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Introduction

The idea of fractional calculus and fractional order differential equations has been
a subject of interest not only among mathematicians, but also among physicists and
engineers. During the last decade, it was found to play a fundamental role in the modeling
of a considerable number of phenomena, in particular, the modeling of memory dependent
phenomena and complex media such as porous media. Fractional calculus emerged as an
important and efficient tool for the study of dynamical systems where classical methods
reveal strong limitations.

Fractional order models are found to be more adequate than integer order models
in some real world problems. In fact, fractional derivatives provide an excellent tool for
the description of memory and hereditary properties of various materials and processes;
see the books by Baleanu et al. [13], Hilfer [40], Tarasov [53], and the references therein.
Recent developments on fractional differential equations from theoretical point of view
are given in the books by Abbas et al. [7], and Lakshmikantham et al. [45].

The theory of impulsive integer order differential equations and inclusions has be-
come important in some mathematical models of real processes and phenomena stud-
ied in physics, chemical technology, population dynamics, biotechnology, and economics.
At present the foundations of the general theory are already laid, and many of them
are investigated in detail the papers of Abbas and Benchohra [3, 4], Agarwal et al.
[5],Lakshmikantham et al[44], Samoilenko and Peresyuk [51], and the references therein.
There was an intensive development of the impulse theory, especially in the area of im-
pulsive differential equations and inclusions with fixed moments.

This thesis is devoted to the existence and uniqueness of solutions for various classes
of Darboux problem for hyperbolic differential equations involving the Caputo fractional
derivative, the best fractional derivative of the time. Some equations present delay which
may be finite, infinite, or state-dependent. The tools used include classical fixed point
theorems in Banach and Fréchet spaces. Each chapter concludes with a section devoted
to notes and all abstract results are illustrated by examples.

In the following we give an outline of our thesis organization, Consists of six chapters
defining the work contributed. The first chapter gives some notations, definitions, lemmas
and fixed point theorems which are used throughout this thesis. In Sect. 1.1, we give
some notations from the theory of Banach spaces. Section 1.2 is concerned to recall some
basic definitions and facts on partial fractional calculus theory. In Sect. 1.3, we give
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definition and examples of phase space. In Sect. 1.4, we give some properties in Fréchet
space. Section. 1.5, is devoted to fixed-points theory, here we give the main theorems
that will be used in the following chapters.

In Chapter 2, we study a system of impulsive partial hyperbolic differential equation.
Our results are based on fixed point theorem due to Burton and Kirk for the sum of
contraction and completely continuous operators. The first result is for impulsive partial
hyperbolic differential equation of the form

(CDQku)(t,:C) = f(t,z,u(t,z)), if (t,x) € Jp, k=0,...,m, (1)

u(ty, ) = u(ty,x) + L(u(ty ,z)), if x € [0,0]; k=1,...,m, (2)

u(t, 0) = o (t), u(0,2) = ¥(x), ¢ € [0,a], = € [0,1], 3)

where JO = [O,tl] X [O, b], Jk = (tk>tk+1] X [O,b], k = 1,...,m, 2 = (tk,O), k =
0,...,m, J =1[0,a] x[0,b], a,b > 0, °Dj is the Caputo fractional derivative of order
7’—(7’1,7"2) (0 1] (0,1],0:t0<t1<~~<tm<tm+1:a,f:J><R”—>R”,
I :R" - R" k=0,1,...,m are given functions, ¢ : [0,a] — R™ and 1 : [0,b] — R" are

given absolutely continuous functions with ¢(0) = ¢(0).

In Sect. 2.3, we give similar result to the following nonlocal initial value problem

(‘DL u)(t,x) = f(t,z,u(t,x)), if (t,2) € Jp, k=0,...,m, (4)

u(ty, ) = u(t,, ) + I(u(t,,x)), if z€[0,b]; k=1,...,m, (5)

u(t,0) + Q(u) = p(t), u(0,x) + K(u) = (x), t € [0,a], = € [0,], (6)

where f, ¢, ¥, Iy; k=1,...,m, are as in problem (2.1)-(2.3) and @, K : PC(J,R") — R"

are continuous functions. PC’ (J, R™) is a Banach space to be specified in section 2.2 of
Chapter 2.
An example will be presented in the last illustrating the abstract theory.

In Chapter 3, we shall be concerned by functional differential equations.
In Sect. 3.2, we investigate the existence of solutions for impulsive partial hyperbolic
functional differential equations of fractional order with finite delay of the form

(‘DL u)(t,r) = f(t, v, uww); if (t,x) € Jp, k=0,...,m, (7)
u(ty, ) = u(t,, ) + I (u(ty,,z)), ifz€l0,b], k=1,...,m, (8)
u(t,z) = o(t,z); if (t,z) € J, 9)

u(t,0) = p(t), t €10,a], u(0,2) = zlj(x); z € [0,b], (10)

] = 1,...,m,zk = (tk,O), k =

o, ] [—B,]\(0,a] x (0,B], °Dy is
(rl,rg) € (0,1] x (0,1], ¢ : [0,a] — R™,

where Jo = [0,t:] x [0,0], Jr = (tr,trra] X [0
0,...,m, a,bya, 8 > 0,J = [0,a] x [0,0], J =
the Caputo fractional derivative of order r =
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¥ [0,b] — R™ are given continuous functions with ¢(t) = ¢(¢,0), () = ¢(0, x) for each
(t,x)EJ 0—t0<t1 < <tm+1—af Jx(C —=R" IkRn—)Rn,k:
1,...,m, ¢:.J — R" are given functions and C := C([—a, 0] x [— B,O],R”) is the space
of contlnuous functlons on [—a,0] x [—4,0].

If w:[—a,0] x [-3,0] — R", then for any (¢,z) € J define u( 4 by

UGty (5,7) = u(t + 5,0+ T)

An example is presented in the last part of this section
In Sect. 3.3, we prove a existence of solutions for the following impulsive functional partial
hyperbolic differential equations with infinite delay

(‘D u)(w,y) = f(7,9,u@y); if (x,y) €Jp, k=0,...,m, (11)

w(zl,y) = ulzy,y) + I(u(xy,y)), ifyel(0,b], k=1,...,m, (12)

w(z,y) = (z,y); if (z,y) € J, (13)

u(z,0) = p(x), v €[0,al, u(0,y) =¢(y); y € [0,0], (14)

where JO = [0,1’1] X [Oab]a Jk = (xk7$k+l] X [O7b]a k = 17"'7m7 Rk = (xkao)a k =

0,....,m, a,b > 0, J = [0,a] x [0,b], J = (—00,a] x (—o0,b]\(0,a] x (0,b], °Dj is
the Caputo fractional derivative of order r = (r1,72) € (0,1] x (0,1], ¢ : [0,a] — R™,
¥ 1 [0,b] — R™ are given continuous functions with ¢(z) = ¢(z,0), ¥(y) = ¢(0,y) for
each (v,y) € J, 0 =g <21 <+ < Tpy < Typy1 =a, [ : JxB = R" [, : R" —
R k=1,...,m, ¢:J — R" are given functions. B is called a phase space that will
be specified in the next Section. If u : (—o00,a] x (—oc0,b] — R™, then for any (z,y) € J
define u(, ) by

Uz (5, 1) = u(x + s,y + 1), for (s,t) € [-a,0] x [-4,0].
An example is presented in the last part of this section

In Chapter 4, we study the existence of solutions for fractional impulsive hyperbolic
differential equations with state-dependent delay. Section 4.2 deals with the existence of
solutions to fractional impulsive hyperbolic differential equations with finite delay

(CDZk’U,)(t, I‘) = f(ta T, u(m(t,z,u(tﬂx)),pg(t,x,u(tﬂx)))); if (t, 517) S Jk, k= O, e, m, (15)

uw(th, z) = ulty,z) + I(u(t,,x)), ifxe€|0,b], k= m, (16)
u(t,z) = (t,x); if () € J = [~a,a] x [=5,0] \ (0, ] (0 0, (17)
u(t,0) = ¢(t), t €[0,a], u(0,2) =(x); © € [0,b], (18)
where Jy = [0,t1] x [0,b], Jp := (tg,tes1] X [0,0], L...,m,zx = (t,0), k

k =
0,...,m,J = 1[0,a] x [0,0], a,b,a, 3 > 0, 0 = ¢y < t<-~~<tm<tm+1:a,cD6
is the Caputo fractional derivative of order r = (ry,r9) € (0,1] x (0,1], ¢ : [0,a] — R™,
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¥ : [0,b] — R™ are given continuous functions with ¢(t) = ¢(¢,0), () = ¢(0, x) for each
(t,x)eJ, f:IxC =R pipp: JxC =R, I,:R* =R k=1,....,m, ¢:J — R,
are given functions and C' is the Banach space defined in section 4.2.

An example is presented in the last part of this section.

In Section 4.3, we give our second main result concerning system of impulsive partial
hyperbolic differential equation of fractional order with infinite delay

(“DLu)(t,2) = f(t, 2, Uyt ay) oot )i I (E2) € Sy k=0,...,m, (19
u(ty, ) = u(ty, x) + I (u(ty,,x)), ifze€l0,b], k=1,...,m, (20)

u(t,z) = o(t,z); if (t,z) € J = (—o00,a] x (—o0,b] \ (0,a] x (0,8], (21)
u(t,0) = p(t), t €10,a], u(0,x) =(x); = €[0,0], (22)

where ¢, 1, I}, are as in problem (5.1)—(54), f: J X B —=R". p1,p2: JxB >R, ¢: J —
R™ and B is a phase space.
Also, we present an example illustrating the applicability of the imposed conditions.

In Chapter 5 we shall be concerned by impulsive initial value problem for differential
equations of fractional order with fixed time impulses.

Section 5.2 deals with the existence of solutions of impulsive differential equations of
fractional order with finite delay given by

(‘DL u)(t,x) = f(t,x,upq), if (t,x) €, k=0,...,m, (
u(ty, ) = u(ty, x) + L(u(ty ,2)), if x € [0,0]; k=1,...,m, (
u(t, ) = ¢(t,x); if (t,z) € J, (25
u(t,0) = @(t), u(0,2) = ¥(x), t € [0,a], z € [0,0], (
where Jo = [0,t1] x [0,b], Jp = (tp,ter1] x [0,0], & = 1,....m,z, = (t,0), k

0,...,m, ©(0) =(0), J :=[0,00)x[0,00), J := [—a, 00)x[—f3,00)\[0, 50) x [0, 20), a, § >
0, °Dy is the standard Caputo’s fractional derivative of order r = (ry,75) € (0,1]x(0,1], f :
J x C([—a,0] x [-5,0,R") — R", I, : R* — R" k = 0,1,...,m are given functions,
for each (t,z) € J,p,¢ : [0,00) — R" are given absolutely continuous functions and
C([—a, 0] x [=3,0],R™) is the space of continuous functions on [—«,0] x [—/3,0]. We
denote by () the element of C'([—a,00) x [—3,00),R") defined by

Uy (S, T) =u(t +s,2+7); (5,7) € [—a,0] x [-5,0],

here w4 (.,.) represents the history of the state from time ¢t — o up to the present time
t and from time z — 3 up to the present time x.

In Section 5.3, we investigate the existence of solutions for impulsive hyperbolic dif-
ferential equations with infinite delay

(‘DL u)(t,r) = f(t,x,u(t,v)), if (t,v) € Jp, k=0,...,m, (27)



INTRODUCTION 7

uw(th,z) = u(ty,z) + I(u(t,,x)), if 2 € [0,0]; k=1,...,m, (28)
u(t, ) = ¢(t,x); if (t,z) € J, (29)
u(t,0) = ¢(t), u(0,2) = (x), t € [0,a], x €0,0], (30)

where ¢, 1 are as in problem (5.1)-(5.3), J' =: (=00, +00)x (—00, +00)\ [0, 00) x [0, 00), f :
JxB—=R, ¢:J'— R"™and B is called a phase space that will be specified in
Finally, we present an illustrative example.
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Chapter 1

Preliminaries

We introduce in this Chapter notations, definitions, fixed point theorems and pre-
liminary facts that will be used in the remainder of this thesis.

1.1 Some Notations and definitions

Let J := [0,a] x [0,b], a,b > 0. Denote L' the space of Lebegue integrable functions

u:J — R" with the norm
a b
lullsr = [ [t o).
0 0

Let L*(J,R™) be the Banach space of mesurable functions u : J — R™ wich are bounded,
equiped with the norm

llul|pe = inf{c > 0: ||ju(t,z)|| <e¢, ae. (t,x) € J}

As usual, by AC(J,R") we denote the space of absolutely continuous functions from J
into R, and C'(J, R™) is the Banach space of all continuous functions from J into R™ with
the norm

[ulloo = sup [[u(t,z)||.
(t,x)ed

Also C(J,R) is endowed with norm ||.||« defined by

|ulloo = sup u(t, z)|
(t,x)ed

If ue C([—a,a] x [=f,b],R"); a,b,«, 3 > 0 then for any (t,z) € J define uq) by
U,y (5,0) = u(t + 5,20 4 0)

for (s,0) € C([—a,0] x [—3,0],R"). Here ug)(.,.) represents the history of the state
from time ¢ — o up to the present time ¢ and from time x — 8 uo to the present time x.

9
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1.2 Some properties of Partial Fractional Calculs

In this section, we introduce notations, definitions and preliminary Lemmas concerning
to partial fractional calculs theory

Definition 1.1 [55] Let r = (ry,13) € (0,00) X (0,00) and u € L*(J, R™). The left-sided
mized Riemann-Liouville integral of order r of u is defined by

1 t T
I u)(t,x) = —/ / t—s)" o — 1) (s, T)drds.
L) = Foneg | [ €@ = )
In particular,
t x
(17 u)(t,v) = / / u(s, 7)drds; for almost all (¢,z) € Jy,
0 Jo

where o = (1,1).
For instance, I7 u exists for all ry,75 € (0,00) x (0,00), when u € L'(J,,R"). Note also
that when u € C(J;, R"), then (I u) € C(Jy, R™), moreover

(17 u)(t,0) = (17 u)(0,2) = 0; (t,2) € Jp.

By 1 —r we mean (1 —ry,1 — 1) € (0,1] x (0,1]. Denote by D, := %, the mixed
second order partial derivative.

Definition 1.2 [55] Let r € (0,1] x (0,1] and u € L'(Jy,R"). The mized fractional

Riemann-Liouville derivative of order r of u is defined by the expression

D} u(t,r) = (DZ I "u)(t, x)

tr'zg
and the Caputo fractional-order derivative of order r of u is defined by the expression

cyr —r o

and the mized fractional Riemann-Liouville deriwvative of order R of u defined by the

expression (" DL u)(t,x) = DE I u)(t, x)

tx~ zy

The case o = (1, 1) is included and we have
(DZ u)(t,x) = (°DZ u)(t,x) = (Dfu)(t, x), for almost all (t,x) € Jj.

Remark 1.3 (Relation between "D, and D, ) Let w € L'(J,) and ¢ : [0,d]
R™, 4 :[0,b] — R™ be given absolutely continuous functions such that u(t,0) = p(t); t
0, a],u(0,z) = ¢(x); € 0,b] and ¢(0) = (0). Then we have for (t,z) € J

—
€

("“Dau)(t, @) = Mt,2) + (“Dsu)(t, @),
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where

M) = T, o) s

—r9

x ! 1 o(s)ds t T "p(0)
T T —12) /0 (t =) els)ds + T SF T — 1)

+

and the dot denotes differentiation

In the sequel we will make use of the following generalization of Gronwall’s lemma for two
independent variables and singular kernel.

Lemma 1.4 ([37]) Let v : J — [0,00) be a real function and w(.,.) be a nonnegative,
locally integrable function on J. If there are constants ¢ > 0 and 0 < ry,79 < 1 such that

v(t,z) <w(t,x) + c/ot /Ow = Sl))fs, ™) drds,

Wz — 1)

then there exists a constant 6 = 0(ry,r2) such that

u(t,z) < wit,z) +5c/0t /0 (t_;;’(s’” drds,

1 (I’ _ 7—)7‘2

for every (t,x) € J.

1.3 Phase spaces

The notion of the phase space B plays an important role in the study of both qual-
itative and quantitative theory for functional differential equations. A usual choice is a
semi-normed space satisfying suitable axioms, which was introduced by Hale and Kato
[32] (see [33, 41, 46]).

For any (z,y) € J denote E,,) := [0,z] x {0} U {0} x [0,y], furthermore in case
r = a, y = b we write simply E. Consider the space (B,||(.,.)||s) is a seminormed
linear space of functions mapping (—oo, 0] X (—o0, 0] into R", and satisfying the following
fundamental axioms which were adapted from those introduced by Hale and Kato for
ordinary differential functional equations:

(Ay) If 2 ¢ (—o00,a] x (—00,b] = R™ and 24,y € B, for all (z,y) € E, then there are
constants H, K, M > 0 such that for any (x,y) € J the following conditions hold:

() Z(ay) is in B;
(1) lz(z, 9)ll < Hl[2@) s,

(@01) 2@plls <K sup  |lz(s, )+ M sup |25,
(s,t)€[0,x] x[0,y] (,)EE (4 4
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(A2) The space B is complete.
Now, we present some examples of phase spaces ([26, 27]).

Example 1.5 Let B be the set of all functions ¢ : (—00,0] x (—00,0] — R™ which are
piece-wise continuous on [—a, 0] x [—=3,0], a, B > 0, with the seminorm

19l = sup o (s, £

(Svt) € [—0470} X [_670]

Then we have H = K = M = 1. The quotient space B= B/||-||s is isometric to the space
C([—a, 0] x [=5,0],R™) of all continuous functions from [—c«, 0] x [—3, 0] into R™ with the
supremum norm, this means that partial differential functional equations with finite delay
are included in our axiomatic model.

Example 1.6 Let v € R, and C,, be the set of all piece-wise continuous functions ¢ :

(—00,0] X (—00,0] = R™ for which a limit ” 11)1|(|n Yt (s, 1) exists, with the norm
s,t)||—o0

lle, = sup o (s, ).

(s,t)€(—00,0]x (—00,0]
Then we have H = 1 and K = M = max{e™7@+% 1},

Example 1.7 Let o, 5,7 > 0 and let

0 0
loller, = s ol [ oot s

(S,t)E[—Oé,O]X[—ﬁ,
be the seminorm for the space C'L., of all functions ¢ : (—oo,0] x (—o0, 0] — R™ which are

piece-wise continuous on [—a, 0] X [— 3, 0] measurable on (—oo, —a] x (—oo, 0] U (—o0, 0] X
(=00, =f], and such that ||¢||cr, < co. Then

0 0
H=1 K =/ / D dtds, M = 2.
—aJ-p

1.4 Some properties in Fréchet spaces

Let X be a Fréchet space with a family of semi-norms {|| - ||, }nen. We assume that the
family of semi-norms {|| - ||,,} verifies :

lulli < |lulle < lul|lz < ... for every u € X.
Let Y C X, we say that Y is bounded if for every n € N, there exists M,, > 0 such that

lyll, < M, forallvey.
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To X we associate a sequence of Banach spaces {(X™, ||-||,)} as follows : For every n € N,
we consider the equivalence relation ~,, defined by : u ~,, v if and only if ||u—wv||, = 0 for
u,v € X. We denote X" = (X|~,, | - |ln) the quotient space, the completion of X" with
respect to || - ||,. To every Y C X, we associate a sequence {Y"} of subsets Y™ C X" as
follows : For every u € X, we denote [u],, the equivalence class of u of subset X™ and we
defined Y™ = {[u], : u € Y'}. We denote Y™, int,(Y™) and 9, Y™, respectively, the closure,
the interior and the boundary of Y with respect to || - ||,, in X™. For more information
about this subject see [29].

Definition 1.8 Let X be a Fréchet space. A function N : X — X is said to be a
contraction if for each n € IN there exists k, € (0,1) such that

IN(u) — N()||n < knl|lu — v, for all u,v € X.

1.5 Some fixed point theorems

Theorem 1.9 (Nonlinear Alternative of Frigon and Granas, [29]).

Let X be a Fréchet space and Y C X a closed subset in'Y and let N :'Y — X be a
contraction such that N(Y') is bounded.

Then one of the following statements holds :

(S1) N has a unique fized point ;
(S2) There exists A € [0,1), n € N and x € 0,Y" such that |[xt — A N (x)]|,, = 0.

Theorem 1.10 (Burton-Kirk)([25]) Let X be a Banach space, and A, B : X — X two
operators satisfying:

(1) A is completely continuous, and
(i) B is a contraction.
Then either
(a) the operator equation u = A(u) + B(u) has a solution, or

(b) the set & ={u € X :u= NA(u) + AB(}), forA € (0,1)} is unbounded .



14

CHAPTER 1. PRELIMINARIES



Chapter 2

Impulsive Partial Hyperbolic
Differential Equations of Fractional

Order

2.1 Introduction

This chapter deals with the existence of solutions for impulsive initial value problem for
differential equations of fractional order given by

(CDZku)(t,x) = f(t,z,u(t,z)), if (t,x) € Jp, k=0,...,m, (2.1)

u(ty, ) = u(t,, ) + L(u(ty, ,z)), if z € [0,0]; k=1,...,m, (2.2)

u(t, 0) = p(t), u(0,) = Y(a), t € [0,a], z € [0,1], (23)

where Jy = [0,t1] x [0,b], Jx := (tg,tes1] X [0,0], & = 1,... ,m,z, = (t,0), k =
0,...,m, J = 1[0,a] x[0,b], a,b > 0, °Dj is the Caputo fractional derivative of order
7’:(7’1,7“2)E(O,l}x(O,l],0:t0<t1<---<tm<tm+1:a,f:J><R”—>R”,
I :R" - R" k=0,1,...,m are given functions, ¢ : [0,a] — R™ and ¢ : [0,b] — R" are

given absolutely continuous functions with ¢(0) = 1(0).

Next we consider the following nonlocal initial value problem

(‘DL u)(t,v) = f(t,x,u(t,v)), if (t,v) € Jp, k=0,...,m, (2.4)
uw(th, x) = ulty,z) + I(u(t,,x)), if z€[0,b]; k=1,...,m, (2.5)
u(t,0) + Q(u) = p(t), u(0,x) + K(u) = (x), t € [0,a], = € [0,], (2.6)

where f, ¢, ¥, Iy; k=1,...,m, are as in problem (2.1)-(2.3) and @, K : PC(J,R") — R"
are continuous functions. PC(J,R™) is a Banach space to be specified later.

15
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2.2 Existence of Solutions

First of all, we define what we mean by a solution of the initial value problem (2.1)—(2.3).
PC(J,R™) :{u S = R"u € O((tg, tgsa] X [0,0],R™); k=1,...,m, and there
exist u(ty,z) and u(t),z);k =1,...,m, with u(t;,z) = u(ty, z)}.
This set is a Banach space with the norm

lullpc = sup |u(t, z)|.
(t,x)ed

Definition 2.1 A function u € PC(J,R") is said to be a solution of (2.1)-(2.3) if u
satisfies the equation (*D™u)(t,z) = f(t,z,u(t,x)) on J', and conditions (2.2), (2.83) are
satisfied.

Let h(t,ﬂf) € C((tk7tk+1] X [Ovb]aRn)v k= (tk70)7 and
p(t,z) = u(t,0) + u(tf,z) —u(t;,0), k=0,...,m.
For the existence of solutions for the problem (2.1)—(2.2), we need the following lemma:

Lemma 2.2 A function v € C((tg, txs1] X [0,0],R™), k = 0,...,m is a solution of the
differential equation

(‘D u)(t,x) = h(t,z); (L, ) € (tr, teya) x [0,0], (2.7)
if and only if u(t, z) satisfies

u(t,v) = p(t, x) + (I7 h)(t, 2); (t,2) € (tg, teya] x [0,0]. (2.8)
Proof. Let u(t,z) be a solution of (2.7). Then, from the definition of (°D”, u)(z, z),
k

we have
I'77(D2u)(t, ) = hit, ).
2L

Which yield

then
k k
Since
[zl+ (DtQ:cu)(t? iL‘) - u<t7 {ﬂ) - u(tv O) - u(t;:a l’) + U(t;:, 0)7
k
we have

Now let u(t, x) satisfies (2.8). It is clear that u(t, z) satisfies
(‘DL u)(t,r) = h(t,z), on (tg,tr1] x [0,0].

In all what follows set
p(t,z) = po(t,z), (t,z) € J.
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Lemma 2.3 Let 0 < r1,r79 < 1 and let h : J — R™ be continuous. A function u is a

solution of the fractional integral equation

Bt x) + iy o Jo (= 97 @ = y) (s, y)dsdy if (£ 2) € [0,1] % [0,b],
k
pltsx) + Y (Lt @) = Lt ,0))) i (1,2) € (te, tia] X (0,0,
u(t,x) = i=1
k ti x
b 2 [ T e -0 s sy k=1...m,
i=1Jti-1
e Jo, i (= )7 @ = ) (s, y)dsdy
(2.9)
iof and only iof u 1s a solution of the fractional initial value problem
‘Diu(t,x) = h(t,x), (t,x)€e ], (2.10)
u(tf,z) = ulty,z) + L(ulty,2), k=1,....m (2.11)

Proof. Assume u satisfies (2.10)-(2.11). If (¢,z) € [0,t1] x [0, b] then
°D"u(t,z) = h(t,x).

Lemma 2.2 implies

u(t,x) = u(t,z) + m/o /:(t — )" Yo —y) L h(s, y)dsdy.

If (t,z) € (t1,t2] x [0,b] then Lemma 2.2 implies

a(t, z) =t ) + / / (t— 5)" (@ — y)" (s, y)dsdy
7“1 7“2 t1

= (t )+U( —u(tf
(T () / / ) @ — ) (s, y)dsdy
= (t )+u ty, o) —u(ty,0) + Liu(ty, =) — Liu(t,0))

// (t =) o —y)"* " h(s, y)dsdy
7”1 7”2

90()+u ty,x) = u(ty, 0) + Li(u(ty, x)) = Liu(ty, 0))

/ / (t =) o —y)"* " h(s, y)dsdy
7"1 7’2
= p(t, x) + Li(u(ty, x)) — Ii(u(ty,0))

/ / ty— )"z —y)" (s, y)dsdy
7“1 7”2

7’1 1 _ ro—1
T (r) // y)"* " h(s, y)dsdy.



18CHAPTER 2. FRACTIONAL IMPULSIVE PARTIAL DIFFERENTIAL EQUATIONS

If (t,x) € (tg,t3] x [0,b] then again from Lemma 2.2 we get

u(t,2) = it ) + W / / e — ) (s, )dsdy
=¢(t)
NN // (t =)z —y)™ " h(s,y)dsdy
= 900) )~ (. 0) + fus ) = Bl 0)

T T (1) // (t — )"z —y) 'h(s,y)dsdy
@(t)+ut27 —u(l2,0) + L(u(ty, z)) — I(u(ty, 0))

T T (1) // (t—s)" "z —y)  h(s,y)dsdy
= u(t, 50)+12 u(ty, ) — I (u(ty,0) + Li(u(ty, @) — Li(u(ty, 0))

7"1 1 o r‘gflh d d
T () / / y)" " h(s,y)dsdy
rl 1 . rg—lh d d
rl)r ) / / y)"™ " h(s,y)dsdy
1
7“1 1 _ rg—lh dsduy.
T (ra) / / y)"™ h(s, y)dsdy

If (t,x) € (tg, txs1] % [0,b] then from Lemma 2.2 we get (2.9).
Conversely, assume that u satisfies the impulsive fractional integral equation (2.9). If
(t,y) € [0,t1] x [0,b] and using the fact that D" is the left inverse of I" we get

°D"u(t,z) = h(t,x), for each (¢t,x) € [0,t1] x [0,D].

If (t,x) € [tg,tr1) x [0,0], kK =1,...,m and using the fact that *D"C = 0, where C' is a
constant, we get

°D"u(t,z) = h(t,z),for each (t,x) € [tg, tr+1) % [0,0].
Also, we can easily show that
u(tl,z) = u(t,,x) + I(u(t,,z), ze€l0,b,k=1,...,m.
In this section, we give our main existence result for problem (2.1)-(2.3).

Definition 2.4 A function v € PC(J,R") with its mized derivative D2, exists and is
integrable is said to be a solution of (2.1)-(2.3) if u satisfies the equation (“D"u)(t,z) =
f(t,z,u(t,x)), and conditions (2.2), (2.3) are satisfied.
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Our result is based upon the fixed point theorem due to Burton and Kirk.

Let us introduce the following hypotheses which are assumed after:
(H1) The functions I : R® — R™ are continuous.

(H2) There exist p,q € C(J,R) such that

|f(t, z,u)| < p(t,z)+ q(t,z)||u||, for (¢,z) € J and each u € R".

(H3) There exists [ > 0 such that

| Ik (u) — I (v)|| < I||lu—v| for each u,v € R"

Theorem 2.5 Assume that hypotheses (H1)-(H3) hold. If

2aleT2p*
oml + <1, 92.12
T+ DT + 1) (2.12)

then the IV P (2.1)-(2.3) has at least one solution on J

Proof: We shall reduce the existence of solutions of (2.1)-(2.3) to a fixed point problem.
Consider the operator N : PC(J,R") — PC(J,R") defined by

N(u)(t.a) = p(t.a) + Y Un(ulty,2)) = Li(ult,0)))

0<trp<t

rl 1 i ro—1
RG] F( /tk 1/ y) f(say,u(s,y))dyds

0<t <t

// ) —y) T f (s s uls, y))dyds,
7"1 7”2

and the operators I, G : PC(J,R") — PC(J,R")

F(u)(t,z) = p(t, ) + Y (I(u(ty, ) = I(u(t;, 0)))
Glu)(t.a) = 1F > [ / P ) (s, uls )dyds
1 0<tk<t th—1

7”2 / / rl 1 o y)rz_lf(’S?yvu(S,y))dde.

Then the problem of finding the solution of the IV P (2.1)-(2.3) is reduced to finding
the solutions of the operator equation F'(u)+G(u) = u. We shall show that the operators
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F and G satisfy the conditions of Theorem (2.5). The proof will be given by several steps.

Step 1: G is continuous.

Let {u,} be a sequence such that u,, — u in PC(J,R"), then for each (¢,z) € J

HG(un)(t ) — G(U)(t, :v)

Tl 1 - y>T271Hf(37 y,un(s,y)) - f(37 y7u(87 y))dedS

S
Tl F k tk 1 0
/ / YU — ) U £ 5, s un(s,9)) — (5,9, u(s, ) | dyds.
)F ’I“Q 0
Hf(:aun( )) _f U / / 1 1
< ’ )17z —y)™ dyds
r<n>r<r2 2 ), )y )

||f(7 7un( ) Hu( 2 ||/ / 7"1 1 —y)mildyd&
(7"1 7“2

Since f is continuous function, we have

2070 f (., 5 un) = F s u)) oo
i < )
1G(un) — G(u)||pc < D(r + D0 + 1) — 0 as n— o0

Thus G is continuous.

Step 2: G maps bounded sets into bounded sets in PC'(J,R™). Indeed, it is enough
to show that for any positive real number n*, there exists a positive constant [ such that
for each v € B,» = {u € PC(J,R") : ||u||pc < n*} we have |G(u)||pc <1
By (H2) we have for each (t,z) € J,

Gt )] < % >/ / (1= )77 = 9~ (5. . uls, ) sy

7“1 1 _ ro—1
e Lo D175,y uls, ) sy

[Pl + HQHooU / / L !
_ )y — ) *dsd
>~ F(Tl + 1 7”2 + th_1 y) !

[Pl + ||CJ||oon / / 1 1
N )y — ) dsd

C(ri+ DT (re + 1 / ’
Thus *
2a" 6 (Iplloo + llalloen”) _
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Hence ||G(u)||pc < 1*.

Step 3: GG maps bounded sets into equicontinuous sets in PC'.
Let (t1,21), (t2,22) € (0,a] x (0,b], t1 < ta, v1 < 72, B, be a bounded set as in step 2,

21
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let v € B,» be a bounded set of PC(J,R") as in Step 2. Then

|G (u)(t2, w2) = G(u)(tr, 21)]|

1 m tk; Tl Tl—]. . ro—1 — (1 — T T‘Q—l S. T.uls. T TdS

SWZ// (e = )" lwe = 7)™ = (@ = )] x |f (s, uls, 7)) ldrd
1 Em L "y — V27N f(s, T uls, 7)) |drds

+ m 1 Y th—1 /xl (ty — s) (x2 —7) (5,7, uls, 7))|drd

1 t1 T1 S _TT2*1_ _Sm,la:_Trgle s. 7. uls. T Tdx
+)_/ (2 — )" Mg — 7)1 = (11— )N — 1) x| f(s, 7 u(s, 7)) |drd

+ W/O /ﬂc1 (tz - S) 1= 1<x2 — T)Tz_lyf(s,'r,U(S,T))’deS
/ xl r1 1 Ty — T)mil’f(S,T,u(S,T))’deS

m

HpHOO+ HQHOOT] / / 1— 1 2—1 2—1
E VU (g — 7)™ — (xy — 7)™ drds
o F(T1+1 7“2+ [ te—1 J0 ? ) ( ! ) ]

7”1 7”2

[yl + HQHooU S / / Y 1
+ )T —7)"? drds
F(Tl + ?"2 + 1 ; th_ @1 2 )
t1
F|(|f||j + ||q7|‘|oo—i7_71 / / x2 _ 7.)7“271 — (t — 8)7'171(.1'1 . T)TQ*l]de;L‘
1 2 o Jo
[1Plloc + llgllocn” / / -
— drd
T T+ Dl 1 1) T2 T) T drds

+ HpHOO + ”qHOOn / / r1 1 Ty — T)TQ_ldes
0

F(T1+ ?"2+1

bl ol / [ =
t1

F(T’1+ 7’2—|—1

0
[Pl + llglloon” m/ / ! o 1

< P (g — 7)™ — (2 — 7)™ ]dTds
<tcmeco e (22 = 7P = (= )

HpHoo+|’CZHoo77 m/ / 1 —1
+ )1 (g — 7)™ dTds

F(’l“1+ 7’2+1 kz:; thq Ja1 ( 2 )

[Pl + llglloon”

007 (ty — )™ 1 2 (g — 2y)
T + 1Ty + 1) 202 (2 =) + 26/ (22 —2)

-+ t;ll’? — t;l[E;Z — 2(t2 — tl)Tl (ZEQ — Il)m].

As t; — to, 11 — xo the right-hand side of the above inequality tends to zero.
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As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can

conclude that G : PC(J,R") — PC(J,R™) is continuous and completely continuous.

Step 4: F is a contraction.
Let u,v € PC(J,R"), then we have for each (¢t,z) € J

Z (L (u(ty @) — In(v(ty,, )| + [L(u(ty, 0)) — Le(v(ty, 0))])
<> U(lu = vllpe + = vl pe)

k=1
< 2ml||lu — v||pc.

Thus

1 (u) = F(v)|pe < 2mlflu — vl pe-

Hence by (2.12), F' is a contraction.
Step 5: (A priori bounds)

Now it remains to show that the set
E={ue PC(JR") :u= )‘F<§) + AG(u), for some X\ € (0,1)}
is bounded. Let u € &, then u = AF(%) 4+ AG(u). Thus, for each (¢,2) € J we have

tk Y u(tl; O)

22

+ |1k

ult,z) = Au(t,z) +Z/\

7“1 1 ro—1
+ /tk 1/ — 1) f(s, T, u(s, T))dTds

L(r)(rq) // ) @ = 7)™ (s, 7, u(s, t))drds.

+
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This implies by (H2) and (H3) that, for each (¢,z) € J, we have

sl < )]+ A~ 40 + |fk““§’°)| - 1LO))

m

Y O]+ i / / " = ) s, 7) pedrds
k=1 th—1
/ )N — 1) drds

/tk 1
||Z?||Oo 7‘1 1 - ro—1
+ )27 u(s, T)| podrds

||Q||oo
F(Tl —+ 1 TQ +1

Ciri+ D)0 (ry+ 1

HQHoo / I L
+ )T — 7)) drds
DC(ri+ D0 (re+ 1 )

< m&xwwijwk7ﬂ+wk,m+ﬂ*
+ ||p||oo / )N — )2 (s, T)| podrds
F(Tl + 1 7"2 +1 k 1 St

IICJI|OO
F(m + 1 7"2 +1

/ / )1 o — 1) drds

lk—1

+ Ipllos // )N e — )2 (s, T)| pedrds
DC(ry+ D0 (re+ 1

||q||oo
F(T’l—'— T2+

)N o — 1) drds,
where .
= Z |1x(0)
k=1
We have for (t,x) € J

lu(t, )] < pll+2mi|ulpc + 217
zambrqu”oo 2ar1br2||p||oo

U )
F(ry+1)IT(re+1)  Tri+ DI (r2+ 1) lullee
Then
2a"6"||p|lo 2a"b"||q|o
el e ( M i1, = W T(ry + DT (ry + 1)
Thus
M N
fullre < g = M

- F(T1+1)F(T2+1)
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This shows that the set £ is bounded. As a consequence of Theorem 2.5 we deduce that
F + G has a fixed point which is a solution of problem (2.1)-(2.3).

2.3 Nonlocal impulsive partial differential equations

Now we present (without proof) an existence result for the nonlocal initial value problem
(2.4)—(2.6).

Definition 2.6 A function u € PC(J,R™) is said to be a solution of integrable is said to
be a solution of (4.10)-(4.12) if u satisfies the equations (2.4)-(2.6) on J, and conditions
(2.5), (2.6) are satisfied.

Theorem 2.7 Assume (H1)-(H3) hold, and moreover we assume that
(H'1) There exists k > 0 such that

1Q(w) = Q)| < Ellu = vllpe, for anyu, v e PC(J,R")

(H'2) There exists k* > 0 such that

K (u) = K@)[| < K llu —vllpe, for anyu, ve PC(J,R")

hold. If -
arl T‘Qp*
<1,
I'(ry+ 1) (re + 1)

then there exists at least one solution for IVP (2.4)-(2.6) on J.

k+k* +2ml +

2.4 An Example

In this section we give an example to illustrate the usefulness of our main results. Let us
consider the following impulsive partial hyperbolic differential equations of the form

1 lu(t, z)| ,
Dy = f 2.1
(“Diu)(t, x) ST (Lt ulta)])’ if (t,x) € JoU Jy, (2.13)
1+ 1- 1 lu(z™, 2)|
ul= ,x)=u(= ,r)+ — , it x € [0,1], 2.14
(3 ) (3 ) et o+ (15 + Ju(3 7, 2))) 0.1 (2.14)

u(t,0) =t, u(0,2) = 2%, t€[0,1], z €0,1], (2.15)
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where Jy = [0, 3] x [0,1], J1 = (5,1] x [0,1]. Set

1 lu(t, )|
8ettat3 (1 + |u(t, z)|)’

flt,z,u) = (t,z) € ]0,1] x [0,1].

Hence (H») is satisfied with

1
p(t,x) = Seirers and q(t,x) = Retrats
e L i)
_ U\l ,T
I(u(ty  x)) = ot | z € [0,1].

15+ |u(ty ™, x)])’
For each u,v and (¢,z) € [0,1] x [0, 1] we have

1
() = Tu(o)] < = lu— vl

Hence (Hj) is satisfied. We shall show that condition (4.15) holds with a = b =1 and
m = 1. Indeed,
2a" b2 p* 1

1
2ml = — <1,
T N+ )T (et 1) 3t 4T(m + DT (s + 1)

which is satisfied for each (r1,75) € (0,1] x (0, 1]. Consequently Theorem 2.5 implies that
problem (5.10)-(5.12) has a solution defined on [0, 1] x [0, 1].



Chapter 3

Impulsive Partial Hyperbolic
Functional Differential Equations of
Fractional Order with Delay

3.1 Introduction

In this Chapter, we prove sufficient conditions for the existence solutions for fractional
impulsive partial differential equations with delay,

3.2 Impulsive Partial Differential Equations with Fi-
nite Delay

3.2.1 Introduction

In this section, we study the existence of solutions for the following impulsive partial
hyperbolic differential equations:

(CDZku)(t,:c) = f(t,x,upw); if (t,x)e Jy, k=0,...,m, (3.1)

uw(ti, z) = u(t,,z) + I(u(t,,z)), ifze€l0,b], k=1,...,m, (3.2)

u(t,z) = o(t,z); if (t,z) € J, (3.3)

u(t,0) = ¢(t), t €[0,al, u(0,z) =Y(x); = € [0,b], (3.4)

where Jy = [0,t1] x [0,b], Jx := (g, tes1] X [0,0], & = 1,...,m, 2

) = (&
0,...,m, a,b,a, > 0,J = [0,a] x [0,b], J = [—a,a] x [-5,b]\(0,a] x (0,b], D is
the Caputo fractional derivative of order r = (r1,72) € (0,1] x (0,1}, ¢ : |

¥ [0,b] — R™ are given continuous functions with ¢(t) = ¢(¢,0), ¥ (z) = ¢(0, x) for each

(o) €J, 0=ty <t < - <ty <tma=a f:JxC =R I, :R" - R" k=

27



28CHAPTER 3. FRACTIONAL IMPULSIVE PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIC

1,...,m, ¢:J — R", are given functions and C' := C([—a,0] x [—f,0],R™) is the space
of continuous functions on [—a, 0] x [—/,0].
If u:[—a,0] x [-3,0] — R”, then for any (¢,x) € J define u( ) by

Uy (S, T) =u(t+s,2+7)

3.2.2 Existence Results

In this section, we give our main existence result for problem (5.1)-(5.4).
Set Jr = (tg, tr+1] % (0,b]. Consider the Banach space

PC = PC(J,R")
= {u =R ueC(J,R"),k=1,...,m, and there exist u(t, ,x) and
u(td, ), k=1,....,m, with u(t;,z) = u(ty,z)}.

with the norm
lullpc = sup |u(t,z)].
(t,x)eJ
Set
Q={u:[-a,a] x [-5,b] — R"),u|; € C and uljqxp4 € PC}.

Definition 3.1 A function u € €2 such that its mixed derivative pfx exists on J' is said
to be a solution of (5.1)-(5.4) if u satisfies the condition (5.3) on J, the equation (5.1) on
J'" and conditions (5.2), (5.4) are satisfied on J.

Lemma 3.2 [7] Let 0 < 11,79 < 1 and let h : J — R"™ be continuous. A function u is a
solution of the fractional integral equation

¢(t,$) if (t,I) e J,
plta)+ > (Ielulty o) = Lu(u(ty, 0) i (t,2) € J,
(t ) 0<tp<t .
u\t,r) = k T B o
I /t /0 (te — )™ 7 @ — y)" " h(s, y)dyds k=1,...,m,
0<:§k<1‘/m k—1
T /tk /0 (t—s)" " —y)" " h(s,y)dyds,

(3.5)
if and only if u is a solution of the fractional initial value problem
‘D'u(t,z) = h(t,x), (t,x)e Jg, k=0,...,m, (3.6)
u(ty, ) = u(ty, ) + L(u(ty,z), k=1,...,m. (3.7)

Our result is based upon the fixed point theorem due to Burton and Kirk. Let us introduce
the following hypotheses which are assumed to hold in the sequel.

(H1) The functions I : R® — R™ are continuous.
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(H2) There exist p,q € C(J,R,) such that
| f(t, z,u)| <p(t,x)+q(t, z)||ul|c, for (t,z) € J and each u € C.
(H3) There exists [ > 0 such that
I (u) — I (0)|| < l||u—v| for each u,v € R" k=1,...,m.
Theorem 3.3 Assume that hypotheses (H1)-(H3) hold. If

2ml < 1, (3.8)

then the IV P (5.1)-(5.4) has at least one solution on J.

Proof. We shall reduce the existence of solutions of (5.1)-(5.4) to a fixed point problem.
Consider the operator N : {2 — () defined by

( o(t,x) if (t,x) € J,

O<tp<t

Nt ) = { Freores 2 / / e et

O<tp<t ™ 'k—1

X f(s,y,u Sy) )dyds

TQ) / / 1”1 1 y>7“271

\ f( (s,y) dyds

Consider the operators F, G : {2 — €2 defined by,

[ o(t,z), (t,z) € J,

1 r 1 ro—1
T(r)T(r2) Z/t / t _y)2 k=1,....,m

0<tk <t v 'k-1

G(u)(t,x) = X f(s,y,u (s) )dyds
m)/ / (t— )Lz — )7
\ ><f( Usy))dyds, (t,z) € J.
and .
0, (t,z) € J,
Flu)t.x) = pt2)+ Y (Lel(ulty, 7)) — L(ult; ,0)), (t.z) € J.

Then the problem of finding the solution of the IV P (5.1)—(5.3) is reduced to finding the
solutions of the operator equation F'(u) + G(u) = u. We shall show that the operators F

ut.z)+ Y (1k<u(t;,x)) - 1k<u(t;,o))) if (ta)ed k=1,...
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and G satisfy the conditions of Theorem 3.3. The proof will be given by several steps.

Step 1: G is continuous.

Let {u,} be a sequence such that u, — u in C, then for each (t,z) € J
HG(un)(t z) = Gu)(t, )|

S 1" / / 7"1 1 — y)rz—lnf(s,y,un(&y)) — f(37y7u(s,y))||dyd8
7“1 tk—1

" W /tk / (t =) a = y)" (Y, tngs) = F(8,9: Usy))lldyds.

WMot Sl 5 / 11— )y
F(Tl)F(TQ th_1

+ Hf(? ,un( )) H / / 7‘1 1 —y)TQ_ldde.
F(Tl

Since f is a continuous function, we have

2a7"1b7"2||f(, y Un(., )) f(7 » U, )HOO
L(ry + D)0 (rg + 1)

|G (un) = G(u)|leo < —0 as n—> o

Thus G is continuous.

Step 2: GG maps bounded sets into bounded sets in C.

Indeed, it is enough show that for any n*, there exists a positive constant [ such that,
for each u € B,» = {u € C: |Ju|l» < n*} we have ||G(u)|c < L.
By (H2) we have for each (t,z) € J,

Gt ) < / / O (= ) (5,9 )| dyds
te—1
/ / (g — | f (5,9 o) | dyds
7’1 7‘2
12]l00 + 1l¢llocn® / / I 1
< )@ — y)™ Ldyd
S T(m+ 00+ 1) 2~ J, y)"* dyds

+ Hp”oo + Hquon / / r1 1 _ y)rQ_ld’de.

F(T1+1 7"2—|-

a0 (||pllco + [1qllccn” X
G < =1

Hence ||G(u)||55 < I*.
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Step 3: G maps bounded sets into equicontinuous sets in C'.
Let (t1,21), (t2,z2) € (0,a] x (0,b], t; < ta, 1 < xa, B, be a bounded set as in Step 2,
let u € B, be a bounded set of C' as in Step 2. Then

1 m t 1 - ot s
eI o A et A R R S S R VAT

k=1 Y tk-170

1 m 23 z2 S -
+r<n'>r<r2'>z/ / (b = )" (w2 = 7)1 (5,7 s | drds

k=1 Ylk—1 711

L(r2) Jo  Jo
1 to T2 . )
+ F(Tl)r(rg) / / (t — S)ﬁ (:L‘ 7')’"2 ]f(s S )‘deS
t T
1 1tl 122 i .
+W/O (ta = 8)" " wo = 7)Y f (5,7, ugs,m) | drds
x1
+m/ / (b2 = &)™ (w2 = 7)™ M f (5,7 s )l drds

IPlloe + IIQI|oon

= T(ry 4+ DD(ry + 1 Z/ /0 Mg — 1) = (2 — 1) drds

||p||oo+IIQ||oo77 - / / .
— Y2 ldrd
+F(T1+1 Z th_1 xz ) T

[[pl] + HQHOOW / o 4 .
[(to — s)" m—T” —(t1 — )" " Hxy — 7)™ dTds
CERCEY 2—T) (ty =)z — 7)™ 7]

||29Hoo+HCIHoo77 / / .
+ (xg — 7)™ drds
F(Tl + 7°2 + 1 2 )

||])||0o + ||q||0077 / / 171(:5‘2 _ T)TgfldeS
0

F(T1+1 T2+1

4 HpHOO + ”qHOO/U / / x2 o T)Tz—ldeS
F(’rl + T2 + 1 th 0
< HpHOO + ||€I||oo77 i/ / rl 1 (1,2 _ 7_)’!‘271 _ ($1 _ T)TQil]deS
- P(Tl + 1 7"2 +1 k:I 0
1Pl + ||Q||oon S / / I -
+ )1 (2 — )N drds
F(Tl + 7‘2 + 1 kz; tho1 2 )
1Plo + HQHOOH

2 (ty — 1) + 245 (15 — 11)"
F(Tl + 1)F(’T‘2 + 1)[ Ty ( 2 1) + 2 <x2 xl)

+ t?.f? — tgl.fCZQ — 2(t2 — tl)rl (332 — xl)rz].
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As t; — ty, 1 — x5 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can
conclude that G : PC' — PC'is continuous and completely continuous.

Step 4: F is a contraction.
Let u,v € C, then we have for each (t,z) € J

IF(u)(t,2) = F(o)(E, 2)|
Z (I (u(ty  2)) = Le(v(ty, )| + [ Lk (ulty, 0)) = Iu(v(t, 0)])

l(l[u = vl + llu—vlle)

Il MS Il

lHu—ch.

Thus

[ (u) = Fo)lle < 2mifu = vlle.

Hence by (3.8), F' is a contraction.
Step 5: (A priori bounds)

Now it remains to show that the set
E={uelC:u= )\F(%) + AG(u) for some A € (0,1)}

is bounded. Let u € &, then u = AF(}) + AG(u). Thus, for each (¢,z) € J we have

u(tr) = Miltz)+ 30N (e (M0 4 gy (M0

A . a ’ ri—1 ro—1
T Xy € i

+ = / (t—s)" " —7)" " f(s, 7, ugs ) drds.
0
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This implies by (H2) and (H3) that, for each (¢,z) € J, we have

lut, )l <t )]+ Y (Heulty, @)l = O] + [ eu(t, 01l = [ 1k(0)]])

k=1

+ 22”1 H+ ||p||oo Z/ / (t— s)"™ 1
lg—1

||q||oo

/ / 7"1 1
te—1

) upnoo / [t
.\ \quoo -/ /

)2 g mlledrds

T)TQ’ldes

— 7')”_1 |lugsmllcdrds

— )2 Ydrds

)’"2_1 (s, || cdrds

T)TQ_ldes

— 1) g lledrds

<t @) |+lz Julty, )| + llu(ty, O)) + 217

) Il / [
F(T1+1 7“2—|—1 th1

14]loo / / I

+ (t—s)"~
F(Tl—f-]_ T2—|—1 th_1 J0

—"_ / [t
F(T’l—'— 7“2—|—1

S I
F(T1+1 T2+1

where .
=>_l1(0)
k=1
We consider the function v defined by

V(tv‘r) = sup{|u(s,7’)| :

Let (t*,2%) € [—a,t] x
the previous inequality, we have for (¢,x) € J

v(t,z) <

||p||oo
F(’I"l + 1) T2 —|—

[ L

/t“/

[—f,x] be such that y(t,z) =

T)Tz_ly(s, T)deS) +

7')’"2’1de5,

—a<s<t,—f<7<2,0<t<a0<z<b}
lu(t*, z*)]. If (%,

z*) € J, then by

Hu(t,x)lHlZ lulty, ©)[ + lluty, O)) + 217

7‘1 1 )T‘Q—l

-7 (s, T)dTds

2a"0"||q[|
F(Tl + ].)F(T’Q —I— 1) '
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If (t*,2*) € J, then v(t,z) = ||¢[lc and the previous inequality holds. If (¢,x) € J, by
Lemma 1.4 implies that there exists k = k(rg,72) such that

207 "|| g o )

At ) < (Hu(t,x)H+lZ(HU(t;7x)H+|IU(t;ZaO)||)+21*+Fm“)r(rﬁl)

k=1

- / [ sra e
1 k 7"1 _ r2=ldrd
< et 2l HZ e, ol + (i 0)]) + 217 + =l
R k=1 [(ry+1)I(re +1)
i llplleca™ 0 ) -
X L+ k = R.
< C(re + DI(re + 1)

Since for every (t,x) € J, ||u(t,z)||c < 7v(t,z). This shows that the set £ is bounded.
As a consequence of Theorem 4.2 we deduce that F'+ G has a fixed point u which is a
solution of problem (5.1)-(5.4).

3.2.3 An Example

As an application of our results we consider the following impulsive partial hyperbolic
differential equations of the form

(& T _ 1 . 3 J—
(“Dyu)(t,z) = 01 1 Jat = Lz —2)]) if (t,x) € (tg,trs1]x[0,1], k=1,...,m,
(3.9)
_ 1
u(ty,z) = u(t,,x) + (6 =) (1 & |u(t;,x)]); ze|0,1], k=1,...,m, (3.10)
u(t,z) =t + 2% (t,x) € [-1,1] x [=2,1]\(0, 1] x (0, 1], (3.11)
u(t,0) =t, t €10,1], w(0,z) = 2%, z € [0,1]. (3.12)
Set .
f(t,z,u) = M0 =) (1 1 |u|)’ if (t,z) € [0,1] x [0,1]

_ 1
Ii(u(ty,, x)) = e e [0,1].

For each u,u € R™ and (t,z) € [0, 1] x [0, 1] we have

k() = L (v)]| < 4Hu vllpe:



3.3. IMPULSIVE PARTIAL DIFFERENTIAL EQUATIONS WITH INFINITE DELAY35

Hence (Hj) is satisfied with [ = Z;. We shall show that condition (4.5) holds with
a=>b=1and m=1. Indeed,
1
2ml = -— <1
Mg S
which is satisfied for each (ry,r2) € (0,1] x (0, 1]. Consequently Theorem 3.3 implies that
problem (3.9)-(3.12) has a solution defined on [—1,1] x [-2, 1].

3.3 Impulsive Partial Differential Equations with In-
finite Delay

3.3.1 Introduction

In this section, we shall be concerned with the existence of solutions for the following
impulsive partial hyperbolic differential equations:

(D u)(z,y) = f(2, 4, u@y); if (x,y) € Tk, k=0,...,m, (3.13)
u(z,y) = u(zy,y) + I(u(xy,,y), ifye€l0,b], k=1,...,m, (3.14)
u(x,y) = QS(.T,y); if (fl?,y) S j’ (315>

UJ(I?O) = gp(l‘), x e [O,CL], u(07y) = ¢(y); ye [07 b]7 (316)

where Jy = [0,21] x [0,0], Jx = (xg,xp41] X [0,0]; kK = 1,....m, 2z = (24,0), k =
0,...,m, a,b > 0, J = [0,a] x [0,b], J = (—o0,a] x (—o0,b]\(0,a] x (0,b], ‘D7 s
the Caputo fractional derivative of order r = (ry,ry) € (0,1] x (0,1], ¢ : [0,a] — R",
¥ 1 [0,b] — R™ are given continuous functions with ¢(z) = ¢(z,0), ¥(y) = ¢(0,y) for
each (r,y) € J, 0 =g <21 <+ < Tpy < Typy1 =a, [ : I xB = R" [, : R" —
R, k=1,....,m, ¢:J — R" are given functions. B is called a phase space that will
be specified in the next Section. If u : (—o0,a] x (—o0,b] — R™, then for any (z,y) € J
define u(, ) by

Uz (5, 1) = u(x + s,y + 1), for (s,t) € [-a,0] x [-4,0].

3.3.2 Existence Results

Our main result in this section is based upon the fixed point theorem due to Burton and
Kirk. To define the solutions of problems (3.13)-(3.16), we shall consider the space

Q ={u: (—00,a] x (—o0,b] = R" : u(,,) € B for (z,y) € E and there exist
u(zy,.), w(xy,.) exist with u(zy,.) = u(xg,.); k=1,...,m, and
u€ C(Jy,R");k=0,...,m},

where Jk = (xk,13k+1] X (O, b]
Let us define what we mean by a solution of problem (3.13)-(3.16).
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Definition 3.4 A function u €  is said to be a solution of (3.13)-(3.16) if u satisfies
(°D7 u)(w,y) = f(x,y,u(z,y)) on J" and conditions (3.14), (3.15) and (3.16) are satisfied.

Let h € C([xg, zk41] X [0,b],R™), 2 = (2%,0), and
pr(x,y) = u(z,0) + u(zy),y) —u(zy,0), k=0,...,m.
For the existence of solutions for the problem (3.13)—(3.16), we need the following lemma:

Lemma 3.5 A function u € C([xg, vx+1] X [0,0],R"); k= 0,...,m is a solution of the
differential equation

(“DLu)(z,y) = Mz,y); (2,y) € [zr, o] x [0,0],
if and only if u(x,y) satisfies
u(:z:,y) = ,uk(aja y) + (Izkh)@j?y)v (xay) € [wk7$k+1] X [07 b] (317)

Lemma 3.6 [7] Let 0 < 1,75 < 1 and let h : J — R" be continuous. A function u is a
solution of the fractional integral equation

P(z,y) if (x,y) € J,
pay)+ Y (Il y) - I(u(y,0)) if (2,y) € J,
( ) O<zp<z . ’
’Lbl’,y = T
e Do / / (1 — )"y — )" h(s, t)dtds k=1,...,m,
0<§k<xy Tk—1 /0
+W/ /(9:—s)“‘l(y—t)”‘lh(s,t)dtds
T 0

(3.18)

if and only if u is a solution of the fractional initial value problem
‘D'u(x,y) = h(z,y), (z,y) € Jp, k=0,...,m, (3.19)
u(zy,y) = ulzy,y) + I(u(zy,y), k=1,....m. (3.20)

Let us introduce the following hypotheses which are assumed hereafter.
(H1) The functions I : R® — R™ are continuous.

(H2) There exist p,q € C(J,R;) such that

| f(t,xz,u)|| < p(t,x) + q(t, x)||u||z, for (t,z) € J and each u € B.

(H3) There exists [ > 0 such that

|k (u) — I (v)|| < I||u—v| for each u,v € R".
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Theorem 3.7 Assume that hypotheses (H1)-(H3) hold. If
oml < 1, (3.21)

then the IVP (3.13)-(3.16) has at least one solution on J.

Proof. We shall reduce the existence of solutions of (3.13)-(3.16) to a fixed point problem.
Consider the operator N :  — Q) defined by

( o(x,y) if (z,y) € J,
ploy)+ Y (mu(x,;,y)) - fk<u<x,;,o>>) i (1,y) € J
O<zp<z
N, g) = ey
+F(7‘1)1F(r2) Z / Yy —t)2 h(s,t)dtds k=1,...,m,
0<§k<x Th—1
o) /xk /0 (w = )"y =) h(s, t)dtds.

Consider the operators A, B : {2 —  defined by,

¢z, y), (z,y) € J,
s)1 Ty — )t k=1,...,
rl)F r2) O<§k:<z/x / m
A)(z,y) = xf(s,t,u(s,t))dtds
+m/ /O (x—s)" My —t)="
\ xf(s,t,u(s,g))dtds, (z,y) € J.
and
0, (z,y) € J,
Blu)(z,y) =4 pla,y)+ Y Tlulay,y) — L(u(zg,0)), (v.y) € J.
O<zp<zx

Let v(.,.) : (—00,a] x (—o0,b] — R™ be a function defined by,

vix — Qb(:)j,y), (w,y)ej.
) { ( |

Then v, ) = ¢ for all (z,y) € E.
For each w € (J,R") with w(z,y) = 0 for each (x,y) € E, we denote by w the function

defined by
_ | o, (x,y) € J,
70 ={ b e
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If u(.,.) satisfies the integral equation,

wz,y) = wzy)+ NECS // )y — )27 (s, 1, ugs ) dtds

we can decompose u(.,.) as u(z,y) = w(z,y) +v(z,y); (z,y) € (zk, Tp+1] X [0,b], which
implies Uz y) = W(z,y) + V@), for every (z,y) € J and the function w(.,.) satisfies

w(z,y)= Y ((ulwy,y) — I(ul;, 0))

O<ack<$

Z/ / Y1y — 02 f (5,8, Wiewy + V(s )dtds
7“1 7‘2

O<zp<z

/ / ) 1 — t)m*lf(s,t,w(&t) + 'U(Sﬂg))dtds.
['(r1)L(r2)
Set
Co={weQ: wx,y) =0 for (z,y) € E},
and let ||.||c, be the norm in Cy defined by

[wlley = sup |lweylls + sup [Jw(z,y)l| = sup [w(z,y)l|, w e Co.
(z,y)EE (z,y)ed (zy)ed

Cy is a Banach space with norm ||.||¢,. Let the operators A, B: Cy — C defined by

STy D / / Uy =) k=1,...,m
0<zp<z ¥ Th-1
X t, W, <1 )dtd
(Aw)(z,y) = § 1T+ poo)dtds 1
+F(T1)F(T’2)/ A(x_s)rl— (y—t)T‘z_
zy,
L Xf(S,t,W(Svt) + U(SVt))dlde, (x,y) e J

and

(Bw)(w,y) = ule,y) + Y (Inlulzg,y) — I(u(zy,0)), (@) € J.

O<zp<z

Then the problem of finding the solution of the IV P (3.13)—(3.16) is reduced to finding
the solutions of the operator equation A(w) + B(w) = w. We shall show that the opera-
tors A and B satisfy the conditions of Theorem 3.7. The proof will be given by a couple
of steps.

Step 1: A is continuous.

Let {w,} be a sequence such that w,, — w in Cy, then for each (z,y) € J
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IIA(wn)(:If y) — A(w)(z,y)]|

Z/ / o — 5) Ly — £yt
7“1 7’2

Hf(S t wn(st "—Un st) f(S t w(st) +’Ust))HdtdS

l,_S’V‘l 1 t)?“g—l
7“1 7“2

X |1 f (85t Was,t) +vn<s b)) — f(s t w(st) + Ve ||dtds.

\!f(,,wn()+vn( ) = fLa W) + vl "y — 1) dtds
F(rl)F(r) Z/ / )2 Ldtd

Hf(? 5w +Un( ))_f( )+U( H/ / r1 1 —t)TQ_ldtdS.
L(r)L(r2)
Since f is continuous function, we have

2a”br2||f(-, . wn(,)) - f(? ) w(7))||00
F(T’l + 1)F(7”2 + 1)

— 0 as n —> o0

[A(wn) = A(w)lle, <

Thus A is continuous.

Step 2: A maps bounded sets into bounded sets in Cj.
Indeed, it is enough show that for any n*, there exists a positive constant [ such that, for
each w € By = {w € Gy : [|[w|(ap) < 0} we have [[A(w)]|s <1
By (H2) we have for each (z,y) € (x, xr41] % [0, 0],

AGw) (e, y)H_M o Z / / 7 = 0 F (5 Wy + )t

/ / rl 1 — t)m_le(S, t, W(Si) + U(svt))HdtdS
7“1 7’2
1Pl + HC]”oon / / I 1
< )T — )27 dtd
- F(rl + 1 TQ + 1 Z ) 5

N ||p|!oo+||q!|oon // 7Ny — £ Ldtds
F(T1+ T2+

206" (||l + llalloon™) _
[(ri+1D(re + 1)

Thus
[A(w)|s <

where

105,018 + vl

|[Wisny + vspylls <
< Ky + K||6(0,0)[| + M||¢]|5 := 7.
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Hence || A(w)]|c, < 1.

Step 3: A maps bounded sets into equicontinuous sets in Cj.
Let (x1,y1), (z2,92) € (0,a] x (0,b], z1 < 2, y1 < y2, By~ be a bounded set as in Step 2.
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Let w € B+, then

| A(w )(Izay2) A(w 1,y

/x / — ) (g — )2 = (g — )]

X f(s t w(st y)dtds
+ T l/ / = ) Mg = O T + e
s
TS /“i/ U e R S T
f £ Wsp) + Vs dtda
T (o) /Il /yl = )" Ty — )2 T (8,8, Wiy + Vi) [l dtds

z1
/ / xo — )" y2 — t)r2_1||f(s,t,@(s,t) + V(s ) ||dtds
T T2 v
Y1 1 1
/ [ = s = 7 T+ ) s
7“1 7”2

o0 + o0 “ yl r ro— ro—
||p|| ||Q|| 77 Z/ / 1— 1 <y2 o t) o—1 (yl _ t) 2 1]dtd$
TE—1 0

_F(T1+1 7’2+1k1

[Pl + HQHmU / / I 1
+ ) — 1) dtds
F(Tl -+ 1 7’2 ‘|— o Ty y2 )

1Plloe + [Iqlloen” /1/ . . =
- — )2l _ (g, — s)" — )2 Yadtd
+F(7‘1+1 T(ry + 1) (z2—8)" " Hya — 1) (x1 —5)" " (yr — )" |dtds

!!p\loo+!\(J|!oo77 / / n- 1
— — )27 dtd
F(T’l + 1 TQ + 1 2 S y ) 5

[Pllo0 + HQHoon /“/ I L
+ ) — )" dtds
F(Tl + 1 7'2 —|— 0 y2 )
[plloo + HQHoon / / I L
+ ) — )" dtds
Cri+1)C(ra+1) Joy Jo 2 =)

m

[Pl + llglloon” Z/ zp —s) (y _ t)?”z—l — (y; — t)T2—1]dtd3
k=1 Y k-1 /0

“ D+ 1)+ 1)

m

[Pllo0 + HQHoon / / .
+ g T — ) — )" dtds
F(’T‘l + 1 7"2 —|— ]_ 1 K y2 )

[1Pllos + llgllocn”
2 T2 _ T1 2 T1 _ o
T + 1Ty £ 1) 22 (72 = 2)™ + 205 (92 = 1)

Ty, T2

+ 2ty — w5t yyt — 2(we — 21) (y2 — 1)

_|_
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As x1 — x9, y1 — vy the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can
conclude that A : Cy — Cj is continuous and completely continuous.

Step 4: B is a contraction.
Let w, w* € Cp, then we have for each (z,y) € J

|B(w)(x,y) — B(w*)(z, y)|

(Hk(w(zy,y)) = Le(w™ (2, w)I 4 [k (w(z, 0) = L(w™ (2, 0))]])

NE

B
Il
—

Ms

l(lJw = wleo + [Jw = w™[|c)

k
<2m le —w*|c,-

Thus

[1B(w) = B(w")|lc, < 2miflw —w|c,-

Hence by (3.21), B is a contraction.
Step 5: (A priori bounds)

Now it remains to show that the set

E={weCy:w=\B (%) + MA(w), for some A € (0,1)}
is bounded. Let w € &, then w = AB (%) + AA(w). Thus, for each (z,y) € J we have

wia.g) = A3 (15 (O

)\ 7"1 1 ro—1 —
* Tl)F 7’2 Z/ / - t) f(87t7w(s,t) + U(&t))dtds

A
* 7’1)F ’/‘2 / / Tl 1 - t)milf(& tuw(s,t) + U(s,t))dtd&
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This implies by (H2) and (H3) that, for each (z,y) € J, we have
u(@y,y) u(zy,0)
[w(, y)| Z)\ 17e=== M = 12O + ([ === = [ 1(0) 1)

+ 2)‘ZHL€ H+ ||p||00 Z/ / rl 1 _t>r271

X HU)(S¢ +U(st HBdtdS

gl / / -1 1
)" y—t)"? dtd
+ F(T1+1 7’2+1 Tho1 ) 5
+ Hp”°° V1 y — )2 W sy + V(s || BAEDS
F(’f‘1+ T2+1 (s,t) (s;t)IIB
HQHoo // = 1
)" y— 1) dtd
+ F(?”l—i- 7’2—|—1 ) 5
< ZZIIU (i )| + llu(ty, 0)[]) + 217
Il < VR "
BTy ey £)"> M@ (s ) + V(o) || ptds
Tp—1 0
+ Il i/ / )y — )2 N dtds
F(T1+1 7“2+1 zr_1 J0
ke @ = 0 e + v llpdids
F(Tl‘i‘ 7.2_|_1 0 0 (st) (s,t) I B
||<J||oo // -1 1
)" y—t)? " dtd
+ P(T1+ 7’2+1 0 0 ) 5
where
= > [11:(0)
k=1
and

W0l + lvsnlls

W) + vsplls <
< Ksup{w(3,t): (5,1) € [0,s] x [0,]}

+M||¢][5 + K||4(0,0)]]. (3.22)

If we name (s, t) the right hand side of (3.22), then we have

Hw(s,t) + U(S,t)HB S V(xa 9)7
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and therefore, for v(x,y) € J we obtain

= _ _ 2a"0" ||q||o
< 2I*
[w(z,y)| < lkEZI(HU(xk,y)H+Hu(%‘k,0)\|)+ + Tl £ )0 £1)
[Pl oo / / 1 —1
YUy —T1)"™ drd
L(ry+ D)0 (rg + 1 - s, T)drds

/ / T —T)’"Q_l'y(s,T)de8>. (3.23)

Using the above inequality and the definition of y for each (z,y) € J we have

Vzy) < Mllolls + Kl[¢(0,0)]] +ZZ luzy s Yl + llulzy, 0)[]) + 217

[1P]] 00 / / I .
)y — 7) drd
T T r2+1 " 7" (s, m)drds
- 2a"0"|q| oo
7‘1 1 . ro—1 d d)
/ / s T)dTds )+ m e, )
< Ml¢lls + K|¢(0, O)H +2ml’y z,y) + 21"
[1P]] 00 / / -1 1
7’ _ T d d
+ RSN r2+1 - )2 (s, T)dTds

- 2a"0"||q]]
7‘1 1 o ro—1 d d ) o0
* / / s m)drds ) + m G, 1)

Thus
ey)(L—2ml) < M|6ls+ K[6(0,0)] + 21 + —— 0 el
- T(ry+ D0(rp + 1)
_|_ ||p||00 / / 7’1 1 _ T)TgilfY(S’T)deS
F(Tl + 1) T2 —|— _—

n / / i —T)TQ_lv(s,T)des>

Then
Y(x,y) < (

2a"6"||ql| oo
L(ry + D)0 (re + 1)

||p||oo / / 1 —1
+ YUy — 1) s, T)dtds
F(Tl + 1 7”2 —f- ]_ Z TE_1 40 ) /Y( )

+ // ) —T)Tz_l’y(S,T)deS))

1_2m z) X (M||¢IIB+K||¢<0,0)|| or+
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If (z*,y*) € J, then y(z,y) = ||¢]lc and the previous inequality holds. If (z,y) € J, by
Lemma 1.4 implies that there exists k = k(r,72) such that

1 2a"0"™||ql|
< M K 21"
o) < (=) % (el + Klo,0)] + 2+ 2= )

X (1 + IE% /0»"5 /Oy(:c —5)"1 7y — T)r2_1d7'd8>

Then

200" | gl )

) (Mlls + KII60,0)]| + 20 + o= —p =5

Vwy) = <1—2ml

a” b ||p| o A
X |14 ) = R.
( F(TQ + 1)F(7“2 + 1)
Since for every (x,y) € J, |yl < 7(2, ).
This shows that the set £ is bounded. As a consequence of Theorem 3.7 we deduce that
A + B has a fixed point which is a solution of problem (3.13)-(3.16).

3.3.3 An Example

In this section we give an example as an application of our results. We consider the
following impulsive partial hyperbolic functional differential equations of the form

e Y u(z,y)
9+ ety (1 + |u(x,y)|)’

(@mejznﬁxmﬁuéﬂwmgL@%>

(D%, u)(.y) = ;

u(;r,y) = u(%_,y) +1 f‘(iizl)’y);‘, if y € [0,1], (3.25)
u(z,y) =z + v, if (v,y) € [-1,1] x [-2,1]\ (0, 1] x (0, 1], (3.26)
u(z,0) =z, u(0,y) =9 z€[0,1], y €10,1]. (3.27)

where zg = (0,0), z; = (%, 0). Let v € R, and C, be the set of all piece-wise continuous
functions ¢ : (—o0,0] x (—00,0] = R" for which a limit lim;(s |-’ V(s, ) exists,

with the norm

olle, = sup e |g(s, 1)
(s,t)€(—00,0] X (—00,0]
Set
e Y]y
[y, 9) = R |¢|)7(x,y) € [0,1] x[0,1],p € C,
and

[ul

Ii(u) =
L Jul

,UER+.
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It is clear that the functions f and [; are continuous, and for (z,y) € [0, 1] x [0,1] and

p € C, we have
e *Y
= (2
Py ) = 5y 2+ )

Hence (H2)is satisfied with

_ 2e7tY d ey
p(z,y) = 01 erty M q(z,y) = 0+ exty
Also, for uy,us € R, we have

il Jug|
Lbjua] 14 Jul

1
< —Juy — ug

[ (u1) — I(ug)| =

Thus (H3) is satisfied with [ = 1. Finally conditions of Theorem 3.7 are satisfied, which
implies that problem (3.13)-(3.16) has at least one solution defined on (—oo, 1] X (—o0, 1]



Chapter 4

Impulsive Partial Hyperbolic
Functional Differential Equations of

Fractional Order with State
Dependent Delay

4.1 Introduction

In this chapter, we shall be concerned to the existence of solutions for impulsive hyperbolic
differential equations of fractional order with state dependent delay.

4.2 Impulsive Partial Differential Equations with Fi-
nite Delay

4.2.1 Introduction

In this section, we shall be concerned with the existence of solutions for the following
impulsive partial hyperbolic differential equations:

(‘DL u)(t,x) = f(t, x,u(pl(tmu(m)7p2(t,m7u(m)))); if (t,x) € Jp,k=0,....,m, t #tx, (4.1)

u(ty, ) =u(t,, ) + I (u(ty, ,z)), ifz€l0,b], k=1,...,m, (4.2)

u(t,x) = ¢(t,2); if (t,2) € J = [~a,a] x [=5,8] \ (0,a] x (0], (4.3)

u(t,0) = ¢(t), t € [0,al, u(0,z) =Y(x); z € [0,b], (4.4)

where J = [0,a] x [0,b], a,b,a,3 >0, 0 =ty < t; < -+ < m<tm+1—a ‘D7 is

t
the Caputo fractional derivative of order r = (r1,73) € ( 0,1] x (0,1], ¢ : [0,a] — R™,
¥ :[0,b] — R™ are given continuous functions with ¢(t) = ¢(¢t,0), ¥(x) = ( x) for each

47
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(t,x)eJ, f:IxC =R plpp: JxC =R, I, :R*" =R k=1,....m, ¢:J — R",
are given functions and C' is the Banach space defined by

C =Clap = {u:[-,0] x [-5,0] = R™ : continuous and there exist 7, € (—c, 0) with
u(r, , %) and u(ty,z),k =1,...,m, exist for any g € [—f,0] with u(7, ,Z) = u(Tk,f)}.
This set is a Banach space with the norm

[ulle = sup lu(t, z)|-
(tvx)e[_avo} X[—,B,O]

4.2.2 Existence Results
Set Jy = (tg, tr41] % (0,0]. Consider the Banach space

PC = PC(J,R")
= {u :J =>R":ueC(J,R");k=1,...,m, and there exist u(t, ,x) and
u(tl, )k =1,...,m, with u(t;,z) = u(ty, z)}.

with the norm

lullpc = sup |lu(t, z)]|
(t,x)ed

Set

PC := PC(|—a,0] x [—83,0],R"), which is a Banach space with the norm
lullge = sup{llu(t, 2)| - (,2) € [-a, a] x [=5,0]}.

Definition 4.1 A function u € PC such that its mixed derivativeNDfx exists on J' is said
to be a solution of (5.1)-(5.4) if u satisfies the condition (5.3) on J, the equation (5.1) on
J' and conditions (5.2) and (5.4) are satisfied on J.

Set R = R(pf,pz_)
= {(pl(suy’u)7p2<s7yuu)) : <S7y7u) €Jx 07 Pi(say’“) < 072 - 172}

We always assume that p; : J x C — R; ¢ = 1,2 are continuous and the function
(5,9) > U(sy) is continuous from R into C'.

Our first existence result for the IV P (5.1)-(5.4) is based upon the fixed point theorem
due to Burton and Kirk.

Let us introduce the following hypotheses which are assumed after.

(H1) The functions I : R® — R™ are continuous.
(H2) There exist p,q € C(J,R) such that

| f(t, z,u)|| < p(t,x) + q(t,x)||u||lc, for (t,z) € J and each u € C.
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(H3) There exists [ > 0 such that
| Ik (u) — I (v)|| < I||u—v| for each u,v € R".
Theorem 4.2 Assume that hypotheses (H1)-(H3) hold. If

2ml < 1, (4.5)

then the IV P (5.1)-(5.4) has at least one solution on [—a,a] x [—f,b].

Proof. We shall reduce the existence of solutions of (5.1)-(5.4) to a fixed point problem.
Consider the operator N : PC — PC' defined by

¢

o(t, x) if (t,z) € J,
pltr)+ > (Iulutty @) = Ilult; ,0))) if (t,2) € J,

O<tp<t

N(u)(t,z) = D) Z/t / M-yt k=1,...,m,

O<tp<t“ k-1

Xf(s yau(pl(syu(gy) 02(8,Y,U(s,4))) )dde

// Ji=l(g — gyt

L Xf(s Yy U(pr(s,y,u(s,y))p2(895u(s ) )dyds

Consider the operators F, G : PC — PC defined by,

( 6(t, ), (t,z) € J,
r1)FT2) Z / / tk—srl 1 y)m—l k=1,....m
0<tp<tx
G(u)(t’ SE) = Xf(S Y, u pl(Syu(sy)) p2(5,Y5u(s,y))) )dyds
7_2) / / T‘1 1 _ y>7‘271
\ Xf(S Yy U(pr (s,y,u(s,y))02(8,95u(s 1)) )dyd5> (t,z) € J.
and
0, (t,a) € J,
Flu)t.x) = pt2)+ Y (Lelulty,2) — L(ult;,0), (t.z) € J.
0<ti <t

Then the problem of finding the solution of the IV P (5.1)—(5.3) is reduced to finding the
solutions of the operator equation F'(u) + G(u) = u. We shall show that the operators F'
and G satisfy the conditions of Theorem 4.2. The proof will be given by several steps.
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Step 1: G is continuous. Let {u,} be a sequence such that u,, — u in PC, then for
each (t,z) € J

|G (un)(t, ) — G(U)(t z)|

1 m
< o rl 1 _ ro—1
= F ,,,1 F 7"2 ; /0 (:U ) Hf(s y’un(pl(syu(ey))p2(sy“(sy))))

_f(s Yy, u p1(syu<5y> 02(8,Y,U(s,4))) )deds

+ / ; t — S 7"1 1 — y)r2—1||f(87 Y, un(pl(S,y,U(S’y)),p2(s,y7u(syy))))
— f(87 y’ Pl(S,y,u(s y)) p2(s Y, u(s y) )deds
||f(7aun( ))_f / / 1 1
< ’ 7‘1 _ T2 d dS
“f(?aun( )_ H / / 1 _1
T : ) @ — y)" T dyds.
T(r)T( Y) Y

Since f is continuous functlon, we have

1G() — Gl o < 2V ting) = JCo s t)lloe

— 0 as n — o0
- C(ri + D(re + 1)

Thus G is continuous.

Step 2: G maps bounded sets into bounded sets in PC. Indeed, it is enough show
that for any n*, there exists a positive constant [ such that, for each u € B« = {u € PC':
[ulls < 77} we have ||G(u)lpz <
By (H2) we have for each (t,z) € J,

1G(u)(t, )]
1 r ro—

S / / 1— 1 - y) 2 1”f(57 Y, u(pl(S,yws,y)),pz(s,y,u(w))))deds

T'l F et

7“ 1 ro—1

Tl r2 / / 1= - y) 2 ||f(87 y? u(pl(S,y,U(Syy)),p2(57y7u(syy)))) deds

[Pllso + [lgllocn” / / y B
= )Yz — gy dyds

T(r + DF(r2 +1) = J,, y)”? dy

+ ”pHOO + Hq”oon / / 7‘1 1 _ y)rz—ldyds

F(T1+1 T2+1

Thus .
2a" 0" ((|plloo + [Iqlloen™)

=1
F(Tl + 1)F(T2 + ].)

1G(w)lpe <
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Hence ||G(u)||55 < 1™
Step 3: GG maps bounded sets into equicontinuous sets in PC'.
Let (t1,21), (t2,22) € (0,a] x (0,b], t; < ta, v1 < 22, B, be a bounded set as in step 2,
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let u € B, be a bounded set of PC asin Step 2. Then
1G(u )(tmﬂfz) w)(tr, )|

< - r11 o ro—1 o ro—1
< o // (o2 = 77 = oy = 7)Y

x f(s,T, u(ﬂl(s Tu(s )):P2(8,TU(s 7)) )deS

+ / / Tl 1 x2 - T)T2_1‘|f($7 7 u(pl(S:Tvu(s,-r))»p2(3777u(s,T)))) HdeS
te—1

+ W/ / ) @y — ) = (8 — )" T (@ — 1)

X f(s’ 7_’ u(pl (SvTvu(s,T))7p2(5777u(s,7') )des

1 to X2
e r— ty —s) 7t — 7))l ST, $,TU drd
+ F(Tl)r(’f’g) / /; ( 2 8) (xQ T) ||f(877-7 W(p1(s,mugs ry)p2(s,, (S,T))))H Tas
1 " 2 1 1
+ T r T / /ZI (t2 - 3) ! (-732 - 7_) 2 Hf(sa T, u(pl(S,T,’U‘(S’.,.)),pQ(S,T,U(S’T))))”deS

1 to 1 o .
_'_ 7,1 7,2 / / <t2 - 5) ' 1(1:2 - T) : 1Hf(57 T, u(pl(s,r,u(sﬁ)),pg(s,T,u(SJ))))HdeS

oo T gl _ B
< F|(’7]”91H+ BT quj / /0 ) (e — 1) = (2 — 1) drds
k=1 Y th—1
Iplloo + llalloon” < / / -1 -1
T _ T d d
T T+ Dl + 1 ;t“ e =) s
t1
F|(|f||i0: ;’ ||q7|n|oo—:_7 / / x2 _ 7_)7"271 —(t — 8)”71(1’1 . T)TZ*l]deS
1 2 0 0
HpHOO + HqHOOn / / 1— 1 2—1
T . T d d
T+ (s £ 1 . (wg = 7)™ drds
+ F’(‘f”:ﬁ + HqHOO—::I / / 7"1 1 932 o T)rz—ldeS
1 7“2 0
b bl ol / / s e Ldrds
F(?”l —+ 1 TQ + t 0
Dlleo + q o S 7“ ro— ro—
k=1 0
oo T gl < % ro
+ F’(‘i‘L o quf Z/ / g — 1) N drds
k=1

[Plloc + llqllcon”
F(’f’l + 1)F(T2 + 1)

+ t;ll’? t;ll’gz — 2(t2 — t1>rl (CL’Q — Il)w].

[2%’22 (tg — t1>7“1 + 2tgl (%2 — .1'1)r2
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As t; — ty, 1 — x5 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can
conclude that G : PC' — PC'is continuous and completely continuous.

Step 4: F'is a contraction.
Let u,v € PC, then we have for each (¢,z) € J

[E(u)(t,2) = F(o)(,z)|
Z Mk (u(ty, x)) = Le(v(ty, @) + [Hr(ulty, 0)) = Lu(v(ty, 0)]])

[l = ol + [lu = o))

IIM3 I

l||u—v||.

Thus

[ (u) = Fo)|| < 2mlfu —vl|

Hence by (4.5), F' is a contraction.
Step 5: (A priori bounds)

Now it remains to show that the set

E={uePC:u= )‘F(§> + AG(u) for some X € (0,1)}
is bounded. Let u € &, then u = AF(%) 4+ AG(u). Thus, for each (¢,2) € J we have

ultyr) = Ault.z) +ZA ALUS N ERTAUL SN

A / / 1 »
! rl z—T)” f S, T, U S,T,U S,T,u drds
Tl)r o1 ) ( (p1(s,75u(s,7)),02(s,T, <S’ﬂ)))

A r 1 ro—1
+ Tl)F T2 / / o - 7-) ’ f(57 T’ u(pl(S’Tvu(s,T))1p2(5177u(s,7)))>d7—d8'
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This implies by (H2) and (H3) that, for each (¢,z) € J, we have
[u(t, )|
< lplt, )| + Z ity )] = Ik (O)| + [Zru(ty, )| = I1Ze(O)]) +2 ) 112:(0)
k=1
||p||oo . y ram
S [ e e o
)i
||‘1||oo i/ / L -1
) (= 1) drds
k=1 0

||pHOO ! r1 1 2—1 d d
T) ||u pl STU(S 7')) pQ(S,T,U(Sy.,-)))“C TGS
Hq”OO / / 7“1 1 _T)rz—ldeS
0 0
< lut, o))+ 1Y (lulty, @)l + [y, 0)]) + 217
k=1

1P]loo — [ [ -1 ra—1
_+Hm+lﬁwy+n§: (=)@ = ) iy eatom o llodTds

||q||00 ¢ / / 1—1 2—1
T' _ T d d
+F(T1+1 (s £ 1 Z (x —17) Tds

Hp”oo r 1 ro—1
1"(7,,1 + 7,.2 + v - T) : ||u(pl(svau(s,‘r))7p2(897-7u(s,7‘)))||Cd7_d8
||q||oo / / I 71
+ ) (= 7)™ drds,
F(Tl + 1 TQ + )
where

= " |[1x(0)

We consider the function + defined by

Y(t,x) = sup{|u(s,7)] s —a <s <t,-f<7<x,0<t<aq0<a <D}
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Let (t*,2%) € [—a,t] x [, 2] be such that y(t,z) = |u(t*,z*)|. If (t*,2*) € J, then by
the previous inequality, we have for (t,z) € J

y(tx) < IIM(tax)IIHZ lulty, ©)l + lluty, 0)I]) + 217

||p||00 / / 1— 1 2—1
)" —7) s, T)dtds
P(Tl + 1) 7’2 —|— 1 th_1 ) ’Y( )

- 200" |q]|0
’r‘l 1 ro—1 d d ) )
* / / — s TS ) R D i, + 1)
Since for every (t,z) € J, ||uwwyllc < (¢, x) This shows that the set £ is bounded.

As a consequence of Theorem 4.2 we deduce that F' + G has a fixed point u which is a
solution of problem (5.1)-(5.3)

4.2.3 An Example

As an application of our results we consider the following impulsive fractional order partial
hyperbolic functional differential equations with finite delay of the form

Dy 1) = 5o
ut — o (ult,2)), 7~ osult o)) 1
e O A e 2 e M A T
() =g+ 2 e o (47)
u(t,r) =t+ 2% (t,z) € [~1,1] x [-2,1]\ (0,1] x (0,1], (4.8)
u(t,0) =t, u(0,z) = xz, (t,x) €[0,1] x [0,1], 4.9

where 07 € C(R, [0,1]), o2 € C(R,]0,2]).
pl(t,x,go) =t— Ul(¢(070>>7 <t7x790) € J X 07

p2(tax>gp) =T — 02(90«)’ O))? (t,l?, 50) €Jx C’
where C':= Cy 3. Set

eyl
f(t,x,p) = O r e 1t (t,z) € [0,1] x [0,1], p € C,

and

Ik(u):3+u, ueR

A simple computations show that conditions of Theorem 4.2 are satisfied which implies
that problem (5.10)-(5.13) has a unique solution defined on [—1,1] x [—2,1]
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4.3 Impulsive Partial Differential Equations with In-
finite Delay

4.3.1 Introduction

Next we consider the following system of partial hyperbolic differential equation of frac-
tionnal order with infinite delay

(CDZku> (t7 LU) = f(tu T, u(p1(t,x,u(t’@),pg(t,x,u(tw)))); if (t7 l’) c Jk, k= O, cee, My (410)

u(ty, ) =u(t,,z) + I (u(ty,z)), ifze€l0,b], k=1,...,m, (4.11)
u(t, ) = ¢(t,x); if (t,z) € J = (—00,a] x (—o0,b] \ (0,a] x (0,b], (4.12)
u(t,0) = ¢(t), t € [0,al, u(0,z) =(x); = € [0,b], (4.13)

where @, 1, I;, are as in problem (5.1)-(5.4), f: Jx B —=R" p1,ps: JxB =R, ¢:J —
R™ and B is a phase space.

4.3.2 Existence Results
Let the space
Q:={u:(—00,a] X (—00,b] > R" : ug,) € Bfor (t,z) € E and ul; € PC}

Definition 4.3 A function u € Q such that its mixed derivative D7, exists on .J is said
to be a solution of (4.10)-(4.13) if u satisfies the condition (4.12) on J, the equation (4.10)
on J and conditions (4.13) and (4.13) are satisfied on J.

Set R/ := R'( o

P1P2)
= {(P1<S7yau)7,02(37y:u>> : (S7y7u) €Jx vai(sa:%u) < 072 - 172}

We always assume that p; : J x B — R; ¢ = 1,2 are continuous and the function
(8,9) — U(sy) is continuous from R’ into B. We will need to introduce the following
hypothesis:

H,) There exists a continuous bounded function L : R/, - -, — (0, 00) such that
¢ (p15P7)
16eulls < Ls,9)l¢lls, for any (s,y) € R’

In the sequel we will make use of the following generalization of a consequence of the
phase space axioms.
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Lemma 4.4 [fu € (), then

[ugsylls = (M + L)|¢lls + K sup (@, )]
(6,n)€[0,maz{0,s}]x[0,maz{0,y}]

where

L'= sup L(s,y).
(s,y)ER!

Our main result for the IV P (4.10)-(4.13) is based upon the fixed point theorem due to
Burton and Kirk. Let us introduce the following hypotheses which are assumed hereafter.

(H1) The functions I : R® — R™ are continuous.
(H2) There exist p,q € C(J,R) such that
| f(t, z,w)| < p(t,z) + q(t,x)||u||g, for (t,z) € J and each u € B.

(H3) There exists [ > 0 such that
| Ik (u) — I (v)|| < I||u—v| for each u,v € R".

Theorem 4.5 Assume that hypotheses (H1)-(H3) hold. If
oml < 1, (4.14)
then the IVP (4.10)-(4.13) has at least one solution on (—o0,a] x (—o0, b].

Proof. We shall reduce the existence of solutions of (5.1)-(5.4) to a fixed point problem.
Consider the operator N : {2 — () defined by

[ o(t, ) if (t,2) € J,
t,r) € J,

plt.o)+ 3 (Bulty o) = Lufu(t; 0) i (t,) €

O<tp<t

N(U,)(t,ﬂf) = < I‘(m (r2) Z /t / (tk; - S)Tl_l(QT — y)”_l k’ = 1, e, M,

O<tp<t* k-1

Xf(s ?/7U(p1(syu(sy) 02(8,9,0(s,4))) )dyds

// Ji1(g — gyt

\ f<S y’ (pl(Svyvu(s,y))7p2(87y7u(5,y)) )dyds
Consider the operators A, B : 2 — € defined by,

[ o(t, 37) (t,x) € J,

T(r) 7“2) Z/t / ) 1 _y)mil k=1,....m

O<tp<t* 'k—1

A(u)(t,x) = Xf(s Ys W1 (s,y,u(s,4)):02(8,9,0(s y)) )dyds

T2)// 7"1 1 _y)rg—l

\ f( pl(syu(s y)) pQ(Syu(s y) )dyd37 (t7 l') e J
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and

0, (t,x) € J,
Blu)(t,2) = ult,z)+ Y Tu(ulty,z) — L(u(t;,0), (t.z)€J.

O<tp<t

Let v(.,.) : (—00,a] x (—o0,b] — R™ be a function defined by,

v(t,x) = { ¢(t7I;7 (t,r) € J'.

Then v = ¢ for all (t,z) € E.
For each w € (J,R") with w(t,z) = 0 for each (¢,z) € E, we denote by w the function
defined by

_ 0,
w(t,z) = { w(t,z) (t,x) € J.

If u(.,.) satisfies the integral equation,

u(t,fﬂ) = M(t,ZL‘) Tl 7’2 // rl 1 —y)m_lf(S,y,U(pl(sw,u(syy)),p2(57y7u<syy))))dyds

we can decompose u(.,.) as u(t,z) = w(t, x) v(t,x); (t,x) € (tg,trs1] x [0,0], which
implies w( z) = Wee) + V2, for every (t,x) € J x [0,b] and the function w(.,.) satisfies

w(t, x) = Z (I (u(ty  x)) = Li(ulty, 0)))

0<tr <t

+ / / T1 ]. _ y)TQ—].
F( te_1

O<t <t

f(S y’ (5,9, Up1(s,wyu (s y))p2(5:05u(s, y)))) + U(S’y’u(l’l(S,y«u(&y))7P2(S,y,u(s7y)))))dyd8

// rl 1 _y)rg—l
7“1 7”2

X f(sa Y, w(s,y,u +v dde

(1 (5,450 (5, )) 02 (59, (5 ) (S»yvu<p1<s,y,u(s,y)>,p2<s,y,u(s,y)))))

Set
Co={weQ: w(t,x)=0 for (t,z) € £},

and let ||.||c, be the norm in Cy defined by

[wllc, = sup [Jwials+ sup [Jw(t,z)] = sup [w(t, z)|, we Co.
(t,x)eE (t,x)ed (t,x)ed
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Cy is a Banach space with norm ||.||¢,. Let the operators A, B: Cy — Cj defined by

(
(r1 Tz) Z /t / Tl 1 _y)m—l k=1....,m

O<tp<t“ k-1

(Aw)(t,z) = f(s Yo W (59,001 (50,0, (e yy)) T Vs vyvum(s,y,u(s,w>,p2(s,y,u(s,y>>>))dyds

rz)/ / Tl 1 o y)mil (t,l‘) €J

Xf(S y’ S’y’u(Pl(Say,u(&y))7ﬂ2(5ayau(s’y)))) + U(s’y’“(pl(Syyyu(s’y)),Pz(s,yyu(s,y)))))

dyds

and

(Bw)(t,x) = plt,2) + ) k(u(ty,2)) = u(ult;;, 0)), (t,2) € J.

0<tp<t

Then the problem of finding the solution of the IV P (4.10)—(4.13) is reduced to finding
the solutions of the operator equation A(w) + B(w) = w. We shall show that the opera-
tors A and B satisfy the conditions of Theorem 4.5. The proof will be given by a couple
of steps.

Step 1: A is continuous.

Let {w,} be a sequence such that w, — w in Cy, then for each (t,z) € J

IIA(wn)(t ) — A(w)(t, )|

o Z/ / J1 (g — gyt

<\ f (s, W5,y 5,311y )op2 (e yy)) T OPSY Ao (5000 )02 o0, y>>>)>

= f(s,y, W (590 (5,05 )2t gy)) T Yo (s s g 102 (51010 y)»)) 1dyds

’ W/ [

X ||f(8’ Y wn(s’y’u(ﬂl(Syy,u(&y))792(Syy7u(s’y)))) + vn(s’y’u(Id(Syyyu(s’y)),Pz(syyyu(s,y)))))

—fsy, WS90y (sp0 2ot (e gy ) T LU (s p2 (s, y)>>)) 1dyds.

”f(aawn( )+/Un( )) f(7 - W )+U H 'rl 1 _ore—1 3
D)7 () Z/ / pr v

Hf(7 7wn( +Un( )) f(w )+U( H / / 7"1 1 —y)”_ldyds.
L'(r)I(r2)
Since f is continuous function, we have
20707 || f (-, wae ) = F o wi) s
F(Tl + ].)F(T’Q + 1)

— 0 as n— o

[A(wn) = Aw)lloy <
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Thus A is continuous.

Step 2: A maps bounded sets into bounded sets in Cj.
Indeed, it is enough show that for any n*, there exists a positive constant [ such that, for
each w € By» = {w € Cp : ||w|(ap) < 7*} we have [|A(w)|l <1
By (H2) we have for each (z, y) € (zx, xp41] x [0,0],

Aol £ fosras Z / / (g

||f(8, y,w (57y7“(p1(syy,u(s,y)),pz(s,yyu(s,y)))) + U(S’y7“(p1(s,y,u(&y)),pz(s,y,u(s,y))))

1 t T
- - t — ri—1 o2l
e L @)

Hf(S yaw(syu + v

)|l dyds

\|dyds

(p1 (.9, u<5 )p2(5a(s ) TSy s,y 4))p2 (5,900 y)))))

[Pl + HQHooﬂ / / 1 -
< §j )i (@ — )2 dyd
o F(Tl + 1 TQ —|— y) yas

n P|(|flllifllq7!l2mfl / / V1 — )L dyds
Thus
JAGw) s < QGT;’ZZ(H?Q;}ZJ@I|§*> -
where

Hw(s,y)”l’)’ + ”U(s,y)HB
Kn* + Kl|¢(0,0)[| + M||||5 := n.

[W(s,5) + Vsl

Hence [|[A(w)||c, < 1.

Step 3: A maps bounded sets into equicontinuous sets in Cj.
Let (t1,21), (t2, x2) € (0,a] x (0,0], t1 < to, x1 < xa, B, be a bounded set as in Step 2.
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Let w € B+, then
| A(w )(taaxz) w)(t1, 21)]|

S e z / R e e O

)+ dyds

X (S Wiy e, )02 (50 g 1)) Svy’%l(s,y,u(s,y)),p2<s,y,u(s,y)))))

Z/ / T1 ]. :L'Q _y)Tz—l
7"1 7”2

Hf(sa Y, w(s,y,u ) + U( ‘dde

(1 (5,550 (5,)) 02 (595185 4))) S U(p1 (5,9,u (5 )02 (58,0 (s y))))) |

1 hom ri—1 oz re—1 —g) g, — )2t
+W/o /0 (2 — ) = ) = (ta— 5)" N — )™

X (83 Y W, gy ooy ) T V001 ey 2 ) YT

* Sered /f [

X Hf(87 y? w(svyau(pl(S,y,U(s’y)),pz(s,y,U(s’y)))) + U(s’yzu(pl(s,y,u(‘s’y)),pg(s,y,u(s’y)))))’

*ira ), [, e

X ||f(57 Y, w(57y7u(p1(s,y,u<syy>),pz(s,y,u(s’y>))) + U(s YU (py (s, s,y P2 (53 )))))

e J, ) e

ol FACH AR, e N R CX R TR PR )]

[Pl + gl oot / / — )" (w2 —y) T = (21— y)"? dyds

_F(T1+1) T2+1

|dyds

|dyds

|dyds

k=1
1Plloe + llallecn® ~ / / . .
+ "y — ) dyds
F(T’1+1 7’2+1 ; by Jay ) <2 3/) Yy

[Plloo + [lq]lcon” J/“t/‘ . . .
(ta — — )7 — (t; — s — )" dyd
T(r + DD (rs + 1) s) ($2 Y) (1 3) (71 y) ] yas

p oo+ 7 .
e [
||p||o<nL qllson” / / . .
ty — s)" — )2 dyd
T+ s+ 1) Jy [, (27" w2y dyds
[Pl + llqlloon” l/" J/ 1
— ) dyd
ECERCE N, (w2 =) dyds
By R
- F('I’l -+ 1 TQ + 1 0 2 y ! Y Y
k=1
1Plloe + llallscn® / / -1 -
T’ _ T d d
+F(T1+ C(re +1) ; (72 —y) yas
[Pl + llqlloon”

205 (ty — t1)"™ + 25 (22 — 21)"
T+ DT (ry 1 1) 2 2 )7 28 (e =)

+ t;ll'? tgll’? — 2(t2 — tl)rl (1’2 — 1‘1)T2].
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As t; — ty, 1 — x5 the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can
conclude that A : Cy — Cj is continuous and completely continuous.

Step 4: B is a contraction.
Let w, w* € Cp, then we have for each (t,z) € J

|B(w)(t,x) = B(w")(t, z)]|

ka w(ty,x)) = L(w* (g, 2)) || + [ (w(ty, 0)) — L(w*(t,, 0)]])

IN

IA

||M3 I MS

l(lJw = wleo + v = w*[|e,)

le —w HCO'

Thus

[1B(w) = B(w")llc, < 2miflw —w|c,-

Hence by (4.14), B is a contraction.
Step 5: (A priori bounds)

Now it remains to show that the set

E={weCy:w=A\B (%) + MA(w), for some A € (0,1)}

is bounded. Let w € &, then w = AB (%) + AA(w). Thus, for each (z,y) € J we have

SRS (AL AL
k=1

* Tered Z/ FAGEIE

f( 2 U5 W9,y (5,0, 2 (ssts ) T LGy (5,000 0250005y ) ))dyds

)\ _
+ / / T1 ]. _ y)TQ 1
7’2

f S$Y,w (Syu(m(syu(s y))P2(5uu (s, y)))) +v (syu(m(syu(s y))P2(s:05u (s, y))) )dde
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This implies by (H2) and (H3) that, for each (¢,z) € J, we have

ot )] < }jxm@3§§ﬁu—n@<m+wn;“y”n—uumm)

||p||oo / / 1 -1
2\ I, ” — )"
- }jn O+ Fr s Drre T §j y)

X sty + U(s,y) Hdeds

nwm /r / y 3
- ) — y)  dyds
T(ri + D)D(rs + 1) = y)™dy
L(ry + 1) (ry + 1) Yy (sy) T V(s | BAY
rww /h/ y .
(t—s)" " (z—y)? dyd
" F(ﬁ + 1) (re + 1) 5) ) yas

< ZZHU ty, o)l + [lu(t,, 0)[]) + 217
R o (T
F(y"l + 7-2+1 : 0 y (Svy) (Sry) B y
k=1 tk—1
HQHOO - / / -1 a1
T’ _ T d d
T DO+ ) ; o (z —y)"™ " dyds
b il [ e+ vl
||Q||oo / / . 1
7‘ _ T d d
+ F(T’l +1 T2—|—1 y) yas,
where
I = " |11(0)
k=1
and

[y + 0wl < W lls + [[vey s
< K sup
{w(3,9):(8,9)€[0,s]x[0,t]}
+M|[6lls + K[6(0,0)]. (4.15)
If we name (s, y) the right hand side of (4.15), then we have

[ (s,y) + Visllz < 7(t, 2),



64CHAPTER 4. FRACTIONAL IMPULSIVE PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIC

and therefore, for v(¢t,z) € J we obtain

- _ _ 2a"0"||q|o
t < 1 t t 21"
w(t,z)|| < Z(HU( o) s, 0)ff) + 207 + T(r + D0(rs + 1)
+ ||p||00 / / 7'1 1 T)rz_l’Y(S,T)deS
F Tl TQ k=1 th—1

/ / i1 T)rz—ly(s,f)dfds). (4.16)

Using the above inequality and the definition of « for each (¢,z) € J we have
V(tx) < Mlélls+ Klé(0,0)] +ZZ Juty, =)l + luty, 0)[]) + 217

||p||00 / / 1— 1 2—1
T' T d d
T T+ DI r2+1 2 Jy . Jo =) y(s, T)drds
_ 2a"0"||q| s
r 1 ro—1
- 2=Lo (s 7)drd ) .
+ / / =) (s T)drds ) + T(r, + DD(ry + 1)

If (t,z) € J, then Lemma 1.4 implies that there exists k = k(ry, 75) such that

V(tx) < (MH¢HB + K (160,00 + 1) (lulty, )| + l[u(t;, 0)]))

200" |q]|0 )
F(Tl + ].)F(T’Q +

; HPHoo / / 1 -1
1 _ r1 o\
( + kF(rg DT 1 1) (t—s) T) deS)

< (M||¢||B+K||¢<o,o M+ LS utey. )l + ez O))

k=1
2a"0"|q|| )
F(’I”l + 1)F(T2 + 1)

7 [Pl ca™ b7
14 :
(1 F(r2+1)F(r2+1)>

+ 2I 4

X

A

+ 2 4

X
?Uz

Since for every (t,z) € J, [|[wi el < V(t, ).
This shows that the set £ is bounded. As a consequence of Theorem 4.5 we deduce that
A + B has a fixed point which is a solution of problem (4.10)-(4.13).
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4.3.3 An Example

We consider now the following impulsive fractional order partial hyperbolic functional
equations with infinite delay of the form

ce! TP |y (t — oy (u(t, x)), x — oo (ult, 1)))|

(Do)t 2) = G o) (14 Jult — on(ult, )2 — oa(u(t, 2)))])

if (t,2) €0, x [0, 1], t# 5 k=1,....m. (4.17)
ne= -,z
“((k—L)+’x) :u((kiﬂ)—,x)Jr?)mll JE((;*&)L;’ o “€0 U k=1m, (418
E+1/ >
u(t,z) =t + 2%, (t,2) € (—o00,1] x (—o0,1]\ (0,1] x (0,1], (4.19)
u(t,0) =t, u(0,2) = 2°, (t,z) € [0,1] x [0,1], (4.20)

_ 10
where ¢ = pr i
tha phase space. Set

7 a positive real constant and 01,0, € C(R,[0,00)). Let B, be

p1<t)x7¢> =1- 01(§0(070))7 (th?SO) € J x 8’77

pg(t,x,go) :x_02(¢(070))7 (t,l’,@) € J X 8’77
Cet+x7'y(t+:r;) |90|

(e + =) (1 +[el)

ftz, ) = ,(t,z) €10,1] x [0,1], p € B,
and

We easily show that conditions of Theorem 4.5 are satisfied, and hence problem (4.17)-
(4.20) has a unique solution defined on (—oo, 1] X (—o0, 1]
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Chapter 5

Global Uniqueness Results for
Impulsive Partial Hyperbolic
Functional Differential Equations of
Fractional Order

5.1 Introduction

This chapter deals with the global existence and uniqueness of solutions for impulsive par-
tial functional differential equations with delay, involving the Caputo fractional derivative.
Our works will be conducted by using a nonlinear alternative of Leray-Schauder due to
Frigon-Granas type for contraction maps on Fréchet spaces.

5.2 Existence Results for the Finite Delay Case

5.2.1 Introduction

This section deals with the existence of solutions for impulsive initial value problem for
differential equations of fractional order with fixed time impulses given by

(‘DL u)(t,x) = f(t, 2, upq)), if (t,2) € J, K=0,...,m, (5.1)

u(ty, ) = u(ty,x) + L(u(ty ,z)), if x € [0,0]; k=1,...,m, (5.2)

u(t,z) = o(t,z); if (t,z) € J, (5.3)

u(t,0) = ¢(t), u(0,z) = ¥(x), t € [0,a], = €[0,], (5.4)

where J() = [O,tl] X [O, b], Jk = (tk,tk+1]~>< [O,b], k = 1,...,m,zk = (tk70), k =
0,...,m, 90(0) = @U(O)a J = [07 OO)X[Ov 00)7 J = [—(I, OO)X[_Ba OO)\[O, OO)X [07 OO), a, ﬁ
0, D7 is the standard Caputo’s fractional derivative of order r = (ry,72) € (0,1] x

67
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0,1], f : I xC([—, 0] x [-B,0],R") = R™, [;, : R - R", k =0,1,...,m are given func-
tions, for each (t,z) € J,p,9 : [0,00) — R", are given absolutely continuous functions
and C([—a, 0] x [=3,0],R™) is the space of continuous functions on [—«, 0] x [—3,0]. We
denote by w4 the element of C'([—a,00) x [-3,00),R") defined by

Uta) (5, T) = u(t + 5,2+ 7); (s5,7) € [-a,0] x [-4,0],

here w4 (.,.) represents the history of the state from time ¢t — o up to the present time
t and from time z — 3 up to the present time x.

5.2.2 Main Results

In this section we present a global existence and uniqueness result for the problem (5.1)-
(5.4).

We shall consider the space
PC = {u cJ = R":ue C(Jy,R");k=1,...,m, and there exist u(t,,z) and
u(ti, ) k=1,...,m, with u(t;,z) = u(ty, z)}.
For each p,q € N we consider following set,

Cipg) = C([—a,p] X [0, ¢],R")

and we define in Cy := C([—a, 00) X [=,00), R™) the semi-norms by:

ullp.q) = {sup |ut,z)| : —a <t <p,—f <z < g}
Let
Q={u:J—->R":ue PCNCoy}

Then Q is a Fréchet space with the family of semi-norms {||u/| (.}

Let us start by defining what we mean by a solution of the problem (5.1)-(5.4)

Definition 5.1 A function u € 2 is said to be a solution of (5.1)-(5.4) if u satisfies
equations (5.1)-(5.4) on J and the condition (5.3) on J.

For the existence of solutions for the problem (5.1)-(5.4), we need the following lemma:

Lemma 5.2 [7] Let 0 < 11,79 < 1 and let h : J — R"™ be continuous. A function u is a
solution of the fractional integral equation

o(t,x) if (t,z) € J,
alte)+ Y (Ik(u(t,;,x)) - Ik(u(t,;,()))) if (t,2) € J,
(t ) O0<tp<t .
u(t,x) = k z . o
e 2 /t /O (te — 8)" " (@ — y)"* " h(s, y)dyds k=1,...,m,
0<§k<t k—1
Jr1"(r1)11"(r2) /tk /0 - S)rlil(x B y)rzilh(sv y)dyds



5.2. EXISTENCE RESULTS FOR THE FINITE DELAY CASE 69
if and only if u is a solution of the fractional initial value problem
‘D'u(t,z) = h(t,x), (t,z)€ Jy, k=0,...,m, (5.6)

uw(th,z) = u(ty,z) + k(u(ty, ), k=1,...,m. (5.7)

Further, we present conditions for the existence and uniqueness of a solution of problem
(5.1)-(5.3).

Theorem 5.3 Assume
(H1) The functions Ij, : R — R" are continuous.
(H2) For each p,q € IN, there exists {4 € C(Jo,R™) such that for each (t,z) € Jo

| f(t,z,u) — f(t,2,0)|| < Lpg(t,x)|lu—2]c, for each u,v e R".

(H3) For each p,q € IN, there exists {(, 4 € C(Jo,R™) such that for each (t,z) € Jo

121k (w) — I (0)|| < lpgllu —vllc, for each u,v € R™.

If
3 0% prlqrg
(,9)
2ml 1 5.8
where

Coa) = sup Lipg(t; ),
(t,x)GJO

then there exists a unique solution for IVP (5.1)-(5.4) on [—a,o0) x [—f, 00).

Proof: Transform the problem (5.1)-(5.4) into a fixed point problem. Consider the
operator N : Q) — § defined by,

[ o(t,v) if (t,x) € J,

() + > (fk(u(t,;,x)) —fk(u(t,;,o») if (t,z) € J,
( )( ) 0<tp<t .
Nu)(t,z) = L _ o
+m Z t /o (ty — 8)" Hz —y)™ 1f(3,y,u(s,y))dyds k=1,...,m,
0<7;k<tx k-1

+ e / /0 (=)@ =)™ f (5,9, sy )dyds

\ t
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Let u be a possible solution of the problem u = AN (u) for some 0 < A < 1. Thus for each
(t, l’) € Jo,

ult,z) = Au(t,x)Jr)\Z (fk(u(t;,x)) ~ L(u(t;,0)))

/\ 1 -1
4 ) (= y)™ S, Y, U(s.qy) )dyds

A
7‘1 1 ro—1
¥ TMW2//’ ) s e yds

This implies by (H2) and (H3) that

lu(t,2)l] = Mplt, @)l + A Y (H(u(ty, )| = |1 20)] + Lu(u(ty, ) = [ 1k(0)])

k=1

+ 2AZHIk W+ 505500 G Z/ / )1 (@ — 1)t
2 th—1

X Hf(s T, u(ST)) (s, T, O)Hdes

! / / )@ = )Y f (s, 7, 0)||drds
te—1

+ A / / 7‘1 1 _T)T2—1||f<s T, U )—f(STo)HdeS

’rl)].—‘ 7‘2 » Ty U(s,r) .,
’ ; / / )" =)= f(s, 7, 0)||drds

7’1)F T2 )

_ f* Tl
= e ! (t t 2"
< |u(t,2)] + Z u(ty, z)|| + llut;, 0)]) 4 2I* + e 1+1)F<r2+1)
" F [ / Tl 1 N T)milg(p,(ﬂ(s?T)HU(S,T)HCdeS
k—1

/ / 7 (@ = 7Y g (5.7 s,

where f*= sup ||f(s,7,0)|],I" = ZH[’“

(s,7)EJo

We consider the function y defined by
y(t,2) = sup{Jlu(s, 7)| - —a < s<t, —f<T<a}, 0<t<p 0<w<q

Let (t*,2%) € [—a,t] x [=3, 2] be such that y(¢,z) = ||u(t*,z*)|. If (¢*,2%) € Jo, then by
the previous inequality, we have for (¢, x) € Jy,
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_m - B . 2f*p7~1qr2
<
o)< e T ) e 1) 21+ g 2
+ F /t / r1 1 _T)Tz_lg(p,q)<57T)y(S,T)deS
/ / 7’1 1 — T)T'zflf(pﬂ)(S, T)y(s’ 7')de5> ) (59>

If (t*,2*) € J, then y(t, z) = ||¢||c and the previous inequality holds. By (5.9) obtain
that

B m - B f* 7‘1
Il = Q)+ TSttt 00D + 28+ i i ioxmy
i )1z — )l s, 7)y(s, 7)drds
F T () . 1/tk 1/0 ) 0 (8:T)Y(s,7)
+ // )Y —T)r2_l€(p7q)(8,T)g(S,T)deS)
2f*pr1qr2

- ¢ 21"
< Hutx ’—i—lz HUtk’ ‘+Hu(k7 )H)+ +F(7’1—|—1)F(7"2+1)

+ / / )N o — )2y (s, T)Tds
F tr—1
+ / / ) e — 1)y (s, T)Tds),

and Lemma 1.4 implies that there exists a constant § = §(ry,72) such that we have

m f* 7"1
< 21" +
y(t,z) < [Hmr@,q) guutk, I+ i, O)I) 217 + +1)F(r2+1)

x |14 il // (t—s8)" Yo —7)? tdrds
['(ry+1) 7"2+1

Mip,q)-
Then from (5.9) we have

lullpy < ellg +1) (e, )l + Julty, 0)]) + 217
k=1

2000 Mool
(Tl + )F(’f’g + 1) (Tl + 1)F<T’2 + 1)
= M(

+

D,q)"
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Since for every (t,z) € J, |, |l < y(t, z), we have

[ullp.g) < max(l[glle, Mp,q) = Bp.g)-

Set
U={ueQ:||ullpg < Rpg +1 forall p,qg € IN}.

We shall show that N : U — (Y, ) is a contraction maps. Indeed, consider v,w € U.
Then for each (¢,z) € Jy, we have

Vo)) = el < g [ [

><Hf(s T,0(s,m) — f(8, T, wsr))||drds
t_ rl 1 ro—1
. //\ i = 7|
><||f(8 T, v” — f(s, 7, ws ) ||drds
< / / T1 ]. _7_)7”2—1
tre—1
xf(pq)HUST — Wes,m|ledrds
+ / / 7‘1 1 _7_)7‘2—1
7"1 7”2
Xf(pq)H’UST — Ws,r) HchdS
25* p 1qm
<

F(?“ +1)F(7’ _|_1)H,U_wH(p#I)'

Thus
I Cop? 4"
(pa) = F( + D (ry + 1)

[(Nv)(t, ) = (Nw)(t, )

lv = wlip.g)-

Hence by (5.9), N : U — Cy;) is a contraction.

By the choice of U, there is no u € 9,U™ such that u = AN(u), for A € (0,1). As a
consequence of Theorem 5.3, we deduce that N has a unique fixed point » in U which is
a solution to problem (5.1)-(5.4).

5.2.3 An Example

As an application of our results we consider the following fractional order partial hyper-
bolic functional differential equations with finite delay of the form

(DLt ) =~y J“ﬁ’u G TEn) €T =000 x po0), (510
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[ @yl
ug sy =ulg Y+ g !u?(%)*,y)!’ if y € [0, 1], (5.11)
u(t,z) =t+ a2, (t,x) € J:=[—1,00) x [—2,00)\[0, 00) X [0, 00), (5.12)
u(t,0) =t, u(0,2) = 2%, (t,x) € J, (5.13)
where zp = (0,0), 2 = (3,0) and
Clpa) = t +p2£ff * 1)7 p,q € IN*.
f(t0.9) = oy (6%) € 9 € C-LO X 22,0, B),
and 1
u

It is clear that the functions f and I; are continuous, and for each p,q € IN* and ¢, ¥ €
C(]—1,0] x [-2,0],R) and (t,z) € Jy := [0,p] x [0, ¢q] we have

J— C 3 p—
(62,9 = f(t.2,P)] < L2 p - Blle-

Also, for u,v € R, we have
1
[1(u) = L) < 7w =l

Hence conditions (H2) and (H3) are satisfied with [ = 1 and Cog) = C(L;). We shall
: e
show that condition (5.4) holds for all p,q € IN*. Indeed

omi -+ >(’<P7Q)pT1qr2 21 + 1 <1
m — 4 ’
L+ 10 +1) 4 e2I(r+ 1)0(rp + 1)

which is satisfied for each (ry,r2) € (0,1] x (0, 1]. Consequently Theorem 5.3 implies that
problem (5.10)-(5.12) has a unique solution defined on [—1, 00) x [—2, c0).

5.3 Existence Results for the Infinite Delay Case

5.3.1 Introduction

Next result deals with the existence of solutions to fractional order partial differential
equations
(chku)(t,x) = f(t,x,u(t,z)), if (t,x) € g, k=0,...,m, (5.14)

u(ty, ) = u(ty, ) + L(u(ty, ,z)), if z € [0,0]; k=1,...,m, (5.15)
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u(t,z) = o(t,z); if (t,x) € J, (5.16)
u(t,0) = ¢(t), u(0,x) = ¥(z), t € [0,a],  €[0,0], (5.17)
where ¢, 1 are as in problem (?7)-(?7), J' =: (=00, +00) X (—00, +00)\[0, 00) X [0, 00), f :
JxB =R, ¢:J'— R"™and B is called a phase space that will be specified in .
5.3.2 Main Results

In this section we present a global existence and uniqueness result for the problem (5.14)-

(5.17).

Let the space

PC :{U : (—00,a] x (=00,b] = R" 1w € B for (t,x) € E and there exist
u(ty,.), u(t),.) exist with u(ty,.) = u(ty,.); k=1,...,m, and
u€e C(Jg,R");k=0,...,m},

Definition 5.4 A function u € PC is said to be a solution of (5.14)-(5.17) if u satisfies
equations (5.14) and (5.17) on J and the condition (5.15) on J'.

For each p,q € N we consider following set,
Clpg = {u: IR* = IR"™ : ugy € BN C(Jo, IR™), ut,qz) = 0 for (t,z) € £},
and we define in
Ch={u:IR* = IR" : up € BNC(J,IR"), ups = 0 for (t,z) € B}
the semi-norms by:

lullpgy = sup uga)ll + sup_|[lu(t, =)
(tw)el (t.z)edo
!

= sup_u(t,2)], u€Ch,.
(t,z)eJo

Then Cj is a Fréchet space with the family of semi-norms {||ul| (¢ }-

Further, we present conditions for the existence and uniqueness of a solution of problem
(4.10)-(4.13)

Theorem 5.5 Assume the following hypothesis holds:

(H'1) The functions Ij, : R™ — R™ are continuous.
(H'2) For each p,q € IN, there exists {(,q) € C(Jo,R™) such that for each (t,x) € Jo

| f(t,z,u) = f(t,2,0)|| < Lpg(t,x)|lu—2v]p, foreach u,ve B.
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(H'3) For each p,q € IN, there ezists E(p,q) € C(Jo, R™) such that for each (t,z) € Jo

[k (u) = Le(v)|| < Z(p,q)HU — v, for each u,v € R".

If
_ k0t P
(,q)
2ml + <1, 5.18
T T+ )l + 1) (5.18)
where

Coa) = sup Lot T),
(t,x)GJO

then there ezists a unique solution for IVP (5.14)-(5.17) on (—o0,00) X (—00,00).

Proof: Transform the problem (5.14)-(5.17) into a fixed point problem. Consider the
operator N’ : PC — PC defined by,

([ (t, ), (t,z) € J,
ult.x) + Z (fk<u<t,;7m>> — L(u(t;,0)))
(N'u)(t,z) = ) /t / (g — gyl
f dchlls
[(ry) // (t=s)" o= 1) f (s, 7 ugn)drds, (t,x) € J.

\

Let v(.,.) : (—00,a] x (—o0,b] — R™ be a function defined by,

| op(tx), (tx)e
vt @) = { o(t,x), (L)€ J,

Then vy ) = ¢ for all (t,x) € E.
For each w € C(J,R") with w(t,z) = 0 for each (¢,z) € E we denote by w the function

defined by
B(t,z) = { w(t,z) (t,z)€ J.
0,
If u(.,.) satisfies the integral equation,

u(t,z) = p(t,r)+ // )N @ — 1) (s, T us ) dTds
[(r1)(rz)

we can decompose u(.,.) as

u(t,z) =w(t,z) +o(t,x); (t,z) € J,
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which implies

Utz) = W(ta) + Ve, (t,2) € J,

and the function w(.,.) satisfies

w(t,e) = Y (Ie(u(ty, @) = Liu(t;;,0)))

O<tr<t

+ / / ) 1 — T)rrlf(s, T, W(s7) + V(s,r))dTds
F< te_1

O<t <t

+ / / )T 1 - T)TQ_lf(S, T, W(s,r) + U(S,T))deS
[(r)L(rg)
Let the operator P : C) — Cj) be defined by

(Pw)(t,z) = ) ((ulty,z) = Iu(u(ty,0)))

0<tk<t
+ / / rl 1 — T)TQ_lf(S, T, W(SJ) + U(S;,-))deS
F< O<t <t /th—1
/ / Vi — 1) (s, 7 ey + 0o )drds (x) € I (5.19)
7“1 7“2

Obviously, the operator N’ has a fixed point is equivalent to P has a fixed point, and
so we turn to prove that P has a fixed point. We shall use the nonlinear alternative of
Leray-Schauder due to Frigon-Granas type to prove that P has a fixed point. Let w be
a possible solution of the problem w = AP(w) for some 0 < A < 1. This implies that for
each (t,z) € Jy, we have

w(t,z) = A Z (Lp(u — Lk (u(t; , 0)))

T T / / (t =)o = 1) f (s, 7, Ws,r) + V(s JdTds
tg—1

0<tp<t

+ / / 7"1 1 — T)TQilf(S, T, W(s,r) + U(S’T))deS
7‘1 7“2
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This implies by (H’'2) and (H'3) that

lu(t, 2)|] < AZ i (ulty s )) | = [k (O) ]+ 12 Culty, O))I| = (126 (0) 1) +2A Y ([ 14(0)
k=1

+ / / 7‘1 1 7_)'!'271
tp—1

Hf(s T, w(ST) —i—UST ) — f(s,7,0)||drds

) / 7o = 715, 7,0 drds
rl)F th1

X

A
- // )" @ = ) (5 W) + V) = f(5,7,0)||drds
rl)F 7“2
b / / )" = 1)1 f (5,7, 0) | drds
F(Tl)r 7"2 o
< i () + O+ 21 + 28
<12 jo T ko T(ry —|—1)F(r2+1)
n / / T1 1 _T)rz 1€pq (S 7-)st7_ +Usv— HBdeS
F te—1

/ / e T)m—le(p,q)(s,T)||u(577)|16d7ds) (5.20)

where f*= sup ||f(s,7,0)|],I" = ZH[’“

(s,7)EJO
and

@5, I8 + v, lls
K sup{w(s,7) : (5,7) € [0, s] x [0, 7]}

+(M)¢lls + Kl6(0,0)]. (5.21)
If we name y(s, 7) the right hand side of (5.21), then we have
||w(5,7-) + ?)(577)||5 < y(t,l‘). (5.22)
Therefore, from (5.20) and (5.22), then we get

Hw(s,T) + U(s,r) ”B <
<

m

ot )| <1 (i 2l + It O + 20" + 2/
w(t,z)|| < 2 ulty, u(ty, T T 1)
TrT () / / )T 1 T)TQ_lf(p,q)(Sﬂ')y(S,T)des
L(r -

/ / 1 = ) (5. )y, )drds).
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Using the above inequality and the defintion of y, we have that

y(t,x) < (M))olls + K[60,0) + 1) (lulty, 2)ll + l[ulty, 0)]) + 21

k::
2Kf* 7”
()P (M) )= 1 ro—1
-7 s, t)drds
[(ry + )F(7"2+1) /t“/ J* (1)

/ / ) T)rz—ly(s,t)dms).

By Lemma 1.4, there exists a costant § = d(rq,r2) such that we have

[yl < | (M)|¢ll5 + Kll6(0,0)]| + i (lu(te, 2| + [ults, 0)) + 21 + 2K f}, P
Yiwa = B 2 ko ko C(ry+ 1)C(ry + 1)
2K ¢
(p.9)
X {149
{ L(ry + D)0 (re + 1)]

= M.

Then from (5.20) we have

= 2f P " —~ 20,000
* (p.9) (1.9)
< (t; tr 21 M
lwllpg < kz Ju(ty, @)l + [[u(ty, 0)) + T i+ ) £ 1) Tl + )0 (rs + 1)
M*
Set
U'={weCy: ||lwlpg < M*+1 for all p,q € IN}.

We shall show that P : U" — C{,) is a contraction maps. Indeed, consider v,w € U’
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Then for each (t,z) € Jy, we have

v e S A MUER A (Co i
tg—1
><||f($7"U(ST — f(s, 7, ws,m)||drds
t_ 7‘1 1 7’2—1
+T1r2//|s|| Y
><||f(s T, V(s,7)) — f(8, T, weem ) ||dTds
< rl 1 . ro—1
= T(r)l(r2) Z/ / ")
XZ(M)HUST — Ws,n)||cdTds
+ / / Tl 1 _7_)7‘271
[(r1)L(r2)
XA )| V(s,r) — Wisry |l cdTds
200, P4
< 2D v = wllp,g-

C(ri + D(re + 1)
Thus

v — w]| (pq)-

26* pquT‘Q
(p,9)
Po)(t — (Pw)(t <
(POt 2) = (Pu)t Do < B F 7D

Hence by (5.18), P : U" — C;,4) is a contraction.
By our choice of U’, there is no w € 9,U™ such that w = AP(w), for A € (0,1). As a

consequence of Theorem 5.5, we deduce that P has a unique fixed point w in U’ which is
a solution to problem (5.14)-(5.17).

5.3.3 An Example

As an application of our results we consider the following fractional order partial hyper-
bolic functional differential equations with infinite delay of the form

|u(t, z)]

o€ (L + [ult, 2)])’ if (t,x) € J :=10,00) x [0, 00), (5.23)

(“DLu)(t x) =

1
(6e =) (1 + Ju(ty, 2)])’

u(ty, ) = u(ty, ) + rel0,1], k=1,...,m, (5.24)

u(t,0) =t, u(0,2) = 2?, (t,x) € J, (5.25)
u(t,z) =t + %, (t,z) € J := IR*\[0,00) x [0, 0), (5.26)
3p7"1q7'2

D= T 4 )T (ry + 1)
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B,={u € O((—0,0] x (—00,0],IR) : lim e y(f,n) exists € IR}.

[1(0.m)[[ =00

The norm of B, is given by

Jully = sup T u(6,m)].
(8,m)€(—00,0]x (—00,0]

Let
E :=[0,1] x {0} U {0} x [0, 1],

and u : (—00, 1] x (=00, 1] = IR such that u,) € B, for (t,z) € E, then

lim "y, 0 (0,n) = lim 7 2y(0,n) = P lim w(,n) < co.
100}l 500 @) Om) = lim (6,m) o u(dm)

Hence ug ) € B,. Finally we prove that
[t lly = K sup{|u(s, )| : (s,7) € [0,7] x [0, 2]} + M sup{|lwes,nlly : (5,7) € Een}

where K =M =1and H =1,
Ift+60<0, x+n<0 we get

[%(t.2) Iy = sup{|u(s, 7)| : (s,7) € (—00,0] X (—00,0]},
and if t+60 >0, x +n > 0 then we have
[z lly = sup{luls, 7)| : (s,7) € [0,] x [0, z]}.
Thus for all (t+ 60,z +n) € [0,1] x [0, 1], we get

[ually = sup{lu(s, 7)[ : (s,7) € (=00,0] x (—o0,0]}
+ sup{|u(s,7)| : (s,7) € [0,t] x [0, z]}.

Then
[tz lly = sup{l[wsnlly 1 (s,7) € E} +sup{lu(s,7) : (s,7) € [0,] x [0, z]]}.

(B, ||-ll4) is a Banach space. We conclude that B, is a phase space.

||
flt,x,p) = , (t,x) € J, p €B,,
Cppe T (1 + |pl) K

and
1

(Ger+#+4) (1 + Jul)

I(u) = ; xe[0,1].

For each ¢, ¥ € B, we have

_ 1 _
[tz ) = [(62,9)] < ——lle —Plls,
Clpg)€
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For each u,v € R™ and (¢, x) € [0,1] x [0, 1] we have

1
112(0) = L)l < = o]

1
Hence condition (H'2) is satisfied with £(, ge'** = ————. Since
Cp.a)€
2 — (t2) € T} < >
= sup{——— x -
(p:q) b A ' = ¢

and K =1, m =1 we get

~ ke, P a" 11
(p.9)
2ml = — 4+ =<1
Mt e T D) 3 T3
(

Hence condition (5.18) holds for each (r1,72) € (0,1] x (0,1] and all p,q € IN*. Conse-

quently Theorem 5.5 implies that problem (5.23)-(5.25) has a unique solution defined on
IR?.
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Conclusion

In this thesis, we have considered the problem of existence and uniqueness results
of solutions for fractional order partial hyperbolic functional differential with fixed time
impulses. Sufficient conditions for existence and uniqueness od solutions for initial value
problems for partial differential equations involving the Caputo fractional derivative were
given.
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