main results are:
1) Any minimizing sequence of \(g) is bounded :

Theorem 0.3.2. \
For any generalized metric ¢ = un-2kg, assume that u > 0. Then any normalized
minimizing sequence of M\ (q) is bounded in HE(M).

2) The case where A\ (g) can not be defined :

Proposition 0.3.1.
Assume that \i(g) < 0, then there exists uw € LY (M) such that \i(g) = —oo where
4

3) \(g) is attained by a generalized metric:
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Theorem 0.3.3.
Let g = un=2* g be any generalized metric to g such that u > 0. Assume that \;(g) > 0.
Then there exists a nontrivial function v in Hf (M) such that, in the weak sense, v
satisfy :
Py =M\(@)u" v and /uszzdvg =1 (0.3.10)
M

Moreover, if u € CP(M), then v € C*°(M) and if (M, g) is Einstein and Sy > 0, the
solution v > 0.

4) Sign of the solution v

Proposition 0.3.2.
Assume that g is a conformal metric that is to say u € C(M). If Q4 < 0, then the
latter solution v is nodal (sign-changing).

5) The first relationship between p; and p
Lemma 0.3.1.
We have:

p1 <
where p is the GJMS invariant, see .

6) u1(M,g) is attained by a generalized metric :

Theorem 0.3.4.

Assume that M\i(g) > 0 and 1 — pKy > 0 where p is the standard GJMS invariant.
Then there exist two nontrivial functions uw € LY (M) and v € HZ(M) such that in the
weak sense, we have

Py = mu 20 and / uN’QUdeg =1
M

In other words, p, is attained by a generalized metric.

7) Regularity and nodal solution :

Theorem 0.3.5. \
Assume that py is attained by the generalized metric § = un—=2k g where uw € LY (M).
Then uw = |v| where u, v are as above and this means that v is a weak solution of the

following non-linear equation with critical Sobolev growth:
Py = iy |v|N 0.

Moreover, the function v € C*(M) and if Q, < 0, then v changes the sign.
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8) Einstein manifold and the second relationship between p; and u:

Theorem 0.3.6. Assume that S, > 0 and 1—pKy > 0 where 1 is the GJMS invariant.

Then py is attained by the conformal metric uﬁg. In other words,
there ezists u € C®(M),u > 0 solution to the following equation

Pyu = uu™' such that / uNdv, = 1.
M

In this case we get that :
Hi = M.

Therefore, the infimum p; is achieved by the conformal metric g = uﬁg and this
means that metric g is such that the Q-curvature

2

Qy = o — %Ml-

Corollary 0.3.1.
Assume that Sy < 0, A\i(g) >0 and 1 — uKy > 0. If k is odd, the following equation

Y

Pyv = o]V v

has a nodal solution v € C**(M).
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Chapter 1

Preliminaries and some definitions

In this chapter, we introduce all the definitions and theorems that are used in this
thesis.

1.1 Curvatures on a Riemannian manifold

Definition 1.1.1. [27]

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1. There
exrists a unique torsion-free connection on M having the property that Vg = 0. This
connection is called the Levi-Civita connection of g. Moreover, let i, j,k,l,a and 5 are
integers then in local coordinates one has :

e The Christoffel symbols are given by the relations

ko lgmk(agmj 4 OGmi _ agij))

o 2 8@ an (9acm

where g;; are the components of the metric g and g™ satisfies gimg™ = 5f
e The curvature tensor R can be seen as the smooth (3,1)-tensor field on M, whose
coordinates are given by the relation

CLE afj 8$k

+ T I = T TS
Definition 1.1.2. [27]
Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1, and R be
the curvature of the Levi-Civita connection. In local coordinates, one has :
e The Riemann curvature Rmg, of g is the smooth (4,0)-tensor field on M whose
components are
Rijk = gia RS-
e The Ricci curvature Ricy of g is the smooth (2,0)-tensor field on M whose components

are
R;; = Rai/)’jgaﬁ'
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1.2 Sobolev spaces

o The scalar curvature Scal, of g is the smooth real-valued function on M whose
ETPTession 18
Scalg = Sg = legl]

Definition 1.1.3. [27]

A Riemannian manifold (M, g) is said to be conformally flat if for all x in M, there
exists an open neighborhood ) of x, and there exists a metric g € [g] such as Rmg =0
on Q, then it follows that (M, g) is not locally conformally flat if there is a point x € M
such that Rmg # 0 for all metric in [g] and for all Q containing this point.

Definition 1.1.4. [27]

A Riemannian manifold (M, g) is Einstein if and only if there exists a real number
A such that the Ricci tensor writes Ricg, = Ag. Here N = % where S, is the scalar
curvature and is constant in this case.

Definition 1.1.5. [27]

Let (M, g) be a smooth compact Riemannian manifold of dimensionn > 1. The confor-
mal class of g denoted by [g] is the set of Riemannian metrics on M which are written
in the form g = fg, where f € C*(M) and f > 0. We can write that

l9] = {e"g,u € CM)}.

Definition 1.1.6.

We say that (M, g1) and (Ms, go) are conformally diffeomorphic, if there exists a con-
formal diffeomorphism f : (My,g1) —> (Ma, go) such that f*gs € [g1] where f*gs is the
pullback of g2 and [g1] is the conformal class of g;.

1.2 Sobolev spaces

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1.

Definition 1.2.1. [27]
Let p > 1 a real number and let

= ( [ upas,)’
M

The space LP(M) is the set of functions such that ||.|, < 400, where dv, is the Rie-
mannian measure on M. In local coordinates

dvg = +/|gldx = 1/ det(g;;)dx,

where dx 1s the Lebesque measure.
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Preliminaries and some definitions

Definition 1.2.2.

Set LY(M) = {u € LN(M),u > 0 and u # 0} and C*(M) = {u € C*(M),u > 0}
where N = nz’;k, n # 2k and k > 1. For alluw € LY (M), we define the Grassmannian
Gri(HZ(M)) as the set of all p-dimensional subspaces (p > 1) of Hi(M) such that
the subspace V. = span(vy, ..., vp) € Gri(HZ(M)) if and only if vy, ...,v, are linearly
independent on M \_u~'(0). Sometimes it will be convenient to use the equivalent

. N-—-2 N-—-2 N-—2 . .
statement that the functions u 2z vi,u 2 vy, ...,u 2z v, are linearly independent.

Definition 1.2.3. [27]
Let k be an integer and p > 1 a real number. Then, we defined the space of smooth
functions

CP(M) = {u € C°(M) such that / IV ulPdvy < 400, Vm = 0,1, k},
M

where Vi'u is the m covariant derivative of u.
The Sobolev space Hy (M) is the completion of Cy.(M) with respect to the norm

k 1
lully = (Z / |V$u|?dvg) -
m=0 M

Remarks 1.2.1. [26]

e Noting that a Cauchy sequence in Cy (M) is also a Cauchy sequence LP(M), and that
a Cauchy sequence in C} (M) which converges to 0 in LP(M) converges to 0 in C} (M),
the Sobolev spaces H; (M) can be seen as a subspace of LP(M).

e [f M is compact, one has that C} (M) = C>*(M).

Proposition 1.2.1. [26]
If p=2, H}(M) is an Hilbert space equipped with the norm

1

k 2

Jull = <§j / |v;”u\2dvg> .
m=0"M

The scalar product (.,.) associated is defined by

k
(u,v):/Muvdvg—l—Z/M (giljl...gi”‘jm(V;”u)ilmim(V;”v)jl__jm)dvg,
m=1

where i1, ..,%m, 11, .., Jm are integers and (Vg V). jm 1S the component of the m™ co-
variant derivative V’;‘U.

Theorem 1.2.1. [§
Let E be a Banach space. Then E is reflexive if and only if the ball

By ={r c E, || <1},

18 compact in the weak topology.
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1.3 Sobolev embeddings

Theorem 1.2.2.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1, k € N and
p > 1. Then the unit ball of H (M) is weakly compact. In other words, for any bounded
sequence (u;)ien € Hy (M), there exist a subsequence still labeled (u;)ien € HL (M) and
w € HY (M) such that u; converges weakly to w in H, (M) and

Jull gp < liminf ||u;|| g

Properties 1.2.1. [26]
e When M is compact, Hy(M) does not depend on the Riemannian metric.
e Forallp > 1, HY(M) is reflexive.

Theorem 1.2.3. [27]

Let E be a Banach space and let p €]1,+00] et (u;)ien be a bounded sequence in LP(E)
which converge almost everywhere to u. Then u € LP(E) et (u;) converges weakly to u
in LP(E).

Definition 1.2.4. [27]
Let m a positive integer and o € (0,1).
o The Holder space C%“(M) is the space of continuous functions with respect to the

norm | ( ) ( )’
u\r) —uly

U|| 0, = ||U||co + sup —————~——
|| || (M) || || wrtye lg( ’y)a

9

where dy(.,.) is the geodesic distance.
e The Holder space C™*(M) is the space of class C™ functions with |V ule C**(M)
and respect to the norm

Vyu(a) = Vyu)|

||U||Cm7a M) = ||U||cm M)+ sup g
(M) (M) tyert dg(x,y)a

1.3 Sobolev embeddings

Theorem 1.3.1.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1.
q > 1 real and m < k two integers such that 1/q > (k —m)/n.
Then the embedding H(M) C HP (M) is continuous for all p > 1 such that 1/p >

1/q — (k—m)/n.

Theorem 1.3.2.
Let (M, g) be a smooth compact Riemannian manifold of dimensionn > 1, ¢ > 1 real,
and m < k two integers. If 1/q < (k —m)/n, then H} (M) C C™(M).

Theorem 1.3.3. (The Rellich-Kondrakov theorem)
Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1, ¢ > 1 real
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and m < k two integers.

o If1/q>(k—m)/n :

Then the embedding H(M) C HF (M) is compact when 1 > 1/p > 1/q — (k —m)/n.
e If1/q < (k—m)/n, then the embedding H}(M) C C™(M) is compact.

e For q > n, the embedding of HY (M) C C*(M) is compact for any X € (0,1) such
that (1 — X)q > n. In particular, the embedding H{ (M) C C°(M) is compact.

1.4 The best constant and Sobolev inequality

Definition 1.4.1. [20]
Let A, be the Laplace-Beltram operator associated to g acting on functions. In local
coordinates,

Agu = —divg(Vgu)
= —gij(Vf]u)ij
= —gij(&ju — Ff]aku)

— _; e g™k u
— M)&n(\/d t(9i;)g™" Okur),

where i, j are integers, the Ffj are the Christoffel symbols of the Levi-Civita connection.
The second covariant derivative :

Vﬁu = (Vgu)ijdxi ® dr! = (Ou — Ffj@ku)dasi ® da’.
The first covariant deriwvative which is only the differential:
du = (yu)dz’ = Vu = (Vyu);dz’,
det(gij) stands for the determinant of the matriz (g;;) and & is the tonsorial product.

Theorem 1.4.1. [37]
Let (M, g) be a smooth compact Riemannian manifold of dimensionn > 1 (it is obvious
that M is without boundary). Let n be a smooth (1,0)-tensor. Then we have that

/ divg(n)dv, = 0.
M

In particular, given u, v € C*°(M), we have that

/ uAgvdvg:/ (Vu, Vv)gdvg:/vAgudvg.
M M

M
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1.5 Lagrange multipliers theorem and regularity

Definition 1.4.2.
Let Ko(n, k) such that

k
fRn |AZ uldv,

in = (1.4.1)
ueDYR) {0} ( fo. [u[Ndvy) ¥

Ky't'(n, k) =

Ko(n, k) is the best constant in the Sobolev’s continuous embedding D (R™) C LN (R").
Where Ko(n, k) is the same constant introduced in and D?(R™) be the space defined
k

as the completion of C°(R™) for the norm ||Agulls, N = 22, n # 2k and k € N*.
Here, we have adopted the following convention :

A

Q ol

_ ) AJu if k=2m s even
YT VAT if k=2m+1 s odd,

ook
and, when k = 2m + 1 is odd, Ajuljv = (VATu, VATv),.
Remarks 1.4.1. ,

o Ky(n,1) = —2 (n > 3).

2
n(n—2)ws

o Kon,2)= — 1 (n>5),

n(n—4)(n2—4)wp

where w, denote the volume of the standard unit sphere S™ of R+,

Theorem 1.4.2.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 1 and let k
be a positive integer such that n > 2k. Then for any € > 0, there exists a real B > 0
such that for all w € HE(M), one has

2
N k
(/ |u|Ndvg) < (Ko(n, k) + 6)/ (Agu)?dv, + BE||u||12LI§_1.
M M

1.5 Lagrange multipliers theorem and regularity

Theorem 1.5.1. [27]

Let (E,|.||) be a Banach space, Q be an open subset of E, f : 0 — R be a differentiable
function, and ® : Q — R"™ be of class C* where the ®; for i = 1,...,n are the
components of ®. Let also a € R" be such that H = ®~1(a) is not empty. If xo € H is
such that

f(ao) = minf(z),
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and D®(x) is surjective, then there exist \; € R, such that

1=0

The latter equation is called the Fuler-Lagrange equation of the minimization problem
f(zo) = mllglf(x) The X\; are called the Lagrange multipliers of the equation.
Te

Theorem 1.5.2.
Let €2 be an open set of R™ and

L(u) = Zaw Dwu—l—Zb )Diu + c(x)u,

2,7=1

a linear elliptic operator of the second order with C*°(Q) coefficients. Let f € L, .(Q)
and u € H{,,,(Q) is a weak solution of the equation L(u) = f. Then one have,

o If f € C’W(Q), then u € C*2%(Q) (with k € N, 0 < a < 1). In particular, if
[ €C™(Q), then u € C(Q).

o If f € HE,, (), then u € HY 5,,.(2), where k €N, p > 1.
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Chapter 2

Nodal solutions for a
Paneitz-Branson type equation

2.1 Introduction and preliminaries

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5. Given A a
smooth symmetric (2, 0)-tensor field and a € C*(M), we let the fourth-order operator
L, as follows:

Ly = Aiv — divy(A(V y0)*) + av, (2.1.1)

for all v € C*(M,) where A, = —div,(V,) is the Laplacian-Beltrami operator, the
symbol # stands for the musical isomorphism (index are raised with metric) and
A(V,v)# is the (1,0)-tensor whose coordinates in local chart are

(A(V)™)i = Ay (V) ®) = Aijg™" (Vgu)i,

where A;; are the component of A, g” the component of g, (V,v); the component
of Vv and i, j, k integers.

This part is concerned with the existence of nodal solutions (sign-changing solutions)
to the nonlinear fourth-order elliptic equation

Lyv = €|V 2, (2.1.2)

where € < 0 and N = %. The number N is the critical Sobolev exponent, in fact
the Sobolev embedding theorem asserts that the Sobolev space Ha (M) is continuously
embedded in the space LI(M) for 1 < ¢ < N, with the property that this embedding
is compact when ¢ < N. The fourth-order operator L, is known as the Paneitz-
Branson type operator with general coefficients. In 1983, Paneitz discovered a
conformally invariant fourth-order operator on 4-dimensional Riemannian manifolds.
In 1987, Branson extended the notion to Riemannian manifolds of dimension n > 5.

This operator has geometrical roots, it is associated to the notion of the Q-curvature
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which can be seen as the analogue of the scalar curvature for the conformal Laplacian
in Yamabe problem. The Paneitz-Branson operator P} is given by:

Py = Ao — divg(A(V ,0)#) + av, (2.1.3)

where A = a,Syg + by Ric, a smooth (2,0)-tensor on M, such that Ric,, S, are re-

spectively the Ricci curvature and the scalar curvature of g, A;; = a,5,9i; + b, Ric;j,

—4
Qp = %, b, = —ﬁ and the function a = nTQg where
1 n3 —4n? + 16n — 16 2
Qg 2(77, o 2) ar~g + 8(n o 1)2(n _ 2)2 n (n _ 2)2| ZCg|

The Paneitz-branson operator is conformally invariant in the following sens : let u €

C*(M),u > 0, we consider the metric g = u¥g which is conformal to g and N = %.
Then we have
Vo e CH (M), Pp(up) =u""Pr(yp). (2.1.4)
In particular, taking ¢ = 1, one gets the equation
P = nT_ZLQZUN_l. (2.1.5)

The Paneitz-Branson operator can be seen as an extension of the conformal Laplacian
and @ is the Q-curvature. If the metric is Einstein, the geometric Paneitz-Branson
operator is reduced to:

Prlv = Al + a,, SgAgv + 3,520, (2.1.6)
where 2 9 4 Nin? 4
an:—n— n- and Bn:(n_ )" —4)
2n(n — 1) 16n(n — 1)?

Furthermore, the scalar curvature S, is constant. With a standard abuse of notation,
we have

/ULgudvg = /uLgvdvg = /(AguAgv + A((V,u)*, (V0)#) + auv)dv,, (2.1.7)
M M M

for all u,v € H3(M).
It is well known that the fourth-order operator L, is elliptic, self-adjoint with respect
to the inner product in L?(M) and has a discrete spectrum,

Spec(Ly) = {M(9), A2(9), ...},
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where the eigenvalues

A(g) < Xa(g) < As(g)-.. < Mel(g) <.

Appear with their multiplicities. In particular, by referring to [1], in the geometric case,
one sees that for any generalized metric g = ' g of a Riemannian metric g where
u € LN(M) and u > 0, the k' eigenvalue \,(g) of the geometric Paneitz-Branson
operator P is characterized by:

f ng”vdvg

Mo(g) = inf sup 2L 2.1.8
(9) VeGr(H3(M)) vev\ {0} [ uN=2v2du, ( )
M

where k € N* and H2(M) is the standard Sobolev space, which is the completed space
C>*(M) with respect to the equivalent norm:

ol = [ Q0P + 9,0 + 020, ) (219

M

and the Grassmannian Gr¥(H3(M)) is given in (1.2.2)).
In ﬂgﬂ, by analogy with the Yamabe invariant, the authors defined the standard Paneitz-
Branson pu(M, g) by:

fng”vdvg
M,g)= inf 2 2.1.10
WML 9)= 0 ([ ooy B (2.1.10)
v#0 M

and the Paneitz-Branson invariant of high order ux(M, g) by:

3k

(M, g) = inf] Me(9)[Vol(M, g)], (2.1.11)

g€lg

where k € N*, Vol(M, g) denotes the Riemannian volume of M with respect to the
metric g and the set

g ={g=u"7 g, ue CX(M)}, (2.1.12)

is the conformal class of the metric g and A\z(g) are given by (2.1.8)).
The constants p(M, g) and pg(M, g) are conformal invariant by definition.
For clarity purposes, we state here our main result:
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Theorem 2.1.1.
Let (M, g) be a compact Riemannian manifold of dimension n > 5. Assume that
A1(g) < 0. Then, the equation

Agv — divg(A(V)#) + av = €|v|V 20,

has at least a nontrivial solution v € C*P(M) where ¢ < 0 and 0 < 8 < 1. In addition
if the function a > 0, the solution v is nodal.

Notice that this theorem is regarded as combined results between Theorem [2.4.],
and[2.6.1] This chapter is organized as follows. In section[2.2], we explain the motivation
and we show that on Einstein manifolds (M, g) is not well defined where uo(M, g)
is given by formula . In section , we establish some results concerning the
eigenvalues, in particular A\i(g), A2(g) are finite and achieved. In section [2.4] We show
that the infimum o = inf I,(u) is attained by a function u where I, is given by formula
- In section 2.5, we prove that the main equation L,v = e|v|N 2p has at least the

solution v = |Lgu| n+4L u. In section [2.6, we establish the regularity of v and we show
that v is a nodal solutlon and that the infimum « satisfy I,(v) = «a. In section
we deal with the geometric operator P, we show that the infimum « is a conformal
invariant and the geometric equation P”v = ¢|v|¥~2v has a nodal solution where ¢ < 0
and at the end, we show that the conformal invariant p(M, g) is attained by generalized
metric when it is negative.

2.2 Motivation

In [9] the authors studied (M, g), (M, g) and ps(M, g) in the case S, > 0. More
precisely, they proved the follwing theorem:

Theorem 2.2.1.

Let (M, g) be a smooth compact Einstein manifold of dimension n > 5. Assume that
the scalar curvature S, > 0 and n > 12. Then ps(M,g) > 0 and is attained by a
generalized metric, in other words there exist u € LY (M) and w € H3(M) such that

Plw = pp(M, g)u%w and /UN_szdvg =1.

M

In particular, w is nodal solution and u = |w|.

In S. El Sayed studied the Yamabe equation when the Yamabe invariant pu(M, g) <
0. More precisely, let (M, g) be a smooth compact manifold of dimension n > 3, the
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author was concerned by the following equation

CrA v+ Syv = elv|N 2, (2.2.1)

where C,, = 4%, e€{-1,0,1} and N = % is the critical Sobolev exponent of the
embedding Hf(M) C Ly(M). In particular, in Theorem [0.2.2] if the second eigenvalue
of the Yamabe operator \y(g) < 0, the author proved that the equation has a
nodal solution in the case e = —1. Inspired by the previous results, the authors in [11]
enlightened the role of S, in the existence of nodal solutions and assumed that S, is
not necessarily positive. It should also be noted that when the scalar curvature S, is
negative this implies that [ vPlvdu, can be negative or positive and consequently the

M
eigenvalues follow the same thing contrary to the case S, > 0 which implies only the
positivity of the eigenvalues. The authors obtained the following result:

Theorem 2.2.2.

Let (M, g) be a smooth compact Einstein manifold of dimension n > 5. Assume that the
scalar curvature Sy < 0 and p(M, g) < 0. If A2(g) > 0 and A\i(g) < 0, then po(M, g) >0
and is attained by a generalized metric, in other words there exist u € LY (M) and
w € HZ (M) such that

Prw = pp(M, g)u"*w  and /uNszdvg =1

M

Moreover, if us(M,g) < 0 and is attained, then w is a nodal solution and u =

\w|. (M, g) is given by formula (2.1.10)), it is always attained by positive C*#(M)
function when it is negative and 0 < 3 < 1.

The first problem:

if we assume that A2(g) > 0 in the latter theorem, then ps (M, g) > 0. Now to find nodal
solutions, we would use some ideas in [[9],[L0]] in particular Theorem (4), but it does
not work. Indeed, without loss of generality, we can assume that ps(M, g) = A2(g) and

we know from ]\ that for any generalized metric g = T g, there exist two functions
v,w € HI(M) satisfying

Plv= A (g)u 2, (2.2.2)

and
Plw = Xp(g)u™ *w. (2.2.3)

However, the sign of the solution w depend on the positivity of the solution v and it
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Nodal solutions for a Paneitz-Branson type equation

is well known that the equation (2.2.2)) has a positive solution if and only if S, > 0, it
follows that it is impossible to find the sign of the solution w with this method.

The second problem:

if we assume that A\2(g) < 0, unfortunately in this case, the second Paneitz-Branson
invariant ps (M, g) is not well defined as shown below in the Proposition and the
situation will be completely different to that made in |11], it seems that the second
point in Theorem [2.2.2] is never realized and therefore, there is no nodal solution.

The strategy

To solve these problems, we will study a more general case, we will show a new result
(Theorem [2.1.1). and we will prove that the method used in can be extended
to a more general setting such as fourth-order elliptic equations with more general
coefficients and non Einstein manifolds and in particular we obtain the desired result
to our problems on Einstein manifold, in other words : if Ay(g) > 0 or As(g) < O,
in both cases the geometric equation Pj'v = elv|N~2v has at least one nodal solution
where € < 0. Note that the method used in [21] is different from the one used in [11].
More precisely, we are going to show on a smooth compact Riemannian manifold of
dimension n > 5 that the first eigenvalue A(g) is finite and achieved and in the case
of A\1(g) < 0, the following equation

Ao — divg(A(V0)*) 4 av = e[v|¥ v, (2.2.4)

has at least a nontrivial solution v € C*#(M) where e < 0 and 0 < 3 < 1.
In order to obtain solutions of (2.2.4)), the strategy we would like to apply is the
following: we define the quantity

a = inf I, (u), (2.2.5)

where the functional

n+4

2n_ n+4
(]é ’Lgu’ e dvg) n

Iy(u) =

2.2.6
| [ uLgudu,] ( )
M

and the infimum will be taken over all functions u € C*(M) such that [ uLjudv, < 0
M

and with the constraint | updv, = 0 for all function ¢ € kerL,. We will show that the
M

infimum « is attained by a function u, when we put v = |Lju| n;+84Lgu, this function will
be a weak solution of 2.2.4, Notice also that, the equation (2.2.4) is a critical nonlinear
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fourth-order elliptic equation with general coefficients. Many works are devoted to

study this kind of equations, we refer the reader to [ﬂgﬂ,,, ,,,,]

and references therein.

Proposition 2.2.1.

Let (M, g) be a compact Einstein manifold of dimension n > 5, assume that the scalar
curvature Sy is negative. Suppose that the second eigenvalue X2(g) < 0 of Py, then
:U/?(Ma g) = —0OC.

Proof
We know from || that for any generalized metric g = u'T g of a Riemannian metric
g such that v € C*°(M) and u > 0, there exist two functions vy, vy € C*°(M) fulfilling

respectively (2.2.2), (2.2.3) and such that

/uN_Qvlvgdvg =0, /uN_Qvfdvg =1 and /uN_Qvgdvg =1.
M M M

Fix a point p in M. For € > 0, let ¢. be a smooth cut-off function such that:

0<¢ <1,

=0 on Bp),

¢.=1 on M\Ba(p),

|Vg¢e| < f and ’Ag(be‘ < 6%7

where B.(p) is the open ball centered at p and of radius € and ¢ > 0 is a constant.
Since A1(g) < A2(g) < 0, then we get:

lim [ (¢cv1) P (pevr)dvg = /leg”vldvg =\ (g) <0.

e—0
M M

Indeed:
Set the annulus B(p) = Ba.(p)\B.(p), then one has

[ emin, = [ Goorieain+ [ @onryoedn+ [ @w)ry@mds,

M Be(p) B(p) M\ Bac(p)

J/

-~ -~ -~

I1 12 13

Clearly the first integral I; = 0 (since ¢. = 0 on the ball B(p)). For the second integral
I5, we can find a constant C' > 0 such that,
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Nodal solutions for a Paneitz-Branson type equation

1L < / [Ag(devn)[* + 1anSyl[Vg(devr)[* + baSg(devr)*dug

B(p)

C( / [Ag(@)* + Vg (0e)* + (¢e)2dvg) :

B(p)

IN

The proof of the latter inequality is given in appendix Lemma [2.8.1]

Now since |Ay(¢e)] < % and after using polar coordinates, there exists a constant

C1 > 0 such that,

2
[ 1a@oran, < (&) [
B(p) B(p)
2
- &) [ Vit

B(0)
2 2e

gl ( / do)

Sn—1

C1
= (Ot —)00 since n > 5,
€—>

where |g| denotes the determinant of g, do the area element on the standard unit sphere
S™~!and B(0) is the euclidean ball. By the same way, there exist Cy, C5 > 0 such that,

c? .
/ |vg(¢5)|2dv9 S (6_2) / dvg S 026 2 :>OO’
B(p) B(p)

and

which means that the second integral:
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2.3 First and the second eigenvalues

12 — 0.
e—0

And finally since ¢. = 1 on M\ By (p), the third integral

]3 = / le;Lvldvg.
M\ Bae(p)

This implies that:

lim/(gbevl)P;(gbevl)dvg = hm(]l + IZ —+ 13) = lim ]3 = /le;vldvg = )\1(9) < 0.
e—0 e—0 e—0
M M

If we put w; = ¢evy, for € small enough, we still have [ wy Pjwidvy, < 0. The same
M
thing goes with vs. Now, let u. > 0 be a smooth function with support in B.(p) and

V' = span(wy, ws), then for all v € Vand for s > 0, we have u. + s > 0 and

lim | (uc + )N 20*dv, = 0,
s—0
M

N-2 N—2

and in particular for g = u. ? g = lin(lJ(u6 +8)"2 g, one has
S5—>

o fvP;(v)dvg
Ao (e 2 <1
Q(U g) = 51_1)%(5161\1/) (U€ + S)N,Q,Ugdvg
M

) = o0,

and since us(M, g) is the infimum over [g], it follows that

4
n

MQ(Mv g) = Hlf] )‘Q(E)[UOZ(]\/L g)] = —00.

g€lg

2.3 First and the second eigenvalues

In this section, we quote some facts which will be used in the sequel. The following
Lemma is proved in [37].

Lemma 2.3.1.
Let (M, g) be a compact Riemannian manifold. Then for any e > 0, there exists Ce > 0
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Nodal solutions for a Paneitz-Branson type equation

such that

IVgullz < el Agullz + Cellull2, (2.3.1)

for alluw € HZ(M).

In fact, since A is smooth, there exists a constant C' > 0 such that for all u € HZ(M),
we have

/A((Vgu)#, (Vgu)®)dv, < C/ |V gul*dv,.
M M

Consequently, the previous lemma implies the existence of a constant C' > 0 such that

| / AV ), (Vyu)#)dv,| < / %(Agu)2+0u2dvg. (2.3.2)

Now as already mentioned in the introduction, the operator L, has a discrete spectrum.
Before we get in the proof of the main result, we begin by showing that the first
eigenvalue \(g) and the second eigenvalue Ay(g) of the operator L, are finite and
achieved and in particular A\;(g) # —oo. The following proposition will be essential for
the existence of the infimum o where « is given by (2.2.5).

Proposition 2.3.1.

Let (M, g) be a compact Riemannian manifold of dimension n > 5. Then, the first
eigenvalue A\i(g) and the second eigenvalue Ao(g) of L, are finite and achieved. In
other words, there exist nontrivial functions v,w € Ha(M) solution of

Lyv=MXM(g9)v and Lyw = X\(g)w, (2.3.3)
and such that
/v2dvg = /w2dvg =1 and /wvdvg =0,
M M M

where A\1(g), A2(g) are given by [2.1.8. Moreover v,w € C*P(M) with 0 < 3 < 1. In
particular, if a > 0 and M\(g) < 0, or if a < 0 and A\ (g) > 0, v is nodal solution, the
same thing goes with w.

Proof
We first prove that A\j(g) > —oo. Let
[ vLgvdv,
Jy(v) = e 2.3.4
) = (2.3.4)
M



2.3 First and the second eigenvalues

Using the inequality (2.3.2)), then for all v € HZ(M)\{0}, we get that

J(Ag)2+ A(Vy0)#, (V0)*) + av’dy,

M
Jg(v) = fvzdvg
M
S AP, — (C + el
B fM v2dug
Jur 3(Agv)* vy (C + Jlalloo)[[v]I3
B Sy v2dvg [v]|3
> —(C+alls) > —o0. (2.3.5)

Let (v,,) € H3(M) be a minimizing sequence for \;(g), that is to say :

[ v Lyvpdu,
im My
m—1>HJlroo fv%ldvg 1(9)7
M

without loss of generality, we can assume that the sequence (v,,),, is such that

/vfndvg =1 (2.3.6)

M

For m large enough, one has J,(v,,) < A1(g) + 1, then from ([2.3.5), we get that

/(Agvmm@g < 2(C + [laflo) + M (g) + 1). (2.3.7)

By ([2.3.6)), (2.3.7)) and ([2.3.1]), we then get that there exists B > 0 such that ||v,,|| < B

this means that the sequence (v,,),, is bounded in HZ(M) and after restriction to a
subsequence still labeled (vy,),, we may assume that there exist v € Hz(M), such that
the sequence v,, — v weakly in H3(M) and v,, — v strongly in H?(M) for all
[ € {0,1}. It follows that

lim /vfndvg = /v2dvg =1, (2.3.8)

m——+00
M M

which implies that v # 0.
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Now let ., = v,

/ U LgUpduyg
M

— v, then for all m, one gets :

= /(gom + v) Lyvy,dug
M

— /((megvm + vLyv,,)dy,
M

= /(meggam + vy, Lgv)du,
M

= /((v + Om)Lgv + (v + @) Lgom)dv,

= /fuLgvdvg +/gong<pmdvg —l—/QUngOmdvg
M M M

= [oLyute, + (@00 + AUV sen*. (Vo)) + g,
M M

Lo / (D02 + AUT,0)*, (Vyom) ) + avipn)do,.
M

Since (pm)m goes to 0, weakly in Hi (M), we get

/(AgvAgspm + A((ng)#v (vg(vom)#) + avpmdvy, — 0, (2.3.9)

M

and from the strong convergence of (¢,,)m to 0 in HZ (M), we get

/A((Vgsom)#, (Vyiom)®) + a@?,dv, — 0. (2.3.10)
M

(2.3.9) and (2.3.10) imply that,

/megvmdvg = /ngvdvg + /(Aggom)2dvg +o(1). (2.3.11)

M M M

Again since m is large enough, one can write

/megvmdvg = M(g) +o(1),
M
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it follows from (2.3.11]) that

Mi(g) = /uLgvdvg + /(Aggpm)deg + o(1). (2.3.12)

M

Now with (2.3.8) and as A\;(g) is the infimum, we get that

A(g) < /ngvdvg. (2.3.13)
M

Plugging (2.3.12)) and ([2.3.13) together, we get that

A(g) = /ngvdvg,
M

and
lim (Ayom)?dv, = 0.

m—>+00
M

Consequently v is a nontrivial weak minimizer of the functional J,(v) associated to
A1(g). In other words, the first eigenvalue A (g) is achieved at v. Note that the func-
tional J, is differentiable in H3(M), by writing the Euler-Lagrange equation, we find
that v satisfies in the weak sense the following equation : for all ¢ € H2(M), we have

[ @opsyo+ AT 00" (V,0)*) + ap)dn, = M(g) [ i,

by self-adjointness of L,, we get that

/gp(sz — divg(A(V0)*) + av)dv, = A (g) / uduy,
M M

and at the end, we write

Al — divg(A(V ,0)%) + av = A\ (g)v. (2.3.14)

With standard argument of regularity theorem for fourth-order elliptic equations, the
function v € C*?(M) where 0 < 8 < 1. In particular, if a > 0 and \;(g) < 0, the
function v changes the sign. Indeed, if we integer the equation (2.3.14)) we find,

/Ag(Agv)dvg—/divg(A(VgU)#)dvg—i-/avdvg = Al(g)/vdvg.
M

M M M

. >

g

=0 =0
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Now assume that v > 0, then we get that

/avdvg = Al(g)/vdvg,

M M
—_—
>0 <0

and since v # 0, this makes a contradiction. If we assume that v < 0, it follows that

/avdvg = A1(9) /vdvg.

M M
_—
<0 >0

And this is also a contradiction. Moreover, if a < 0 and A\;(g) > 0, we get the same
thing. Consequently, in both cases, the function v changes the sign.
Now we define

[ vLyvdo,

Ay(g) =inf¥ —
2(9) =1in T,
M

where the infimum is taken over the set

E = {w e HZ(M) such that w # 0, /devg =1 and /wvdvg =0}.

M M
Let (wy,) be a minimizing sequence for \y(g), with the same method as above, we find

non trivial minimizer w to \y(g) such that L,(w) = Ay(g)w in the weak sens with
[ w?dv, = 1. Now writing

M
/wvdvg =

M

WU — WU + wodvg

v(w — wy,)dvg + /wmvdvg =0.
M

So— S~

Indeed, since the sequence w,, € E, [wyvdv, = 0 and by the weak convergence of
M
Wy, to w in L?(M), we get that [ v(w — wy,)dvy, — 0.
M

Now as in ﬂg[], we show that \y(g) = Aa(g). ]
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2.4 Existence of the infimum «

Theorem 2.4.1.
Assume that \(g) < 0. Then there exists a function u € H2(M) which is not identi-
cally null and such that the infimum of the functional 1, is attained by u where I, is

gien by formula . In other words, we get
I,(u) = o

Proof

Let (), be minimizing sequence for a, that is

n+4

2n
([ |Lgum|m+3dvg) =
M

= i I,(uy) = i , 24.1
@ m—l>n-}-oo g<u ) m—l>n—}—oo ’fungumd'Ug| ( )
M
with the constraint
/umgodvg =0, (2.4.2)
M
for any function ¢ € kerL, and such that
/ungumdvg =—1. (2.4.3)

M

Firstly, the condition A\;(g) < 0 guarantees the non-emptiness of the constraint. Indeed,
as shown in the Proposition ([2.3.1]), the first eigenvalue A\;(g) is finite and achieved. In
other words, there exists v such that L,v = A\(g)v and for all ¢ € kerL,, one has

vLyp=0 = /ngg0:0
M

- /@Lgvzo
M

= Al(g)/govdvg =0
M

== /U(pdvg =0.
M

Secondly, we have I,(Auy,) = I,(uy,), (with A € R*) this means that the sequence h,, =

Ay, 1s also a minimizing sequence, if we choose A such that A = (| [ ungumdng%,
M
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it follows that

1
/ B Lghmdv, = N\? / Uy Lyt dvy = T Lo U Lyt dvg = —1.
M M M M
Hence without loss of generality, we can assume that [ w, Lyu,dv, = —1.
M

2n

Thirdly, we begin by showing that (u,,),, is a bounded sequence in H; ™ (M), then we

are going to proceed by contradiction. Suppose that (i, ), is not bounded in H;** (M)
and we assume that, up to a subsequence that

lim ||um||anT:L4 = +00.

m—»+00 4
Let
Um
Uy = —————.
o, 2
Clearly ||v,|| 2. = 1, then the sequence (v,,), is a bounded sequence in the space

H

2n 2n_
H* (M) and therefore, there exists v € H; " (M) such that after restriction to a
on_
subsequence we may assume that v, — v weakly in H;™* (M) and with the Sobolev

2n
embedding H,;""* (M) C H3(M) we get that

Uy — v weakly in H2Z(M). (2.4.4)
It follows from ({2.4.4) that, for all p € HZ(M) one has

/goLgvmdvg — /@Lgvdvg. (2.4.5)
M M

In particular ¢ € LY (M) which is the dual space of Ln%(M), then ([2.4.5) means that
Lyv,, — Lyv  weakly in Ln%(]\/[), (2.4.6)
and here by standard arguments, one has
( / |Lyv|*idu,) " < lim inf( / | Lyvp| 73 dvg) (2.4.7)
M M
thus

n+4

1 n
< Wllmlnf(/\llgum|fﬂdvg)n
m Hﬁ i

n+4

(/’Lgv‘md%) 4
M
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Now for a large enough m, one gets

2n_ n+4
([ [l an) s < 2t o
M >0 Hp
which implies that L,v = 0, in other words v € kerL,.
From (2.4.2) one gets
f U 0dVg
/vmvdvg =M - 0,
[t | 2n,
M Hy
and since
/UZdUg = lim /vmvdvg,
m—>+400
M M
one has
v =0. (2.4.8)

According to the regularity Theorem (1.7) in applied to v,,, (for p = nz—fll, k =0)
we have

L=l e, < clLgvml, 2+ omll, 2), (e>0).  (249)
4

Passing to the limit, we obtain HUHL% > 1 which gives contradiction with (2.4.8).

2n
Finally we deduce that (u,,)., is a bounded sequence in H;"** (M) and there exists a
2n 2n

function u in H;** (M) such that u,, — u weakly in H; ™" (M). As above, we deduce
that

( / |Lyu|%7dv,) " < lim inf( / | Lgtin| 713 dvy) " (2.4.10)
M M

on
Now with the embedding H;"* (M) C H2(M), we deduce that
Uy —u  weakly in Hy (M), (2.4.11)

and then it follows that w,, — u strongly in H?(M) and L?*(M). From the strong
convergence of (), in HZ(M), as in formula (2.3.10), one has

/ A((Y ), (Vu)#) + aw’du, = lim / A gun)#, (Vg )#) + ari2, do,.
M M
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Together with the weak convergence of (u,)n, and ( -, one gets

/uLgudvg = /(Agu)2dvg + /A((Vgu)#, (V,u)?) + au’dv,
M M M
lim inf/(Agum)deg + lim/A((Vgum)#, (Vyum)?) + au dv,
M
lim inf / (Aytm)? + AU i), (V) #) + a2, do,
M
= liminf / Uy Lgtmdvg

M
= -1 (2.4.12)

IN

IN

This implies that [ uLyudv, < 0, so we deduce that the function u # 0. Using the

M
definition of I, (2.2.6)), (2.4.12) and (2.4.10]), one gets

n+4 n+4
u) < (/|LgU|an4dvg> < lim inf (/|Lgum|n+4dvg> = a,
M

and since «a is the infimum, we obtain the desired equality I,(u) = . Again by the
weak convergence of (u,),, and (2.4.2]), we also have

m—>400
M M

0= lim Umpdvg = / upduvg,

for any function ¢ € L?(M) and in particular for any ¢ € kerL,. Finally with (2.4.11)),
since u # 0 and using formula (2.3.11)) with u,,, v and ¢,, = u,, — v and passing to

the limit, we get that
/uLgudvg =—1.

M

This means tha t « is achieved by the non-identical null function w. |
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2.5 Paneitz-Branson type equation

Theorem 2.5.1.
Let (M, g) be a compact Riemannian manifold of dimension n > 5. Then, the equation

Ao — divg(A(V0)*) 4 av = e|v|¥ v,

has at least nontrivial weak solution v € HZ(M).

Proof

Let u as in the Theorem [2.4.T]and let uy, ..., uy, be a base of kerL,. Now, by the Lagrange
multipliers theorem, there exist real numbers Ay, ..., A\x such that for all function ¢ €
C>®(M), we get

k
=D ADJy(u)p
i=1

where J,(u) = [(u+ to)u;dv,, that is to say :
M

k
(T(u+t9))eg = > Nl (u+ to)u;)i—.

i=1
With a simple calculation, one can obtain the following equation
4 8 k
20 n+a /Lgu\Lgu\nJr‘nggodvg + 25/¢Lgudvg = Z by / ou;dvg,
M M =1y

where we have put

n+4

flldvg> " (2.5.1)

:(M/\Lgu

I
Indeed, we have I,(v) = 1(v) where I (v (f |L, v|n+4dvg) " and I(v) =| va vdvg|,
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Nodal solutions for a Paneitz-Branson type equation

then

o = (0)( / |Lg<u>|f+"4dvg)i< [ 1Lotut o))y

n+4
= (

)

o / Zqul 3541y (- 60)] oty

~ 257 / Lyl (Lol 0) P o,

ws Lyul
- 25n+4/|Lgu|n+i Z0829P y,

| Lyul

= 25@/|Lgu|mL9@Lgudvg.

On the other hand and since [ uLjudv, = —1, we have
M

(l2(u+19))izg = u +10) Lyg(u + tip)dug)?

t=0

(S uLgudvy)( [ (u+te)Ly(u+ tp)dvg)i_g
M

| J uLguduy|
M

= ( ULQUdUg)(/(ULgSD + pLyu)dv,)

M

= 2(/ uLgudvy) /(pL udvy) (Lgis self-adjoint)
M

= —Z/goLgudvg.
M
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2.5 Paneitz-Branson type equation

By applying the derivative of the quotient, we have

(L (u A+ tp))izola(u) = (Io(u + tp)ioli(u)
IQ(U)Z

(I(u+t9))izg =

(207 [ |Lyu| "5 LypLgu dvg)(| [ uLgudvy|) + 26 [ o Lgudv,
M M M

| [ uLgyudvy|?
M

= 25ni4/Lgu\Lgu|nﬁnggodvg+25/gpLgudvg
M M

k

— A / (1 + @) usdv, )i

i=1
k

= Z)\i/gpuidvga
=1

M
and as the operator L, is self-adjoint, we get that

k

257+ /(Lgu\Lgu|r;+%l)ng0dvg + 2(5/ungodvg = Z)\i/gouidvg.
M M =l u

If ¢ € kerL,, then the left-hand side member in the latter equality is zero, this means

that for all ¢ € kerL,, one gets

k

Z)\i/gouidvg = 0.
=1 3

k
In particular, it follows that for ¢ = Z Aiu; € kerL,, one has
i=1

k k
0= Zx\i/gouidvg = /(Z it pdvg = /¢2dvg,
=1 3 v =1

M

this implies that ©? = 0 which gives ¢ = 0. Hence, we deduce that
k
Z )\zuz = O,
i=1

this gives, for any function ¢ € kerL, or not, we have always

k k
Z )\i/cpuid'ug = /(Z Aiui)pdvg = 0.
i=1 i=1

M M
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Nodal solutions for a Paneitz-Branson type equation

The following equation

25%4 /(Lgu|Lgu|n+84)ngpdvg + 26/ung0dvg =0,
M

M

we deduce that the function u satisfies in the weak sense the following equation

Ly[Lyu|Lyu|7+1] = eLyu, (2.5.2)

where e = —§»11 < 0. Now, we set

v = Lgu|Lgu|n;+i, (2.5.3)

then v is nontrivial and the absolute value of v satisfies

o] = | Lgul (2.5.4)
which implies that |v]7—3 = |Lyul|, therefore, |v|"~2|v| = |Lyu|. That is
Lyu = |[v)]N "2, (2.5.5)

and finally, by plugging (2.5.3)) in (2.5.2) and (2.5.5)) in (2.5.2)), we deduce that the

function v satisfies the equation:

(N=2y, (2.5.6)

Lyv = €lv

WhereN—Qzﬁ. m

2.6 Regularity and sign of the solution

Theorem 2.6.1.

Assume that the function a > 0 then the solution v of the latter equation is in
C*P(M) and changes the sign.

Proof
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2.6 Regularity and sign of the solution

We have

[1elae, = [ iLglz = a,
M

M
= / |Lg“‘%NdUg
M

= / |Lgu|"%ldvg
M

= qnia < 400,
this means that v € LY (M). Now, we show that L,v € L%(M) = Ln%l(M)
In fact, from we have

Lyo| = |e|lo]¥™ = |Lyo|¥T = ||t fo]Y

— /|Lgv\NN—1dvg = |e\NN—1/yv|Ndvg < 400
M M
N 2n
— Ly e LN-1(M) = Lnt1(M),

which implies that

2n

v € H (M) C Hy (M),

and with a standard argument of regularity theorem for fourth-order elliptic equations
(see [20], Proposition (3)), the function v € C*#(M) with 0 < 8 < 1.
If we integer the equation (2.5.6) we find:

/Ag(Agv)dvg—/divg(A(Vgu)#)dvg—i-/(wdvg = /€’U|N2Udvg.
M

M M M

.

g

=0 =0
Assume that v > 0, then

/avdvg = /e]v|N2vdvg,

M M
—_—— —
>0 <0
and since v # 0, this makes a contradiction.

Moreover, if we assume that v < 0, then

/a’udvg = /6]1}|N2vdvg.

M M
—_—— ———
<0 >0
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Nodal solutions for a Paneitz-Branson type equation

And this is also a contradiction. Then in both cases, the function v changes the sign.
]

Proposition 2.6.1.
The infimum « is also achieved by v, that is to say that the functional 1, satisfy the
following equality:

I,(v) = a.
Proof
Calculate the functional I, at v. From the main equation one get
|Lyv| = |el[v]V™" and  vL,v = elv|.
Then
n+4
(f s,
L(v) = =X
o(0) | [ vLgvduy]
M
n44
2 ( [ o] S dvg)
_ M
el [ [v[Ndu,
M
n44
N—-1)2n n
(101 as, )
_ M
J [N dv, '
M

And as

n—4

n+4 n+4  n+4

(N —-1)2n _ (2 =120 (2)2n

Y

it follows that

(f Jol1dv,) "5 L
Iy(v) = 67 A — g ([ o)
J vlr=idug i
M

Now with (2.5.4), we get that

4
n

I(0) =575 [ |Lyul Fodey)
M
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2.7 Geometric case

and finally by (2.5.1]), we obtain

I,(v) = §nrignin = 6 = a.

g

Moreover, by ([2.5.5) for any ¢ € kerL,, one has

/|U]N2’u<pdfug = /gpLgudvg = /ungodvg =0.
M M M

2.7 Geometric case

In this section, we deal with the geometric Paneitz-Branson operator P;'. We have the
nice following results.

Proposition 2.7.1.
Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5. If L, is
the geometric Paneitz-Branson operator PJ, the infimum o of the functional I, is a

conformal invariant. « is given by .

Proof
Let g = go¥ g be a conformal metric, ¢ a smooth positive function. Then

dvg = o™ dv,, (2.7.1)
and by the conformal invariance of P;' formula (2.1.4)), we get that

n —N pn
Prlu=o""NPup), Vue CHM). (2.7.2)

Plugging the expression of P in I, one can write

n+4

2n
(f ’Pg"u|n+4dvg) n
M

]— =
A
M

by using (2.7.1)) and (2.7.2)), a direct calculation gives

— n 2n_ n+4
(J 1o~ Py (ug) [+ N dug)
M

| [ upt=NPr(up)pN du,|
M

Ig(u) =
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Nodal solutions for a Paneitz-Branson type equation

Since (1 — ]\f)nz—j:4 =(1- %)f—& = —2% = —N, we deduce that

n+4

(f 1By (up) |+ dvg) ™
M

| [ upPr(up)dv,|
M

Ig(u) =

I

thus
I;(u) = I,(pu).

From the proposition [2.6.1} there exists v € C*(M) such that [ |v|""2vv'dv, = 0 for all
M

v' € ker P} and after using PJ'(v'¢™') = p!'"NPr(v') = 0, the function v'¢™" € kerP}'.
Since ¢ € C*(M), it follows that for any " € ker P', the condition

/ oo ¥ (v)e'du, = 0,
M

becomes
/ lvp| N2 (v)v' o Ndug = 0, ( because dvg = ¢V dv,),
M

which implies that

J 1w i =0, (o> o)

for any function v'p~" € ker Py
Note that the infimum « is achieved by a function v € C*(M) such that

/ vLgvdv, = 6/ ™ dv, <0,
M M

/ |U|N_21)g0dvg:/ gpLgudvg:/ uLypdvg, =0,
M M M

for any ¢ € kerL, as shown in the previous proposition and this explains why the
infimum « can be taken over functions such as v and therefore it will be conformal
invariant.

and

Proposition 2.7.2.

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5 and Py
be the geometric Paneitz-Branson operator. Assume that Qy > 0. If M\i(g) < 0, the
geometric equation Pjv = e|v|N"?v has a nontrivial nodal solution v € C*P(M) where
€ <0 and 0 < B < 1. In particular, on Einstein manifold we have always Qy > 0.
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2.7 Geometric case

Proof

As explained in the section motivation, if we assume Ay(g) > 0, the second Paneitz-
Branson invariant po(M,g) > 0 and it is impossible to find the sign of the solution
and if we assume that A\s(g) < 0, the second Paneitz-Branson invariant ps(M, g) is not
well defined as shown in Proposition 2.2.1] Now by the main theorem Theorem [2.1.1
applied to P and since a = ”T_LLQZ > 0, in all of cases, P;j'v = e|v|N~2v has a nontrivial
nodal solution v € C*#(M) where e < 0 and 0 < 3 < 1.

In fact on Einstein manifold, we can easily get

& =
=

n—4)a
2 2
n—4)bnsg

2 (n—4)(n*—-4)

2
(n—4) 16n(n —1)2 &
n*—4
= T a2
8n(n — 1)23g = 0.

]
A more interesting situation on non Einstein manifold with the standard Paneitz-
Branson p(M, g) when it is negative.

Theorem 2.7.1.
Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5 and P, be

the geometric Paneitz-Branson operator. Assume that the standard Paneitz-Branson
w(M,g) < 0 and Qp > 0 where p(M, g) is defined by formula W If Mi(g) < 0,

then (M, g) is attained by the generalized metric § = u 2 g

Proof
Since pu(M,g) < 0 and Qy > 0, it follows from the latter proposition (Proposition
2.7.2)) that the geometric equation

Pjv = (M, g)|v|" v, (2.7.3)

g

has a nontrivial nodal solution v € C*#(M) where in this cas ¢ = u(M,g) < 0 and
0 < B < 1. Now we multiply the equation by v and we integer, we then get

/UP;UCZUQ :u(M,g)/\v\N2112dvg :u(M,g)/|v\Ndvg.
M M

M
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Nodal solutions for a Paneitz-Branson type equation

On the other hand, if we put v = Ah, one has

/)\th”(Ah)dvg :u(M,g)/])\h|Ndvg — A2/th"(h)dvg :,u(M,g)|>\\N/|h|Ndvg
M M

M M

— [ nBp e, = pOL Y [ o,
M M

1
N
then one can choose \ = =& ( i |h|Ndvg) , which implies that [ hP}hdv, = (M, g),
M M

hence we can assume that [ |h[Ydv, = 1. Note that by formula (2.1.10)), u(M, g) is a
M
conformal invariant which means that (M, g) is attained. Now if we set u = |v|, we

can also write

fng”vdvg
M=M
M

this implies that (M, g) is attained by the generalized metric g = u¥g. In addition,

if we put v = (u(M,g) =) in (2.7.3), one get

p(M,g) S Prf = (M, g)|(u(M, g) =" fINu(M, g) 5" f,

then it follows that

8
n—4

Prfo= (M, g)|u(M,g)| ' fI¥2f, (where N—2=
= —|fIN?f (because p <0).

)

So f satisfies the equation

AR

2.8 Appendix

Let I, be the integral given in the proof of Proposition [2.2.1. More precisely,

I, = / (¢e“1)Pgn(¢eU1>dvg = / |Ag(¢evl)|2 + ansg|vg(¢evl>|2 + bnS;(QbeUl)degv

B(p) B(p)

where v € C®°(M), ¢. a cut-off function, B.(p) is the open ball centered at p and
B(p) = Bac(p)\Be(p)-
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2.8 Appendix

Lemma 2.8.1.
There exists a constant C > 0 such that

L < / Ay (60 + [anS, IV o (be00) P + buS2(evn) o,

B(p)
< 0( / |Ag<¢e>|2+|vg<¢e>|2+<¢e>2dvg)_
B(p)
Proof
By definition we have :
Ag(pevr) = —divg(Vg(Pevr))

—divg (¢ Vg(v1) + v1V4(¢e))
= ¢6Agvl + UlAg¢e - Q(ngla vg¢e)7

and we have: |Ag(ocv1)] < [pAgv1| + [v1A,0¢] + 2|(Vv1, Voo ).

Then
’Ag(ﬂseUlP < (WeAgvl, + ’U1A9¢6D2 + 4(V9U17 V9¢6>2

+ 4(|9Agur] + V18,0 )[(Vgv1, Vo)
< U%|Ag(¢e)|2 + ¢§|Ag(vl)|2 + 4(ng1, vg¢e)2
+ A1y (6e)(Vgur, Vyde)| + 4| Ag(v1)(Vgur, Voo )|

+ 2[0108(Pe)Ag(01)]-

By calculating each term of |A,(¢cv;)[?, one has,

/ Ay (ben)Pdu, < / 1A, (60) P, + / G| (1) Pdv, + 4 / (V0. Vo),

B(p) B(p) B(p) B(p)
et [ 00Ty, Vol +4 [ 10.8(00) (0, Vo6l dv,
B(p) B(p)
2 [ o, 608, (0)ldo,
B(p)
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Nodal solutions for a Paneitz-Branson type equation

Now since v; € C®(M), we set: C' = max(||v1 ]|, [[Ag01]|c0s ||| V41|l ) and let us deal

with the various terms of [ |A,(¢cv1)|*dv,. As is easily checked, one has:
B(p)

/ 1A, (6.) v, < C / 18,(60)Pdoy,

B(p) B(p)

/ &|A, () Pdv, < C / $2du,.
B(p) B(p)

By using the Cauchy-Schwarz inequality, on gets

/(vgvlavggbe)gdvgg / |vgvl|2|vg¢6|2dvg§02/|V9¢6|2dvg’

B(p) B(p) B(p)
/ 0189 (60) (Vyon, Vydldo, < C / 1A, (6)1[(Vy01, Vg6 v,
B(p)

VAN
Q
S 2
§

¢c)|[Vgu1|[V el dug

< c / 8,(019, 0o,
B(p)
2

< G [ 1807 + V,ofdu,
B(p)

/|¢6Ag(vl)<vgvlvvg¢6)|dvg < C/ D] [V gu1||V g |dv,

B(p) B(p)
< [ v el
B(p)
% 2 2
< > (97 + [Vg&e|”)dvg,
B(p)
where we have used |a|[b| < 3(a® + b?).
Similarly,
C?
[ 100w < 5 [ @2+ 180,

B(p) B(p)
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2.8 Appendix

Hence we can find a constant Cy > 0 such that

/ [Ag(pevy)|*dvy < Co( / [Ag(be)* + [Ag (0 + (¢e)2dvg>-

B(p) B(p)
Let us deal with the various terms of [ |V (¢ev1)[*dv, :
B(p)
[ 19seanfan < [ @V,0ldnt [ 9,6 P2 [ 100 0 V.00l
B(p) (p) B(p) B(p)

Following the same thing, one has:

/¢§|ngl|2dvg§02/¢fdvg7

B(p) B(p)
[ oot < [ 19,00,
B(p) B(p)

and

2 / 601 (Y00, Vb )ldv, < 20 / 161 (T2, V00)

B(p) B(p)

2C / 161V, 1V, dcldo,

B(p)

2C? / 161V gl v,
B(p)
et [ (62 + 190y,

B(p)

IN

IN

IN

Then we can also find a constant C; > 0 such that

/ |V9(¢6U1)|2dvg < Cl( / |vg(¢e)|2 + (¢€)2dvg>.
B(p) B(p)

By combining the two estimates, we obtain the desired result. In other words, we can
find a constant C' > 0 such that :

|Io| < C'< / |Ag(6e)* + V(@) + (¢e)2dvg>-

B(p)
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Chapter 3

The first GJMS invariant

3.1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n > 3, and let k& be an
integer such that £ > 1 and 2k < n. In 1992, in Graham-Jenne-Mason-Sparling
have defined a family of conformally invariant differential operators defined for any
Riemannian metric (GJMS operators for short). The construction of these operators
is based on the ambient metric of Fefferman-Graham . More precisely, for any
Riemannian metric ¢ on M, there exists a local, formally self-adjoint, conformally
covariant operator

P,: C*(M) — C™(M),
such that for all u € C*(M), the GJMS operator P, is given by :

Pyu = Abu + lot, (3.1.1)

where A, is the Laplace-Beltrami operator, and lot denotes differential terms of lower
order. For more detail about F,, we refer the reader to Robert . This operator
enjoys nice conformal invariance properties. Indeed, let ¢ € C°°(M) be a positive

function and N = % If n # 2k, then any metric g written in the form gpnf%g is a
conformal metric to g and therefore, for any metric g conformal to g, the operator P,
is conformally invariant in the following sense: for all u € C*°(M), we have P,(up) =
©N 1 P;(u). By taking u =1, we get

n — 2k
2

Pyo= Qg™ (3.1.2)

where 5
= ——P(1).
Qg n—Qk 9( )

The scalar ), is called the @Q-curvature and is a Riemannian invariant associated to
this operator. Historically, the notion of the )-curvature is due to Branson . He
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3.1 Introduction

also defined it in the critical case n = 2k. Now when k = 1, P, is the conformal Lapla-
cian operator and @, is the scalar curvature S, (up to a constant). The problem of
prescribing a constant scalar curvature is known as the Yamabe problem, the classical
reference for this problem is a survey by Lee-Parker [33]. When k = 2, P, is the Paneitz-
Branson operator introduced by Paneitz in [36] and the Q-curvature was introduced by
Branson-Orsted . Results for the prescription of the Q)-curvature problem for the
Paneitz operator are in Djadli-Hebey-Ledoux , Robert , Esposito-Robert ,
Hang-Yang [31], Gursky-Malchiodi and Benalili-Boughazi [9]. Moreover, concern-
ing fourth-order problems, there has been also an intensive literature on the question,
we refer the reader to ﬂgﬂ,,,. Solving the problem of prescribing Q)-curvature
for the GJMS operator is a very difficult problem and its underlying analysis is intri-
cate, we refer to Robert and Mazumdar for some particular situations. The
simple case of these problems is prescribing constant ()-curvature which is equivalent
to finding a positive smooth solution u of the following equation

Pyu = CluN?u, (3.1.3)

where C' is a constant. In order to obtain solutions, we define the quantity

= inf I 3.1.4
H= et (u), (3.1.4)
where
[ uPyudv,
I(u) = =

N %ruwdvﬁ'

As in the Yamabe problem, the constant p will be called the GJMS invariant. In
particular, if u € C*°(M), u > 0 and satisfy I(u) = p, clearly u is solution of (3.1.3))

and g = y g is the desired metric of constant ()-curvature. It is well known that
the operator P, is elliptic, self-adjoint with respect to the inner product in L*(M) [3§|
and has discrete spectrum with eigenvalues

A(9) < Xa(9) < As(g)... < Aklg) = +o0,

appear with their multiplicities. The variational characterization of the first eigenvalue
A1(g) of P, is given by:

v P, vdv
)\1(9) = mf —fM g g
vEH2(M),v£0 fM vidv,

where the space H2(M) is the completion of C*(M) for the norm
: >
g = [ SS9,
M=o
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The first GJMS invariant

Now by referring to Ammann-Humbert , we introduce an invariant p; that we will
call the first GJMS invariant and we will define it by:

2

w1 = inf A\ (g)Vol(M,q) ", (3.1.5)
g€lg]

el

3|

where the set [g] = {g = uﬁg, u € C®°(M)andu > 0} is the conformal class of
the metric g and Vol(M,g) = [,, u™dv, denotes the Riemannian volume of M with
respect to the metric g.

In order to find minimizers, we enlarge the conformal class [g] to what we call the class
4
of generalized metrics conformal to g. We say that g = u»-2%¢g is a generalized metric

of the Riemannian metric g if u € LY (M),u > 0 and u is not identically null. By the
standard min-max method via Rayleigh quotients for defining eigenvalues combined

with conformal covariance of P, one sees that for any generalized metric g = y qg,
the first eigenvalue A\;(g) of the GJMS operator P, is characterized by:

f v P vdv
M) = inf sup M 29 3.1.6
1(9) VEGri(H2(M)) vev]{){o} fM ulN—202dy, ( )

where the Grassmannian Gri(H?(M)) is given by [1.2.2]

Motivating by the same first part’s results, we want to study the first eigenvalue \;(g)
for any generalized metric g and after that our main problem will be when the first
GJMS invariant p; is attained by a generalized metric (or conformal metric) and what
is the relationship between p; and the standard GJMS invariant p. To solve this
problem, we will use the ideas from ]. More precisely, the method we
would like to apply is introduced in [1] for studying the second Yamabe invariant puo
(see Definition for p = 2) and generalized for the Paneitz-Branson operator on
Einstein manifolds by Benalili and Boughazi in [E[] For clarity purposes, we state our
main generic theorem and after this we give more details about this method :

Theorem 3.1.1.

Let (M,g) be a compact Riemannian manifold of dimension n > 3. Assume that
M(g) > 0 and p < Ko~ where Ky is defined bellow. Then there exists a nontrivial
function v € C* (M) which satisfies Pyv = py|v|N"2v. In other words, u, is attained
by the generalized metric g = |v|ﬁg and in particular, if Q, <0, v is a nodal (sign-
changing) solution. Moreover, if g is Einstein and S, > 0, the solution v > 0 and
v € C®°(M) and this implies that = py and means that g is a conformal metric.
Consequently, in the latter case py is attained by the desired metric g of constant Q-
curvature: Qg = ﬁul,

where K is defined in [0.3.9]

62



3.2 Motivation

This theorem is a consequence of several results. Firstly, we establish some results
concerning the eigenvalues, in particular, if A\;(g) > 0, the first eigenvalue \;(g) is
achieved for all generalized metric g = = g. We also show that the linear equation
Pyu = M\(g)u’ %0 has nodal (sign-changing) solution if @, < 0 and if A\1(g) < 0, we
show that there exists a generalized metric g such that A\;(g) = —oo which implies that
iy = —oo. Secondly, we study our first GJMS invariant p; in case A\j(g) > 0, we will
prove that p; is attained by a generalized metric if 1 — uKy > 0 and the corresponding
the nonlinear GJMS equation P,v = p|v|Y %0 has a nodal solution if @, < 0. Finally,
when the manifold is Einstein with S; > 0, we will prove that the solution of the latter
equation is v > 0 smooth, this implies: p; = p and is attained by a conformal metric g
which is of constant Q)-curvature. In particular, when S, < 0, the solution v is nodal.

3.2 Motivation

We start by giving a short motivation by recalling some results. Indeed, in |1] Ammann
and Humbert defined the Yamabe invariant of high order p, by

Definition 3.2.1. ,
pp = inf A, (g) [Vol(M, g)] ,
g€lg]
where f P
) vPvdv
A(9) = inf sup M _9 I Nf; 5 7
VeGrs(HA(M))  vev\fo} [y, W 203du,

is the p'" eigenvalue of the conformal Laplacian P,, § = uﬁg 1 a generalized metric,

p € N* and the Grassmannian Gri(H7(M)) is given by .

The authors studied the second Yamabe invariant ps in the case p > 0 where p is the
Yamabe invariant. In particular, they obtained the following theorem:

Theorem 3.2.1.

Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that po is
attained by a generalized metric. Then the following equation Pyw = pou™"?w has a
nodal solution w € C*(M) such that u = |w].

Inspired by the previous results. In [@[], Benalili and Boughazi generalize this method
to the Paneitz-Branson operator on Einsteinian manifolds. Under some assumptions,
they studied g, p; and po in the case S; > 0 and after ten years the authors in [11]
extend these results to the case S, < 0. For more detail and similar work, we refer the
readers to Benalili-Boughazi , Boughazi 7] and S. Elsayed . We also specify a
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The first GJMS invariant

very interesting result proven in [21] which states that the sign of eigenvalue A,(g) is
conformal invariant. We remind the readers that we are looking for similar results with
the GJMS operator, we want to study u; and when we can get pu; = p and finally, we
point out that the study of py seems to be much more difficult than expected.

3.3 Some specific properties of the GJMS

In this section, we give some properties of the GJMS operator. For the proofs, the
reader is refereed to Robert and the references therein. The operator P, can be
written (partially) in divergence form, we precise this divergence form that will be
useful in the sequel:

Proposition 3.3.1.
Let P, be the conformal GJMS operator. Then for any |l € {1,...,k — 1}, there exists
Aw(g) a smooth Ty -tensor field on M such that

k—1
Py = A];v + Z A g(v) +

=1

n — 2k
2

Q,v, (3.3.1)

where

A g(v) = (—l)lvjl"'jl(A(l) (g)il...iljl...jlVil"'ilv).

Indices are raised via the musical isomorphism. In addition for any l € {1,...,k — 1},
Awy(g) is symmetric in the following sense: Auy(g)(X,Y) = Aw(g9)(Y,X) for all T¢-
tensors X, Y on M. In particular, for all u,v € C*°(M) we have

k—1

Ek
/ngudvg = /ngvdvg = /A; ulAgv + ZA(Z)(Q)(VIU, Viv)dv,, (3.3.2)
M

M M =0

where for 1 =0, Aq)(g9)(Vou, Vo) = 2225Q uv. Here, we have adopted the convention

Ag( )= AT(u) if k=2m s even
AN VA (u) if k=2m+1 s odd,

and, when k = 2m + 1 is odd, AgguAggv = (VAJ'u, VAT').

Since A()(g) are smooth, then for any I € {0,...,k — 1}, there exist C; > 0 such that
for all u € HZ(M), one has

k—1 k—1
S A (o) (T, Tayde, < 3G / V'uf2du, < max(C)[|ulle . (3.3.3)
M- 1=0 M o
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As a consequence of -, we get that the bilinear form (u,v) — [ 1 WPyvdu, extends
to a continuous symmetrical bilinear form on the space H?(M) x HZ(M).
We say that P, is coercive if there exists C' > 0 such that

/ngvdvg > Ol Vo e HX(M).
M

Proposition 3.3.2.
For all uw € HZ(M), we define the norm |ju||p, by:

N|=

lullz,= ( / uPyudvy)®.
M

Assume that P, is coercive. Then ||.||p, is a norm on HZ(M) equivalent to the standard
norm ||| gz In addition, if (vm)m is a sequence in H?(M) such that v, — 0 weakly
in HX(M), and v,, — 0 strongly in H? (M), then from Bochner-Lichnerowicz-
Weitzenbock type formula, one gets that

/ A (0) Pdv, = / [V dv, + ol1). (3.3.4)
M M

The reader is refereed to for the two following propositions:

Proposition 3.3.3.

Assume that (M, g) is Einstein, then P, expresses as an explicit product of second-order
operators with constant coefficients that depend only on the scalar curvature. In other
words, the GJMS operator P, is given by:

(n+ 20 —2)(n—20)

k
P, = H (Ay+cS,;) where ¢ =
=1

dn(n —1)
Moreover, by calculating one can write
k—2
Py= AL+ boioa(Sy) AR 4 by(S)" (3.3.5)

=0

where by_1,...,b1, by are positive real numbers obtained from c;.

In addition, formula implies that

/ ngudvg:/ \2+Zbk 1-1(Sg) IV ) du.
M

M
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The first GJMS invariant

Proposition 3.3.4.

Assume that the metric g is Einstein with Sg > 0 and n > 2k, then Py, is coercive and
for all u € C**(M) such that Pyu > 0, either u >0 or u = 0. This statement is a
direct consequence of k applications of the second-order comparison principle (see ,@/
Proposition 4).

We also introduce the following results. For the proofs, the reader is refereed to Mazum-
dar [35].

Theorem 3.3.1.

Let (M, g) be a compact Riemannian manifold of dimension n and let k be a positive
integer such that 2k < n. For any € > 0, there exists B, > 0 such that for all
u € HZ(M) one has

k
Julfy < (Ko + ) [ 18 (0)Pdu, + Bl (3.3.6)
M

where Kqy 1s given by formula .

Moreover, for all u,v € C*°(M), there exists C' > 0 (depend on ||v||») such that
k k
[ 185 P, < ([ 183 @de, + ul ) (3.3.7)
M M

Proposition 3.3.5.

Let (M, g) be a closed manifold of dimension n and let k be a positive integer such that
2k < n. Let f € C™(M) a Holder continuous function. Suppose that u € HZ(M) be
a weak solution of Pyu = flu|N"2u. Then u € C*(M), and is a classical solution of
the above equation. Further if u >0 and f € C*(M), then u € C*®(M).
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3.4 (Generalized metrics and the first eigenvalue

Theorem 3.4.1. )
For any generalized metric g = u»-2kg, assume that uw > 0. Then any normalized
minimizing sequence of \1(g) is bounded in HZ(M).

Proof

Let (U )m be a minimizing sequence of A\;(g), in other words

k k—1
$(|Ag2 (Um)|2 + Z—ZO A(l) (g)(vlvm, Vlvm))dvg
M(g) = ml—l>n}roo Atm  where  Aim = f_uN*%? dv,
M

It is easy to see that (Av,,), (with A # 0) is also a minimizing sequence, then if we
choose \ = f uN=202 dug) "2, it follows that [ uN=2(Avy,)2dv, = X2 [ uN~202dv, = 1,
M M

hence the sequence (AU )m is renormalized. Without loss of generality, we assume that
the sequence (vy,),, is such that

/ N=202 dv, = 1. (3.4.1)

M

1) If A\;(g) > 0, then for all v in HZ(M) ~\ {0}, one has

/ngvdvg > Al(g)/uN_%deg

M M
> Al@)mi]&m(a:)]v_z/v?dvg, (since u > 0)
xre
~~ M
C
> Cljvli3.

This means that P, is coercive and we know from Proposition that [|.|p, is a
norm on HZ(M) equivalent to the standard norm ||.| 2. Then for m large enough, one
has

Mo = [ 0y, = onlfs, < Mu(@) + 1.
M
hence the sequence (vy,)n, is bounded in HZ(M) and Ay, > 0.

2) If \1(9) < 0, the GIMS operator is not necessarily coercive, then we will assume
that (v, )m is not bounded in HZ(M), in other words [ 2 — 400 and we let

1 Um
v, =

[omllezz
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The first GJMS invariant

Clearly ||v!,|] gz = 1, this means that the sequence (v!, ), is bounded in H?(M) and

after restrlctlon to a subsequence still labeled (v],)m, we may assume that there exists
v' € HE(M) such that v/, — v weakly in H?(M) and v/, — v’ strongly in H? | (M).
On the other hand, the sequence (v!,),, satisfies the followmg equation:

/(|A ! deg+2/ 9)(V'l,, V'l )dv, = Al,m/ N=22 v, (3.4.2)

M =0 p M
Now from the weak convergence, we have
: N— 2 / N—=2/,/\2
hm/ vy, du, = /u (v")*dvy,
M M

and since
|vm|| — 400 as m — +o0

, it follows that v/, — 0 almost everywhere in M.
Moreover, as

0< /UN_2(U/—U;H)2dUg = /uN_2(v')2dvg—2/ N=2/0! dvg + /uN_Q(v;nfdvg,

M M M M
one has,
uN 7202 dv 1
/uNQ(U/)2dUg < /uNz(vq’n)deg — fM 2m A I 0. (3.4.3)
J J ||Um||H]§ HU””HH,%
Consequently,

/uN_z(v/)Zdvg =0,

M
and since u > 0, it is easy to see that

v = 0.

It follows that v/, — 0 weakly in HZ(M) and v], —> 0 strongly in HZ (M) therefore,

k—1
/Z V! |2dv, — 0. (3.4.4)
v 1=0

Then by (3.4.4) and using (3.3.3)), one has also

-1

N

/A(,( )(Vil,, Vil Ydv, — 0. (3.4.5)

=0 yy

Il
o

68
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Again by (13.4.4)), the following equality

k—1
1=l = [ 95 vy + [ 3191, P,
M M =0

leads necessarily to
/|Vkv;n|2dvg — 1.
M

Independently, from formula ie

/ (A8 (o) Pdu, = / Ve, v, + of1),

this implies that

/ (188 (o, )Pdv, — 1. (3.4.6)
M
Since A1(9) < 0 then for m large enough A\, < 0, it follows from , ,
and ) that the sequence (v],),, is such that

M lOM M
>y A >y
~~

—>1 —>0 —a

where a < 0 or does not exist, in all cases this gives a contradiction. This proves that
(Um)m is bounded in H?(M).

Moreover, we have
k
~ [ 19 s, < [(185 @) v,

M M
which lead to

. k-1
/ [V 0 2, —ma(C)[vm 2 / IS (0) Pyt Y / A (9) (Vo Vo) o,
1=0
where max(C}) is given by (3.3.3)), this means that

min(—1, — max(C)) ||vm||H2 < /|A U, |2+Z/A(l (V'on, Vi, )dv,.

=0 s

In other words,
)\1,m > min(_L - maX(Cl))vaH?{,%?
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The first GJMS invariant

and since (vy,)., is bounded, then there exists M > 0 such that

A > min(—1, — max(C)))M > —oo.

Proposition 3.4.1.
Assume that \i(g) < 0, then there exists u € LY (M) such that A\i(g) = —oo where
4

Proof

If A\j(g) = —o0, there is nothing to prove. If not, since A\;(g) < 0, there exist a function

v € C°°(M) such that [vPudv, < 0. Fix a point p in M. For € > 0, let ¢ be a
M

cut-off function adapted to our context, in other words a smooth function such that :

0< o<1

$.=0 on Bp) and ¢.=1 on M\By(p)

Vg | <4 forall | in {1,2,...k—1} (28;)
k

|AF o] < &, (28,)

where B(p) is the open ball centered at p and of radius € and ¢; > 0 are constants that
do not depend on e.
We claim that:
lim [ (¢ev)Py(pev)dv, = / vPyvdv, < 0.
e—0 M M
Indeed:
Set Ac(p) = Bac(p)\B:(p), then one has

/(aﬁevl)Pg”(qﬁevl)dUg = / (¢€v)Pg(¢€v)dvg+/ (¢ev)Pg(¢ev)dvg+/ (Pev) Py(dev)duy,.
M Be(p) Ac(p) ., M\ Ba¢(p)

. J (. (. s
~~ v~ v~

I 1P I3

Clearly the first integral I; = 0 (since ¢. = 0 on the ball B.(p)). For the second integral
I; since v € C*°(M), we can find a constant C' > 0 such that

k—1
L < / (188 (60) + 31 A (9) (V' 600, V'6,0) o
Ae(p) =0

IN

¢ (/A ( )(!A§(¢e)\2 + Z_: IVl(¢e)!2)dvg> : (3.4.7)
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3.4 Generalized metrics and the first eigenvalue

The latter inequality (3.4.7)) is a direct consequence of formula ({3.3.7]).
Using (281), (28), (3.4.7) and passing to the polar coordinates, we can easily find

constants C, Cix_1, ..., Cy > 0 such that,

Ck’ 2e k-1 Cl 2e
|I5] < / r"dr 4 (Z )/ r"tdr - 0 since n > 2k,

€2k €2l
=0

which means that the second integral:

I, — 0.
e—0

And finally since ¢ = 1 on M\ By (p), the third integral I3 = fM\32 ) VPyvdug,
this implies that:

e—0

lim | (¢ev)Py(pev)dv, = Um(ly + Io + I3) = lim I3 = / vPyvdu, < 0.
M e—0 e—0 M

If we put w = ¢.v, for € small enough, we still have | 1 WPywdvg < 0.
N-2
Now, let u. > 0 be a smooth function with support in B(p) and let § = u. * ¢ since

Pyud
MG = e A Eeds

veHZ(M) w0 [,, uN~2v2dv,’
it follows that for any real a > 0, one has

P
M) < lim [ (w + @) Py(w + a)dvy .
a—0 [ uN"2(w + a)?dv,

Indeed

lim [ u™?(w+ a)*dv, =0,
a=0 far

and
lim(/ (w4 o) Py(w + a)dv, = / wPwdv, < 0.
a=0" Jar M

Theorem 3.4.2.
Let g = un=2* g be any generalized metric to g such that u > 0. Assume that \i(g) > 0.
Then there exists a nontrivial function v in Hf (M) such that, in the weak sense, v
satisfy :
Py =M@)u" v and /uN%deg = 1. (3.4.8)
M

Moreover, if u € C>*(M), then v € C®(M) and if (M, g) is Einstein and S, > 0, the
solution v > 0.

71



The first GJMS invariant

Proof
Let (vy,)m be a minimizing sequence for A\;(g). In other words, the sequence (v,,)m €
H2(M), u"= v, # 0 and such that

, VU Py U dv .
thn§Z uN—gm dvz =\ (9). (3.4.9)

Without loss of generality, we can always normalize vy, by [, ¥ "?v2 dv, = 1.

Since A1(g) > 0, P, is coercive. Then Theorem implies that the sequence (v,,) is
bounded in H?(M), and after restriction to a subsequence we may assume that there
exists v in HZ(M) such that v,, — v weakly in HZ(M), strongly in H? (M) and
almost everywhere in M. Again since P, is coercive, Proposition implies that
|.]lp, is @ norm on HZ(M) equivalent to the standard norm [-[[ 72, then by standard
argument, one has

/ vPvdv, < lim inf/ U Pyvmdvo, = A1 (9),
M M

as in [7] from (Lemma (4)), we get
/uN_2|212 — 2| dv, =0 ie /uN_QUdeg =1,
M M

and since A;(g) is the infimum, one gets

/ vPudu, = A\ (7).
M

Consequently v is a non-trivial weak minimizer of the functional associated to A;(g).
Writing the Euler-Lagrange equation, we find that v satisfies in the weak sense the
equation

Pyo = M\ (g)u 2.

Moreover, since v is nontrivial, we have
M) = / vP,vdv, = [o]%,> 0. (3.4.10)
M
If ue C®(M), we get \i(g)u™"2v € HZ(M), then Pjv € HZ(M) and by regularity

theorems v € H2 (M), it follows by successive iterations that v € HZ(M) where [ is
large enough and finally if % < lme’ one gets

HX(M) C C™(M).
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3.4 Generalized metrics and the first eigenvalue

So we can take m = 2k i.e

v € C**(M), therefore v € C*°(M).

In particular, if (M, g) is Einstein and S, > 0, from [7] (Proposition (7)), one has

v > 0.

Remark 3.4.1.
Let v be the solution of the equation . Then there exists a nontrivial function w
in HX(M) such that, in the weak sense one has :

Pyw = Xy(g)u” ~*w,

with the constraints [ uN2widv, = 1 and fuN*Qdevg =0, where
M M

[, vPyudv
Ay(9) = inf

[oy N 202du,
and the infimum is taken over the set

E={we H}(M) such thatu'z w # 0, /uN2w2dvg =1and /uN2wvdvg = 0}.
M M

Proof

Let (w,,)m be a minimizing sequence for \(g), with the same method as above, we

find non trivial minimizer w to A5(g) such that P,w = Ny(g)u” 2w in the weak sens
with fM uN2w?dv, = 1. Now writing

/UN_2wvdvg = /(uN_2wmv — uN Pw,v + N Pwv)do,

M M
= /UN_ZU(’LU — Wy, )dvg + /uN_mevdvg = 0.
M M

As the sequence wy, € E, [ u"?w,vdv, = 0, and by using the weak convergence of
M

Wy, to w in LY (M) and since u™ v € L%(M) where L%(M) is the dual space of
LN(M), we get [ u™N"2v(w — wy,)dvy — 0 thus,
M

/uNQwvdvg =0.
M
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If u € C®(M), one also gets w € C?(M) and finally, as in it follows that

X5(9) = A2 (9)-

Proposition 3.4.2.
Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that g is

a conformal metric and \(g) > 0. If Q, < 0, then the solution v of 18 nodal.

Proof
By Theorem | v satisfies the equation P, = A\ (g)u "2,
then from , one can write

k—1

n — 2k
Agv + Z Apg(v) + 5 Qv = A (7)u 0.

=1

Integrating over M, we get that

/Akvdvg—i-Z/Alg v)dv, + / vdv, = Al(g)/uN%dvg.

=14, M

Since g is conformal, again from Theorem v € C*(M) and this implies that

— 2k
/A vdvg + Z/Alg v)dv, + 5 /ngdvg = Al(?)/uN_devg,

llM M M

~~ ~~

=0 =0

since A\1(g) > 0 and @, < 0, hence if v > 0, one has

/ngdvg = / M (@)u " 2odu,.
M o Ju

J/

n — 2k

-~

TV
<0 >0

This makes a contradiction, if v < 0, one has

— 2k
n /ngdvg:/ M (9)u™ " 2odv,,
M L Jum B
>0 <0

and this is also a contradiction. Consequently, v changes the sign.
If A\i(g) <0 and @, > 0. With the same method, we get the same thing. ]
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3.5 Existence of a minimum of

In this section, we study the first GJMS invariant p; in case A1(g) > 0. We will prove
that p; is attained by a generalized metric. However, if A\;(g) < 0, Proposition m
implies that i is not well defined. In other words, from the variational characterization
of p1, one has

M1 = —0OQ.

In order to prove Theorem [3.5.1], we prove some useful lemmas.

Definition 3.5.1.
In this definition, we precise the formula . Indeed, by using the definition of
M(9) formula (3.1.6), the first GIMS invariant py is given by

2k
pr = inf A\ (g)Vol(M,q)"
g€lg]
) f vPudu, N 2k
uECl’%(M) vseuvf ulN—202dy, (/u dvy)
M

VeGHf(H%(]V[))

Lemma 3.5.1.
We have:

i < g, (3.5.1)
where v 1s the GJMS invariant, see .

Proof
2k
pr = inf A\ (g)Vol(M,q)"
9€(g]
2k
= inf Al(u 3 g)Vol(M g)"
9€(g]

Pvd
= inf ( inf sup M)(/uNdvg)?,

ueCT (M) VeGri(H2(M)wev+ [, uN~2v2dv

where V* = V\{0}.
From the embedding C%°(M) C H(M), one can write

< b supdutfede / )
T ueC®(M) vev*f ulN—202dv, g
VEGY (O (M)
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The first GJMS invariant

In particular for u = v, one has

) v P vdv 2
H1 S inf SUp%( ’UNdUg)n
w€C® (M) yey+ va “202dv,
VEGTr{(Ce (M)

vPyudv
< inf su Ju .
ueCT (M) ypev» ( f N dug)' W
VEGrY(C (M)
f vPudu,
< inf

su p—.
u€CP (M) yev+ vadv )~
VEGr (O3 (M)

Since V' € Gri(C(M)), V = {Av, A € R*} where v € C{°(M), then we deduce that:

fM vPyudv, fM(/\v)Pg(/\v)dvg fM vPvdy,
sup———— = = ,
vev ([oNdv) v aers ([(W)Ndug)® ([ oNduy)¥
M M M
this implies that
Pyud
o< i J"M_ o
veCE (M vadvg

Lemma 3.5.2.
Let (vy,) and (u,,) be two sequences such that v, — v weakly in H? (M), u, — u
weakly in L™ (M) and checking [,, uy —2v2,dv, = 1. Then

/ U2 (U, — v)2dv, = 1 — / N 2% dv, + o(1).
M M

Proof
Writing

N—2 27 _ N-2, 2 N-2, 2 N-2
/ Uy, (U, — v) duy —/ Uy U “dvg —|—/ u,, “vdy, —/ 2u,, v vdy,
M M M M

—1+/ N2 dv, — / 2ul v vudv,.
M M

The sequence ul =2 is bounded in L~z (M) and converges almost everywhere to u
N-2 N-2 TS
on M then by using , one has u,,™* — u weakly in L¥-2(M).

N-2
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This means that for all ¢ in L= (M), one gets U TRoduy — [, uN 2 od,.
In particular for ¢ = v?, we obtain

N-2,2 N-2,2
/ Uy, "V dvg —>/ u v dvy.
M M

On the other hand since
N ,
/ u,Nn_2%vﬁ’ldvg < (/ umNdvg)Nrf(/ v%dvg)ﬁ,
M M M

N—-2
m

Upm is also bounded in L¥-7 (M) and since V2

goes to uN~2y almost everywhere, one has uN~2v,, — uN~2v weakly in L¥1 (M),
then for all ¢ € LV (M), one has [, ul 2v,¢dvy — [,, u¥ " ?védv,. In particular for

M Um
¢ =wv € LY(M), we obtain

N-2 N-2,2
/ Uy, U, —>/ u” v duy.
M M

this means that the sequence u Um

Consequently,

ey =1 = [ a2 o), 3:52)
M

M

Theorem 3.5.1.
Let (M,g) be a compact Riemannian manifold of dimension n > 3. Assume that
A1(g) > 0 and

1— Ky >0, (3.5.3)

where p is the GJMS invariant and K, is given by . Then there exist two
nontrivial functions w € LY (M) and v € HE (M) such that in the weak sense, we have

Py = mu™ %0 and / w2 dv, = 1. (3.5.4)
M

In other words, py is attained by a generalized metric.

Proof
n—2k

let g,, = um "¢ be a minimizing sequence of conformal metrics of u;, a sequence of
metrics such that u,, € C*°(M), u,, > 0 and

26

[y = li;ln)\l(gm)vol(M, Gm) ™
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The first GJMS invariant

For more clarity we set : A1(gm) = A1 m-
Without loss of generality, we may assume that

vol(M, g,,) = /u%dvg = 1. (3.5.5)
M

Indeed, since

Qk;N: 2k2n _ 2n 9 N_2,
n n(n —2k) n-—2k

it follows that for any A > 0, one gets

I(Au,v) = fo(A)igig_Zizgdvg(/()\u)Ndvg)Qf = I(u,v).

This means that if (u,) is a minimizing sequence, (Au,,), is also is a minimizing
. 1.
sequence, just choose A = ([ uldv,)"~. i.e
M

M1 = lim)\Lm.

Step 1: (3.5.5) implies that the sequence (u,,),, is bounded in LY (M), hence there
exists u € LN(M), w > 0 such that w,, — u weakly in L¥(M) and by standard
argument, we get

/uNdvg < lim inf/u%dvg =1 (3.5.6)
M M

Now, we are going to prove that the generalized metric w gwithu e LY (M), u>0
and v # 0 minimizes .

Since A(g) > 0, P, is coercive. Then for all u,, € C*°(M), Theorem implies the
existence of v, € C*°(M) such that

Py, = MmN %0, and / uN_QUfndvg =1.
M
Now for m large enough, we may assume that
)\l,m S M1 + ].,
which implies that

lomll?, = / O Pytmdty — M < i + 1.
M

Hence the sequence (v, )., is bounded in HZ(M), then there exists v € HZ(M) such
that v,, — v weakly in H?(M) and v,, — v strongly in H? ,(M). This, together
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with the weak convergence of (u,)n, imply that the function v is a weak solution of
the following equation
Py = mu™N 0. (3.5.7)

Step 2: we show that u, v are not identically null.
Letting

Om = U — V.

Clearly ¢,, — 0 weakly in HZ(M), and the strongly in H7 | (M).
Now for all m, one gets :

/vagvmdvg = /((pm + v) Pyu,du,

M M

= /(gmegvm + vPyvy,)dy,
M

= /(’UmPg(Pm + Umng)dvg
M

= /((U + gpm)PgU + (v + SOm)PgSOm)dvg

= /UP Udvg—l—/gompggomdvg-l—/QUPQQOmdUg
M M

= /vP vdv, + /\A;gpm| dvg—i—Z/ 0 (9) (V' om, Vipn)du,

1=0 j;
+ /QUngomdvg.
M

Since (¢ )m goes to 0 weakly in HZ (M), we get

/ngwmdvg — 0, (3.5.8)

M
and from the strong convergence of (¢,,)n, to 0 in HZ (M), we get

k—1

/ Z Vo |*dv, = o(1) and /A(l)(g)(vlgom, Viom)dv, = o(1).  (3.5.9)
M=o 1=0 3,
(3-5.8) and (3.5.9) imply that,

/vagvmdvg - /UP vdv, = /]Ag Om|*dv, + o(1). (3.5.10)

M M
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The first GJMS invariant

Now let,
A= / ul 202 dv,. (3.5.11)
M
Then by applying Hélder inequality, Theorem and from (3.5.9)), one has
A< ( / ()N %2 dy) N / (pm) *2dvy) ¥
M M
< lemlly
<

k
(K0+5)/|A§gom] dv, + B. / Z]Vlgom| dv,

< Ko+£/|A ©m]* + o(1)

IA

(Ko+¢) (/ U Py, — Ungdvg) +o(1)
M
< (Ky+e¢) <)\17m —/ ngvdvg) +o(1)
M
< (Ko+te) ()\l,m - M1/ UN_2712dUg)> + o(1).
M
Independently, with Lemma formula (3.5.2)), we have
A=1- / u™N 20 dv, + o(1),
M
then it follows that
1— / uN dv, < (Ko +e) (/\Lm — ul/ uN_QUdeg)) + o(1).
M M
Now when m — 400, one gets
L= / uNPdug < (Ko +€)(pn — / u™ 0% d,),
M M

therefore,

1—(Ko+5),u1§/

uN 22y, — (K +€)M1/ uN 22y,
M

M

and this leads to
1— Kopy < (1— Kg,ul)/ uN_2v2dvg +em (1 — / UN_QUQdUg). (3.5.12)
M M
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3.6 Nonlinear GJMS equation and nodal solution

Now, by using Lemma formula (3.5.1)) and the assumption (3 , one easily has

1 — Kopy > 0 and as we can choose ¢ sufficiently small enough, 3.5.12 necessamly one

has
/ uN’2v2dvg > 1.
M

On the other hand, by the weak convergence one gets that,

/ uN’QUdeg < liminf/ % 22 v, dvg =1,
M

M

/ u™ " 2idu, = 1.
M

This implies that v and u are not identically null which means that p; is attained by

which yields to

the generalized metric u=—2% g. Moreover, we obtain

py = ||UH%39 = / vPyvdu, > 0. (3.5.13)
M

3.6 Nonlinear GJMS equation and nodal solution

In this section, we show that the equation P, = p;|v|¥~?v has a nodal solution if

Q, < 0.

Theorem 3.6.1.

Let (M, g) be a compact Riemannian manifold of dimension n > 3. Assume that p
is attained by the generalized metric uﬁg where uw € LY(M). Then u = |v| where
v e HE M), v is a solution weak of Pyv = pyu™~2v and such that [,, u™?v*dv, = 1.
Moreover, the function v € C*(M) and if Q, < 0, then v changes the sign.

Proof
Let the function h = alv| € LY (M) with a > 0 chosen such that [,, ANdv, = 1, by
definition

f vBudv, fM uN20idu, B a’p fM uN2vido,
ul_f N=202dv, [ RN "202dv, a2 [, BN 202d,
m [y e av)dvg [y NP av) d,
Jualo)N=2(av)2dv, Jaa W elvg

= ul/ u™ "2 (alv|)?dv,.
M
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The first GJMS invariant

By using (3.5.6) and Hélder’s inequality, it follows that

N—-2

i< ([ WO I0) P (ol Ean)?
M M
<l [ ) ([ Wit
M M
< Ml(/MUNdUg)NNZSML (3.6.1)

this implies that we have both equality in the Holder inequality. The equality in the
Holder inequality implies that there exists a constant b > 0 such that :

u = blv|.

From the equality 1 = [, uV"?v*dv, = bV 2 [ [v|¥dv,, we obtain

1
m—/]w‘U’NdUg.

(3.6.1) implies that [,, u™dv, = 1, then it follows that

bN/ lwNdv, =1,
M

1 N 1
pN—2 :/]\/[|U’ dUg = b_N’

b=1 and wu=|v|.

which leads to

therefore

Hence, v is a weak solution of
Pyv = iy |v|N 20, (3.6.2)

and from standard regularity see Proposition we get that v € C?*(M). In ad-
dition, since p; > 0 and @4 < 0, by following the same proof of Proposition [3.4.2 we
deduce that the function v changes the sign. [

3.7 Case of Einsteinian manifold and positive solu-
tion

In this section, on Einstein manifold when S; > 0, we will prove that the solution v of
equation is positive, y; = p and is attained by a conformal metric which leads
to the existence of a metric g conformal to g such that the QQ-curvature is constant. In
the case Sy < 0, and £k is odd, the solution is nodal.
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3.7 Case of Einsteinian manifold and positive solution

Theorem 3.7.1.
Let (M, g) be a compact Einstein manifold of dimension n > 3. Assume that Sy > 0
and 1 — uKy > 0 where p is the GJMS invariant and Ky is given by formula )

Then uy is attained by the conformal metric uﬁg. In other words, there exists u €
C®(M),u > 0 solution to the following equation

Py = puN "t such that / uNdUg =1
M

Proof
We follow the same proof of Theorem [3.5.1]
a4
Let ¢, = uy ** g be a minimizing sequence of conformal metrics of 1, a sequence of
metrics such that u,, € C*°(M), u,, > 0 and
w1 = limA; ,,  and /u%dvg =1 (3.7.1)
M

Firstly: implies that the sequence (u,,),, is bounded in LY (M), hence there
exists u € LV (M), u > 0 such that u,, — u weakly in LY (M).

Since (M, g) is Einstein and S, > 0, P, is coercive. Then for all u,, € C*°(M), Theorem
3.4.2| implies the existence of v, € C*>°(M) such that v, > 0 and

N-2 N-2,2
Pyvm = A mty, vy and / Uy, U dvg = 1.
M

m m

Now for m large enough, we may assume that
)\1,m S 251 + ]-7

which implies that

||UmH%‘g = /]\/[Umpg(vm)dvg = /\1,m < i+ 1.

Hence the sequence (vy,),, is bounded in H?(M), then there exists v € HZ(M) such
that v > 0, v, — v weakly in H?(M) and v,, — v strongly in H? ,(M). This,
together with the weak convergence of (u,)m,, imply that the function v is a weak
solution of the following equation

Py = u 20 (3.7.2)

And in particular
v > 0.

Secondly: Since 1 — uKy > 0, by step (2) of the poof of Theorem [3.5.1} the functions
u,v satisfy [, v "2v?dv, = 1 and are not identically null. Since v > 0, we let the
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The first GJMS invariant

function h = av € LY (M) where a > 0 chosen such that [,, ANdv, = 1 and by
following the same proof of Theorem [3.6.1} one has

u="v.

Therefore, v is a weak solution of

— N1
Py = o™,

and from standard regularity see Proposition we get that v € C?**(M). In
particular since v > 0 and p; > 0, one has Pyv > 0 and since v # 0, it follows from
Proposition that v > 0 and again by regularity v € C*°(M).
Now since [,, vPyvdv, = i1, [|v|Ndv, =1 and from the definition of , one has

M

= 1. (3.7.3)

It follows that
M S Hi,

and by Lemma formula (3.5.1)), we get that
Hi = M-

Therefore, the infimum g, is achieved by the conformal metric § = = g and this
means that metric g is such that the Q-curvature

2
Q§ T %Ml-

n
A more interesting situation on Einstein manifold is when S, < 0, this implies that
i) 1 VPgvdug can be negative or positive and consequently the eigenvalues follow same
thing contrary to the case S, > 0 which implies only the positivity of eigenvalues.

Corollary 3.7.1.
Let (M, g) be a smooth compact Einstein manifold of dimension n > 3, assume that
Sy <0, Mi(g) >0 and 1 —puKy > 0. If k is odd, the following equation:

Pyv = py o]V 0, (3.7.4)
has a nodal solution v € C**(M).
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3.7 Case of Einsteinian manifold and positive solution

Proof
Since A;(g) > 0 and 1 — puKy > 0, Theorem implies that p; is attained by a
generalized metric and since (M, g) is Einstein, by using (3.3.5)), (3.7.4)) can be written

as

k-2
A’;u + Z bk,l,l(Sg)l“A’;’l’lu + bo(Sg)ku = uN ",
1=0

where bg_1, ..., b1, by are positive real numbers. Therefore, if k is odd, by(S,)* < 0 and
by applying Theorem with 2222Q, = by(S,)*, we get the result. m
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The first GJMS invariant

Perspective

In the same sprit, we would like to study the second GJMS invariant ps and of course
we will look for the general conditions where it can be attained by a generalized metric.
In other words, we will study the corresponding GJMS equation and maybe we can
discuss the existence and the sign of its solution.
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Abstract

The purpose of our thesis is to
study the existence of certain
conformal invariants GIMS type
on a compact Riemannian
manifold of dimension n > 3. The
GJMS operator can be seen as a
generalization of the Yamabe
operator and the Paneitz-Brason
operator. In particular, we study
when those invariants are attained,
these problems are equivalent to
solve some nonlinear elliptic
equations with critical Sobolev
growth. Our work is based on the
variational methods.

Key words and phrases:

1) Fourth-order elliptic equation
of Paneitz-Branson type operator.

2) Eigenvalues.

3) Nodal solution.

4) GJMS type equation.

5) Generalized metric.

Résumé

L'objectif de notre these est d'étudier
I'existence de certains invariants
conformes de type GIJMS sur une variété
riemannienne compacte de dimension
n>3. Le GJMS est un opérateur qui
est une généralisation du fameux
opeérateur de Yamabe et aussi celui de
Paneitz-Brason. En particulier, nous
étudions quand est ce que ces invariants
sont atteints. Ces problémes sont
équivalents a résoudre quelques
équations elliptiques non linéaire avec
exposant critique de Sobolev. Notre
travail est basé sur les méthodes
variationnelles.

Mots clés et phrases :

1) Equation elliptique du quatriéme
ordre de type Paneitz-Branson.

2) Les valeurs propres.

3) Solution nodale.

4) Equation de type GIMS.

5) Métrique généralisée.
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