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Introduction

Impulsive differential equations, that is, differential equations involving impulse
effects,were considered for the first time in the 1960’s by Mil’man and Myshkis [79, 80].

Impulsive equations consist of two parts:

• Differential equation that defines the continuous part of the solution;

• Impulsive part that defines the rapid change and the discontinuity of the solution.

The first part of impulsive equations, that is, described by differential equations,could
consist of ordinary differential equations, integro-differential equations, functional dif-
ferential equations, partial differential equations, fractional differential equations, etc

The second part of impulsive equations is called the impulsive condition. The
points, at which the impulses occur, are called moments of impulses. The functions,
that define the amount of the impulses are called impulsive functions. The time of
action of the impulses, being small with respect to the whole duration of the studied
process, can be negligibly small( instantaneous impulses), or the time could be an
interval with a given length(non-instantaneous impulses). This leads to two basic
types of impulsive equations:

• Instantaneous impulses: the duration of these changes is relatively short com-
pared to the overall duration of the whole process. The model is given by impul-
sive differential equations (see, e.g monographs [58, 69, 97].

• Non-instantaneous impulses: an impulsive action, which starts at an arbitrary
fixed point and remains active on a finite time interval. E.Hernandez and D.O’Regan
[59] introduced this new class of abstract differential equations where the impulses
are not instantaneous, and they investigated the existence of mild and classical
solutions.

The development of the theory of impulsive differential equations gives an opportunity
for some real-world processes and phenomena to be modeled more accurately.

There are many good monographs on the impulsive differential equations [97, 16,
17, 18, 19, 20]. Very recently impulsive semilinear differential equations and inclusions
with nondensly defined were considered by Benchohra et al [26, 27], there are also many
different studies in biology and medicine for which impulsive differential equations are
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good model ( see for instant [11, 67, 68]), and for applications of the theory of impulsive
differential equations see [40, 44, 72, 75, 96, 100, 106, 109, 111].

This thesis is devoted to the existence of solutions for different classes of initial
values problems for semilinear differential equations with impulse effects.

This Thesis is arranged as follows:
In Chapter 1, we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis. In addition, this chapter contains background
material on semigroup.
In chapter 2, we prove existence results for impulsive semilinear differential equations
system. 

x′(t) = Ax(t) + f(t, x, y) t ∈ [0, b], t 6= tk,
y′(t) = Ay(t) + g(t, x, y) t ∈ [0, b], t 6= tk,
x(t+k ) = x(t−k ) + I1(x(tk), y(tk)) k = 1, . . . ,m,
y(t+k ) = y(t−k ) + I2(x(tk), y(tk)) k = 1, . . . ,m,
x(0) = a, y(0) = b,

(0.0.1)

where f, g : [0, b] × E × E → E are given functions, A is an infinitesimal generator
of a strongly continuous semigroup of bounded linear operators and 0 = t0 < t1 <
· · · < tm < tm+1 = b; Ik : C([0, b], E)× C([0, b], E) → C([0, b], E), k = 1, . . . ,m, are
impulse functions and x(t+) = lims→t+ x(s), x(t−) = lims→t− x(s).

We prove the uniqueness by the theorem of Perov.

Chapter 3 is concerned with the existence of solution for systems of second-order
impulsive differential equations with integral boundary conditions :

−u′′(t) = f(t, u(t), v(t)), t ∈ J, t 6= tk;
−v′′(t) = g(t, u(t), v(t)), t ∈ J, t 6= tk;
∆u(tk) = J1,k(u(tk)), −∆u′(tk) = I1,k(u(tk)), k = 1, 2, · · · ,
∆v(tk) = J2,k(v(tk)), −∆v′(tk) = I2,k(v

′(tk)), k = 1, 2, · · · ,

u(0) =

∫ ∞
0

h1(s)u(s)ds, u′(∞) = 0,

v(0) =

∫ ∞
0

h2(s)v(s)ds, v′(∞) = 0,

(0.0.2)

where J = [0,∞), f, g ∈ C(J × R × R,R), 0 < t1 < t2 < · · · < tk < · · · , tk −→ ∞,

Ii,k, Ji,k ∈ C(R,R), for i = 1, 2, hi ∈ C(R+,R+) with

∫ ∞
0

hi(s)ds 6= 1 for i = 1, 2,

u′(∞) = lim
t−→∞

u(t) and v′(∞) = lim
t−→∞

v(t), ∆u(tk) = u(t+k ) − u(t−k ) and ∆v(tk) =

v(t+k ) − v(t−k ), where u(t+k ), v(t+k ) and u(t−k ), v(t−k ) represent the right-hand limit of
u(t), v(t) at t = tk, respectively. ∆u′(tk) = u′(t+k )−u′(t−k ) and ∆v′(tk) = v′(t+k )−v′(t−k ),
where u′(t+k ), v′(t+k ) and u′(t−k ), v′(t−k ) represent the right-hand limit of u′(t) (v′(t)) at
t = tk, respectively.
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In Chapter 4, we are interested to study the following system :

x′(t) + A1x(t) = f(t, x(t), y(t)), t ∈ [si(x,y), t
i+1
(x,y)], H(x(si(x,y)), y(si(x,y))) = 0,

x(t) = I(ti+1
(x,y), t, x(ti+1

(x,y)), y(ti+1
(x,y)), x(t), y(t)), t ∈ (ti+1

(x,y), s
i+1
(x,y)], H(x(ti+1

(x,y), y(ti+1
(x,y)) = 1

y′(t) + A2y(t) = g(t, x(t), y(t)), t ∈ [si(x,y), t
i+1
(x,y)], H(x(si(x,y)), y(si(x,y))) = 0,

y(t) = Ī(ti+1
(x,y), t, x(ti+1

(x,y)), y(ti+1
(x,y)), x(t), y(t)), t ∈ (ti+1

(x,y), s
i+1
(x,y)], H(x(ti+1

(x,y), y(ti+1
(x,y)) = 1

x(0) = x0, y(0) = y0, H(x0, y0) = 0,
(0.0.3)

Ai : D(Ai) ⊂ E −→ E are infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (Ti(t))t≥0 on a Banach space E, H ∈ C(E ×
E, [0,∞)), (x0, y0) ∈ H−1(0) and f, g : [0, a] × E × E −→ E are given functions,
I ∈ C([0,∞)× [0,∞)×E×E×E×E;E), Ī ∈ C([0,∞)× [0,∞)×E×E×E×E;E),
0 = s0

(x,y) < t1(x,y) < s1
(x,y) < t2(x,y) · · · < si(x,y) < ti+1

(x,y) · · · ≤ a are numbers depending on

the state (x, y).

In Chapter 5, we establish the existence of solutions for the following boundary
value problem. 

∆3x(k)− f(k, x,∆x, y,∆y) = 0, k ∈ N(0, b)
∆3y(k)− z(k, x,∆x, y,∆y) = 0, k ∈ N(0, b)
α0∆x(0)− β0∆2x(0) = 0 x(0) = 0
γ0∆x(b+ 1) + δ0∆2x(b+ 1) = 0,
ᾱ0∆y(0)− β̄0∆2y(0) = 0 y(0) = 0
γ̄0∆y(b+ 1) + β̄0∆2y(b+ 1) = 0,

(0.0.4)

where β0, δ0, β̄0, δ̄0 ∈ R \ {0}, α0, γ0, ᾱ0, γ̄ ∈ R, f, z : N(a, b)× Rm × Rm × Rm ×
Rm → Rm are continuous functions.
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Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed point theo-
rems which are used throughout this thesis.

1.1 Generalized metric space

Definition 1.1.1. [84, 85] Let X be a nonempty set. By a vector-valued metric on X
we mean a map d : X ×X → Rn with the following properties:

(i) d(u, v) ≥ 0 for all u, v ∈ X.; if d(u, v) = 0 then u=v;

(ii) d(u, v) = d(v, u) for all u, v ∈ X;

(iii) d(u, v) ≤ d(u,w) + d(w, v) for all u, v, w ∈ X.

We call the pair (X, d) a generalized metric space for (r1, . . . , rn) ∈ Rn
+, we will

denote by
B(x0, r) = {x ∈ X : d(x0, x) < r},

the open ball centered in x0 with radius r. We mention that for generalized metric
spaces, the notation of open subset, closed set, convergence, Cauchy sequence and com-
pleteness are similar to those in usual metric spaces. If, x, y ∈ Rn, x = (x1, . . . , xn), y =
(y1, . . . , yn), by x ≤ y we mean xi ≤ yi for all i = 1, . . . , n. Also |x| = (|x1|, . . . , |xn|)
and max(x, y) = max(max(x1, y1), . . . ,max(xn, yn)). If c ∈ R, then x ≤ c means xi ≤ c
for each i = 1, . . . , n.

Definition 1.1.2. Let (X, d) be a generalized metric space. A subset A ⊂ X is called
open if for any x0 ∈ A, there exist r ∈ Rn

+ with r > 0 such that B(x0, r) ⊂ A, where
B(x0, r) = {x ∈ X : d(x0, x) < r} denote the open ball centered in x0 with radius r,
Any open ball is an open set and the collection of all open balls generates the generalized
metric topology on X. Let

B(x0, r) = {x ∈ X : d(x0, x) ≤ r}

9
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the closed ball centered in x0 with radius r.

Definition 1.1.3. Let (X, d) be a generalized metric spaces, a sequence bn in X is
called the Cauchy sequence if for each ε > 0 there exist N ∈ N such that for any
n,m ≥ N : d(xn, xm) < ε

Definition 1.1.4. A generalized metric space (X, d) is called complete if each Cauchy
sequence in X converges to a limit in X.

Definition 1.1.5. Let (X, d) be a generalized metric space, we say that a subset Y ⊂ X
is closed if xn ⊂ Y and xn → x imply x ∈ Y .

Definition 1.1.6. Let (X, d) be a generalized metric space, A subset C of X is called
compact if every open cover of C has a finite subcover.
A subset C of X is sequentially compact if every sequence in C contains a convergent
subsequence with limit in C.

Definition 1.1.7. Let X, Y be two generalized metric spaces K ⊂ X and f : K → Y
be an open operator, then f is called :

(P1) Compact,if for any bounded subset A ⊂ K then f(A) is relatively compact or
f(A) is compact.

(P2) Completely continuous, if f is continuous and compact.

Definition 1.1.8. A square matrix of real numbers is said to be convergent to zero if
and only if its spectral radius ρ(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc i.e. |λ| < 1, for every λ ∈ C
with det(M − λI) = 0, where I denote the unit matrix of Mn×n(R).

Theorem 1.1.1. [94] Let M ∈Mn×n(R+) , the following assertions are equivalent:

(a) M is convergent towards zero;

(b) Mk → 0 as k →∞;

(c) The matrix (I −M) is nonsingular and

(I −M)−1 = I +M +M2 + · · ·+Mk + · · · ,

(d) The matrix (I −M) is nonsingular and (I −M)−1 has nonnegative elements.

Definition 1.1.9. We say that a non-singular matrix A = (aij)1≤i,j≤n ∈Mn×n(R) has
the absolute value property if

A−1|A| ≤ I,

where |A| = (|aij|)1≤i,j≤n ∈Mn×n(R+).
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1.1. GENERALIZED METRIC SPACE

Some examples of matrices convergent to zero, A ∈ Mn×n(R), which also satisfies
the property (I − A)−1|I − A| ≤ I are:

1. A =

(
a 0
0 b

)
, where a, b ∈ R+ and max(a, b) < 1

2. A =

(
a −c
0 b

)
, where a, b, c ∈ R+ and a+ b < 1, c < 1

3. A =

(
a −a
b −b

)
, where a, b, c ∈ R+ and |a− b| < 1, a > 1, b > 0.

Lemma 1.1.2. [104] Let

Q =

(
a −b
−c d

)
where a, b, c, d ≥ 0 and detQ > 0. Then Q−1 is order preserving.

Definition 1.1.10. [84, 85] Let (X, d) be a generalized metric space. An operator
N : X → X is called contractive associated with the above d on X, if there exists a
convergent to zero matrix M such that d(T (x), T (y)) ≤Md(x, y) for all x, y ∈ X.

Let (X, d) be a generalized metric space with

d(x, y) :=

 d1(x, y)
...

dn(x, y)

 .

Notice that d is a generalized metric on X if and only if di, i = 1, 2, . . . , n are metrics
on X.

Definition 1.1.11. Let X be a vector space metric on K = R or C, we mean by a
norm a map ‖ · ‖ −→ Rn with the following properties:

(i) ‖x‖ ≥ 0 for all x ∈ X; if ‖x‖ = 0 then x = (0, · · · , 0);

(ii) ‖λx‖ = |λ|‖x‖ for all x ∈ X and λ ∈ K;

(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X.

The pair (X, ‖ · ‖) is called a generalized normed space. If the generalized metric
generated by ‖ · ‖ (i.e., d(x, y) = ‖x− y‖) is complete then the space (E, ‖ · ‖) is called
a generalized Banach space.

Definition 1.1.12. We say f : R+ × R× R→ R is an L1-Carathéodory function if

1. f(·, x, y) is measurable for any (x, y) ∈ R× R,

11
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2. f(t, ·, ·) is a continuous for almost every t ∈ R+.

3. For each r1, r2 > 0, there exists φr1,r2 ∈ L1([0,∞)) such that

|f(t, x, y)| ≤ Φr1,r2(t),

with |x| ≤ r1,|y| ≤ r2 and almost every t ∈ [0,∞).

1.2 Theory of fixed point

Theorem 1.2.1. [41](Schaefer’s fixed point)
Let X be a banach space and let N : E → E be a completely continuous map.If the

set
Φ = {x ∈ E : λx = Nx for some λ > 1}

is bounded, the N has a fixed point.

Theorem 1.2.2. [90](Schauder’s fixed point) Let M be a closed bounded convex
subset of a Banach space E. Assume that Λ : M →M is compact. Then Λ has at least
one fixed point in M .

Theorem 1.2.3. [90, 93](Perov’s fixed point) Let (X, d) be a complete generalized
metric space and the mapping f : X → X with the property that there exists a matrix
A ∈ Mm,m(R+) such that d(f(x), f(y)) ≤ Ad(x, y) for all x, y ∈ X.If A is a matrix
convergent to zero, then there exists a unique x∗ ∈ X such that x∗ = f(x∗),i.e; the
mapping f has a unique fixed point.

Theorem 1.2.4. [51](Krasnoselskii’s fixed point) Let E be a generalized Banach
space. Suppose that T and B are two operators E → E such that

(A1) T be a completely continuous operator.

(A2) B be a continuous and M− contraction operator.

(A3) The matrix I −M has the absolute property if

M = {x ∈ E | λT (x) + λB(
x

λ
) = x}

is bounded for all 0 < λ < 1. then the equation

x = T (x) +B(x), x ∈ X
has at least one solution.

Theorem 1.2.5. [48] Let X be a generalized Banach space and N : X → X be a
continuous compact mapping. Moreover, assume that the set

K = {x ∈ X : x = λN(x) for some λ ∈ (0, 1)},
is bounded. Then N has a fixed point.
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1.3. SEMIGROUP OF LINEAR OPERATORS

1.3 Semigroup of Linear Operators

Let X be a Banach space and B(X) be the Banach space of bounded linear oper-
ators.

Definition 1.3.1. A one-parameter family S(t) for a bounded linear operators on a
Banach space X is a C0-semigroup (or strongly continuous) on X if

(i) S(t) ◦ S(s) = S(t+ s), for t, s ≥ 0, (semigroup property),

(ii) S(0) = I, (the identity on X);

(iii) the map t→ S(t)x is strongly continuous, for each x ∈ X, i.e;

lim
t→0

S(t)(x) = x, ∀x ∈ X.

Remark 1.3.1. A semigroup of bounded linear operators (S(t))t≥0 is uniformly con-
tinuous if

lim
t→0
‖S(t)− I‖ = 0.

We note that if a semigroup S(t) is class (C0), then we have the growth condition
‖S(t)‖B(X) ≤M. exp(βt), for 0 ≤ t <∞, with some constants M > 0 and β.

If, in particular, M = 1 and β = 0, that is, ‖S(t)‖B(X) ≤ 1, for t ≤ 0, then the
semigroup S(t) is called a contraction semigroup (C0).

Definition 1.3.2. Let S(t) be a semigroup of class (C0) defined on X. The infinitesi-
mal generator A of S(t) is the linear operator defined by

A(x) = lim
h→0

S(h)(x)− x
h

, for x ∈ D(A),

where D(A) = {x ∈ X | lim
h→0

S(h)(x)− x
h

exists in X}.

Let us recall the following property:

Theorem 1.3.1. [89] If S(t) is a C0-semigroup, then there exist ω ≥ 0 and M ≥ 1
such that

‖S(t)‖B(X) ≤M exp(ωt), for 0 ≤ t <∞ (1.3.1)

Theorem 1.3.2. If (S(t))t≥0 is a C0 semigroup then t→ S(t)x is continuous, for each
x ∈ X.

Theorem 1.3.3. Let S(t)t≥0 be a C0 semigroup and A be its infinitesimal generator.
Then

13
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(a) For x ∈ X,

lim
h→0

1

h

∫ t+h

t

S(s)xds = S(t)x. (1.3.2)

(b) For x ∈ X,

∫ t

0

S(s)xds ∈ D(A) and

A

(∫ t

0

S(s)xds

)
= S(t)x− x. (1.3.3)

(c) For x ∈ D(A), S(t) ∈ D(A) and

d

dt
S(t)(x) = A(S(t)(x)) = S(t)(A(x)). (1.3.4)

(d) For x ∈ D(A)

S(t)x− S(s)x =

∫ t

s

S(τ)Axdτ =

∫ t

s

AS(τ)xdτ. (1.3.5)

lim
t→0

S(t)(x) = x, ∀x ∈ X.

Corollary 1.3.4. If A is the infinitesimal generator of a C0 semigroup (S(t)t≥0) then
D(A) the domain of A, is dense in X and A is closed linear operator.

Theorem 1.3.5. A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup if and only if A is a bounded linear operator.

Theorem 1.3.6. Let (T (t))t≥0 and (S(t))t≥0 be two C0 semigroups on X, generated
respectively by A and B. If A = B then T (t) = S(t), t ≥ 0.

For more details see [10, 13, 46, 47, 52, 56, 64]
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Chapter 2

Impulsive Differential Equations

In this chapter we study the existence and uniqueness results to the coupled system
of impulsive differential equations with initial conditions, the problem is in the form:

x′(t) = Ax(t) + f1(t, x(t), y(t)), t ∈ [0, b] t 6= tk

y′(t) = Ay(t) + g(t, x(t), y(t)), t ∈ [0, b] t 6= tk

x(t+k )− x(t−k ) = Ik1(x(tk), y(tk)), k = 1, . . . ,m

y(t+k )− y(t−k ) = Ik2(x(tk), y(tk)), k = 1, . . . ,m

x(0) = x̄0, y(0) = ȳ0,

(2.0.1)

where f, g : [0, b] × E × E → E are continuous functions, A is linear operator in
Banach space C([0, b], E), 0 = t0 < t1 < · · · < tm < tm+1 = b; Ik1, Ik2 : C(E × E,E),
k = 1, . . . ,m, are impulse functions and x(t−) = lims→t− x(s), x(t+) = lims→t+ x(s)
and x̄0, ȳ0 ∈ E.

2.1 Existence and Uniqueness results

Let J := [0, b]. In order to define a solution for problem (2.0.1), consider the space
PC(J,E), where

PC(J,E) := {y : J → E, y ∈ C(J \ {tk}, E); k = 1, . . . ,m,
y(t−k ) and y(t+k ) exist and satisfy y(t−k ) = y(t+k )}.

Endow end with the norm

‖y‖PC = sup{‖y(t)‖ : t ∈ J}

PC(J,E) is a Banach space.
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Definition 2.1.1. A function (x, y) ∈ PC × PC is a mild solution of (2.0.1) if
x(t) = T (t)x̄0 +

∫ t
0
T (t− s)f(s, x, y)ds+

∑
0<tk<t

T (t− tk)Ik1(x(tk), y(tk)), t ∈ J

y(t) = T (t)ȳ0 +
∫ t

0
T (t− s)g(s, x, y)ds+

∑
0<tk<t

T (t− tk)Ik2(x(tk), y(tk)), t ∈ J.

(2.1.1)
Let us introduce the following hypotheses:

(P1) There exist nonegative numbers ai,bi for each i ∈ {1, 2},such that{
|f(t, x, y)− f(t, x̄, ȳ)| ≤ a1|x− x̄|+ b1|y − ȳ|
|g(t, x, y)− g(t, x̄, ȳ)| ≤ a2|x− x̄|+ b2|y − ȳ|

for all x, y, x̄, ȳ ∈ E.

Theorem 2.1.1. Assume that (P1) is satisfied. Then the problem (2.0.1) has a unique
solution.

Proof. We give the prove of this theorem in several steps.

Step 1 Consider the problem (2.0.1) on [0, t1],
x′(t) = Ax(t) + f(t, x, y), t ∈ [0, t1]
y′(t) = Ay(t) + g(t, x, y),
x(0) = x̄0 , y(0) = ȳ0.

(2.1.2)

We prove the uniqueness of the mild solution by the theorem of Perov,we consider
the operator Λ1 : PC([0, t1], E)×PC([0, t1], E)→ PC([0, t1], E)×PC([0, t1], E)
defined for (x, y) ∈ PC([0, t1], E)× PC([0, t1], E) by

Λ1(x, y) = (N1(x, y), N2(x, y)), (2.1.3)

where

N1(x, y) = T (t)x̄0 +

∫ t

0

T (t− s)f(s, x, y)ds,

N2(x, y) = T (t)ȳ0 +

∫ t

0

T (t− s)g(s, x, y)ds,

we shall use theorem of Perov to prove that Λ1 is a contraction. Indeed, let
(x, y), (x̄, ȳ) ∈ PC([0, t1], E)× PC([0, t1], E).

|N1(x(t), y(t))−N1(x̄(t), ȳ(t))| ≤
∫ t

0
|T (t− s)||f(s, x(s), y(s))− f(s, x̄(s), ȳ(s))|ds

≤ M
∫ t

0
a1|x(s)− x̄(s)|+ b1|y(s)− ȳ(s)|ds

≤ Ma1
τ

∫ t
0
τesτds‖x− x̄‖+ Mb1

τ

∫ t
0
τesτds‖y − ȳ‖.
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Thus, we have

‖N1(x, y)−N1(x̄, ȳ)‖1 ≤ 1
τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1.

where ∥∥∥∥( x
y

)∥∥∥∥
1

= sup
t∈[0,t1]

e−τt
∥∥∥∥( x(t)

y(t)

)∥∥∥∥ .
Similarly,

‖N2(x, y)−N2(x̄, ȳ)‖1 ≤ 1
τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1.

Hence,

‖Λ1(x, y)− Λ1(x̄, ȳ)‖1 =

(
‖N1(x, y)−N1(x̄, ȳ)‖1

‖N2(x, y)−N2(x̄, ȳ)‖1

)

≤ 1
τ

(
1 1
1 1

)(
‖x− x̄‖1

‖y − ȳ‖1

)
.

Therefore,

‖Λ1(x, y)− Λ1(x̄, ȳ)‖1 ≤ M̄

(
‖x− x̄‖1

‖y − ȳ‖1

)
.

where,

M̄ =
1

τ

(
1 1
1 1

)
.

For τ > 2, M̄ converge to 0, from Perov fixed point theorem 1.2.3, the mapping
Λ1 has a unique fixed (x0, y0) ∈ PC([0, t1], E)×PC([0, t1], E), which is the unique
solution of the problem (2.1.2).

Step 2 Consider the system:
x′(t) = Ax(t) + f(t, x, y), t ∈ (t1, t2]
y′(t) = Ay(t) + g(t, x, y),
x(t+1 ) = x(t−1 ) + I1(x(t1), y(t1)), k = 1
y(t+1 ) = y(t−1 ) + Ī1(x(t1), y(t1))

(2.1.4)

Consider the operator, Λ2 : PC((t1, t2], E) × PC((t1, t2], E) → PC((t1, t2], E) ×
PC((t1, t2], E), defined for (x, y) ∈ PC((t1, t2], E)× PC((t1, t2], E) by

Λ2(x, y) = (N1(x, y), N2(x, y)).

where,
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N1(x, y) = T (t− t1)[x(t1) + I1(x(t1), y(t1))] +

∫ t

0

T (t− s)f(s, x(s), y(s))ds.

and

N2(x, y) = T (t− t1)[y(t1) + Ī1(x(t1), y(t1))] +

∫ t

0

T (t− s)g(s, x(s), y(s))ds.

Let (x, y), (x̄, ȳ) ∈ PC([t1, t2], E)× PC([t1, t2], E),

|N1(x(t), y(t))−N1(x̄, ȳ)| ≤
∫ t
t1
|T (t− s)||f(s, x(s), y(s))− f(s, x̄(s), ȳ(s))|ds

≤ M
∫ t
t1
a1|x(s)− x̄(s)|+ b1|y(s)− ȳ(s)|ds

≤ Ma1
τ

∫ t
t1
τesτds‖x− x̄‖+ Mb1

τ

∫ t
t1
τesτds‖y − ȳ‖

≤ Ma1
τ

[etτ − et1τ ]‖x− x̄‖+ Mb1
τ

[etτ − et1τ ]‖y − ȳ‖

≤ [Ma1
τ
‖x− x̄‖+ Mb1

τ
‖y − ȳ‖]etτ

−[Ma1
τ
‖x− x̄‖+ Mb1

τ
‖y − ȳ‖]et1τ .

Hence,

|N1(x(t), y(t))−N1(x̄(t), ȳ(t))|e−tτ ≤ [Ma1
τ
‖x− x̄‖+ Mb1

τ
‖y − ȳ‖]

−[Ma1
τ
‖x− x̄‖+ Mb1

τ
‖y − ȳ‖]et1τe−tτ

≤ [1− et1e−tτ ][Ma1
τ
‖x− x̄‖+ Mb1

τ
‖y − ȳ‖].

Then,

‖N1(x, y)−N1(x̄, ȳ)‖1 ≤ 1
τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1.

where ∥∥∥∥( x
y

)∥∥∥∥
1

= sup
t∈[t1,t2]

e−τt
∥∥∥∥( x(t)

y(t)

)∥∥∥∥ .
Similarly,

‖N2(x, y)−N2(x̄, ȳ)‖1 ≤ [1− et1e−tτ ][Ma2
τ

]‖x− x̄‖+ [1− et1e−tτ ][Mb2
τ

]‖y − ȳ‖
≤ 1

τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1.

Hence,
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‖Λ2(x, y)− Λ2(x̄, ȳ)‖1 =

(
‖N1(x, y)−N1(x̄, ȳ)‖1

‖N2(x, y)−N2(x̄, ȳ)‖1

)

≤ 1
τ

(
1 1
1 1

)(
‖x− x̄‖1

‖y − ȳ‖1

)
.

Therefore,

‖Λ2(x, y)− Λ2(x̄, ȳ)‖1 ≤ M̄

(
‖x− x̄‖1

‖y − ȳ‖1

)
.

where,

M̄ =
1

τ

(
1 1
1 1

)
.

For τ > 2, M̄ converge to 0, then from Perov fixed point theorem 1.2.3, the
mapping Λ2 has a unique fixed (x1, y1) ∈ PC((t1, t2], E)× PC((t1, t2], E), which
is the unique solution of the problem (2.1.4).

As a consequence, arguing inductively, the solution of problem (2.0.1) is given by

(x, y)(t) =



(x0, y0)(t), t ∈ [0, t1]

(x1, y1)(t), t ∈ (t1, t2]

...

...

(xm, ym)(t), t ∈ (tm, b].

For the next result we give the existence of mild solution of the problem without
Lipsichiz conditions

Theorem 2.1.2. Assume these conditions are satisfied,

(A1) There exist continuous nondecreasing functions ψ1 : R+ → (0,∞), ψ2 : R+ →
(0,∞), functions p1 ∈ L1(J,R+), p2 ∈ L1(J,R+) such that,{

|f(t, x, y)| ≤ p1(t)ψ1(|x|+ |y|)
|g(t, x, y)| ≤ p2(t)ψ2(|x|+ |y|)

for almost all t ∈ J and all (x, y) ∈ E × E.
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(A2) The linear operator A : D(A) ⊂ E → E generates a compact strongly continuous
semigroup {T (t) : t ≥ 0}; i.e T (t) is compact for any t > 0. Moreover, we denote
M = sup0≤t≤b ‖T (t)‖.

Then the problem (2.0.1) has at least one solution.

Proof. Consider the operator Λ : PC × PC → PC × PC defined by

Λ(x, y) = (N1(x, y), N2(x, y)), (x, y) ∈ PC × PC,

where,

N1(x(t), y(t)) = T (t)x̄0+

∫ t

0

T (t−s)f(s, x, y)ds+
∑

0<tk<t

T (t−tk)Ik1(x(tk), y(tk)), t ∈ J

and

N2(x(t), y(t)) = T (t)ȳ0+

∫ t

0

T (t−s)g(s, x, y)ds+
∑

0<tk<t

T (t−tk)Ik2(x(tk), y(tk)), t ∈ J.

We transform problem (2.0.1) into fixed point problem. It is clear that the fixed point
of Λ are mild solution to (2.0.1).

The proof will be given in several steps.

Step 1 Λ is continuous.
Let (xn, yn) be a sequence in PC(J,R)× PC(J,R) such that (xn, yn)→ (x, y) it
is enough to prove that Λ(xn, yn)→ Λ(x, y). For all t ∈ J , we have

|N1(xn(t), yn(t))−N1(x(t), y(t))| ≤
∫ b

0
|T (t− s)||f(s, xn(s), yn(s))− f(s, x(s), y(s))|ds

+M
n∑
k=1

|Ik1(xn(tk), yn(tk))− Ik1(x(tk), y(tk))|.

Since the function f, g are continuous, then, we have

‖N1(xn, yn)−N1(x, y)‖ ≤M
∫ b

0
‖f(·, xn(·), yn(·))− f(·, x(·), y(·))‖ds

+M
n∑
k=1

|Ik1(xn(tk), yn(tk))− Ik1(x(tk), y(tk))| → 0 asn→∞.

Similarly,

‖N2(xn, yn)−N2(x, y)‖ ≤M
∫ b

0
‖g(·, xn(·), yn(·))− g(·, x(·), y(·))‖ds

+M
n∑
k=1

|Ik2(xn(tk), yn(tk))− Ik2(x(tk), y(tk))| → 0 asn→∞.

Then Λ is continuous.
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Step 2 Λ is bounded on bounded sets in PC(J,R)× PC(J,R).

Indeed, it is enough to show that for any r =

(
r1

r2

)
> 0, then there exists a

positive constant ` =

(
`1

`2

)
such that

(x, y) ∈ Br = {(x, y) ∈ PC × PC : ‖(x, y)‖ ≤ r}, we have ‖Λ(x, y)‖ ≤ `.

Let (x, y) ∈ Br. We have

‖Λ(x, y)‖ ≤

(M‖x̄0‖+
∫ b

0
‖f(s, x(s), y(s))‖ds+M

n∑
k=1

‖Ik1(x(tk), y(tk))‖,

M‖ȳ0‖+
∫ b

0
‖g(s, x(s), y(s))‖ds+M

n∑
k=1

‖Ik2(x(tk), y(tk))‖),

where,

‖N1(x, y)‖ ≤ M‖x̄0‖+
∫ b

0
p(t)ψ(‖x‖PC + ‖y‖PC)dt+M

n∑
k=1

‖Ik1(x(tk), y(tk))‖

≤ M‖x̄0‖+
∫ b

0
p(t)ψ(‖x‖PC + ‖y‖PC)dt+M

n∑
k=1

sup
(x,y)∈B̄r

‖Ik1(x, y)‖,

≤ M +
∫ b

0
p(t)ψ(r1 + r2)dt

+M
n∑
k=1

sup
(x,y)∈B̄r

‖Ik1(x, y)‖ := `1.

Similarly,

‖N2(x, y)‖ ≤ M‖ȳ0‖+
∫ b

0
p(t)ψ(‖x‖PC + ‖y‖PC)dt+M

n∑
k=1

sup
(x,y)∈Br

‖Ik2(x, y)‖,

≤ M +
∫ b

0
p(t)ψ(r1 + r2)dt

+M
n∑
k=1

sup
(x,y)∈Br

‖Ik2(x, y)‖ := `2.

Step 3 Λ transforms every bounded set into an equicontinuous set in PC(J,R) ×
PC(J,R).

Let τ1, τ2 ∈ J , τ1 < τ2, and let Br be as in Step 2. Let (x, y) ∈ Br. Then
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1. If τ1 6= tk or (τ2 6= tk), ∀k ∈ {1, 2, . . . ,m}, we have

‖Λ(x, y)(τ2)− Λ(x, y)(τ1)‖ ≤
(M

∫ τ2
τ1
p(s)ψ(r1 + r2)ds

+M
∑

τ1<tk<τ2

sup
(x,y)∈B̄r

‖Ik1(x, y)‖

−M
∫ τ2
τ1
p(s)ψ(r1 + r2)ds

+M
∑

τ1<tk<τ2

sup
(x,y)∈B̄r

‖Ik2(x, y)‖)→
(

0
0

)
as τ1 → τ2.

2. If τ1 = t−i , we consider δ1 > 0 such that {tk, k 6= i}∩ [ti− δ1, ti + δ1] = ∅, so,
for 0 < h < δ1, we have

‖Λ(x, y)(ti)− Λ(x, y)(ti − h)‖

≤ (M
∫ ti
ti−h p(s)ψ(q1 + q2)ds,M

∫ ti
ti−h p(s)ψ(q1 + q2)ds)→

(
0
0

)
as h→ 0.

3. If τ2 = t+i , we consider δ2 > 0 such that {tk, k 6= i}∩ [ti− δ2, ti + δ2] = ∅, so,
for 0 < h < δ2, we have

‖Λ(x, y)(ti + h)− Λ(x, y)(ti)‖

≤ (M
∫ ti+h
ti

p(s)ψ(q1 + q2)ds,M
∫ ti+h
ti

p(s)ψ(q1 + q2)ds)→
(

0
0

)
as h→ 0.

So by Steps 1,2 and 3, and by Arzela-Ascoli’s theorem, Λ is completely
continuous.

Step 4. A Priori Estimates.

Let (x, y) ∈ PC(J,R) × PC(J,R) such that (x, y) = λΛ(x, y), and 0 < λ < 1.
Then for all t ∈ [0, t1], we have

x(t) = λx0 + λ

∫ t

0

f(s, x(s), y(s))ds,

y(t) = λy0 + λ

∫ t

0

g(s, x(s), y(s))ds,

and so,

‖(x, y)(t)‖ ≤ (‖x0‖+
∫ t

0
p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, ‖y0‖

+
∫ t

0
p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds), t ∈ [0, t1].
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Consider the map ϑ = (ϑ1, ϑ2) such that

ϑ1 = ‖x0‖+

∫ t

0

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [0, t1],

ϑ2 = ‖y0‖+

∫ t

0

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [0, t1].

Then we have

ϑ(0) = (‖x0‖, ‖y0‖), ‖(x, y)(t)‖ ≤ ϑ(t), t ∈ [0, t1],

and
ϑi(0) = p(‖x(t)‖, ‖y(t)‖), ∀i = 1, 2, t ∈ [0, t1],

As ψ is a nondecreasing map, we have

ϑi(t) ≤ p(t)ψ(ϑi(t)), ∀i = 1, 2 t ∈ [0, t1],

which implies that for every t ∈ [0, t1],∫ ϑi(t)

ϑi(0)

du

ψ(u)
≤
∫ t1

0

p(s)ds, ∀i = 1, 2.

The map Γi,0(z) =
∫ z
ϑi(0)

du
ψ(u)

, ∀i = 1, 2, is continuous and increasing. Then Γ−1
i,0

exists and it is increasing, and we get

ϑi(t) ≤ Γi,0

(∫ t1

0

p(s)ds

)
:= Mi,0, ∀i = 1, 2.

As for all t ∈ [0, t1], ‖(x, y)(t)‖ ≤ ϑ(t), and so,

sup
t∈[0,t1]

‖(x, y)‖ ≤
(
M1,0

M2,0

)
.

Now, for t ∈ (t1, t2], we have

‖x(t+1 )‖ ≤ ‖I1(x(t1), y(t1))‖+ ‖x(t1)‖ ≤ sup
(x,y)∈Br

‖I1(x, y)‖+M1,0 := N1,

‖y(t+1 )‖ ≤ ‖I2(x(t1), y(t1))‖+ ‖y(t1)‖ ≤ sup
(x,y)∈Br

‖I2(x, y)‖+M2,0 := N2,

where

q =

(
M1,0

M2,0

)
,

x(t) = λ(x(t1) + I1(x(t1), y(t1))) + λ

∫ t

t1

f(s, x(s), y(s))ds,
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y(t) = λ(x(t1) + I2(x(t1), y(t1))) + λ

∫ t

t1

g(s, x(s), y(s))ds.

Then

‖x(t)‖ ≤ N1 +

∫ t

t1

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [t1, t2],

‖y(t)‖ ≤ N2 +

∫ t

t1

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [t1, t2],

Consider the map W = (W1,W2) such that

W1(t) = N1 +

∫ t

t1

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [t1, t2],

W2(t) = N2 +

∫ t

t1

p(s)ψ(‖x(s)‖+ ‖y(s)‖)ds, t ∈ [t1, t2].

So,

W (t+1 ) = (N1, N2), ‖(x, y)(t)‖ ≤ W (t), t ∈ [t1, t2],

and

Wi(t) = p(t)ψ(‖x(t)‖+ ‖y(t)‖), ∀i = 1, 2, t ∈ [t1, t2].

Since ψ is nondecreasing, we get

Wi(t) ≤ p(t)ψ(Wi(t)), ∀i = 1, 2, t ∈ [t1, t2],

what implies that for every t ∈ [t1, t2], we have∫ Wi(t)

Wi(t
+
1 )

du

ψ(u)
≤
∫ t2

t1

p(s)ds, i = 1, 2.

If we consider the map Γi,1(z) =
∫ z
Wi(t

+
1 )

ds
ψ(s)

, i = 1, 2, we get

Wi(t) ≤ Γ−1
i,1

(∫ t2

t1

p(s)ds

)
:= Mi,1, i = 1, 2.

For all t ∈ [t1, t2],

‖(x, y)(t)‖ =

(
‖x(t)‖
‖y(t)‖

)
≤
(
W1(t)
W2(t)

)
,

so,

sup
t∈[t1,t2]

‖(x, y)(t)‖ ≤
(
M1,1

M2,1

)
.
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We continue this process to the interval (tm, 1], and (x, y) |(tm,1] is the solution
of the problem (x, y) = λΛ(x, y) for 0 < λ < 1. There exists Mi,m, i = 1, 2, such
that

sup
t∈[tm,b]

‖(x, y)(t)‖ ≤ Γ−1
i,m

(∫ b

tm

p(s)ds

)
:= Mi,m.

As we choose (x, y) arbitrarily, for all solution of problem 2.0.1 we have

‖x(t, y)‖ ≤
(

maxk=0,1,··· ,m(M1,k)
maxk=0,1,··· ,m(M2,k)

)
:=

(
d∗1
d∗2

)
.

Thus, the set

K = {(x, y) ∈ PC × PC : (x, y) = Λ(x, y), λ ∈ (0, 1)}.

Since Λ : PC × PC → PC × PC is completely continuous and K is bounded,
from Theorem 1.2.5, Λ has fixed point (x, y) ∈ PC × PC which is the solution
of problem (2.0.1).
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Chapter 3

System of impulsive differential
equations on unbounded domain

The theory of boundary-value problems with integral boundary conditions for ordi-
nary differential equations arises in different areas of applied mathematics and physics.

Boundary value problems with integral boundary conditions on the half-line for
different classes of systems of differential equations have been intensively studied in
the literature using a variety of methods (see [35, 36, 105, 108]).

This chapter is concerned with the existence of solution to systems of nonlinear
second-order impulsive differential equations with integral boundary on the half-line of
the forme

−u′′(t) = f(t, u(t), v(t)), t ∈ J, t 6= tk;
−v′′(t) = g(t, u(t), v(t)), t ∈ J, t 6= tk;
∆u(tk) = J1,k(u(tk)), −∆u′(tk) = I1,k(u(tk)), k = 1, 2, · · · ,
∆v(tk) = J2,k(v(tk)), −∆v′(tk) = I2,k(v

′(tk)), k = 1, 2, · · · ,

u(0) =

∫ ∞
0

h1(s)u(s)ds, u′(∞) = 0,

v(0) =

∫ ∞
0

h2(s)v(s)ds, v′(∞) = 0,

(3.0.1)

where J = [0,∞), f, g ∈ C(J × R × R,R), 0 < t1 < t2 < · · · < tk < · · · , tk −→ ∞,

Ii,k, Ji,k ∈ C(R,R), for i = 1, 2, hi ∈ C(R+,R+) with

∫ ∞
0

hi(s)ds 6= 1 for i = 1, 2,

u′(∞) = lim
t−→∞

u(t) and v′(∞) = lim
t−→∞

v(t), ∆u(tk) = u(t+k ) − u(t−k ) and ∆v(tk) =

v(t+k ) − v(t−k ), where u(t+k ), v(t+k ) and u(t−k ), v(t−k ) represent the right-hand limit of
u(t), v(t) at t = tk, respectively.Also ∆u′(tk) = u′(t+k )− u′(t−k ) and ∆v′(tk) = v′(t+k )−
v′(t−k ), where u′(t+k ), v′(t+k ) and u′(t−k ), v′(t−k ) represent the right-hand limit of u′(t) and
v′(t) at t = tk, respectively.

Since we are interested here in system of equations, we have opted for a vectorial
approach based on the use of vector-valued norms, inverse-positive matric and a vec-
torial version of Krasnoselskii’s fixed point theorem for sums of two operators [110].
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Before setting the result of this section we consider the following spaces.

PC([0,∞)) = {u : [0,+∞)→ R | u(t) is continuous at each t 6= tk,
left continuous at t = tk, u

′(t+k ) exists , k = 1, 2, · · · , }

and the space E defined by,

E = {u ∈ PC([0,+∞)), sup
t∈[0,+∞)

| u(t) |
1 + t

<∞},

E is a Banach space, equipped with the norm:

‖ u ‖E= sup
t∈[0,+∞)

| u(t) |
1 + t

<∞.

Then E × E is Banach space with the norm:

‖ (u, v) ‖= (‖ u ‖E, ‖ v ‖E) for (u, v) ∈ E × E.

The following compactness criterion on unbounded domains is a simple extension
of a compactness criterion in Cb(R+,R) (see [15]).

Lemma 3.0.3. We define the space η = Cb(R+,R), let N ⊆ η, Then N is compact in
η, if the following conditions hold:

(a) N is uniformly bounded in η.

(b) The functions from {y : y = x
1+t
, x ∈ N} belonging to N are almost equicontin-

uous on R+ .

(c) The functions from {y : y = x
1+t
, x ∈ N} are equiconvergent at +∞, that is

given ε > 0, there corresponds T (ε) > 0 such that |y(t) − y(+∞)| < ε for any
t ≥ 0 and f ∈ N for all t ≥ T (ε) and x ∈ N .

Our next lemma should come as no surprise. It shows that solutions of system
(3.0.1) are equivalent to solutions of integral equations.

Lemma 3.0.4. The vector (u, v) ∈ PC(J,R) × PC(J,R) is a solution of differential
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System of impulsive differential equations on unbounded domain

system (3.0.1) if and only if

u(t) =

∫ ∞
0

H1(t, s)f(s, u(s), v(s))ds+
∞∑
k=1

H1(t, tk)I1.k(u(tk)) +
∑
tk<t

J1.k(u(tk))

+

∫ ∞
0

h1(s)

(∑
tk<s

J1.k(u(tk))

)
ds

1−
∫ ∞

0

h1(s)ds

,

v(t) =

∫ ∞
0

H2(t, s)g(s, u(s), v(s))ds+
∞∑
k=1

H2(t, tk)I1.k(u(tk)) +
∑
tk<t

J2.k(v(tk))

+

∫ ∞
0

h2(s)

(∑
tk<s

J2.k(v(tk))

)
ds

1−
∫ ∞

0

h2(s)ds

.

where for i = 1, 2

Hi(t, s) = G(t, s) +
1

1−
∫ ∞

0

hi(s)ds

∫ ∞
0

G(τ, s)hi(τ)dτ

G(t, s) =

{
t, 0 ≤ t ≤ s ≤ ∞,
s, 0 ≤ s ≤ t ≤ ∞. (3.0.2)

Proof. First we consider the following problem:
−u′′(t) = f(t, u(t), v(t)), t ∈ J, t 6= tk;
∆u(tk) = J1,k(u(tk)), −∆u′(tk) = I1,k(u(tk)), k = 1, 2, · · · ,

u(0) =

∫ ∞
0

h1(s)u(s)ds, u′(∞) = 0.
(3.0.3)

Let u be a solution of problems (3.0.3), then by integration, we have

u′(t) = u′(0)−
∫ t

0

f(s, u(s), v(s))ds−
∑
tk<t

I1,k(u(tk)), (3.0.4)

Taking limit for t −→∞,

u′(0) =

∫ ∞
0

f(s, u(s), v(s))ds+
∞∑
k=1

I1,k(u(tk)),
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Integrating (3.0.4), we can get

u(t) = u′(0)t+u(0)−
∫ t

0

(t−s)f(s, u(s), v(s))ds−
∑
tk<t

I1,k(u(tk))(t−tk)+
∑
tk<t

J1,k(u(tk)).

Thus,

u(t) = u(0) +

∫ ∞
0

tf(s, u(s), v(s))ds+
∞∑
k=1

tI1,k(u(tk))−
∫ t

0

(t− s)f(s, u(s), v(s))ds

−
∑
tk<t

I1,k(u(tk))(t− tk) +
∑
tk<t

J1,k(u(tk)).

Thus,

u(t) = u(0) +

∫ ∞
0

G(t, s)f(s, u(s), v(s))ds+
∞∑
k=1

G(t, tk)I1,k(u(tk))

+
∑
tk<t

J1,k(u(tk)).

Then,

u(t) =

∫ ∞
0

h1(s)u(s)ds+

∫ ∞
0

G(t, s)f(s, u(s), v(s))ds

+
∞∑
k=1

G(t, tk)I1,k(u(tk)) +
∑
tk<t

J1,k(u(tk)).
(3.0.5)

Thus,∫ ∞
0

h1(s)u(s)ds =

∫ ∞
0

h1(s)

(∫ ∞
0

h1(s)u(s)ds+

∫ ∞
0

G(s, τ)f(τ, u(τ), v(τ))dτ

)
ds

+

∫ ∞
0

h1(s)

(
∞∑
k=1

G(s, tk)I1,k(u(tk)) +
∑
tk<s

J1,k(u(tk))

)
ds.

It follows that

∫ ∞
0

h1(s)u(s)ds =
1

1−
∫ ∞

0

h1(s)ds

(∫ ∞
0

∫ ∞
0

h1(s)G(s, τ)f(τ, u(τ), v(τ))dτ

)

+
1

1−
∫ ∞

0

h1(s)ds

∫ ∞
0

h1(s)

(
∞∑
k=1

G(s, tk)I1,k(u(tk))

)
ds

+
1

1−
∫ ∞

0

h1(s)ds

∫ ∞
0

h1(s)

(∑
tk<s

J1,k(u(tk))

)
ds.
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System of impulsive differential equations on unbounded domain

Substituting in (3.0.5) we have

u(t) =

∫ ∞
0

G(t, s)f(s, u(s), v(s))ds+

∫ ∞
0

∫ ∞
0

h1(s)G(s, τ)f(τ, u(τ), v(τ))dτ

1−
∫ ∞

0

h1(s)dτds

+
∞∑
k=1

G(t, tk)I1,k(u(tk)) +

∫ ∞
0

h1(s)

(
∞∑
k=1

G(t, tk)I1,k(u(tk))

)
ds

1−
∫ ∞

0

h1(s)ds

+
∑
tk<t

J1,k(u(tk)) +

∫ ∞
0

h1(s)

(∑
tk<t

J1,k(u(tk))

)
ds

1−
∫ ∞

0

h1(s)ds

.

Hence,

u(t) =

∫ ∞
0

H1(t, s)f(s, u(s), v(s))ds+
∞∑
k=1

H1(t, tk)I1.k(u(tk))

+
∑
tk<t

J1.k(u(tk)) +

∫ ∞
0

h1(s)

(∑
tk<s

J1.k(u(tk))

)
ds

1−
∫ ∞

0

h1(s)ds

,

where,

H1(t, s) = G(t, s) +
1

1−
∫ ∞

0

h1(s)ds

∫ ∞
0

G(τ, s)h1(τ)dτ.

Next, we consider the following problems


−v′′(t) = f(t, u(t), v(t)), t ∈ J, t 6= tk;
∆v(tk) = J2,k(v(tk)), ∆v′(tk) = −I2,k(v(tk)), k = 1, 2, · · · ,

v(0) =

∫ ∞
0

h2(s)v(s)ds, v′(∞) = 0,
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3.1. EXISTENCE RESULTS

similarly, we have that

v(t) =

∫ ∞
0

H2(t, s)f(s, u(s), v(s))ds+
∞∑
k=1

H2(t, tk)I1.k(u(tk)) +
∑
tk<t

J2.k(u(tk))

+

∫ ∞
0

h2(s)

(∑
tk<s

J2.k(u(tk))

)
ds

1−
∫ ∞

0

h2(s)ds

,

where,

H2(t, s) = G(t, s) +
1

1−
∫ ∞

0

h2(s)ds

∫ ∞
0

G(τ, s)h2(τ)dτ.

3.1 Existence results

In the section, we establish the existence of at least one solution of (3.0.1). We
need following assumptions to obtain our result:

(H1) f , g are L1-Carathéodory functions.

(H2) There exist nonnegative functions Pi, P̄i ∈ L1[0,+∞) for i = 1, 2, 3 such that:

|f(t, u, v)| ≤ P1(t)|u|+ P2(t)|v|+ P3(t), for each t ∈ J, (u, v) ∈ R2,

and

|g(t, u, v)| ≤ P̄1(t)|u|+ P̄2(t)|u|+ P̄3(t), for each t ∈ J, (u, v) ∈ R2.

(H3) For all u, v, ū, v̄ ∈ R, there exist nonnegative constants ai,k, bi,k ≥ 0, ı = 1, 2 such
that

{
|I1,k(u)− I1,k(ū)| ≤ a1,k|u− ū|, k=1,2,. . .
|I2,k(v)− I2,k(v̄)| ≤ a2,k|v − v̄|, k=1,2,. . .

and

{
|J1,k(u)− J1,k(ū)| ≤ b1,k|u− ū|, k=1,2,. . . ,m,. . . .,
|J2,k(v)− J2,k(v̄)| ≤ b2,k|v − v̄|, k=1,2,. . . ,m,. . . .
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System of impulsive differential equations on unbounded domain

(H4) We define the constants Ni and Ci, i = 1, 2, 3, by

Ni =
(

1 +
‖h1‖L1

h∗1

)∫ ∞
0

Pi(s)(1 + s)ds <∞,

Ci =
(

1 +
‖h2‖L1

h∗2

)∫ ∞
0

P̄i(s)(1 + s)ds <∞, i = 1, 2;

N3 =
(

1 +
‖h1‖L1

h∗1

)(∫ ∞
0

P3(s)ds+
∞∑
k=1

|I1,k(0)|+
∞∑
k=1

|J1,k(0)|

)
<∞,

C3 =
(

1 +
‖h2‖L1

h∗2

)(∫ ∞
0

P̄3(s)ds+
∞∑
k=1

|I2,k(0)|+
∞∑
k=1

|J2,k(0)|

)
<∞,

as well as the constants

Ki =

(
1 +
‖hi‖L1

h∗i

) ∞∑
k=1

(ai,k + bi,k)(1 + tk) <∞, for i = 1, 2;

where,

h∗1 =

∣∣∣∣1− ∫ ∞
0

h1(s)ds

∣∣∣∣ , h∗2 =

∣∣∣∣1− ∫ ∞
0

h2(s)ds

∣∣∣∣ .
Theorem 3.1.1. Assume that (H1)-(H3) holds with N1 +K1 < 1 and C2 +K2 < 1. If

M̃ =

(
1−N1 −K1 −C2

−C1 1− C2 −K2

)
.

and det M̃ > 0, then problem (3.0.1) has at least one solution.

Proof. Let N : E × E −→ E × E be the operator defined by

N(u, v) = F (u, v) +B(u, v), (u, v) ∈ E × E,

where,

F (u, v) = (F1(u, v), F2(u, v)); B(u, v) = (B1(u, v), B2(u, v)),

F1(u(t), v(t)) =

∫ ∞
0

H1(t, s)f(s, u(s), v(s))ds,

F2(u(t), v(t)) =

∫ ∞
0

H2(t, s)g(s, u(s), v(s))ds,
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B1(u(t), v(t)) =
∞∑
k=1

H1(t, tk)I1.k(u(tk)) +
∑
tk<t

J1.k(u(tk))

+

∫ ∞
0

h1(s)

(∑
tk<s

J1.k(u(tk))

)
ds

1−

∫ ∞
0

h1(s)ds
,

and

B2(u(t), v(t)) =
∞∑
k=1

H2(t, tk)I2.k(v(tk)) +
∑
tk<t

J2.k(v(tk))

+

∫ ∞
0

h2(s)

(∑
tk<s

J2.k(v(tk))

)
ds

1−

∫ ∞
0

h2(s)ds
.

In order to show that the condition in Theorem hold, we will proceed in several
steps.

Step 1 It is clear from its definition that B is a continuous operator. To show that B
is an M -contraction, let (u, v), (ū, v̄) ∈ E × E. From (H3), we see that

|B1(u(t), v(t))−B1(ū(t), v̄(t))|
1 + t

≤
∞∑
k=1

|H1(t, tk)|
1 + t

|I1,k(u(tk))− I1,k(ū(tk))|+
∑
tk<t

|J1.k(u(tk))− J1,k(ū(tk))|

+

∫ ∞
0

h1(s)

(∑
tk<s

|J1,k(u(tk))− J1,k(ū(tk))|

)
ds

∣∣∣∣∣∣1−
∫ ∞

0

h1(s)ds

∣∣∣∣∣∣

≤
∞∑
k=1

(
G1(t, tk)

1 + t
+

1

h∗1

∫ ∞
0

h1(r)
G1(r, tk)

1 + t
dr

)
a1,k|u(tk)− ū(tk)|+

∞∑
k=1

b1,k|u(tk)− ū(tk)|

+

∫ ∞
0

h1(s)ds

h∗1

∞∑
k=1

b1,k |u(tk)− ū(tk)| .
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Thus,

‖B1(u, v)−B1(ū, v̄)‖E

≤
(

1 +
‖h1‖L1

h∗1

) ∞∑
k=1

(a1,k + b1,k)(1 + tk)‖u− ū‖E := K1‖u− ū‖E.

Similarly, we have

‖B2(u, v)−B2(ū, v̄)‖E ≤
(

1 +
‖h2‖L1

h∗2

) ∞∑
k=1

(a2,k + b2,k)(1 + tk)‖v − v̄‖E := K2‖u− ū‖E.

Therefore, ‖B1(u, v)−B1(ū, v̄)‖E

‖B2(u, v)−B2(ū, v̄)‖E

 ≤M

‖u− ū‖E
‖v − v̄‖E

 ,
where,

M =

(
K1 0
0 K2

)
.

Since K1, K2 ∈ [0, 1), M converge to zero, and this implies that B is a contraction
operator.

Step 2 To show that the operator F is continuous, let (un, vn) −→ (u, v) as n −→ ∞.
Then un −→ u and vn −→ v as n −→∞.
We have

|F1(un(t), vn(t))− F1(u(t), v(t))|
1 + t

≤
∫ ∞

0

|H1(t, s)|
1 + t

|f(s, un(s), vn(s))−f(s, u(s), v(s))|ds

and so

‖F1(un, vn)− F1(u, v)‖E ≤ sup
t∈[0,+∞[

∫ ∞
0

|H1(t, s)|
1 + t

|f(s, un(s), vn(s))− f(s, u(s), v(s))|ds

Since f is L1-Carathéodory, by the lebesgue dominated convergence theorem,

‖F1(un, vn)− F1(u, v)‖E −→ 0, n −→ 0,

Similarly,

‖F2(un, vn)− F2(u, v)‖E −→ 0, n −→ 0.

so F is continuous.

Step 3 We want to show that F maps bounded sets into relatively compact sets, so
let D be a bounded subset of E. Then there exists q > 0 such that ‖u‖E ≤ q and
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‖v‖E ≤ q for all (u, v) ∈ D.
Let (u, v) ∈ D. Then for each t ∈ [0,+∞[, we have

|F1(u(t), v(t))|
1 + t

≤
∫ ∞

0

|H1(t, s)|
1 + t

|f(s, u(s), v(s))|ds

and similarly for F2. Since f , g be are Carathédory function, there exists nonnegative
function φM0,M1 ∈ L1[0,∞[ such that

|f(t, u(t), v(t))| ≤ φr1,r2(t) and |g(t, u(t), v(t))| ≤ φr1,r2(t) t ∈ R.

Hence

‖F1(u, v)‖E ≤
(

1 +
‖h1‖L1

h∗1

)∫ ∞
0

φr1,r2(s)ds.

Similarly, we have

‖F2(u, v)‖E ≤
(

1 +
‖h2‖L1

h∗2

)∫ ∞
0

φr1,r2(s)ds.

Therefore, F maps bounded sets E into bounded sets in E.
Moreover, for any T ∈ [0,+∞[ and τ1, τ2 ∈ [0, T ], τ1 < τ2,∣∣∣∣F1(u(τ2), v(τ2))

1 + τ2

− F1(u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤
∫ ∞

0

∣∣∣∣H1(τ2, s)

1 + τ2

− H1(τ1, s)

1 + τ1

∣∣∣∣ |f(s, u(s), v(s))|ds

≤
∫ ∞

0

∣∣∣∣H1(τ2, s)

1 + τ2

− H1(τ1, s)

1 + τ1

∣∣∣∣φr1,r2(s)ds
−→ 0 as τ1 −→ τ2.

Similarly, we obtain∣∣∣∣F2(u(τ2), v(τ2))

1 + τ2

− F2(u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤
∫ ∞

0

∣∣∣∣H2(τ2, s)

1 + τ2

− H2(τ1, s)

1 + τ1

∣∣∣∣φr1,r2(s)ds
−→ 0 as τ1 −→ τ2,

Thus F is equicontinuous on any compact interval of [0,∞).

Step 4 Next, we wish to show that N(D) is equiconvergent, i.e, for any ε = (ε1, ε2) > 0,
there exists sufficiently large T (ε) = max (T1(ε1), T2(ε2)) such that∣∣∣∣F (u(τ2), v(τ2))

1 + τ2

− F (u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤ ε, ∀ τ1, τ2 ≥ T (ε), (u, v) ∈ E. (3.1.1)

Since φr1,r2 ∈ L1[0,∞) then

∫ ∞
0

|Hi(t, s)|
1 + t

φr1,r2(s)ds < ∞ for i = 1, 2, so we can

choose T1(ε), T2(ε) such that∫ ∞
0

|Hi(t, s)|
1 + t

φr1,r2(s)ds ≤
εi
2
, for i = 1, 2. (3.1.2)
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Then, for every τ1, τ2 ≥ T1(ε1), we have∣∣∣∣F1(u(τ2), v(τ2))

1 + τ2

− F1(u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤ ∫ ∞
0

∣∣∣∣H1(τ2, s)

1 + τ2

− H1(τ1, s)

1 + τ1

∣∣∣∣φr1,r2(s)ds
≤

∫ ∞
0

|H1(τ2, s)|
1 + τ2

φr1,r2(s)ds

+

∫ ∞
0

|H1(τ1, s)|
1 + τ1

φr1,r2(s)ds

≤ ε1

2
+
ε1

2
= ε1.

Similarly, for every τ1, τ2 ≥ T2(ε2), we have∣∣∣∣F2(u(τ2), v(τ2))

1 + τ2

− F2(u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤ ∫ ∞
0

|H2(τ2, s)|
1 + τ2

φr1,r2(s)ds

+

∫ ∞
0

|H2(τ1, s)|
1 + τ1

φr1,r2(s)ds

≤ ε2

2
+
ε2

2
= ε2.

Hence for each τ1, τ2 ≥ max(T1(ε1), T2(ε2))∣∣∣∣F (u(τ2), v(τ2))

1 + τ2

− F (u(τ1), v(τ1))

1 + τ1

∣∣∣∣ ≤ ε, ∀(u, v) ∈ D.

That is (3.1.1), holds.

Step 5 To show that setB =
{

(u, v) ∈ E × E : F (u, v) + λB(u
λ
, v
λ
) = (u, v)

}
is bounded

for 0 < λ < 1. Let (u, v) ∈ B, then

u(t) =

∫ ∞
0

H1(t, s)f(s, u(s), v(s))ds+ λ

∞∑
k=1

H1(t, tk)I1.k

(
u(tk)

λ

)
+ λ

∑
tk<t

J1.k

(
u(tk)

λ

)

+λ

∫ ∞
0

h1(s)

(∑
tk<s

J1.k

(
u(tk)

λ

))
ds

1−
∫ ∞

0

h1(s)ds

,

v(t) =

∫ ∞
0

H2(t, s)g(s, u(s), v(s))ds+ λ

∞∑
k=1

H2(t, tk)I2.k

(
v(tk)

λ

)
+ λ

∑
tk<t

J2.k

(
v(tk)

λ

)

+λ

∫ ∞
0

h2(s)

(∑
tk<s

J2.k

(
v(tk)

λ

))
ds

1−
∫ ∞

0

h2(s)ds

.
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Thus,

|u(t)|
1 + t

≤
(

1 +
‖h1‖L1

h∗1

)∫ ∞
0

P1(s)(1 + s)ds‖u‖E +

(
1 +
‖h1‖L1

h∗1

)∫ ∞
0

P2(s)(1 + s)ds‖v‖E

+

(
1 +
‖h1‖L1

h∗1

)∫ ∞
0

P3(s)(1 + s)ds+

(
1 +
‖h1‖L1

h∗1

) ∞∑
k=1

(a1,k + b1,k)(1 + tk)‖u‖E

+

(
1 +
‖h1‖L1

h∗1

) ∞∑
k=1

|I1,k(0)|+
(

1 +
‖h1‖L1

h∗1

) ∞∑
k=1

|J1,k(0)|,

and

|v(t)|
1 + t

≤
(

1 +
‖h2‖L1

h∗2

)∫ ∞
0

P̄1(s)(1 + s)ds‖u‖E +

(
1 +
‖h2‖L1

h∗2

)∫ ∞
0

P̄2(s)(1 + s)ds‖v‖E

+

(
1 +
‖h2‖L1

h∗2

)∫ ∞
0

P̄3(s)(1 + s)ds+

(
1 +
‖h2‖L1

h∗2

) ∞∑
k=1

(a2,k + b2,k)(1 + tk)‖v‖E

+

(
1 +
‖h2‖L1

h∗2

) ∞∑
k=1

|I2,k(0)|+
(

1 +
‖h2‖L1

h∗2

) ∞∑
k=1

|J2,k(0)|.

This implies

‖u‖E ≤ N1‖u‖E +K1‖u‖E +N2‖v‖E +N3.

and

‖v‖E ≤ C1‖u‖E +K2‖v‖E + C2‖v‖E + C3.

Thus, we have (
1−N1 −K1 −C2

−C1 1− C2 −K2

)(
‖u‖E
‖v‖E

)
≤
(
N3

C3

)
.

Therefore,

M̃

(
‖u‖E
‖v‖E

)
≤
(
N3

C3

)
. (3.1.3)

Since M̃ satisfies the conditions of lemma (1.1.2) thus (M̃)−1 is order preserving. We
apply (M̃)−1 to both sides of the inequality (3.1.3) to obtain(

‖u‖E
‖v‖E

)
≤ (M̃)−1

(
N3

C3

)
.

Thus by Theorem (1.2.4) there exists at least one fixed point for N which is solution
of problem 3.0.1.
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System of impulsive differential equations on unbounded domain

Example 3.1.1. Consider the problem:

−u′′ = e−t

100
(1 + u+ v)

2
3 , t ∈ J, t 6= k,

−v′′ = e−t

200
(1 + u+ v)

1
2 , t ∈ J, t 6= k,

∆u(k) =
1

8k

√
u(k), k = 1, 2, · · · ,

−∆u′(k) =
1

10k

√
u(k), k = 1, 2, · · · ,

∆v(k) = e−2k v(k)

(1 + v(k))
, k = 1, 2, · · · ,

−∆v′(tk) = e−3k v(k)

(1 + v(k))
, k = 1, 2, · · · ,

u(0) =

∫ ∞
0

e−4su(s)ds, u′(∞) = 0,

v(0) =

∫ ∞
0

e−5sv(s)ds, v′(∞) = 0.

(3.1.4)

f(t, u, v) =
e−t

100
(1 + u+ v)

2
3 ,

g(t, u, v) =
e−t

200
(1 + u+ v)

1
2 ,

J1,k(u(tk)) =
1

8k

√
u(k) k = 1, 2, · · · ,

I1,k(u(tk)) =
1

10k

√
u(k) k = 1, 2, · · · ,

J2,k(v
′(tk)) = e−2k v(k)

(1 + v(k))
, k = 1, 2, · · · ,

I2,k(v
′(tk)) = e−3k v(k)

(1 + v(k))
, k = 1, 2, · · · ,

h1(s) = e−4s and h2(s) = e−5s.

Let u,v ∈ [0,∞[ et t ∈ J

it is clear that

∫ ∞
0

e−5s =
1

5
6= 1 and

∫ ∞
0

e−4sds =
1

4
6= 1.

By the inequality (1 + x+ y)γ ≤ 1 + γx+ γy, for x ∈ R+, 0 ≤ γ ≤ 1, we see that

|f(t, u, v)| = e−t

100

(
1 +

2

3
|u|+ 2

3
|v|
)
,

and

|g(t, u, v)| = e−t

200

(
1 +

1

2
|u|+ 1

2
|v|
)
,
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3.1. EXISTENCE RESULTS

Hence the condition (H2) holds with Pi(t) =
e−t

150
and P̄i(t) =

e−t

400
for i=1,2 , P3(t) =

e−t

100
, P̄3(t) =

e−t

200
.

Also for all u, ū, v, v̄ ∈ R+, we have

|I1,k(u)− I1,k(ū)| ≤ 1

10k
|u− ū|, k = 1, 2, · · · ,

and
|I2,k(v)− I2,k(v̄)| ≤ e−3k|v − v̄|, k = 1, 2, · · · ,

|J1,k(u)− J1,k(ū)| ≤ 1

8k
|u− ū|, k = 1, 2, · · · ,

and
|J2,k(v)− J2,k(v̄)| ≤ e−2k|v − v̄|, k = 1, 2, · · · ,

Thus (H3) holds with

a1,k =
1

10k
, b1,k =

1

8k
, a2,k = e−3k , b2,k = e−2k, k = 1, 2, · · · ,

Then, we easily obtain:

Ni =

(
1 +
‖h1‖L1

h∗1

)∫ ∞
0

Pi(s)(1 + s)ds =
2

225
<∞, i = 1, 2;

Ci =

(
1 +
‖h2‖L1

h∗2

)∫ ∞
0

P̄i(s)(1 + s)ds =
1

320
<∞, i = 1, 2;

K1 =

(
1 +
‖h1‖L1

h∗1

) ∞∑
k=1

(a1,k + b1,k)(1 + tk) =
1073

1327
<∞,

K2 =

(
1 +
‖h2‖L1

h∗2

) ∞∑
k=1

(a2,k + b2,k)(1 + tk) ' 0, 41 <∞,

N3 =

(
1 +
‖h1‖L1

h∗1

)(∫ ∞
0

P3(s)ds+
∞∑
k=1

|I1,k(0)|+
∞∑
k=1

|J1,k(0)|

)
=

1

75
<∞,

C3 =

(
1 +
‖h2‖L1

h∗2

)(∫ ∞
0

P̄3(s)ds+
∞∑
k=1

|I2,k(0)|+
∞∑
k=1

|J2,k(0)|

)
=

1

160
<∞.

Thus N1 +K1 ' 0, 81 < 1 and C2 +K2 ' 0, 41 < 1
For this example

M̃ '
(

1− 0, 81 − 2
225

− 1
320

1− 0, 41

)
.

det M̃ ' 0, 11 > 0. By Theorem 3.1.1, it follows that Problem has at least one
solution.
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Chapter 4

Impulsive evolution equations
without predefined time

Impulsive differential equations are studied by many authors, we can see the books
[58, 69, 97, 1]. Hernandez and O’Regan [59] introduced a new class of abstract impulsive
differential equations where the impulsive are non-instantaneous. In 2020 Hernandez
[60], introduce new class of impulsive differential equation without predefined time of
moments of impulses.
In this chapter, we are interested in studying the following system:



x′(t) + A1x(t) = f(t, x(t), y(t)), t ∈ [si(x,y), t
i+1
(x,y)], H(x(si(x,y)), y(si(x,y))) = 0,

x(t) = I(ti+1
(x,y), t, x(ti+1

(x,y)), y(ti+1
(x,y)), x(t), y(t)), t ∈ (ti+1

(x,y), s
i+1
(x,y)], H(x(ti+1

(x,y)), y(ti+1
(x,y))) = 1

y′(t) + A2y(t) = g(t, x(t), y(t)), t ∈ [si(x,y), t
i+1
(x,y)], H(x(si(x,y)), y(si(x,y))) = 0,

y(t) = Ī(ti+1
(x,y), t, x(ti+1

(x,y)), y(ti+1
(x,y)), x(t), y(t)), t ∈ (ti+1

(x,y), s
i+1
(x,y)], H(x(ti+1

(x,y), y(ti+1
(x,y)) = 1

x(0) = x0, y(0) = y0, H(x0, y0) = 0,
(4.0.1)

Ai : D(Ai) ⊂ E −→ E are infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (Ti(t))t≥0 on a Banach space E, H ∈ C(E ×
E, [0,∞)), (x0, y0) ∈ H−1(0) and f, g : [0, a] × E × E −→ E are given functions,
I ∈ C([0,∞)× [0,∞)×E×E×E×E;E), Ī ∈ C([0,∞)× [0,∞)×E×E×E×E;E),
0 = s0

(x,y) < t1(x,y) < s1
(x,y) < t2(x,y) · · · < si(x,y) < ti+1

(x,y) · · · ≤ a are numbers depending on

the state (x, y).
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4.1. EXISTENCE OF MILD SOLUTION

4.1 Existence of mild solution

In this section, we study the existence of solution for (4.0.1). To begin, we introduce
some concepts of solution.

Definition 4.1.1. We said that the function (x, y) ∈ C([0, b];X) × C([0, b];X), 0 <
b < a, is a N-mild solution of 4.0.1 if x(0) = x0, y(0) = y0 and there exist numbers 0 =
s0

(x,y) < t1(x,y) < s1
(x,y) < t2(x,y) . . . < tN(x,y) < sN(x,y) ≤ b such that (x(·), y(·)) is continuous

at t 6= ti(x,y), H(x(si(x,y)), y(si(x,y))) = 0 for all i = 0, . . . , N,,H(x(tj(x,y)), y(tj(x,y))) = 1

for all j = 1, . . . , N, 1 ≥ H(x(s), y(s)) > 0 for all s ∈ [tj(x,y), s
j
(x,y)) and j = 1, . . . , N,

0 ≤ H(x(s), y(s)) < 1 for all s ∈ [sj(x,y), t
j+1
(x,y)) and j = 1, . . . , N − 1, (x(s), y(s)) =

ψ(ti(x,y), s, x(ti(x,y)), y(ti(x,y)), x(s); y(s)) for each s ∈ (ti(x,y), s
i
(x,y)] and i = 1, . . . , N and

(a) for j = 1, . . . , N−1, the function (x, y)|
[s
j
(x,y)

,t
j+1
(x,y)

]
is a mild solution of the problem


x′1(t) = A1x1(t) + f(t, x1(t), y1(t)), t ∈ [sj(x,y), t

j+1
(x,y)]

x1(sj(x,y)) = I(tj(x,y), s
j
(x,y), x1(tj(x,y)), y1(tj(x,y)), x1(sj(x,y)), y1(sj(x,y))),

y′1(t) = A2y1(t) + g(t, x1(t), y1(t)), t ∈ [sj(x,y), t
j+1
(x,y)]

y1(sj(x,y)) = Ī(tj(x,y), s
j
(x,y), x1(tj(x,y)), y1(tj(x,y)), x1(sj(x,y)), y1(sj(x,y))).

(4.1.1)

(b) the function (x, y)|
[0,t1

(x,y)
]

is a mild solution of
x′1(t) = A1x1(t) + f(t, x1(t), y1(t)), t ∈ [0, t1(x,y)]

x1(0) = x0,
y′1(t) = A2y1(t) + g(t, x1(t), y1(t)), t ∈ [0, t1(x,y)]

y1(0) = y0,

(4.1.2)

(c) sN(x,y) = b or sN(x,y) < b, 0 ≤ H(x(s), y(s)) < 1 for s ∈ [s(x, y)N , b] and (x, y)|
[sN
(x,y)

,b]

is a mild solution of
x′1(t) = A1x1(t) + f(t, x1(t), y1(t)), t ∈ [sN(x,y), b],

x1(sN(x,y)) = I(tN(x,y), s
N
(x,y), x1(tN(x,y)), y1(tN(x,y)), x1(sN(x,y)), y1(sN(x,y))),

y′1(t) = A2y1(t) + g(t, x1(t), y1(t)), t ∈ [sN(x,y), b]

y1(sN(x,y)) = Ī(tN(x,y), s
N
(x,y), x1(tN(x,y)), y1(tN(x,y)), x1(sN(x,y)), y1(sN(x,y))),

(4.1.3)

Definition 4.1.2. We said that a function (x, y) ∈ C([0, b];X) × C([0, b];X) is a
Nψ-mild solution of (4.0.1) on [0, b] if x(0) = x0, y(0) = y0 and there exist numbers
0 = s0

(x,y) < t1(x,y) < s1
(x,y) < t2(x,y) . . . < sN−1

(x,y) < tN(x,y) ≤ b such that x(.), y(.) is

continuous at t 6= ti, H(x(si(x,y)), y(si(x,y))) = 0 for all i = 0, . . . , N − 1,H(x(tj(x,y))) = 1

for all j = 1, . . . , N , the function (x, y)|
[0,sN

(x,y)
]

is a N − 1-mild solution of (4.0.1) on

[0, sN−1
(x,y)] and
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Impulsive evolution equations without predefined time

(a) tN(x,y) = b or tN(x,y) < b, 1 ≥ H(x(s), y(s)) > 0 for s ∈ [tN(x,y), b] and

x1(s) = I(tN(x,y), s, x1(tN(x,y)), y1(tN(x,y)), x(s), y1(s))

y1(s) = Ī(tN(x,y), s, x1(tN(x,y)), y1(tN(x,y)), x(s), y1(s)).

To prove our results we include the following conditions. Next,∂B denotes the
boundary of a set B.

(H1) There exist Li, Li ∈ R+, i = 1, 2 such that

‖f(t, x, y)− f(t, x̄, ȳ)‖ ≤ L1‖x− x̄‖+ L2‖y − ȳ‖, x, y, x̄, ȳ ∈ X

and

‖g(t, x, y)− g(t, x̄, ȳ)‖ ≤ L̄1‖x− x̄‖+ L̄2‖y − ȳ‖, x, y, x̄, ȳ ∈ X.

(H2) I ∈ C([0,∞)×[0,∞)×E×E×E×E;E), Ī ∈ C([0,∞)×[0,∞)×E×E×E×E;E)
and

LI = sup{[I(t, s, x(t), y(t), x(s), y(s))]CLip(E;E)
: t ∈ Ia, s ∈ It,a, x, y ∈ δH(−1)} <∞,

LĪ = sup{[Ī(t, s, x(t), y(t), x(s), y(s))]CLip(E;E)
: t ∈ Ia, s ∈ It,a, x, y ∈ δH(−1)} <∞,

where Ia = [0, a], It,a = [t, a].

(H3) There exist q1, q2, q3, q4, such that,

|I(t, s, e, p, x, y)− I(t, s, e, p, x̄, ȳ)| ≤ q1|x− x̄|+ q2|y − ȳ|,

and

|Ī(t, s, e, p, x, y)− Ī(t, s, e, p, x̄, ȳ)| ≤ q3|x− x̄|+ q4|y − ȳ|.

Now, we can establish and prove our result on the existence of solution.

Theorem 4.1.1. Assume that the conditions (H1),(H2) and (H3) are satisfied and
(x0, y0) ∈ H−1(0), where,

K =

(
q1 q2

q3 q4

)
.

If K is converge to 0, then there exists a unique N-mild solution, or a unique N(IĪ)-
mild solution of (4.0.1) on [0, a], or 0 < bx0 < a, 0 < by0 < a.

Proof.
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4.1. EXISTENCE OF MILD SOLUTION

Step 1 We consider the following problem
x(t) = A1x(t) + f(t, x(t), y(t)), t ∈ [0, a]

y(t) = A2y(t) + g(t, x(t), y(t)), t ∈ [0, a]

x(0) = x0, y(0) = y0,

(4.1.4)

It is clear that the mild solutions of (4.1.4) are the fixed point of the following operator
N : C([0, a], E)× C([0, a], E)→ C([0, a], E)× C([0, a], E) defined by

N(x, y) = (N1(x, y), N2(x, y)),

where,

N1(x, y) = T1(t)x0 +

∫ t

0

T1(t− s)f(s, x, y)ds, (x, y) ∈ C([0, a], E)× C([0, a], E)

and

N2(x, y) = T2(t)y0 +

∫ t

0

T2(t− s)g(s, x, y)ds, (x, y) ∈ C([0, a], E)× C([0, a], E).

Indeed, let (x, y), (x̄, ȳ) ∈ C([0, a], E)× C([0, a], E),

|N1(x, y)−N1(x̄, ȳ)| ≤
∫ t

0
|T (t− s)||f(s, x, y)− f(s, x̄, ȳ)|ds

≤ M
∫ t

0
a1|x− x̄|+ b1|y − ȳ|ds

≤ Ma1
τ

∫ t
0
τesτds‖x− x̄‖+ Mb1

τ

∫ t
0
τesτds‖y − ȳ‖.

Thus,

‖N1(x, y)−N1(x̄, ȳ)‖1 ≤ 1
τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1,

where, ∥∥∥∥( x
y

)∥∥∥∥
1

= sup
t∈[0,a]

e−τt
∥∥∥∥( x(t)

y(t)

)∥∥∥∥ .
Similarly,

|N2(x, y)−N2(x̄, ȳ)| ≤ Ma2
τ

∫ t
0
τesτds‖x− x̄‖+ Mb2

τ

∫ t
0
τesτds‖y − ȳ‖.

Then,

‖N2(x, y)−N2(x̄, ȳ)‖1 ≤ 1
τ
‖x− x̄‖1 + 1

τ
‖y − ȳ‖1.
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Impulsive evolution equations without predefined time

Hence,

‖N(x, y)−N(x̄, ȳ)‖1 =

(
‖N1(x, y)−N1(x̄, ȳ)‖1

‖N2(x, y)−N2(x̄, ȳ)‖1

)

≤ 1
τ

(
1 1
1 1

)(
‖x− x̄‖1

‖y − ȳ‖1

)
.

Therefore,

‖N(x, y)−N(x̄, ȳ)‖1 ≤ M̄

(
‖x− x̄‖1

‖y − ȳ‖1

)
,

where

M̄ =
1

τ

(
1 1
1 1

)
, τ > 2.

From Perov fixed point theorem 1.2.3, the mapping N has a unique fixed (x, y) ∈
C([0, a], E)×C([0, a], E) which is a unique solution of problem (4.1.4), we denote this
solution by (x1, y1).

If H(x1(t), y1(t)) 6= 1 for all t ∈ [0, a], hence (x1, y1) is a mild solution of (4.0.1) on
[0, a].

If H((x1(t), y1(t)) 6= 1 for all t ∈ [0, a) and H((x1(a), y1(a)) = 1 then (x1, y1) is a 1ψ-
mild solution of (4.0.1) on [0, a].

Step 2 Otherwise 0 < t1 = inf{s ∈ [0, a] : H(x(s), y(s)) = 1} < a and H(x(s), y(s)) =
1. In this case, we consider the map θ : C([t1, a], E) × C([t1, a], E) → C([t1, a], E) ×
C([t1, a], E) defined by

θ(v1, v2) = (θ1(v1, v2), θ2(v1, v2)),

where,

θ1(v1, v2) = I(t1, t, e, p, v1, v2), (v1, v2) ∈ C([t1, a], E)× C([t1, a], E).

and

θ2(v1, v2) = Ī(t1, t, e, p, v1, v2), (v1, v2) ∈ C([t1, a], E)× C([t1, a], E).

Indeed, let (v1, v2), (v̄1, v̄2) ∈ C([t1, a], E) × C([t1, a], E). From assumption H3, it is
easy to see that θ(·) is a contraction and has a fixed point (v1, v2) ∈ C([t1, a], X) ×
C([t1, a], X).

|θ1(v1, v2)− θ1(v̄1, v̄2)| = |I(t, s, e, p, v1, v2)− I(t, s, e, p, v̄1, v̄2)|

≤ q1|v1 − v̄1|+ q2|v2 − v̄2|

etτe−tτ |θ1(v1, v2)− θ1(v̄1, v̄2)| ≤ q1e
tτe−tτ |v1 − v̄1|+ q2e

tτe−tτ |v2 − v̄2|.
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Then,
‖θ1(v1, v2)− θ1(v̄1, v̄2)‖2 ≤ q1‖v1 − v̄1‖2 + q2‖v2 − v̄2‖2,

where, ∥∥∥∥( v1

v2

)∥∥∥∥
2

= sup
t∈[t1,a]

eτte−τt
∥∥∥∥( v1(t)

v2(t)

)∥∥∥∥ .
Similarly,

‖θ2(v1, v2)− θ2(v̄1, v̄2)‖2 ≤ q3‖v1 − v̄1‖2 + q4‖v2 − v̄2‖2.

Hence,

‖θ(v1, v2)− θ(v̄1, v̄2)‖2 =

(
‖θ1(v1, v2)− θ1(v̄1, v̄2)‖2

‖θ2(v1, v2)− θ2(v̄1, v̄2)‖2

)
≤

(
q1 q2

q3 q4

)(
‖v1 − v̄1‖2

‖v2 − v̄2‖2

)
.

Therefore,

‖θ(v1, v2)− θ(v̄1, v̄2)‖2 ≤ K

(
‖v1 − v̄1‖2

‖v2 − v̄2‖2

)
.

we define now the function u1 : [0, a] × [0, a] → E given by u1(t) = (x1(t), y1(t)) for
t ∈ [0, t1] and u1(t) = (v1(t), v2(t)) for t ∈ [t1, a]. It obvious that u1

|[0,t1]
is a mild

solution of (4.1.4) on [0, t1] and

u1(s) =

{
I(t1, s, x1(t1), y1(t1), v1(s), v2(s)), for all s ∈ [t1, a]
Ī(t1, s, x1(t1), y1(t1), v1(s), v2(s)),

if H(u1(s)) 6= 0 for all s ∈ [t1, a], then u1(.) is the unique 1(IĪ)-mild solution of (4.0.1)
on [0, a]. if H(u1(s)) 6= 0 for all s ∈ [t1, a] and H(u1(a)) = 0, then u1(.) is the unique
1-mild solution of (4.0.1) on [0, a].

Step 3 We assume now that t1 < s1 = inf{s ∈ [t1, a] : H(x(s), y(s)) = 0} < a.
obviously, x(s1) = 0, y(s1) = 0. Similar to the above, we know that there exist a
unique mild solution (σ1, σ2) ∈ C([s1, a], X)× C([s1, a], X) of

σ′1(t) = A1σ1(t) + f(t, σ1(t), σ2(t)), t ∈ [s(x,y), a]
σ′2(t) = A2σ2(t) + g(t, σ1(t), σ2(t))
σ1(s1) = I(t1, s1, x(t1), y(t1), x(s1), y(s1))
σ2(s1) = Ī(t1, s1, x(t1), y(t1), x(s1), y(s1)).

(4.1.5)

It is clear that the mild solutions of (4.1.5) are the fixed point of the following operator
Θ : C([s1, a], E)× C([s1, a], E)→ C([s1, a], E)× C([s1, a], E) defined by

Θ(σ1, σ2) = (Θ1(σ1, σ2),Θ2(σ1, σ2)),

where,

Θ1(σ1(t), σ2(t)) =
∫ t
s1
T (t− s)f(s, σ1(s), σ2(s))ds

+T (t− s1)σ1(s1), (σ1, σ2) ∈ C([s1, a], E)× C([s1, a], E).
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and

Θ2(σ1(t), σ2(t)) =
∫ t
s1
T (t− s)g(s, σ1(s), σ2(s))ds

+T (t− s1)σ2(s1), (σ1, σ2) ∈ C([s1, a], E)× C([s1, a], E).

Indeed, let (σ1, σ2), (σ̄1, σ̄2) ∈ C([s1, a], E)×C([s1, a], E)→ C([s1, a], E)×C([s1, a], E),

|Θ1(σ1, σ2)−Θ1(σ̄1, σ̄2)| ≤ |T (t1s)|I(t1, s1, e, p, x, y)− I(t1, s1, e, p, x̄, ȳ)|
+
∫ t
s1
|T (t− s)||f(s, σ1(s), σ2(s))− f(s, σ̄1, σ̄2)|ds

≤ M
∫ t
s1
L1|σ1 − σ̄1|+ L2|σ2 − σ̄2|ds

≤ ML1

τ

∫ t
s1
τesτds‖σ1 − σ̄1‖+ ML2

τ

∫ t
s1
τesτds‖σ2 − σ̄2‖

≤ ML1

τ
(etτ − es1τ )‖σ1 − σ̄1‖+ ML2

τ
(etτ − es1τ ))‖σ2 − σ̄2‖

≤ (ML1

τ
)etτ‖σ1 − σ̄1‖+ (ML2

τ
)etτ‖σ2 − σ̄2‖

≤ etτ ( 1
τ
‖σ1 − σ̄1‖+ 1

τ
‖σ2 − σ̄2‖),

then

‖Θ1(σ1, σ2)−Θ1(σ̄1, σ̄2)‖2 ≤
1

τ
‖σ1 − σ̄1‖2 +

1

τ
‖σ2 − σ̄2‖2,

where, ∥∥∥∥( σ1

σ2

)∥∥∥∥
2

= sup
t∈[s1,a]

e−τt
∥∥∥∥( σ1(t)

σ2(t)

)∥∥∥∥ .
Similarly,

|Θ2(σ1, σ2)−Θ2(σ̄1, σ̄2)| ≤ |T (t1s)|Ī(t1, s1, e, p, x, y)− Ī(t1, s1, e, p, x̄, ȳ)|
+
∫ t
s1
|T (t− s)||g(s, σ1(s), σ2(s))− g(s, σ̄1, σ̄2)|ds

≤ M
∫ t
s1
L3|σ1 − σ̄1|+ L4|σ2 − σ̄2|ds

≤ ML3

τ

∫ t
s1
τesτds‖σ1 − σ̄1‖+ ML4

τ

∫ t
s1
τesτds‖σ2 − σ̄2‖

≤ ML3

τ
(etτ − es1τ )‖σ1 − σ̄1‖+ ML4

τ
(etτ − es1τ ))‖σ2 − σ̄2‖

≤ etτ ( 1
τ
‖σ1 − σ̄1‖+ 1

τ
‖σ2 − σ̄2‖).

Therefore,

‖Θ2(σ1, σ2)−Θ2(σ̄1, σ̄2)‖2 ≤
1

τ
‖σ1 − σ̄1‖2 +

1

τ
‖σ2 − σ̄2‖2.
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Hence,

‖Θ(σ1, σ2)−Θ(σ̄1, σ̄2)‖2 =

(
‖Θ1(σ1, σ2)−Θ1(σ̄1, σ̄2)‖2

‖Θ2(σ1, σ2)−Θ2(σ̄1, σ̄2)‖2

)

≤

 1
τ

1
τ

1
τ

1
τ

( ‖σ1 − σ̄1‖2

‖σ2 − σ̄2‖2

)
.

Therefore,

‖Θ(σ1, σ2)−Θ(σ̄1, σ̄2)‖2 ≤ 1
τ

(
1 1
1 1

)(
‖σ1 − σ̄1‖2

‖σ2 − σ̄2‖2

)
.

From Perov fixed point theorem 1.2.3, the mapping Θ has a unique fixed (σ1, σ2) ∈
C([s1, a], E) × C([s1, a], E) which is a unique solution of problem (4.1.5), we denote
this solution by (x3, y3). and we define (x3, y3) : [0, a]× [0, a]→ E by

(x3, y3) =


(x2, y2), for t ∈ [0, s1

(x,y)]

(σ1, σ2), for t ∈ [s1, a]

if H(x3(s), y3(s)) < 1 for all s∈[s
1, a] then (x3(.), y3(.)) is the unique 1-mild solution on

[0, a].
if H(x3(s), y3(s)) < 1 for all s∈[s

1, a] and H(x3(a), y3(a)) = 1 then (x3(.), y3(.)) is the
unique 2-mild solution on [0, a].

Step 4 Otherwise, we have that s1 < t2 = inf{s ∈ [s1, a] : H(u(s)) = 1} < a and
arguing as in the first part of the proof, we have that there exists a unique fixed point
(ω1, ω2) ∈ C([t2, a];E] × C([t2, a];E] of the map Λ : C([t2, a], E) × C([t2, a], E) →
C([t2, a], E)× C([t2, a], E) defined by

Λ(ω1, ω2) = (Λ1(ω1, ω2),Λ2(ω1, ω2)),

where,

Λ1(ω1, ω2) = I(t1, t, e, p, ω1, ω2), (ω1, ω2) ∈ C([t2, a], E)× C([t2, a], E)

and

Λ2(ω1, ω2) = Ī(t1, t, e, p, ω1, ω2), (ω1, ω2) ∈ C([t2, a], E)× C([t2, a], E).

We continue this process for the following problem
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(x(t), y(t)) =



(x1(t), y1(t)) for all t ∈ [0, t1]

(x2(t), y2(t)) for all t ∈ [t1, s1)

(x3(t), y3(t)) for all t ∈ [s1, t2)

...

(xm(t), ym(t)) for all t ∈ [tm, sm).
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Chapter 5

Difference equations

Since the publication of the landmark paper of Hertman [55] in the year 1978
difference equations has become a major field of research. In fact during this pe-
riod several books, e,g Agarwal [2] Agarwal and Wang [4], Ahlbrant and Peterson
[12] , Elydi[43], Kelley and Peterson[63], Kocic and Ladas[65], Lakshmikantham and
Trigiante[70], Mickens Sharkovsky, Mdistrenko and Romanenko[98], and hundreds of
research articles on the theory, methods and applications of difference equations have
been written. In this chapter we will follow Agarwal and O’Regan [3, 5, 6, 7, 8, 9] and
establish the existence of solutions following boundary value problem.

∆3x(k)− f(k, x,∆x, y,∆y) = 0, k ∈ N(0, b)
∆3y(k)− z(k, x,∆x, y,∆y) = 0, k ∈ N(0, b)
α0∆x(0)− β0∆2x(0) = 0 x(0) = 0
γ0∆x(b+ 1) + δ0∆2x(b+ 1) = 0,
ᾱ0∆y(0)− β̄0∆2y(0) = 0 y(0) = 0
γ̄0∆y(b+ 1) + β̄0∆2y(b+ 1) = 0,

(5.0.1)

where β0, δ0, β̄0, δ̄0 ∈ R\{0}, α0, γ0, ᾱ0, γ̄ ∈ R, f, z : N(0, b)×Rm×Rm×Rm×Rm →
Rm are continuous functions.

Throughout this chapter, we shall use some of the following notations: N = 0, 1, . . .
the set of natural numbers including zero, N(a) = a, a+ 1, . . . where a ∈ N,N(a, b−1) =
a, a+ 1, . . . , b− l where a < b − 1 < ∞ and a, b ∈ N. Any one of these three sets
will be denoted by N̄. the forward difference operators ∆ is defined as ∆f(k) =
f(k + 1) − f(k). The higher order differences for a positive integer m are defined as
∆mf(k) = ∆[∆m−1f(k)]. Let I be the identity operator, i.e. If(k) = f(k), then
obviously ∆ = E − I and for a positive integer m we may deduce the relation

Emf(k) = (I + ∆)mf(k) =
m∑
i=0

(
m
i

)
∆if(k), ∆0 = I. (5.0.2)
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5.1 Existence and uniqueness result

In this section we will study the existence and uniqueness solutions.

Lemma 5.1.1. A function x ∈ C(N(0, b),Rm) is solution of problem
∆3x(k) = −h(k), k ∈ N(0, b)
α0∆x(0)− β0∆2x(0) = 0
γ0∆x(b+ 1) + δ0∆2x(b+ 1) = 0,

(5.1.1)

where h ∈ C(N(0, b),Rm), and (δ0α0)2−(γ0β0)2−(b+1)γ2
0β0α0−(b+1)2(α0γ0)2 6= 0

if and only if

x(k) =
b∑
l=0

g(k, i)h(i), k ∈ N(0, b),

where

g(k, i) =


(β2

0+kα0β0+k2α2
0)(δ20−γ20(b−i)2)

(δ0α0)2−(γ0β0)2−(b+1)γ20β0α0−(b+1)2(α0γ0)2
− (k − i− 1)2 i ∈ {0, · · · , k − 1}

(β2
0+kα0β0+k2α2

0)(δ20−γ20(b−i)2)

(δ0α0)2−(γ0β0)2−(b+1)γ20β0α0−(b+1)2(α0γ0)2
i ∈ {k, · · · , b}.

Proof. Let x ∈ C(N(0, b),Rm) be a solution of problem (5.1.1), then

∆3x(k) = −h(k)⇒ ∆2(k + 1)−∆2(k) = −h(k).

Then,
i = 0, ∆2x(1)−∆2x(0) = −h(0)
i = 1, ∆2x(2)−∆2x(1) = −h(1)
...
i = k − 1, ∆2x(k)−∆2x(k − 1) = −h(k − 1).

By summing the above equations, we get

∆2x(k) = ∆2x(0)−
k−1∑
i=0

h(i). (5.1.2)

Thus,

i = 0, ∆x(1)−∆x(0) = ∆2x(0)− 0
i = 1, ∆x(2)−∆x(1) = ∆2x(0)− h(0)
...
i = k − 1, ∆2x(k)−∆2x(k − 1) = ∆2x(0)− h(0)− h(1) · · · − h(k − 1).

Hence,

∆x(k) = ∆x(0) + k∆2x(0)−
k−1∑
i=0

(k − i− 1)h(i). (5.1.3)
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Thus,

i = 0, x(1)− x(0) = ∆x(0) + k∆2x(0)− 0
i = 1, x(2)− x(1) = ∆x(0) + k∆2x(0)− (k − 1)h(0)
...
i = k − 1, x(k)− x(k − 1) = ∆x(0) + k∆2x(0)− (k − 1)h(0)

−(k − 2)h(1)− . . .− h(k − 2).

Hence,

x(k) = x(0) + k∆x(0) + k2∆2x(0)−
k−1∑
i=0

(k − i− 1)2h(i). (5.1.4)

From (5.1.2) and (5.1.4), we have

x(b+ 1) = x(0) + (b+ 1)∆x(0) + (b+ 1)2∆2x(0)−
b∑
i=0

(b− i)2h(i). (5.1.5)

and

∆2x(b+ 1) = ∆2x(0)−
b∑
i=0

h(i). (5.1.6)

Since
α0∆x(0)− β0∆2x(0) = 0 ; γ0∆x(b+ 1) + δ0∆2x(b+ 1) = 0

α0x(0)− β0∆x(0) = 0 ; γ0x(b+ 1) + δ0∆x(b+ 1) = 0.

Then,

∆2x(0) =

(
α0

β0

)2

x(0) ; ∆2x(b+ 1) =

(
−γ0

δ0

)
∆x(b+ 1)

∆x(0) =

(
α0

β0

)
x(0) ; ∆x(b+ 1) =

(
−γ0

δ0

)
x(b+ 1).

On the other hand, from (5.1.5) and (5.1.6), we have

x(0) =
(β0δ0)2

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑b
i=0 h(i)

− (β0γ0)2

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑b
i=0(b− i)2h(i)

and

x(k) = x(0)

[
β2

0 + kα0β0 + k2α2
0

β2
0

]
−

k−1∑
i=0

(k − i− 1)2h(i).
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By above relation, we get

x(k) =
δ2

0(β2
0 + kα0β0 + k2α2

0)

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑b
i=0 h(i)

− γ2
0(β2

0 + kα0β0 + k2α2
0)

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑b
i=0(b− i)2h(i)

−
∑k−1

i=0 (k − i− 1)2h(i)

=
β2

0 + kα0β0 + k2α2
0

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑b
i=k(δ

2
0 − γ2

0(b− i)2)h(i)

+
β2

0 + kα0β0 + k2α2
0

(δ0α0)2 − (γ0β0)2 − (b+ 1)γ2
0β0α0 − (b+ 1)2(α0γ0)2

∑k−1
i=0 (δ2

0 − γ2
0(b− i)2)h(i)

−
∑k−1

i=0 (k − i− 1)2h(i).

This implies that

x(k) =
b∑
l=0

g(k, i)h(i), k ∈ N(0, b).

Let us introduce the following hypothesis:

(H1) the exist nonnegative numbers ai, āi and bi, b̄i for each i = 1, 2

‖f1(k, x1, x2, y1, y2)− f1(k, x̄1, x̄2, ȳ1, ȳ2)‖ ≤ a1‖x1 − x̄1‖+ a2‖x2 − x̄2‖
+b1‖y1 − ȳ1‖+ b2‖y2 − ȳ2‖

and

‖f2(k, x1, x2, y1, y2)− f2(k, x̄1, x̄2, ȳ1, ȳ2)‖ ≤ ā1‖x1 − x̄1‖+ ā2‖x2 − x̄2‖+ b̄1‖y1 − ȳ1‖
+b̄2‖y2 − ȳ2‖

for all x1, x2, y1, y2, x̄1, x̄2, ȳ1, ȳ2 ∈ Rm.

Theorem 5.1.2. Assume that (H1) is satisfied and the matrix

M = 2(b+ 1)g∗

(
(a1 + a2) (b1 + b2)
(ā1 + ā2) (b̄1 + b̄2)

)
,

where,
g∗ = sup{|g(i, j)| : (i, j) ∈ N(0, b)× N(0, b)}.

Hence,

g∗ =


‖β2

0+bα0β0+b2α2
0‖‖δ20−γ20(b)2‖

‖(δ0α0)2+(γ0β0)2−(b+1)γ20β0α0−(b+1)2(α0γ0)2‖ + ‖(b− 1)2‖, i ∈ {0, · · · , k − 1}

‖β2
0+bα0β0+b2α2

0‖‖δ20−γ20(b)2‖
‖(δ0α0)2−(γ0β0)2−(b+1)γ20β0α0−(b+1)2(α0γ0)2‖ , i ∈ {k, · · · , b}.

If M converges to zero, then the problem (5.1.1) has unique solution.
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Proof. Consider the operator N : C(N(0, b),Rm) × C(N(0, b),Rm) → C(N(0, b),Rm)
defined for (x, y) ∈ C(N(0, b),Rm)× C(N(0, b),Rm) by

N(x, y) = (N1(x, y), N2(x, y)),

where,

N1(x(k), y(k)) =
∑b

l=0 g(k, l)f1(k, x,∆x, y,∆y).

N2(x(k), y(k)) =
∑b

l=0 g(k, l)f2(k, x,∆x, y,∆y).

(5.1.7)

Let x, x̄, y, ȳ ∈ C(N(0, b),Rm), then

|N1(x, y)−N1(x̄, ȳ)| ≤
∑b

l=0 |g(k, l)||f1(l, x,∆x, y,∆y)− f1(l, x̄,∆x̄, ȳ,∆ȳ)|.

and

|N2(x, y)−N2(x̄, ȳ)| ≤
∑b

l=0 |g(k, l)||f2(l, x,∆x, y,∆y)− f2(l, x̄,∆x̄, ȳ,∆ȳ)|.

Thus,

‖N1(x, y)−N1(x̄, ȳ)‖∞ ≤ (b+ 1) sup(k,l)∈N(0,b)×N(0,b) |g(k, l)|[a1‖x− x̄‖∞
+a2‖∆x−∆x̄‖∞ + b1‖y − ȳ‖∞ + b2‖∆y −∆ȳ‖∞]

≤ (b+ 1)g∗[(a1 + a2)‖x− x̄‖∗ + (b1 + b2)‖y − ȳ‖∗].

Similarly

‖N2(x, y)−N2(x̄, ȳ)‖∞ ≤ (b+ 1) sup(k,l)∈N(0,b)×N(0,b) |g(k, l)|[ā1‖x− x̄‖∞
+ā2‖∆x−∆x̄‖∞ + b̄1‖y − ȳ‖∞ + b̄2‖∆y −∆ȳ‖∞]

≤ (b+ 1)g∗[(ā1 + ā2)‖x− x̄‖∗ + (b̄1 + b̄2)‖y − ȳ‖∗].

∆N(x, y) = (∆N1(x, y),∆N2(x, y)),

where,

∆N1(x, y) = N1(x(k + 1), y(k + 1))−N1(x(k), y(k)).

∆N2(x, y) = N2(x(k + 1), y(k + 1))−N2(x(k), y(k)).

Then,

|∆N1(x, y)−∆N1(x̄, ȳ)| ≤ |N1(x(k + 1), y(k + 1))−N1(x̄(k + 1), ȳ(k + 1))|
+|N1(x, y)−N1(x̄, ȳ)|

≤
∑b

l=0 |g(k, l + 1)||f1(l + 1, x,∆x, y,∆y)− f1(l + 1, x̄,∆x̄, ȳ,∆ȳ)|
+
∑b

l=0 |g(k, l)||f1(l, x,∆x, y,∆y)− f1(k, x̄,∆x̄, ȳ,∆ȳ)|.
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Similarly we have

|∆N2(x, y)−∆N2(x̄, ȳ)| ≤
∑b

l=0 |g(k, l + 1)||f2(l + 1, x,∆x, y,∆y)− f2(l + 1, x̄,∆x̄, ȳ,∆ȳ)|
+
∑b

l=0 |g(k, l)||f2(l, x,∆x, y,∆y)− f2(k, x̄,∆x̄, ȳ,∆ȳ)|.

Thus,

‖∆N1(x, y)−∆N1(x̄, ȳ)‖∞ ≤ (b+ 1)g∗[(a1 + a2)‖x− x̄‖∗ + (b1 + b2)‖y − ȳ‖∗].

Similarly,

‖∆N2(x, y)−∆N2(x̄, ȳ)‖∞ ≤ (b+ 1)g∗[(ā1 + ā2)‖x− x̄‖∗ + (b̄1 + b̄2)‖y − ȳ‖∗].

Hence,

‖∆N1(x, y)−∆N1(x̄, ȳ)‖∞ + ‖N1(x, y)−N1(x̄, ȳ)‖∞ ≤ 2(b+ 1)g∗[(a1 + a2)‖x− x̄‖∗
+(b1 + b2)‖y − ȳ‖∗]

‖N1(x, y)−N1(x̄, ȳ)‖∗ ≤ 2(b+ 1)g∗[(a1 + a2)‖x− x̄‖∗
+(b1 + b2)‖y − ȳ‖∗].

Similarly we have

‖∆N2(x, y)−∆N2(x̄, ȳ)‖∞ + ‖N2(x, y)−N2(x̄, ȳ)‖∞ ≤ 2(b+ 1)g∗[(ā1 + ā2)‖x− x̄‖∗
+(b̄1 + b̄2)‖y − ȳ‖∗]

‖N2(x, y)−N2(x̄, ȳ)‖∗ ≤ 2(b+ 1)g∗[(ā1 + ā2)‖x− x̄‖∗
+(b̄1, b̄2)‖y − ȳ‖∗].

Then,(
‖N1(x, y)−N1(x̄, ȳ‖∗
‖N2(x, y)−N2(x̄, ȳ‖∗

)
≤ 2(b+ 1)g∗

(
a1 + a2 b1 + b2

ā1 + ā2 b̄1 + b̄2

)(
‖x− x̄‖∗
‖y − ȳ‖∗

)
.

For all, (x, y), (x̄, ȳ) ∈ C(N(0, b),Rn)× C(N(0, b),Rn).
From Perov fixed point theorem, the mapping N has a unique fixed (x, y) ∈

C(N(0, b),Rn)× C(N(0, b),Rn) which is unique solution of problem (5.1.1).

Theorem 5.1.3. Let Ω be a closed subset of C(N(0, b), E) .If Ω is uniformly bounded
and the set {y(k) : y ∈ Ω} is relatively compact for each k ∈ N(0, b) , then Ω is
compact.

Theorem 5.1.4. Let f, p : N(0, b)×Rn×Rn → Rn are continuous functions. Assume
that condition
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(H2) There exist d1, d2 ∈ C(N(0, b),R+) and α , β ∈ (0, 1) such that

|f(k, x1, x2, y1, y2) ≤ d1(k)(|x1|+ |x1|+ |y1|+ |y2|)α,

k ∈ N(0, b), (x1, x2, y1, y2) ∈ Rn × Rn × Rm × Rm,

and
|p(k, x1, x2, y1, y2) ≤ d2(k)(|x1|+ |x1|+ |y1|+ |y2|)β,

k ∈ N(0, b), (x1, x2, y1, y2) ∈ Rn × Rn × Rm × Rm,

holds. Then the problem (5.1.1) has at least one solution.

Proof. Clearly, the fixed point of N are solutions to (5.1.1), where N is defined in
(5.1.7). In order to apply theorem (5.1.3), we first show that N is completely continu-
ous.

The proof will be given in several steps.

Step 1. N = (N1, N2) is continuous.
let (xm, ym) be a sequence such that (xm, ym)→ (x, y) ∈ C(N(0, b),R+)×C(N(0, b),R+)

as m→∞. Then

|N1(xm(k), ym(k))−N1(x(k), y(k))| = |
∑b

l=0 g(k, l)f(l, xm,∆xm, ym,∆ym)

−
∑b

l=0 g(k, l)f(l, x,∆x, y,∆y)|

≤ g∗
∑b

l=0 |f(l, xm,∆xm, ym,∆ym)
−f(l, x,∆x, y,∆y)|.

Similarly,

|N2(xm(k), ym(k))−N2(x(k), y(k))| = |
∑b

l=0 g(k, l)p(l, xm,∆xm, ym,∆ym)

−
∑b

l=0 g(k, l)p(l, x,∆x,y,∆y)|

≤ g∗
∑b

l=0 |p(l, xm,∆xm, ym,∆ym)− p(l, x,∆x,y,∆y)|

Since f, p are continuous functions, we get

‖N1(xm, ym)−N1(x, y)‖∞ ≤ g∗
∑b

l=0 |f(k, xm,∆xm, ym,∆ym)− f(k, x,∆x,y,∆y)| → 0
as m→∞,

and

‖N2(xm, ym)−N2(x, y)‖∞ ≤ g∗
∑b

l=0 |f(k, xm,∆xm, ym,∆ym)− f(k, x,∆x,y,∆y)| → 0
as m→∞.

In other side
∆N = (∆N1,∆N2),
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then

|∆N1(xm(k), ym(k))−∆N1(x(k), y(k))| = |(N1(xm(k + 1), ym(k + 1))−N1(xm(k), ym(k)))
− (N1(x(k + 1), y(k + 1))−N1(x(k), y(k)))|
≤
|N1(xm(k + 1), ym(k + 1))−N1(x(k + 1), y(k + 1))|

+ |N1(xm(k), ym(k))−N1(x(k), y(k))|.

Therefore,

‖∆N1(xm, ym)−∆N1(x, y)‖∞ ≤ g∗[
∑b

l=0 |f(l + 1, xm(l + 1),∆xm(l + 1), ym(l + 1),
∆ym(l + 1))
−f(l + 1, x(l + 1),∆x(l + 1), y(l + 1),∆y(l + 1))|
+
∑b

l=0 |f(l, xm(l),∆xm(l), ym(l),∆ym(l))
−f(l, x(l),∆x(l), y(l),∆y(l))| ] −→ 0
as m −→∞.

Similarly,

‖∆N2(xm, ym)−∆N2(x, y)‖∞ ≤ g∗[
∑b

l=0 |p(l + 1, xm(l + 1),∆xm(l + 1), ym(l + 1),
∆ym(l + 1))
−p(l + 1, x(l + 1),∆x(l + 1), y(l + 1),∆y(l + 1))|
+
∑b

l=0 |p(l, xm(l),∆xm(l), ym(l),∆ym(l))
−p(l, x(l),∆x(l), y(l),∆y(l))| ] −→ 0
as m −→∞.

Hence

‖∆N1(xm, ym)−∆N1(x, y)‖∞ + ‖N1(xm, ym)−N1(x, y)‖∞

≤ g∗[
∑b

l=0 |f(l + 1, xm(l + 1),∆xm(l + 1), ym(l + 1),
∆ym(l + 1))
−f(l + 1, x(l + 1),∆x(l + 1), y(l + 1),∆y(l + 1))|
+2
∑b

l=0 |f(l, xm(l),∆xm(l), ym(l),∆ym(l))
−f(l, x(l),∆x(l), y(l),∆y(l))| ]. −→ 0
as m −→∞.

Similarly

‖∆N2(xm, ym)−∆N2(x, y)‖∞ + ‖N2(xm, ym)−N2(x, y)‖∞

≤ g∗[
∑b

l=0 |p(l + 1, xm(l + 1),∆xm(l + 1), ym(l + 1),
∆ym(l + 1))
−p(l + 1, x(l + 1),∆x(l + 1), y(l + 1),∆y(l + 1))|
+2
∑b

l=0 |p(l, xm(l),∆xm(l), ym(l),∆ym(l))
−p(l, x(l),∆x(l), y(l),∆y(l))| ]. −→ 0
as m −→∞.
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Step 2. N maps bounded sets into bounded sets in C(N(0, b),Rn) × C(N(0, b),Rn).
Indeed, it is enough to show that for any q, q̄ ≥ 0 there exists a positive constants l, l̄
such that for each

(x, y) ∈ Bq = {(x, y) ∈ C(N(0, b),Rn)× C(N(0, b),Rn) : ‖x‖∞ ≤ q, ‖y‖∞ ≤ q}

and

(x, y) ∈ Bq̄ = {(x, y) ∈ C(N(0, b),Rn)× C(N(0, b),Rn) : ‖∆x‖∞ ≤ q̄, ‖∆y‖∞ ≤ q̄}

we have
‖N(x, y)‖∞ ≤ l = (l1, l2),

‖∆N(x, y)‖∞ ≤ l̄ = (l̄1, l̄2).

Then for each k ∈ N(0, b), we get

|N1(x(k), y(k)| = |
∑b

l=0 g(k, l)f(l, x(l),∆x(l), y(l),∆y(l))|
≤ g∗

∑b
l=0 |f(l, x(l),∆x(l), y(l),∆y(l))|

≤ g∗
∑b

k=0 c1(k)(|x|+ |∆x|+ |y|+ |∆y|)α.

Therefore,
‖N1(x, y)‖∞ ≤ g∗(‖x‖∗ + ‖y‖∗)α

∑b
k=0 c1(k)

≤ qα∗ g∗
∑b

k=0 c1(k) := l1.

Similarly,

‖N2(x, y)‖∞ ≤ qβ∗ g∗

b∑
k=0

c2(k) := l2.

|∆N1(x(k), y(k))| ≤ |
∑b

l=0 g(k, l + 1)f(l + 1, x(l + 1),∆x(l + 1), y(l + 1),∆y(l + 1))|
+|
∑b

l=0 g(k, l)f(l, x(l),∆x(l), y(l),∆y(l))|

≤
g∗[
∑b

k=0 c1(k + 1)(|x(k + 1)|+ |∆x(k + 1)|+ |y(k + 1)|+ |∆y(k + 1)|)α
+
∑b

k=0 c1(k)(|x(k)|+ |∆x(k)|+ |y(k)|+ |∆y(k)|)α],

Therefore,

‖∆N1(x, y)‖∞ ≤ g∗[
∑b

k=0 c1(k + 1)(|x|∗ + |y|∗)α +
∑b

k=0 c1(k)(|x|∗ + |y|∗)α]

≤ qα∗ g∗
∑b

k=0 c∗(k) := l̄1.

Similarly,

‖∆N2(x, y)‖∞ ≤ g∗[
∑b

k=0 c1(k + 1)(|x|∗ + |y|∗)β +
∑b

k=0 c1(k)(|x|∗ + |y|)β]

≤ qβ∗ g∗
∑b

k=0 c∗(k) := l̄2.
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On the other side,

‖∆N1(x, y)‖∞ + ‖N1(x, y)‖∞ ≤ qα∗ g∗
∑b

k=0 c∗(k) + qα∗ g∗
∑b

k=0 c1(k)

‖N1(x, y)‖∗ ≤ l∗1.

and

‖∆N2(x, y)‖∞ + ‖N2(x, y)‖∞ ≤ qβ∗ g∗
∑b

k=0 c∗(k) + qβ∗ g∗
∑b

k=0 c1(k)

‖N2(x, y)‖∗ ≤ l∗2.

Moreover, for each k ∈ N(0, b) , we have {N1(x(k), y(k)) : (x, y) ∈ Bq} {N2(x(k), y(k)) :
(x, y) ∈ Bq} and {∆N1(x(k), y(k)) : (x, y) ∈ Bq̄} {∆N2(x(k), y(k)) : (x, y) ∈ Bq̄}
are relatively compact in Rn. Then from a consequence of Theorem 5.1.3 we conclude
that N is compact. As a consequence of Steps 1 to 2, the operator N : C(N(0, b),R)→
C(N(0, b),R) is completely continuous.

Step 3. It remains to show that

A = {(x, y) ∈ C(N(0, b),Rn)× C(N(0, b),Rn) : (x, y) = λN(x, y), λ ∈ (0, 1)}.

is bounded.
Let (x, y) ∈ A. Then x = λN1(x, y) and y = λN2(x, y) for some 0 < λ < 1. Thus,

for k ∈ N(0, b), we have

|x(k)| ≤
∑b

l=0 |g(k, l)f(l, x,∆x, y,∆y)|
≤ g∗

∑b
l=0 |f(l, x,∆x, y,∆y)|

≤ g∗
∑b

k=0 c1(k)(|x|+ |∆x|+ |y|+ |∆y|)α,

therefore,

‖x‖∞ ≤ g∗
∑b

k=0 c1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α.

and
|y(k)| ≤

∑b
l=0 |g(k, l)p(l, x,∆x, y,∆y)|

≤ g∗
∑b

l=0 |p(l, x,∆x, y,∆y)|
≤ g∗

∑b
k=0 c2(k)(|x|+ |∆x|+ |y|+ |∆y|)β,

therefore,

‖y‖∞ ≤ g∗
∑b

k=0 c2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β.

Then we have,

‖∆x‖∞ ≤ g∗[
∑b

k=0 c1(k + 1)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α

+
∑b

k=0 c1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α]

≤ g∗
∑b

k=0 c
∗
1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α.
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and
‖∆y‖∞ ≤ g∗[

∑b
k=0 c2(k + 1)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β

+
∑b

k=0 c2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β]

≤ g∗
∑b

k=0 c
∗
2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β.

Therefore,

‖∆x‖∞ + ‖x‖∞ ≤ g∗[
∑b

k=0 c
∗
1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α

+
∑b

k=0 c1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α].
(5.1.8)

and

‖∆y‖∞ + ‖y‖∞ ≤ g∗[
∑b

k=0 c
∗
2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β

+
∑b

k=0 c2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β].
(5.1.9)

Then by summing (5.1.8) and (5.1.9).
we get,

(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞) ≤ g∗[
∑b

k=0 c1(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)α

+
∑b

k=0 c2(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)β]
≤

g∗
∑b

k=0 c(k)(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)max(α,β).

If (‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞) > 1 then since 0 ≤ max(α, β) < 1, we have

(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞)1−max(α,β) ≤ g∗
∑b

k=0 c(k).

Hence,

(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞) ≤
(
g∗
∑b

k=0 c(k)
) 1

1−max(α, β) := M.

Therefore,

(‖x‖∞ + ‖∆x‖∞ + ‖y‖∞ + ‖∆y‖∞) ≤ max(1,M) := M.

Let

U := {(x, y) ∈ C(N(0, b),Rn)×C(N(0, b),Rn) : (‖x‖∞, ‖∆x‖∞, ‖y‖∞, ‖∆y‖∞) < M+1},

and consider the operator N : U → C(N(a, b − 1),Rn) × C(N(a, b − 1),Rn). From
the choice of U , there is no y ∈ ∂U such that y ∈ γN(y) for some γ ∈ (0, 1). As a
consequence of the version of the nonlinear alternative of Leray-Schauder in generalized
Banach space, N has a fixed point (x; y) in U , solution of Problem (5.1.1).
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Conclusion and Perspectives

In this thesis, we have considered the problem of the existence of solutions for differ-
ent classes of initial and boundary value problems for differential equations. Existence
results was given for some classes by the nonlinear alternative of Leray-Schauder,Perov
and Krasnoselskii fixed point theorem . We plan to look forward for the qualitative
theory of these equations, in order to prove its importance in different scientific areas.
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Abstract 

 

The objective of this thesis is to establish existence and uniqueness results for 

several types of Semi-linear differential equation, we mentions here: 

• Impulsive Differential Equations. 

• Difference equations. 

Our results are based upon very recently fixed point theorems. 

 

 

Résumé 

 

L’objectif de notre thèse est d'établir des résultats d'existence et d'unicité 

pour des équations différentiels semi linaire avec impulsion et les équations aux 

différences. 

Toute cette étude a été faite dans les espaces de Banach. 

 

Nos résultats sont basés sur des théorèmes récents de point fixe. 

 

  ملخص 

 

حلول من المسائل ذات معادلات تفاضلية    "   و وحدانية  ود وج"  مناقشة  الهدف من هذه الرسالة  

 نصف خطية وذلك وفق شروط ابتدائية ومجالات محددة. 

 صامدة . ال ة طالنق النتائج اعتمدت على نظرية 
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