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Introduction

Impulsive differential equations, that is, differential equations involving impulse
effects,were considered for the first time in the 1960’s by Mil'man and Myshkis [79] [80].
Impulsive equations consist of two parts:

e Differential equation that defines the continuous part of the solution;
e Impulsive part that defines the rapid change and the discontinuity of the solution.

The first part of impulsive equations, that is, described by differential equations,could
consist of ordinary differential equations, integro-differential equations, functional dif-
ferential equations, partial differential equations, fractional differential equations, etc

The second part of impulsive equations is called the impulsive condition. The
points, at which the impulses occur, are called moments of impulses. The functions,
that define the amount of the impulses are called impulsive functions. The time of
action of the impulses, being small with respect to the whole duration of the studied
process, can be negligibly small( instantaneous impulses), or the time could be an
interval with a given length(non-instantaneous impulses). This leads to two basic
types of impulsive equations:

e Instantaneous impulses: the duration of these changes is relatively short com-
pared to the overall duration of the whole process. The model is given by impul-
sive differential equations (see, e.g monographs [58, [69] 97].

e Non-instantaneous impulses: an impulsive action, which starts at an arbitrary
fixed point and remains active on a finite time interval. E.Hernandez and D.O’Regan
[59] introduced this new class of abstract differential equations where the impulses
are not instantaneous, and they investigated the existence of mild and classical
solutions.

The development of the theory of impulsive differential equations gives an opportunity
for some real-world processes and phenomena to be modeled more accurately.

There are many good monographs on the impulsive differential equations [97, [16],
17, 18], 19} 20]. Very recently impulsive semilinear differential equations and inclusions
with nondensly defined were considered by Benchohra et al [26], 27], there are also many
different studies in biology and medicine for which impulsive differential equations are
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good model ( see for instant [111, [67, 68]), and for applications of the theory of impulsive
differential equations see [40], 44} [72, [75], ©96], 100, 106, 109, 111].

This thesis is devoted to the existence of solutions for different classes of initial
values problems for semilinear differential equations with impulse effects.

This Thesis is arranged as follows:
In Chapter 1, we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis. In addition, this chapter contains background
material on semigroup.
In chapter 2, we prove existence results for impulsive semilinear differential equations
system.

d(t) = Az(t) + f(t,z,y) t€[0,b], t#t,

y/(t) = Ay(t) + g<t7$v ) [Oa ]7 t 7é tk,

w(ty) =x(ty) + hz(te), y(tr) k=1,...,m, (0.0.1)
y(th) = y(ty) + Liz(ty), y(ty)) k=1,...,m,

where f,g : [0,b] x E x E — E are given functions, A is an infinitesimal generator
of a strongly continuous semigroup of bounded linear operators and 0 = t5 < t; <
c <ty <tmy1=0b; I : C([0,0], E) x C([0,b], E) — C([0,b], E), k=1,...,m, are
impulse functions and z(t") = lim,_+ z(s), z(t7) = lim,_,;— x(s).
We prove the uniqueness by the theorem of Perov.

Chapter 3 is concerned with the existence of solution for systems of second-order
impulsive differential equations with integral boundary conditions :

( u”(t) ft,u(t),v(t)), t e J, t# i
V'(t) = gt ult), v(t)), teJ, t#;
Au(tk)) J1 k( ( ) —Au’(tk) = Il,k(u(tk))a ]C = 1, 2, R

)
(tk J2 k:( ( ))7 —A?}/(tk) = ]ka(l)/(tk)), k’ = 1, 2, et
u<o>=/ J()u(s)ds, u/(00) =0,

v(0) = /000 ha(s)v(s)ds, v'(c0) =0,

where J = [0,00), f,g € C(JXRXRR), 0 <ty <ty < - <t < -, tp — 00,
Lk, Jir, € C(R,R), fori=1,2, h € C(RT,R") with / hi(s)ds # 1 for i =1,2,
0
u'(00) = lim wu(t) and v'(00) = lim v(t), Au(ty) = u(t{) — u(t;) and Av(ty) =
t—s00 t—00

v(ty) — v(ty), where u(t)),v(t{) and wu(ty ), v(t;) represent the right-hand limit of
u(t),v(t) at t = t;, respectively. Au/(ty) = u'(t) —u/(t;,) and Av'(tx) = o' (t)) =2/ (L),
where o/ (), v'(t]) and /(t;),v'(t;) represent the right-hand limit of u'(t) (v/(t)) at
t = t, respectively.

(0.0.2)
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In Chapter 4, we are interested to study the following system :

( Il@) + Alx(t) = f(tv LL’(t)7 y(ﬂ)? te [Sfx,y)7 tz;z)]a H('I(Séx,y))? y(SE@y))) = 07
w(t) = Ity bty yti) 20, 5(0), te (6 sty H @, vt =1
y'(t) + Azy(t) = g(t, 2 (1), y(1)), LE [Slyyr tamh H@ () 9(8(y)) =0,

y(t) = Tttt )yt ) (), y(t), te (gl sl Hxtd, ytil,) =1

L .I'(O) = o, y(O) = Yo, H(l’myo) = 07

(0.0.3)
A; : D(A;)) C E — FE are infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (7;(t));>o on a Banach space E, H € C(E x
E,[0,00)), (zo,y0) € H'(0) and f,g : [0,a] x E x E — E are given functions,
I€C0(0,00)x[0,00) x ExX ExXxEx E;E), I € C([0,00) x[0,00) x EX Ex Ex E; E),
0= 5%y <ty < Sty <ty " < Sy < té;’z) .-+ < @ are numbers depending on
the state (x,y).

In Chapter 5, we establish the existence of solutions for the following boundary
value problem.

( Na(k) — f(k,@, Ax,y, Ay) =0,k € N(0,b)
Ady(k) — z(k,z, Az, y,Ay) =0, k€ N(0,b)

apAx(0) — BpA%z(0) =0 z(0) =0 0.0.4)
oAz (b+ 1) + pA2u(b+1) = 0, (0.0.
apAy(0) — BoA%y(0) =0 y(0) =0

[ YoAy(b+1) + BoA*y(b+1) =0,

where 60750730750 eR \ {O}, o, Yo, 0o, Y € R, f,Z : N(CL, b) X R™ x R™ x R™ x
R™ — R™ are continuous functions.



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed point theo-
rems which are used throughout this thesis.

1.1 Generalized metric space

Definition 1.1.1. [8/, [85] Let X be a nonempty set. By a vector-valued metric on X
we mean a map d : X x X — R™ with the following properties:

(i) d(u,v) >0 for all u, v € X.; if d(u,v) =0 then u=v;
(17) d(u,v) =d(v,u) for allu, v € X;
(113) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

We call the pair (X,d) a generalized metric space for (ri,...,r,) € R}, we will
denote by
B(zg,r) ={z € X : d(zo,z) <1},

the open ball centered in xy with radius . We mention that for generalized metric
spaces, the notation of open subset, closed set, convergence, Cauchy sequence and com-

pleteness are similar to those in usual metric spaces. If, z,y € R", x = (z1,...,2,),y =
(Y1, -3 Yn), by © <y we mean x; < y; for all i = 1,... ,n. Also |z| = (|z1],...,|zal)
and max(z,y) = max(max(xy, v1), ..., max(z,, y,)). If ¢ € R, then z < ¢ means z; < ¢
foreachi=1,...,n.

Definition 1.1.2. Let (X,d) be a generalized metric space. A subset A C X is called
open if for any xo € A, there exist r € R} with v > 0 such that B(xy,7) C A, where
B(zg,r) = {z € X : d(zo,z) < r} denote the open ball centered in xo with radius r,
Any open ball is an open set and the collection of all open balls generates the generalized
metric topology on X. Let

B(zg,r) ={z € X : d(xg,z) <71}

9
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the closed ball centered in xq with radius r.

Definition 1.1.3. Let (X,d) be a generalized metric spaces, a sequence by, in X is
called the Cauchy sequence if for each € > 0 there exist N € N such that for any
n,m > N :d(x,, ) <e€

Definition 1.1.4. A generalized metric space (X, d) is called complete if each Cauchy
sequence in X converges to a limit in X.

Definition 1.1.5. Let (X, d) be a generalized metric space, we say that a subsetY C X
is closed if x, CY and x, — x imply x € Y.

Definition 1.1.6. Let (X, d) be a generalized metric space, A subset C' of X is called
compact if every open cover of C has a finite subcover.

A subset C of X is sequentially compact if every sequence in C' contains a convergent
subsequence with limit in C'.

Definition 1.1.7. Let X,Y be two generalized metric spaces K C X and f : K =Y
be an open operator, then f is called :

(P1) Compact,if for any bounded subset A C K then f(A) is relatively compact or
f(A) is compact.

(P,) Completely continuous, if f is continuous and compact.

Definition 1.1.8. A square matrixz of real numbers is said to be convergent to zero if
and only if its spectral radius p(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc i.e. |\ < 1, for every A € C
with det(M — NI) = 0, where I denote the unit matriz of M,xn(R).

Theorem 1.1.1. [9]] Let M € M,,»,(Ry) , the following assertions are equivalent:
(a) M is convergent towards zero;
(b) M* — 0 as k — oo;
(¢) The matriz (I — M) is nonsingular and

[—M)""=I4+M+M+ -+ M+,

(d) The matriz (I — M) is nonsingular and (I — M)~ has nonnegative elements.

Definition 1.1.9. We say that a non-singular matric A = (aij)1<ij<n € Mpxn(R) has
the absolute value property if
ATHAl < T,

where |A|l = (|aij|)i<ij<n € Mpxn(R4).

10



1.1. GENERALIZED METRIC SPACE

Some examples of matrices convergent to zero, A € M, «,(R), which also satisfies
the property (I — A)~'|I — A] < T are:

l.A:(g 2>,Wherea,b€R+andmax(a,b)<1
a —c
Q.A:(O b ),Wherea,b,c€R+anda+b<l,c<1
a —a
S.A:(b _b),Wherea,b,cER+and|a—b|<1,a>1,b>0.
a —b
(5 7)

where a,b,c,d > 0 and det Q > 0. Then Q! is order preserving.

Lemma 1.1.2. [10J] Let

Definition 1.1.10. [8/, [85] Let (X,d) be a generalized metric space. An operator
N : X — X 1s called contractive associated with the above d on X, if there exists a
convergent to zero matriz M such that d(T(z),T(y)) < Md(x,y) for all z,y € X.

Let (X, d) be a generalized metric space with

dl (ZE, y)
d(z,y) == :
dn(,y)
Notice that d is a generalized metric on X if and only if d;, ¢+ = 1,2, ..., n are metrics

on X.

Definition 1.1.11. Let X be a vector space metric on K = R or C, we mean by a
norm a map || - || — R™ with the following properties:

(2) ||z]| >0 for all z € X; if ||z]| =0 then x = (0,---,0);
(12) ||\x|| = |A|||z|| for all x € X and X € K;
(@2) o +yl < [lz|l + [lyl| for all z, y € X.

The pair (X, || - ||) is called a generalized normed space. If the generalized metric
generated by || - || (i-e., d(z,y) = ||x — y||) is complete then the space (E, || - ||) is called
a generalized Banach space.

Definition 1.1.12. We say f : R™ x R x R — R is an L'-Carathéodory function if

1. f(-,z,y) is measurable for any (z,y) € R x R,

11
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2. f(t,-,-) is a continuous for almost every t € R*.
3. For each ry, ro > 0, there exists ¢, , € L*([0,00)) such that

]f(t,:v,y)\ S (I)T17T‘2(t>ﬂ
with |x| < ry,|ly| <1y and almost every t € [0, 00).

1.2 Theory of fixed point

Theorem 1.2.1. [/1/(Schaefer’s fixed point)
Let X be a banach space and let N : E — E be a completely continuous map.If the
set
& ={xe E: x=Nx for some \ > 1}

s bounded, the N has a fized point.
Theorem 1.2.2. [90/(Schauder’s fized point) Let M be a closed bounded convex

subset of a Banach space E. Assume that A : M — M is compact. Then A has at least
one fized point in M.

Theorem 1.2.3. [90, [93/(Perov’s fized point) Let (X,d) be a complete generalized
metric space and the mapping f : X — X with the property that there exists a matriz
A € Mpm(Ry) such that d(f(z), f(y)) < Ad(z,y) for all z,y € X.If A is a matric
convergent to zero, then there exists a unique x* € X such that x* = f(x*),i.e; the
mapping [ has a unique fixed point.

Theorem 1.2.4. [51/(Krasnoselskii’s fixed point) Let E be a generalized Banach
space. Suppose that T and B are two operators E — E such that

(A1) T be a completely continuous operator.

(As) B be a continuous and M — contraction operator.

(A3) The matriz I — M has the absolute property if

M={z€ E|\T(z) + \B(2) =z}

>~

s bounded for all 0 < X\ < 1. then the equation

r=T(z)+ B(z), € X
has at least one solution.

Theorem 1.2.5. [/§] Let X be a generalized Banach space and N : X — X be a
continuous compact mapping. Moreover, assume that the set

K={xe X :2=AN(z) for some X\ € (0,1)},
s bounded. Then N has a fized point.

12



1.3. SEMIGROUP OF LINEAR OPERATORS

1.3 Semigroup of Linear Operators

Let X be a Banach space and B(X) be the Banach space of bounded linear oper-
ators.

Definition 1.3.1. A one-parameter family S(t) for a bounded linear operators on a
Banach space X is a Cy-semigroup (or strongly continuous) on X if

(1) S(t)o S(s) =S(t+s), fort,s >0, (semigroup property),
(17) S(0) =1, (the identity on X );

(i13) the map t — S(t)x is strongly continuous, for each v € X, i.e;

lim S(t)(x) =z, Vo € X.

t—0

Remark 1.3.1. A semigroup of bounded linear operators (S(t))i>o is uniformly con-
tinuous if

lim || S(t) — I|| = 0.

t—0

We note that if a semigroup S(t) is class (Cy), then we have the growth condition
1S |lsx) < M.exp(Bt), for 0 <t < oo, with some constants M > 0 and [3.

If, in particular, M = 1 and § = 0, that is, ||S(t)||px) < 1, fort <0, then the
semigroup S(t) is called a contraction semigroup (Cj).

Definition 1.3.2. Let S(t) be a semigroup of class (Cy) defined on X. The infinitesi-
mal generator A of S(t) is the linear operator defined by

Alx) = im 2O =T e Da),

h—0 h

S(h)(z) —z
h

where D(A) = {z € X | }lLiI% exists in X }.
%

Let us recall the following property:

Theorem 1.3.1. [89] If S(t) is a Cy-semigroup, then there exist w > 0 and M > 1
such that
1S |lBx) < M exp(wt), for0<t< oo (1.3.1)

Theorem 1.3.2. If (S(t))i>0 is a Cy semigroup thent — S(t)x is continuous, for each
reX.

Theorem 1.3.3. Let S(t);>0 be a Cy semigroup and A be its infinitesimal generator.
Then

13
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(a) Forx e X,
lim% S(s)xds = S(t)z. (1.3.2)

A ( /0 t S(s)xds) = S(t)z — . (1.3.3)

(¢) Forx e D(A), S(t) € D(A) and

%S<t>(m) = A(S(t)(2)) = S(B)(A(x)). (1.3.4)

(d) Forxz € D(A)

S(t)r — S(s)x = /t S(r)Azdr = /t AS(T)zdr. (1.3.5)

S

lim S(t)(z) =z, Vo € X.

t—0

Corollary 1.3.4. If A is the infinitesimal generator of a Cy semigroup (S(t)i>0) then
D(A) the domain of A, is dense in X and A is closed linear operator.

Theorem 1.3.5. A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup if and only if A is a bounded linear operator.

Theorem 1.3.6. Let (T'(t))i>0 and (S(t))i>0 be two Cy semigroups on X, generated
respectively by A and B. If A= B then T'(t) = S(t), t > 0.

For more details see [10} 13|, 46}, 47, (52} 56|, 64]

14



Chapter 2

Impulsive Differential Equations

In this chapter we study the existence and uniqueness results to the coupled system
of impulsive differential equations with initial conditions, the problem is in the form:

((2/(t) = Ax(t) + fi(t,2(t),y(1), te[0,b] t#t
y'(t) = Ay(t) + g(t,z(1),y(t)), t€[0,b] t#1t
w(t]) — 2(t7) = In(z(ty), y(t), k=1,....m (2.0.1)

y@lj) - y(tlz) = [k2($(tk)7y(tk))7 k= 17 L

L 2(0) = Zo, y(0) = 9o,

where f,g : [0,b] x E x E — E are continuous functions, A is linear operator in
Banach space C([0,b], E), 0 =tqg <t < -+ <ty < tmi1 =0, Ix1, e : C(E X E,E),
k =1,...,m, are impulse functions and z(¢7) = lim, ;- x(s), z(tT) = lim, 4+ x(s)
and T, Yo € E.

2.1 Existence and Uniqueness results

Let J :=[0,b]. In order to define a solution for problem (2.0.1]), consider the space
PC(J, E), where

PC(JLE)={y:J—=E, yeCJ\{t},E);k=1,...,m,
y(t;) and y(¢) exist and satisfy y(¢;) = y()}.

Endow end with the norm

lyllpc = sup{[ly(D)] : t € J}

PC(J, E) is a Banach space.

15



Impulsive Differential Equations

Definition 2.1.1. A function (z,y) € PC x PC is a mild solution of if

w(t) = T(O)To + Jy Tt — 8)f (s, 2,9)ds + Y T(t = t)a(e(ti), y(t)), teJ

0<trp<t

y(t) = T(t)go + fot T(t—s)g(s,v,y)ds + Z T(t —ty) o (x(tr), y(te)), teJ

(2.1.1)
Let us introduce the following hypotheses:

(P1) There exist nonegative numbers a;,b; for each i € {1,2},such that

{‘f(tvxuy)_f(twfa_” S a’1’$_5|+b1|y_g|
lg(t,z,y) —g(t,z,9)] < as]z — 2|+ boly — 7|

for all x,y,z,y € E.
Theorem 2.1.1. Assume that (P1) is satisfied. Then the problem has a unique

solution.
Proof. We give the prove of this theorem in several steps.

Step 1 Consider the problem (2.0.1)) on [0, #4],

2 (t) = Ax(t) + f(t,z,y), t€]0,t]
y'(t) = Ay(t) + g(t, ,y), (2.1.2)
z(0) = Zo ,y(0) = o

We prove the uniqueness of the mild solution by the theorem of Perov,we consider
the operator Ay : PC([0,t1], E) x PC([0,t1], E) — PC([0,t1], E) x PC([0,t1], E)
defined for (z,y) € PC([0,t1], E) x PC([0,t1], E) by

MAi(z,y) = (Ni(z,y), Na(z,y)), (2.1.3)
where

Ni(z,y) =T (t)zo + /Ot T(t—s)f(s,x,y)ds,

No(z,y) = T(t)yo + /Ot T(t—s)g(s,z,y)ds,

we shall use theorem of Perov to prove that A; is a contraction. Indeed, let
(z,y), (z,7) € PC([0,11], E) x PC([0, 1], E).

[N (), (1) = Ni@(@), g < [y 1T = )l f(s,2(5),y(s)) = f(s.2(5),5(s))|ds

< M [T ar|a(s) — 2(s)| + baly(s) — y(s)|ds
May [ restds||a — 2| + Mo [T remds||ly — g].

16



2.1. EXISTENCE AND UNIQUENESS RESULTS
Thus, we have
INi(z,y) = Nz )i < 2lle =2+ 2lly = gl
where
x —T1t Jf(t) )H
= sup e .
H( Y ) 1 t€[0,t1] ( y(t)
Similarly,
[N2(z,y) = No(@,9) 1 < 2l =2l + Zlly = gl
Hence,
S Ni(z,y) = Ni(Z, 7)1 )
A (z,y) — A (7, = IV (z, 7
e -aeol = () SR
11 |z — z[4 )
< 1 - :
- T(l 1) ( ly — 7l
Therefore,
Mey) - M@l < ar( l#=27h )
Ao - el < A (oo
where,
_ 1711
M= ( 11 ) '
For 7 > 2, M converge to 0, from Perov fixed point theorem the mapping
A1 has a unique fixed (z°,y°) € PC([0,t], E)x PC([0, ], E'), which is the unique
solution of the problem (2.1.2)).
Step 2 Consider the system:
' (t) = Azx(t) + f(t,z,y), tE (t1,ts]
y'(t) = Ay(t) + g(t,2,y), (2.1.4)
z(ty) = 2(ty) + Li(z(t),y(t)), k=1 o
y(t) = y(ty) + Liz(t), y(t))

Consider the operator, Ay : PC((t1,t2], E) x PC((t1,t2], E) — PC((t1,t3], E) x
PC((tl,tQ],E), defined for (m,y) S PC((tl,tQ],E) X PC((tl,tQ],E) by

As(z,y) = (Ni(2,y), Na(2,y)).

where,
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Nﬂ%y%ZTﬁ—tﬂhﬁﬁ+Iﬂﬂh%MhD%+Afﬂt—@fwﬂﬁ%ywhﬁ-

and

No(z,y) = Tt — t)y(tr) + Lu(e(t2), y(t2))] + / T(t - )g(s, 2(s), y(s))ds.

Let (2,y), (z,5) € PO([th, t2], E) x PC([tr. ta], ),

[N1(2(1),y(t)) = Ni(7,9)]

Hence,

IN

IN

IN

IA

VAN

JEIT(E = )] £(s,2(5), y(s)) — £(5,3(s), 5(s))|ds
M [} ar|z(s) — @(s)| + baly(s) — i(s)|ds
@ fttl TesTds||z — || + MTbl fttl TesTds|ly — ||

Herlem — ||l — 7| + 22 [ — en7]lly — 7]

222l — ]+ A2y — gl
~[M o — ) 2y — e

[N (2(t), y(t) = N(2(t), g(t) e < [F2[lr — 2] + 22 [ly — 7]

Then,

—[M o — 2]+ 242y — et

< [L—ere[Ee e — 2] + 22 ly — gl

IN:(z,9) = M@, )l < 2l =2l + 2y — gl

where

(3

N2 (2, y) = No(Z, )10 <
<

Similarly,

Hence,

)

1

= sup e ™

tG[tl,tz}

()]

(1 —efre ] [Me]le — z|| + [1 — e | [22] ||y — g]
iz — 2|1 + Ly — 7l

18



2.1. EXISTENCE AND UNIQUENESS RESULTS

lAs(e,y) - Aol D)l (WW@w%w%@jml)

[ No(2,y) — Na(Z, 9) 1
<) (o)
sl y) — AolE, ) < M(“x—ﬂh).

Hy_g“l
_ 1/1 1
M_;(ll).

For 7 > 2, M converge to 0, then from Perov fixed point theorem the
mapping A, has a unique fixed (2!, y') € PC((t1,ts], E) x PC((t1,1s], F), which
is the unique solution of the problem ([2.1.4]).

Therefore,

where,

As a consequence, arguing inductively, the solution of problem ([2.0.1]) is given by
( (%)), tel0t]
(Ilvyl)(t)7 te (tlﬂtQ]

(z,y)(t) =

L @™y, e (s B
O

For the next result we give the existence of mild solution of the problem without
Lipsichiz conditions

Theorem 2.1.2. Assume these conditions are satisfied,

(Ay) There exist continuous nondecreasing functions ¢y : Ry — (0,00), 1y : Ry —
(0,00), functions p; € L*(J,Ry), po € LY(J,Ry) such that,

{If(t,iv,y)\ < pu(t)u(la] + |y])
gtz y)| < pa(t)e(la] + |y])

for almost allt € J and all (z,y) € E x E.
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(Az) The linear operator A : D(A) C E — E generates a compact strongly continuous
semigroup {T'(t) : t > 0}; i.e T'(t) is compact for any t > 0. Moreover, we denote
M = SUPo<t<p 1T(t)]]-

Then the problem (2.0.1)) has at least one solution.
Proof. Consider the operator A : PC' x PC' — PC x PC defined by

A(.T},y):(Nl(l',y),NQ(l’,y)), (Qi,y) GPCXPC7

where,

Ni(z(t),y(t) = T(t)foJr/OtT(t—S)f(Sﬁa3/)d5+ Z T(t—ty) I (x(tr), y(te), teJ
and

N2($(t)7y(t)) = T(t)g()_'_/ot T<t_5)g(57xay)ds+ Z T(t_tk>jk2(x(tk)?y(tk))? ted

We transform problem (12.0.1)) into fixed point problem. It is clear that the fixed point
of A are mild solution to (2.0.1)).

The proof will be given in several steps.

Step 1 A is continuous.
Let (zn,y,) be a sequence in PC(J,R) x PC(J,R) such that (x,,y,) — (z,y) it
is enough to prove that A(x,,y,) — A(z,y). For all t € J, we have

N1 (2 (£), ya (1) = Ni(2(), y())] < fy I T(t = 5)l1f (s, 2n(5), yn(5)) — f (s, 2(s), y(s))lds

—I—MZ \Ikl(xn(tk),yn(tk)) - Ik1<$(tk>7y<tk))|‘

Since the function f, g are continuous, then, we have
b
[N1(2n, yn) — Ni(z,y)|| < M[P 1fCzn() yn(4) = 2 (),9()llds

+MZ [ Tk1 (@ (tr), yn(tr)) — I (x(tx), y(tr))| — Oasn — oo.

Similarly,
[IN2(2n, yn) — Na(2, 9)|| - < M[Pb lgCrn () yn()) — g (o2 (),u () llds
+MZ [ Tko (20 (t), Yn(tr)) — Txa(x(tr), y(tx))| — 0asn — oc.

k=1

Then A is continuous.
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2.1. EXISTENCE AND UNIQUENESS RESULTS

Step 2 A is bounded on bounded sets in PC(J,R) x PC(J,R).
™

. > (), then there exists a
2

Indeed, it is enough to show that for any r =

positive constant ¢ = ( ﬁl ) such that
2

(z,y) € B. ={(z,y) € PCx PC:||(z,y)| < v}, we have [|A(z,y)]| <L
Let (z,y) € B,. We have

Al < )
(Ml + Ji 11 (5:2(5),5() s + M D [l (a(t), w0

k=1
n

Mgl + Jy llgCs, 2 (s), y(s))llds + MY~ [ Ta((ta), y(t))I),

where,
IN(z, )| < M|zl + [y ol \wHPc+HyHPc)dHMZHfm tr), y(te)) |
k=1
< Mllzol| + fy ol Hﬂ?IIPchHyIIPc)dHMZ sup [ Zp1 (2, y)|l,
k= 1($y)€BT
S M"’fob t T1—|—T2)dt
+MZ sup |l (@, y)|| == 1.
=1 (.y)€B-
Similarly,
INa(, )l < Mgl + fy p( IlelchrllyHPc)dHMZ sup [ Zp2(z, y)ll,
k= 1(:z:y)€Br

IN

M + fobp(t)w(rl + ro)dt

+M " sup | Ta(z, y)|| = Lo.
k=1 (z:y)EBr

Step 3 A transforms every bounded set into an equicontinuous set in PC(J,R) x
PC(J,R).

Let 7,7 € J, 71 < 7o, and let B, be as in Step 2. Let (z,y) € B,. Then
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1. If 1y # tp or (1o # ty), Vk € {1,2,...,m}, we have

A Gz, y)(72) = Alz, y)(n)]] <
(M [? p(s)1(r1 +12)ds

M S sup (L)l

T1<tp<T2 (J) y)eB’

=M [ p(s)i(ry +r2)ds

0
S sw el (g Jas o

T1<tp<T2 (:c,y)EBT

2. If = t;, we consider §; > 0 such that {t;, k # i} N[t; —d1,t;+01] = 0, so,
for 0 < h < 61, we have

A 9)(8) — A, )t — B
< (O 1, p6)0las + s, M [ o0l +a)ds) > () Jas 50

3. If 7, =t we consider d5 > 0 such that {t;, k # i} N[t; — 5z, t; + 52 = 0, so,
for 0 < h < do, we have

[A(z,y) (i + h) = Az, y)(&)]]
Mft+h ($)(q1 + q2)ds, Mth ($)U(q1 + q2)ds) — <8)as h — 0.

So by Steps 1,2 and 3, and by Arzela-Ascoli’s theorem, A is completely
continuous.

Step 4. A Priori Estimates.

Let (z,y) € PC(J,R) x PC(J,R) such that (x,y) = A(z,y), and 0 < A < 1.
Then for all t € [0, ], we have

z(t) = Az + )\/0 f(s,z(s),y(s))ds,

)=+ [ g(s,x(s), y(s))ds,

and so,

1z, ) ()] S(WN+L D(llz(s) I+ ly(s)lds, [yl
+ Jo o W )+ llys)lDds), ¢ €0, 4],
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2.1. EXISTENCE AND UNIQUENESS RESULTS

Consider the map ¥ = (¥, 12) such that

U = H%IH/O p(s)¥(llz(s)ll + lly(s)l)ds, ¢ € [0,],

U2 = [yl +/0 p(s)¢(llz(s)ll + [ly(s)l)ds, ¢ € [0, 44].

Then we have

9(0) = (llzoll, lwol) Nz, )@ < 0(F), ¢ €0,4],

and
0:(0) = p([lz@I], [[y(DI), Vi=1,2, te€[0,t],

As 1) is a nondecreasing map, we have
9i(t) < p()(4(t)), Yi=1,2 t€[0,t],

which implies that for every t € [0, ],

ﬁl(t) d t1
/ o < / p(s)ds, Vi=1,2.
9;(0) (u) 0

The map ['; (2) = f;i(o) %, Vi = 1,2, is continuous and increasing. Then 1";01

exists and it is increasing, and we get

t1
191<t> < Pi,O </ p(S)dS) = Mi,O; Vi = 1, 2.
0

As for all t € [0,t1], ||(z,y)(t)]] < Y(t), and so,

Mo )
sup ||(z,y)[| < ( 2o
e [(z, )l Mo

Now, for t € (t1,t5], we have

(DI < [T (t), y(@)| + x| < sup [[L(z, y)ll + Mg == Ny,
(2,y)€Br

ly(EDI < Z2(2(t), y(E) I+ ly(E) I < sup || Ta(2,y)]| + Mag == No,

(z,y)EB,

where

w(t) = Ma(t) + Liz(t), y(t))) + A/ttf(Sw(S),y(S))ds,
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Impulsive Differential Equations

y(t) = Ma(t) + L(z(t), y(t))) + A/ 9(s,x(s), y(s))ds.

Then
[z(@)]] < N +/ p(s)Y(lz(s)ll + [ly(s)lDds, t € [t, t2],

t1

ly()] < N2+/ p(s)P(llz()ll + ly(s)Dds, ¢ € [tr, L],

t1

Consider the map W = (W, W3) such that

Wi(t) = Ny +/ p(s)¥(llz ()l + ly(s)[Dds, ¢ € [tr, ta],

t1

Wy (t) = N2+/ p(s)P(llz(s)ll + ly(s)l)ds, T & [t1, ta].

t1

So,
W () = (Ni, No), (@, 9)@)]| S W (2), t € [ta,ta],

and
Wit) =p@)v(lz@l + [ly(@O), Vi=1,2, t€ [t ).

Since 1) is nondecreasing, we get
Wi(t) < p(t)p(Wi(t)), Vi=1,2, t€ [ty ta],

what implies that for every t € [t1, 5], we have
Wi (t) d to
/ . §/ p(s)ds, i=1,2.
Wl(ti‘r) (u) t1

. . _ [ ds .
If we consider the map I'; 1(z) Wit 9 1,2, we get

to
Wi(t) < T} </ p(s)ds) =M1, i=1,2.
t1

For all ¢ € [t1, 5],

S0,

o Jeel < (47 ).

tE[tl,tQ]



2.1.

EXISTENCE AND UNIQUENESS RESULTS

We continue this process to the interval (¢,,,1], and (z,¥) |, is the solution
of the problem (x,y) = A(z,y) for 0 < A < 1. There exists M, ,,7 = 1,2, such
that

sop [0l <3 /t:p<s>ds) =M.

tE[tm,b]

As we choose (z,y) arbitrarily, for all solution of problem we have

maxy—o1,..m(Mig) \ [ di
lo(t, y)| < ( ) - ( 5.

Maxg=0,1, m(Ma,x)
Thus, the set
K={(x,y) € PC x PC: (z,y) = A(z,y),\ € (0,1)}.

Since A : PC' x PC' — PC x PC'is completely continuous and K is bounded,
from Theorem A has fixed point (z,y) € PC' x PC which is the solution
of problem ([2.0.1]).

]
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Chapter 3

System of impulsive differential
equations on unbounded domain

The theory of boundary-value problems with integral boundary conditions for ordi-
nary differential equations arises in different areas of applied mathematics and physics.

Boundary value problems with integral boundary conditions on the half-line for
different classes of systems of differential equations have been intensively studied in
the literature using a variety of methods (see [35] 36], (105, T0g]).

This chapter is concerned with the existence of solution to systems of nonlinear
second-order impulsive differential equations with integral boundary on the half-line of
the forme

(—u(t) = f(t,u(t),v(t)), teJ, t#t;
—v"(t) = g(t, u(t),v(t)), t€J, tF# tk;
Au(ty) = Jip(ulty)), —Au'(te) = Lip(u(te), k=1,2,---,
Bolt) = Joalo), ~A) =BG, k=12 oy
u(0) :/0 hy(s)u(s)ds, u'(o0) =0,
| 0(0) = /0 ho(s)o(s)ds, v/(00) =0,
where J = [0,00), f,g € C(JXRXRR), 0 <t <ty < - <t <, tp — 00,

Ly, Jir € C(R,R), fori=1,2, h; € C(R;,R;) with / hi(s)ds # 1 fori=1,2,
0
u'(00) = tlim u(t) and v'(00) = tlim o(t), Aulty) = u(ty) — u(ty) and Av(t,) =
—00 —00

v(t)) — v(ty), where u(t)),v(t}) and wu(t;),v(t;) represent the right-hand limit of
u(t),v(t) at t = ty, respectively.Also Au/(ty) = /() — /(t;) and Av'(t) = /() —
v'(t;;), where o/ (), v'(t;) and «'(¢; ), v'(t; ) represent the right-hand limit of /(¢) and
v'(t) at t = ty, respectively.

Since we are interested here in system of equations, we have opted for a vectorial
approach based on the use of vector-valued norms, inverse-positive matric and a vec-
torial version of Krasnoselskii’s fixed point theorem for sums of two operators [110].
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Before setting the result of this section we consider the following spaces.

PC([0,00)) ={u:[0,400) — R | u(t) is continuous at each ¢ # ty,
left continuous at t = t5, u'(t]) exists ,k =1,2,---,}

and the space F defined by,

t
E ={ue PC([0,+00)), sup [ u(®) | < o0},
t€[0,+00) T+t

F is a Banach space, equipped with the norm:

t
lullo= sup O
te[0,+00) 1+t

< Q.
Then E x E is Banach space with the norm:
I (uw,0) lI= (Il wlle, | v l|g) for (u,v) € Ex E.

The following compactness criterion on unbounded domains is a simple extension
of a compactness criterion in C,(RT, R) (see [19]).

Lemma 3.0.3. We define the space n = C,(RT,R), let N Cn, Then N is compact in
n, if the following conditions hold:

(a) N is uniformly bounded in 7.

(b) The functions from {y : y =
uous on RY .

ﬁt, x € N} belonging to N are almost equicontin-

(¢) The functions from {y : y = T, T € N} are equiconvergent at +oo, that is
given € > 0, there corresponds T'(e) > 0 such that |y(t) — y(4+00)| < € for any
t>0and f €N forallt >T(e) and x € N.

Our next lemma should come as no surprise. It shows that solutions of system
(3.0.1)) are equivalent to solutions of integral equations.

Lemma 3.0.4. The vector (u,v) € PC(J,R) x PC(J,R) is a solution of differential
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System of impulsive differential equations on unbounded domain

system (3.0.1)) if and only if

u(t)

= / Hi(t,s)f(s,u(s),v(s) dS+ZH1 (t,tr) L1k ( (tk))+ZJ1.k(U(tk))

tp<t

= / Hs(t,8)g(s,u(s),v(s) d8+ZH2ttkI1k( (tx) +Zj2k (tx))

tp<t

where fori=1,2

H;(t,s) = G(t,s) + 03 /OO G(r,s)h;(T)dT
1 —/ hi(s)ds 7°

t, 0<t<s< 00,
G(t,s):{ s 0<s<t<oo (3.0.2)

Proof. First we consider the following problem:

u’(t) = f(t,u(t),v(t)), ted, t#t;
(t )= Jik(u(ty), —A(tx) = L(u(ty)), k=1,2,--, (3.0.3)
w0) = [ m(s)us)ds, (oc) =o.
Let u be a solution of problems , then by integration, we have
_ /0 F(s,u(s), v(s))ds — S L (u(ti), (3.04)
Taking limit for ¢ — o0,
u'(0) = h (s,u(s),v(s))ds + Z I g (u(ty)),

0 k=1



Integrating , we can get
u(t) = u’(O)H—u(O)—/O (t—s)f(s, u(s),v(s))ds—zIl,k(u(tk))(t—tk)JrZ Jik(u(ty))

Thus,
u(t) = U<O)+/Oootf(5>u(5)av(3))d5+Zﬂl,k(u(tk))—/0(t—s)f(s,u(s),v(s))ds
= Laulte))(t—t) + D Ju(ult):

Thus, - -
/ Gt ) (s, u(s).v())ds + 3 Gt ) s )
£ 37 Dau(te) -
Then, -
ut) = [ meuds+ [ 605 s, s, ols))ds
+ f: Gt t) L (u(t)) + > Jualulty)) (305)
Thus, - -

/Ooo hi(s)u(s)ds = /OOO hi(s) (/OOO hy(s)u(s)ds + /OOO G(s,r)f(T,u(T),U(T))dT) ds
+ /OOO hi(s) (i G(s,te) I (ulty)) + Z Jl,k(u(tk))) ds.

k=1 tL<s

It follows that

/ooo hi(s)u(s)ds = 1/001h - </O°O /OOO hl(s)G(s,T)f(T,U(T)’U(T))do
+1—/°°1m<s>ozs e (i e >>> &

1 o0
+ = ha(s) < Ji g (u(t ))) ds
1- / hi(s)ds /O tkz<s '
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Substituting in (3.0.5) we have

/OOOG(t » . / / ha (s (e, v(r))dr

1_/ hi(s)drds
/OOO fa (5) (Z G(t, tk)Il,k<U(tk))> ds

k=1

Hence,

k=1

where,

Hi(t,s) = G(t,s) +

v'(t) = f(t,u(t), v(t)), teJ t#t
Av(tk) = Jon(v(te)), AV(te) = —Lp(v(ty)), k=12,
v(0) = /0 ha(s)v(s)ds, v'(c0) =0,
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similarly, we have that

/Hzts (s,u(s),v(s) d8+ZH2ttk)f1k( (tk) +ZJ2k (k)

[ ) |

where,
1

Hs(t,s) = G(t,s) + = /OO G(7, s)ho(T)dr.
1— / ha(s)ds 70

3.1 Existence results

In the section, we establish the existence of at least one solution of (3.0.1). We
need following assumptions to obtain our result:

(H,) f, g are L'-Carathéodory functions.
(H,) There exist nonnegative functions P, P, € L'[0, +00) for i = 1,2, 3 such that:
|f(t,u,0)] < Pu(t)ul + Pa(t)|v| + Ps(t), for each t € J, (u,v) € R?,
and

lg(t,u,v)| < Py(t)|u| + Py(t)|u| + Ps(t), for each t € J, (u,v) € R

(Hs) For all u,v,u,v € R, there exist nonnegative constants a; x,b;x, > 0,1 = 1,2 such
that

[ e(u) — Lip(@)| < ayplu—1a|, k=12, ..
‘Ig,k(v> — IQJC(’Z_JM S CL27k|’U — 'l_}‘, k:1,2,. ..

and

|1 k(u) — J @) < b glu—al, k=12,...,
|Jok(v) = Jo(D)] < bgplv—2|, k=12,...,

31



System of impulsive differential equations on unbounded domain

(H;) We define the constants N; and C;, i = 1,2, 3, by
N; = (1 + %) / Pi(s)(1 4 s)ds < oo,
! 0

C; = (1+W>/ Pi(s)(1+ s)ds < 00, i = 1,2;
2 0
3 Il 1 > N N

Cy = (1 sl (/ Py(s)ds + Y |1(0) + 3 |J27k(0)|> < o0,
0 k=1 k=1

as well as the constants

h; >
K, = (1 + H h!Ll) ;(ai,k +big)(1+tg) < oo, fori=1,2;

where,

h = ‘1—/ hi(s)ds
0

, hZZ‘l—/ ho(s)ds
0

Theorem 3.1.1. Assume that (Hy)-(H3) holds with Ny + Ky <1 and Cy+ Ky < 1. If

- [(1-N - K —Cy
M‘( —Cy 1—02—K2)'

and det M > 0, then problem (3.0.1)) has at least one solution.
Proof. Let N : E x E— FE x E be the operator defined by
N(u,v) = F(u,v) + B(u,v), (u,v) € E x E,

where,

F(u,v) = (Fi(u,v), Fy(u,v)); B(u,v)= (Bi(u,v), Ba(u,v)),

Fy(u(t), v(t)) = / " HL(t5) (s, u(s), v(s))ds,

Fy(u(t), v(t) = / " Hy(t, 5)g(s, u(s), v(s))ds,
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3.1. EXISTENCE RESULTS

Bi(u(t),v(t)) = Y Hi(t,te)lia(ulte) + Y Jix(u(ts))
=

=1 tp<t
/ (Zjlk tk)
+ tr<s
1—/ hi(s)ds
0
and
Ba(uf Zﬂgttk L(v(ty) + ) Jor(v(te)
t<t
/ (ZJzk tk)
tp<s

In order to show that the condition in Theorem hold, we will proceed in several
steps.

Step 1 It is clear from its definition that B is a continuous operator. To show that B
is an M-contraction, let (u,v), (u,v) € E x E. From (Hj), we see that

1+1¢
2| Hy(t,t _
< S LI 1)) — Ba@ )]+ 7 i) — o (a(60)
k=1 tp<t

Z(Glttk : /Ooohlmwdr) anfu(te) = @t + > buelult) — a(t)]

— 141 h1 +1 —

8

/ hl (S)dS 00
e > bugfulty) = a(ty)] .

k=1

33



System of impulsive differential equations on unbounded domain

Thus,
| B1(u, v) = Bi(u, )| e

< ( ”hl”Ll)Zalk—Fblk (14 t)||u — || p == Kilju — 4| g
k=1

Similarly, we have

NE

I Bs(u, v) — Bao(it, 0)||p < (1 + %) (Ao + bog) (1 + ) |lv — 0| := Kollu — g

k=1
Therefore,
| B1(u, v) — Bi(u, )| lu—allp
<M ;
| B2(u; v) — Ba(, )| v —]lg
where,
(Ky 0
M- ( ‘ K2) .

Since K, Ky € [0,1), M converge to zero, and this implies that B is a contraction
operator.

Step 2 To show that the operator F' is continuous, let (u,,v,) — (u,v) as n — oo.
Then u,, — v and v,, —> v as n —> oo.

We have
|F1(un<t)7Un(ti)_’—_tFl(u(t),’U(t)” S/O |I{11(_’t_;)||f(8 un() n(s))—f(s,u(s),v(s))|ds
and so

173G ) = P o)l < sup [ I g 9), 0 (5) = 5,5 o)l

t€[0,-+oo Jo 1+t
Since f is L'-Carathéodory, by the lebesgue dominated convergence theorem,
| F1 (tn, vn) — Fi(u,v)||g — 0, n — 0,

Similarly,
| Fo(tn, vn) — Fa(u,v)||g — 0, n — 0.
so F' is continuous.

Step 3 We want to show that F' maps bounded sets into relatively compact sets, so
let D be a bounded subset of E. Then there exists ¢ > 0 such that ||u|lg < ¢ and
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lv]|z < ¢ for all (u,v) € D.
Let (u,v) € D. Then for each ¢ € [0, +o0[, we have

|[Fy (u(t), v(t))] S/ [H (2, s)

1+t 1+t

HI )1 (), o(s))ds

and similarly for Fy. Since f, g be are Carathédory function, there exists nonnegative
function ¢z, ar, € L]0, 0o[ such that

[F(E u(t), v(0)] < Gry o (t) and |g(t, ult), v(E)] < ¢y (t) T € R

HEWWMS< n1m>/ e
||F2(u,v)HE§( ”hz”“)/ brira(s

Therefore, F' maps bounded sets E into bounded sets in E.
Moreover, for any T € [0, +oo[ and 71,75 € [0,T], 71 < 7o,

Hence

Similarly, we have

Fi(u(r),v(r2)  Fi(u(m),v(n)) /OO Hy(7a,5)  Hi(m,s) (5, u(s), v(s))|ds
1+m 1+7 - 0 1+m 1+7

< /OO H1(7_27S) . Hl(Tlv ) (S)dS
o 0 1+7'2 1+7’1 ’
— Oasm — 7.

Similarly, we obtain

Fy(u(m),v(m)) _ Fa(uln),v(n))| /Oo Hy(1,8)  Ha(i,8) br. 1 (5)ds
1+ 1+7 - Jo 1+7 1+7 |77

— O0as T — 1,

Thus F is equicontinuous on any compact interval of [0, 00).

Step 4 Next, we wish to show that N (D) is equiconvergent, i.e, for any ¢ = (g1,€5) > 0,
there exists sufficiently large T'(¢) = max (T3(e1), T»(g2)) such that

F(u(m),v(r F(u(m),v(r
e L L E T CHIR R ce )
H;
Since ¢,,,, € L'0,00) then / | 1%:)‘@1 (8)ds < oo for i = 1,2, so we can
0
choose Ti(g), Tz(g) such that
Hi(t
/0 | 1(—i—:>|¢rl s (8)ds < <o , fori=1,2. (3.1.2)
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System of impulsive differential equations on unbounded domain

Then, for every 71,75 > Ti(e1), we have

atunhun)  Almln)l o 75 B, s
1+ 7 14+7 0 L+ L+7
‘Hl<7_27 )|
<
< [TEE
|H1(7'17 )|
+/0 1+ ¢T1 Tz( )
g1 €
S
Similarly, for every 7y, > Th(e2), we have
Fy(u(r).v(m))  Fo(u(n).v(n)| / Ha(m8)l s
1+ 1+7n 0 L+
|H2(7'1, )|
+/O 147 (/57"1 7"2( )
€9 €

Hence for each 71,75 > max(T}(e1), To(g2))

‘F(u(@),v(@)) _ Flu(n),v(n))

]_—I—TQ 1+Tl

That is (3.1.1]), holds.

Step 5 To show that set B = {(u,v) € E x E: F(u,v) + AB(%,%) = (u,v) } is bounded
for 0 < A < 1. Let (u,v) € B, then

u(t) = /Hlts F(s,u(s), ()ds+)\ZH1ttk)Ilk.< ))+A;JM(U(§<))

/Ooo ha(s) (Z Tk <“(;’“) )) ds

’ <e, V(u,v)€D.

o(t) = /Hzts (s, u(s), ()dsHZHz“k)fM( >>“§J2’“(U(§k))

k=1

/OOO ha(s) <Z ok (U()t\k) )) ds
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3.1. EXISTENCE RESULTS

Thus,

t hall h >
M <1—|— | IHL )/ )1+ s)ds||lul|z + ( ” 1l )/ Py(s)(1+ s)ds||v||g
1+t 0 hi 0

h > h N
o B et (1) S
0 1

k=1

2) i 1k(0)

e ||h1||L1) > s (1

hal| 1 hal| 1 “ 5
(1 L 2”L )/ (1 + s)ds||ul| g + (1 o el )/ Py(s)(1 + s)ds||v||g
1+1¢ 0 h 0

<
—~
~+
P
IN

h h
( || 2||L> s)(1 + s)ds +( ” 2||L )Za2k+b2k (1 +te)llvlle

2

< ||h2||L1> ki ( ||h2||L1> Z o

k=

This implies
lullz < Niljulle + Kiflullz + Naflvfz + Na.

and
[vlle < Cillulle + Kallv||g + Collv]|e + Cs.

(o5 ) () (3)
—Cl 1—02—K2 H’UHE - 03 '
- ulle > < N3 >
M < . 3.1.3
( s ) =\ e (3.13)

Since M satisfies the conditions of lemma ( (L.1.2) thus (M)~" is order preserving. We
apply (M)~! to both sides of the inequality (3.1.3] (3-1.3) to obtaln

[u]l 2 ) -1 < Ny )
< (M .
(fets ) = (&
Thus by Theorem ((1.2.4]) there exists at least one fixed point for N which is solution
of problem [3.0.1] O]

Thus, we have

Therefore,
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System of impulsive differential equations on unbounded domain

Example 3.1.1. Consider the problem:

4 —t

_uf/:fog(1+u+v)§, ted t+k,
n_©_ 4
—v —2001(1+u+v) , teJ, t#k,
Au(k’):@ u(k), k=1,2,---,
—Au/(k) = % u(k), k=12,
. _ v(k) (3.1.4)
Av(k) = e2k 1 — 1,2,
U(k) € (1—|—U(k‘()]2;)’ k ) & )
A () — o3k Y —
Av (tk)oo e (]_—f—?}(k)), k 1727 )
u(0) = / e *u(s)ds, u'(00) =0,
v(0) = / e v(s)ds, v'(00) =0
\ 0
et 2
ft,u,v) = 100(1—|—u+v)3,
et 1
g(t,u,v) = 200(1+u+v)2,
1
Jip(ulte)) = gvuk) k=1,2,---,

1
Lip(u(ty)) = goeVulk) k=1,2,--,

/ _ =2k U(k)
JQ&(U (tk)) =€ (1 i U(k))) k= 172; )
IQk(U/(tk)) — 673k (1 +(f<>k)) — 1’ 2’ S

hi(s) = e * and hy(s) = e .
Let u,v € [0,00] et t € J
it s clearthat/ e o8 :—7&1 and/oo 4Sd3__7£1
By the inequality (1 + = + y)”Y <1+~vx+ny, forx e R, 0 <~ <1, we see that

et 2 2
e I z
and

et 1 1
t —° (14> 2
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3.1. EXISTENCE RESULTS

—t —t

Hence the condition (Hy) holds with Pi(t) = % and Pi(t) = ﬁ fori=1,2 , Ps(t) =

et _ et

—, P(t) = —.
100 200
Also for all w,u,v,v € RT, we have

1
Tiaw) = Tial@)] < gzl —al, k=12

and
L (v) = Lp(0)] < e lo—2|, k=1,2,---,

| Jik(u) = Jip(@)] < lu—al, k=1,2,---,
and
| o (v) — Jopo(0)| < €l — 0|, k=1,2,---,

Thus (H3) holds with
1 1

ay, = T’ b = ok agf = e 3k by ) = ek k=12,
Then, we easily obtain:
Hh1HL1 2 .
N; = J(1+s)ds = — < o0, i =1,2;
( s)ds 505 < 00

h 1
o (i HQHU)/ eadem <o i1

]hlﬂL = 1073
K, = bip)(141t) = —— <
1= ( kz:am-l- k) (14 k) 1397 <

h [e.e]
Ky = ( I 2||L)Z (agp + bog)(1 4+ t;) ~ 0,41 < oo,
k=

h/ 1 o0 o0 1
N3 = (1 n ;LHL ) (/ Pg(s)ds+z 1(0)] + > |J1,k(o)|) = <o,
1 " k=1 k=1
_ [F2]] L1 - N N _ b
Cy= 1+, Py(s)ds + Y1 La(0)] + D [Fax(0)] | = g5 < oo
’ ’ k=1 k=1

Thus N1 + K1 ~ 0,81 <1 and Cy + Ky ~ 0,41 < 1

For this example
~ 1-0,81 —:%
M ~ ( ! 225 ) .
—535 1—0,41

det M ~ 0,11 > 0. By Theorem it follows that Problem has at least one
solution.
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Chapter 4

Impulsive evolution equations
without predefined time

Impulsive differential equations are studied by many authors, we can see the books
[58,69,97, [1]. Hernandez and O’Regan [59] introduced a new class of abstract impulsive
differential equations where the impulsive are non-instantaneous. In 2020 Hernandez
[60], introduce new class of impulsive differential equation without predefined time of
moments of impulses.

In this chapter, we are interested in studying the following system:

( ml(t> + Alx(t) = f(t7 .T(t), y(t))7 t € [Séx,y)7 t%:fy)]’ H<$(Séx,y))’ y(sz:p,y))) = 07

2(t) = T et )yt ), a(),y(e), ¢ € (6, i) ] Ha(d) ), y(te] ) =1

y'(t) + Azy(t) = g(t, z(t), y(t)), t € (st tpl H(@((0):9(500,)) =0,

[ 2(0) =20, y(0) =wo, H(zo,y0) =0,

(4.0.1)
A; : D(A;) C E — FE are infinitesimal generator of a strongly continuous semi-
group of bounded linear operators (7;(t));>0 on a Banach space E, H € C(E X
E,[0,00)), (zo,y0) € H'(0) and f,g : [0,a] x E x E — FE are given functions,
I€C(0,00)x[0,00) x Ex Ex Ex E; E), I € C([0,00) x [0,00) x Ex Ex Ex E; E),
0=5Cy <ty < Sy <ty < Sey < t”; .-+ < @ are numbers depending on

z,y) (zy) (z,
the state (z,y).
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4.1. EXISTENCE OF MILD SOLUTION

4.1 Existence of mild solution

In this section, we study the existence of solution for (4.0.1). To begin, we introduce
some concepts of solution.

Definition 4.1.1. We said that the function (z,y) € C([0,b]; X) x C([0,b]; X), 0 <
b<a,isaN- mild solution ofm 4.0.1) if 2(0) = o, y(0) = yo and there exist numbers 0 =

Seg) < Haw) < Stea) < Loy < Loy < Stey) < b such that (x(-),y(-)) is continuous

G b Ho, ) o5t ) = 0 for all i = 0,.... N H(x(E, ).yt ) =1
forallj=1,...,N, 1> H(x(s), (s)) > Ofor all s € [tizy) s%%y)) and j=1,...,N,
0<H( (s),y(s)) <1 forall s € [s,,.t,,) and j = 1,. ,N—.l, (x(s),y(s)) =
V(L )0 S5 (t(zy)) y(t(xy)),x(s) y(s)) for each s € (t% " (xy)] andi=1,...,N and

zy) " (zy
(a) forj=1,...,N—1, the function (z, y)‘ 1 is a mild solution of the problem

(w v) (@)
W) = Am®)+ fEn@n@),  telsh, o)
J — J J J J
T1(a) = Ty Slay 71 (g 01 (), xl(suy))’yl(i(f,y)))? (4.1.1)
WO = A+ gl (®), e (st ]
yl(‘s‘ggj y)) - I(t‘zl' y) ‘Zx7y)7 Il(t{x,y))7 /yl(t.z,j;,y))J ‘rl( (,7;7y))7 yl(S‘ZJ;7y)))
(b) the function (a:,y)‘[o o is a mald solution of
)
zi(t) = Awwi(t) + f(t 1), 11(0)), te0,t,,)
n) = Aw(t) + gt z1(t), 11(t)), t €[0,t(,,)]
»n(0) = w,
(c) Sf\;,y) =b ors( vy <0, 0 < H(x(s),y(s)) <1 fors € [scz,y)N,b] and (x,y)hséV -
is a mild solution of Y
A = An)+ fea@n@). el
N _ N N N
‘r/l(S(J:,y)) - I(t(z y)’ (x y)’ (t(az,y))7 yl(t(z,y))7 I (S(z,y]%% yl(s(:c7y)>)7 (413)
(1) = Agyi(t) + g(t, 1(t), 11(2)), t €[Sy bl
yl(sé\;,y)) - I(tfi,y)’ Sé\ivy)’ xl(té\;,y))’ h (tﬁ,y))’ xl(sé\;,y))’ 1(3&34)))’

Definition 4.1.2. We said that a function (z,y) € C([0,b]; X) x C([0,b]; X) is a
N-mild solution of (4.0.1) on [0,b] if x(0) = wo,y(O) = yo and there exist numbers

_ 0 1 T 2 N-1 :
0 = s(, < t(m,y)' < S(x,y) < t(z,y)--- < Sy < t(x y < b osuch that x(),y() is
continuous at t # t*, H(x(s{, ), y(8(,,))) =0 foralli=0,....N — LH(z(t],,)) =1
forall j =1,...,N, the function (x,y)|[0 N 5@ N — 1-mild solution of (4.0.1) on

(z,y)
0, séi‘y%] and
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Impulsive evolution equations without predefined time

(a) t  =bortl  <b 1> H(x(s),y(s)) >0 fors e[t .

b] and
Il(s) = I(té\a[:,y)? 5,11 (té\;,y))a Y (té\;,y))v LL’(S), hn (S>>

W (S> = j(té\;,yﬁ S, xl(di,y))a hn (té\;,y))a CL’(S), yl(s))

To prove our results we include the following conditions. Next,0B denotes the
boundary of a set B.

(H,) There exist L;, L; € Ry, i = 1,2 such that
1f(t 2, y) = f(&, 2,9 < Lillz =zl + Lofly — gll, =,y,2,5€ X
and
lg(t,z,y) — 9(t, 7, 9)|| < Lillx — 2| + Lolly — gll,  =,9,7,5 € X.

(Hy) 1€ C([0,00)x[0,00)x ExExExE;E), I € C([0,00)x[0,00)x EXEXEXE; E)
and

Ly =sup{[I(t,s,2(t),y(t),2(5),y(s))lcLippp : t € Lo, s € Lta,x,y € SH Y} < o0,
Ly = sup{[I(t,s,z(t), y(t), z(5),y(s)]crimm * t € lar5 € L1, T,y € SHDY < o0,
where I, = [0,a], I;, = [t,qa].
(H3) There exist ¢, g2, g3, g4, such that,
1(t,s,e,p,x,y) — I(E,s,6,p, 2, 9)| < qulw — T + qoly — 7,

and
|I<t,8,6,p,$,y) - I(t7 Sveapwfagﬂ < Q3|ZL’ - ‘fl +q4|y - g’

Now, we can establish and prove our result on the existence of solution.

Theorem 4.1.1. Assume that the conditions (Hy),(H2) and (Hs) are satisfied and

(z0,y0) € H(0), where,
K= ( @ ) |
43 qa

If K is converge to 0, then there exists a unique N-mild solution, or a unique N(II)-
mild solution of (4.0.1) on [0,a], or 0 < by, < a, 0 < by, < a.

Proof.
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4.1. EXISTENCE OF MILD SOLUTION

Step 1 We consider the following problem

y(t) = Agy(t) + g(t, x(t),y (1)),

t €10,a]

te0,d] (4.1.4)

z(0) = zo, y(0) = yo,

It is clear that the mild solutions of (4.1.4)) are the fixed point of the following operator
N :C([0,a], E) x C([0,a], E) — C([0,al], E) x C(]0,a], E') defined by

N(l’,y) = (Nl({L‘,y),NQ(JI7y)),

where,

Nile) = T+ [ Tt )00, (2,9) € OO0l ) x €10, )
and
Nale) = a0+ [ Tt = gtz s, (29) € O, ) x €1, ).
Indeed, let (z,y), (z,9) € C([0,al], E) x C([0,a], E),
Ni@y) - M@ el < [T - s)llF s, 2,) — £(s. 7 Dlds
< M [y aile — 3|+ bily — glds

t _ t _
@ fo TesTds||z — T|| + @ fo TesTds|ly — |-

Thus,
IN:i(z,y) = M(Z, 9 < zlla =2l + 2lly — 3l
where,
GOl =z GEL
Y 1 te[0,a] y<t)
Similarly,
INo(z,y) = No(2,9)] < M2 [Dreds|lw — 2| + 22 [(remds||y — g
Then,

INo(z,y) — No(z,9)|1 < Lz — |1 + L]y — 7l
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Impulsive evolution equations without predefined time

Hence,
_ [Ni(z,y) — Ni(Z,9)[]1 )
N(x,y) — N(z, = 7
NG - el = (s~ e
11 ||x—a:||1)
< 1 B .
= T<1 1)( ly = glh
Therefore,
o y ||93—9€||1>
N x, - N z, < M = )
N - Nl < (72
where

1 11
M = ( 11 ) T> 2.
From Perov fixed point theorem [1.2.3] the mapping N has a unique fixed (x,y) €

C([0,a], E) x C(]0,a], E) which is a unique solution of problem (4.1.4), we denote this
solution by (z1,y1).

If H(z1(t),1(t)) # 1 for all t € [0,a], hence (x1,y;) is a mild solution of (4.0.1)) on
0, a.

If H((x1(t),y1(t)) # 1 for all t € [0,a) and H((z1(a),y1(a)) = 1 then (x1,,) is a 11-
mild solution of (4.0.1)) on [0, al.

Step 2 Otherwise 0 < t' = inf{s € [0,a] : H(z(s),y(s)) = 1} < a and H(z(s),y(s)) =
1. In this case, we consider the map 6 : C([t',a], E) x C([t',a], E) — C([t',a], E) x
C([t',a], E) defined by

9(1)1,1)2) = (91(01,U2),92(01,U2))>
where,
01(”17”2) - I(t17taeap7 U1>U2)7 (U1>U2> c C([tlaa]uE) X C([t17a]7E)'

and
92(”171}2) = I_(t17tae7p7 fUlvUQ)a (’01,7.12) S C([tlﬂa’]ﬂE) X C([t17a]7E)'

Indeed, let (vy,v9), (01,02) € C([t',a], E) x C([t',a], F). From assumption Hj, it is
easy to see that 6(-) is a contraction and has a fixed point (vy,v9) € C([t!, a], X) x
C([t',a], X).
|61 (v1, v2) — 01(01, 2)] = |I(t,s,e,p,v1,v2) = I(t, s, €,p,01,02)|
< qilvr = 01] + golva — 02

eTeT 01 (v1, v9) — 01(01,02)] < qre'Te vy — 01| + gae'Te T [ug — 1.
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4.1. EXISTENCE OF MILD SOLUTION

Then,

101 (v1,v2) — 01(v1,02)[[2 < qllvr — v1]]2 + g2|v2 — V2|2,
where,

v o v (T
|Gl =G

Similarly,

[02(v1, v2) — O2(01, 0|2 < gsllvr — Vill2 + gallva — V2|2
Hence,

16(v1, 03) — 0(51, ) [|s = ( 161 (01, v2) — 61 (01, 02) |2 ) < ( IR ) ( lvr = ol ) _

|02 (v1, v2) — O (01, 02)||2 a4 vy — 2|2

Therefore,
16(v1,05) — B(v, @), < K ( [ ) |

[v2 — a2
we define now the function u' : [0,a] x [0,a] — E given by u!(t) = (x1(t),y:(t)) for
€ [0,t'] and u'(t) = (vi(t),vo(t)) for t € [t} a]. It obvious that u|1[0 b s 8 mild
solution of (4.1.4)) on [0, ¢'] and

ul(s) = { I(t', s, 1 (tY), yu(th), v1(s), va(s)), for all s € [t',a]
It s, 20 (tY), y1 (1), vi(s), va(s)),

if H(ul(s)) # 0 for all s € [t!,a], then u'(.) is the unique 1(/1)-mild solution of
on [0,a]. if H(u'(s)) # 0 for all s € [t',a] and H(u'(a)) = 0, then u'(.) is the unique
1-mild solution of on [0, a).
Step 3 We assume now that t' < s' = inf{s € [t',a] : H(z(s),y(s)) = 0} < a.
obviously, z(s') = 0,y(s') = 0. Similar to the above, we know that there exist a
unique mild solution (o1, 09) € C([st,a], X) x C([s',a], X) of

U’lgtg = ﬁlalgg ((,01((25)),02(@))) t € [S@y),al

O'é t = 202 , t ,02

ou(sh) = I(t s a(t), y(t)), 2(s)). y(s")) (4.1.5)
oo(s!) = T(t s x(t)), ("), 2(sV), y(sY)).

It is clear that the mild solutions of (4.1.5)) are the fixed point of the following operator
O :C([s',a], E) x C([s',a], E) — C([s',a], E) x C([s',a], E) defined by

@(017 02) = (@1(017 02), @2(01, 02))7
where,

O1(01(t),02(t)) =[5 T(t = ) f(s5,01(5), 02(s))ds
+T(t — sY)oi(s'), (o1,09) € C([st,a], E) x C([s',a], E).
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and

Os(01(t),00(1)) = [ T(t = 5)g(s,01(s),02(s))ds
+T(t — s)oa(s'), (o1,09) € C([s',a], E) x C([s',a], E).

Indeed, let (a1, 09), (61,02) € C([s',a], E)xC([s',a], E) = C([s',a], E) xC([s', a], E),

|@1(01702) - @1(0717072” < |T(t§)’1(t17 517€7p7x7y) - I(tlvsla 67p7j7g)‘
+ [2 Tt = 9)|f(s,01(5), 02(5)) — f(s,01,72)|ds

< Mfstl Li|oy — 71| + La|oy — a2|ds
< M fstl Tesds||oy — g + L2 Stl TeTds||oy — oy |
< M(em —en7)|oy — o || + M2 (e — e17)) |0y — |
< (ME)elT|loy — gy + (FE2)e![|oy — o
< @(2lor = all + oz — a2l]),
then ) )
|©1(01,02) — O1(a1, 02)]|2 < ;HUI — a2+ ;||U2 — 022,
where,
(7)), =z ()]
02 2 t€[sh,a) UQ(t)
Similarly,

|@2(01702) - @2(0717072” < |T(t§)’j(t17 51767p7x7y) - j(tlv 817 67p7j737)‘
+ [ 1Tt = s)llg(s, 01(s), 02(5)) — g(s, 01, 02)|ds

< M [} Ly|oy — 61| + La|os — Ga|ds

< MTL?’ fstl TeTds|lop — a1 || + MTL4 Stl TeTds||oy — aa|

< MR =) |lor — g || + (T — eT))||on — |
< e (zllor —aill + 1o — ).

Therefore,

1 1
1©2(01,02) — Oa(01,02)]2 < ;||<71 — 0|2 + ;||02 — 022
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4.1. EXISTENCE OF MILD SOLUTION

Hence,
_ ©1(01,02) — O1(d1, 52)||2
@ ’ . @ 7 _ H 1\v1,02 "~ ) -
|9(01,02) (1, 02)||2 ( 1©s (01, 79) — Oa(61, &)
11
< T ( o1 — ailla >
- 101 |o2 — d2l2
Therefore,

10(01,32) = O(F1, )2 < %(1 1)(%_01”2)-

log — ol

From Perov fixed point theorem the mapping © has a unique fixed (01,07) €
C([s1,al, E) x C([s1,a], E) which is a unique solution of problem (4.1.5), we denote
this solution by (z3,ys3). and we define (z3,ys3) : [0,a] x [0,a] — E by

(22,90), forte0,s, ]

P (zy
(23,y3) =
(01,09), fort e [s! ad]

if H(z3(s),ys3(s)) <1 for all s¢[s?, a] then (z3(.),y3(.)) is the unique 1-mild solution on
[0, al.

if H(xs(s),ys(s)) < 1 for all sc[s',a] and H(z3(a),ys3(a)) = 1 then (x3(.),ys(.)) is the
unique 2-mild solution on [0, al.

Step 4 Otherwise, we have that s' < > = inf{s € [s',a] : H(u(s)) = 1} < a and
arguing as in the first part of the proof, we have that there exists a unique fixed point
(wi,ws) € C([t?,a]; E] x C([t? a]; E] of the map A : C([t*,a], E) x C([t*,a], E) —
C([t?*,a], E) x C([t* a], E) defined by

Awr, w2) = (A1 (wr,w2), Aa(wi,w2)),
where,
A1<W1,WQ) - f(tl,t,e,p,wl,wg), (WhWQ) S C([t27a]7E) X C([tZ,(l],E)
and
AQ(wlaWQ) = I_(t17t76apawl>w2)7 (wlaw2) € C([tQ,CL],E) X C([tQ,CL],E).

We continue this process for the following problem
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Impulsive evolution equations without predefined time

;

(z1(t), y1(t)) for all t € [0,t]
(xo(t),y2(t)) for all t € [t!,s!)

(x3(t),ys(t)) for all t € [s!,1?)

(X (t), ym(t)) for all t € [t™, s™).

\
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Chapter 5

Difference equations

Since the publication of the landmark paper of Hertman [55] in the year 1978
difference equations has become a major field of research. In fact during this pe-
riod several books, e,g Agarwal [2] Agarwal and Wang [4], Ahlbrant and Peterson
[12] , Elydi[43], Kelley and Peterson[63], Kocic and Ladas[65], Lakshmikantham and
Trigiante[70], Mickens Sharkovsky, Mdistrenko and Romanenko[98], and hundreds of
research articles on the theory, methods and applications of difference equations have
been written. In this chapter we will follow Agarwal and O’Regan [3], (5, [6] [7), [8, 9] and
establish the existence of solutions following boundary value problem.

C Ae(k)— flka Aa.y, Ay) =0, k€ N(0,b)
A3y(k) — z(k,z, Az, y, Ay) = 0, k € N(0,b

a0 Az(0) — BoA2(0) = 0 #(0) = 0 o)
YAz(b+ 1) 4+ 6pA%z(b+ 1) =0, e
@ Ay(0) — FoA%y(0) = 0 y(0) =0

| 70Ay(b+1) + BoA?y(b+1) =0,
where By, 6o, Bo, 00 € R\ {0}, 0,70, ,5 €R, f,z:N(0,b) x R™ x R™ x R™ x R™ —
R™ are continuous functions.

Throughout this chapter, we shall use some of the following notations: N=0,1,...
the set of natural numbers including zero, N(a) = a,a + 1, ... where a € N,N(a,b—1) =
a,a+1,....,b—1 where a < b—1 < oo and a,b € N. Any one of these three sets
will be denoted by N. the forward difference operators A is defined as Af(k) =
f(k+ 1) — f(k). The higher order differences for a positive integer m are defined as
A™f(k) = A[A™ 1 f(k)]. Let I be the identity operator, i.e. If(k) = f(k), then
obviously A = E — I and for a positive integer m we may deduce the relation

m

> < " ) A'f(k), A"=1. (5.0.2)

1=0

E"f(k) = (I +A)"f(k)

49



Difference equations

5.1 Existence and uniqueness result

In this section we will study the existence and uniqueness solutions.

Lemma 5.1.1. A function x € C(N(0,b), R™) is solution of problem

A3z(k) = —h(k), k € N(0,b)
{ apAz(0) — BoA%z(0) = 0 (5.1.1)
YAz (b+ 1) + 6oA%z(b+ 1) =0,

where h € C(N(0,0), R™), and (do)? — (7060)* — (b+ 1) Bocro — (b+1)2(cvgy0)? # 0
of and only iof
b

w(k) = g(k,i)h(i), ke€N(0,b),

=0
where
(B2 +kaoBo+k?ad)(63—3(b—1)?) . 2
| GoaalP— (o P+ D2 Boco— (2o~ (K —i—=1)7 i€ {0, k =1}
g(k,1) =

(B2 +kapBot+k2ad) (62 -2 (b—i)?) . L
(50&0)2—(()7050)2—(b+1)(;§68a0E(b+1)2(a0%)2 i € {k, ,b}.

Proof. Let x € C(N(0,b),R™) be a solution of problem ({5.1.1]), then
APz(k) = —h(k) = A*(k + 1) — A%(k) = —h(k).

Then,
i=0, A?z(1) — A%x(0) = —h(0)
i=1, A%z(2) — A%x(1) = —h(1)
i=k—1, A%x(k)—-Az(k-1) = —h(k-1).
By summing the above equations, we get
k—1
A?z(k) = A%x(0) — ) h(i). (5.1.2)
=0
Thus,
i=0, Az(l) — Az(0) = A%z(0) -0
i=1, Azx(2) — Ax(1) = A2z(0) — h(0)

ke 1, A2(k)— A2z(k—1) = A22(0) — h(0) — h(1) - — h(k — 1).

Ax(k) = Az(0) + kA%2(0) — Y (k —1i— 1)h(i). (5.1.3)



5.1. EXISTENCE AND UNIQUENESS RESULT

Thus,
i=0 z(1) — z(0) = Az(0) + kA%z(0) — 0
1=1, x(2) — z(1) = Az(0) + kA2%x(0) — (k — 1)h(0)
z =k—1, x(k)—x2(k—1) = Ax(0)+ kA%z(0) — (k — 1)h(0)
—(k—=2)h(1) — ... — h(k — 2).
Hence,
z(k) = 2(0) + kAz(0) + K*A%z(0) — Y (k —i—1)%h(i). (5.1.4)
From ( and - we have
b
2(b+1) = z(0) + (b+ 1)Az(0) + (b + 1)*°A%2(0) — Y (b —i)*h(i). (5.1.5)
and ,
A’z(b+ 1) = A%(0) — Y hi). (5.1.6)
Since
apAz(0) — BoA%z(0) =0  ; yAz(b+ 1)+ 6A%x(b+1) =0
apz(0) — fpAz(0) =0 ; Yor(b+ 1)+ 6pAx(b+ 1) = 0.
Then, )
A?z(0) = (%) z(0) 5 Alz(b+1)= ( g§> Az(b+1)
Az(0) = (%) 2(0) L Ax(b+1) = <_g—z) z(b+1).
On the other hand, from - ) and - we have
_ (Bodo)? b oh
0 = (d0c0)? = (7050)? — (b + 1)15Boco — (b + 1)2(an0)? 20 h()
. (Boy0)? b — V2R
(G0c0)? = (7050)? — (b + 1)15Boco — (b + 1)*(a0)? 2eicolb = 01°h ()
and

)_l

z(k) = z(0) —i—1)

B2 + kapfo + ka2 } -
B2

z:O
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Difference equations

By above relation, we get

— 03 (65 + koo + k*ad) ) '
:C(]f) o ((50060)2 _ (70ﬁ0)2 _ (b + 1)73@)040 _ (b + 1)2(05070)2 Zizo h<2>

75 (B3 + kaofo + K*af) b N2 (s
 (30@0)2 — (7050)2 — (b + 1)72Bocn — (b + 1)2(ago)? Licob = 1°h(7)

=i (k=i = 1)*A(i)

502 + k&oﬁo + k’ZOz(Z)
(6000)? = (7050)* — (b + 1)7g Boco — (b + 1) (cgy0)?

i 5§ + kaofo + k2o
(d000)? — (7050)* — (b + 1)7g Bocxo — (b + 1)%(cgy0)?
— i (k — i — 1)2h(d).

This implies that

b

w(k) = g(k,i)h(i), ke N(0,b).

=0

Let us introduce the following hypothesis:

(H,) the exist nonnegative numbers a;, @; and b;, b; for each i = 1,2

[fi(k, v, 22,91, 92) — fi(k, 21, 22,91, 52) | < aul|zr — 21| + agl|lze — 22|
+b1(lyr — Gl + bolly2 — B2l

and

| fo(ks 21, 2o, y1,92) — fa(k, Z0, Zo, U1, B2)|| <0 @allzy — Zaf| + Gof|lze — 22| + billyr — 1]

+b2ly2 — P2
for all @1, 2, Y1, Y2, T1, T2, Y1, Y2 € R™.
Theorem 5.1.2. Assume that (Hy) is satisfied and the matrix

(a1 +az) (b1 + 52)) ’

M =2(b+1)g. ((al +az) (b + by)

where,
g« = sup{|g(s,7)| : (¢,4) € N(0,b) x N(0,b)}.
Hence,
182 baoBo-+b202 1833 (5)2] o
[Goaa+CroBoP— (b Aoan= 0 oo T 10 =Dl i€ {0,k =1}
G« =

|83 +booBo+b2ad |12 =3 (0)2|| . o
[l (600)2—(7080)%— (b+1)7¢ Boco— (b+1)2 (a0y0)?[’ i € {k, b}

If M converges to zero, then the problem has unique solution.
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5.1. EXISTENCE AND UNIQUENESS RESULT

Proof. Consider the operator N : C'(N(0,b0),R™) x C'(N(0,b),R™) — C(N(0,b),R™)
defined for (z,y) € C(N(0,b),R™) x C(N(0,b),R™) by

N(z,y) = (Ni(z,y), Na(z,9)),

where,

Ni(z(k), y(k)) = Y_o9(k, 1) fi(k,z, Az, y, Ay).
(5.1.7)

No(a(k),y(k) = Yo g(k, D) falk,z, Ax,y, Ay).
Let z,z,y,y € C(N(0,b), R™), then
Ny (2,y) = Nu(2,9)] < S lgk DI AL 2, Az, y, Ay) — fi(l, 7, A, 5, Ag)].
and
INy(2,y) = Na(Z,9)] < Yo lg(k, Dl ol 2, Az, y, Ay) — foll, 7, AZ, 5, Ag)|.

Thus,

IN:(2,y) = Ni(Z, 9)lloo < (b4 1) sub g penqonxnion [9(F; D[ar]lz — 7l
+aol| Az — AZlloo + b1lly — Flloo + b2l Ay — Agll]

IA

(b+1)g.[(ar + az)||lz = Z[|. + (br +b2)[ly — 7).
Similarly

[N2(2,y) — No(Z,9)[lo < (b4 1) supgpenonxnop 19k Dlldiflz — 2|
+a2|| Az — AZ||oo + 01|y — Tlloo + b2]| Ay — AY[ o]

< (b+ 1)gul(ar + a)llz — ]| + (b1 + ba)lly — gl

AN(xay) = (ANl(x,y),ANQ(x,y)),

where,

ANy (z,y) = Ni(z(k +1),y(k + 1)) = Ni(z(k), y(k)).
ANy (x,y) = No(x(k +1),y(k + 1)) — Na(z(k), y(k)).
Then,

[ANi(2,y) = AN(7,9)] < [Ni(z(k+1),y(k + 1)) = Ni(z(k + 1), 5(k +1))|
+[Ni(2,y) — N (T, 7))

IN

Zi;ob|g<k,l+ DA+ 1,2, Az, y, Ay) — fi(l +1,7, A%, 5, AG)]
+Zl:0 |g(kr,l)Hf1(l,x,A$,y,Ay) - fl(kavaf7g7 Ag)|
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Similarly we have

|AN2(xay) - ANQ(i’7g)| < Z?:%W(IQH' 1)||f2(l + 1,1’,Al‘7y, Ay) - f2<l + 1,5],Ai’7§, Ag)l
+Zl:0‘g<k7l)’|f2<lax7Amay7Ay) _f2(k7f7A£7g7Ag)"

Thus,
AN (z,y) = AN(Z, )]l < (b+ Dgel(ar + az)llx — Z|[ + (b1 + b2)[ly — 7).
Similarly,

ANy (z,y) — AN2(Z,9)[|oc < (b4 1)gu[(ar + a2)||lz — Z[|« + (b1 + b2) ||y — Fll]-

Hence,
AN (2, y) = ANL(Z, §)||oo + [[N1(7,y) = Ni(Z,9) s < 2(b+ 1)gs[(a1 + az)|z — 7|,
+(b1 + b2)|ly — ]
[N (z,y) = Ni(Z,9) [l < 2(b+ 1)gs[(ar + az) |z — 7|,
+(b1 + b2)|ly — 7l.]-
Similarly we have
[AN: (2, y) = AN2(Z,§) |l + [[Na(@,y) — Na(Z,9) ]l < 2(b+ 1)gi[(ar + a2)|z — 7|,
+(b1 + b2)|ly — ]
INa(,y) = No(@, )l < 26+ Dgul(@r + @)l — 7).

+(b1, ba)lly — 7lls].

Then,

<]|N1(m,y)—N1(x,yH*) < b+ g <a1~|—a2 b1+bQ> (Hx—xu*)

| No(z,y) — Nao(Z, 9|« ay+ax bi+ba) \ |y — vl

For all, (z,), (7, ) € C(N(0,b), R") x C(N(0,5), R").
From Perov fixed point theorem, the mapping N has a unique fixed (z,y) €
C(N(0,b),R™) x C'(N(0,b), R™) which is unique solution of problem (5.1.1]). O

Theorem 5.1.3. Let Q be a closed subset of C(N(0,b), E) .If Q is uniformly bounded
and the set {y(k) : y € Q} is relatively compact for each k € N(0,b) , then § is
compact.

Theorem 5.1.4. Let f,p: N(0,b) x R x R" — R" are continuous functions. Assume
that condition
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5.1. EXISTENCE AND UNIQUENESS RESULT

(Hy) There exist dy,ds € C(N(0,b),Ry) and o , 5 € (0,1) such that
|f(k, 21, 22,91, y2) < di(k) (2] + 2] + [ya] + [y2]),

ke N(O,b), (xl,xQ,yl,yg) e R®” x R" x R™ x Rm’

and
(K, 21, 29, y1,y2) < da(k) (1] + 21| + [11] + |92,

ke N(Ovb)v ($1,$2»yl792) € R" x R" x R™ X ij

holds. Then the problem (5.1.1)) has at least one solution.

Proof. Clearly, the fixed point of N are solutions to (5.1.1]), where N is defined in
(5.1.7). In order to apply theorem ([5.1.3)), we first show that N is completely continu-
ous.

The proof will be given in several steps.

Step 1. N = (N, N,) is continuous.
let (2, ym) be a sequence such that (z,,, ym) — (z,y) € C(N(0,0), R;)xC(N(0,b),Ry)
as m — oo. Then

‘Nl(xm(k)aym(k» - Nl(x<k)>y(k))| = | Z?:O g(ka l>f<lvxm7 Axnwyrm Aym)
=Ygk, D (e Aw,y. Ay)l

S g* Z?:O ‘f(la xm» Axma yma Aym)
_f<l7 xz, A.T, Y, Ay)|
Similarly,
| No (@0 (K), ym (k) = Na(2(k), y()| = 1310 gk, (s T, A, Y, Atin)

=0 gk, Dp(l, z Az y Ay

< O« Z?:O ’P(l, T,y Axrm Ym, Aym) - p(l, x,Ax,y,Ay)]

Since f,p are continuous functions, we get

IN s Ym) = N2, ) loo < Ge v LKy Ty Ay Yy Ati) — f (K, 2 Az y Ay)| — 0

as m — 00,

and
INo(Zon, Ym) = No(2,9)|lso < G Sovg | £ By Tony Ay, Yoms Ayn) — f(k, 2. Az y Ay)| — 0
as m — oQ.

In other side
AN - (ANl,AN2>,
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then

[AN (2 (F), ym (k) — AN (z(K), y(F))]

Therefore,

HANI(mmv ym> -

Similarly,

AN (T, Ym) —

Hence

HANI('TTm ym> -

Similarly

HANQ(mmv ym> -

AN1<x7y)”00

AN2<:U>Z/)HOO

AN1<x7y)”00

AN2<x7y)”00

IN

IN

IN

IN

IA 1

+

[Ny (@ (F), ym (k) = Na(z(k), y(k))[-

Gl 1f U+ L am(l+1), Azl + 1), Y (L + 1),
Aym (I +1))

—f(l+ La(l+1),Az(l+1),y(l + 1), Ay(l + 1))]
+30 olf(l T (1), Az (1), ym (1), Aym(l))
—f(,2(l), Az(l), y(1), Ay(1)]] —

as m — Q.

g0 P+ 1, 2 (L 4+ 1), Az (14 1),y (1 + 1),
Ay, (14 1))

—p(l+ La(l+1),Az(l+1),y(l+ 1), Ay(l + 1))]
+30 olp(l zm (1), Axm() Ym (1), Aym( )
—p(l,z(1), Az(l),y(1), Ay(1))|] —

as m — Q.

N1 (@, ym) = N (2, 9)l oo

G 1f U+ 1 2 (L4 1), Ay (14 1), ym (L + 1),
Ay, (14 1))

—fl+1Lz(l+1),Az(l+1),y(l+ 1), Ay(l + 1))|
+2 300 L (L 2 (1), Az (1), Yo (1), Ay (1))

—f (1), Az(l), y(1), y(l))l] — 0

as m — 0.

| No(Zm, Ym) — No(2,9) ||so

0[30 Ip(+ 1, 2 (L4 1), Az (14 1), ym (1 + 1),
Ay, (14 1))
—p(l+1L,z(l+1),Az(l+1),y(l+ 1), Ay(l + 1))|
+237 o|p(l Tm(l), Aflfm() m (1) Aym (1))
—p(l, (1), Ax(l), y(1), Ay(l ))|]~ — 0

as m — 00.
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5.1. EXISTENCE AND UNIQUENESS RESULT

Step 2. N maps bounded sets into bounded sets in C(N(0,b),R") x C(N(0,b),R").
Indeed, it is enough to show that for any ¢,q > 0 there exists a positive constants [, [
such that for each

(2,y) € By = {(z,y) € C(N(0,0),R") x C(N(0,0),R") : [|z]|oc <, [|ylloc < g}
and
(2,9) € By = {(x,y) € C(N(0,0), R") x C(N(0,b), ") : [ Aalloe < , | Ayl < 7}

we have
IN(z, 9)llo < 1= (1, 12),
IAN (2, y)lloc < T = (L. L2).
Then for each k € N(0,b), we get

INL(z (k) y(k)| = |09k, D f(L2(l), Ax(l), y(1), Ay())|

< 9. Yo 1F (L x(D), Ax (D), y(1), Ay(D))]
< g Y rgaa(k)(|2] + |Az] + [y] + |Ay)).
Therefore,
N1z, ) o < gellllls + lyll)* Xy r (R)
< ¢%g. ZZ:O e (k) = 1.
Similarly,

HNQ(xay)”oo S qgg* ZCQ(k) = l2-
IS0 gk L+ D) f+ 1, 2( 4+ 1), Azl + 1), y(1 + 1), Ay(l + 1))
+|Z?:O g(k;,l)f(l,x(l),Am(l),y(l),Ay(l)ﬂ

[AN(z(k), y(k))]

IA

IA

9:[ o cr(k + D (|e(k + 1) + [Aa(k + 1) + y(k + 1| + [Ay(k + 1))
+ oo ci(k) (e (k)] + [Az (k)| + ly(k)| + [Ay(k)))°],

Therefore,

IAN (2, 9)lloe < gu[Xhmger(k + 1)(Jz] + 1yl + Simg ca(k) (el + lyl)°]

IA

45 9+ ZZ:O co(k) = ls.

Similarly,

IANz (2, )l < g[3) g ealk + 1)(J2l + yh)® + g cr(B)(lal + ly])”]

S q*ﬁg* ZZ:O C*(k:) = Z?'
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On the other side,
IAN (2, 9)lloo + N1 (2, 9]l < 4290 Ymg € (k) + 20 Yp_g ca (k)

I

IA

IN

[ N1(z, )|
and

JAN (2, ) [loo + [[Nao(2, )l < @00 Sy k) +dP0. >y er(K)
[ No(z, )|l < 15

Moreover, for each k € N(0,b), we have {Ny(z(k),y(k)) : (x,y) € By} {No(z(k),y(k)) :
(vy) € By} and {AN(a(k), y(k) : (2,9) € By} {AN(a(k),y(K)) : (x.y) € By}
are relatively compact in R"™. Then from a consequence of Theorem [5.1.3| we conclude
that N is compact. As a consequence of Steps 1 to 2, the operator N : C(N(0,b),R) —
C(N(0,b),R) is completely continuous.

Step 3. It remains to show that
A ={(z,y) € C(N(0,b),R") x C(N(0,b),R") : (z,y) = AN(z,y),A € (0,1)}.

is bounded.
Let (x,y) € A. Then x = AN;(z,y) and y = ANs(z,y) for some 0 < A < 1. Thus,
for k € N(0,b), we have

|z (k)| Z?:ob\g<k,l>f<z,x,Ax,y,Ayﬂ
Gx ZZ:O |f(l7 z, Al‘, Y, Ay)|

9 Yo (B) (2] + | Az + [y] + | Ay|)°,

IANIN A

therefore,

Izl < g g cr(B)(l12lloo + 1Al e + [[ylloo + 1Ay loo).

and ,
Zl:o |g(k7 l)p(lv x, A‘Tv ?/, Ay)l

G Zﬁb;o p(l,z, Az, y, Ay)|
e Soneo C2(B) (|2 + [Az] + [y] + | Ay])?,

[y (k)]

VANNVANRVAN

therefore,

lylle < g0 350 c2(B)(I2lloo + 1AZ]loo + [ylloo + 1Ay lI0).

Then we have,

[Az]lo < g*[EbZ:o c(k + D ([|7]lc + [[AZ]Je + [[Ylle + [[Aylloc)®
2o A (B)([[]loo + A lloc + [[ylloc + |29 00)°]
9« 2 k=0 1 (F)([[2]loo + 1A%l + Y]l + 1 AY[lo0)*

IN
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5.1. EXISTENCE AND UNIQUENESS RESULT

and
IAYllee < gulXh g coll+ D) ([|2]loo + [|AZ]|oo + [[Ylloo + [ AYlloc)?

+Z%:o ca(k)([[2]loo + 1 A[loo + [|ylloo + [1AY]1o)”]
e rmo SF) (170 + 1A% ]loo + ¥lloe + [AYlIoc)?.

IN

Therefore,

A+ el < 0u[Sho )l + A0l + Il + 1800 (2 o
+ ot (B)(l2lloe + 1Al + [yl + 120

and

[AY[loo + lyllo < g*[ZbZ:o c3(B)([17lloo + 1A ]loo + [[Yllso + [ AYlloc)” (5.1.9)
+ im0 () (2]l + 1A ]loe + 9]l + [|AYllo0)?]-

Then by summing (5.1.8) and (/5.1.9)).

we get,

([zlloo + 1AZ]loo + lyllc + 1AY]l0) < 9*[Zb2:o c1(k)([[#]loe + [[AZ]lco + [[9lloo + | Aylloc)*
+ 2 k=0 2(R)(12lloo + 1Azl + [[ylloo + [ Ayllo0)”]

IN

90 Yo R) (120 + 18T ]loo + [[ylloo + [[Ayloo) ™).
If (|z]loo + [[AZ]loo + |Ulloo + |AY[loo) > 1 then since 0 < max(a, 3) < 1, we have
(12 lloo + 1A% oo + [[9llo + Ay floc) ™D < g, 57 (k).
Hence,
1

(ol + A0l + Iyl + 1800 < (5 5hgcl)) L= 95@H) o i,

Therefore,
(Izlloo + 1AZ]loo + Iyl + [AYllc) < max(1, M) := M.

Let
U= {(z,y) € C(N(0,0), R")xC(N(0,0), R") : ([z]loc, [ A loc, ylloc, [ Ayllc) < M+1},

and consider the operator N : U — C(N(a,b — 1),R") x C(N(a,b — 1),R"). From
the choice of U, there is no y € OU such that y € YN (y) for some v € (0,1). As a
consequence of the version of the nonlinear alternative of Leray-Schauder in generalized
Banach space, N has a fixed point (x;y) in U, solution of Problem (5.1.1)). O]
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Conclusion and Perspectives

In this thesis, we have considered the problem of the existence of solutions for differ-
ent classes of initial and boundary value problems for differential equations. Existence
results was given for some classes by the nonlinear alternative of Leray-Schauder,Perov
and Krasnoselskii fixed point theorem . We plan to look forward for the qualitative
theory of these equations, in order to prove its importance in different scientific areas.
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Abstract

The objective of this thesis is to establish existence and uniqueness results for
several types of Semi-linear differential equation, we mentions here:

¢ Impulsive Differential Equations.
o Difference equations.

Our results are based upon very recently fixed point theorems.

Résumé

L’objectif de notre these est d'établir des résultats d'existence et d'unicité

pour des équations différentiels semi linaire avec impulsion et les équations aux
différences.

Toute cette étude a été faite dans les espaces de Banach.

Nos résultats sont basés sur des théoremes récents de point fixe.
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