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Introduction

The concept of fractional differential calculus has a long history. One may wonder
what meaning may be ascribed to the derivative of a fractional order, that is %, where
n is a fraction. In fact L’Hopital himself considered this very possibility in a corres-
pondence with Leibniz, In 1695, L'Hopital wrote to Leibniz to ask, ” What if n be % 2
From this question, the study of fractional calculus was born. Leibniz responded to the
question, "d2z will be equal to xv/dx : x. This is an apparent paradox from which, one
day, useful consequences will be drawn.”

Many known mathematicians contributed to this theory over the years. Thus, 30
September 1695 is the exact date of birth of the ” fractional calculus” ! Therefore,
the fractional calculus it its origin in the works by Leibnitz, L’Hopital (1695), Bernoulli
(1697), Euler (1730), and Lagrange (1772). Some years later, Laplace (1812), Fourier
(1822), Abel (1823), Liouville (1832), Riemann (1847), Grinwald (1867), Letnikov
(1868), Nekrasov (1888), Hadamard (1892), Heaviside (1892), Hardy (1915), Weyl
(1917), Riesz (1922), P. Levy(1923), Davis (1924), Kober (1940), Zygmund (1945),
Kuttner (1953), J. L. Lions (1959), and Liverman (1964)... have developed the basic
concept of fractional calculus.

In June 1974, Ross has organized the ” First Conference on Fractional Calculus and
its Applications” at the University of New Haven, and edited its proceedings [128];
Thereafter, Spanier published the first monograph devoted to ” Fractional Calculus” in
1974 [119]. The integrals and derivatives of non-integer order, and the fractional inte-
grodifferential equations have found many applications in recent studies in theoretical
physics, mechanics and applied mathematics. There exists the remarkably comprehen-
sive encyclopedic-type monograph by Samko, Kilbas and Marichev which was published
in Russian in 1987 and in English in 1993 [132]. (for more details see [111]) The works
devoted substantially to fractional differential equations are : the book of Miller and
Ross (1993) [114], of Podlubny (1999) [123], by Kilbas et al. (2006) [100], by Diethelm
(2010) [72], by Ortigueira (2011) [120], by Abbas et al. (2012) [3], and by Baleanu et
al. (2012) [32].

In recent years, there has been a significant development in the theory of fractional
differential equations. It is caused by its applications in the modeling of many pheno-
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mena in various fields of science and engineering such as acoustic, control theory, chaos
and fractals, signal processing, porous media, electrochemistry, viscoelasticity, rheology,
polymer physics, optics, economics, astrophysics, chaotic dynamics, statistical physics,
thermodynamics, proteins, biosciences, bioengineering, etc. Fractional derivatives pro-
vide an excellent instrument for the description of memory and hereditary properties
of various materials and processes. See for example [33, 34, 86, 88, 111, 122, 131, 134].

Fractional calculus is a generalization of differentiation and integration to arbitrary
order (non-integer) fundamental operator D¢, where a, a, € R. Several approaches to
fractional derivatives exist : Riemann-Liouville (RL), Hadamard, Grunwald-Letnikov
(GL), Weyl and Caputo etc. The Caputo fractional derivative is well suitable to the
physical interpretation of initial conditions and boundary conditions. We refer readers,
for example, to the books such as [3, 22, 32, 72, 100, 104, 114, 119, 120, 123, 132]
and the articles [4, 6, 7, 19, 26, 27, 38, 43, 45, 48, 50, 52, 56, 57, 58, 59, 99, 130], and
references therein. In this thesis, we use always the Caputo’s derivative.

Fractional differential equations with nonlocal conditions have been discussed in
8, 10, 73, 82, 110, 117, 118] and references therein. Nonlocal conditions were initiated
by Byszewski [65] when he proved the existence and uniqueness of mild and classical
solutions of nonlocal Cauchy problems. As remarked by Byszewski [63, 64], the nonlo-
cal condition can be more useful than the standard initial condition to describe some
physical phenomena.

There are two measures which are the most important ones. The Kuratowski mea-
sure of noncompactness «(B) of a bounded set B in a metric space is defined as
infimum of numbers r > 0 such that B can be covered with a finite number of sets of
diameter smaller than r. The Hausdorf measure of noncompactness x(B) defined as
infimum of numbers » > 0 such that B can be covered with a finite number of balls
of radii smaller than r. Several authors have studied the measures of noncompactness
in Banach spaces. See, for example, the books such as [18, 35, 135] and the articles
20, 36, 37, 49, 58, 60, 89, 115], and references therein.

Recently, considerable attention has been given to the existence of solutions of boun-
dary value problem and boundary conditions for implicit fractional differential equa-
tions and integral equations with Caputo fractional derivative. See for example [7, 11,
16, 17, 28, 50, 51, 52, 58, 91, 97, 105, 106, 107, 108, 130, 148], and references therein.

During the last ten years, impulsive differential equations and impulsive differential
inclusions with different conditions have intensely were studied by many mathemati-
cians. The concept of differential equations with impulses are introduced by V. Milman
and A. Myshkis in 1960 (see [113]). This subject was, thereafter, extensively investi-
gated. Impulsive differential equations have become more important in recent years
in some mathematical models of real phenomena, especially in biological or medical
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domains, in control theory, see for example the mongraphs of Graef et al. ([79]), Laksh-
mikantham et al ([103]), Perestyuk et al. ([121]), Samoilenko and Perestyuk [133], and
several monographs have been published by many authors like the papers of Agarwal
et al. ([5]), Ahmad and Sivasundaram ([16]), Benchohra et al. ([39, 40, 55]), Bainov
and Simeonov ([30]), and ([42, 53, 60, 61, 84, 138, 139, 141, 144]).

On the other hand, anti-periodic problems constitute an important class of boun-
dary value problems and have recently received considerable attention. See for example
the papers of Ahmad and Nieto ([12, 13, 14]), Ahmad et al. ([15]), Wang and Liu ([142]).
Anti-periodic boundary conditions appear in physics in a variety of situations (see for
example, in ([1, 67]) and the references therein). For some recent work on anti-periodic
boundary value problems of fractional differential equations with impulse, see ([41, 47])
and the references therein.

In the theory of ordinary differential equations, of partial differential equations,

and in the theory of ordinary differential equations in a Banach space there are several
types of data dependence . On the other hand, in the theory of functional equations
there are some special kind of data dependence : Ulam-Hyers, Ulam-Hyers-Rassias,
Ulam-Hyers- Bourgin, Aoki-Rassias [129].
The stability problem of functional equations originated from a question of Ulam
[136, 137] concerning the stability of group homomorphisms : ” Under what condi-
tions does there ezist an additive mapping near an approrimately additive mapping ?”
Hyers [90] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers Theorem was generalized by Aoki [24] for additive mappings and by
Th.M. Rassias [124] for linear mappings by considering an unbounded Cauchy diffe-
rence. A generalization of the Th.M. Rassias theorem was obtained by Gavruta [76].
After, many interesting results of the generalized Hyers-Ulam stability to a number
of functional equations have been investigated by a number of mathematicians; see
2, 21, 44, 46, 92, 93, 94, 95, 96, 98, 139, 143, 144] and the books [69, 125, 126] and
references therein.

We have organized this thesis as follows :

Chapter 1.
This chapter consists of three Sections. In Section one, we present ” A brief visit to the
history of the Fractional Calculus”, and in Section two, we present some ” Applications
of Fractional calculus”.
Finally, in the last Section, we recall some preliminary : some basic concepts, and
useful famous theorems and results (notations, definitions, lemmas and fixed point
theorems) which are used throughout this thesis.

In Chapter 2, we discuss and establish the existence, the uniqueness and the Ulam-
Hyers stability of solution for a class of boundary value problem for NIFDE and for
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non-local boundary value problem with Caputo fractional derivative.
In Section 2.2, we will give existence and uniqueness results for the followings problems
of implicit fractional differential equations :

D%(t) = f(t,y(t),” D*(t)), foreveryte J:=[0,T],T >0, 0<a<l

ay(0) +by(T) =c

where “D“ is the fractional derivative of Caputo, f : J x R x R — R is a continuous
function, and a, b, ¢ are real constants with a + b # 0,
and

°D%(t) = f(t,y(t)," D*(t)), foreveryte J:=[0,T7],7T >0, 0<a<l

y(0) +9(y) = yo

where g : C([0,T],R) — R is a continuous function and y, a real constant.
In Section 2.3, we establish the stability results for the two previous problems.
Finally, in Section 2.4, two examples will be included to illustrate our main results.

Chapter 3 , here, two results for a class of boundary value problems for nonlinear
implicit fractional differential equations and for non local boundary value problem
in Banach space with Caputo fractional derivative are discussed.The arguments are
based on Darbo’s fixed point theorem combined with the technique of measures of
noncompactness and on Monch’s fixed point theorems.

In Section 3.2, we establish existence and uniqueness results of the following boundary
value problem for implicit fractional differential equation :

°D'y(t) = f(t,y(t),” D"y(t)), for each, t € J:=1[0,T], T >0, 0 <v <1,

ay(0) + by(T) = c,

where D" is the Caputo fractional derivative, (E,|| - ||) is a real Banach space, f :
Jx Ex FE — FE is a given function and a, b are real with a +b # 0 and ¢ € E.

Then, we will illustrate our result by an example.

In Section 3.3, we establish existence and uniqueness result to the following non local
boundary value problem :

°D"y(t) = f(t,y(t),° D"y(t)), foreveryte J:=[0,T,T>0, 0<v<l1

y(0) +g(y) = yo

where g : C([0,T], E) — E is a continuous function and y, € E.
Finally, an example is given to illustrate the applicability of our main results.

In Chapter 4, we establish the existence, the uniqueness and the Ulam-Hyers
stability results to a class of boundary value problems for nonlinear implicit fractional
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differential equations with impulses.Here two results are discussed, the first is based
on the Banach contraction principle, and Schaefer’s fixed point theorem, the second
is based on the method associated with the technique of measures of noncompactness
and the fixed point theorems of Darbo and Monch.

In Section 4.2, we establish existence, uniqueness and stability results to the following
boundary value problem with impulses :

‘Diy(t) = f(t,y,° Diy(t)), foreach | t € (tg,tpa], k=0,...,m, 0 <a <1,

Aylems, = Lly(t), k=1,....m,
ay(0) + by(T) = c,

where Dy is the Caputo fractional derivative, f : JXRXR — R is a given function, I}, :
R — R, and a, b, ¢ are real constants with a+b # 0,0 =tg <t; < -+ <t <tmi1 =T,
Ayli=, = y(ty) — y(t), y(t) = limy, o y(ty, + ) and y(t,) = limy, - y(tx + h) re-
present the right and left limits of y(t) at t = .

At last, we present two examples to illustrate our results.

In Section 4.3, We discuss, existence and uniqueness of solutions to the following boun-
dary value problem for nonlinear implicit fractional differential equations with impulses
in Banach Space :

‘Dyy(t) = f(t,y,” Df y(t)), for each , t € (ty,tp11], k=0,...,m, 0 <v <1,

Ayliy, = L(y(t,)), k=1,...,m,
ay(0) +by(T) = c,

where “Dy is the Caputo fractional derivative, (£, || - ||) is a real Banach Space, f :
J X Ex E— FEis a given function, I}, : E — FE, a,b are real constants with a +b # 0
and c € B, 0 =1ty <t1 <+ <ty <tm1 =T, Dyliey, = y(t7) —y(t;), y(t) =
limy, o+ y(tx, + h) and y(t, ) = limy_,o- y(tx + h) represent the right and left limits of
y(t) at t =ty

Finally, we give two examples to illustrate our main results.

In Chapter 5, We establish the existence, the uniqueness and the Ulam-Hyers sta-
bility results to the implicit fractional-order differential equation with finite delay and
impulse. Here two results are discussed, the first is based on the Banach contraction
principle, and Schaefer’s fixed point theorem, the second is based on the method asso-
ciated with the technique of measures of noncompactness and the fixed point theorems
of Darbo and Monch.

In Section 5.2, we establish, existence, uniqueness and stability results to the following
problem of implicit fractional differential equation with finite delay and impulses :

CD?;y(t) = f(taytac D?;y(t)), for each ) te (tkatk—i-l]? k= 07 cee, MMy 0<a S 17
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Ay|t:tk = [k(yt;), k = 1, e,y
y(t) = p(t), t € [-r,0], >0,

where °Df is the Caputo fractional derivative, f : J x PC([-r,0],R) x R — R is a
given function, I, : PC([-r,0,R) — R, and ¢ € PC([-7,0],R),0 =ty < t; < -+ <
trn < tmt1 = T.

For each function y; defined on [—r, 7] and for any ¢ € J, we denote by y; the element
of PC([—r,0],R) defined by :

yi(0) = y(t+0), 6¢cl-r0,

y(+) represent the history of the state from time ¢t — 7 up to time t.

Here Ayli—y, = y(t)—y(t;), where y(t;}) = limy, o+ y(t + h) and y(¢; ) = limy,_0- y(tx + h)
represent the right and left limits of y; at t = ¢, respectively.

Finally, we give two examples to illustrate our results.

In Section 5.3,we establish, existence and uniqueness results to the following problem

of implicit fractional differential equation with finite delay and impulses :

‘D y(t) = f(t,y., D} y(t)), for each , t € (t,tg41], k=0,...,m, 0 <v <1,

Ayli=y, = Ik(yt;), k=1,...,m,
y(t) = ¢(t), t € [-r,0], r >0,

where Dy is the Caputo fractional derivative, (E, || - ||) is a real Banach space, f :
J x PC(]-r,0],E) x E — E is a given function, I : PC([-r,0],E) — E, and ¢ €
PC([-1,0,E), 0=ty <ty < -+ <ty <tmy=T.

For each function y, defined on [—r, T] and for any ¢t € J, we denote by y; the element
of PC([—r,0], E) defined by :

w(0) =yt+6), 0c|-r0,

At last and as application, two examples are included.

In the last Chapter, we establish sufficient conditions for the existence of solutions
for a class of Problem for implicit neutral functional differential equations of fractional
order for first, with finite delay, then, with finite delay and impulses using Caputo
fractional derivative, also, the stability of this class of problem. The arguments are
based upon the Banach’s fixed point theorem and Schaefer’s fixed point theorem.
Section 6.2 is devoted to the existence, uniqueness and stability results of solutions for
the following problem for neutral NIFDE with finite delay :

‘Dy(t) —g(t,y)l = f(t,y," Dy(t), t€ J=[0,T], T>0,0<a<1

y(t) = p(t), t € [-r,0], r >0,
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where f : J x C([-r,0],R) x R - R and ¢g : J x C([-r,0],R) — R are two given
functions such that ¢(0,9) =0 and ¢ € C([-r,0],R) .

For each function y; defined on [—r, 7] and for any ¢t € J, we denote by y; the element
of C([-r,0],R) defined by :

y(0)=yt+46), 0c|-r0,

y(+) represent the evolution history of system state from time ¢ — r to time ¢.

At last, two examples are included to show the applicability of our results.

In Section 6.3, we establish existence, uniqueness and stability results for the following
neutral NIFDE with finite delay and impulses :

“Dp [y(t)—o(t, y:)] = f(ty:,° Dy y(t)), for each t € (tg,tp1], k=0,...,m, 0 <a <1,

Ayli=y, = Ik(yt;), kE=1,...,m,
y(t) =(t), t € [-r,0], r>0,

where “Dg: is the Caputo fractional derivative, f : J x PC([-7,0],R) x R — R,

¢ :Jx PC([-r,0],R) — R are given functions with ¢(0,p) =0, I, : PC([-r,0],R)
— R and ¢ € PC([-r,0],R),0 =ty <t1 < -+ <ty < tyy1 =T, and PC([—r,0],R)
is a space to be specified later.

For each function y defined on [—r,T] and for any ¢ € J, we denote by y; the element
of PC([—r,0],R) defined by :

y(0) =yt +6), 6c[=r0,

that is, y;(-) represents the history of the state from time ¢ — r up to time ¢.

And Ayli—y, = y(t)—y(ty,), where y(¢;) = limy 0+ y(tx + h) and y(t;,) = limy,_o- y(tx + 1)

represent the right and left limits of y; at t = ¢, respectively.
And finally, we give an illustrative example.



Chapitre 1

Basic Ingredients

1.1 A brief visit to the history of the Fractional
Calculus

In 1695, in a letter to the French mathematician L‘Hospital, Leibniz raised the

following question : 7 Can the meaning of derivatives with integer order be generalized
to derivatives with non-integer orders ¢?” L‘Hospital was somewhat curious about that
question and replied by another question to Leibniz : ” What if the order will be %?”
Leibnitz in a letter dated September 30, replied : 7 It will lead to a paradox, from which
one day useful consequences will be drawn.”
Many known mathematicians contributed to this theory over the years. Thus, Septem-
ber 30, 1695 is the exact date of birth of the ” fractional calculus” ! Therefore, the frac-
tional calculus it its origin in the works by Leibnitz, L’Hopital (1695), Bernoulli (1697),
FEuler (1730), and Lagrange (1772). Some years later, Laplace (1812), Fourier (1822),
Abel (1823), Liouville (1832), Riemann (1847), Grinwald (1867), Letnikov (1868), Ne-
krasov (1888), Hadamard (1892), Heaviside (1892), Hardy (1915), Weyl (1917), Riesz
(1922), P. Levy (1923), Davis (1924), Kober (1940), Zygmund (1945), Kuttner (1953),
J. L. Lions (1959), and Liverman (1964)... have developed the basic concept of frac-
tional calculus.

In 1783, Leonhard Fuler made his first comments on fractional order derivative.
He worked on progressions of numbers and introduced first time the generalization of
factorials to Gamma function. A little more than fifty year after the death of Leibniz,
Lagrange, in 1772, indirectly contributed to the development of exponents law for dif-
ferential operators of integer order, which can be transferred to arbitrary order under
certain conditions. In 1812, Laplace has provided the first detailed definition for frac-
tional derivative. Laplace states that fractional derivative can be defined for functions
with representation by an integral, in modern notation it can be written as [ y(¢)t~dt.
Few years after, Lacroiz worked on generalizing the integer order derivative of function

13



CHAPITRE 1. BASIC INGREDIENTS 14

y(t) = t™ to fractional order, where m is some natural number. In modern notations,
integer order n* derivative derived by Lacroiz can be given as

d"y m! ~ I'(m+1)

— tm—n

dtn — (m —n)! S T(m—n+1)

where, I' is the Euler’s Gamma function.
Thus, replacing n with % and letting m = 1, one obtains the derivative of order %
of the function ¢ )
d? — P(z)t% — i\/{
dz  T(3) VT
Euler’s Gamma function (or Euler’s integral of the second kind) has the same
importance in the fractional-order calculus and it is basically given by integral

['(2) —/ t*~te~tdt.
0

The exponential provides the convergence of this integral in oo, the convergence at zero
obviously occurs for all complex z from the right half of the complex plane (Re(z) > 0).
This function is generalization of a factorial in the following form :

I'(n)=(n—1).

Other generalizations for values in the left half of the complex plane can be obtained
in following way. If we substitute e~ by the well-known limit

t n
et = lim <1 — —>
n—od n

and then use n-times integration by parts, we obtain the following limit definition of

the Gamma function ;

['(z) = lim nin :
n—oo z(z+1)...(2+n)
Therefore, historically the first discussion of a derivative of fractional order appeared
in a calculus written by Lacroix in 1819.
It was Liouville who engaged in the first major study of fractional calculus. Liouville’s
first definition of a derivative of arbitrary order v involved an infinite series. Here, the
series must be convergent for some v. Liouville’s second definition succeeded in giving
a fractional derivative of x~% whenever both x and are positive. Based on the definite
integral related to Euler’s gamma integral, the integral formula can be calculated for
x~%. Note that in the integral
/OO u e duy,
; )
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if we change the variables ¢t = xu, then

a—1
o t 1 1 [
/ u e " dy = / <—> et odt = — et dt.
0 x X % Jy
> a—1_—xu ]' > a—1 _—t
u' e MMdy = — t e dt.
0 x* Jo

Through the Gamma function, we obtain the integral formula

_ 1 /OO _q
A u* e " du.
F(a) 0

Consequently, by assuming that ;;—V,,e“’f = a’e*, for any v > 0, then

Thus,

d 7 — F(a + V)x—a—y — (_1)1/

I'a+v)
dx” I'(a)

['(a)

—a—v

In 1884 Laurent published what is now recognized as the definitive paper on the foun-
dations of fractional calculus. Using Cauchy’s integral formula for complex valued ana-
lytical functions and a simple change of notation to employ a positive v rather than a
negative v will now yield Laurent’s definition of integration of arbitrary order

1 ’ v—1
m/ (x —t)" " h(t)dts.

Zo

wngh(l‘) =

The Riemann-Liouville differential operator of fractional calculus of order «a de-
fined as

S (%) [a=or s ita-1<a<n

(4 s

(Dgy (1) =

where a, a,t € R, t > a, n = [a] 4+ 1; [a] denotes the integer part of the real number «,
and I is the Gamma function.

The Griinwald-Letnikov differential operator of fractional calculus of order «
defined as

[t—a

h

(D f)(t) = lm A~ } (=1)(F)f(t — jh).

h—0

=0
Binomial coefficients with alternating signs for positive value of n are defined as
nn—1)(Mn-2)--(n—j7+1) n!

()= . -

7! ji(n — 5"
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For binomial coeflicients calculation we can use the relation between Euler’s Gamma
function and factorial, defined as

°) = a! B I'(a)
T o= T TG+ D (a—j+1)°

The Griinwald-Letnikov definition of differ-integral starts from classical definitions
of derivatives and integrals based on infinitesimal division and limit. The disadvantages
of this approach are its technical difficulty of the computations and the proofs and large
restrictions on functions. (see [149])

The Caputo (1967) differential operator of fractional calculus of order a defined

as
1 t
o - m/a (t — S)niailf(n)(S)dS fn—1l<acx n,
D2 =4 L,
(%) f(t>7 if a = n,
where a, a,t € R, t > a, n = [a] + 1. This operator is introduced in 1967 by the Italian
Caputo.

This consideration is based on the fact that for a wide class of functions, the three
best known definitions ((GL), (RL), and Caputo) are equivalent under some conditions.

(see ([87])

Unfortunately, fractional calculus still lacks a geometric interpretation of integration
or differentiation of arbitrary order. We refer readers, for example, to the books such
as [3, 32, 88, 100, 104, 114, 119, 123, 132] and the articles [4, 6, 7, 26, 27, 38, 48, 50,
52, 56, 57, 58, 99, 130], and references therein.

1.2 Applications of Fractional calculus

The concept of fractional calculus has great potential to change the way we see,
model and analyze the systems. It provides good opportunity to scientists and engineers
for revisiting the origins. The theoretical and practical interests of using fractional
order operators are increasing. The application domain of fractional calculus is ranging
from accurate modeling of the microbiological processes to the analysis of astronomical
images.

Next, we will present a brief survey of applications of fractional calculus in science and
engineering.

The Tautochrone Problem (Historical Example) :
This example was studied, for the first time, by Abel in the early 19** century. It was
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one of the basic problems where the framework of the fractional calculus was used
although it is not essentially necessary.

Signal and Image Processing :

In the last decade, the use of fractional calculus in signal processing has tremendously
increased. In signal processing, the fractional operators are used in the design of diffe-
rentiator and integrator of fractional order, fractional order differentiator FIR (finite
impulse response), ITR type digital fractional order differentiator (infinite impulse res-
ponse), a new ITR (infinite impulse response)-type digital fractional order differentiator
(DFOD) and for modeling the speech signal. The fractional calculus allows the edge
detection, enhances the quality of images, with interesting possibilities in various image
enhancement applications such as image restoration image denoising and the texture
enhancement. He is used, in particularly, in satellite image classification, and astrono-
mical image processing.

Electromagnetic Theory :

The use of fractional calculus in electromagnetic theory has emerged in the last two
decades. In 1998, Engheta [74] introduced the concept of fractional curl operators and
this concept is extended by Naqvi and Abbas [116]. Engheta’s work gave birth to the
newfield of research in Electromagnetics, namely, ” Fractional Paradigms in Electro-
magnetic Theory”. Nowadays fractional calculus is widely used in Electromagnetics to
explore new results; for example, Faryad and Naqvi [75] have used fractional calculus
for the analysis of a Rectangular Waveguide.

Control Engineering :
In industrial environments, robots have to execute their tasks quickly and precisely,
minimizing production time, and the robustness of control systems is becoming im-
perative these days. This requires flexible robots working in large workspaces, which
means that they are influenced by nonlinear and fractional order dynamic effects.

Biological Population Model
The problems of the diffusion of biological populations occur nonlinearly and the frac-
tional order differential equations appear more and more frequently in different research
areas.

Reaction-Diffusion Equations
Fractional equations can be used to describe some physical phenomenon more ac-
curately than the classical integer order differential equation. The reaction-diffusion
equations play an important role in dynamical systems of mathematics, physics, che-
mistry, bioinformatics, finance, and other research areas. There has been a wide variety
of analytical and numerical methods proposed for fractional equations ([109, 147]), for
example, finite difference method ([68]), finite element method, Adomian decompo-
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sition method ([127]), and spectral technique ([112]). Interest in fractional reaction-
diffusion equations has increased.

1.3 Some notations and definitions of Fractional
Calculus Theory

In this chapter definitions and some auxiliary results are given regarding the main
objects of the monograph : some notations and definitions of Fractional Calculus
Theory, some definitions and proprieties of noncompactness measure, some fixed point
theorems.

Definition 1.3.1 ([100, 125]). The fractional (arbitrary) order integral of the function
f e LY[0,T),Ry) of order o € Ry is defined by

1

0 = o / (t — )2 f(s)ds,

where I' is the gamma function.

Theorem 1.3.2 [100]. For any f € C([a,b],R) the Riemann-Liouwville fractional in-
tegral satisfies
[°IPf(t) = IPI°f(t) = I"TP £ (8),

for a, 8 > 0.

Definition 1.3.3 (/99]). For a function f € AC™(J), the Caputo fractional-order de-
rivative of order o of h, is defined by

D) = oy | = s

where n = [o] + 1 and [ denotes the integer part of the real number «.

Lemma 1.3.4 ([114]) Let « > 0 and n = [o] + 1. Then

e o) = 1) - 3 S0

Remark 1.3.5 ([114])The Caputo derivative of a constant is equal to zero.

We need the following auxiliary lemmas.



CHAPITRE 1. BASIC INGREDIENTS 19

Lemma 1.3.6 ([148]) Let a > 0. Then the differential equation
‘Df(t) =0
has solutions f(t) = co + it + cot*> + -+ cpqt" L, € R, i =0,1,2,...,n — 1,
n=|a]+ 1.
Lemma 1.3.7 ([148]) Let a > 0. Then
I°°DYf(t) = f(t) +co+ et +cot® + -+ cpqt™ !
for somec; € R, i=0,1,2,...,n—1, n=[a] + 1.
We state the following generalization of Gronwall’s lemma for singular kernels.

Lemma 1.3.8 ([145]) Let v : [0,T] — [0, +00) be a real function and w(-) is a nonne-
gative, locally integrable function on [0,T). Assume that there are constants a > 0 and
0 < a <1 such that

v(t) < w(t)+ a/o (t — s)"“v(s)ds,

Then, there exists a constant K = K(«) such that
¢
v(t) <w(t)+ Ka/ (t —s) " “w(s)ds, for everyt € [0,T].
0

Bainov and Hristova [29] introduced the following integral inequality of Gronwall type
for piecewise continuous functions which can be used in the sequel.

Lemma 1.3.9 Let fort >ty > 0 the following inequality hold

2(t) < a(t) + / gt s)z(s)ds + Y Br(t)z(ty),

to to<tp<t

where B(t)(k € N) are nondecreasing functions for t > ty, a € PC([ty,0),R}), a
is mondecreasing and ¢(t,s) is a continuous nonnegative function for t,s > to and
nondecreasing with respect to t for any fixed s > tg. Then, for t > ty, the following
mequality s valid :

(0 00) T (05 AuC)eer ( /t:g@,s)ds) |

Theorem 1.3.10 /83](theorem of Ascoli-Arzela). Let A C C(J,R), A is relatively
compact (i.e A is compact) if :

1. A is uniformly bounded i.e, there exists M > 0 such that

|f(z)] < M for every f € A and z € J.
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2. A s equicontinuous i.e, for every € > 0, there exists 6 > 0 such that for each
x,T € J, |x —T| < § implies |f(x) — f(T)| <€, for every f € A.

Theorem 1.3.11 [80](theorem of Ascoli-Arzela). Let A C PC(J, E), A is relatively
compact (i.e A is compact) if :

1. A is uniformly bounded i.e, there exists M > 0 such that

| f(z)|| < M for every f € A and © € (tg,txs1), k= 1,...,m.

2. A is equicontinuous on (ty, tyi1] i.e, for every e > 0, there exists 6 > 0 such that
for each x,T € (ty, tps1], |x —T| < 0 implies ||f(x) — f(T)]| < e, for every f € A.

3. The set {f(t): f € A;t € (t, tgs1], k =1,...,m} is relatively compact in E.

1.4 Some definitions and proprieties of noncompact-
ness measure

Next, we define in this Section the Kuratowski (1896-1980) and Hausdorf measures
of noncompactness (MNC for short) and give their basic properties.

Definition 1.4.1 ([101]) Let (X,d) be a complete metric space and B the family of
bounded subsets of X. For every B € B we define the Kuratowski measure of noncom-
pactness a(B) of the set B as the infimum of the numbers d such that B admits a finite
covering by sets of diameter smaller than d.

Remark 1.4.2 The diameter of a set B is the number sup{d(z,y) : © € B,y € B}
denoted by diam(B), with diam(}) = 0.

It is clear that 0 < a(B) < diam(B) < +oo for each nonempty bounded subset B of X
and that diam(B) = 0 if and only if B is an empty set or consists of exactly one point.

Definition 1.4.3 ([35]) Let E be a Banach space and Qg the bounded subsets of E.
The Kuratowski measure of noncompactness is the map o : Qg — [0, 00] defined by

a(B) =inf{e > 0: B C U, B; and diam(B;) < €}; here B € Qp,

where
diam(B;) = sup{||x — y|| : z,y € B;}.

The Kuratowski measure of noncompactness satisfies the following properties :

Lemma 1.4.4 ([18, 35, 36, 101]) Let A and B bounded sets.
(a) a(B) = 0 & B s compact (B is relatively compact), where B denotes the
closure of B.
(b) nonsingularity : « is equal to zero on every one element-set.
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(c) If B is a finite set, then a(B) = 0.

(d) a(B) = a(B) = a(convB), where convB is the convex hull of B.
(e) monotonicity : A C B = a(A) < a(B).

(f) algebraic semi-additivity : a(A + B) < a(A) + a(B), where

A+B={z+y:z€ A, ye B}

(9) semi-homogencity : a(AB) = |A|a(B); A € R, where A(B) = {\z: x € B}.
(h) semi-additivity : a(A|J B) = max{a(A),a(B)}.
(i) a(AN B) = min{a(A),a(B)}.

(j) invariance under translations : a(B + zo) = «(B) for any xo € E.

Remark 1.4.5 The a-measure of noncompactness was introduced by Kuratowski in
order to generalize the Cantor intersection theorem

Theorem 1.4.6 (/101]) Let (X, d) be a complete metric space and {B,} be a decrea-
sing sequence of nonempty, closed and bounded subsets of X and lim,,_,., a(B,) = 0.
Then the intersection By of all B, is nonempty and compact.

In [89], Horvath has proved the following generalization of the Kuratowski theorem :

Theorem 1.4.7 ([101]) Let (X, d) be a complete metric space and {B;}icr be a family
of nonempty of closed and bounded subsets of X having the finite intersection property.
If inf;cr a(B;) = 0 then the intersection By, of all B; is nonempty and compact.

Lemma 1.4.8 (/81]) If V. C C(J, E) is a bounded and equicontinuous set, then
(i) the function t — «(V (t)) is continuous on J, and

a.(V) = sup a(V(t)).

0<t<T

(i) o (/OTx(s)ds v v) < /OTa(V(s))ds,

where

V(s)={z(s):x €V}, seJ

In the definition of the Kuratowski measure we can consider balls instead of arbitrary
sets. In this way we get the definition of the Hausdorff measure :

Definition 1.4.9 ([101]) The Hausdorff measure of noncompactness x(B) of the set
B is the infimum of the numbers r such that B admits a finite covering by balls of
radius smaller than r.

Theorem 1.4.10 (/101]) Let B(0,1) be the unit ball in a Banach space X. Then
a(B(0,1)) = x(B(0,1)) =0
if X is finite dimensional, and a(B(0,1)) =2, x(B(0,1)) = 1 otherwise.
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Theorem 1.4.11 ([101]) Let S(0,1) be the unit sphere in a Banach space X. Then
a(S(0,1)) = x(5(0,1)) = 0 if X is finite dimensional, and «(S(0,1)) = 2, x(S(0,1)) =
1 otherwise.

Theorem 1.4.12 ([101]) The Kuratowski and Hausdorff MNCs are related by the in-
equalities

X(B) < a(B) < 2x(B).

In the class of all infinite dimensional Banach spaces these inequalities are the best
possible.

Example 1.4.13 Let [* be the space of all real bounded sequences with the supremum
norm, and let A be a bounded set in [*°. Then a(A) = 2x(A).

For further facts concerning measures of noncompactness and their properties we
refer to [18, 35, 36, 101, 135] and the references therein.

1.5 Some fixed point theorems

Theorem 1.5.1 (Banach’s fixed point theorem (1922) [80]) Let C be a non-empty
closed subset of a Banach space X, then any contraction mapping T of C into itself
has a unique fized point.

Theorem 1.5.2 (Schaefer’s fixed point theorem [80]) Let X be a Banach space,
and N : X — X completely continuous operator.

If the set E ={y € X : y= ANy, forsome X\ € (0,1)} is bounded, then N has fized
points.

Theorem 1.5.3 (Darbo’s Fixed Point Theorem [77, 80]) Let X be a Banach space
and C' be a bounded, closed, convex and nonempty subset of X. Suppose a continuous
mapping T : C' — C' s such that for all closed subsets D of C',

a(T(D)) < ka(D), (1.1)

where 0 < k < 1, and « is the Kuratowski measure of noncompactness. Then T has a
fized point in C.

Remark 1.5.4 Mappings satisfying the Darbo-condition (1.1) have subsequently been
called k-set contractions.
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Theorem 1.5.5 (Moénch’s Fixed Point Theorem [9, 115]) Let D be a bounded,
closed and convex subset of a Banach space such that 0 € D, and let N be a continuous
mapping of D into itself. If the implication

V =conuN(V) or V=NWV)U{0}=aV)=0

holds for every subset V of D, then N has a fized point.
Here o is the Kuratowski measure of noncompactness.

For more details see [9, 23, 78, 80, 101, 146]



Chapitre 2

Existence and Stability Results for
Nonlinear BVP for Implicit
Differential Equations of Fractional

Order !

2.1 Introduction and Motivations

The purpose of this chapter, is to establish existence, uniqueness and stability
results to the followings implicit fractional-order differential equations :

‘D%(t) = f(t,y(t),” D*y(t)), foreacht € J=1[0,T],7 >0, 0 < a <1, (2.1)
ay(0) +by(T) = ¢ (2.2)

where ©D? is the fractional derivative of Caputo, f: J x R x R — R is a continuous
function, and a, b, ¢ are real constants with a + b # 0.
and

‘D%(t) = f(t,y(t),” D*y(t)), foreacht € J=1[0,T],7 >0, 0 < a < 1, (2.3)

y(0) + g(y) = wo, (2.4)

where ¢D?® is the Caputo fractional derivative, f : J x R x R — R is a continuous
function, g : C'(J,R) — R is a continuous function and yy € R.

In [52], Benchohra et al. studied the existence of solutions for boundary value problems,
for following implicit fractional-order differential equation :

‘D%(t) = f(t,y(t)), foreacht € J=[0,T],T >0, 0 < a < 1,

1. M.Benchohra and S.Bouriah, Existence and Stability Results for Nonlinear Boundary Value
Problem for Implicit Differential Equation of Fractional Order, Moroccan Journal Pure. Appl.Anal. 1
(1) 2015, 22-36.

24
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ay(0) + by(T) = c,

where “D® is the Caputo fractional derivative, f : J x R — R is a given function and
a, b, ¢ are real constants with a + b # 0.

In [51], Benchohra and Hamani studied the existence of solutions for boundary
value problems, for fractional order differential inclusions :

“D%%(t) € F(t,y(t)) =0, foreacht € J=[0,7], 0 < a« < 1,

ay(0) + by(T) = c,
where D is the Caputo fractional derivative, F' : J xR — P(R) is a given multivalued
function and a, b, ¢ are real constants with a + b # 0.
In [54], by means of Krasnoselskii fixed-point theorem in cones, Benchohra and
Hedia studied the existence of nonlinear fractional boundary value problem involving
Caputo’s derivative :

D(t) + (t)f(t,y(t)) =0, foreacht € J =1[0,1], 0 < o < 1,

ay(0) +by(1) = ¢,

where ¢D? is the Caputo fractional derivative, f : J xR — [0, 00) is a given function
and a, b, ¢ are real constants with a + b # 0, and ¢ : [0,1] — R is a given function.

In [97], Karthikeyan and Trujillo studied the existence of nonlinear fractional boun-
dary value problem :

‘D(t) = o(t)f(t,y(t), (Sy)(t)), foreacht € J=[0,T], 0 < a < 1,

ay(0) + by(T') = ¢,

where ¢D? is the Caputo fractional derivative of order o, f : J x X x X — X is a
given function, X is a Banach space and a, b, ¢ are real constants with a + b = 0, and
S is a nonlinear integral operator given by

wwwzlmww@w

where k € C(J x J,RY).

Fractional differential equations with nonlocal conditions have been discussed in [8,
10, 73, 82, 110, 117, 118] and references therein. Nonlocal conditions were initiated
by Byszewski [65] when he proved the existence and uniqueness of mild and classical
solutions of nonlocal Cauchy problems. As remarked by Byszewski [63, 64], the nonlocal
condition can be more useful than the standard initial condition to describe some
physical phenomena. For example, in [71], the author used

gly) = Z cy(ri) (2.5)
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where ¢;, ¢ = 1,...,p, are given constants and 0 < 7 < ... < 7, < T, to describe
the diffusion phenomenon of a small amount of gas in a transparent tube. In this case,
(2.5) allows the additional measurements at 7;, ¢ = 1,...,p.

2.2 Existence of solutions

By C(J,R) we denote the Banach space of continuous functions from .J into R with
the norm

[Ylloo = sup{ly(®)] : t € J}.
Let us defining what we mean by a solution of problem (2.1) — (2.2) and (2.3) — (2.4).
Definition 2.2.1 A function u € CY(J,R) is said to be a solution of the problem
(2.1) — (2.2) if u satisfied equation (2.1) and conditions (2.2) on J, and a function

y € CY(J,R) is called a solution of the problem (2.3) — (2.4) if y satisfied equation (2.3)
and conditions (2.4) on J.

For the existence of solutions for the problems (2.1) — (2.2) and (2.3) — (2.4), we need
the following auxiliary lemmas :

Lemma 2.2.2 Let 0 < a <1 and h:[0,T] — R be a continuous function. Then the

linear problem
‘D%(t) = h(t), te J

ay(0) + by(T) =,
has a unique solution which is given by :

y(t) = ﬁ /0 (t — 5)° h(s)ds

] b T 1 (2.8)
— — T —8)"  h(s)ds —c| .
a+b{F(a)/0 ( °) (s)ds —c
Proof. By integration of formula (2.6) we obtain :
1 t o
V) =0+ /0 (t — 5)* " h(s)ds. (2.9)

We use condition (2.7) to compute the constant o, so we have :

ay (0) = ago and by (T>:byo+ﬁ / (T — )™ h(s)ds,

then, ay (0) + by (T') = ¢, since

Yo = (a_—+1b) {% /OT (T — 5)* " h(s)ds — c] :

Substituting in equation (2.9)leads formula (2.8).
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O

Lemma 2.2.3 Let f(t,u,v) : J x R x R — R be a continuous function, then the
problem (2.1)-(2.2) is equivalent to the problem :

y(t) = A+ I%(t) (2.10)
where g € C (J,R) satisfies the functional equation
g(t) = f(t, A+ T%(1), g(1))

and
A= L C—L/T(T—s)a_1 (s)ds
Ca+b I'(a) Jo g '
Proof. Let y be solution of (2.10). We shall show that y is solution of (2.1)—(2.2). We
have 3
y(t) = A+ I°g(1
- - 1 T
So, y(0) = Aand y(T) = A+ —— [ (T —5)* " g(s)ds.
I'(a) Jy
ay(0) + by(T) = e /T(T — 5)*g(s)ds
P o) Jy !
ac v? r
— T _ a—1 d
T T T /O (T = 5)" gls)ds
be b [T
—— | (T —5)*"g(s)ds.
+a+b+ @ Js (T'—s)* " g(s)ds
= c
Then

ay(0) + by(T') = c.
On the other hand, we have
“Dy(t) = “D(A+I°g(t) = g(t)
= J(t,y(t),c Dy(t)).
Thus, y is solution of problem (2.1)-(2.2). 0

Lemma 2.2.4 Let 0 < o« < 1 and let h : [0,T7] — R a continuous function. The

linear problem
‘D%(t) = h(t), teJ
y(0) +9(y) = yo

has a unique solution which is given by :

yuw:%—g@»+f%5[:@—sf*h@m5
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Lemma 2.2.5 Let f : J X R xR — R be a continuous function, then the problem
(2.3)-(2.4) is equivalent to the following equation

y(t) = yo — g(y) + 1" K, (1)

where K, € C(J,R)

Ky(t) = f(E,y(t), Ky (t)).

Theorem 2.2.6 Assume assumption

(H1) there exist two constants K >0 et 0 < L < 1 such that
|f(t,u,v) — f(t,w,7)| < K|lu—7u|+ L|v—"1| foreachteJ andu,u,v,v€R.

If

KTo )
A—L)T(at+1) (H |a+b|> <1 (2.11)

the problem (2.1)-(2.2) has a unique solution.

Proof. Let the operator

N : C(J,R) — C(J,R)

Ny(t) = A, + ﬁ/ﬂ (t —s5)* 'g,(s)ds,

where

and

A, = a%b [c - % /OT(T — 5)°1g,(s)ds]| .

By Lemmas 2.2.2 and 2.2.3, it is clear that the fixed points of N are solutions of (2.1)-
(2.2).
Let y1,y2 € C(J,R), and t € J, then we have

Nus(t) — Nua(t)] < ﬁ / (= 9 g (5) = g ()] d

14

4 (2.12)
+m/o (T = 5)"" " gy (8) — gy ()] ds,

and

|gy1 (t) — Gyo (t)| = |f(t7 yl(t>7gy1 (t)) - f(t>y2<t>7gy2 (t))|
< K yi(t) = y2(t)] + Lgy, (8) — g4, ()]
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Thus K
191 () = 9y O] = 77 [91.() = 32(t)] - (2.13)

By replacing (2.13) in the inequality (2.12), we obtain

K

N0 = N0 < iy L =9 6 = o) ds

|b| K ' a—1
A DatiT@ ), T8 ) —nld
- KT® T
T (1-L)I'(a+1) Y= Y2l
N b KT —
(1-L)|la+bT (a+1) Y1 — Y2l -
Then . ;
Ny, — N < 14 - |
INy1 = Nya||, < 1—L)T (a+1) ( |a+b|)] 91 — 2l

From (2.11), it follows that N has a unique fixed point which is solution of problem
(2.1)-(2.2).

U
Theorem 2.2.7 Assume
(P1) there exist K >0,0< K <1 and 0 < L <1 such that :
|f(t,u,v) — f(t,u,0)] < K |u—1u| + K [v—"1| for any u,u,v,7 € R
and
l9(y) — 9@ < Llly =yl for any y,5 € C(J,R).
If
Ta

&K <1 (2.14)

+
(1-K)'(a+1)
then, the boundary value problem (2.3) -(2.4) has a unique solution on J.

Proof. Let the operator
N : C(J,R)— C(J,R)

Ny(t) = yo—g<y>+%a> / (t - 5271, (s)ds

where

Ky(t) = [t g0 — g(y) + 17K,y (1), Ky(t)).



CHAPITRE 2. BVP FOR NIDE WITH FRACTIONAL ORDER 30

By Lemmas 2.2.4 and 2.2.5, it is easy to see that the fixed points of N are the solutions
of the problem (2.3)-(2.4). Let y1,y2 € C (J,R), we have for any ¢t € J

[Ny () = Nz ()] < |g(y1)—g(yz)l+ﬁ/o (t = 8)" Ky, (5) = Ky, (5)] ds

then
[Ny: (t) = Nyz (1) < L|y1 t) =y (t
o [ -y s B
On the other hand, we have for every t € J
Ky (1) = By, ()] = [f(851(1), Ky, () — F(192(2), Ky, ()]
< Ky (t) =2 ()] + KKy, (t) — Ky, (1]

Thus K

Ky () = Ko (0] < ——= 31 () = 2 ()] (2.16)

By replacing (2.16) in the inequality (2.15), we obtain

[Ny (1) = Ny2 (1) < Ly () — w2 ()]

b [ 9 () - 9)
(1 _ K) T (O{) 0 Y1 Yo
KT~
< |L+ — —
Thus
KT~
Ny, — N L+ — —

from which it follows that N is a contraction which implies that N admits a unique

fixed point which is solution of the problem (2.3) -(2.4). -

2.3 Ulam-Hyers Rassias stability

For the implicit fractional-order differential equation (2.1), we adopt the definition
in Rus [129] for : Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias stability.
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Definition 2.3.1 The equation (2.1) is Ulam-Hyers stable if there exists a real number
c; > 0 such that for each € > 0 and for each solution z € C* (J,R) of the inequality

“Dz(t) = f(t,2(1)," D*2(t))| < €, t € J,
there exists a solution y € C* (J,R) of equation (2.1) with
|2(t) —y(t)| < cre, t € J.

Definition 2.3.2 The equation (2.1) is generalized Ulam-Hyers stable if there exists
Y€ C (R, Ry), ¢y (0) =0, such that for each solution z € C* (J,R) of the inequality

"D%2(t) — f(t, 2(1)," D*2(1))] <€, t € J,
there exists a solution y € C' (J,R) of the equation (2.1) with
2(t) —y(®)] < ¥y (e),t € J.

Definition 2.3.3 The equation (2.1) is Ulam-Hyers-Rassias stable with respect to ¢ €
C (J,Ry) if there exists a real number ¢y > 0 such that for each € > 0 and for each
solution z € C* (J,R) of the inequality

"D2(t) = f(t,2(1)," D*2())| < ep (1), t € J,
there exists a solution y € C* (J,R) of equation (2.1) with
2() — y()] < crep (t), tE

Definition 2.3.4 The equation (2.1) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ € C(J,Ry) if there exists a real number c;, > 0 such that for each
solution z € C* (J,R) of the inequality

"D2(t) = f(t, 2(1)," D*2())| < @ (), t € J,
there exists a solution y € C* (J,R) of equation (2.1) with
[2(t) = y(B)] S cppp(t), t€J.
Remark 2.3.5 A function z € C'(J,R) is a solution of the inequality
|°D*z(t) — f(t,z(t)," Dz(t))| <€, t € J,

if and only if there exists a function g € C(J,R) (which depends on solution y) such
that

i) [g(t)] < e Ve

1) °D*z(t) = f(t,2(t), D*2(t)) + g(t), t € J.
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Remark 2.3.6 Clearly,

1) Definition 2.3.1 = Definition 2.3.2.
1) Definition 2.3.3 = Definition 2.3.4.

Remark 2.3.7 A solution of the implicit differential inequality
“D%2(t) — f(t, 2(),° D2(t))| < €, t € J,

with fractional order is called an fractional e—solution of the implicit fractional diffe-
rential equation (2.1).

Theorem 2.3.8 Assume that (H1) and (2.11) are satisfied, then the problem (2.1)-
(2.2) is Ulam-Hyers stable.

Proof. Let € > 0 and let z € C'(J,R) be a function which satisfies the inequality :
|°D*z(t) — f(t,2(t)," D2(t))| <€ foranyte J (2.17)
and let y € C'(J,R) be the unique solution of the following Cauchy problem

{“D“() ftyt),c Dy(t); teJ; 0<a<l
y(0) = 2(0),y(T") = (7).

Using Lemmas 2.2.2 and 2.2.3, we obtain

On the other hand, if y(T") = 2(T) and y(0) = 2(0), then A, = A,. Indeed

- b 4 o
- af s e [ =9 o) - )l s
(@) Jo
and by the inequality (2.13), we find
A A |b|K /T a—1
_ < _ _
A=A S et T ) - =)lds
|b] K
= 14 y(T) — 2(T)| = 0.
- L)ja+0 (1) = 2(T)| =0

Thus

Thus, we have

W) = At s [ =9 g ()
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By integration of the inequality (2.17), we obtain

. 1 ¢ a1 et” ere
()= A— i [ =900 < g < m
with i
9z (t) = f(t, A, + IQQZ(t)agz(t))’
We have for any t € J
=90 = |20 - A~ / (t— )" g. (s) ds

—/<t—s )~ )
Az

IN

—/(t—) 9:5) = 9, (5)| s

\_/

Using (2.13), we obtain

ere K t -
NCEN (1—L)F(a)/0 (t—=s)"""[2(s) —y(s)|ds,

and by the Gronwall’s Lemma, we get

er yYKT“ o
0 -0 < o [ T | =

|2(t) —y(0)] <

where v = v («) a constant, which completes the proof of the theorem. Moreover, if
we set ¢ () = ce; ¥(0) = 0, then the problem (2.1)-(2.2) is generalized Ulam-Hyers

stable.
O

Theorem 2.3.9 Assume that (H1), (2.11) and

(H2) there exists an increasing function ¢ € C' (J,Ry) and there exists A\, > 0 such that
foranyteJ

I%p(t) < Apep(t)
are satisfied, then, the problem (2.1)-(2.2) is Ulam-Hyers-Rassias stable.

Proof. Let z € C'(J,R) be solution of the following inequality

€D (1) — f(t, 2(£).C D2(1))| < ep(t) , t€ T, >0 (2.18)
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and let y € C'(J,R) be the unique solution of Cauchy problem :

{cpa():f( y(t).cDoy(t); teJ; 0<a<l
y(0) = 2(0), y(T') = (7).

By Lemmas 2.2.2 and 2.2.3, we have

y(t) = A, + ﬁ / (t— ) g, () ds,

where g, € C(J,R) satisfies the equation :

gy(t) = f(t, A+ I°g,(1), g,(t)),

and

A= i . [c _ % /OT(T _ s)algz(s)dS] |

By integration of (2.18), we obtain

() — A, — — ﬁ/o (t— )" o (s)ds

< edyp(t).

o / (t— )" g (s) ds

On the other hand, we have

- 1 t _
) =y = o)~ A - s / (t— ) g. (s) ds
| =T @) o) ds
< z(t)—AZ—FLa)/O (t—5)° 1 g. (s) ds

Using (2.13), we have

o T ) s

By applying Gronwall’s Lemma, we get that for any t € J :

[2(2) = y(B)] < eApip(t) +

neK N, t a1
(0 = u(0)] < Apilt) + TEp R [ =9 el ds

34
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where 71 = v () is constant, and by (Hs), we have :

KXo (t K
12(0) — y()] < Ageplt) + EXP D) (1 ks

(1-1)
Then for any t € J :

0 vt < | (14 225 ) 0, e 0 = ceptt)

Which completes the proof of Theorem 2.3.9. -

Theorem 2.3.10 Assume that (P1) and the inequality (2.14) are satisfied, then the
problem (2.3)-(2.4) is Ulam-Hyers stable.

Proof. Let ¢ > 0 and let 2 € C*(J,R) satisfying the inequality :
|°D*z(t) — f(t,2z(t),* D2(t))| < € for every t € J, (2.19)
and let y € C'(J,R) the unique solution of the Cauchy problem :

{ cDy(t) = f(t,y(t),cD(t)), teJ 0<a<l
2(0) + g(y) = vo

SO
t
) = 0= (0) + g [ (6= K ().
where
Ky () = f(ty(t), Ky?)).
By integration of the inequality (2.19), we find

€T

Z(t) _yO+9(Z> - ﬁ/o (t_s)a_l K, (5> ds| < m

where K, (t) = f (t,2(t), K.(t)). For every t € J, we have :

|2(t) —y@)] <




CHAPITRE 2. BVP FOR NIDE WITH FRACTIONAL ORDER 36

Using (2.16), we obtain

ere K ¢ a1
|2(t) —y(@)] < erL |2(t) — y(t)] +m/o (t—s)"" [2(s) —y(s)| ds
thus
ere K t a1
090 S T D T T, ¢ e vl

Using Gronwall’s Lemma, we obtain for every t € J :

el

40 = 90) < =717 L

(1-L)1-K)I(a+1)

1+ = ce

a+1)

where v = v («) a constant, so the problem (2.3)-(2.4) is Ulam-Hyers stable. If we set
¥ (€) = ce; ¥ (0) = 0, then the problem (2.3)—(2.4) is generalized Ulam-Hyers stable .

O

Theorem 2.3.11 Assume that (P1), the inequality (2.14) and
(P2) there exists an increasing function ¢ € C (J,Ry) and A\, > 0 such that

I%p(t) < App(t) for each t € J

are satisfied, then the problem (2.3)-(2.4) is Ulam-Hyers-Rassias stable.

2.4 Examples

Example 1. Consider the following boundary value problem

1 1
‘D2y(t) = - , for each t € [0, 1] (2.20)
10e2(1 + [y()] + [*D2y(t)])

y(0) +y(1) = 0. (2.21)

Set, .
tou,v) = L tel0,1], u,oeR
St v) = oy a oy € 02w

Clearly, the function f is continuous.
For any u,v, @, € R and ¢t € [0, 1]

(lu —al + v = ).

_ 1
|f(t7u7v) _f(t7u7v)| < 10e2
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Hence condition (H1) is satisfied with K = L = 5.
Thus condition

KT b\ 3 B 3
(1—-L)'(a+1) (1 i la + b|) ©2(10e2 - DI(3)  (10e? — 1)/ <1

is satisfied with a =b=T =1, ¢c=0, and a = % It follows from Theorem 2.2.6 that
the problem (2.20)-(2.21) has a unique solution on .J, Theorem 2.3.8 implies that the
problem (2.20)-(2.21) is Ulam-Hyers stable.

Example 2. Consider the boundary value problem :

Dyt = Ol ‘CDéy(t)’ teJ=1[01] (2.22)
O+e) [1+ly®)] 14 cD%y(t)‘ ’ ’
y(0) + D ey(t) =1, (2.23)

where 0 < t; <ty <..<t,<1landc¢ =1,...,n are positive constants with

- 1
;Ci < g

Set

—t

e u v
tou,v) = - L te[0,1], uv € [0, +00).
f(t,u,0) (9+et) [1+u 1+v} 0,1], w,v € [0, +00)

Clearly, the function f is continuous. For each u,u,v,v € R and ¢ € [0,1] :

e—t

[f(t,u,0) = ft,6,0)] < (9+et)(|u—ﬂ\+\’v—17!)

S P R
10UU 10'11 vl .

IN

On the other hand, we have

n

n
g ciu—g c;u
i=1

i=1

IA
]
S
B
|
=



CHAPITRE 2. BVP FOR NIDE WITH FRACTIONAL ORDER 38

— 1 1
Hence condition (P1) is satisfied with K = K = 1 and L = 3 We have

KT* 1 1 9 6
(1-K)T(a+1) 3 4 (3) 27/7

2

It follows from Theorem 2.2.7 that the problem (2.22)- (2.23) has a unique solution on
J and by Theorem 2.3.10, the problem (2.22)-(2.23) is Ulam-Hyers stable.

Remark 2.4.1 The main results of Example 2 stay available when
-4 (70
4 \1+Jy@)|

KT* 1 1
L 1, :9\/7_?+8<1.

1-K)L(a+1) 4 9r(§) 36y/7

and

2



Chapitre 3

Existence Results for Nonlinear
BVP for Implicit Fractional
Differential Equations in Banach
Space !

3.1 Introduction and Motivations
The purpose of this chapter, is to establish existence and uniqueness results to the
followings problems of implicit fractional differential equations in Banach Space :
°D"y(t) = f(t,y(t),° D"y(t)), for each, t € J:=[0,T], T >0, 0 <v <1,

ay(0) + by(T) = c,

where D" is the Caputo fractional derivative, (F,|| - ||) is a real Banach space, f :
Jx Ex FE — FE is a given function and a, b are real with a +b # 0 and c € E.
and

°D'y(t) = f(t,y(t),” D"y(t)), foreveryte J:=[0,T],T >0, 0<v<1

y(0) +9(y) = yo

where D" is the Caputo fractional derivative, (F,|| - ||) is a real Banach space, f :
J x Ex E — FE is a given function, g : C(J,E) — E is a continuous function and
Yo € E.

Recently, fractional differential equations have been studied by Abbes et al [3, 6],
Baleanu et al [32, 34|, Diethelm [72], Kilbas and Marzan [99], Srivastava et al [100],

1. M. Benchohra, S.Bouriah and M.Darwish, Existence Results for Nonlinear BVP for Implicit
Differential Equations of Fractional Order in Banach Space, Fized Point Theory.

39
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Lakshmikantham et al [104], Samko et al [132]. More recently, some mathematicians
have considered boundary value problems and boundary conditions for implicit frac-
tional differential equations.

In [91], Hu and Wang investigated the existence of solution of the nonlinear fractional
differential equation with integral boundary condition :

Du(t) = f(t,u(t), D’u(t)), t € (0,1), 1<a <2 0<pB<1,

u(0) = ug, u(l) :/o g(s)u(s)ds,

where D® is the Riemann-Liouville fractional derivative, f : [0,1] x Rx R — R, is a
continuous function and ¢ be an integrable function.

In [130], by means of Schauder fixed-point theorem, Su and Liu studied the existence
of nonlinear fractional boundary value problem involving Caputo’s derivative :

“Du(t) = f(t,u(t),c D’u(t)), for each t € (0,1), 1<a <2, 0< <1,

w(0) =u (1) =0, or u (1) = u(1) = 0,0r u(0) = u(l) =0,

where f:[0,1] x R x R — R is a continuous function.

Many techniques have been developed for studying the existence and uniqueness
of solutions of initial and boundary value problem for fractional differential equations.
Several authors tried to develop a technique that depends on the Darbo or the Ménch
fixed point theorems with the Hausdorff or Kuratowski measure of noncompactness.
The notion of the measure of noncompactness was defined in many ways. In 1930, Ku-
ratowski [102] defined the measure of non-compactness, a(A), of a bounded subset A
of a metric space (X, d), and in 1955, Darbo [70] introduced a new type of fixed point
theorem for set contractions.

In this Chapter, the results are based on Darbo’s fixed point theorem combined with
the technique of measures of noncompactness and on Monch’s fixed point theorem.

3.2 Existence Results for the BVP in Banach Space

3.2.1 Introduction

The purpose of this Section, is to establish sufficient conditions for the existence
of solutions for the following problem of implicit fractional differential equations with
Caputo fractional derivative :

°D"y(t) = f(t,y(t), D"y(t)), for each, t € J:=[0,T], T >0, 0 <v <1, (3.1

ay(0) + by(T) = ¢, (3.2)
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where DV is the Caputo fractional derivative, (F,|| - ||) is a real Banach space, f :
J x E x F — F is a given function and a, b are real with a +b# 0 and ¢ € F.
At last,As application, an example is included to show the applicability of our results.

3.2.2 Existence of Solutions

Let (E;||-||) be a valued-Banach space, and t € J. We denote by C(J, E) the space
of E valued continuous functions on J with the usual supremum norm
[Ylloe = sup{lly(t)[| : t € J}
for any y € C(J, E).
Moreover, for a given set V' of functions v : J — E let us denote by
V(t)={v(t),veV}, teld
and
V(J)=A{v(t):veV, teJ}
Let us defining what we mean by a solution of problem (3.1)-(3.2).

Definition 3.2.1 A function y € CY(J,E) is said to be a solution of the problem
(3.1)-(3.2) if y satisfied equation (3.1) on J and conditions (3.2).

For the existence of solutions for the problem (3.1)—(3.2), we need the following auxi-
liary lemma :

Lemma 3.2.2 (/33]) Let 0 < v <1 and h : [0,T] — E be a continuous function.
The linear problem
‘D'y(t) =h(t), teJ

ay(0) + by(T) =c,
has a unique solution which is given by :

y(t) = F(ly) (t — 5" h(s)ds

- i . H’V) /OT(T — s)""h(s)ds — c| .

Lemma 3.2.3 Let f : J x Ex E — FE be a continuous function, then the problem
(3.1)-(3.2) is equivalent to the problem :

y(t) = A+ I"g(t) (3.3)
where g € C'(J, E) satisfies the functional equation

g(t) = f(t A+ I"g(t). g(t))
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and
~ 1
A= ——
a+b{

b (T ,
c— —— T —s)"""g(s)ds| .
o [ =9t
Proof. Let y be solution of (3.3). We shall show that y is solution of (3.1)—(3.2).
We have )
y(t) = A+ 1"g(1).

So, y(0) = A and y(T) = A + T (1]/) /0 (T —s)" " g(s)ds.
w0)+0(T) = it [T (o)

Then
ay(0) + by(T') = c.

On the other hand, we have

‘D'y(t) = °D'(A+I"g(t)) = g(t)
= f(t,y(t)," D"y(t)).

Thus, y is solution of problem (3.1)-(3.2).

First we list the following hypotheses :
(H1) The function f:J x E x E— E is continuous.
(H2) There exist constants KX > 0 and 0 < L < 1 such that

1f (@, u,v) = [t a,0)|] < K[u—ul| + Lf[v — o]
for any w,v,u,v € E and t € J.
Remark 3.2.4 [25] Condition (H2) is equivalent to the inequality
a(f(t, Bi, BQ)> < Ka(B1) + La(Bs),

for any bounded sets By, By C E and for each t € J.



CHAPITRE 3. BVP FOR NIFDE IN BANACH SPACE 43

Theorem 3.2.5 Assume (H1),(H2) hold. If

(16| + |a+ b|)TV K
la+bI'(r+1)(1—-1L)

<1 (3.4)

then the IVP (3.1)-(3.2) has at least one solution on J.

This theorem will be proved in two ways : the first is based on Darbo’s fixed point
theorem combined with the technique of measures of noncompactness and the second
on Monch’s fixed point theorem.

Proof 1.

Transform the problem (3.1)-(3.2) into a fixed point problem. Define the operator
N:C(J,E)— C(J,E) by : .
N(y)(t) = A+ 1"g(1) (3:5)

where g € C'(J, F) satisfies the functional equation
g(t) = f(t,y(t),9(1))

and

A= aib [c— F(by) /OT(T— s)"1g(s)ds| .

Clearly, the fixed points of operator N are solutions of problem (3.1)-(3.2). We shall
show that N satisfies the assumption of Darbo’s fixed point Theorem. The proof will
be given in several claims.

Claim 1 : N s continuous.
Let {u,} be a sequence such that u, — u in C(J, E'). Then for each t € J

’b‘ ! v—1
[|N(un)(t) — N(u)(t)|| < W/o (T — 8)"H|gn(s) — g(s)||ds
_1 ' v—1
g = ) = gt (36)

where g,,9 € C(J, E) such that

gn(t) = f (L, un(t), gn (1)),

and

By (H2) we have, for each t € J,

lgn(®) =g DIl = [LF (& un(t), gn(t)) — (£, ult), g(t))]]
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< KlJun(t) —u(®)]] + Lllgn(t) — g (@)1l

Then

192(8) = 9O < T [lua(t) — u(®)]].

Since wu,, — u, then we get g,(t) — g(t) as n — oo for each t € J.
Let n > 0 be such that, for each t € J, we have ||g,(¢)|| < n and ||g(t)|] < n.
Then we have,

(t=5)""lgals) =gl < (=) [llgnl(s)l] + llg(s)]]
< 2t —s)"

For each t € J, the function s — 2n(t — s)*~! is integrable on [0, ], then by means of
the Lebesgue Dominated Convergence Theorem and (3.6) has that

||V (un)(t) — N(u)(t)|| = 0 as n — oco.
Then

[|N(tun) — N(u)||oc = 0 as n — 0.

Consequently, N is continuous.
Let the constant R such that

ellT(v + 1)1 = L) + (o] + |a + b)) T f*

R > , 3.7
a4+ bl +1)(1 = L) — (|b] + [a + b)) T K (3.7)
where f* = sup || f(t,0,0)||
teJ
Define
Dr={ue C(JE):|ullw < R}.
It is clear that Dp is a bounded, closed and convex subset of C(J, E).
Claim 2 : N(Dg) C Dg.
Let u € D we show that Nu € Dg. We have, for each t € J
<] 6] /T 1
Nu(t T —s)” d
Nl < S e (9 el
1 /t 4
+ = t—s)"""|g(s)||ds. 3.8
o L 9 el (33)

By (H2) we have for each t € J,

Hg(t)H = Hf(tau<t)ag(t)) - f(t70v0) + f(t,(), O)H
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1t u(t), g(t)) = F(£,0,0)[ + (£ (2, 0,0)]]
Kllu@®)| + Lllg@® + f*
KR+ Lllg®)]l + f~

IA AN A

Then
"+ KR o

] < =M
ool < =

Thus, (3.7) and (3.8) implies that
b v *+ KR
aon < L[] (1)

~ Ja+) la + b Fv+1)\ 1-1L
[l (I6] + |a + b[) T f*
la+b  Ja+bT'(v+1)(1-1L)
(|b] +|a+b))T"KR
la+bI'(r+1)(1—-1L)
R.

Consequently,
N(Dy) C Dp.
Claim 3 : N(Dg) is bounded and equicontinuous.

By Claim 2 we have N(Dg) = {N(u) : u € Dg} C Dpg. Thus, for each u € Dy we
have ||N(u)||oc < R which means that N(Dg) is bounded. Let t1,ty € J, t; < t9, and
let w € Dg. Then

NG = N = g [l = 7 = (0= a(s)as

—l—ﬁ /ﬂt2(t2 — s)”’lg(s)dsH
M

——(t5 —tY + 2(ty — t1)").
F<V+1>(2 1+(2 1))
As t; — to, the right-hand side of the above inequality tends to zero.
Claim 4 : The operator N : Dr — Dp is a strict set contraction.
Let V C Di and t € J, then we have,
a(N(V)(1)) = a((Ny)(t),yeV)

< ﬁ{/ot(t— 5" alg(s))ds,y € V}.
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Then Remark 3.2.4 implies that, for each s € J,

a({g(s),yeV}) = a({f(sy(s),9(s)),y €V}
< Ka({y(s),y € V}) + La({g(s),y € V}).

Thus
a({gls)hyeV}) = —Falyls)hyeVh
Then
a0 = G [- 9 Hatosy v
< %/ﬂt(t —5)" ds
= - L[;T(y V)
Therefore

KT"
(1-L)T'(v+1)
So, by (3.4), the operator N is a set contraction. As a consequence of Theorem 1.5.3,

we deduce that N has a fixed point which is solution to the problem (3.1)-(3.2). This
completes the proof.

a.(NV) < ac(V).

O

Proof 2. Consider the operator N defined in (3.5). We shall show that N satisfies
the assumption of Mdnch’s fixed point theorem. We know that N : Dr — Dpg is
bounded and continuous, we need to prove that the implication

V=gmoN(V) or V=NV)U{0}=aV)=0

holds for every subset V of Dg. Now let V' be a subset of Dy such that V' C conv(N(V)U
{0}). V is bounded and equicontinuous and therefore the function ¢t — v(t) = a(V (¢))
is continuous on J. By Remark 3.2.4, Lemma 1.4.8 and the properties of the measure
a we have for each t € J

v(t)

IA A IA
2
=
S

VAN
S
—_
|
5=
’1
YamS
<
N—
O\
Aw
~
|
V2]
S~—
A
L
—_
o
—~
<
—~
V)
N~—
N——
QL
\‘CIJ
<
m
<<
—
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K ! v—1
< m/o(t_S) v(s)ds.

Lemma 1.3.8 implies that v(¢) = 0 for each ¢ € J, and then V(¢) is relatively compact
in E. In view of the Ascoli-Arzela theorem, V is relatively compact in Dg. Applying
now Theorem 1.5.5 we conclude that N has a fixed point y € Dg. Hence N has a fixed
point which is solution to the problem (3.1)-(3.2). This completes the proof.

[
3.2.3 An Example.
Consider the following infinite system
, n(t Day,(t
Dhy (- B OI DI @
321+ |yn (O + || D2yn()]])
Yn(0) + y,(1) = 0. (3.10)
Set .
E = ll = {y = (y17y27 ooy Yny )72 ’yn’ < 00}7
n=1
. @+ Ll + o]
+ ||u|| + ||v
t = te 0,1 E.
7 wn T AR
E is a Banach space with the norm ||y|| = Z Y]
n=1

Clearly, the function f is jointly continuous.
For any w,v,u,0 € E and t € [0,1] :

o 1 _ _
1£(t w,0) = f(t, 0, 0)l] < o5 (lu = all + |lv = o[]).
1
Hence condition (H2) is satisfied with K = L = —.

o 3e?
And the conditions

(Bl +la+b)T?K 1
la+bD(v+1)(1—L) 7(e2—1)
KT 2
= <1

1-L)T(v+1) ((Be2—-1)7

1
are satisfied witha =b=T =1,c=0and v = —.

It follows from Theorem 3.2.5 that the problem (3.9)-(3.10) has at least one solution
on J.
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3.3 Existence Results for the non-local BVP in Ba-
nach Space

3.3.1 Introduction

The purpose of this Section, is to establish sufficient conditions for the existence of
solutions for the following boundary value problem for implicit fractional differential
equations with Caputo fractional derivative :

‘D"y(t) = f(t,y(t),c D"y(t)), foreveryte J:=[0,7],7 >0, 0<v<1 (3.11)

y(0) +g(y) = wo (3.12)

where D" is the Caputo fractional derivative, (F,|| - ||) is a real Banach space, f :
J x Ex E — FEis a given function, g : C(J,E) — E is a continuous function and
Yo € E. Finally, an example is given to demonstrate the application of our main results.

3.3.2 Existence of Solutions

Let (E;||-||) be a valued-Banach space, and t € J. We denote by C(J, E) the space
of E valued continuous functions on J with the usual supremum norm

[yl = sup{|ly(®)[| : t € J}
for any y € C(J, E).

Definition 3.3.1 A function y € C' (J, E) is called solution of problem (3.11)-(3.12)
if it satisfies the equation (3.11) on J and the condition (3.12).

Lemma 3.3.2 Let 0 < v <1 and let h : [0,T] — E be a continuous function. The

linear problem
°D'y(t) = h(t), teJ

y(0) +9(y) = wo

has a unique solution which is given by :

y(t) = yo — gly) + ﬁ / (t — 5" h(s)ds

Lemma 3.3.3 Let f: J X E X E — E be a continuous function, then the problem
(3.11)-(3.12) is equivalent to the following problem

y(t) =vyo —gly) + I"H(t)
where H € C(J,R)
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Set the following hypothesis :
(H3) there exist 0 < K such that

lg(u) — 9@ < Kllu— | for any u,@ € C(J, E).
Remark 3.3.4 [25] Condition (H3) is equivalent to the inequality

a(g(B)) < Ka(B),
for any bounded sets B C F.

Theorem 3.3.5 Assume (H1)-(H3) hold.

If
KT"

A-Lrw+1)
then the IVP (3.11)-(3.12) has at least one solution on J.

K+ 1,

3.3.3 An Example.

Consider the boundary value problem :

et lyn@®I [°Dzy,(t)||
(9+ef) Lt lun®l 1+ |cD2ya(t)]]

m

Yn(0) + Zciyn(ti) =1,

=1

Dy, (t) = L teJ=][0,1]

where 0 < t; <ty < .. <t, <1landc¢ =1,...,m are positif constants with

Set .
E=1"={y=(y1,Y2, ) Yn, ),Z lyn| < o0},
n=1
e ol
ft,u,v) = CEE [1 + Tl 1+ ||U|J , t€[0,1], u,v € E.

E is a Banach space with the norm ||y|| = Z |Yn |-

n=1
Clearly, the function f is continuous.
For each u,u,v,v € F and t € [0,1] :
e—t
1t uv) = f(t,u,0)] < (lw = all + [jv — o])

9+ et
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(3.13)

(3.14)

(3.15)
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< Y-+ Lo
< mu U 102} vl

1
Hence condition (H2) is satisfied with K = L = o
On the other hand, we have for any u,u € £

_ 1 _
lg(w) —g(@] < 3llu—al.

— 1
Hence conditions (H3) is satisfied with K = 3 And the condition

— KT

7+ _ 9/ + 6 <1
(1-L)T(v+1) 27\/m

1

is satisfied with T =1 and v =

It follows from Theorem 3.3.5 that the problem (3.14)-(3.15) has at least one solution
on J.



Chapitre 4

Boundary Value Problem for
Nonlinear Implicit Fractional
Differential Equations with
Impulses

4.1 Introduction and Motivations

In this chapter, we establish, existence, uniqueness and stability results to the fol-
lowing boundary value problems for nonlinear implicit fractional differential equations
with impulses

‘Dpy(t) = f(t,y," D;y(t)), for each , t € (ty,tp1], k=0,...,m, 0 <a <1,

AYlimy, = L(y(t,)), k=1,...,m,
ay(0) + by(T) =,

where D, is the Caputo fractional derivative, f : JXRXR — R is a given function, [}, :
R — R, and a, b, ¢ are real constants with a+b # 0,0 =tg <t; < -+ <t <tpi1 =1,
Ayli=y, = y(t7) — y(ty), y(t7) = limp o+ y(tx + h) and y(ty) = limy o~ y(tx + h)
represent the right and left limits of y(t) at ¢ = .

An extension of this problem is given in Section 4.3. More precisely, we shall present
a result of existence and uniqueness for the following boundary value problems for
nonlinear implicit fractional differential equations with impulses in Banach space.

‘Df y(t) = f(t,y," Df y(t)), for each , t € (tg,tr1], k=0,...,m, 0 <v <1,
Ayli—y, = I(y(ty)), k=1,...,m,

ay(0) + by(T) = ¢,

o1
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where ¢Dy is the Caputo fractional derivative, (E,|| - [|) is a real Banach space,
f:JxFExFE — FEis a given function, I : £ — FE, a,b are real constants with
a+b#0and ce FE.

The theory of impulsive differential equations of integer order has found its exten-
sive applications in realistic mathematical modelling of a wide variety of practical
situations and has emerged as an important area of investigation in recent years. See
(30, 31, 55, 79, 103, 121, 133], and [66, 84, 85, 138], the references therein.

Very recently, anti-periodic boundary value problems of fractional differential equations
have received considerable attention because they occur in the mathematical modeling
of a variety of physical processes; See for example [1, 13, 41, 47, 67, 140, 150].

In [142], F. Wang and Z. Liu, by using Schauder’s fixed point theorem and the
contraction mapping principle, considered the existence of solutions for the following
nonlinear fractional differential equations with fractional anti-periodic boundary condi-
tions :

“Dy(t) = f(t,y(t),° Dy(1)), tel0,T),
y(0) = —y(T), “Dy(0)=—-"D/(T), 0<p <1

Where denotes the Caputo fractional derivative of order 1 < a < 2,0 < v, § < 1,
a— [ >1and fis a given continuous function.

In [12], B. Ahmad and J.J. Nieto, studied the existence and uniqueness of solutions
for impulsive differential equations of fractional order 1 < a < 2, with anti-periodic
boundary conditions in a Banach space :

‘D%(t) = f(t,y(t)), teJ=[0,T),t#ty, k=1,....m, 1 <a <2
Ayli—y, = Li(y(t,)), te € (0,T), k=1,....m
Ay'| = tk—lk(y(;)), t, € (0,7), k=1,....,m
y(0) = —y(T), y'(0)=—y(T),
where k£ = 1,...,m, “D* is the Caputo fractional derivative, f : J xR — R is a
given function, Iy, [y : R - Rand 0 =) <t < -+ <ty < tpy1 =T, Ayliy, =

y(ty) — y(ty), AYi=, = ¥ (&) — ¥/(t;). Their study is based on the contraction
mapping principle and Krasnoselskii’s fixed point theorem.

4.2 Existence Results for the BVP with Impulses

1

1. M. Benchohra and S. Bouriah, Existence and Stability Results for Nonlinear Implicit Fractional
Differential Equations with Impulses, Mem. Differential Equations Math. Phys.
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4.2.1 Introduction

In this Section, we establish, existence, uniqueness and stability results of solutions
for the following boundary value problem for nonlinear implicit fractional differential
equations with impulse and Caputo fractional derivative :

‘Diy(t) = f(t,y," D;y(t)), for each , t € (ty,tp1], k=0,...,m, 0<a <1, (4.1)
Ay, = I(y(ty)), k=1,...,m, (4.2)
ay(0) + by(T) = c, (4.3)

where D, is the Caputo fractional derivative, f : JXRXR — R is a given function, [}, :
R — R, and a, b, ¢ are real constants with a+b # 0,0 =ty <t; < --- <t < tpmi1 =T,
Ayli=y, = y(t7) — y(ty), y(t7) = limy o+ y(te + h) and y(ty) = limyo- y(te + h)
represent the right and left limits of y(t) at ¢t = ty.

The arguments are based upon the Banach contraction principle, and Schaefer’s fixed
point theorem. At last, we present two examples to show the applicability of our results.

4.2.2 Existence of Solutions

Denote by C(J,R) the Banach space of continuous functions from J into R, with
the usual supremum norm

[Ylloe = supfly(®)], te€J}.
Consider the set of functions
PC(JR) ={y:J—=>R:ye C((ty, tp1],R), k=0,...,m and there exist y(¢, ) and
y(th), k=1,...,mwith y(t;) = y(tx)}.

PC(J,R) is a Banach space with the norm

|yllpc = sup |y(1)].
teJ

Let Jo = [to, t1] and Jx = (ty, txs1] where k= 1,... m.

Definition 4.2.1 A function y € PC(J,R) whose a-derivative exists on Jj, is said to
be a solution of (4.1)-(4.3) if y satisfies the equation “Df y(t) = f(t,y(t),° Df y(t)) on
Jk, and satisfy the conditions

To prove the existence of solutions to (4.1)—(4.3), we need the following auxiliary
Lemma.
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Lemma 4.2.2 Let 0 < a < 1 and let 0 : J — R be continuous. A function y is a

solution of the fractional integral equation

;fbbz;mmq»+f{5g;élm—sw1d@w
b ' a-l —c 1 t s)* Lo (s)ds g
+W/t (T — )L (s)ds }+F(&)/O(t 1oL (s)d fte o]
y(t) = 1 S - b < [" a-1
P bzlfz(y(tZ )+ o) izl/t;l(tl —5)* o(s)ds
b [T - i B 1 & [h i
+ m/t (T —s)*o(s)ds — c] + ZZ;Iz(y(tz )+ o) Z:;/t 1( i —8)* o(s)ds
—l—ﬁ/f/ (t —5)* o (s)ds, if t € (g, tisa],
) ' (4.4)
where k =1,...,m, if and only if y is a solution of the fractional BVP
‘D%(t) =o(t), teJy, (4.5
Ayli—t, = L(y(t ,;)) k=1,...,m, (4.6
ay(0) + by(T) = c. (A7

Proof. Assume y satisfies (4.5)-(4.7). If ¢t € [0, ¢1] then
‘D%(t) = o(t).

Lemma 1.3.7 implies

y(t) =co+ 1% (t) = co + ﬁ/o (t —5)* o (s)ds

for ¢g € R. If t € (t1,t2] then Lemma 1.3.7 implies
1 ¢
WO = W)+ gy [ 0= oteys
1 t
() /t1 (t —s5)* o (s)ds

= )+ ot [ - (s

= Ayli=, +yty) +

1 ¢ o1
+ m/ﬁ (t —s)* " o(s)ds.
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= co+ Ly(ty)) + ﬁ /0 1(151 —5)* o (s)ds
I o1
+ m/ (t— )" o(s)ds.

t1

If t € (to,t3], then from Lemma 1.3.7, we get

mw:ww+ﬁ5/ﬂ—@“%®w

to

= Ayl—s, +y(ty) + ﬁ/t (t —s)*'o(s)ds

=&@@ﬁ>+Lm+hw@n»+ﬁ%141m—sw1a@m5
+ ﬁ /t 2(252 - S)O{IO'(S)dS] + ﬁ/t (t —5)* o (s)ds.
=%+M@mw+bmam+[§547n—ﬁww@@

+ ﬁ /tf(zsg - s)a_la(s)ds} + ﬁ / (¢ = 51 o (s)ds.

to

Repeating the process in this way, the solution y(t) for t € (tx, ty41] where k = 1
can be written as

W) =t L)+ > [ 9 ol
+ ﬁ/(t—s)a_la(s)d&

Applying the boundary conditions ay(0) + by(T) = ¢, we get

¢ = cola+b)+ bz L(y(t;)) + % Z /tl (ti — s)* o(s)ds

i=1

+ m/t (T — s)* o(s)ds.
Then

25
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WO = g P+ 3 [ =9 (s
b Tﬁ a—1 7 . —
+ F(@)/t (T —5)*'o(s)ds — c| + > L(y(t;))

1 b a—1 L t —5)* ta(s)ds
+ mZ:/t_(u—sﬁ a(s)ds+r(a)/<t )" a(s)ds.

tg

Conversely, assume that y satisfies the impulsive fractional integral equation (4.4). If
t € [0,1] then ay(0) + by(T) = ¢ and using the fact that °D* is the left inverse of I¢
we get

°D%(t) = o(t), foreacht e [0,t].

Ift € (tx, tgsa], K = 1,...,m and using the fact that °D*C' = 0, where C is a constant,
we get
°D%(t) = o(t),for each t € (ty, txr1].

Also, we can easily show that

Ayli=y, = L(y(t;)), k=1,...,m. .

We are now in a position to state and prove our existence result for the problem
(4.1)—(4.3) based on Banach’s fixed point.

Theorem 4.2.3 Assume
(H1) The function f:J xR xR — R is a continuous.
(H2) There exist constants K >0 and 0 < L < 1 such that

|f(t,u,0) = f(t,4,0)] < Klu—ul + Llv — 7|

Jor any u,v,u,v € R and t € J.
(H3) There exists a constant | > 0 such that

| Tx(w) — I(@)| < lJu— 1],

for eachu,u € R and k =1,...,m.
( o 1) {mﬂ (m+ DET® |, (4.8)
la + bl (1—-L)T(a+1) ’ '
then there exists a unique solution for BVP (4.1)-(4.3) on J.

If
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Proof. Transform the problem (4.1)-(4.3) into a fixed point problem. Consider the
operator N : PC(J,R) — PC(J,R) defined by

b L)) + % > / "1<ti ) lg(s)ds

=1

b r a—1 _ 1. § " —8)¥ g(s)ds
+ e, @ et C]*w o<tk<t/tk_l<t’“ S
I ! -
T T /tk@—s)a— g(s)ds + > L(y(t),

O<trp<t
(4.9)
where g € C(J,R) be such that

g(t) = f(t,y(t),9(t))-

Clearly, the fixed points of operator N are solutions of problem (4.1)-(4.3).
Let u,w € PC(J,R). Then for t € J, we have

V@ - N)O] < ST ) - L)
I &t ol
P 3 AR (ORI

1 T ol
+ T / (T — 5)*g(s) — h(s)|ds

T / " (e — 5)"g(s) — h(s)|ds

F(Oz) o<tp<t” k-1
L t a-l — h(s)|ds
n m/tka—ﬁ l9(s) — h(s)|d

Y Mlu(t)) = Tu(w(t)],

0<ti <t

where g, h € C(J,R) be such that

and

By (H2) we have
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< Ku(t) - w(t)] + Llg(t) - h)].

Then i
o(t) — h(1)] < 2 Ju(t) — w(t)].
Therefore, for each t € J
b =5 _
N - N0 < - b| ;uu@k) ~ w(ty)]
. Z / ) us) — w(s)|ds

K a—1
O e / (T = 5" u(s) — w(s)lds

+ —Z/tk 1 )2 u(s) — w(s)|ds

+ ~ e )/(t—s)o‘ lu(s) — w(s)|ds

ll (1) —w(ty)]

> [m7+ 1 —%(Ta 1)

+
TTME C

IA

TCV
(1-L)(a+1)

<|a+b|
_I._

} e = wl e

Thus
I3 = Nl < (54 1) [+ P = e

By (4.8), the operator N is a contraction. Hence, by Banach’s contraction principle, N
has a unique fixed point which is a unique solution of the problem (4.1)—(4.3).

O
Our second result is based on Schaefer’s fixed point theorem.

Theorem 4.2.4 Assume (H1), (H2) and

(H4) There exist p,q,r € C(J,Ry) with r* =supr(t) <1 such that
ted

|f(t,u,w)| < p(t) + q(t)|u] + r(t)|w| fort e J and u,w € R.
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(H5) The functions I, : R — R are continuous and there exist constants M*,
N* >0 such that

|In(u)| < M*|ul + N* for eachu e R, k=1,...,m.

(i + 1) (mar + 250 ) < (4.10)

la + b] 1 —r)C(a+1)
then the BVP (4.1)-(4.3) has at least one solution on J.

If

Proof. Let the operator N defined in (4.9). We shall use Schaefer’s fixed point theorem
to prove that N has a fixed point. The proof will be given in several steps.

Step 1 : N is continuous. Let {u,} be a sequence such that u, — u in PC(J,R).
Then for each t € J,

m

D (un(t) = I(ulty))|

=1

" ﬁ 2 /t (k= 5 ga(s) — g(s)lds

L
la + b]

[N (un)(t) = N(u)(t)] <

1 ! a-l —g(s)|ds
i F?yLJT:j) 9a(s) = g(s)]d (@11)
) Z/t (tk = 5)"ga(s) — g(s)lds

(/@—aw*wA@—g@ww
Y () - L(uto)],

where g,, g € C(J,R) such that

gn(t) = [t un(t), gn(t)),

and

By (H2), we have

lgn(t) — g(t)]

[ (&, un(t), gn(t)) — f (2 ult), g(t))]
< Klun(t) = u(t)] + Llgn(t) — g(1)].

Then
K

90(6) — 9(1)] < = lua(£) — u(0)].
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Since wu,, — u, then we get g,(t) — g(t) as n — oo for each ¢t € J. And let > 0 be
such that, for each t € J, we have |g,(t)] <n and |g(t)] < 7. Then, we have

(t—5)""gn(s) —g(s)] < (E—9)"lgn(s)| + lg(s)]]
< 2t —s)*,

and

(tk = ) lgn () + [g(s)]]
2n(ty — S)a_l.

(tk = 5)°gn(s) — g(s)]

IAIA

For each t € J, the functions s — 2n(t — s)*! and s — 2n(t;, — s)*! are integrable
on [0, ], then the Lebesgue Dominated Convergence Theorem and (4.11) imply that

IN(u,)(t) — N(u)(t)] — 0 as n — oo,

and hence
IN(u,) — N(u)||pc — 0 as n — oc.

Consequently, N is continuous.
Step 2 : N maps bounded sets into bounded sets in PC(J,R). Indeed, it is enough
to show that for any n* > 0, there exists a positive constant ¢ such that for each

u € By ={u e PC(J,R) : ||[u|]|pc < n*}, we have |[N(u)||pc < £. We have for each
teJ,

N(u)(t) =

by () + % > /t (1 — )" g(s)ds
/t (T_s)a—lg@)ds—c] " / "t — 5)° L g(s)ds

I(a) O<tr<t”tr-1

o | = e ¥ ntu(),

tk 0<tp<t

(4.12)
where g € C(J,R) be such that

By (H4), we have for each t € J,

lg@)] = [f({t u(t), g(t))]

p(t) + q@®)|u)| +rt)|g(t)]
p(t) +q(t)n" +r(t)]g(t)]

P g+ gt)l,

IA A IA
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where p* = supp(t), and ¢* = sup q(t).

teJ teJ
Then

) < ——— =M.
9()] < 2

Thus (4.12) implies

1b] mMT®  MT®
N(u)(t)| < M* N*
NI < la + 0] m(MJu] + )+F(a+1)+F(a+1)
|| mMT* MT

+ +m(M*|u| + N*)

+ +
la+b T'(a+1) I'(a+1)

(Ia@ o 1) [m(M*IuI + N+

(m+1)MTT ]
['(a+1) la+b|’

Then

=/.

(m+ I)MTO‘] lc|
la+b

IVl < (25 1) |mOary 4 30+ DA

la + b

Step 3 : N maps bounded sets into equicontinuous sets of PC(J,R).
Let 7,72 € J, 1 < T2, B« be a bounded set of PC(J,R) as in Step 2, and let

u € B,+. Then

T
+L/72|(72_3)a—1||g(s)\ds+ > Ik(ulty))]

O0<trp<mo—T1

M (7 o « * *
< T2~ T 0 =)+ (= ) (Ml + V)
M a (e @ * %k *
< mp(ﬁ—ﬁ) + (15 — 74 )]+(T2—Tl)(M n+ N )-

As 11 — 7o, the right-hand side of the above inequality tends to zero. As a conse-
quence of Steps 1 to 3 together with the Ascoli-Arzela theorem, we can conclude that
N : PC(J,R) — PC(J,R) is completely continuous.

Step 4 : A priori bounds. Now it remains to show that the set

E={ue PC(J,R) :u= AN(u) for some 0 <\ <1}
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is bounded. Let u € E, then u = AN (u) for some 0 < A < 1. Thus, for each t € J we
have
—1

= _ DA & (" a1
o b/\;li(u(ti ) + (o) Zzl /til(ti —5)* " g(s)ds
bA

i I'(a) /:(T —8)"gls)ds = C/\] + o > /tk (tx — )% g(s)ds

F(a) O<tp<t k-1
A

+ﬁa/@_$w@@%+A§j@w@»

Uk 0<tp<t

u(t) =

(4.13)
And, by (H4), we have for each t € J,
g = |f{tu(t), g(t))]
p(t) + q(®)u(t)] +rt)lg(t)]
P+ u(®)] +rg(B)].
Thus

(" + ¢"u(t))

< * * .
< "+l

This implies, by (4.13) and (H5), that for each ¢t € J we have

0] . o M+ ¢ lullee) | TP + ¢ |lullpe)
—_ M N
Ll < gy M ellee TN T SR G ) T =Tt )
|c| mT(p* + ¢*|lullpc)  T*(p* + ¢*||ul| pc) x *
M t N7).
T ard T Ao Gy A lu®Blee N
Then
6] . o, (m+1) "+ ¢ ullpc) T°
< 1 M N
lullpe < Qa+m*‘ M (0l + V%) 4 S S
.l
la + 0|
0] )( e, (m41)p T ) ]
< 1 N
= <m+m*' T TN+ ) et
|b)| . (m+1)g*T
1 M .
’ Qa+m*' T e ) e
Thus

() (v ) e < (1) [
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(m + 1)p*T~

N*
T T ST et

Finally , by (4.10) we have

|b] * (m+1)p*T ||
<|a+b| + 1) [mN + oo T |a+b|} .

[ullpc < :
|| * (m+1)g*T
[1 - (\a+b\ + 1) <m]\/[ + (l—r*)F(a+1))i|

This shows that the set E is bounded. As a consequence of Schaefer’s fixed point theo-
rem, we deduce that N has a fixed point which is a solution of the problem (4.1)— (4. 3&

= R.

4.2.3 Ulam-Hyers Rassias stability

Here, we adopt the concepts in Wang et it [139] and introduce Ulam’s type stability
concepts for the problem (4.1)-(4.2).
Let z € PCY(J,R),e > 0,79 > 0 and ¢ € PC(J,R,) is nondecreasing. We consider the
set of inequalities

1°Dz(t) — f(t,z(t), D2(1))| <€, t € (tg,trs1], k=1,....m (4.14)
|Az(ty) — Ik(2(t;)) <€ k=1,....,m .
the set of inequalities
D) = A DO S 6l L€ il b=
[Az(te) = Le(2(t)) < o, k=1,. '
and the set of inequalities
|CDa ( ) (t,Z( ) ( ))| < 690( ) (tkatk-f—l]’k = 1’ ey M (4 16)
|Az(ty) — L(z(tp)| < e, k=1,. '

Definition 4.2.5 The problem (4.1)-(4.2) is Ulam-Hyers stable if there exists a real
number ¢y, > 0 such that for each € > 0 and for each solution z € PC'(J,R) of the
inequality (4.14) there exists a solution y € PC'(J,R) of the problem (4.1)-(4.2) with

12(t) —y(t)| < crme, tE

Definition 4.2.6 The problem (4.1)-(4.2) is generalized Ulam-Hyers stable if there
exists Oy, € C(Ry,Ry),07,,(0) = 0 such that for each solution z € PC'(J,R) of the
inequality (4.14) there exists a solution y € PC'(J,R) of the problem (4.1)-(4.2) with

|2(t) = y(8)] < Opmle), t € J.
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Definition 4.2.7 The problem (4.1)-(4.2) is Ulam-Hyers-Rassias stable with respect
to (p,v) if there exists cymy, > 0 such that for each € > 0 and for each solution
z € PCYJ,R) of the inequality (4.16) there exists a solution y € PCY(J,R) of the
problem (4.1)-(4.2) with

[2(t) = y(O)] < crmee(e(t) +9), t e J

Definition 4.2.8 The problem (4.1)-(4.2) is generalized Ulam-Hyers-Rassias stable
with respect to (¢, 1) if there exists cjm., > 0 such that for each solution z € PC*(J,R)
of the inequality (4.15) there exists a solution y € PCY(J,R) of the problem (4.1)-(4.2)
with

2() = y(O)] < cpmplilt) + ), te

Remark 4.2.9 It is clear that : (i) Definition 4.2.5 implies Definition 4.2.6; (ii) De-
finition 4.2.7 implies Definition 4.2.8; (iii) Definition 4.2.7 for p(t) = ¢ = 1 implies
Definition 4.2.5.

Remark 4.2.10 A function = € PC'(J,R) is a solution of the inequality (4.16) if and
only if there is 0 € PC(J,R) and a sequence o,k = 1,...,m (which depend on z) such
that

i) lo(t)] <ep(t), t € (tg,tir1],k=1,....,m and |og| < ep, k= 1,....,m;
i) “DP(t) = f(t, 2(1),° DO2(t)) + o (1), £ € by tyor] k=1,
1t) Az(ty) = I(2(t;)) +ox, E=1,....,m

One can have similar remarks for inequalities 4.15 and 4.14. Now, we state the following
Ulam-Hyers-Rassias stable result.

Theorem 4.2.11 Assume (H1)-(H3), (4.8) and

(HG6) there exists a nondecreasing function ¢ € PC (J,Ry) and there exists A, > 0 such
that for any t € J :

1% (t) < Ao (1)

are satisfied, then, the problem (4.1)-(4.2) is Ulam-Hyers-Rassias stable with respect to
(0. ).

proof. Let z € PC!(J,R) be a solution of the inequality (4.16). Denote by ¥ the unique
solution of the BVP :

‘Dpy(t) = f(t,yt), D y(t)), t € (tr,tera], b =1,...,m;
Ay(tk) =Ii(y(ty)), k=1,...m

ay(0) + by(T) = c;;

y(0) = 2(0).
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Using Lemma 4.2.2, we obtain for each t € (¢, tj.41]
k 1 k t;
WO = 90+ L) + 5 2 [ (= gt
i=1 i=1 Yli—1

- ﬁ /tk (t —s8)* tg(s)ds, t € (t, trs],

where g € C'(J,R) be such that

g(t) = f(t,y(t), 9(t))-

Since z solution of the inequality (4.16) and by Remark 4.2.10, we have

(4.17)

‘D z(t) = f(t,2(t),° D 2(t) +o(t), t € (tr,tesr), k=1,....,m;
Az(ty) = I(2(t,)) + ok, E=1,...,m .

Clearly, the solution of (4.17) is given by

2(t) = 2(0)+Z[i(2(t;))+ZJi+ﬁZ[i (t: — )9~ h(s)ds

tg

1 k t; - 1 . o
L oo g [ hs

1 t a1
i W/tk(t—s) o(s)ds, t € (t, trs,

where h € C(J,R) be such that
h(t) = f(t, 2(t), h(t)).

Hence for each t € (ty, tx11], it follows that
k k
2(t) —y)] < ) ol + > (=) = Lily(t;))]
i=1 i=1
1 ("
+ — / t; — 5)* Y h(s) — g(s)|ds
g 2o (6= ) 009
1 < [
+ — / ti — s)* Yo(s)|ds
o) ; tH( ) lo(s)]

1 t w1
o / (t — )2 [h(s) — g(s)|ds
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T ﬁ / (t — 52 Yo (s)]

Thus

[2(t) —y(@)| < mey + (m+ et +Zl|z

1 i a—1
T T ; /til@i = 8)7 Ils) = g(s)lds

+ ﬁ /t:(t — 5)* Y h(s) — g(s)|ds.
By (H2), we have
h(t) —g(®)] = |f(t 2(), h(2) — fty(t), g(t))]
< K[z(t) —y(t)] + Llg(t) — h(t)].
Then
(D) — (6] < —2—|2(6) (o)

Therefore, for each t € J

2(t) —y()] < med + (m+ eyt +Zl|z
K a—1
T i@ Z/@ =87 1(s) —yls)lds

K ¢ -
T L 9 — s
Thus

2(t) —y@)] < Zl\z e +e@)(m+ (m+1)A,)

K(m +1) ! a—1
+ m/{) (t— )" |z(s) —y(s)|ds.

Applying Lemma 1.3.9, we get

(1) —y(®)] < e +p)(m+(m+1)A,)
~ CK(m+1 1
X qu(l + 1) exp (/0 ﬁ(t — ) ds)]



CHAPITRE 4. BVP FOR NONLINEAR IFDE WITH IMPULSES 67

< cpe(Y + (1)),

where
cob = (m+(m [,ﬁ exp((lK_Og;(Z)—Ti_al))
e )

Thus, the problem (4.1)-(4.2) is Ulam-Hyers-Rassias stable with respect to (p, ). The
proof is complete. -

Next, we present the following Ulam-Hyers stable result.

Theorem 4.2.12 Assume that (H1)-(H3) and (4.8) are satisfied, then, the problem
(4.1)-(4.2) is Ulam-Hyers stable

proof. Let 2 € PC'(J,R) be a solution of the inequality (4.14). Denote by y the unique
solution of the BVP :

‘Diy(t) = f
Ay(ty) = I(
ay(0) + by (T
y(0) = 2(0).

From the proof of Theorem 4.2.11, we get the inequality

( 7y(t)c a ( )) te(tkatk+1]7k:17"'7m;
y(t)), k S
) =

C ]

T(m+1)
|2(1) Z” t;7))| + me +m

K(m +1) [ o
m/o (t —5)*H2(s) — y(s)|ds.
Applying Lemma 1.3.9, we get

[ IT @ +Dexp (/Ot %(t — s)a—lds)]

O<tp<t
< Cpe,

X

where

o - (e o e (552
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- () [0 ()|

Which completes the proof of the Theorem. -

Moreover, if we set (e) = ce;0(0) = 0, then, the problem (4.1)-(4.2) is generalized
Ulam-Hyers stable.

4.2.4 Examples

Example 1. Consider the following impulsive boundary value problem

i 1
CDiy(t) = T , for each, t € JyU J. (4.18)
Se2(1+ ly(t)] + Dy y(@)])

ly(3 )

Ayli_r = e (4.19)
10+ y(3 )l

2y(0) —y(1) =3, (4.20)

where Jo = [0,3] Ji = (3.1]  to = 0, and 1 = &

Set
1

5e 2 (1 |ul + |v])
Clearly, the function f is jointly continuous.
For each w,v,u,7 € R and t € [0,1] :

f<t7u7v>: Y te[()?]‘]? u7U€R

1
5e2

(8w, 0) = f(t0,0)] < —(Ju—al +[v =),

Hence condition (H2) is satisfied with K = L = =5.

And let u
I = .
1(“) 10+U7 (AS [O’OO)
Let u,v € [0,00). Then we have
u v 10]u — v| 1

= <

A (w) = hiv)] = }10+u_ 10+v| (10 +u)(10+v) ~ 10

lu — .

Thus condition

Qaﬁ'b\“) [mh <1(TZ);)<5?1>1 - 2[i+%
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is satisfied with " =1, a = 2, b = —1, ¢ = 3, m = 1 and | = %. It follows from
Theorem 4.2.3 that the problem (4.18)—(4.20) has a unique solution on .J.
Set for any t € [0,1], p(t) =t,¢ = 1.

Since
1

/t“ Jilsds < 2L
— —8)27 "sds < —,
I (3) Jo TV

then, condition (H6) is satisfied with A\, = \% From which it follows that the problem
(4.18)-(4.19) is Ulam-Hyers-Rassias stable with respect to (¢, ).

P o(t) =

Example 2. Consider the following impulsive anti-periodic problem

1 2 cD2

‘Diy(t) = Tyl + | yl )‘ , for each, t € JyU Ji. (4.21)

1083(1+ [y(1)| + [<DEy (1))

ly(3 )]
Ayl = —2——, (4.22)
6+1y(5 )l

y(0) = —y(1), (4.23)

WhereJoz[O,%],le( ]_] to—O andtl—%

Set )
ft,u,v) = + ul + ol te[0,1], u,v €R

108et3(1 + |u] + |v])’
(Clearly, the function f is jointly continuous.
For any w,v,u,v € R and t € [0,1] :

F(ts,0) = £, )] <t — ] + o — 2],

Hence condition (H2) is satisfied with K = L =
We have, for each ¢ € [0, 1],

10863 :

|f(tu )| < W(Q + [uf + |v]).

Thus condition (H4) is satisfied with p(t) = z = and q(t) = 7(t) = W.
And let

u
I(u) = s U€ [0, 00).

We have, for each u € [0, 00),
1
| (u)| < gut 1

% and N* = 1. Thus condition

(am =1) (v + e 5me ) =3 (6 s —mym) <

Thus condition (H5) is satisfied with M* =
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is satisfied with =1, a=1,b=1,¢c=0, m =1 and ¢*(t) = r*(t) = 155. It follows
from Theorem 4.2.4 that the problem (4.21)—(4.23) has at least one solution on J.

4.3 Existence Results for the BVP with Impulses
in Banach Space

4.3.1 Introduction

The purpose of this Section, is to establish existence and uniqueness results to
the following boundary value problems for nonlinear implicit fractional differential
equations with impulses in Banach space :

“Diylt) = f(tu Dfy(t)). for each . 1 € (fti]. £=0,....m, 0 <y <1 (424)

Ayliy, = Li(y(t,)), k=1,...,m, (4.25)
ay(0) + by(T) = c, (4.26)
where “Dy is the Caputo fractional derivative, (£, || - [[) is a real Banach space, f :

J X Ex E — FE is a given function, I}, : E — FE, a,b are real constants with a +b # 0
and c € B, 0=ty <t1 <+ <ty <tm1 =T, Dyliey, = y(t7) —y(ty), y(t) =
limy, o+ y(tx, + h) and y(t, ) = limy_,o- y(tx + h) represent the right and left limits of
y(t) at t =ty

In this Section, two results are discussed; the first is based on Darbo’s fixed point
theorem combined with the technique of measures of noncompactness, the second on
Monch’s fixed point theorem. At last, two examples are given to demonstrate the
application of our main results.

4.3.2 Existence of Solutions

Let us defining what we mean by a solution of problem (4.24)-(4.26).

Definition 4.3.1 A function y € PC(J, E) whose v-derivative exists on Jy is said to
be a solution of (4.24)-(4.26) if y satisfies the equation Dy y(t) = f(t,y(t), D y(t))
on Jy, and satisfy the conditions

Aylimy, = L(y(t,)), k=1,...,m,
ay(0) + by(T) = c.

2. M. Benchohra and S. Bouriah , Boundary Value Problem for Nonlinear Implicit Fractional
Differential Equations with Impulses in Banach Space.
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To prove the existence of solutions to (4.24)—(4.26), we need the following auxiliary
Lemma.

Lemma 4.3.2 Let 0 <v <1 andlet o : J — E be a continuous function. A function
y 1s a solution of the fractional integral equation

Z % Z /tZ (t; — )" Lo(s)ds

b
’ 1 v—1 ‘
+ () /tm (T —5)" " o(s)ds — c] + ) /0 (t —s)" " o(s)ds ifte0,t]
"= a_—l—lb b;[i(ym)) * % ; /tl_zl(tl — )" o(s)ds

b T - k | B L k t o
+W/tm = ”(S)ds_c] + 2 hl ))*P(u);/ti_l(tz 5o (s)ds

1 - |
\+m /tk (t —s)"'o(s)ds, if t € (th, tega ],
(4.27)

where k=1, ...,m, if and only if y is a solution of the fractional BVP
‘D'y(t) =o(t), te€ Jy,
Ayli—s, = L(y(t ,;)) k=1,...,m,
ay(0) + by(T) = c.

This lemma was already proved in the previous section.

First we list the following hypotheses :
(P1) The function f:J x E x E'— E is continuous.
(P2) There exist constants K > 0 and 0 < L < 1 such that

f (@t u,v) = f(t, @, 0)|] < K[u—ul| + Ll|v — o]

for any w,u,v,v € K and t € J.
(P3) There exists a constant [ > 0 such that

17 (u) = Le(@)|| < Ilfu -],

foreach u,ue Fand k=1,...,m.
We are now in a position to state and prove our existence result for the problem
(4.24)-(4.26) based on concept of measures of noncompactness and Darbo’s fixed point
theorem.
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Remark 4.3.3 [25] Conditions (P2) and (P3) are respectively equivalent to the in-
equalities
&(f(t, Bi, BQ)> < Ka(B1) + La(Bs)

Oé(]k(Bl)> §7a(31),
for any bounded sets By, By C E, for eacht € J and k=1,...,m.

Theorem 4.3.4 Assume (P1)—(P3) hold.
If
1b] (m+ 1) KT

1) (ml 1 4.
(s 1) (7 G ) < 2
then the BVP (4.24)-(4.26) has at least one solution on J.

Proof.

Transform the problem (4.24)-(4.26) into a fixed point problem. Consider the ope-
rator N : PC(J, E) — PC(J, E) defined by

m

OIS DY ARURE ROk

i=1

+ F(by) /t:(T — )" g(s)ds — c] + ﬁ O;N /t:kl(tk: — )" g(s)ds

1/ 3 -
g | e Y )

0<tp<t

—1
a+b

N(y)@) =

(4.29)
where g € C(J, E) be such that

g9(t) = f(t,y(t), 9(t))-

Clearly, the fixed points of operator N are solutions of problem (4.24)—(4.26).
We shall show that N satisfies the assumption of Darbo’s fixed point Theorem. The
proof will be given in several claims.
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Claim 1 : N s continuous.

Let {u,} be a sequence such that u, — v in PC(J, E). Then for each t € J,

0]

| N (u,)(t) — N(u)(t)] < o+ 0|

Z [k (un(ty,) = D (u(ty) |

I & ([h 1
T Z / (=9 lonls) = g(s)lds

1

b / (T = )" lgn(s) = g(s)|ds

[(v)
1

1

/ " (b — )" gals) — 9(s)]ds

tp—1

P / (t = 5)" " ga(s) — g(s)|lds

['(v)

+

0<tp<t

where g,,9 € C(J, E) such that

D M(un(t) = In(u(E))],

gn(t) = [t un(t), gn(t)),

and

By (P2), we have

lgn(t) =g @Il =W un(t), gn(t)) = [t ult), g(8)]]
< Kllun(t) —u@®)] + Lllga(t) — g(B)]]-

Then
1gn(t) — 9@ <

1-L

[un(2) = u(®)]]-

73

(4.30)

Since w, — u, then we get g,(t) — g(t) as n — oo for each ¢t € J. And let n > 0 be

such that, for each t € J, we have ||g,(t)|| < n and ||g(¢)|| < n. Then, we have

(t = 5)""lga(s) = g(s)ll

and

(tk = )" lgu(s) — g(s)ll

IAINA

<
<

(=) lgn(s)Il + llg(s)]]
2(t — )",

(tx = )" Hllgn(s)Il + [l ()]}
2n(ty — )" L.

For each t € J, the functions s — 2n(t — s)*~! and s — 2n(t;, — s)"~* are integrable on
0,¢], then the Lebesgue Dominated Convergence Theorem and (4.30) imply that

N (un)(t) — N(u)(t)|| = 0 as n — oo,
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and hence
IN (u,) — N(u)||pc — 0 as n — oc.

Consequently, N is continuous.
Let the constant R such that :

leT(v+1)(1 = L) + (|b] + |a + b]) [ma T(v + 1)(1 — L) + (m + 1)T" f*]
la+b|T(v + 1)(1 — L) — (Jb] + |a +b]) [mil(v + 1)1 — L) + (m + 1)TVK]’
(1.31)

R >

where ¢; = sup ||I(v)|| and f* =sup||f(t,0,0)].
teJ

veEE
Define
DR = {u S PC(J, E) : ||u||pc < R}

It is clear that Dp is a bounded, closed and convex subset of PC(J, E).
Claim 2 : N(Dg) C Dg.

Let u € Dy we show that Nu € Dr.We have, for each t € J
b
N @ < ey P

3 - 1 - " v—1

re Rarse DI LUCGRIRET 79 B A CRERICITE
1 ’ v—1 V 1

+ m/tm( —5)""llg(s ||ds}+— Z/ (t — s)" | g(s)|ds

O<tp<t” -1
1

- /@_Sy glds+ 3 1))

23 0<trp<t

+

(4.32)
By (P2) we have for each t € J,

gl 1F (8 u(t), () — f(£,0,0)[[ + [/ (£, 0,0)]]
Kllu@)I + Lllg@®Il +

Kllu(t)||lpc + Lllg(®)ll + f*

KR+ Lllg®l + f*

VAN VAN VAN VAN

Then KR
Hg(@)]] < 1_I = M.

Thus, (4.31), (4.32) and (P3) implies that

Wl < e (B )(Zru fi<o>n+Zr|fi<o>n>
(n

- (|a|+|b|“) v+ )TEM
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el ) - (m+1)T"M
1 IR -
ool T agn L) [MUEF )+ 0

< R,

from which it follows that for each ¢t € J, we have | Nu(t)| < R.
Which implies that ||Nu||pc < R.
Consequently,

N(Dg) C Dp.

Claim 3 : N(Dg) is bounded and equicontinuous.

By Claim 2 we have N(Dg) = {N(u) : u € Dg} C Dpg. Thus, for each u € Dy we
have ||N(u)||pc < R which means that N(Dg) is bounded. Let t1,t; € (0,7, t; < to,
and let u € Dg. Then

[N () (t2) = N(u) ()]l

1 " v—1 — v—1 s s L 2 —g v—1 S S
<y M= = 0= 9 el + g [l = ) lg(e)
+ Y k) = RO+ > k(0]
M v v v 71 _
< mp@z — )"+ (ty — )] + (t2 — t) (U[ulty)[| + 1)
= F(y]\f— 1) [2(t2 — 12)" + (85 = #1)] + (2 — tl)(mUHPc +¢1)
< Ty 2t — )+ (B — ]+ (2 — ) (R + ).

As t; — to, the right-hand side of the above inequality tends to zero.
Claim 4 : The operator N : Dr — Dpg is a strict set contraction.

Let V C Di and t € J, then we have,
a(N(V)(@) = a((Ny)it),y V)

m

< g | feuoeonvev)
+r(1u) Zm; { /tt(t —5)"alg(s)ds,y € V'}




CHAPITRE 4. BVP FOR NONLINEAR IFDE WITH IMPULSES 76

+ ﬁ{ /tt(t —5)" talg(s))ds,y € V}
+ > ol ye v}

0<tp<t

Then Remark 4.3.3 and Lemma 1.4.4 imply that, for each s € J,

a({g(s),y € V}) = a({f(sy(s),9(s)),y €V}
< Ka({y(s),y € V}) + La({g(s),y € V}).

Thus
o({gls)yeVh) < toalylshye V)

On the other hand, for each t € J and k =1,...,m, we have

> a({ntt)yevy) < mialyt),ye V).

Then
ol =
AN < g [mladu@).y € V)
ool -9 ey e v
+m{/o (T —s)"H{aly(s))ds,y € V}}
mK ' v—1
+ m{/o (t—s)""Haly(s))}ds, y € V}
K ! v—1
¥ m{ = Hawnasy e v}
+ mila({y(t),y € V})
1b| ~  (m+1)KT”
< (\a—l—b\ + 1) (mH— 0—DT+ 1)) a.(V).
Therefore

o) < (i +1) (4 02 B ) oo

So, by (4.28), the operator N is a set contraction. As a consequence of Theorem 1.5.3,
we deduce that N has a fixed point which is solution to the problem (4.24)-(4.26).
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O

Our next existence result for the problem (4.24)-(4.26) is based on concept of measures
of noncompactness and Monch’s fixed point theorem.

Theorem 4.3.5 Assume (P1)-(P3) and (4.28) hold.
If

ml < 1
Then the BVP (4.24)-(4.26) has at least one solution.

Proof. Consider the operator N defined in (4.29). We shall show that N satisfies the
assumption of Monch’s fixed point theorem. We know that N : Dr — Dpg is bounded
and continuous, we need to prove that the implication

V =conoN(V) or V=NV)u{0}=aV)=0

holds for every subset V of Dg. Now let V' be a subset of Dg such that V' C conv(N (V)U
{0}). V is bounded and equicontinuous and therefore the function ¢t — v(t) = o

is continuous on [0, 7.

Using Lemma 4.3.2, we can write for each t € J and k =0,...,m,

N) = w0+ Y H) + e [ = g

1 a—1
+ m/(t—s) g(s)ds,

tg

where g € C(J,R) be such that
g(t) = f(t,y(t), g(t))-

And by Remark 4.3.3, Lemma 1.4.8 and the properties of the measure @ we have for
each t € J

ot) < a(N(V)(1)U{0})
< a(N(V)(1)
< af(Ny)(t),y € V}
< o)+ rir—p{ | = ey e v
K ' v—1
“ =9 Hatusnasy e v
+ mia({y(t),y € V})
< wla@uo e V) + P [ alenasy e v
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= milv M t —s)" tu(s)ds
= l<t)+(1—L)F(y)/0(t ) (s)ds.

Then

(m+ 1)K t —5)" " tu(s)ds
o(t) < <1_mz“><1_L>r<y>/o“ ) ~Lo(s)ds.

Lemma 1.3.8 implies that v(t) = 0 for each t € J.

Then V (t)is relatively compact in E. In view of the Ascoli-Arzela theorem, V' is rela-
tively compact in Dg. Applying now Theorem 1.5.5 we conclude that N has a fixed
point y € Dg. Hence N has a fixed point which is solution to the problem (4.24)—(4.26&

Remark 4.3.6 Our results for the boundary value problem (4.24)-(4.26) are appro-
priate for the following problems :

— Initial value problem : a =1,b=0,c = 0.

— Terminal value Problem : a =0,b=1,c arbitrary.

— Anti-periodic problem :a=1,b=1,c¢=0.
However, our results are not applicable for the periodic problem, i.e. fora=1,b= —1,
c=0.

4.3.3 Examples
Example 1. Consider the following infinite system

1
e’ yn(t) . Cthkyn(t)

L
‘DEyn(t) = >
k (11 + Gt) 1+ yn(t) 1 +¢ ngyn(t)

, for each, t € JoU J;. (4.33)

R ACE
Ayn|t:% = 10—+ yn(%_) . (4.34)
2yn(0) — yn(1) = 3, (4.35)

where Jy = [0, %] , J1 = (%, 1} ,to=0, and t; = %
Set

E = ll — {y - (917927 <oy Yns )72 |yn| < OO}
n=1

f=(f1, for s frs ),
such that

—t
ft,u,v) = ¢ [ 4 v },tE[O,l], u,v € E.

(I1+e) |1+u 1+v
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Clearly, the function f is jointly continuous.

E is a Banach space with the norm ||y|| = Z |Yn |-
n=1

For any u,u,v,0 € F and t € [0,1] :
_ 1 _ _
1w, 0) = f(t, @, 0)]] < 5 ([lw = all + [l = o]]).

1
Hence condition (P2) is satisfied with K = L = —.

12
And let
U

= , c Fb.
104+ u

I (u)

Let u,v € E. Then we have

U v 1
— | < =llu—2.
10+uw 10+w 10

11 (u) = L)) = |

~ 1
Hence the condition (P3) is satisfied with [ = 10
And the conditions

(M) (o DRy b

1— L)D(v+1) 10 (1-<1

8 1
117

la + b|

1
are satisfied with T'=m =1,a=2,b=—1 and v = 3
=

- <1,
t3

79

It follows from Theorem 4.3.4 that the problem (4.33)—(4.35) has at least one solution

on J.

Example 2. Consider the following impulsive problem

2+ [lyn @Il + D yn @)

1
‘D¢ yn(t) = 7 , for each, t € JyU J;.
108e+3(1 + [lyn ()] + [1°Dg,yn (D))
ot GO
yn‘t:% - 1— )
6+ [lya(5 )l

yn(0) = —yn(1),

where Jy = [0, l] , J1 = (%, 1} ,to=0,and t; = %
Set

E = ll = {y = (ylvaa ooy Yn, )72 |yn| < 00}7
n=1

(4.36)

(4.37)

(4.38)
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f = (fla f27 sy fn7 )a

such that
2+ [Jul| + [

[t u,v) = 108et+3(1 + |Jul| + |Jv|)’

(Clearly, the function f is jointly continuous.

€[0,1], u,v € E.

E is a Banach space with the norm ||y|| = Z |Yn |-

n=1
For any w, u,v,0 € E and t € [0,1] :
17 0,,0) = (4,791 < oy — ] + o~ 2.
1

H dition (P2) is satisfied with K = L = ——.

ence condition (P2) is satisfied wi 0803
And let lull

u
Li(u) = , ueFl
6+ [lul
Let u,v € E. Then we have
1
[ - - - .
I116) = B = [~ ] < gl vl
~ 1
Hence the condition (P3) is satisfied with | = 5
The condition
( |b] +1)( L (m+ 1)KT" ) 3(1 )
m = —-|=
la + b (1-L)T(v+1) 2\ 6 (g)
6
\/_

1
is satisfied with T =m=1,a=1,b=1 andyzi
Also, we have

~ 1
l==-<1
TG

It follows from Theorem 4.3.5 that the problem (4.36) — (4.38) has at least one solution
on



Chapitre 5

Existence and Stability Results for
Nonlinear Implicit Fractional
Differential Equations with Finite
Delay and Impulses

5.1 Introduction and Motivations

In this chapter, we establish, in Section 5.2, existence, uniqueness and stability
results to the following nonlinear implicit fractional differential equation with finite
delay and impulses

thO;y(t> = f(tayt7c D)f;y<t>)7 for each ’ te (tkatk+1]7 k= 07 <y, 0<a < 17

Ayl = Ik(yt;), k=1,....m

y(t) = o(t), t € [-r,0], r>0
where °Df is the Caputo fractional derivative, f : J x PC([-r, ], R)xR—>Risa
given function, I, : PC([-r,0,R) — R, and ¢ € PC([-7,0],R),0 =ty < t; < -+ <
tr < tmg1 = T.
For each function y; defined on [—r, 7] and for any ¢ € J, we denote by y; the element
of PC ([-r,0],R) defined by :

w(0) =yt +86), 6c[-r0],
y:(.) represent the history of the state from time ¢t — r up to time t.

Here Ayl,, = y(t))—y(t; ), where y(¢)) = limy o+ y(tx + k) and y(t;,) = limy,_o- y(tx + h)
represent the right and left limits of y; at t = ¢, respectively.

81
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An extension of this problem is given in Section 5.3. More precisely, we shall present
a result of existence and uniqueness for the implicit fractional differential equation with
finite delay and impulses in Banach space

“Dyy(t) = f(t,y," D} y(t)), for each , t € (tp,tpya1], k=0,...,m, 0 <v <1,

Ay‘tztk = Ik(yt;), k= 1, o,y
y(t) = ¢(t), t € [=1,0], >0

where °Dy is the Caputo fractional derivative, (£,[| - |[) is a real Banach space,
f:Jx PC([-r0,F) x E — E is a given function, I}, : PC([-r,0], E) — E, and
p € PC([-r,0l,E),0 =ty <t; < -+ <ty <tm1=T.

Impulsive fractional differential equations are a very important class of fractional
differential equations because many phenomena from physics, chemistry, engineering,
biology, etc... can be represented by the impulsive fractional differential equations.
On the other hand, the theory of impulsive differential equations describes the process
subject to abrupt change in their states at times. Impulsive differential equations have
received much attention, we refer the reader to books [30, 31, 55, 79, 103, 121, 133],
and the papers [66, 84, 85, 138], the references therein.

In [61], Benchohra and Slimani considered the existence and uniqueness of solutions
for the initial value problems with impulses,

cD(t) = f(t,y(t)), teJ=[0,T], t#t, 0<a<l,
Ayl,_, = I(y(t;)),
y(0) = vo,

where k£ = 1,...,m, D% is the Caputo fractional derivative, f : J X R — R is a
given function, I, : R — R, and yo € R, 0 = t) < t; < -+ <ty <ty = T,
Aylizr, = y(&) — y(ty), y(&) = limy o+ y(tx + h) and y(t;) = limy - y(tx + h)
represent the right and left limits of y(t) at ¢t = ty.

In [60], Benchohra and Seba, using Monch’s fixed point theorem combined with the
technique of measures of noncompactness, considered the existence and uniqueness of
solutions for the initial value problems with impulses,

D(t) = f(t,y(t)), teJ=[0T], t£t, 0<a<l,
Ay|,_, = Iuly(ty)),
y(0) = vo,

where k =1,...,m, °D® is the Caputo fractional derivative, f : J x E — FE is a given
function, Iy : F — E, yo € E, E is a Banach space, and 0 = t; < t; < -+ < t,, <

ty1 =T, Ay|t:tk = y(t;) - y(ti)'
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In [5], Agarwal et al. studied the existence and uniqueness of solutions for the initial
value problems, for fractional order differential equations with impulses

‘D%(t) = f(t,y(t)), teJ=[0,T),t#ty, k=1,....m, 1 <a <2
Aylem, = L(y(ty)), k=1,...,m,
AY =, = Ie(y(ty)), k=1,...,m,
y(0) =y, ¥'(0)=uy,
where k =1,...,m, ¢D® is the Caputo fractional derivative, f : J x R — R is a given

function, I, : R - R, yg € Rand y; € R, 0 =ty < t; < -+ <ty <ty = T,

Ayli=y, = y(ti) - y(tz), AY'|i=e, = y’(tz) - y’(t,;).
In [53], Benchohra et al. discussed the existence of solutions for the initial value
problems, for fractional order differential inclusions,

‘D%(t) € F(t,y(t)), teJ=[0,T], t#ty, k=1,....m, 1 <a <2
Ayli—y, = In(y(ty)), k=1,...,m,
AY |1, = Tn(y(ty)), k=1,...,m,
y(0) =y, ¥ (0) =y,
where “D is the Caputo fractional derivative, F' : J xR — P(R) is a multivalued map,
(P(R) is the family of all nonempty subsets of R), I and I, : R - R, k= 1,...,m,

and yo,y1 € R, 0 =ty < t; < +++ < by < b1 = T, Aylie, = y(t) — y(ty),
AY e, =y () — ¥/ (t5)-

5.2 Existence Results for the NIFDE with Finite
Delay and Impulses

5.2.1 Introduction

In this Section, we establish, existence, uniqueness and stability results of solutions
for the following problem for nonlinear implicit fractional differential equations with
finite delay and impulses :

‘Diy(t) = f(t,y," D; y(t)), for each , t € (ty,tey1], £=0,....,m, 0<a <1, (5.1)

1. W. Albarakati, M. Benchohra and S. Bouriah, Existence and Stability Results for Nonlinear
Implicit Fractional Differential Equations with Delay and Impulses, Differential Equations and Appli-
cations Vol. 8 No. 2 (2016), 273-293.
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Ayly, :[k(yt;), kE=1,...,m, (5.2)
y(t) = o(t), t € [-r0], r>0 (5.3)
where °Df is the Caputo fractional derivative, f : J x PC([-r, ],R) xR — Risa
given function, I, : PC([-r,0,R) — R, and ¢ € PC([-7,0],R),0 =ty < t; < -+ <

tm < tm—i—l - T
For each function y; defined on [—r, T] and for any ¢t € J, we denote by y; the element
of PC ([—7,0],R) defined by :

yi(0) = y(t+0), 6cl-r0,

y¢(.) represent the history of the state from time ¢ — r up to time t.

Here Ayl,, = y(t))—y(ty, ), where y(t;) = limy o+ y(tx + h) and y(t;, ) = limy,_so- y(tx + h)
represent the right and left limits of y, at ¢ = t, respectively.

The arguments are based upon the Banach contraction principle, and Schaefer’s fixed
point theorem. We present two examples to show the applicability of our results.

5.2.2 Existence of Solutions

Denote by C(J,R) the Banach space of continuous functions from J into R, with
the usual supremum norm

[Ylloo = sup{ly(t)], t€ J}.
Let J() [to, tl] and Jk (tk, tk+1] where k = 1, oo,
Consider the set of functions

PC([-r,0,R) ={y:[-7r0 = R:y e C((k, Tk11),R), £ =0,...,m and there exist

y(ro) and y(r), k=1,...,m with y(r,) = y(n) and 7, = t; — t, for each t € J,}.
PC([—r,0],R) is a Banach space with the norm

lyllpc = sup |y(t)|.
te[—r,0]

PC([0, T,R) ={y : [0,T] = R:y € C((ty, tg+1],R), k=1, ...,m, and there exist
y(t;) and y(t), k = 1,...,m with y(¢;) = y(tx)}.
PC([0,T],R) is a Banach space with the norm

[yllc = sup |y(t)].
te[0,7

Q= {y : [_Tv T] - R: y|[—7‘,0] € PC([_Ta O]vR) and y|[O,T] € PC([OaT]vR)}

() is a Banach space with the norm

lyllo = sup |y(t)].
te[—r,T]
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Definition 5.2.1 A function y € € whose a-derivative exists on Jj is said to be a
solution of (5.1)-(5.3) if y satisfies the equation “Dg, y(t) = f(t,y:,° Df y(t)) on Ji, and
satisfy the conditions
Ay‘t:tk = Ik(yt;)7 k = 1, e 7m7
y(t) = p(t), t € [-r0].

To prove the existence of solutions to (5.1)—(5.3), we need the following auxiliary
Lemma.

Lemma 5.2.2 Let 0 < a < 1 and let 0 : J — R be continuous. A function y is a
solution of the fractional integral equation

(

1 t
—— [ (t—5)*"to(s)d f t t

(0 + oy [ =9 otds e o)
k 1 4

©(0) + L(y-)+ =— / (t; — 8)* to(s)ds

y(t) = z; " T (e) 2; - (5.4)
1 t
—— [ (t—s)"""o(s)d fte (tt
_'_F(Oé) /tk< 5) 0(5) S, Zf € ( ks k+1]7
\90(75)7 le [_Ta 0]7
where k= 1,...,m, if and only if y is a solution of the following fractional problem

‘Diy(t)=o(t), te€Jy,
Aylt:tk :[k(yt;)a k:L"'ama
y(t) = (t), te[-r0] (5.7)
Proof. Assume y satisfies (5.5)-(5.7). If ¢ € [0,¢1] then
‘D%(t) = o(t).

Lemma 1.3.7 implies
t
y(t) = ¢(0) + I°0(0) = 0) + s [ (69 o(5)ds.
0
If t € (t1,t2] then Lemma 1.3.7 implies

Mﬂ:zﬁﬁ+——/@—$“%®%
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= Ayl + ) + ﬁ / (t — 5™ o (s)ds

— L)+ {mowﬁ /0 (= 9o (s)ds

I ot
+ m/ﬁ(t—s) o(s)ds.

= l0)+ hlu) + g [ (=)o)

1 ¢ o1
+ m/t1<t_8) o(s)ds.

If t € (to,t3], then from Lemma 1.3.7, we get

) = 05) + oy [ (=9 oty
= Ayl +9(8) + e [ (=) (s)ds
— Dy, + {go(()) Fh(ge) + /0 (= 5)° 1o (s)ds

Fi [ o]+ s e oioas

= (0) + [h(?/tl—) + [2(%;)} + {

+ ﬁ /:(zz —s)o‘la(s)ds] + /t:<t—s)°‘1a(s)ds.

Repeating the process in this ways, the solution y(t) for ¢ € (ty,tx1] where k =
1,...,m, can be written as

k 1 k ti

W) = pl0)+ Y H) s 2 [ (=) a(s)ds
i=1 ' I(a) i=1 Vti-1
1 /t 4
+ —— [ (t—5)"""0(s)ds.
P(O{) tr

Conversely, assume that y satisfies the impulsive fractional integral equation (5.4). If
t € [0,4] then y(0) = ¢(0) and using the fact that D* is the left inverse of I* we get

°D*(t) = o(t), foreacht e [0,t].

Ift € (ty, tgsa], K =1,...,m and using the fact that *D*C' = 0, where C is a constant,
we get
°D%(t) = o(t),for each t € (ty, tpr1].
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Also, we can easily show that

Ayliy, ka(yt;), k=1,....m. .

We are now in a position to state and prove our existence result for the problem
(5.1)—(5.3) based on Banach’s fixed point.

Theorem 5.2.3 Assume
(H1) The function f : J x PC(]—r,0,R) x R — R is continuous.
(H2) There exist constants K >0 and 0 < L < 1 such that

|[F(t,u,0) = f(t,4,0)] < K|lu—ulpe + Llv - 7]

for any u,u € PC([—r,0],R), v, € R andt € J.
(H3) There ezists a constant | > 0 such that

T (w) — Ii(@)| < 1]ju— @ pe,

for each u,w € PC([-r,0],R) and k =1,...,m.

If
~  (m+1)KT*

l
M AT D+ 1)
then there ezists a unique solution for the problem (5.1)-(5.3) on J.

<1, (5.8)

Proof. Transform the problem (5.1)-(5.3) into a fixed point problem. Consider the
operator N : Q0 — () defined by

( 1 th .
G0+ 3 B+ 3 /M(tk — )™ 1g(s)ds

Ny(t) = —i—ﬁ/t (t —5)*1g(s)ds, t € 10,7, (5.9)
o(t), te[-r0],

where g € C(J,R) be such that

Clearly, the fixed points of operator N are solutions of problem (5.1)—(5.3).
Let u,w € Q. If t € [—r, 0], then

IN(u)(t) — N(w)(t)] = 0.



CHAPITRE 5. NONLINEAR IFDE WITH FINITE DELAY AND IMPULSES 88

For t € J, we have

V@O - Nw)O] £ s 3 [ -9 als) - hls)lds

(a) O<tp<t tk—1

1 t ol
" ﬁ@/wa>\m@—Mﬂ@

ty

+ Z [ 1i( ut — Ii( wt ),

0<trp<t

where g, h € C(J,R) be such that
g(t> - f(taut7g(t))7

and
h(t) = f(t,w, h(t)).
By (H2) we have

< KHUt — wt”PC + L|g(t) - h(t)|
Then
l9(8) = h(t)] = 77 llwe = willpe.
Therefore, for each t € J
[N (u)(t) = N(w)(t)] < Z/ (tk = 8)" " lus — wyllpeds
tp—1
K
- - t— )1 —
+ A= L)) /tk( $)* | |us — ws|| peds
+ szl|ut; - wt;HPC-
k=1
T mKT N KT* = w]
= "7 -+l Q-L)T(a+y " "

Thus
(m+1)KT*

I3 = Nl < [+ (T = ol

By (5.8), the operator N is a contraction. Hence, by Banach’s contraction principle, N
has a unique fixed point which is a unique solution of the problem (5.1)—(5.3).

O
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Our second result is based on Schaefer’s fixed point theorem.

Theorem 5.2.4 Assume (H1), (H2) and
(H4) There exist p,q,r € C(J,Ry) with r* =supr(t) <1 such that
teJ
|f(tu,w)] < p(t) +q(®)lullpc + @) w] fort € J, uw € PC([-r,0],R)and w € R.

(H5) The functions Iy, - PC([—r,0],R) — R are continuous and there exist constants
M*, N* > 0 with mM* < 1 such that

[Ix(u)| < M*||ul|pc + N* for each u € PC([-r,0],R), k=1,...,m.
Then, the problem (5.1)-(5.3) has at least one solution.

Proof. Let the operator N defined in (5.9). We shall use Schaefer’s fixed point theorem
to prove that N has a fixed point. The proof will be given in several steps.

Step 1 : N is continuous. Let {u,} be a sequence such that w, — wu in Q. If

t € [-r,0], then
[N (un)(t) = N(u)(t)] = 0.

For t € J, we have

N(w)(®) - Nw)(®)] < = > /tk (t = 5)* " ga(s) — g(s)lds

[() O<tj<t k-1

1 [ -
g L 9 () — o)l (510)
+ Z |]k(unt;) _]k(ut;ﬂa

where g,,, g € C(J,R) such that
gn(t) = f(t7 untngL(t))?

and

g(t) = f(t,us, 9(2)).
By (H2), we have

|9n(t) — g = [f(t, tnt, gu(t)) — f(E, e, 9(1))]
< Kllune — wllpe + Llga(t) — g(t)].

Then

K
90(8) = 9] < = e — il
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Since wu,, — u, then we get g,(t) — g(t) as n — oo for each ¢t € J. And let > 0 be
such that, for each t € J, we have |g,(t)] <n and |g(t)] < 7. Then, we have

(t =) gaul(s) —g(s)] < (=) gn(s)] + |g(s)]]
< 2t — )",
and
(te = 5)*gn(s) —g(s)] < (e — 5)* lgn(s)] + |g(s)]]
< 2t — 5)*

For each t € J, the functions s — 2n(t — s)*~! and s — 2n(t, — s)*! are integrable

on [0,t], then the Lebesgue Dominated Convergence Theorem and (5.10) imply that
IN(u,)(t) — N(u)(t)] — 0 as n — oo,
and hence
|N(u,) — N(u)|log — 0 as n — .

Consequently, N is continuous.

Step 2 : N maps bounded sets into bounded sets in §2. Indeed, it is enough to show
that for any n* > 0, there exists a positive constant ¢ such that for each v € B,- =
{u € Q:|Jullog < n*}, we have ||N(u)||q < ¢. We have for each t € J,

N@®) = ¢O)+ s 3 [ (=) g(s)ds

F(a) O<tp<t " thk—1

I a1
+ m/tk(t—s) g(s)ds + Z [k(ut;%

0<tp<t

(5.11)

where g € C(J,R) be such that
By (H4), we have for each t € J,
l9(2)]

£t e, (1))
p(t) + q(@)[luel pc + r(t)g(t)]
p(t) +q(®)lulle +r@)lg(?)]
p(t) +q(t)n” + r(t)|g(t)]
P +rrlg(t)];
where p* = supp(t), and ¢* = supq(t).

ted teJ
Then

VAN VAR VARVAN

| <— =M.
gt <
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Thus (5.11) implies

N () (0) mMI7 | M7

+F(a+1)+F(a+1)

IA
5
=

(M u, e + N*)

(m+OMT® *

< -~ M N

<l + DS O+ )
+ 1YMT®

< g+ DM ey N = R

['a+1)

And if t € [—r,0], then
IN()(®)] < llellpe,

thus
[N (u)llo <max {R, |l¢]lpc} = L.

Step 3 : N maps bounded sets into equicontinuous sets of §2.
Let t1,t5 € (0,77, t; < ta, B, be a bounded set of Q as in Step 2, and let u € B,
Then

[N (u)(t2) = N(u)(t1)|

< b / Ut — )% — (- ) [g(s)lds
+ % / (k2 — 5)° 7 lg(s)lds + > )l

) Ju 0<tp<ta—t1
< w2t — 0)° (8 — )]+ (62 — ) O g [ + V)
~INa+1) 2 1 27 A P
< F(oz]\f— 1) [2(ta — t1)" + (15 — 7)) + (t2 — 1) (M™||ullo + N7)
= F(a]\f— 1) 2ty — 1) + (15 — 7)) + (ta — t1)(M™n" + N¥).

As t; — to, the right-hand side of the above inequality tends to zero. As a consequence
of Steps 1 to 3 together with the Ascoli-Arzela theorem, we can conclude that N : 2 —
Q) is completely continuous.

Step 4 : A priori bounds. Now it remains to show that the set

E={u€Q:u=AN(u) for some 0< A\ <1}

is bounded. Let u € F, then u = AN (u) for some 0 < A < 1. Thus, for each ¢t € J we
have

u(t) = Ap(0)+ - 3 / " (e — )" g(s)ds

F(a) o<tp<t k-1
A

o [ gs)ds A Y D)

F( ) tk 0<tp<t

(5.12)
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And, by (H4), we have for each t € J,

g = 1f (¢ ur, g(1))]
p(t) + q(t)[lwel | pc +r(t)]g(t)]
P+ 4 [uellpe +r*g(t)].

IA A

Thus

g(0)] <

—— "+ ¢l

This implies, by (5.12) and (H5), that for each ¢t € J we have

u(t)] < 'W”m 3 / " (b — ) 0" + ¢ sl pe)ds
n u——1>rm> / (t — 821" + ¢"l|us] pe)ds

b m(M o + N,
Consider the function ¢ defined by
C(t) = sup{Ju(s)] : —=r < s <t},0<t<T,
then, there exists t* € [—r, T| such that ((t) = |u(t*)|. If t* € [0, T],then by the previous

inequality, we have for t € J

() < "””)'MT;W > [ = s
1

+ A= T(a) /tk (t =) (p" +q"((s))ds

+ mM*((t) + mN*.

Thus
C(t) < ‘90501‘ :1]7\7415\[* + = mM*)(ll — 0 (a) O;Kt /tkkl(tk — )" 4 ¢*C(s))ds
! t a—1/ * *
T A= - @) /tk (t— )" (p" + q"¢(s))ds
|£(0)[ + mN* (m + 1)pT®
< 1 —mM* (1 —mM*)(1—r)T(a+1)
(m+1)q¢* t e,
i (1 —mM*)(1 — )T (a) /0 (t =) ((s)ds.
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Applying Lemma 1.3.8, we get

[(0)] +mN" (m + DT
(1) < { L —mM (1—mM*)(1—r*)F(a+1)}
y d(m+ 1)g*T .:
{1+ (1—mM*)(1—r*)F(Oé+1)} -

where 6 = §(«) a constant. If t* € [—r, 0], then ((¢) = ||¢||pc, thus for any ¢ € J, ||ullq <
¢(t), we have

lullo < max{lelpe, A}

This shows that the set F is bounded. As a consequence of Schaefer’s fixed point theo-
rem, we deduce that N has a fixed point which is a solution of the problem (5.1)—(5.3&

5.2.3 Ulam-Hyers Rassias stability

Here, we adopt the concepts in Wang et it [139] and introduce Ulam’s type stability
concepts for the problem (5.1)-(5.2).
Let z € Qe > 0,9 > 0 and w € PC(J,R,) is nondecreasing. We consider the set of
inequalities

‘C‘Da2<t> - f(ta Zt)c DaZ(t))| < € 1€ (tkatk—i-l]? k= ]-7 ey T (5 13)
|AZ|tk _-[k<zt;)| SE, k:177ma ‘
the set of inequalities
|°Dz(t) — f(t, z,C D*2(t))| < w(t), t € (tg,tor1],k=1,...,m (5.14)
Asly, = L) € W, k=1, '
and the set of inequalities
‘cDaZ(t) - f(t, Ztﬂc Daz(t)” < EW(t), te (tkatk+1]a k= 1, ey T (5 15)
‘AZ’U@ _[k(zt;>| SGW kzl?"'am' '

Definition 5.2.5 The problem (5.1)-(5.2) is Ulam-Hyers stable if there exists a real
number cfn, > 0 such that for each € > 0 and for each solution z € Q of the inequality
(5.13) there exists a solution y € Q of the problem (5.1)-(5.2) with

12(t) —y(t)| < crme, t €

Definition 5.2.6 The problem (5.1)-(5.2) is generalized Ulam-Hyers stable if there
exists Opm € C(Ry, R, 05,,(0) = 0 such that for each solution z € Q of the inequality
(5.13) there exists a solution y € 2 of the problem (5.1)-(5.2) with

|2(t) = y(8)] < Opmle), t € J.
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Definition 5.2.7 The problem (5.1)-(5.2) is Ulam-Hyers-Rassias stable with respect
to (w,v) if there exists cf . > 0 such that for each € > 0 and for each solution z € €
of the inequality (5.15) there exists a solution y € Q0 of the problem (5.1)-(5.2) with

2(t) = y(8)] < crmuelw(t) + ), e J.

Definition 5.2.8 The problem (5.1)-(5.2) is generalized Ulam-Hyers-Rassias stable
with respect to (w,) if there exists cfmu > 0 such that for each solution z € Q
of the inequality (5.14) there exists a solution y € Q0 of the problem (5.1)-(5.2) with

12(t) —y(t)| < crmew(W(t) +1), t € J.

Remark 5.2.9 It is clear that : (i) Definition 5.2.5 implies Definition 5.2.6; (ii) De-
finition 5.2.7 implies Definition 5.2.8; (iii) Definition 5.2.7 for w(t) = = 1 implies
Definition 5.2.5.

Remark 5.2.10 A function z € Q is a solution of the inequality (5.15) if and only if
there is o € PC(J,R) and a sequence o, k = 1,...,m (which depend on z) such that
i) lo(t)] <ew(t), t € (te,trr1],k=1,....m and |og| < e,k =1,...,m

1) °D%z(t) = f(t, 2, D¥2(t)) + o(t), t € (tg,txsa], k=1,...,m;

1) Az|y, = Ik(zt;) +o, k=1,...m

One can have similar remarks for inequalities 5.14 and 5.13.

Now, we state the following Ulam-Hyers-Rassias stable result.

Theorem 5.2.11 Assume (H1)-(H3), (5.8) and

(H6) there exists a nondecreasing function w € PC (J,R.) and there exists A\, > 0 such
that for any t € J :
Iw (t) < Aw (1)

are satisfied, then, the problem (5.1)-(5.2) is Ulam-Hyers-Rassias stable with respect to
(w, ).

proof. Let z € Q be a solution of the inequality (5.15). Denote by y the unique solution
of the following problem

‘DEy(t) = f(t,ye,"DEy(t)), t € (tptop) b =1,...,m ;
Ayli—y, = [k(yt;), k=1,...,m;
y(t) = 2(t) = ¢(t), t € [-7,0].

Using Lemma 5.2.2, we obtain for each t € (tx, t541]

o) = o)+ 3 to) + gy D [ = ot

=1 ti-1
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+ %a)/(t—s)o‘lg(s)ds,

tk

where g € C'(J,R) be such that

g9(t) = [ty 9(1)).
Since z solution of the inequality (5.15) and by Remark 5.2.10, we have

{cpa 2(t) = f(t, 2,0 DE2() + o (1), t € (try ] k= 1,.0ym ;

5.16
Az|i—, = Ii(2, )—i—ak,k::l,...,m. (5.16)

Clearly, the solution of (5.16) is given by

k

2(t) = ¢(0) + Z zt +ZUZ+—Z/ (t; — s)* *h(s)ds
4 Z/ (t — ) or( )ds+%/(t—)a1h()d

1
+ m/tk(t_s> o(s)ds, t € (tg,tri1],

where h € C(J,R) be such that
h(t) = f(t, 2z, h(t)).

Hence for each ¢ € (tg, tx4+1], it follows that

20—y < 3ol + i) — Ly,
1 o~ [ -
o / = () — (o)
1 ot -
+ m;/ti_l(ti—s) |o(s)|ds

]' ! a—1

o /t,fH) Ih(s) — g(s)|ds
1 ' a—1

+ m/tk(t—s) lo(s)]-

Thus

|z(t) —y(t)] < mep + (m+ 1)e\,w(t) — Y- | pc

IIMw
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1 o [ a-1
! W;/til@f—s) 17(s) = gls)lds
+ _/ (t = 5)*"'[A(s) — g(s)|ds.

tg

By (H2), we have

|h(t) —g(t)] = |f(t 2, h(t)) — f(E, 31, 9(2))]
< Kz —wllrc + Llg(t) — h(t)].

Then

K
1) = 9] <~ 12— wl e

Therefore, for each t € J

12(t) —y(t)] < mep + (m~+ 1)edw(t —i—Zlet — v, |l pe

K ’ a—1
+ o Z / (= 9 s

ﬁ/t (t = 5)""Hlzs — ysll peds.

Thus

20—y < 3 Uz — - llpe + e+ w(®))(m + (m+ DA)

o<t; <t

Kim+1) [ -
m/o (t =)z = ysllpeds.

We consider the function (; defined by
Gi(t) = sup {2(s) — y(s)| : —r <5 <4},0<L<T,

then, there exists t* € [—r, T such that (;(t) = |2(t*) — y(t)].
If t* € [-r,0], then (;1(¢) =0
If t* € [0, 7], then by the previous inequality, we have

< ) IGl) + e+ wt)(m+ (m+ 1)A)

0<t;<t

—K(m+1) t — )71 (s)ds

96
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Applying Lemma 1.3.9, we get

Gt) < el +w)(m+(m+1)A)

x [ IT @+ exp (/Ot%(t— s)“lds)]

0<t; <t
< e +w(t)),

where

0 = (m(mt 1) [.H“ ey (Y

= (m+ (m+1)A\) {(1 + 1) exp ((1[(_(72);(21;1))} "

Thus, the problem (5.1)-(5.2) is Ulam-Hyers-Rassias stable with respect to (w, ).

Next, we present the following Ulam-Hyers stable result.

Theorem 5.2.12 Assume that (H1)-(H3) and (5.8) are satisfied, then, the problem
(5.1)-(5.2) is Ulam-Hyers stable

proof. Let z € Q be a solution of the inequality (5.13). Denote by y the unique solution
of the problem

‘DEy(t) = f(t,ye,"DEy(t)), t € (tp o) b =1,...,m ;
Ayli=y, = Ik(yt;), k=1,....,m;

y(t) = z(t) = ¢(t), t € [-r,0].
From the proof of Theorem 5.2.11, we get the inequality

T%(m + 1)

Cl(t) S Z TC1<ti)+m€+W

Ki(m+1) t -
Gl [t

Applying Lemma 1.3.9, we get

mI'(a+1)+T(m+1)
Glt) = e ( ['(a+1) )

x [ IT +Dexp (/Ot%(t—s)a—lds)]

0<t;<t
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where

L (mﬂaf&Z:TWn+ )[fl %p<u_

(1+1)exp

(mF(a+1)+Ta(m—l—1))[ - (K<m+1)Ta1)>]m

I'(a+1) (1—L)D(a +

O

Moreover, if we set §(e) = c,€;6(0) = 0, then, the problem (5.1)-(5.2) is generalized

Ulam-Hyers stable.

5.2.4 Examples

Example 1. Consider the following impulsive problem

1
1 —t D2yt
‘Diy(t) = 116 517 % _ t’“yl( ) , for each, t € JyU Ji. (5.17)
( +€) +yt 1 4 thky(t)
y(5 )
Yloy = ———. (5.18)
10+y(§ )
m0:¢@)t€Frmr>Q (5.19)
where ¢ € PC ([-r,0],R), Jo = [0,], J = (3,1], 40 =0, and t; = 2
2 3 2
Set
f(t, u,v) ¢ “ ! te€0,1], ue PC([-r,0,R) and v € R
u,v) = — - .
T (11+e) [1+u 1+v]’ Y Y

Clearly, the function f is jointly continuous.
For each u,u € PC ([-r,0],R),v,0 € Rand t € [0,1] :

G_t

(11 + €et)
1

[f(tu,0) = ft,6,0)] <

(l[u = allpe + |v = o)

1
v —alee+ 5 lv -1l

1

Hence condition (H2) is satisfied with K = L = I0h
And let

[1 (U) =

" u e PC([-r,0,R).
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Let u,v € PC ([-r,0],R). Then we have

Uu v 1
() = h) = |5 — 1555 ] < gollu—vllee

Thus condition

g mADET* 1 e
(1-L)M(a+1) 10 (1-5)re)
= o4l
1y7 10 =7

is satisfied with 7" = 1,m = 1 and I = %. It follows from Theorem 5.2.3 that the
problem (5.17)—(5.19) has a unique solution on J.

Set for any t € [0,1], w(t) =t,¢ = 1.

Since
1

I%w(t) = m/o (t— s)%_lsds < %,

then, condition (H6) is satisfied with A, = \/l; From which it follows that the problem
(5.17)-(5.18) is Ulam-Hyers-Rassias stable with respect to (w, ).

Example 2. Consider the following impulsive problem

1 2 CD% t
Ckay(t) = + Iyl + | tky(lﬂ , for each, t € JyU J;. (5.20)
108et3(1 + || + [<DZ2 y(t)])
-
Amh;:—ﬁﬁ%Ln (5.21)
6+ y(5 )l
y(t) = p(t), t € [-r,0],r >0, (5.22)

WhGrGg&GPC([—T,O],R) JOZ |:07 %:| ) ‘]1: (%71} 7t0:07 and tlzé
Set
2+ u| + [v]

t = , te€l0,1], we PC(|-r,0],R),v eR.
f( ,U,'U) 1O8€t+3(1+|U|+|U|) [ ] u ([ r ] ) v

Clearly, the function f is jointly continuous.
For any u,u € PC ([-r,0],R),v, 7 € Rand t € [0,1] :

(8w, 0) = f(t, 0, 0)] < (lJu = allpe + Jv = o).

1
108¢3
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1

Hence condition (H2) is satisfied with K = L = ——.
108e3

We have, for each t € [0, 1],
1
|f(t, u,v)] < W(Q + |lullpe + v])-

Thus condition (H4) is satisfied with p(t) = R and
e

Ii(u) = 6f:u|’ uwe PC([-r0,R).

We have, for each v € PC ([—7,0],R),

1
1) < gllullro +1

1
Thus condition (H5) is satisfied with M* = 8 and N* = 1.

It follows from Theorem 5.2.4 that the problem (5.20)—(5.22) has at least one solution
on J.

5.3 Existence Results for the NIFDE with Finite
Delay and Impulses in Banach Space

5.3.1 Introduction

The purpose of this Section, is to establish existence and uniqueness results to the
following implicit fractional differential equations with finite delay and impulses :

‘Dy y(t) = f(t,y.," D y(t)), for each , t € (tg,tr41], K=0,...,m, 0<v <1,

(5.23)

AyYli—y, = Ik(yt;), kE=1,...,m, (5.24)

y(t) = o(t), t € [=r,0], r>0 (5.25)

where °Dy is the Caputo fractional derivative, (£, || - ||) is a real Banach space, f :

J x PC(]-r,0],E) x E — FE is a given function, I : PC([-r,0], E) — E, and ¢ €
PC([-r,0,E),0 =ty <t1 <+ <tpm <tm1=1T.

For each function y; defined on [—r, 7] and for any ¢ € J, we denote by y; the element
of PC([—r,0], E) defined by :

y(0)=yt+46), 0|0,

y(+) represent the history of the state from time ¢t — r up to time t.

Here Ayl,, = y(t))—y(ty ), where y(¢)) = limy o+ y(tx + h) and y(t,) = limy,_o- y(tx + h)
represent the right and left limits of y, at ¢ = tx, respectively.

At last, two examples are given to demonstrate the application of our main results.
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5.3.2 Existence of Solutions

Let (E;||-||) be a valued-Banach space, and t € .J. We denote by C(J, E) the space
of E valued continuous functions on J with the usual supremum norm

1Yl = sup{[ly(®)]] : t € J}

for any y € C(J, E).
Let J() = [to,tl] and Jk = (tk,tk+1] where k = 1, o, M.
Consider the set of functions

PC([-r,0,E) ={y:[-r0] = E:ye C((tx,Tk+1], E), k=0,...,m and there exist

y(ro) and y(7), k=1,...,m with y(r;) = y(7) and 7, = t; — t, for each t € J,}.
PC([—r,0], E) is a Banach space with the norm

lyllpc = sup |ly(®)||.
te[—r,0]

PC([0,T],E)={y:[0,T] = E :y € C((ty, ty+1], E), k=1,...,m, and there exist
y(ty) and y(t), k = 1,...,m with y(t;) = y(tx)}.
PC([0,T], FE) is a Banach space with the norm

lyllc = sup [ly(®)]l.
t€[0,T

Q= {y : [—T, T] — B y‘[fr,(]} € PC([—’I”, O]7E) and y‘[O,T] € PC([OaTLE)}

() is a Banach space with the norm

lylle = sup [y(®)].
te[—r,T]

Let us defining what we mean by a solution of problem (5.23)-(5.25).

Definition 5.3.1 A function y € 2 whose v-derivative exists on Ji is said to be a
solution of (5.23)-(5.25) if y satisfies the equation Dy y(t) = f(t,y:,° Dy y(t)) on Jy,
and satisfy the conditions

AYli—y, = Ik(yt;), k=1,...,m,
y(t) = (1), t € [-r,0].

To prove the existence of solutions to (5.23)-(5.25), we need the following auxiliary
Lemma.
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Lemma 5.3.2 Let 0 < v < 1 and let 0 : J — E be continuous. A function y is a
solution of the fractional integral equation

©(0) + ﬁ /Ot(t —5)" o(s)ds if t €10, 4]
k T
o(t) = ©(0) + Zz:;[,(yt) + o0 ;/ti_l(ti — 5)" Lo (s)ds (5.26)
+F(11/) /t:(t —5)" " to(s)ds, if t € (tg, i,
(p(t), t € [=r0]
where k= 1,...,m, if and only if y is a solution of the following fractional problem

‘D'y(t) =o(t), te J,
Ayli—t, :[k(yt;), k=1,...,m,
y(t) = o(t), t € [-r,0].

This lemma was already proved in the previous section.

First we list the following hypotheses :

(P1) The function f : J x PC([—r,0], F) x E— E is continuous.
(P2) There exist constants K > 0 and 0 < L < 1 such that

1F (@, u,v) = [t 0, 0)|| < Klju = al|pc + Lf|v — o]

for any u,u € PC([-r,0], E), v,v € F and t € J.

(P3) There exists a constant [ > 0 such that
17(u) = L@ < Ul = pe
for each u,uw € PC(]—r,0], F) and k =1,...,m.

Remark 5.3.3 [25] Conditions (P2) and (P3) are respectively equivalent to the in-
equalities

a(f(t,Bl, Bg)> < Ka(By) + La(B,)

o(I(By)) <la(By),

for any bounded sets By C PC([—r,0],E), By C E, for eacht € J and k=1,...,m.
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Theorem 5.3.4 Assume (P1)—(P3) hold.

If
~  (m+1)KT¥

"t AT+ 1)
then the IVP (5.23)-(5.25) has at least one solution on J.

<1 (5.27)

This theorem will be proved in two ways : the first is based on Darbo’s fixed point
theorem combined with the technique of measures of noncompactness and the second

on Monch’s fixed point theorem.
Proof 1.

Transform the problem (5.23)-(5.25) into a fixed point problem. Consider the ope-
rator N : 2 — Q defined by

©(0) + Z Ii( yt Z /t (ty — )" 'g(s)ds
Ny(t) = +ﬁ/t (t — s)”_lg(s)ds, t €10,7], (5.28)
\gp(t), te [_Tv O],

where g € C'(J, E) be such that

g(t) = f(t,y, 9(t)).

Clearly, the fixed points of operator N are solutions of problem (5.23)—(5.25).
We shall show that N satisfies the assumption of Darbo’s fixed point Theorem. The
proof will be given in several claims.

Claim 1 : N is continuous.
Let {u,} be a sequence such that u, — u in Q. If ¢ € [—r, 0], then

[N (un)(t) = N(u)(®)]| = 0.

For t € J, we have

IN () () — N@) @) < F(ly S [ =9 o) st
o kll
o /t,ft‘) lgn(s) — g(s)llds (5.29)

_|_

S MiCuny) — Tl

O<trp<t
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where ¢g,,9 € C(J, E) such that

gn(t) = f(ta untagn<t))a

and
g(t) = f(t,ur, g(t)).
By (P2), we have

g (t) = g(1)]]

[ £(t, wnts gn (1)) — £t ur, g(2)) ]
< Kllune — wllpe + Ll gn(t) — g(t)]].

Then

l9a(6) = 911 < 7= llune =l

Since u,, — u, then we get g,(t) — ¢(t) as n — oo for each t € J. And let n > 0 be
such that, for each ¢ € J, we have ||g,(¢)|| < n and ||g(t)|| < n. Then, we have

(t=5)""llgn(s) — g(s)ll (t =) [llgn ()| + Ng(s)Il]

<
< 2t —s)"

and

(tx = )" Hllgn(s)Il + Il ()]}

(te = )" Hlgals) —g(s)ll <
< 2(tp — s)" L.

For each ¢ € J, the functions s — 2n(t — s)*~! and s — 2n(tx — s)”~! are integrable on
0,¢], then the Lebesgue Dominated Convergence Theorem and (5.29) imply that

|IN (u,)(t) — N(u)(t)|| = 0 as n — oo,

and hence
|N(u,) — N(u)|log — 0 as n — co.

Consequently, N is continuous.
Let the constant R such that :

(O +me) T(v + (A = L) + (m + )T f*

R > max — Nellpe ¢ (5.30)
P(v+1)(1— L) — [(m F1)TVK +mil(v + 1)(1 — L)]
where
cr = max {sup{[|Zx(v)]|, v € PC([=r, 0], E)}},
and

f* = sup||f(2,0,0)].

teJ
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Define
Dr={ueQ:|ulla <R}

It is clear that Dy is a bounded, closed and convex subset of (2.
Claim 2 : N(Dg) C Dg.

Let uw € D we show that Nu € Dgp.
If t € [-7r,0] then,
IN()@®)] < llellpe < R.
And if t € J, we have

INGIOL < 1o+ 15 3 [ =5 lats)las
. O<tp<t? th—1 (531)
N L S XS]
O<tr<t
By (P2) we have for each t € J,

oIl < F e, g(8)) = f(£0,0)[[ + [[(,0,0)]

< Klwlpc+ Lilg®ll +
< Klullg+ Lllg@®)| + f*
< KR+ Lllg(0)[| + /.
Then KR
ol < 208 =
Thus, (5.30), (5.31) and (P3) imply that
mMT" MT" . =
[INu(®)[| < [le(0)] + + + 2 Hk(uy) = I(O)[| + > [11x(0)
oD oD T2 I 2
(m+1)MT"  ~
< [l + T+ T mi||u||pc +me
m+ 1)MT" ~
< o)+ A il + me
(m+1)MT" ~
< —_— l
< le(0)| + T +1) + mlR + mey
< R,

from which it follows that for each ¢t € [—r, T, we have || Nu(t)| < R.
Which implies that || Nullq < R

Consequently,
N(Dg) C Dg.
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Claim 3 : N(Dg) is bounded and equicontinuous.

By Claim 2 we have N(Dg) = {N(u) : u € Dg} C Dg. Thus, for each u € Dy we
have ||N(u)|lq < R which means that N(Dg) is bounded. Let t1,ty € (0,77, t; < to,

and let u € Dg. Then

IIN(u tz) N( )(t)l

F(V

_|_

t1

M

< m@(b —t)" + (ty
M
“I'(v+1)

M v v
< m@(b —t)" + (8

[(t2 = 5)"7" = (t1 = 5)"[llg(s) | ds

o / (2= s lg)lds + 3 Ius) = LOl+ 3 1RO

O<trp<to—t1 O<tp<to—t1

— )]+ (t2 — t1)<l~\lut,;|!pc +¢1)
2(ts — t1)" + (5 — )] + (to — t1) (U] ullq + 1)

— )] + (ta — t))(IR + ¢1).

As t; — to, the right-hand side of the above inequality tends to zero.

Claim 4 : The operator N : Dr — Dp is a strict set contraction.

Let V C DR.
If t € [-r,0],then

a(N(V)(t) = a(N(

And if t € J, we have

)(t),y €V)
,yeV)

<

~—

a(p(t

a(N(V)(1)) = al(Ny)(t),yeV)

IN

O<tr<t

1

tk

Z {a (In( yt

),y € V} + FL Z {/tk (tr — 8)" ta(g(s))ds,y € V}

(V> 0<tp<t tk—1

T(v) { / (= s algls))ds, € v

Then Remark 5.3.3 and Lemma 1.4.4 imply that, for each s € J,

a({g(s),y € V})

<

a({f(s,y(s),9(s)),y € V})
Ka({y(s),y € V}) + La({g(s),y € V}).
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Thus
a({g(s),yeV}) < afy(s),y € V}.
On the other hand, for each t € J and k= 1,..., m, we have

> a({nw)yev)) < mialyw),yevh.

1-L

Then
A )©) < mial{uth eV + e [ atasy e v
b L € s e v
< mloeV)+ =B * g prern) )
[mh (1011 Zﬁﬁl)] ae(V).
Therefore

(m+1)KT”
(1-L)T'(v+1)

ae(NV) < {m?—l— ] a.(V).

So, by (5.27), the operator N is a set contraction. As a consequence of Theorem 1.5.3,
we deduce that N has a fixed point which is solution to the problem (5.23)-(5.25). O

Proof 2. Consider the operator N defined in (5.28). We shall show that NV satisfies
the assumption of Mdnch’s fixed point theorem. We know that N : Dr — Dpg is
bounded and continuous, we need to prove that the implication

V=cmoN(V) or V=N(V)U{0}=a(V)=0,

holds for every subset V of Dg. Now let V' be a subset of D such that V' C cono(N(V)U
{0}). V is bounded and equicontinuous and therefore the function ¢t — v(t) = a(V (t))
is continuous on [—r,T]. By Remark 5.3.3, Lemma 1.4.8 and the properties of the
measure « we have for each t € J

v(t)

A IA IA
2
=
<
=

IA
)
S
=
<
=
<
m
<
=z
_.I_
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= milv M t —s)" tu(s)ds
= l<t)+(1—L)F(y)/0(t ) (s)ds.

Then

(m + DK t — )" tu(s)ds
o) < u—mbu—Lﬁ@yA@ yels)ds.

Lemma 1.3.8 implies that v(¢) = 0 for each t € J.

For t € [—r,0] we have v(t) = a(p(t)) = 0, then V(t) is relatively compact in E.
In view of the Ascoli-Arzela theorem, V' is relatively compact in Dg. Applying now
Theorem 1.5.5 we conclude that N has a fixed point y € Dg. Hence N has a fixed

point which is solution to the problem (5.23)-(5.25). -

5.3.3 Examples

Example 1. Consider the following infinite system

1
e’ Yn “D{ Yn (t)

1
D2 yn(t) = T , for each, t € JoUJ;.  (5.32)
k (11+e') | 14+ ywm 1 4 Dikyn(t)
-
Agaly_y = 2202 >1_ : (5.33)
2 10+yn(§ )
Yn(t) = (1), t € [-7,0],7 >0, (5.34)
Where(pePC([—T,O],E),J{): [07%}7‘]1:(%71}71;0:07 and tlzé
Set .
E = ll = {y = (ylvyZa -y Yn, )72 |yn| < 00}7
n=1
and
() = —— “ Y 1, te0,1], ue PC(—r0,E) andv e E
w.v) = - u —r and v .
T (I1+et) [1+u  1+0v]’ Y Y

(Clearly, the function f is jointly continuous.

E is a Banach space with the norm ||y|| = Z Y-
n=1

For any u,u € PC ([-r,0],E),v,v € E and t € [0,1] :

1

(= allpc + [lo )

||f(t,u,v) —f(t,ﬂ,f))H S
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1
Hence condition (P2) is satisfied with K = L = T3
And let

Ii(u) = T € PC(|-r,0], E).

Let u,v € PC([—r,0], E). Then we have

‘ Uu

< R ollpe
10+ u 104+o" — 10

11 (u) = Li(w)l| = |

~ 1
Hence the condition (P3) is satisfied with | = 10
And the conditions

T (m 4+ 1)KT? L, 2
m = — [ E—
(1—-L)T(v+1) 10 (1-H)IrE)
S
o 1lym 10 7

1
are satisfied with 7' = m = 1 and v = 7 It follows from Theorem 5.3.4 that the
problem (5.32)—(5.34) has a at least one solution on J.

Example 2. Consider the following impulsive problem

1
1 2+ | ynell + [1€D2 vy, (T
‘D yn(t) = [9ull + I°Dry E )l , for each, t € JyU J;. (5.35)
1083 (1 + [|yme | + (1D ym (£)1])
i-
Aynli—1 = Ml ) ﬂ : (5.36)
6+l )
yn(t) = p(t), t € [-r,0],r >0, (5.37)
where p € PC([-7,0], E), Jy = [0, %] L J = (%, 1} ,to =0, and t; = %
Set .
E = ll - {y - (y17y27 oo Yn, )72 |yn| < 00}7
n=1
and
2
fltu,v) = = Jull + ol tel0,1], ue PC([-r,0],E),v € E.

- 108e (1 + Jlull + [loll)’
(Clearly, the function f is jointly continuous.
E is a Banach space with the norm ||y|| = Z [ Y] -

n=1

For any u,u € PC ([-r,0],E),v,v € E and t € [0,1] :

||f(t7u7v) _f(t7ﬂ’®>|| S
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1
Hence condition (P2) is satisfied with K = L =
And let

10863.
u

= , ue PC([-r0],E).
6+ [|]
Let u,v € PC([—r,0], E). Then we have

11(u) = Li(w)l| = |

YV < L=l
6+u O6+0v" T

Hence the condition (P3) is satisfied with | = =.
The condition

~ 1H)KTY
ml + (m+1)

1 i
= |zt 1 3
(1-L)I'v+1) 6 (1-3)0E)
_4 1
o 1lym 6

is satisfied with T =m =1 and v = —.
Also, we have

~ 1
== <1.
=5
on J.

It follows from Theorem 5.3.4 that the problem (5.35)-(5.37) has at least one solution

110



Chapitre 6

Existence and Stability Results for
Neutral Functional Differential
Equations of Fractional Order with
Finite Delay and Impulses

6.1 Introduction and Motivations

In this Chapter, we establish, in Section 6.2, existence, uniqueness and stability
results to the following nonlinear implicit neutral fractional-order differential equation
with finite delay

Dy(t) — gt y)] = f(ty,  DY(t)), t€ J=[0,T], T>0,0<a<1

y(t) = (1), t € [=r,0], 7 >0

where f : J x C([-r,0,R) x R - R and ¢g : J x C([-r,0],R) — R are two given
functions such that g(0,¢) = 0 and ¢ € C([-r,0],R) .

For each function y,; defined on [—r,T] and for any ¢ € J, we denote by y; the ele-
ment of C'([—r,0],R) defined by :

y(0)=y(t+6), 0c|-r0,

y¢(+) represent the evolution history of system state from time ¢ — r to time ¢.

An extension of this problem is given in Section 6.3. More precisely, we shall present
a result of existence and uniqueness for the nonlinear implicit neutral fractional-order
differential equation with finite delay and impulses

“Dp [y(t)—o(t,y)] = f(ty,° Diy(t)), for each t € (tg, tp1], K =0,...,m, 0 <a <1,

111
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Ayl = [k(yt;), k=1,....,m,
y<t) = @(t% te [_Tv 0]7 > Oa

where “Dg: is the Caputo fractional derivative, f : J x PC([-r,0],R) x R — R,

¢ J x PC([-r,0],R) — R are given functions with ¢(0,¢) =0, I : PC(|—r,0],R)

— R and p € PC([-7,0],R),0 =ty <t < -+ <ty < typy1 = T, and PC([—r,0],R)

is a space to be specified later.

And Ayl,, = y(t)—y(t;,), where y(¢) = limy, o+ y(tx + h) and y(t;,) = limy_0- y(tx + h)
represent the right and left limits of y; at t = ¢, respectively.

6.2 Existence and Stability Results for Neutral NIFDE
with Finite Delay

6.2.1 Introduction

In this Section, we establish, existence, uniqueness and stability results to the fol-
lowing nonlinear implicit neutral fractional-order differential equation with finite delay

‘DNy(t) — g(t, )] = f(t,y, D(t)), te J=[0,T], T>0,0<a<1 (6.1)

y(t) = p(t), t€[-r,0, r>0 (6.2)

where f : J x C([-7,0],R) x R — R and g : J x C([-r,0,R) — R are two given
functions such that ¢(0,9) =0 and ¢ € C([—,0],R) .

The arguments are based upon the Banach contraction principle. Two examples are
given to show the applicability of our results.

6.2.2 Existence of Solutions

By C([-r,0],R), C([0,T],R) we denote the Banach spaces of all continuous func-
tions from [—r, 0] into R (resp from [0, 7] into R) with the norms :

lyllc = {sup |y(t)|,t € [-r,0]} and ||y|| ., = {sup |y(t)|,t € [0,T]} (respectively).
Set

Q={y:[-r,T] = R:ylrq € C([-r,0],R) and y|pmn € C([0,T],R)}.

() is a Banach space with the norm

lyllo = sup y(t)

te[—r,T)

1. M. Benchohra and S. Bouriah, Existence and Stability Results for Neutral Functional Differential
Equations of Fractional Order with Finite Delay, Dynamics of Continuous, Discrete and Impulsive
Systems.
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Definition 6.2.1 A function y € Q is called solution of the problem (6.1)-(6.2) if it
satisfies the equation (6.1) on J and the condition (6.2) on [—r,0].

Lemma 6.2.2 Let 0 < a < 1 and h : [0,7] — R a continuous function. Then, the
linear problem

‘Dy(t) — g(t, )] = h(t), teJ
y(t) = o(t), t € [-,0]

has a unique solution which is given by

y(t) = s0(0)+g(t,yt)+ﬁ/o (t —s)* 'h(s)ds, t € J
o(t), tel-r0].

Lemma 6.2.3 Let f : J x C([-r,0,R) x R — R a continuous function, then the
problem (6.1)-(6.2) is equivalent to the problem

0(0) + I°K,(t), t€ J
t) = 6.3
=4 o e (03
where K, € C(J,R) satisfies the functional equation
Ky(t) = .f(tv Yt Ky<t>> +C Dag(ta yt)
Proof. Let y solution of the problem (6.3), show that y is solution of (6.1)-(6.2).
We have
(1) = 0(0) + I*K,(t), te J
T e, tel-n0
for t € [—r,0], we have y(t) = p(t), so the condition (6.2) is satisfied.
On the other hand, for t € J, we have
“Dy(t) = Ky(t) = f(t,y, Ky(t)) +° D (¢, y)-
So
D y(t) = 9(t,ye)] = f(t, 90" Dy(2))-
Then, y is well solution of the problem (6.1)-(6.2) . O

Lemma 6.2.4 Under assumptions :
(H1) f:J xC([-r,0],R) x R — R is a continuous function.
(H2) there exist K >0 and 0 < K < 1 such that :

|f(t7uvv) - f(t,ﬂ,@ﬂ < KHU-[LHC‘FF”U _@|

for any u,u € C([-r,0],R),v,0 € R and t € J.
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(H3) there exists L > 0 such that :
l9(t,u) = g(t,v)] < Lilu—vlo

for any u,v € C ([-r,0],R) and t € J.

And iof
KT~ L

— + —
(1-K)T(a+1) (1-K)
then, the problem (6.1)-(6.2) has a unique solution.

<1, (6.4)

Proof. Let the operator N : Q — Q defined by

_f p(0)+ 1K, (t), te J
st = { S0V o
By Lemma 6.2.3, it is clear that the fixed points of N are the solutions of the problem

(6.1)-(6.2) .
Let y,g € Q. If t € [—r,0], then

INy(t) - Ni(t)] = 0.

For t € J, we have

[Ny(t) = Ny(t)| = [I17 K, (t) — I"Ky(t)] < I [Ky(t) — K;(t)] . (6.6)
For any t € J
[Ky(t) — K@) < |f (g, Ky (1) = F(E, 50, K5(t))]

_|_CD0£ ’g(t7 Z/t) - g(ta gt)’

< K ”yt - ?]t”o +F|Ky(t) - Kﬂ(m
+C‘Da |g(t7 yt) - g(ta gt>| .
Thus
() — K0 < —2— g — 3l +( ! )CDaut Vgt (67)
Yy Yy —1_7 Yt th 1_7 g\t, Yt g\t,yt)| - .

By replacing (6.7) in the inequality (6.6), we find

NV N3O S s [0 = lods

1
+——=1%°D“|g(t, —g(t,y
-k |9( yt) 9( yt)|

_ KT
T (1-K)I(a+1)

ly —9llq
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b (gt ) = (6, 0)| + 19 0,50) = 9.0, o))

< ey gl + sl —

S A-K)r(aty et T e
KT« n L || il
I-K)C(at+1) 1-K| "W e

then

e |y =l
I-K)T(a+1) (Q-x)|"W e
From (6.4), it follows that N admits a unique fixed point which is solution of the
problem (6.1)-(6.2). 0

INy = Nyllg < [

6.2.3 Ulam-Hyers Stability Results

for the implicit fractional-order differential equation (6.1), we adopt the definition
in Rus [125] for : Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-
Rassias stability and generalized Ulam-Hyers-Rassias stability.

Definition 6.2.5 The equation (6.1) is Ulam-Hyers stable if there exists a real number
¢y > 0 such that for each € > 0 and for each solution z € C* (J,R) of the inequality

|°D*z(t) — f(t, 2, D2(t)) = D% (t, )| <€, t € J,
there exists a solution y € C' (J,R) of equation (6.1) with
|2(t) —y(t)| < cre, t € J

Definition 6.2.6 The equation (6.1) is generalized Ulam-Hyers stable if there exists
Y€ C(Ry,Ry), ¢y (0) =0, such that for each solution z € C* (J,R) of the inequality

"D2(t) = f(t,2," D*2(1)) =“ Dg(t, z1)| < €, t € J,
there exists a solution y € C' (J,R) of the equation (6.1) with
2(t) —y(t)| < s (e), teE

Definition 6.2.7 The equation (6.1) is Ulam-Hyers-Rassias stable with respect to ¢ €
C (J,Ry) if there exists a real number ¢y > 0 such that for each € > 0 and for each
solution z € C' (J,R) of the inequality

FDR () — F(t, 2 DO2(8)) = Dglt, )| < e (t), te .
there exists a solution y € C' (J,R) of equation (6.1) with
2(0) — 4] < erep (1), 1€
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Definition 6.2.8 The equation (6.1) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ € C(J,Ry) if there exists a real number ¢y, > 0 such that for each
solution z € C* (J,R) of the inequality

|Dz(t) — f(t, z,C D*2(t)) = D(t, z)| < ¢ (L), t € J,
there exists a solution y € C' (J,R) of equation (6.1) with
|2(t) —y(B)] < croo (t), t € J.
Remark 6.2.9 A function z € C* (J,R) is a solution of the inequality
|°D%z(t) — f(t, z,° D*2(t)) = D%(t, z:)| <€, t € J,

if and only if there exists a function h € C (J,R) (which depends on y) such that
i) |h(t)] <e Vte
@) “D*[2(t) — g(t, z)] = f(t, 2,° D2(t)) + (1), t € J.

Remark 6.2.10 Clearly,

i) Definition 6.2.5 = Definition 6.2.6
1) Definition 6.2.7 = Definition 6.2.8.

Remark 6.2.11 A solution of the implicit differential equation
|°D*z(t) — f(t, 2, D2(t)) = D%(t, z)| <€, t € J,

with fractional order is called an fractional e—solution of the implicit fractional diffe-
rential equation (6.1).

Theorem 6.2.12 Assume that (H1)-(H3), (6.4) are satisfied. If
K+L<1, (6.8)
then the problem (6.1)-(6.2) is Ulam-Hyers stable.
Proof. Let € > 0 and z € 2 a function which verifies the inequality
|°D*z(t) — f(t, 2z, D2(t)) = D%g(t, z)| < € for each t € J

this inequality is equivalent to

“DRx(t) — K. ()] < e (6.9)
and let y € Q) be the unique solution of the problem

{ D> [y(t) — g(t, )] = f(t,ye.c Dy(t)), t € J
2(t) = y(t) = (1), t € [-r,0].
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By integration of the inequality (6.9), we obtain

o er
|2(t) = I°K. ()] < m-

We consider the function ~; defined by
n(t) =sup{lz(s) —y(s)| : —r < s <1},0<t <T,
then, there exists t* € [—r, T] such that v, (t) = |2(t*) — y(t¥)] .

If t* € [—r,0], then () = 0.
If t* € [0,T], then

7(t) < fe(t) = IVKL(8)] + 17| KL (1) — K, ()]
er® o
< m+l |K.(t) — Ky (t)]-

On the other hand, we have

[K.(1) = Ky@)] < [f(E 2, Ka(1) = f(E ye, Ky (2)]
+°D* |g(t %) — 9(t7yt)|
Em(t) + K |K.(t) — K, (t)]
+D% [g(t, z) — g(t, yo)l,

IA

then

KL(0) = Ky(0)] £ — = (0) + ——= “D*lglt, ) — g(t, )

by replacing (6.11) in the inequality (6.10), we get

T K ! a1
S et h —F)r(a)/o (E=5)" " mls)ds

+;_ (t,2¢) — g(t,us)]

117

(6.10)

(6.11)

N
€T K ¢ a1
= P(a+1)+(1—F)r(a)/o (=)™ mls)ds
L
+1_F71(t)7
then
o (]_—K) K t a—1
S T ® DTty - (k- L)m@)/o sl mle)ds
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and by the Gronwall’s Lemma, we get

eI (1-K) - KTy
[1-(K+L)]T(a+1) [1—(Ki+L)]T(a+1)

n(t) < = ce,

where 01 = o1(«) a constant, which completes the proof of the theorem. Moreover,
if we set ¥(e) = ce;¢(0) = 0, then the problem (6.1)-(6.2) is generalized Ulam-Hyers

stable.
OJ

Theorem 6.2.13 Assume that (H1)-(H3), (6.4), (6.8) and

(H4) there exists an increasing function ¢ € C' (J,R.) and there exists Ay > 0 such that
foranyte J:

16 (1) < Ao (1)
are satisfied. Then, the problem (6.1)-(6.2) is Ulam-Hyers-Rassias stable.
Proof. Let z € ) solution of the following inequality
|°D*z(t) — f(t, 2, D2(t)) = D%g(t, z)| < e€p(t), t € J, €>0
this inequality is equivalent to
*D=(t) — K=(t)| < eo () (6.12)
and let y € € the unique solution of Cauchy problem

{ °D*y(t) —g(t,ye)] = f(t, e, DY(t)), t € J
2(t) = y(t) = (1), t € [-r,0].

By integration of (6.12), we obtain for any ¢t € J
|2(t) — IK,.(t)] < el (t) < eXs ().

Using the function 7, which is defined in the proof of the theorem 6.2.12, we get :
if t* € [—r,0] then 7, (t) = 0.
If t* € [0,7], then we have

|2(t) = UKL (1) + 17 [K.(1) — Ky (t)]

7 () <
< X (1) + 17| KL (t) — K, (t)] (6.13)

from which it follows that

KL0) = Ky)] £ — = (0 + ——="D*lglt,2) —gltw . (6.14)
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By replacing (6.14) in the inequality (6.13), we obtain

Y1 (t) < 6)\¢¢ (t) + ﬁ/ﬂ (t — 5>a_1 " (5) ds
1

K

! a—1 L
< W“”m/o (t = 9  (5) s+~ (1),
then
(1-F) Ao (1) K ‘e
s (t> < 1— (F—i—L) [1 _ (F—{—L)] F(O_/) /0 (t 8) Al (S) dS,

by the Gronwall’s Lemma, we get

(1 —K)exgo (t) KT,
Vl(t) S [ [1 _ (

1-(K+1L) K+ L)]T(a+1)]

(1-F) M KTe0, Vi —
< [m (” 1= (K+ 1) F(a—i—l))_ 9 () = ceo (8),

where 0y = 09 () a constant. Then the problem (6.1)-(6.2) is Ulam-Hyers-Rassias
stable.

O
6.2.4 Examples
Example 1. Consider the problem of neutral fractional differential equation :
) te 2 cDay(t
O+e) (+llglle) ] 12691 + [yl + [*D2y(t)])

y(t) = (t); te[-n0], r>0 (6.16)
where ¢ € C'([-r,0],R).
Set pomt

e tw
t = t 1
oltw) = s (bw) €(0.1) x 0. +00)
and 94wt
flt,u,v) = Ty (t,u,v) € [0,1] x [0, +00) x [0, 400).

C o 12e0(1+u+v)’

Observe that ¢(0,w) = 0, for any w € [0, +00).
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Clearly, the function f is continuous. Hence, (H1) is satisfied.
We have,

1
|f(t7u7v) - f(t7ﬂ’6>| < ng(”u_ﬂHC_'— |U _@D

_ 1 _
l9(t,w) = 9(t, @)l < 75 llu —alle
for any w,u € C([-r,0],R), v, € Rand t € [0,1].
— 1 1
Hence, conditions (H2) and (H3) are satisfied with K = K = — and L = —.

o 12¢€? 10
And condition

KT® L 20+128/7

Q+R)a+l) (1K) 10/m(12e—1) '

Y

1
is satisfied with T'=1, a = 3

By Lemma 6.2.4, the problem (6.15)-(6.16) admits a unique solution.

Since
10 + 12¢?

120e?
then, by Theorem 6.2.12, the problem (6.15)-(6.16) is Ulam-Hyers stable.

K+ L= <1,

Example 2. Consider the problem of neutral fractional differential equation :

CD% y(t) . t } _ e’ ”ytHC . |CD%y(t)| te [0 1]
52 (L4 yle)) ~ 7+¢ [ T+1lwllc 1+ FDbyol] " =
6.17)
y(t) = o(t), te[-n0], r>0, (6.18)
where p € C ([-r,0],R).
Set .
g(t,ll)) = m, (t, w) € [O, 1] X [O, —|—OO),
and
et u v
f(t,u,v) = i \T7u 170/ (t,u,v) € [0,1] x [0, +00) x [0, +00) .

Observe that ¢(0,w) = 0, for any w € [0, +00).
Clearly, the function f is continuous. Hence, (H1) is satisfied.

o 1 _ 1 _
|f(tvu7v)_f(t7uav)| < §||u_u”0+§|v_vl

_ 1 _
lg(t,u) — g(t,u)| < 5e2 |u — |~
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for any u,u € C([-r,0],R), v, € Rand t € [0,1].
— 1 1
Hence, conditions (H2) and (H3) are satisfied with K = K = 3 and L = L
e
We have

KT® L _10e+8yr

— + =
1+ K)T(ae+1) (1-K) 3be2\/T
By Lemma 6.2.4, the problem (6.17)-(6.18) admits a unique solution.

Since
5e2 4+ 8 <1
40e2 ’

then, by Theorem 6.2.12, the problem (6.17)-(6.18) is Ulam-Hyers stable.

K+ L=

6.3 Existence Results for the Neutral IFDE with
Finite Delay and Impulses

6.3.1 Introduction

The purpose of this section, is to establish existence, uniqueness and stability results
to the following implicit neutral differential equations of fractional order with finite
delay and Impulses

CDi[y(t)_qb(tvyt)] = f(t7ytac -D;;;Zy(t)% for each t € (tk7tk+l]7 k= 07 <M, 0<ac< ]-)

(6.19)
Ayly, :[k(yt;), k=1,...,m, (6.20)
y(t) = p(t), t € [-r,0], r >0, (6.21)

where °Df is the Caputo fractional derivative, f : J x PC([~7,0],R) x R = R,

¢ J x PC([-r,0],R) — R are given functions with ¢(0,¢) =0, I : PC(|—r,0],R)
— Rand ¢ € PC([-r,0,R),0 =ty <t; < -+ <ty < tmy1 =T, and PC([—r,0],R) is
a space to be specified later. For each function y defined on [—r,T] and for any ¢ € J,
we denote by y; the element of PC ([—r,0],R) defined by :

y(0) =yt +6), 6c[-r0],

that is, y;(-) represents the history of the state from time ¢ — r up to time ¢.

And Ayly, = y(t)—y(t; ), where y(t7) = limy, o+ y(tx + h) and y(t;, ) = limy_0- y(tx + h)
represent the right and left limits of y, at ¢ = t, respectively.

The arguments are based upon the Banach contraction principle, and Schaefer’s fixed
point theorem. At last, an example is included to show the applicability of our results.

2. M. Benchohra, S. Bouriah and J.Henderson, Existence and Stability Results for Nonlinear Impli-
cit Neutral Fractional Differential Equations with Finite Delay and Impulses, Comm. Appl. Nonlinear
Anal. 22 (1), (2015), 46-67.
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6.3.2 Existence of Solutions

By C(J,R) we denote the Banach space of all continuous functions from J into R
with the norm

[Ylloo = supfly(t)| : t € J}.

Let Jo = [to,t1], Jx = (tg,tre1] where k =1,... mand —r =79 <73 < --- <73 <
Tiv1 =0, with [ <m .
Consider the sets of functions

PC([-r,0,R) ={y: [-r,0) = R:y € C((7, T%+1],R), k=1,...,1, and there exist
y(r,) and y(7;"), k= 1,...,0 with y(r, ) = y(7) and 7 = tx — ¢, for each t € Ji}.

PC([—r,0],R) is a Banach space with the norm

lyllpc = sup |y(t)].
te[—r,0]

PC([0, T),R) ={y : [0,T] = R:y € C((ty, tg+1],R), k =1,...,m, and there exist
y(ty) and y(t)) k= 1,....m with y(t;) = y(te)}-
PC(]0,T],R) is a Banach space with the norm

lyllc = sup |y(t)].
te[0,7)

Q= {y : [_Tv T] —R: y’[—r,O] € pC([_Ta O]aR) and y’[O,T] € PC([OaT]aR)}

() is a Banach space with the norm

lylla = sup |y(t)].
te[—r,T]

Definition 6.3.1 A function y € () whose a-derivative exists on Jj is said to be a so-
lution of (6.19)—(6.21) if y satisfies the equation Dy (y(t) — é(t,y:)) = f(t, y:,° D y(t))
on Ji, and satisfy the conditions
Ayli—y, = Ik(yt;), kE=1,...,m,
y<t) = @(t)a te [—T‘, O]

To prove the existence of solutions to (6.19)—(6.21), we need the following auxiliary
Lemma.
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Lemma 6.3.2 Let 0 < a < 1 and let 0 : J — R be continuous. A function y is a

solution of the fractional integral equation

[0+ otw) + oy [ =97 a(as ipee o
k 1 k t;
a 1
(1 = 170+ 0000 + T h) + i > R SO R
+ﬁ /tk (t—s)*'o(s)ds, if t € (e, te],
Lp(t), t € [=r0]
where k= 1,...,m, if and only if y is a solution of the following fractional problem

‘D*(y(t) — (t,ye)) = ot ) te Jy, (6.23)
Ayli—r, = ]k(yt ), k= .,m, (6.24)
yt) = ¢(t), t € [-r, 0] (6.25)

Proof. Assume y satisfies (6.23)-(6.25). If ¢ € [0, ;] then
D(y(t) = ¢(t,yr) = o(t).

Lemma 1.3.7 implies

0(0) = 60, = (0) + I°0(6) = 0) + 1 | (t = 5o (s)ds.

If t € (t1,t2) then Lemma 1.3.7 implies
y(t> - ¢(t7 yt) = y<t1+) - ¢<t17 ytl) + =
= Ayle=t, +y(ty) — Ot yn) + ==

= )+ [0+ s [ 0= o)
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If t € (ta,13], then from Lemma 1.3.7, we get
1 t
0(0) = ol0.0) = (6) = otz ) + s [ (6= o) oo

I ot
() /t2 (t— )" o(s)ds

= L)+ [0+ ) + iy [ (09 ool

b [ = oo s [ oot

= (0) + | Iy ) + Talyy)| + {ﬁ /Otl (1 — )70 (s)ds

b [t oot + s [ e oot

Repeating the process in this way, the solution y(t), for ¢t € (tx,tgr1] where k =
1,...,m, can be written as

= Ay|t:t2 + y(tg_) - ¢(t27 ytz) +

Conversely, assume that y satisfies the impulsive fractional integral equation (6.22). If
t € [0,¢1] then y(0) = ¢(0) and using the fact that D is the left inverse of I* we get

‘Dy(t) — o(t,y)) = o(t), foreacht e 0,t].

Ift € (tg,tgy1], k= 1,...,m, and using the fact that °D*C = 0, where C'is a constant,

we get
D*y(t) — &(t,y)) = o(t), for each t € (tg, tpy1]-

Also, we can easily show that

Ayliy, =Ik(yt;), k=1,....m. -

We are now in a position to state and prove our existence result for the problem
(6.19)—(6.21) based on Banach’s fixed point.

Theorem 6.3.3 Assume
(P1) The function f:J x PC([-r,0],R) x R — R is continuous.
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(P2) There exist constants K > 0,L >0 and 0 < L < 1 such that
|f (&, u,0) = f(t a,0)] < Kllu—ulpc + Llv - 7|
and _
|6(t,u) = o(t, u)| < Llju — ullpo

for any u,u € PC([—r,0],R), v,v0 € R and t € J.
(P3) There exists a constant | > 0 such that

T () — Iu(@)] < I]ju— @ pe,

for each u,w € PC([-r,0|,R) and k=1,...,m

If
(m+1)KT*

(1-L)Na+1)
then there exists a unique solution for the problem (6.19)-(6.21) on J.

ml+ L + <1, (6.26)

Proof. Transform the problem (6.19)-(6.21) into a fixed point problem. Consider the
operator N : Q — () defined by

(

P(0) + ot y) + Y Ty, ) + Z (th — 5)* " g(s)ds
0<tp<t 0<t <t/tk—1
Ny(t) = —i—ﬁ/t (t —5)*tg(s)ds, t €[0,7],
\go(t), te[-r0],
(6.27)

where g € C'(J,R) be such that

Clearly, the fixed points of operator N are solutions of problem (6.19)—(6.21).
Let u,w € Q. If t € [—r,0], then
[N (u)(t) = N(w)(®)] = 0.

For t € J, we have

N@O = Nw)O] < g 3 [ e lats) = s

)o<t <t/ tk—1

1 t .
ey L 07 0(e) = hs)lds + o8, ) = ott )

_|_
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+ Z ’]k(ut;)_fk(wt;”’

0<tp<t

where g, h € C(J,R) be such that

g(t) = f(t,u, g(1)),

and
h(t) = f(t,wi, h(t)).
By (P2) we have

lg(t) = h()] = |f(t,us, g(t)) — f(t, we, h(t))]
< KHUt - thPO + L\g(t) - h(t)‘-

Then
l9(8) = ()] = 7 llwe = willpe.
Therefore, for each t € J
IN()(t) = N(w)(®)] < Z / b — )2y — wyl| pods
tp—1
K / 1
+ — t —3) " us — wl| peds
(1 _ L)F(Oé) tk< ) || HP

m
+ Z l”“t; — Wi lpe + Lijus — willpe-

k=1
— mKT®
= {ml T AT e 1)
KT¢
Tz mma+nhm_wm'

Thus
(m+1)KT*

(1-L)(a+1)

IN(w) - N(w)la < [m7+f+ } - wla.

126

By (6.26), the operator N is a contraction. Hence, by Banach’s contraction principle,

N has a unique fixed point which is a unique solution of the problem (6.19)—(6.21). -

Our second result is based on Schaefer’s fixed point theorem.

Theorem 6.3.4 Assume (P1), (P2) and



CHAPITRE 6. NEUTRAL NIFDE WITH FINITE DELAY AND IMPULSES 127

(P4) There exist p,q,r € C(J,Ry) with r* =supr(t) < 1 such that
teJ

lf(t,u,w)| < p(t) +q)||lu|lpc +r(t)|w| fort € J, uwe PC([—r,0],R)and w € R.

(P5) The functions I, : PC([—r,0],R) — R are continuous and there exist constants
M*, N* > 0 such that

| Ix(u)| < M*||ul|pc + N* for each u € PC([-r,0],R), k=1,...,m.

(P6) The function ¢ is completely continuous, and for each bounded set B, in €,
the set {t = ¢(t,yt) : y € By} is equicontinuous in PC(J,R) and there exist two
constants dy > 0,dy > 0 with mM* + di; < 1 such that

|6(t, u)| < diflullpc + da,t € J,u € PC([—r,0],R).
Then, the problem (6.19)-(6.21) has at least one solution.

Proof. We consider the operator NV; : {2 — €2 defined by

©(0) + Z Ii( ?/t Z /t (ty — 5)* g(s)ds
Nin(t) = {5 | <t—s>a-1g<s>ds, teo,1],
(), tel-r0]

The operator N defined in (6.27) can be written as
Ny(t) = ¢(t,y:) + N1y(t), for each t € J.

We shall use Schaefer’s fixed point theorem to prove that N has a fixed point. So we
have to show that N is completely continuous. since ¢ is completely continuous by
(P6), we shall show that INV; is completely continuous.

The proof will be given in several steps.

Step 1 : Ny is continuous. Let {u,} be a sequence such that w, — w in Q. If
t € [—r,0], then
| N1 (un)(8) = Ni(w)(t)] = 0.
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For t € J, we have

| N1 (un)(t) — Ni(u)(t)]
and then
[N1(un)(t) = Ni(u)(t)] <
+

where g¢,,, g € C(J,R) such that

and

By (P2), we have

|gn(t)

—g(t)]

Then
g (t)

< ﬁ 3 / (b — )" ga(s) — g(s)lds
e [ =9 an(s) = atolas
+ Z |Ik(unt;)_1k(ut;)|
< ﬁ S / " (b — 5 |ga(s) — g(s)\ds
i [ =9 o) sl
+ Y Uy =y llpe

Z | (B =) lgals) — g(s)lds
ﬁ / (t = 51 gu(s) — g(s)lds

miu, = ulla,

In(1)

g(t) =

—g(t)] <

= f(ta Unt, gn(t))a

f(tv Ut g(t))

’f(ta Unt, gn<t)) -
Klup

f(ta Ut, g(t))‘
= ullpe + Llga(t) — g(t)].

||unt - utHPC'

1-L

128

(6.28)

Since u,, — u, then we get g,(t) — g(t) as n — oo for each t € J. And let n > 0 be
such that, for each ¢t € J, we have |g,(t)] < n and |g(¢)| < n. Then, we have

(t =) gu(s) = g(s)]

(t =) Hlgn(s)| + lg(s)]]

<
< 2t —s)"7,
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and

(tk = ) [lga(s)] + 1g(s)]]

(te =) gals) —g(s)] <
< 2(ty — )L

For each t € J, the functions s — 2n(t — s)*! and s — 2n(t;, — s)*! are integrable

on [0, ], then the Lebesgue Dominated Convergence Theorem and (6.28) imply that
| N1(un)(t) — Ni(u)(t)] — 0 as n — oo,

and hence
||N1(un) — Ny(u)|lg — 0 as n — oc.

Consequently, N; is continuous.
Step 2 : Ny maps bounded sets into bounded sets in ). Indeed, it is enough to show

that for any n* > 0, there exists a positive constant ¢ such that for each v € B, =
{u € Q:||ullo < n*}, we have | Ny(u)||q < ¢. We have for each t € J,

Ni(u)(t) = ¢<o>+ﬁ 3 / " (b — 5% g(s)ds

LN e S_ . 6.29
oy /. (6= 5" ale)ds. (6:29)
+ Z ]k(ut,:)’

where g € C'(J,R) is such that

g(t) = f(t, ug, g(2)).

By (P4), we have for each t € J,

l9(2)] |f(t,ue, g(1))]

p(t) + q(0)[[uell e + r(t)|g(2)]
p(t) + q@)|[ulle +r@)lg(t)]

(

p(t) +q(t)n* +r(t)]g(?)]
Pt +rrg(t)],

t,u
) +
) +

VAN VAR VAR VAN

where p* = supp(t), and ¢* = sup q(t).
teJ ted
Then

p*+q'n”
Hl <2271 .— g
l9(0)] < F
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Thus (6.29) implies

mMT* “
N < M*||u,- N*
MOl < O+ T T +k§=12( e L + N°)
(m+1)MT* . .
< - - _
<l + iy (Mgl N
(m+1)MT* . . i}
< 0 —_— M N*):=R.
< le(0)f + Tlot D) +m (M + N7)

And if t € [—r,0], then
(N1 (u) ()] < llellpe
thus
| N1 (u)]|o < max {R,||¢|lpc} = ¢.

Step 3 : Ny maps bounded sets into equicontinuous sets of €.
Let 74,7 € (0,T], 1 < 72, By» be a bounded set of 2 as in Step 2, and let u € B,
Then

|N1(u Tz) Nl( )(T )I

= (11 = 5)*7lg(s)|ds

F(a 0

! r(a)/Q'“?‘S)“ Hgs)lds+ D7 ()|
< %[2(7@ — 1)+ (15 =) + (12 — 71) (M*”ut,;HQ + N*>
< T(a+ 1)[2(7'2 — 1)+ (75 = )]+ (12 — 1) (M n* + N™).

As 11 — 7o, the right-hand side of the above inequality tends to zero. As a conse-
quence of Steps 1 to 3 together with the Ascoli-Arzela theorem, we can conclude that
Np : Q — Q is completely continuous.

Step 4 : A priori bounds. Now it remains to show that the set
E={uecQ:u=AN(u) for some 0<\<1}

is bounded. Let u € E. Then u = AN (u) for some 0 < A < 1. Thus, for each t € J we
have
ti

u(t) = Ago<o>+x¢<t,yt>+% $ / (tx — 5) 1g(s)ds

lk—1

A t a—1
b [ s e T hlo)

tk 0<tp<t

(6.30)
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And, by (P4), we have for each t € J,

g = 1f(t ur, g(1))]

< p(t) + q(t)||uel pe + r(t)|g(t)]
< Pt ¢l pe + T g(t)].
Thus
lg(t)] < (0" + ¢ |luell pe).

1—r*

This implies, by (6.30), (P5) and (P6), that for each t € J we have
[u@®)] < 1p0)] + dillucllpe + da

1 /tk .
T T (tr — )" (" + ¢ |lusllpc)ds
(1 - )P(O{) 0<tzk<t th—1

1

! ZItrzﬂﬁfiaﬁ(/i<t——s>a-1<p*+—q*uusupc>ds

+ m (M*HUtI;HPC + N*> :
Consider the function v defined by
v(t) =sup{lu(s)|: —r <s<t},0<t<T.
Then, there exists t* € [—r,T] such that v(t) = |u(t*)]. If t* € [0,T], then by

previous inequality, we have for t € J

o) < wmﬂ+aj7%ﬁa-X:Z%(Q—SV“@“+¢W$MS
1

A= T(a) /tk (t—5)*"(p" +q'v(s))ds

+ (mM* 4+ dy)v(t) + (mN* +dy) .

Thus
1 & a—1/ % *
YOS T+ ) - ) O;N/t““k—s) (p* + q"v(s))ds
L o] +mN +d,
1 — (mM*+ dy)
1 ' a—1/, % *
T A= )= )T () /t (t =) (0" + q"v(s))ds

131

the
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[p(0)| + mN* + dy (m 4+ 1)p*T*
- 1= (mM*+dy) (1 —(mM*+dy))(1—r)(a+1)
(m + g t — ) y(s)ds
* (1 = (mM*+dp))(1 —r)T(«) /0 (t—s) (s)ds.

Applying Lemma 1.3.8, we get

o(t) [\gp(())l +mN* 4+ dy (m + 1)p*T~
- 1 — (mM*+dy) (1= (mM*+dy))(1 —r*)[(a+1)
d(m+ 1)g*T* o
X {IJF (1 — (mM* +dy))(1 —r*)F(a—i—l)] =4,

where 0 = 0(a) a constant. If ¢* € [—r,0], then v(t) = |¢||pc, thus for any t €
J, ||u|lo < v(t), we have

[ulle < max{|¢llpc, A}
This shows that the set E is bounded. As a consequence of Schaefer’s fixed point

theorem, we deduce that N has a fixed point which is a solution of the problem
(6.19)—(6.21). -

6.3.3 Ulam-Hyers Stability Results

Here, we adopt the concepts in Wang et al. [139] and introduce Ulam’s type stability
concepts for the problem (6.19)-(6.20).
Let z € PC(J,R),e > 0,% > 0, and w € PC(J,R,) be nondecreasing. We consider the
set of inequalities

1°D*(2(t) — o(t, z¢)) — f(t,20,° D2(t))| <€, t € (th,tpr1], k=1,....m (6.31)
’Az‘t:tk - Ik(’zt;)‘ <, k= 17 seey TS '
the set of inequalities
D (e(t) = 60, 20) = (207 D) S 6lt) L€ (it k=L
’AZ‘tZtk_Ik(zt;)‘ Sw? k:177m7 ‘
and the set of inequalities
|CDa(Z(t) - ¢(t7 zt)) - f(ta Zt7c Daz(t))| S €w<t>7 le (tk?tk'f'l]?k - 1’ ey M (6 33)
|Az |, — Ik(zt;)| <ep, k=1,...m; '

Definition 6.3.5 The problem (6.19)-(6.20) is Ulam-Hyers stable if there exists a real
number cf, > 0 such that for each € > 0 and for each solution z € PC(J,R) of the
inequality (6.31) there ezists a solution y € PC([—r,0],R) of the problem (6.19)-(6.20)
with

12(t) — y(t)| < crme, t €
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Definition 6.3.6 The problem (6.19)-(6.20) is generalized Ulam-Hyers stable if there
exists O¢m € C(Ry,R4),05,,(0) = 0 such that for each solution z € PC(J,R) of the
inequality (6.31) there exists a solution y € PC([—r,0],R) of the problem (6.19)-(6.20)
with

|2(t) —y(®)] < Opmle), t € J.

Definition 6.3.7 The problem (6.19)-(6.20) is Ulam-Hyers-Rassias stable with respect
to (w, ) if there exists cfmu, > 0 such that for each € > 0 and for each solution
z € PC(J,R) of the inequality (6.33) there exists a solution y € PC([—r,0],R) of the
problem (6.19)-(6.20) with

12(t) — y(t)] < cpmuwe(w(t) + ), t € J.

Definition 6.3.8 The problem (6.19)-(6.20) is generalized Ulam-Hyers-Rassias stable
with respect to (w, ) if there exists ¢ > 0 such that for each solution z € PC(J,R)
of the inequality (6.32) there exists a solution y € PC([—r,0],R) of the problem (6.19)-
(6.20) with

12() = y(O)] < crmu(wt) +9), te J.

Remark 6.3.9 It is clear that : (i) Definition 6.3.5 implies Definition 6.3.6; (ii) De-
finition 6.3.7 implies Definition 6.3.8; (iii) Definition 6.53.7 for w(t) =¥ = 1 implies
Definition 6.5.5.

Remark 6.3.10 A function z € PC(J,R) is a solution of the inequality (6.33) if and
only if there is 0 € PC(J,R) and a sequence o,k = 1,...,m (which depend on z) such
that

i) lo(t)] <ew(t), t € (thytir1],k=1,...,m and |og| < e,k =1,...,m;
18) “D¥(z(t) — d(t, z)) = f(t, 20, D¥2(t)) + o(t), t € (g, o)k =1,...,m;
i) Azl = Ii(z-) + ok, k=1,...,m.

One can state remarks for inequalities 6.32 and 6.31.

Theorem 6.3.11 Assume (P1)-(P3), (6.26) and

(P7) there exists a nondecreasing function w € PC (J,R,) and there exists \,, > 0 such
that for any t € J :
Iw (t) < Aow (1)

are satisfied, and if L < 1, then the problem (6.19)-(6.20) is Ulam-Hyers-Rassias stable
with respect to (w, ).
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proof. Let z € €2 be a solution of the inequality (6.33). Denote by y the unique solution
of the following problem

CD& [y(t) - (b(tvyt)] = f(t’yt’c Dz?;y(t))? te (tkutk+1]7 k= 17 ey 1S
Ayli—y, = Ik(yt;), k=1,...m
y(t> = Z(t) = (p(t), te [_Tv O]

Using Lemma 6.3.2, we obtain for each t € (t, tgi1]

0(0) = #0) o)+ D H) + g 3 [ e
b iy e, v i)

where g € C'(J,R) be such that

g(t) = f(t,ys, 9(t)).

Since z solution of the inequality (6.33) and by Remark 6.3.10, we have

{CDS; [2() = 60t 7)) = (b 20" D =(0) +0(0), € (trotraal k= Lm0

Az|iy, = Ik(zt;) +or, k=1,...,m
Clearly, the solution of (6.34) is given by

k k k

2(t) = ¢(0)+ o(t, z) + Z Ii(z,-) + Z o; + ﬁ Z /t i (t; — 5)* "h(s)ds

. z / oo + i [ (¢ =) (s

ti

+ m/(t— s)* o (s)ds, t € (tg, thsil,

173

where h € C(J,R) be such that
Hence for each ¢ € (tg, tx+1], it follows that

k

[2(t) —y(O] < Y lowl + (¢, 2) — oty \+Z!I ]

=1
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1 & [t -
+ m;/m@i—s) o (s)|ds

1 o [t a—1
_%Tﬂﬁz;AAW—@ [h(s) = g(s)lds

L a-l —g(s)|ds
" ﬁ@ﬂ}“”)‘“$ g(s)|d
1t -
n ﬁalkvw)ldﬁh
Thus
k
2(0) =y < mep+ (m+ Dedaw(®) + Tz — wllee + S T2 — vy o

1 i g a—1 7
+ WJZQAAm—@ h(s) = g(s)lds
]- ! a—1
T ﬁ@l}“”)‘M$_“”“'
By (P2), we have

h(t) —g(®)] = [f(t 2, h(t)) = f(t,ye, 9(1))]
< K|z —yillpe + Llg(t) — h(t)].

Then
|h(t) — g(t)] <

1 — LHZt — yillpc-

Therefore, for each t € J

k
2(t) =y < me + (m+ Dedw(t) + Lz = yellpe + Y Uz = yi-llpe

=1

K bt
TR S / (t — )7 120 — allpeds
(]‘ - L)F(a> ZZI ti—1

. K /% 1212, — ysllped
T N, N - ZS - S .
ENON A Ysllpods

Thus

26 =y < Dz =y llee + el 4+ w(®)) (m + (m+ DA)

0<t; <t
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- K(m +1) [ 1
L — —5)° - :

We consider the function v; defined by
vi(t) =sup{|z(s) —y(s)|: —r <s<t},0<t<T,

then, there exists t* € [—r, T] such that vy (t) = |2(¢*) — y(t*)] .
If t* € [-r,0], then v (t) = 0.
If t* € [0, 7], then by the previous inequality, we have

[y S+ @)+ (m+ DA)
vi(t) < Z 1_ZV1(tz‘)+ e
K(m+1) t -
T D L s
Applying Lemma 1.3.9, we get
ey +w(t))(m + (m + 1)A,)

1—L

7 t K(m+ 1) a—1
[H (”E) o </ D0 - Y d)]

0<t; <t

< coe(Y +w(t)),

1%} (t) S

X

where

) [ [ fm + )T
“T T H(”ﬁ)eXp((l—E)(l—L>F<a+1>)

Li=1

 (mA+(m+1)A) [ L K(m+1)T* "
B 1-1 _<1+1—L> eXp((l—Z)(l—L)F(a+1))

Thus, the problem (6.19)-(6.20) is Ulam-Hyers-Rassias stable with respect to (w, w)D

Next, we present the following Ulam-Hyers stability result.

Theorem 6.3.12 Assume that (P1)-(P3) and (6.26) are satisfied and if L < 1, then
the problem (6.19)-(6.20) is Ulam-Hyers stable

proof. Let z € €2 be a solution of the inequality (6.31). Denote by y the unique solution
of the problem

Dy [y(t) — o(t,ye)] = f(t, yt,CDa (1), t € (tis togr] b =1,...,m ;
Ayle=r, = Te(y,-), k=1,
y(t) = 2(t) = ( ), t€[-r ]
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From the proof of Theorem 6.3.11, we get the inequality

l e 1
n(t) < Y =) + =+ elm+1)
1T -7 (1-DT(a+1)

K(m+1) ¢ o1
+ T D017 /0 (t —s)* 11(s)ds.

Applying Lemma 1.3.9, we get

mI'(a+1)+T(m+1)
mlt) < 6( (1—DT(a+1) >

I ¢ K(m+1) o1
[ H (1 + E) exp (/0 0T L)F(a)(t —3) ds)]

0<t;<t
CE,

X

IN

where
~(ml(a+ D) +T*m+1)\ [ n . K(m+1)T°

© - ( (1—L)(a+1) > H<1+1—Z> p<<1_Z)(1_L)r(a+1))
~(mTa+ )+ T m+ DN [, T . K(m+ 1)T® "
- ( (I—T)T(a+1) > _<1+1—Z> p<<1—Z)(1—L)F(a+1)) .

Moreover, if we set 8(e) = ce; 0(0) = 0, then, the problem (6.19)-(6.20) is generalized
Ulam-Hyers stable.

6.3.4 An Example.

Consider the following impulsive problem, for each t € Jy U J,

1
1 te~|y,| et |y °D¢ y(t)]
‘Dg, y(t) — 7 - t a T . (6:35)
O+e) A+l Al+e) | 1+lml 14 jepz )]
-
Mgy = L (636
P10+ y(5 )
y(t) = p(t), t € [=r,0],7 >0, (6.37)

where ¢ € PC ([-r,0],R), Jy [O, %} ,J = (%, 1} ,to =0, and t; =

For t € [0,1], u € PC ([-r,0],R), and v € R, set

B et |ul 4]
f(t u,v) = (11 + €t) [1+ lu 1+ Ivl}

N[
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and
te |

tu) = .
) = e (L1 Tl

Notice that ¢(0,¢) = 0, for any ¢ € PC([—r,0],R).

Clearly, the function f is jointly continuous.

For each u,u € PC ([-r,0,R),v,v € R and t € [0, 1], we have

eft

(11 +¢€t)

< Yu—allpe+ —lv—1
— U — U — |V — U
= 19 PCT 19

|f(t7u7v) - f(t,ﬂ,l_))| <

(l[u = allpe + |v = 2])

and

6(t,0) — 6(t,0)| < Tl — allpc.

1 — 1
Hence condition (P2) is satisfied with K = L = T3 L= 0
Let »
u
L(u) = ——— PC(|-r,0],R).
1(U) 10+|U|7 u € ([ Ty ]7 )

For each u,v € PC ([-r,0],R), we have

|ul Kl

1
1 — 1T = — < —lu— .
i) = Bl = |35 ) ~ 1o 1 o | = 301~ vllee
Thus condition
~ — (m+1)KT® 2 5
ml+ L + = —+—25
(1—-L)T(a+1) 10 (1-3H1rE)
= A + 2 <1
o 1ly7 10 7
~ 1
is satisfied with 7" = 1,m = 1 and [ = 0 It follows from Theorem 6.3.3 that the

problem (6.35)—(6.37) has a unique solution on J.

Set for any t € [0, 1], w(t) =t and ¥ = 1. Since
1 2t

I%w(t) = m/o (t— 3)%_lsds < 7=

then, condition (P7) is satisfied with A, = and since L < 1, it follows that the

2
VT

problem (6.35)-(6.36) is Ulam-Hyers-Rassias stable with respect to (w, ).



Conclusion and Perspective

In this thesis, we have considered the following nonlinear implicit fractional diffe-
rential equation

‘D%(t) = f(t,y(t), D(t)), foreacht € J, 0 < a < 1, (6.38)

subjected to boundary conditions, non-local conditions, delay and impulse. Here ¢D®
is the Caputo fractional derivative.

The problem of stability was discussed. We discussed and established the existence, the
uniqueness and the stability of the solution for implicit neutral fractional differential
equation with finite delay and impulses.

We plan to study the same question such as existence, uniqueness and stability to the
equation (6.38) in the case where the derivative is of type Hadamard.
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