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Introduction

Fractional calculus has its origin in the question of the extension of meaning.
A well known example is the extension of meaning of real numbers to complex
numbers, and another is the extension of meaning of factorials of integers to
factorials of complex numbers. In generalized integration and differentiation
the question of the extension of meaning is: Can the meaning of derivatives
of integral order g;—fi be extended to have meaning where n is any number
irrational, fractional or complex ?

Leibnitz invented the above notation. Perhaps, it was naive play with
symbols that prompted L’Hospital to ask Leibnitz about the possibility that
n be a fraction. "What if n be % ? 7, asked L’Hospital. Leibnitz in
1695 replied, "It will lead to a paradox.” But he added prophetically, ”From
this apparent paradox, one day useful consequences will be drawn.” In 1697,
Leibnitz, referring to Wallis’s infinite product for 7 , used the notation d%y
and stated that differential calculus might have been used to achieve the same
result. In 1819 the first mention of a derivative of arbitrary order appears in
a text. The French mathematician, S. F. Lacroix ,published a 700 page text
on differential and integral calculus in which he devoted less than two pages
to this topic. Starting with y = 2™ , n a positive integer, he found the mth
derivative to be

dmy n!
dzm™ — (n — m)!x

Using Legendre’s symbol r which denotes the generalized factorial, and by

replacing m by % and n by any positive real number a, in the manner typical

of the classical formalists of this period, Lacroix obtained the formula

n—m

diy  T(a+1) ,
T prmny €T 2
dr? F(a + %)

which expresses the derivative of arbitrary order % of the function x . He
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gives the example for y = x and gets

dz 2./T
do> (z) = VT

because I'(3) = II'(}) = 2/7 and T'(2) = 1 . This result is the same
yielded by the present day Riemann-Liouville definition of a fractional deriva-
tive. It has taken 279 years since L’Hospital first raised the question for a
text to appear solely devoted to this topich . Euler and Fourier made mention
of derivatives of arbitrary order but they gave no applications or examples.
So the honor of making the first application belongs to Niels Henrik Abel
in 1823. Abel applied the fractional calculus in the solution of an integral
equation which arises in the formulation of the tautochrone problem. This
problem, sometimes called the isochrone problem, is that of finding the shape
of a frictionless wire lying in a vertical plane such that the time of slide of
a bead placed on the wire slides to the lowest point of the wire in the same
time regardless of where the bead is placed. The brachistochrone problem
deals with the shortest time of slide.

Abel’s solution was so elegant that it is my guess it attracted the attention
of Liouville who made the first major attempt to give a logical definition of
a fractional derivative. Hepublished three long memoirs in 1832 and several
more through 1855.

Liouville’s starting point is the known result for derivatives of integral
order

Dmeam — ameam
which he extended in a natural way to derivatives of arbitrary order
DOLe(lI — aaeazr'

He expanded the function f(z) in the series

f(l') - cheanx,
n=0

and assumed the derivative of arbitrary order f(x) to be

Def(z) = i Cpame?

n=0

4
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This formula is known as Liouville’s first definition and has the obvi-
ous disadvantage that « must be restricted to values such that the series
converges. Liouville’s second method was applied to explicit functions

of the form 7% a > 0. He considered the integral

X0
I:/ u® e " du.
0

The transformation xu = ¢ gives the result

1
x4 =——IL

(1)
Then after operating on both sides with D® | the result

(=DT(a+a)
I'(a)

Liouville was successful in applying these definitions to problems in po-
tential theory. The first definition is restricted to certain values of a and
the second method is not suitable to a wide class of functions. Between
1835 and 1850 there was a controversy which centered on two definitions of
a fractional derivative. George Peacock favored Lacroix’s generalization of a
case of integral order. Other mathematicians favored Liouville’s definition.
Augustus De Morgan’s judgement proved to be accurate when he stated that
the two versions may very possibly be parts of a more general system. In
1850 William Center observed that the discrepancy between the two versions
of a fractional derivative focused on the fractional derivative of a constant.
According to the Peacock-Lacroix version the fractional derivative of a con-
stant yields a result other than zero while according to Liouville’s formula
the fractional derivative of a constant equals zero because I'(0) = co.

The state of affairs in the mid-nineteenth century is now cleared up.
Harold Thayer Davis states, ” The mathematicians at that time were aiming
for a plausible definition of generalized differentiation but, in fairness to them,
one should note they lacked the tools to examine the consequences of their
definition in the complex plane.”

Riemann in 1847 while a student wrote a paper published posthumously
in which he gives a definition of a fractional operation. It is my guess that
Riemann was influenced by one of Liouville’s memoirs in which Liouville
wrote, " The ordinary differential equation

—a—Q

DOéaj—a —
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d™y
dx™
has the complementary solution

2 —
Ye = Co + C1T + cox” + ... + 1"

Thus o
—f(z) =0.
Tl (@)
Should have a corresponding complementary solution.” So, I am inclined to
believe Riemann saw fit to add a complementary function to his definition
of a fractional integration:

1°f(x) = ﬁ / " — 0P (@ + ().

Cayley remarked in 1880 that Riemann’s complementary function is of
indeterminate nature. The development of mathematical ideas Ls not with-
out error. Peacock made several errors in the topic of fractional calculus
when he misapplied the Principle of the Permanence of Equivalent Forms
which is stated for algebra and which did not always apply to the theory of
operators. Liouville made an error when he failed to note in his discussion
of a complementary function that the specialization of one of the parameters
led to an absurdity. Riemann became hopelessly entangled with an inde-
terminate complementary function. Two different versions of a fractional
derivative yielded different results when applied to a constant. Thus, I sug-
gest that when Oliver Heaviside published his work in the last decade of the
nineteenth century, he was met with haughty silence and disdain not only
because of the hilarious jibes he made at mathematicians but also because
of the distrust mathematicians had in the general concept of fractional op-
erators. The subject of notation cannot be minimized. The succinctness of
notation of fractional calculus adds to its elegance. In the papers that follow
in this text, various notations are used. The notation Iprefer was invented
by Harold T. Davis. All the information can be conveyed by the symbols

A2 f(x), a>0.

Denoting integration of arbitrary order along the x-axis. The subscripts ¢
and x denote the limits (terminals) of integration of a definite integral which

6
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defines fractional integration. The adjoining of these subscripts becomes a
vital part of the operator symbol to avoid ambiguities in applications.

Probabilistic functional analysis is an important mathematical are a of
research due to its applications to probabilistic models in applied problems.
Random operator theory is needed for the study of various classes of random
equations. Indeed,in many cases the mathematical models or equations used
to describe phenomena in the biological, physical, engineering, and systems
sciences contain certain parameters or coefficients which have specific inter-
pretations, but whose values are unknown. Therefore, it is more realistic to
consider such equations as random operator equations. These equations are
much more difficult to handle mathematically than deterministic equations.
Important contributions to the study of the mathematical aspects of such
random equations have been undertaken in [25,80,95] among others.

In this thesis, we shall be concerned by the existence of solutions to the
random system of fractional equations . Our results are based upon very
recently fixed point theorems in vector metric space.

This thesis is structured in 4 chapters and each chapter contains more sec-
tions. It is arranged as follows:

In chapter 1 we give some basic concepts about Special functions ( Euler’s
Gamma function , the Beta function and Mittag-Leffler function ) and Frac-
tional Calculus :notations, definitions, lemmas and theorems which are used
throughout this thesis , and several approaches of Fractional Derivatives and
Integrals , (Riemann-Liouville , Caputo and Hadamard ).

We study the fixed point in Vector metric space , we mention that for gen-
eralized metric space, the notation of open subset, closed set, convergence,
Cauchy sequence and completeness are similar to those in usual metric spaces.

In chapter 2 , we prove the existence of solutions to the system of frac-
tional discrete equation. More precisely, we will consider the following prob-
lem,

AS_x(k) = filk+a—-1zk+a—1),y(k+a—1)), ke Nyb)
A% y(k)=folk+a—1z(k+a—1),y(k+a—1)), k€ Ny(b),
Agjx(O) =2
AS71y(0) = wo,

(0.0.1)
where k € Ng = {0,1,...,0+1}, 0 <a <1, and f1, fo : Ny 1()) xRxR - R

7
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are given functions.

In chapter 3 , we prove the existence of solutions to the random system
of fractional differential equations:

Dz(t,w) = f(t,z(t,w),y(t,w),w), 0 <a <1, tel0b,
Dfy(t,w) = g(t,z(t,w),y(t,w),w), 0 < B <1, t€]0,b],
z(0,w) = zp(w), we Q
y(0,w) = yo(w), w € Q,

where f,g:[0,0] x R™ x R™ x Q — R™, (€,.A4) is a measurable space and
Zo, Yo : 2 — R™ are a random variable. D%z is the Caputo fractional deriva-
tive of x with respect to the variable ¢ € [0, b] with b > 0.

B (0.0.2)

In chapter 4 , we prove the existence of solutions to the random fractional
differential equations via the Hadamard fractional derivative . We consider
the system of Hadamard-type fractional differential equations:

CHDax(t,w) = f(t,2(t,w),y(t,w),w), 0 <a <1, te]ll,b,
CHDSy(t,w) = g(t, z(t,w),y(t,w),w), 0 < B <1, t€[L,1],
z(1,w) = zo(w), w € Q,
y(Lw) = yo(w), w €,

(0.0.3)

where f,g:[1,b] x R™ x R™ x Q@ — R™, (2, F) is a measurable space and
To, Yo :  — R™ are random variables. “ D%z is the Caputo-modification of
the Hadamard fractional derivative.



Chapter 1

Fractional Calculus

In this chapter, we introduce notations, definitions, lemmas and theorems
which are used throughout this thesis, and several approaches to the gener-
alization of the notion of differentiation and integration are considered. The
choice has been reduced to those definitions which are related to applications.

1.1 Special functions

1.1.1 Euler’s Gamma function

In the study of special functions a fundamental cornerstone is given by
Euler’s Gamma function. The reason herein lies in the fact that this function
can be encountered in nearly all parts of the subject and furthermore many
special functions can be expressed in term of the Gamma functions directly or
by contour integration. Before we give a formal definition of Euler’s Gamma
function we need an additional definition, which will be used in the proofs
for some properties of the Gamma function.

Definition 1.1.1. The Euler constant vy is given by

"1
y= lim () = —1In(n)) = 0.5772156649. (1.1.1)

n——0o0 n

The Euler constant is also known as Fuler-Mascheront constant.

There are a number of ways, how Euler’s Gamma function can be defined.
We give the one, which will be most useful for our later considerations in
fractional calculus.



Fractional Calculus

Definition 1.1.2. For z €C\ {0,-1,—-2,-3,...} Euler’s Gamma function
['(z) defined as

/OO t* e tdt if Re(z) >0
[(z) =<0 (1.1.2)

T(z+1
# if Re(2) <0, z#0,—1,—-2,-3,...

Euler’s Gamma function is defined in the whole complex plane except
zero and negative integers, where Euler’s Gamma function has poles; the
values in (—1,0) are uniquely given by the ones from (0, 1), the values in
(=2, 1) are uniquely defined by the ones in (—1,0) and so on. Next we state
some properties of Euler’s Gamma function, which will become useful in later
chapters.

Theorem 1.1.1. [65] , [67] Fuler’s Gamma function satisfies the following
properties:

(1) For Re(z) >0, the first part of definition (1.1.2) is equivalent to
L
I'(z) = / (In(=))* 'dt.
0 t
(2) ForzeC\{0,—-1,-2,-3,...}
[(z4+1) = 2T (2).

(8) Formn €N
F'n+1)=(n-1)L

(4) ForzeC\{0,1,2,3,...}
I'(l—2)=—2I'(—2).

(5) (Limit representation) For Re(z) > 0 the following limit holds:

z

!
['(z) = lim nn

n—oo 2(z 4+ 1)(z+2)(z+3)... (z4n) (1.1.3)

The Limit representation s equivalent to Euler’s infinite product, given
by

1 ﬁ (1+ 1)

zan 1+2 '

10



1.1 Special functions

(6) (Weierstrass definition) Let z € C\{0,—1,—-2,—-3,...} . Then Euler’s
Gamma function can be defined by

0.9}

1 Ny 2 s
T~ ze H(l + n) .

n=1
where g is the Euler constant (1.1.1) .

(7) Euler’s Gamma function is analytic for all z e €\ {0,—1,-2,-3,...}

(8) Euler’s Gamma function is never zero.

(9) (Reflection Theorem) For all non-integer z €C,

PP -2) = sinz:rz) .

and T'(2)['(-z) = ()’

(9) For half-integer arguments , T'(5), n € N has the special form

)= 2T

J

where n!! is the double factorial :

n.(n—2)...5.3.1 if n>0 n odd
nl=4qn(n—2)...642 if n>0 n even
1if n=0,-1

1.1.2 The Beta function

A special function, which is connected to Euler’s Gamma function in a direct
way, is given by the Beta function, defined as follows :

Definition 1.1.3. The Beta function B(a,b) in two variables a,b € C is
defined by

I(a)T(b)
I'(a+ )
Again we state some properties of this special function, which we will use

later on. FEspecially the Beta integral in the following theorem will be used
for examples in the chapter on fractional calculus.

B(a, b) = (1.1.4)

11



Fractional Calculus

Theorem 1.1.2. [65], [67] The Beta function possesses the following prop-
erties :

(1) For Re(z), Re(w) > 0, the relationship (1.1.4) is equivalent to

Bmmy:A%%%1—wﬁwﬁzlm(lii—w. (1.1.5)

1+ t)ath

jus

B(a,b) = Q/Z(Sint)2“1(cos )2t (1.1.6)
0
(2) B(a+ 1,b+1) is the solution of the Beta Integral :
1
/ t*(1 —t)’dt = Bla+1,b + 1).
0

(8) The following identities hold :

(a) B(a,b) = B(b,a)
(b) B(a,b) = B(a+1,b) + B(a,b+1)
(¢) Bla,b+1)=2B(a+1,0) = -2;B(a,b)

1.1.3 Mittag-Leffler function
Definition 1.1.4. For z € C the Mittag-Leffler Function E.(z) is defined

by :
Ef) =S —  a>0 1.1.7
&= sy © (1.17)
k=0
and the generalized Mittag-Leffler Function E, g(z)by
> 0. 1.1.8
kz:; IN{ ak + ) ap ( )

In the following theorem we state some of the properties of the Mittag-
Leffler function, which will be of some use later on in the analysis of ordinary
as well as partial differential equations of fractional order.

12



1.1 Special functions

Theorem 1.1.3. [65] , [67] The Mittag-Leffler function possesses the fol-
lowing properties:

(1) For|z| <1 the generalized Mittag-Leffler function satisfies

1
z2—1

/ e P B 5 (1°2)dt =
0

(2) For |z| < 1, the Laplace transform of the Mittag-Leffler function
E.(z%) is given by

1

2z — zl-a’

/ e B (2%)dt =
0

(8) The Mittag-Leffler function (1.1.7) converges for every z € C.
(4) For special values a the Mittag-Leffier function is given by :

(a) Ey
(b) E
(c) Ey(2%) = cosh(z)
(d) FEy(—2%) = cos(z)

(5) The generalized Mittag-Leffler function possesses the following prop-
erties:

L
L(B)

(i6) Ea(2) = BEaaa(z) + 02 B (2).

(iii)
1 [ Afe
Eoglz) = —/ )\
T

C2mi A — 2

(i) Bop(2) = 2Eaa18(2) +

where T is a contour which starts and ends at —oo and encircles the disc

1 . .
Al < |z|a counterclockwise. If 0 < A < 1, B > 0, then the asymptotic
expansion of Eq g as z — 00 1s given by

13



Fractional Calculus

Set

1.2  Fractional Derivatives and Integrals

1.2.1 Riemann-Liouville Integrals

Definition 1.2.1. Let o € Ry and let f be continuous function on [a,b] .
The operator I, defined on L'[a,b] by

I f(x) = ﬁ /m(x — e ()t (1.2.1)

fora <x <b, s called the Riemann-Liouville fractional integral operator of
order « .

For a =0, we set I? = I, the identity operator.

The definition for a = 0 is quite convenient for future manipulations.
It is evident that the Riemann-Liouville fractional integral coincides with
the classical definition of I in the case o € N, except for the fact that we
have extended the domain from Riemann integrable functions to Lebesgue
integrable functions (which will not lead to any problems in our develop-
ment).Moreover, in the case « > 1 it is obvious that the integral 1% f(z) ex-
ists for every = € [a, b] because the integrand is the product of an integrable
function f and the continuous function (z — #)*~! . In the case 0 < o < 1
though, the situation is less clear at first sight. However, the following result
asserts that this definition is justified. All the results of this section, can be
found in [1,27,32-34,57,67,90].

14



1.2 Fractional Derivatives and Integrals

Theorem 1.2.1. Let f € L'[a,b] and o > 0 . Then, the integral I¢f(x)
exists for almost every x € [a,b] . Moreover, the function I¢f itself is also
an element of L|a,b].

Proof. We write the integral in question as

/I(Jc —H)* L f(t)dt = /_OO o1(x — 1) o (t)dt
where

0 else

¢1(u):{u“_1 forO<u<b—a

and

0 else

¢2(u):{f(u) fora<u<b

By construction , ¢; € L;(R) for j =1,2, and thus by a classical result on
lebesgue integration . [

Theorem 1.2.2. Let o, 8 > 0 and ¢ € L*[a,b]. Then,
I8¢ = 197P ¢, (1.2.2)

holds almost everywhere on [a,b] . If additionally ¢ € Cla,b] or a+ > 1,
then the identity holds everywhere on [a,b] .

Proof. The neutral element of semigroup is ascertained by definition 1.2.1 .
Therefore we only need to prove this relation holds almost every where . By
definition of the fractional integral have

119 (x) = m / “( = ot / (z — 5)P=1(s)dsdt.

We may interchange the order of integration, obtaining

[T p(z) = m / ' / C(o = 1)071(t = 5)P V(s dtds

1

= — s Ix— a1t — ) 1dtds
- m)r(/s)/ﬁ”/s( fe- (¢ — )P dtd

The substitution t = s + 7(z — s) yields

15



Fractional Calculus

1

IRIj¢(x) = NORG) /QE ¢(S)/0 (@ = )1 = 1) x [7(t = 5))" (& — s)drds

1 /I o ~1_p-1
= — B(s)(z — s)**P / 1—7)* 77 drds
L(a)l(B) Ja (#)w =) 0 (=)
The term fol(l — 7)%"178-1drds is the Beta function , and thus

o _ 1 ’ a+p—-1 __ go+
BN = 5oty / B(5) (x — 5)*+5"1ds = 128 3(x).

holds almost everywhere on [a, b]. O
Corollary 1.2.3. Under the assumptions of theorem 1.2.12,
o =115,
There is an algebraic way to state this result.

Theorem 1.2.4. The operators {I®: Ly[a,b] — L'[a,b];a > 0} form a
commutative semigroup with respect to concatenation. The identity operator
I%is the neutral element of this semigroup.

Theorem 1.2.5. Let o > 0. Assume that (fi)52, is a uniformly convergent
sequence of continuous functions on [a,b] . Then we may interchange the
fractional integral operator and the limit process, i.e.

(I lim fi)(x) = ( lim I3 f;)(z).
k—00 k—o00
In particular, the sequence of functions (I¢ fx)32, is uniformly convergent.

Proof. For the first statement we utilize the well known fact, that if f denotes
the limit of the sequence (f;), the function f is continuous. For a = 0 the
stated result follows directly from the uniform convergence and for o > 0 we
can deduce

1

I850) = @) | < Fm / |t = £0) | (@ — 1)t

1 [a%
< mek—fHoo(b—a)

The last term converges uniformly to zero as k. — oo for all x € [a,b]. [

16



1.2 Fractional Derivatives and Integrals

1.2.2 Riemann-Liouville Derivatives

Having established these fundamental properties of Riemann -Liouville in-
tegral operators, we now come to the corresponding differential operators.

Definition 1.2.2. Let « € Ry , n = [a]|+1 and let f be continuous function
on [a,b] . The operator D%, defined by

Disa) = 01 ) = ot () [ a1y

for a < x < b is called the Riemann-Liouville differential operator of order
a . For a =0, we set DY = I, the identity operator.

Lemma 1.2.6. Let « € Ry and let n € N such that n > «. Then,
D® = Drre,
Proof. The assumption on n implies that n > [«]. Thus,
prin-e — plel pr=fal pn=fal flal-a _ pfal flal-a _ pa

in view of the semigroup property of fractional integration and the fact that
ordinary differentiation is left-inverse to integer integration. O

Definition 1.2.3. By AC™ or AC"[a,b] we denote the set of functions with
an absolutely continuous (n — 1)st derivative, i.e. the functions f for which
there exists (almost everywhere) a function g € L'[a,b] such that

f(nfl)(x) - f(nfl)(a) + /mg(t)dt.

In this case we call g the (generalized) nth derivative of f, and we simply
write g = f™.

Lemma 1.2.7. Let f € AC'a,b] and 0 < a < 1. Then D¢ exists almost
everywhere in [a,b]. Moreover, D¢ € LP[a,b] for 1 <p < % and

Def(z) = ml_a) <($f(“))a + /;(x - t)“f’(t)dt) . (1.2.4)

—a

17



Fractional Calculus

Classical differential operators {D™ : n € Ny} exhibit a semigroup prop-
erty, which follows immediately from their definition. Furthermore, we have
proven in Theorem 1.2.12 that the Riemann-Liouville integral operators also
form a semigroup. The following theorem yields a similar result for the
Riemann-Liouville differential operator

Theorem 1.2.8. Assume that o, 3 > 0 . Moreover, let g € L'[a,b] and
f=1¢%Pg . Then
DDl f = DotPf, (1.2.5)

Proof. By our assumption on f and the definition of the Riemann-Liouville
differential operator,

DZ‘fo _ DZ‘Df[E‘J“ﬂg — plel IGM_O‘DW [([/ﬂ—ﬁlgﬁﬁg.

The semigroup property of the integral operators allows us to rewrite this
expression as

DeDBf = Dlel 1lel=e pisi ](W*O‘g

— plalglel=apis1rlP] I%g

By the fact that the classical differential operator is left inverse to integer
integration and the fact that the orders of the integral and differential oper-
ators involved are natural numbers the expression is equivalent to

Depsf = plelflal—agag — plalfay

where we have once again used the semigroup property of fractional integra-
tion. Again applying the integer differential operator as left inverse of the
integral we find that
DyDlf =g.
The proof that D*# f = g. goes along similar lines. O

Theorem 1.2.9. Let o > 0. Assume that (fi)52, is a uniformly convergent
sequence of continuous functions on [a,b], and that D fy exists for every k.
Moreover, assume that (D2 f)3° | converges uniformly on [a + ¢,b] for every
€ >0 . Then, for every x € (a,b] , we have

(D¢ lim_fo)(x) = ( lm_ D fi)(s).
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1.2 Fractional Derivatives and Integrals

Theorem 1.2.10. Let f and g be two functions defined on [a,b] such that
D& f and D¢g exist almost everywhere. Moreover, let c¢i,co € R. Then,
D2(ey f + cog) exists almost everywhere, and

Dg(erf 4 c29) = a1 Dy f + 2Dy g.

Proof. This linearity property of the fractional differential operator is an
immediate consequence of the definition of DY . O

Having defined both, the Riemann-Liouville integral and the differential
operator, we can now state results on the interaction of both. A first result
is concerned with the inverse property of the two operators:

Theorem 1.2.11. Let o >0 . Then , for every f € L'[a,b] ,
DeIcf = f. (1.2.6)

almost everywhere . If furthermore there exists a function g € L'[a,b] such
that f = 12g then
13D3f = f
almost everywhere.
Proof. Let n = [a] + 1 . Then, by the definition of D¢ and the semigroup

property of fractional integration and the left inverse of the classical differ-
ential operator,

Dglg f(x) = DI I3 f(x) = DI f(x) = [f(x).

The second statement is an immediate consequence of the previous result:
We have,that
;DG f = IT[Dg1ggl = I3g = f.
]

Theorem 1.2.12. Assume that « > 0 and n = [a] + 1 and f € AC"[a,b).
Then

—

n—

(l‘ . a)a—k—l lim D”_k_lln_af(z)' (127)

13D f(z) = f(z) — TT(a— k) e

(]

0

o

Specifically, for 0 < a <1 we have

lim I'7%f(z2).

F(O[) z—sat

DG f(x) = f(x) -
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Corollary 1.2.13. (Taylor expansion for Riemann-Liouville derivatives) Let
a>0andn=[a]l+1,. Assume that [ is such that I""*f € AC"[a,b] .
Then

)afn )k+a n

(z—a ¢ lim DY f(2)4+T2D2 f(z).

S -
/() F(a—n—l—l)zg2+ Us +ZFk+a—n—|—1)zHa+

A more complex result in the classical case was given by Leibniz’ formula
as generalized product rule. For Riemann-Liouville derivatives a similar re-
sult can be obtained:

Theorem 1.2.14. (Leibniz’ formula for Riemann-Liouville operators) Let
a > 0, and assume that f and g are analytic on (a — h,a + h). Then,

[«] 0
D@ =3 (1) 00 @ 0 *) @+ X (1) (040) @) 15 0) @0
k=0 k=[a]+1

(1.2.8)

fora<x<a—i—§.

1.2.3 Caputo operator

In 1967 Caputo was published, where a new definition of a fractional deriva-
tive was used. In this section we state the definition and some properties of
this new operator, today called Caputo fractional derivative and most impor-
tantly show its connection to the fractional Riemann-Liouville integral and
differential operators. We begin with a formal definition:

Definition 1.2.4. Let o € Ry and n = [a]+1. The operator ¢ DS, defined
by
a n—a yn 1 * n—a=1; @ \n
D) = D) = s [ = G ar (129)
fora < x <b, is called the Caputo differential operator of order «.

Theorem 1.2.15. Let a > 0 and n = [a| +1 . Moreover, assume that DS f
exists and f possesses (n - 1) derivatives at a. Then,

n—1
(x — a)*
omnsta = |- 5 )
k=0
almost everywhere .
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1.2 Fractional Derivatives and Integrals

Another way to express the relation between both fractional differential
operators is given by the following lemma:

Lemma 1.2.16. Let a > 0 and n = [a| +1 . Assume that f is such that
both D3 f and DS f exist . Then,

cDg f(x) = Dgf(z) -

An immediate consequence of this Lemma is

Lemma 1.2.17. Let « > 0 and n = [a| + 1. Assume that [ is such that
both DOf and ¢ D f exist. Moreover, let D¥f(xz¢) =0 fork=0,1,...,n—1
(i.e. we assume f to have an n-fold zero at xy). Then,

DSf=cDyf.

This is especially important in view of differential equations of fractional
order. It basically states, that those equations formulated with Riemann-
Liouville derivatives coincide with those formulated with Caputo derivatives,
if the initial condition(s) are homogeneous.

Considering the interaction of Riemann-Liouville integrals and Caputo dif-
ferential operators, we find that the Caputo derivative is also a left inverse
of the Riemann-Liouville integral:

Theorem 1.2.18. If f is continuous and o > 0 , then
DI f =T

Theorem 1.2.19. Assume that « > 0 andn = [a]+1 , and f € AC"[a, b
. Then

1 (D () = £la) - 3 P ey

k=0

Corollary 1.2.20. (Taylor expansion for Caputo derivatives) Let o > 0 and
n = [a]. Assume that f is such that f € AC™[a,b] . Then

fwy =S 29 ks g2 (oDp ().

k!
k=0
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A comparison of this result with Taylor’s expansion in case of Riemann-
Liouville differential operators given in (1.2.7) will - apart from the simpler
structure in the Caputo case .

In terms of derivation rules for the Caputo derivative of composed functions,
we can find similar, but not identical, results to those for the Riemann-
Liouville derivative. We start with the linearity

Theorem 1.2.21. Let f and g be two functions defined on [a,b] such that
cDSf and «D%g exist almost everywhere. Moreover, let c¢;,co € R. Then,
oD% (1 f + c2g) exists almost everywhere, and

cDi(erf +cog) =1 (¢DSf) + o (eDyg).

Theorem 1.2.22. (Leibniz’ formula for Caputo operators) Let 0 < v < 1,
and assume that f and g are analytic on (a — h,a + h). Then,

(z—a)®

C'Dg (fg) (l‘) = F(l — a)

9(a) (f(z) = f(a)) + (¢ Dgg(x)) f(z)

. i (4) ) 0 (@ 2ot0)

The next two results on the Caputo differential operator establish another
significant difference between Riemann-Liouville and Caputo derivatives.

Lemma 1.2.23. Let « > 0, a ¢ N and n = [a] +1 . Moreover, assume
that f € C™[a,b] . Then, ¢ DS f is continuous on [a, b] and D% f(a) = 0.

We may relax the conditions on f slightly to obtain the following result:

Lemma 1.2.24. o > 0, o € N and n = [a] +1 . Moreover, let that
f € A"a,b] and assume that D2 f € Cla,b] for some & € (a,n). Then,
cD8 f is continuous on [a,b] and D2 f(a) = 0.

1.2.4 Hadamard fractional calculus

In this section we introduce some notations and definitions from the fractional

calculus. For the notation, definitions and lemmas of this section, we cite
[39, 52, 56].
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1.2 Fractional Derivatives and Integrals

Definition 1.2.5. The Hadamard fractional integral of order o € Ry of a
function f:[a,b] = R™ 0 < a < b < oo, is defined by

s = s | t (N) f9 2

where T'(+) is the Euler-Gamma function.

Definition 1.2.6. The Hadamard derivative of order o € [n — 1,n), of the
function f:[a,b] = R™ 0 < a < b< oo, is given by

where § == t4

L, 0°f(t) = f(t), and n = [a] + 1 with [o] denoting the smallest
integer greater than or equal to .

Definition 1.2.7 ( [52]). For an n—times differentiable function and ¢ > 0.
The Caputo type Hadamard fractional derivative of order v > 0 of a function
f:la,00) = R™ is

1 t ds

0 - s | t (1 ) 5ge) 2 = Ju-esf0)

I'n—« s

where @ < n < a+ 1, i.e., n = [o] + 1, provided that the right-hand side
exists.

The Hadamard fractional derivative is the left-inverse operator to the
Hadamard fractional integral in the space LPla,b], 1 < p < oo, that is
HDaJaf — f

Also, define

ACY([a, b)) ={f : [a,b] = R™ : 0" f € AC"([a,b])}.

The Caputo-type modification of the left-sided and right-sided Hadamard
fractional derivatives are defined respectively by

Mpf(r) = M D° [f 035 () ]

k=0 ’
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and

CHpo f(f) = o [ f - 520 <1n %)k] |

In particular, if 0 < a < 1, then

CHDYf(t) = "DY[y(t) — f(a)],

and
ADef(t) = "D [y(t) — f(b)].

Lemma 1.2.25. , Let a > 0 and 8 > 0. Then, given 0 < a < b < oo and
1 < p < oo, for every f € LP(a,b),

DYJef = JYPf and JOJPf = JHP T,
Lemma 1.2.26. Let a >0, n=[a]+1 and f € Cla,b]. Then
CHpejef(t) = f(t) t<la,b].

Lemma 1.2.27. Leta >0, n=[a]+1, and f € AC§[a,b] or f € C"([a, b]).
Then,

JoCHDF() = f(t) — 2 5]{(,“) (m 2) .

Properties 1.2.28. [56,101] Ifa >0, >0 , and0<a <b< oo, then
we have:

(1)
(HJ(%. (111 _)ﬁ_1> (ZE) _ F(;(i)@) (111 z)ﬁ+a—1
(2)
NI ME) o e
(HDa+(hl a) ) (z) = (3 — a) (In a)



1.3 Random variable on fractional calculus

1.3 Random variable on fractional calculus

Let (Q,.A) be a measurable space; that is, a set Q2 with a o-algebra of subsets
of Q. A probability measure P is a measure on with P(€2) = 1 . Then
(2, A, P) is called a probability space. In the following, assume that (2, A, P)
is a complete probability space. Let X be a metric space, B(X) will be the
o-algebra of all Borel subsets of X. A measurable function z : 2 — X is
called a random element in X. A random element in X is called a random
variable.

Let X,Y are two locally compact, metric spaces and f : 2 x X — Y. By
C(X,Y) we denote the space of continuous functions from X into Y endowed
with the compact-open topology.

Lemma 1.3.1. [76] f is a Carathéodory function if and only if w — r(w)(.) =
f(w,.) is a measurable function from Q — C(X,Y).

Proof. First assume thatf(-,-) is Carathéodory. Let B be a basis element
for C(X,Y) with compact-open topology. Then B = {¢(.) € C(X,Y) :
g(K) C V} where K C X is compact, V' C Y is open. We need to show that
r~'(B) € X. Let {,}n>1 be dense in K. Then we have

rYB) = {weQ:r(w)() e B}
= {weQ:rw)(K)cCV}
= {weQ: flwu,K)CV}

- ﬂnZl{w € f(w>$n) € V} €.

Since by hypothesis f(-,-) is Carathéodory.

Now assume that w — 7(w)(:) = f(w,) is measurable from 2 into
C(X,Y). Let (r,Id) : Qx X — C(X,Y)x X be defined by (r, Id)(w,z) =
(r(w)(+),z). Clearly this is measurable. Let e be the evaluation map on
C(X,Y) — X. We know that e(-,-) is continuous. Consider the map u :
OxX — Y defined by u = eo[(r, Id)] . Then u(w,z) = e[(r(w)(z)(-),z)] =
rw)(z) = f(w,x2) = r(,-) = f(-,-) . But u(:,-) is a Carathéodory
function. Hence so is f(-,-). O

Let ([0,b], L, A) be a Lebesgue-measure space, where b > 0 and let z :
[0,0] x @ — R™ be a product measurable function. We say that x(.,.) is
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sample path Lebesgue integrable on [0,8] if = : [0,b] — R™ is Legesgue
integrable on [0, b] for a.e. w € €.

Let « > 0. If x: [0,b] x @ — R™ is sample path Lebesgue integrable on
[0, b] then we can consider the fractional integral

[t w) = L/O (t — 5)* (s, w)ds. (1.3.1)

I(a)
which will be called the sample path fractional integral of x, where IT" is the
Euler’s Gamma function.

Remark 1.3.1. Ifxz(.,w) : [0,0] — R™ is Lebesgue integrable on [0, b]
for each w € Q , then t — I%x(t,w) is also Lebesgue integrable on [0,b] for
each w € €.

Definition 1.3.1. A function x : [0,0] x Q@ — R™ s said to be a
Carathéodory function if t — z(t,w) is continuous for a.e. w € Q and
w +— z(t,w) is measurable for each t € [0,b]. We recall that a Carathéodory
function is a product measurable function .

Proposition 1.3.2. If x : [0,0] x Q@ — R™ is a Carathéodory function,
then the function (t,w) —— I%x(t,w) is also a Carathéodory function.

Proof. Clear that I* : C([0,b],R™) — R™ is a continuous operator, let L :
Q — C([0,b],R™) defined by L(w)(.) = z(.,w) . From lemma 1.3.1, L(.) is
measurable. Then the operator w — (I® o L)(w)(.) is measurable. Since the
function ¢ — I*z(t,w) is continuous function. Hence (t,w) — [*z(t,w) is a
Carathéory function. O

Definition 1.3.2. A function x : [0,b] xQ — R™ is said to have a sample
path derivative at t € [0,0] if the function t — x(t,w) has a derivative at
t for a.e. w € Q. We will denote by Lx(t,w) or by 2'(t,w) the sample path
deriwative of x(.,w) at t. We say that x :[0,b] x Q@ — R™ is sample path
differentiable on [0,0] if z(.,.) has a sample path derivative for each t € [0, b]
and possesses a one-sided sample path derivative at the end points O and b.

Proposition 1.3.3. If 2 : [0,b] x Q@ — R™ is said to have a sample path
derivative at t € [0,b] is a sample path absolutely continuous on [0,b] (that
is, t —— xz(t,w) is absolutely continuous on [0,b] for a.e. w € Q ), then
the sample path derivative x'(t,w) exists for A-a.e. t € [0,b].
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Definition 1.3.3. Let z : [0,0] x Q@ — R™ be a sample path absolutely
continuous on [0,b] and let o € (0,1]. Then, for A-a.e.t € [0,b] and for
a.e. w € (), we define the Caputo sample path fractional derivative of x by:

Doa(t, w) = I (t, w) :ﬁ /0 (t— )0/ (s, w)ds.  (1.3.2)

Proposition 1.3.4. If z : [0,b] x Q@ — R™ is sample path differentiable
on [0,b] and t —— 2'(t,w) is continuous on [0,b] ; then D*x(t,w) exists for
every t € [0,b] andt —— D%x(t,w)is continuous on [0, b].

Proposition 1.3.5. Ifz :[0,b] x Q@ — R™ is a Carathéodory function
then :

DeI%x(t,w) = z(t,w) (1.3.3)
for all t € [0,b] and a.e. w € €.

Proposition 1.3.6. If = : [0,0] x Q@ — R™ is sample path absolutely
continuous on [0,b] then:

I“D%(t,w) = z(t,w) — z(0,w) (1.3.4)
for all t € ]0,b] and a.e. w € Q.

Proposition 1.3.7. If z : [0,0] x Q@ — R™ is sample path absolutely
continuous on [0,b] then :

t — h(t,w) = ﬁ/@ (t —s) “x(s,w)ds.

is also sample path absolutely continuous on [0,b]. Moreover, for A-a.e. t €
[0,b] and a.e. w € Q, we have that

B (t,w) = %ﬁ/o (t —s) “x(s,w)ds = D*x(t,w) +

x(0, w)
I['(l—«)
(1.3.5)

—Q

For the definitions and propositions of this section we see Diethelm [32],
Kilbas et al [57], Samko et al [90] and Podlubny [82].
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1.4 Discrete Fractional Calculus

In this section, we recall from the literature some notations, definitions, and
auxiliary results that will be used throughout this paper. All the results of
this section, can be found in [3,4,14,15,17,18].
Notations

N, ={a,a+1,...},a €R, (1.4.1)

No(b) ={a,a+1,...a+b+1}, aeRb—a>0, a—beZ.  (1.4.2)

and
No(b) ={0,1,...b+ 1}, beN. (1.4.3)

Definition 1.4.1. ( The Falling Function ) Lett € R, a > 0 we define the
Falling function by :

t*=tt—-1)(t—-2)t—-3)t—-3) ... t—a+1). (1.4.4)

Lemma 1.4.1. Fora >0

T'(t+1)
1= ——— 1.4.5
Ft—a+1) ( )
Proof we have :
t=tt—-1)(t—-2)t-3)(t—3) ... t—a+1)
we find that
o _ tt—1)t—-2)t=3)(t—4) ... t—a+ 1)t —a+1)
B T(t—a+1)
Then :
o ['(t+1)
T T{t—a+1)
Theorem 1.4.2. (Power Rule). The following formula holds :
At* = at* 1t
Lemma 1.4.3. For k € Nj , we have :
s=k
'k 1
S(k—sta—1t= ot (1.4.6)

— al'(k +1)
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Proof we have:

s=k s=k
_ I'(k—s+a)
Z(k—s—l—oz—l)"‘ ! :Z
— — I'(k—s+1)
and
s=k s—=k—1
7 L'(k—s+a)
(k—s+a—-1)" +T(a)
; — I'k—s+1)
we find that
sz_é(k_s+&_ [yt _s:k_ll[l“(k—s-l—oc-i—l) B F(k_s+a)]+l“(a)
— —~ o Dk-s+1) ['(k — s)
then
s=k
1 Tk+a+1) T(a+1)
k — —1 r
g( sta—1)" = T(k+1) T(1) J+T(a)
then

s=k
4 Tk+a+1)
k— et o 7
;( sta-l) oT(k+ 1)

Lemma 1.4.4. For k € NJ , we have :

AT(k-s+a)  Tk+a+l)
; T(k+s) T(a+DT(E+1) (147)

Proof we have :

4 Tk+a+1)
k- B P L M
sz:%( sta-l) oT(k+ 1)
and
(k—s+a—1) oDk =sta)

S I(k—s+1)
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then

F'k—s+a) Tk+a+1)
I'(k—s+1) al'(k+1)

§=0

we get that : al'(a) =T'(aw+ 1) , then

L(k—s+a)  I'(a) I'k+a+1)
;r(k—s+1) TTlatl) Tt D)

then

—[(k—s+a) Tl+a+l)
z;F(a)F(k—s) CT(a+D)0(k+1)

We define the forward difference operator by

(Ap)(t) =p(t+1) —¢(t), t € N,, a € R.

Definition 1.4.2. Let ¢ : N, — R and o > 0. Then the o — th order
fractional sum of ¢ started at a is defined by

@ﬂmmzﬁgiw—&ﬂw“mw (1.48)

s=0

where A, %p 1is defined for t € Nyio . Moreover, we additionally define
(A"0)(t) = (t) for t € No.

For @« =1, formula (1.3.5) takes the form

A0 =X el = [ els)ds

which is the delta integral of ¢ on the set [a,#] N Np.
Definition 1.4.3. Let « € (0,1] . Then the difference operator is defined as
(A, 0) (1) = (AA, " Y9)(1), € Nov1-a. (1.4.9)

where (Ap)(t) = o(t+ 1) — o(t) and ¢ : N, — R.
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Theorem 1.4.5. Let ¢ be a real- valued function defined on N, and let
a, 3 > 0. Then the following equalities hold :

(AZ55(A770)) () = (A7) (1) = (ALa(AT9))(1).
Theorem 1.4.6. For any o > 0 the following holds :

(t —a)le=V

(A (A))() = (AAY))(1) — o) p(a) (1.4.10)

where ¢ is defined on N,.
Lemma 1.4.7. Let a € R and p > 0. Then

At —a)? =p(t —a)? Y (1.4.11)

for any t for which both sides are well-defined . Furthermore , for o > 0

AZC (t—a)? = p(t —a)PTY t € Nyipia (1.4.12)

a+p
and
Ag (- a)® = p@(t —a)P t € Nyspi1—a-
Equation (1.4.12) can be also transformed as follows let ¢(s) = (s —a +

I'(p+1)
(P). then f N, , (A7 T Thtatl)
p)'?), then for s € N, , (A7%p)(s+a) I(p+a+1)

Theorem 1.4.8. Let a € (0,1] . Then fort € N, and U : N, ; — R the
following formula holds :

(k4+p+a)?t) s = a+k.

()=
['(a)

Theorem 1.4.9. For any o > 0 and U : N, — R |, the following equality
holds :

(A (AU () =U(1) -

Ulw—1),teN, (1.4.13)

(t —a)le=V
I'(a)

Theorem 1.4.10. For any real number a and any positive integer p and
U:N, — R, following equality :

AZCAU(t) = AATOU(t) — Ula),t € N,. (1.4.14)

p—1 ya=ptk)

;Fa—l—k p+1)

ATCAPU(t) = APATU(t AFU(a),t € N,.
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Lemma 1.4.11. Let § # —1 and assume o+ B + 1 is not a non positive
integer. Then :

LB+Y) gra)

A = T
“ F'B+a+1)

Lemma 1.4.12. : Let 0 < N —1<a <N . Then
AN (t) = 2(t) + Crt* + Cot® 2 4 ..+ Oyt Y

for some C; € R with 1 <1 < N.

1.5 Some inequalities

Theorem 1.5.1. ( Holder’s Inequality) : Let p > 1 and p and q be conjugate
exponents. If v € [P and y € [9 , then

S i < (z - |p) (z " w)
n=1 n—1 n=1

where © = (x,) , y = (yn). and % + % =1.
Theorem 1.5.2. (Jensen’s Inequality) : Let f(x) be a convex function de-

fined on an interval I. If x1,x9,23,....,xx € I and A, Ao, A3, ..., Ay € (0,1)
with Zﬁl X =1, then

/ (Z /\z‘iﬂi> < Z Aif ().

Alternatively, if f(x) is a convez function and X € {z; : 1,2,.... N} is a
random variable with probabiliites P(x;) where > P(x;) =1, then

FE{XY}) < BE{f(X)}

f (inP(xi)) < Zf(flfz')P(sz')-

=1
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Theorem 1.5.3. (Markov’s Inequality) : For a nonnegative random vari-
able, X : Q@ — R where X(s) > 0 for all s € Q, for any positive real
number a > 0:

P(X >a) < E(CLX).
Lemma 1.5.4. [3] Let p,q, f,u : N, — Ry are nonnegative functions such
that
I=k—1
u(k) < p(k)+q(k) > f(Du(l), for all k€N,.
l=a
Then
I=k—1 T=k—1
u(k) < p(k) +q(k) Y p(OF@) ] (O +a(0)f(0).
l=a T=I+1

Lemma 1.5.5. Let v : [0,b] — [0,00) be a real function and w(-) is a non-
negative, locally integrable function on [0,b]. Assume that there are constants
a>0and 0 <y <1 such that

v(t) <wl(t) + a/ot v(s) ds,

(t = s)7

then,there exists a constant K = K () such that

)

v(t) <w(t) + Ka/o (tw—(i))“/

for every t € [0, b].

We recall Gronwall’s lemma for singular kernels, whose proof can be found
in Lemma 7.1.1 of [61].

Lemma 1.5.6. Let v,a,a : [1,b] — [0,00) be continuous functions. If, for

any t € [1,b], 1
o(t) < a(t) +/t (10g é)a v0S) g

. s
then there exists a constant K = K(f3) such that

o <att) a0 [ [Z%(bgg _ a(S)] v

¢
b k=1

for every t € [1,0].
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1.6 Vector metric space

In this section, we recall from the literature some notations, definitions, and
auxiliary results which will be used throughout this section .We refer the

reader to the monographs [92]

If, z,y e R", x = (x1,...,20), y= (Y1, .., Yn), by x < y we mean x; < y; for

alli =1,...,n. Also || = (|21, ..., |za]), max(z, y) = (max(x1, y1), ..., max(z,, y,))
and R} = {z €e R*: ; > 0}. If ¢ € R, then 2 < ¢ means z; < ¢ for each
1=1,...,n.

Definition 1.6.1. Let X be a nonempty set. By a vector-valued metric on
X we mean a map d : X x X — R™ with the following properties:

(1) d(u,v) >0 for all u,v € X; if d(u,v) =0 then u = v;
(i1) d(u,v) = d(v,u) for all u,v € X;
(ii7) d(u,v) < d(u,w) + d(w,v) for all u,v,w € X.

We call the pair (X, d) a generalized metric space with d(z,y) := :
(2, y)

Notice that d is a generalized metric space on X if and only if d;, + =
1,...,n are metrics on X.
For r = (ry,...,m,) € R}, we will denote by

B(zg,r) ={z € X :d(xg,x) <r}={r € X : di(z,z) <ri,i=1,...,n}
the open ball centered in xy with radius r and
B(zg,r) ={r € X : d(xp,z) <r} ={rv € X :di(zg,z) <rj,i=1,...,n}

the closed ball centered in zy with radius r. We mention that for gen-
eralized metric space, the notation of open subset, closed set, convergence,
Cauchy sequence and completeness are similar to those in usual metric spaces.
Let (X, d) be a generalized metric space we define the following metric

spaces: Let X; =X, i =1,...,n. Consider HXi with d:
i=1

d((xla . 7%)7 (yla . 7yn)) = Zdz(xuyz)
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1.6 Vector metric space

The diagonal space of H X, defined by

i=1
)N(:{(x,...,x)GHXi:IEX, izl,...7n}.
i=1

Thus it is a metric space with the following distance

d((z,. ., 2), (y,. -, y)) = Zdi(az,y), for each z,y € X.

1=1

n
Tt is clear that X is closed set in HXi.
i=1

This is showed in the following result.

Lemma 1.6.1. [92] Let (X,d) be a generalized metric space. Then there
exists h : X — X homeomorphism map.

Definition 1.6.2. A square matriz of real numbers is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other
words, this means that all the eigenvalues of M are in the open unit disc i.e.
Al < 1, for every A € C with det(M — X ) = 0, where I denote the unit
matriz of My sn(R).

A classical result in matric analysis is the following theorem (see [9, 87,
98]).

Theorem 1.6.2. Let M € M,,»,(Ry). The following assertions are equiva-
lent:

(i) M is convergent towards zero;
(ii) M* — 0 as k — oo;
(7ii) The matriz (I — M) is nonsingular and

(I-—M)y* =T+M+M+...+M+. . |

(iv) The matriz (I — M) is nonsingular and (I — M)™' has nonnegative
elements.
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Definition 1.6.3. Let (X,d) be a generalized metric space. An operator
N : X — X is said to be contractive if there exists a convergent to zero
matriz M such that

d(N(x),N(y)) < Md(x,y) for all z,y € X.

For n =1 we recover the classical Banach’s contraction fixed point result.

Definition 1.6.4. We say that a non-singular matriz A = (a;)1<ij<n €
Msn(Ry) has the absolute value property if

ATHA[< T,

where

Some examples of matrices convergent to zero A € M,,,(R), which also
satisfies the property (I — A)~'|1 — A| < I are:

1) A= (8 2>,Where a,b € Ry and max(a,b) < 1

2) A:<8 b_c>,Wherea,b,c€R+anda—|—b<1, c<1

3) A:<Cg :Z),Wherea,b,c€R+and la—bl <1, a>1,b>0.

Definition 1.6.5. Let Q) € My, »(R) is said to be order preserving (or pos-
itive) if p1 > po, @1 > qo 1mply

o) <e ()

in the sense of components.
a —b
o= (% )

where a,b,c,d > 0 and detQ) > 0. Then Q! is order preserving.

Lemma 1.6.3. Let

36
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1.7 Fixed point theorems

Theorem 1.7.1. [81], [45] Let (X,d) be a complete generalized metric space
and N : X — X a contractive operator with Lipschitz matric M. Then N
has a unique fized point x, and for each ry € X we have

d(N¥ (), 2,) < M*(I — M) *d(x0, N(x0)) for all k € N.

Theorem 1.7.2. [}5] Let (E,||-||) be a generalized Banach space and N :
E — E is a continuous compact mapping. Moreover assume that the set

A={x € E:x=AN(x) for some )€ (0,1)}
s bounded. Then N has a fixed point.

Denote by P(X) ={Y C X: YV # 0}, Py(X) ={Y € P(X): Y closed},
Py(X) = {Y € P(X): Y bounded}. Let (X,d) and (Y, p) be two metric
spaces and F': X — P(Y) be a multi-valued mapping. Then F is said to be
lower semi-continuous (l.s.c.) if the inverse image of V by F'

F'WV)={rc X : Flx)nV #£0}

is open for any open set V' in Y. Equivalently, F'is [.s.c. if the core of V' by
F
FHV)y={re X : F(x) CV}

is closed for any closed set V in Y.

Likewise, the map F is called upper semi-continuous (u.s.c.) on X if for
each zo € X the set F(z) is a nonempty, closed subset of X, and if for each
open set N of Y containing F'(x), there exists an open neighborhood M of
zp such that F(M) C Y. That is, if the set F~1(V) is closed for any closed
set V in Y. Equivalently, F is u.s.c. if the set F*1(V) is open for any open
set Vin Y.

The mapping F' is said to be completely continuous if it is u.s.c. and, for
every bounded subset A C X, F/(A) is relatively compact, i.e., there exists a
relatively compact set K = K(A) C X such that

F(A) = {F(z):z € A} C K.

Also, F is compact if F(X) is relatively compact, and it is called locally
compact if for each z € X, there exists an open set U containing x such that
F(U) is relatively compact.
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Theorem 1.7.3. Let F : X — P.,(Y) be a closed locally compact multifunc-
tion. Then F is u.s.c. ( See , [45,58] ).
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Chapter 2

Fractional difference equations

In this chapter, we prove the existence of solutions and the compactness of
solution sets of a system of fractional discrete equation.

More precisely , we consider the system of Caputo-type fractional difference
equations:

A2 x(k) = filk+a—1z(k+a—1),y(k+a—1)), ke Ny(b)
AY_yk)=folk+a—1lo(k+a—1),ylk+a—1)), ke Ny(b),
A 12(0) =z
Ag:%y(o) = Yo,

(2.0.1)
where k € No(b) = {0,1,...,b+1}, 0 <a <1, and fi, fo : No—i () x RxR —
R are given functions.

The chapter is organized as follows . In Section 2.1 ; we prove the ex-
istence and uniqueness and continuous dependence of solution to problem

(2.0.1). The existence and compactness of solutions set to the problem (2.0.1)
is investigated in Section 2.2.

2.1 Existence and Uniqueness
Before stating the results of this section we consider the following spaces.
C(Ng—1(b),R) = {:13 :Noy—1(b) > R |z continuous}.
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Fractional difference equations

It is clear that C'(N,(b), R) is a Banach space with norm

[#]loo = sup [z(t)].
tENafl(b)

Let fi1, f2 : No(b) X R x R — R are a continuous functions which satisfies the
following assumptions:

(Hy) There exist Ly, Lo, K;, Ky > 0 such that

| filk,z,y) = fulk,Z,9) IS Ly |2 =T [ +La |y =T |,
and
| fa(k,z,y) — folk, 2, 9) [S Ky |2 =7 | +Ky |y — 7 |
for any x,y, 7,y € R.
From (1.4.14) , we can easily prove the following auxiliary lemma.

Lemma 2.1.1. A function z : Ny_1(b) — R is a solution of the following
problem

{ Ag_jx(k) = f(k+a—1), ke No(b) (2.1.1)

Ag:%I(O) = Xo,

of and only if x 1s solution of the following discrete equation

o — 1)@= k o s 91
:r(k+oz—1):(k+r(a;) x0+z(k+ P(Q)Q) f(s+a—1).

For our main consideration of Problem (2.0.1), a Preov fixed point is
used to investigate the existence and uniqueness of solutions for system of
nonlinear fractional discrete equations.

Theorem 2.1.2. Assume that hypotheses (Hy) holds. If

> Tools)Li Y Too(s)Lo,

b b € Maxa(Ry)
D Tols)K1 > Tools)Ks

where
F'k—s+a-1)

I'o(s) =
(5) = WX Tk —5)

be a matriz converge to zero. Then the Problem (2.0.1) has a unique solution.
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Proof. Let N : C(N,_1(b),R)xC (N4 _1(b),R) — C(N,_1(b), R)xC(N4_1(b), R)
be defined by,

N(z,y) = (Ni(z,9), Na(2,9)),  (2,9) € C(Na—1(b), R) x C(Na-1(b), R),

where

Nie(t)y(e) = 30 t_s_l s ta—Las+a—1)y(s+a—1)

and

l—a a—1)

s 1)
NQ(x(t)>y(t)) = Z(t F(Oél)) f2(8+0‘_1>$(8+a_1)>y(3+a_1))

tla—1)

myo, t e Nafl(b)

+

Let (z,v),(Z,7) € C(Na—1(b),R) x C(Ny—y(b),R), then for every t €
Ny 1(b),t =k+a—1, k € Ny(b) we have

t—o 1)

N6, u(t) - M@ 7)) < 30 H‘l |

flgs—i—oz—l z(s+a—1),y(s+a—1))

—fills +a—-1),7(s + o —1),5(s + o — 1)),
From the definition t® Y, we get

f;(s—i-oz—1,x(s+oz—1),y(s+oz—1))

- fl(S—l-Oé— 17§(8+O‘_ 1),?(8%—01- 1))‘
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Hence

b
I Ni(2,9) = M@ 9) lloo< D ToolLi | 2 =T lloo +La | 4 = 7 [loc):

5=0

Similarly,

b
| No(,9) = No(Z,7) o< D Tool K || 2 =T lloo +52 | y = 7 [1oo]
s=0

Thus

| N@,y) = N@7) < ( ) (” o7 ”°°) |

as a4 |y =7 |l

I'k—s+a—1) ’ °
petio) TD(@)D(k—s) 2 Too(s)Ls, and sy Z; (5)

5=0

From theorem 1.7.1, the operator N has a unique fixed (z,y) € C(N,_1(b), R)x
C'(N,_1(b), R) which is unique solution of problem (2.0.1). O

Theorem 2.1.3. Assume the following conditions

(Hy) There exist nonnegative functions A;,7y; : No(b) — Ry for each i =1,2

1(B)|x — 2] + A2 (k) |y — 7]

{ |f1(k,:v,y)—f1(k,f, A
k,z {klz =7+ 72(k)|ly — 7|

|f2(]€,.17,y) - f2(

forallx,y, =, yeR.

(H3) hi,he : Ny x Rx R — R be functions such that

where p; are a nonnegative functions defined on N,,.

Then, for the solutions (x(k,zo),y(k,yo)) and (u(k,uo),v(k,vy)) on No(b) of
the initial value problem ( 2.0.1) and
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((AC u(k) = h(k+a—Tulk+a—1),vk+a—1))
+filk+a—-1Lulk+a—1),vk+a-1)),
AY u(k) = hylk+a—1Tulk+a—1),v(k+a—1))
+folk+a—1lulk+a—1),v(k+a—1)),
AZ1u(0) = o,
\ Ag:%U(O) = Yo,

(2.1.2)

where k € No(b) , 0 <a <1, and k+ o € N,(b).

the following inequality holds
(H,)
ok, w0) — ()| < L <|5170 — g+l — vol + ium) [T+
and
|y(k, x0) — v(k, vo)| < L <|?J0 — | + |zo — uo| + iﬂ(l)) ﬁ(l + A(0))-
where
A(R) = Ai(k) + Aa(k) + (k) +2(k),  plk) = pu(k) + p2(k), k€ N(0).

Proof. The solutions of problems (2.0.1) and (2.1.2) are equivalent to

;

i — 5 —9)le-1)
zk+a—-1) = Sz; (k+a Sa 2) 1f1(8+a—1,x(s+a—1),y(s+a—1))
(k+a— 1)@
+ F(Og) X
Pkt a—s—2)@D
yk+a—-1) = Z o) fas+a—Lz(s+a—1),y(s+a—1))
U+ — 1)
| + F(Oé) Yo
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Fractional difference equations

and
( i a— s — 2)a1)
wk+a—-1) = Z(k+ T 2)
;7[h1((s+a—1),u(s+oz—1),U(s—|—a_1)) . .
+a— 1)t
+fils+ta—-lLu(s+a—1),v(s+a—1))]+ ) uo
i a—s— 2)1)
vik+a—-1) = Z(k+ NG 2)
;_hz((s+a—1),u(s+a—1),v(s+a—1)) —
Hence
( _ I(k+a)
zk+a—-1) = F(kz)l“(og)xo
> e e Doyt e 1)
yh+a—1) = g(:);(“))yo
D S e e Lt o= yts +a 1)
and
wk+a—1) = Zr(lif(zils—)lf(;)l)X[h1((s+a—1),u(s+a—1),v(s+a_1))
+f1(s+a—1,u(s+a—1),v(s+a—1))]+—£((ll:)¥(z))uo,

ohta—1) = SSHEROITD (s ha— 1) u(sta—1),0(s +a 1)

=0 F(k - S)P(Oz)
\ Hhlo o= Lo+ = (e + o = D)+ s
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Then, we get

P(k+a)3c—u u Mk+a—s—1)
FET@) ™ ="+ 2 TG )

x[f1(3+a—1,x(s+a—1),y(s+a—1))—f1(5+a1 Lu(s+a—1),v(s+a—1))]

zk+a—-1)—uk+a—-1)=

_ Z F(lif(Zfé;);(;)l)hl(s +a—TLu(s+a—1),v(s+a—1)),

and

ko= 1) = okt a - 1) = ot w) + 30 Hp

D) 0~ F 2 (@)
X[fz(5+04—1,$(S+Oé—1)7y(8+oz—1))—f2(s+a—1,u(s+a—1),v(s+a—1))]

_ ; Fg‘f(;f;;(;)l)hg(s +a— l,u(s + o — 1)71)(3 +o— 1))

This implies that

k

l2(k+a—1)—ulk+a—1)] < Zf(k+a—s—1)

—~ Tk 5)I(a) XMs+a—1)]z—u]

L'k + o)

—i—)\gk(s—l—oz—l) |y_U|]+F(k)F(a) | 2o — wo |
I'Nk+oa—-—s-—1
+2; &Z—@n@)m“+&_1%
and
|Mk+a—”—v%+a—n|f§§:F$Zf5&5DXPMS+a—D|I—u

s=0

Pt a—1) [y—o )+ St

[(HT(a) |7

i Fk+a—s—1)
+Z I'(k—s)(a)

po(s +a —1).
s=0
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Then

( k
|k +a—1) —uk+a—-1)] < LY [M(s+a—1)|z—u|+

s=0
X(s+a—-1)]y—uv]]
k
+L22M1(5+O&—1)+L1|£L’0—U0
5=0

k
ly(k+a—1)—vk+a-1)| < LY n(s+a-1)z—u]
s=0
tr(s+a—1)|y—v]]
k

+LQZM2(S+O£—1)+L1‘:I/O—U0‘,

\ s=0

where

I I'(k+ «) d L F'k+a—s—1)
= maxX ——~—= < an = InaxX Imax
"7 kero) T(k)T(a)’ 27 ken() seo(r)  T(k — s)T(c)

Set
w(.) = |z()—ul)|+y()=v()], M) = M)+ () +7()+2(.) and L = max(Lq, Ls).

From above inequality, we obtain

k+a—1 k+a—1
w(k+a—1) <L ||z — uol + |yo — vo| + Z AMDw(l) + Z M(l)]
=a—1 l=a—1
Hence
k+a—1 k+a—1
wk+a—-1)<L (|o30 — uo| + |yo — vo| + Z u(l)) H (1+ X(1)).
{=a—1 l=a—1
So

lz(k+a—1,x¢) —ulk + o — 1, up)|

<L (’950 — to| + [yo — vo| + 727 M(Z)) 7H7 (1+A).

I=a—1 l=a—1
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and
ly(k +a—1,29) —v(k +a—1,vp)|

<L (Iyo — vo| + |0 — uo| + 727 u(l)> 7H7 (1+A(0))-

l=a—1 [=a—1
[
2.2 Existence and Compactness results
Let (E, |-|) be a Banach space, we denote the space of continuous functions

on N, 1(b) by
C(Ny_1(0), E) ={y : Ny 1(b) — E, is continuous}
with norm

[9lloc = sup [y(?)|
tENy—1(b)

is Banach space. Now we set the discrete Arzela-Ascoli Theorem.

Theorem 2.2.1. [30] Let F be a closed subset of C(N, 1(b),E). If F is
uniformly bounded and the set

{yk+a—-1):ye F}
is relatively compact for each k € Ny(b), then F is compact.

Theorem 2.2.2. Let fi, fo : Ny 1(b) xRxR — R are continuous functions.
Assume that condition :

(H5) There exist py, pa, p1, P2 € C(N(0,b— 1), R.) such that for any (x,y) €
R x R and k € Ny_1(b), we have

[filk+a =129 <pilk+a—=1)(z]+[y]) + pr(k + o= 1),

and

[fo(k+a =1 a,y)| <pok+a =1z + |yl) + pa(k + = 1).
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holds. Then the problem (2.0.1) has at least one solution. Moreover, the
solution set S(xo,yo) is compact and the multivalued map S : (xg,yy) —o
S(xo,yo) is u.s.c.

Proof. Clearly, the fixe point of N are solutions to (2.0.1), we first show that
N is completely continuous. The proof will be given in several steps.

e Step 1. N is continuous.
Let (2, Ym) be a sequence such that (zp,, ym) — (z,y) € C(N,y_1(b), R)x
C(Ng_1(b),R) as m — co. Then

‘Nl(xM(t)7 ym(t)) - Nl(x(t)> y(t))‘ = i: F(Q)F(It‘(i; i)Oé + 1)[

fils+a—1Tz,(s+a—1),yn(s+a—1))

— fils+a—-1z(s+a—-1),y(s+a—1))]

IN

i Dt — s)
ZF(&)F(t—s—oz—i—l) |

s=0

;(34—04—1,xm(s+a—1),ym(s+a—1))

- f1(8+a_171'(8_‘_0[_1)7:9(5_‘_04_1))“

Then

e

Poo(s) | ]

k—l—a—l,l‘m(S—FOf—1),ym(8+04—1))

||N1(xm7ym)_N1(Iay)||oo S

w

o=

— fit+a—-lLz(s+a—-1),y(s+a—-1)) .

Similarly

1N (s ym) = Na(@ 9)lloe < D Too(s)]]

s(s+a—1Lzp(s+a—1),yn(s+a—1))
—fas+a—-lz(s+a—-1),y(s+a—-1)) ],
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where

_ I'(t - s)
Foo(s) = tgl@i Fa)T(t—s—a+1)

Since fy, fo are continuous functions, we get

|| Nl(xmaym) - Nl(I,y) ||oo—> Oasm — o0
and

H N2(95m>?/m) - NQ(J?,y) Hoo—> 0asm — oo.

e Step 2. N maps bounded sets into bounded sets in C'(N,_1(b),R) x
C'(N,_1(b),R). Indeed, it is enough to show that for any ¢ > 0 there
exists a positive constant [ such that for each (z,y) € B, = {(z,y) €
C(Na-1(0), R) X C(Na-1(b), R) : [|#flc < ¢, [[9lloc < ¢}, we have

IN@@; Y)lloo <1 = (I, 12).

Then for each £ € Ny and t =k + a — 1, we get

N (z(t),y(t)| < Z F(lf(;)sr?l;oi_s)l) | fils+a—1z(s+a—1),y(s+a—1))|
||

k

<a)>[|xo|+2 [fAils+a—La(s+a—1)ys+a=-1)]

IN

Therefore

IVl < Lallzol + 5 2am (D) + 51 ()] = b

l=a—1
Similarly,

k+a—1

1N (2, 9)lloo < Lollyol + D (2apo(D) + p2(1))] = L.

l=a—1
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where

I . L'(k+«) and L . . F'k+a—s—1)
= maxX —F—~—= I = InaxX Imnax
" keNa i) T(K)D(a)’ > 7 keN(b) sela 1) L(k — s)T(a)

Moreover, for each k € Ny(b), we have
{Ni(z(k+a—1),y(k+a-1)) : (z,y) € By}, {No(z(k+a—1),y(k+a—1)): (z,y) € B,}

are relatively compact in R. Then from theorem 2.2.1 we conclude that
N(B, x By) is compact in C(Ngy—1(b), R) x C(N4—1(b),R). As a consequence
of Steps 1 to 2, N : C(Ny_1(b),R) x C(Ny—y(b),R) — C(Ny_1(b),R) x
C(Na—1(b),R) is completely continuous.

Step 3. It remains to show that
A={(z,y) € C(Na—1(b),R) x C(Na—1(0),R) : (z,5) = AN(z,y), A € (0,1)}

is bounded.
Let (x,y) € A. Then x = ANy(z,y) and y = ANy(z,y) for some 0 < A < 1.
Thus, for k € Ny(b), we have

2k +a-1)] < L[Ixo|+:§j|f(l,x(l),y(l))|]
< Lol + ]:illm(l) + ]:ijm(l)ﬂx(l)l +ly(OD];
and i i
ly(k+a—1)| < L[Iyol+I:+§a:11pz(l)+j§:jp2(l)(lfr(l)|+|y(l)|)]-
Therefore 7 7
[w(k+a=D|+[y(k+a-1)] < LH%H\yo\+]:+a§:j(p1(l)+p2(l)>
+j§:jp(l)(\x(1)\ +ly()D],
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2.2 Existence and Compactness results

where
L= maX(Ll,Lg), p(k‘) =P (k)‘f“]?Q(k), ]j(l{) = za: (]51([)+]52(l)) ke Na_l(b).

By theorem 2.1.3, we have

[2(k+a =D+ y(k+a-1)] < L<|$o\+\yo!+ >, ﬁ(l)) X

troct e
(1+ SECRIE >>)
I=a—1 I+1
Hence
b+a—1 k+a—1 k+a—1
2] oo+lylloo < L (|a:o|+|yo|+ > p(l)) (1+ > o) JT +p(7))>-
l=a—1 =a—1 I+1

This shows that A is bounded. As a consequence of Theorem 1.7.2 we deduce
that NV has a fixed point (z,y) which is a solution to the problem (2.0.1).

Step 4: Compactness of the solution set. For each (z¢,10) € R x R, let
S(zo,10) = {(x,y) € C(Ny_1(b),R)xC(N,_1(b),R) : (x,y) is a solution of (2.0.1)}.
From Step 3, there exists M such that for every (x,y) € S((xo, o)), we have
|#lloe < M; [lylloc < M.

Since N is completely continuous, N (S(xg, 10)) is relatively compact in (z,y) €
C(Na—1(0),R) x C(Ny_1(b),R). Let (z,y) € S(xo,v0)); then (z,y) = N(z,vy)
hence S(zg,v0) C N(S(zo,0)). It remains to prove that S(zg, o) is a closed
subset in (z,y) € C(Ny_1(b),R) x C(Ny—1(b),R). Let {(zm,ym): m € N} C
S(zo, o) be such that (z,,, Ym)men converges to (z,y). For every m € N, and
k € Ny(b), we have

k
rak+a-1) = 3 ‘”O‘;)”fl(sm—1,xm<s+a—1>,ym<s+a—1>>
s=0

I'(k+ o) Lk +a)
L(k)D(a) "

o1



Fractional difference equations

ymlk+a—1) = > F(rk(;)ls“&oi_s)l)ﬁ(s ta—lan(s+a—1),yn(s+a—1))

Set

znk+a—-1) = Zr(k_8+a_s1)f1(8—|—a—1,x(3+04—1),y(3+a—1))

and

i I'k—s+a-—1)
Z; [(a)T(k — s)
I'(k+ )
C(kT ()™

fils+a—-Tz(s+a—1),y(s+a—1))

ZQ(’{}—FOé—l) =

Since f; and f5 are continuous functions, we can prove that
Ty — 21,  Ym —> 2o, aS M — 0.

Thus, we concluded,

zk+a—-1) = ZF(k_S+a_1)f1(s+a—1,x(s+a—1),y(s+a—1))

—~ D)Lk —s)
I'(k +a)$
+—F(l€)F(O{) 0 ke Na_l(b)7
and
yk+a—-1) = ; F(I]‘C(;)igl;oi;)l)fl(s +a—1z(s+a—1),y(s+a—1))
I'(k+a)
+F(l€)P(O{)yOJ ke Na_l(b).



2.2 Existence and Compactness results

Therefore (z,y) € S(xg,yo) which yields that S(xo,yo) is closed, hence com-
pact subset in C(Ny_;(b),R) x C(N4—1(b), R). Finally, we prove that S(.) is
u.s.c. by proving that the graph of S

Ps:={(@9,2,9): (v,9) € 5(7,9)}

is closed. Let (%, Jm, Tm, Ym) € ['s be such that (Zp, Gm, Tm, Ym) = (T, 7,2, Y)
as m — 0o. Since (T, Ym) € S(Tm, Ym), then

k
enita—1) = SIS s s ba = (s +a - 1)

N ['(k+ ) .
L(k)(a)™™

and

Ym(k+a—1) = ZF(F _S+a_)1)f1(s+a—1,xm(s+a—1),ym(s+a—1))

w0

Arguing as in Step 2, we can prove that

zk+a—-1) = ZF(F _S+a_8)1)f1(s+a—1,x(s+a—1),y(s+a—1))

and

yk+a-1) = Zr(k;8+a_sl)f1(s+a—1,x(s+a—1),y(s+a—1))
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Fractional difference equations

Thus, (z,y) € S(z,7). Now, we show that S maps bounded sets into
relatively compact sets of C'(N,_1(b), R)xC(N4_1(b), R). Let B be a bounded
set in R X R and let {(zy, ym)} C S(B). Then there exists {(Zy, ¥m)} C B
such that

Tk +a—1) = ZF(F _S+a_)1)f1(s+oz—l,xm(s+a—1),ym(s+a—1))

and

:
ymk+a—1) = ZF(F _S+a_s)1)f1(s+oz—1,xm(3+a—1),ym(s+a—1))

L'(k+a) _

C(R)T (o) "
Since {(Zm, Um) } is a bounded sequence, there exists a subsequence of {(Z,, ¥m) }
converging to (Z,y). As in Step 2, we can show that {(x,,ym) : m € N} is
uniformly bounded. Then there exists a subsequence of {(x,, ym)} converg-
ing to (z,y) in C(N,_1(b),R) x C(N,_1(b),R). By the continuity of f; and
f2, we can prove that

k

zk+a—-1) = Z P(;‘C(;)?&Oi;)l)fl(s +a—lLz(s+a—1),y(s+a—1))

and

yk+a—-1) = ZF( _S+a_1)f1(8+oz—1,x(s—|—oz—1),y(s+oz—1))

s=0 F )

Ik + «)
L(k)(e)
Thus, (z,y) € S(B). Then S(.) is u.s.c.

1.
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Chapter 3

Random fractional differential
equations

In this chapter, we prove the existence of solutions to the random system of
fractional differential equations:

Dx(t,w) = f(t, z(t,w),y(t,w),w), 0 <a <1, tel0,b],
DPy(t,w) = g(t, x(t,w),y(t,w),w), 0< B <1, t€0,0],
(3.0.1)
z(0,w) = 2o(w), w

y(0,w) = (W), w € Q,
where f,g :[0,b] x R™ x R™ x Q@ — R™, (£2,.4) is a measurable space
and xg,1yo : € — R™ are random variable. D%z is the Caputo fractional

derivative of = with respect to the variable ¢ € [0,b] with b > 0.

The chapter is organized as follows. In Section 3.1, we prove the existence
and uniqueness and compactness of solutions set for a system of fractional
random differential equations with initial condition. In Section 3.2, we give
an example .

3.1 Existence and Uniqueness
Definition 3.1.1. A random operator T : Q x X — X 1is said to be contin-

uous at xyg € X
if imy, o0 |25 — xo|| = 0 implies lim, oo [| T (w, 2,,) — T(w, x)|| = 0 a.s.
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Random fractional differential equations

Theorem 3.1.1. [92] Let (2, F, pu) be a probability space, X be a real sepa-
rable generalized Banach space and F : Q2 x X — X be a continuous random
operator, and let M(w) € Myxn(Ry) be a random variable matric such that
M (w) converge to 0 a.s. and

d(F(w,x1), F(w,22)) < M(w)d(z1,x2) for each x1,29 € X, w € L.

then there exists any random variable x : € — X which is the unique random
fized point of F.

Theorem 3.1.2. [92] Let (2, F) be a measurable space, X be a real separable
generalized Banach space and F . Q x X — X be a continuous random
operator, and let M(w) € Myxn(Ry) be a random variable matric such that
for every w € Q the matriz, M(w) converge to 0 and

d(F(w,x1), F(w,z2)) < M(w)d(z1,x2) for each x1,29 € X, w € L.

then there exists any random variable x : € — X which is the unique random
fized point of F.

Theorem 3.1.3. [92] Let X be a separable generalized Banach space and let
F:Qx X — X be a completely continuous random operator. Then, either

(i) the random equation F(w,z) = x has a random solution, i.e., there is
a measurable function x : Q — X such that F(w,z(w)) = z(w) for all
w e ), or

(11) the set M = {x : Q — X is measurable | N(w)F(w,z) = z} is un-
bounded for some measurable X : Q@ — X with 0 < A(w) < 1 on Q.

Definition 3.1.2. A function f : [0,0] x R™ x Q — R™ is called random
Carathéodory if the following conditions are satisfied:

(1) the map (t,w) — f(t,x,w) is jointly measurable for all x € R™,
(1) the map x — f(t,x,w) is continuous for all t € [0,b] and w € Q.

Definition 3.1.3. A Carathéodory function f : [0,b] x R™xQ — R™ is called
random L*-Carathéodory if for each real number r > 0 there is a measurable
and bounded function h, € L'([0,b],R,) such that

1/ (8 2, W)l < he(t,w),  ae. t€[0,0]

for allw € Q and x € R with ||z|| < 7.
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3.1 Existence and Uniqueness

Lemma 3.1.4. Concerning the problem :

{ Dex(t,w) = f(t,x(t,w),y(t,w),w), 0<a <1 (3.1.1)

z(0,w) = zp(w), we Q

If (t,w) — f(t,2(t,w),y(t,w),w) is product measurable and t
ft, z(t,w),y(t,w),w) is Lebesque integrable on [0, b] for a.e. w € Q then, the
function x : [0,b] x @ — R™ is a solution for (3.1.1) if and only if

1

z(t,w) = xo(w) + m/o (t— )1 f(s,2(s,w),y(s,w),w)ds

for allt € [0,b] and for a.e. w €, 0< a< 1.
Proof. We have:
D%x(t,w) = f(t, z(t,w), y(t,w),w).
Then
I°D%(t,w) =1°f(t, z(t,w), y(t,w),w)
From proposition 1.3.5, we get
I°D%x(t,w) = z(t,w) — z(0, w).

Thus
z(t,w) — x(0,w) = I“f(t, z(t,w), y(t,w),w).

Next, the definition of %, we have:

z(t,w) — x(0,w) = ﬁ/{) (t —5)* 'z(s,w)ds.

Hence
z(t,w) = x(0,w) + ﬁ/{) (t —5)* 'a(s,w)ds.

We can state the solution for the problem (3.1.1) :

1 ! a—1
x(t, w) = xo(w) + m/o (t—s)* " f(s,2(s,w),y(s,w),w)ds.
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Random fractional differential equations

Similarly we have

y(t,w) = yo(w) + ﬁ/{) (t —5) g (s, 2(s,w),y(s,w),w)ds.

O

Our main first result is the existence and uniqueness of random solution
of the problem (3.0.1).

Theorem 3.1.5. Let f,g:[0,0] x R™ x R™ x Q@ — R™ are two Carathéodory
functions. Assume that the following condition

(L1) There exist py, pa, p3,pa : 2 — Ry are random variable such that
1t 2,y,0)=f(t, 2,9, w)|| < prlw)lle—z]l+p2(w)ly=yll, V2,9, 2,3, R™
and

lg(t, 2, y,w)=g(t, 7,5, w)|| < ps(w)lz=Z|[+pa(W)lly=yll, ¥ 2,9, 7,5, R™

holds. If for every w € €, M(w) converge to 0, where

. b%p1(w)  b¥pa(w)
I 1 r 1
M(w) = ( bﬂ(;:(_w)) bﬂ(;:(_w% ) :
rg+1y  I'((s+1)

Then the problem (3.0.1) has unique random solution.

Proof. Consider the operator N : C([0, ], R™)xC([0, b], R™)xQ — C([0, b], R™) x
([0, b], R™),

(#(; W), y(w), w) = (Nt 2(t w), y(t w), w), Nao(t, 2(t,w), y(t w), w))

where

Ni(z(t,w),y(t,w),w) = xo(w) + P—/o (t—s)* (s, 2(s,w),y(s,w),w)ds

and

No(z(t,w),y(t,w),w) = yo(w)+ —/0 (t — )" tg(s, x(s,w), y(s,w),w)ds.



3.1 Existence and Uniqueness

First we show that N is a random operator on C([0, b], R™) x C([0, b], R™).
Since f and ¢ are Carathéodory functions, then w — f(¢,z,y,w) and w —
g(t,x,y,w) are measurable maps in view of proposition 1.3.2 we concluded
that, the maps

w— Ni(z(t,w),y(t,w),w), w— No(z(t,w), y(t,w),w)

are measurable. As a result, N is a random operator on C([0,b],R™) X
C([0, 5], R™) x Q into C([0, b], R™) x C([0, ], R™).

We show that N satisfies all the conditions of theorem 3.1.1 on C([0, b], R™) x
C((0,8], R™). Let (z,y), (7. ) € C([0,b], R™) x C([0,b], R™), then

HNl(t,x(t),y(t),w) - Nl(t>§(t)7§(t)>w)u

<
ﬁ fot(t —5) Y| f(s,2(s,2), y(s,w),w) — f(s,Z(s,w), Y(s,w),w)]||ds
<
w7 Jo (6= 9)2 " tpr (@) |2 (s, w) — F(s,w)||ds + w5 J (¢ p2(w)lly(s,w) — y(s,w)]|ds
<

B |2(,w) = T w)lloo + FZD Ny (@) = T w)l-

Then
1N 5,0 = Nt B 59l < 1= e (0) el — Tl () o
Ia+1) Ma+1)
Similarly, we obtains
bP b8
I¥ate 30)~ N ) < =Bl 5 Tl )5

Hence
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and
b b
. arp"® @
M = | HeF o Tary

F(ﬁ+1)p3(w) mm(w)

Since for every w € Q, M(w) € Moays(R,) converge to zero, then from
theorem 3.1.2 there exists unique random solution of problem (3.0.1). O

Next, we present existence result without Lipschitz conditions. We con-
sider the following hypotheses:

(L3) For every w € Q, the functions f(.,.,.,w) and g(.,.,.,w) are continuous
and w — f(.,.,.,w), w— g(.,.,.,w) are measurable.

(L3) There exist a measurable and bounded functions v, v, : © — R, such
that

1 @&z, y, )| < n@) (=]l + Nyl N9, 2,y W)l < yew)(([=]] + [lyl]),
for all t € [0,b], w € Q and z,y € R™.

Now,we give prove of the existence result of problem (3.0.1) by using
Leary-Schauder random fixed point theorem type in generalized Banach
space.

Theorem 3.1.6. Assume that the hypotheses (L2) and (L3) hold. Then
the problem (3.0.1) has a random solution defined on [0,b]. Moreover, the
solution set

S{xo,y0) = {(z,y) : @ — C([0,b], R™)xC([0,b], R™) : (z(.,w),y(.,w)),w € Q

is solution of (3.0.1)}

18 compact.

Proof. Let N : C([0,b], R™) x C([0,b], R™) xQ — C([0,b], R™) x C([0, b], R™)
be a random operator defined in Theorem 3.1.5

In order to apply theorem 3.1.3, we first show that N is completely con-
tinuous. The proof will be given in several steps.
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3.1 Existence and Uniqueness

e Step 1. N(,,.,w) = (M (.,.,w), Na(.,.,w)) is continuous.
Let (xn,y,) be a sequence such that (z,,y,) — (z,y) € C([0,b], R™) x
C([0,b],R™) as n — oo. Then

N1 (2 (5 @), yn (5 W), w) = Na(2 (5 0), 9(w), W)l

b*
>~ F(OJ—}— 1) ||f( ( w)7yn('>w)>w) - f('ax(vw)ay('aw)?w)u‘

Since f is a continuous function. Thus

INy (2 (o w0)y Yn (o w),w) — Ny(z(o,w), y(-,w),w)||o — 0 as n — oo.

HNQ(ajn('aw)ayn('aw):w) - NQ(z(vw)?y(vw)?w)Hoo

g
< ﬁ”g(w%(-,w%yn(-,w),w) — (e, 2 (. w), Y (o w), w)]|oo.

Then
|No (@ (o w0)y Yn (s w),w) — No(z(.,w), y(-,w),w)||o — 0 as n — oo.
Thus N is continuous.

e Step 2. N maps bounded sets into bounded sets in C([0, 5], R™) x
C([0,5],R™). Indeed, it is enough to show that for any ¢ > 0 there
exists a positive constant [ such that for each (z,y) € B, = {(z,y) €
C([0,b],R) x C([0,0], R) : [lz]loc < ¢, [|ylloc < g}, we have

||N(:E7y7w)Hoo S l = (ll,lg).
Then for each t € [0, b], we get

IMifa(t) )l = o) + s [ =90 p(00))ds
< lwo(w) |l + ((;d)/ | f(s,2(s,w), y(s,w),w)||ds.
From (L3) we get
20%q
[V1(z(,w) y(w), W)l < ||1’o(w)||+m%(w) = 1.
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Similarly, we have
20%¢
rB+1)

Step 3. N maps bounded sets into equicontinuous sets of C'([0, b], R™) x
C([0,0], R™).

Let B, be a bounded set in C([0,b],R™) x C([0,5],R™) as in Step 2.
Let ry,70 € J,71 < 1y and u € By. Thus we have

| N1 (@ (12, w), y(r2,w), w) — Ni(@(r,w), y(r,w), w)||
<

2‘?’(;053") [f:f (ro — s)*tds + [, ((ﬁ —5)t — (ry — S)a_l)ds] '

[IN2(2 (., ), y (5 w), 0)loo < lyo(w) ] + Po(w) = L.

Hence
N (22 ), y (12, 0), ) — N (201, ), (1, ), w)|| < %(m_ﬁ)a,
and

dgr(w) 4
| Na (2 (1, w), y(r2, w), w) — No(x(ry,w), y(r,w),w)|| < —F(6+1)(7”2 1)’

The right-hand term tends to zero as |ry — 71| — 0. As a consequence
of Steps 1 to 3 together with the Arzela-Ascoli, we conclude that N
maps B, into a precompact set in C([0,b],R) x C([0, ], R).

Step 4. It remains to show that

Aw) = {(z(.,w),y(.,w)) € C([0,b], R™) x C([0, 6], R™) :
(@(,w), y(-,w)) = Mw)N(z(., w), y(,,w),w), A(w) € (0,1)}
is bounded.

Let (z,y) € A. Then z = Mw)Ny(z,y) and y = A(w)Na(z,y) for some
0 < A < 1. Thus, for t € [0,b], we have

letw) < uxo(w>||+ﬁ / (t = )2 Y (5, 2(5,0), y(s, w), )| ds

< lzow)] + ﬁ / (@)t = 8 (s, )| + lly(s, ) ) ds
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3.1 Existence and Uniqueness

Hence

71 (w) ' a—1
|zt W) < IIxo(w)||+F(a)/0(t—s) (lz(s, W)l + lly(s, w))ds

and

o)l < Nl + 22 [ = 5P et + s s

L(B) Jo
Therefore
[zt W)l + ly(t, )l < C+[?((;u))+?((g))] g

/0 (t = s)™ @D (|| (s, )| + lly(s, w))ds,

where
¢ = [lzo (@)l + llyo(w)]l
By lemma 1.5.5, there exists K (min(c«, 5)) > 0 such that

Ja(t, )| + ly(t )| < c+c(7;(<“>+%(w>> / (1 — s)mined) g

Hence

12( )l + 5 )|l <+ chmined) <%<w>+%(w>> — K.

Consequently

This shows that A is bounded. As a consequence of Theorem 3.1.3 we
deduce that N has a random fixed point w — (z(.,w),y(.,w)) which is
a solution to the problem (3.0.1).

e Step 5: Compactness of the solution set. Let {(x,, yn) }nen C S(Zo, o)
be a sequence. For every n € N and for fixe w € (2, we get

1 ' a—1
Tp(t,w) = mo(w) + m/o (t— ) f(s,2n(s,w), Yn(s,w),w)ds
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and

yn(t,w) = yolw)+ ﬁ/o (t —5)7 g (s, 2, (5, W), Yu(s,w),w)ds.

As in Steps 3, 4, we can prove that subsequence {(xy,,¥yn, )} ren of
{(Zn, Yn) tnen converge to some (z(.,w),y(.,w)) € C([0, 6], R™)xC([0,b], R™),
such that

w—z(tw), w—ytw)

are measurable functions. Since f(.,.,.,w) and g(., ., .,w) are continuous
functions, then

z(t,w) = zo(w)+ ﬁ/@ (t—s)* 1 f(s,2(s,w),y(s,w),w)ds, te]0,b],
and
y(t,w) = yolw)+ ﬁ/o (t — 5) " g(s, z(s,w), y(s,w),w)ds, t€]0,b].

So S(xo,yo) is compact.

3.2 An example

Let 2 = R be equipped with the usual o— algebra consisting of Lebesgue
measurable subsets of (—oo,0) and J := [0, 1].
Consider the following random differential equation system.

i tw?r? (tw)
Dax(t7 L{}) — (1+w2)(1+z2(t7w)+y2(t,w))’ a & (0; ]-)
3 _ tw? y' (tw)
D7y(t,w) = arommiarae eaey: P € (0,1), (3.2.1)

z(0,w) =sinw, w €
y(0,w) = cosw, w € L.

Here

(t,,y,) o

T w) =

D T A0 W) 1+ 22 1 o)
t 2,,2

g(tJ x? y? w) = w y

2(1 4+ w?)(1 + 22 + y?)
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Clearly, the map (t,w) — f(t,z,y,w) is jointly continuous for all x,y €
[1,00). The same for the map g. Also the maps x — f(¢,z,y,w) and y —
f(t,z,y,w) are continuous for all ¢ € J and w € Q. Similarly for the maps
corresponding to function g. Thus the functions f and g are Carathéodory
on J x [1,00) x [1,00) x Q. Firstly, we show that f and g are Lipschitz
functions. Indeed, let z,y € R, then

tw?a? tw?z?

]f(t,:z:,y,w) - f(t7fag7w)‘ =

tw?[(1+ 2% + %)a? — (1 + 2% + y*)7?

201 +w?)(1+ 22 +y?) (1 + 2% + 77)
2 2

< o= F o+ ey — ]
= 2(1+ w?) 21 +w2) ! Y
Then
. w? N w? ~
¢ — f(t < |z — —|y — 7.
Analogously for the function g, we get
w? w?
¢ —g(t,T,7,w)| € |7 — T| + |y — 7.
We take,
"
pr(w) = p2(w) = p3(w) = pa(w) = m
and

w? w?
M(w) — (2(1;21412) 2(1;21412)) ]
2(14w?) 2(14w?)

We remark that

oM @) = g5y < L

then
M (w), converge to 0.

Therefore, all the conditions of theorem 3.1.5 are satisfied. Hence the problem
(3.2.1) has a unique random solution.
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Chapter 4

Random Hadamard Fractional
Differential Equations

In this chapter, we prove the existence of solutions and the compactness of
solution sets of a random system of fractional differential equations via the
Hadamard-type derivative. The existence, modification and stochastically
continuity of an M?—solution are also proved.

We consider the system of Hadamard-type fractional differential equa-
tions:

CHDoz(t,w) = f(t,z(t,w),y(t,w),w), 0<a <1, tellb,
CHDSy(t,w) = g(t, z(t,w),y(t,w),w), 0 < B <1, t€[L,1],
z(1,w) = zo(w), w € Q,
y(law) = yO(w>7 w € €,

(4.0.1)

where f,g:[1,b] x R™ x R™ x Q — R™, (Q, A)) is a measurable space and
2o, Yo : € — R™ are random variables. “ D%z is the Caputo-modification of
the Hadamard fractional derivative.

We say that x(-,-) : [1,b] x Q@ — R™ is sample path Lebesgue integrable
on [1,b] if z(-,w) : [1,0] — R™ is Legesgue integrable on [1,b] for a.e.
w € .

Let a > 0. If z: [1,b] x @ — R™ is sample path Lebesgue integrable
on [1,b], then we can consider the fractional integral

Jox(t,w) = L) /1 t (m f>alx<s,w>§. (4.0.2)

I'a s s
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which will be called the sample path fractional integral of x, where I is the
Euler’s Gamma function.

4.1 Existence and Uniqueness

In this section, we prove some existences results and the compactness of the
solution set.

Lemma 4.1.1. Consider the problem,

D%z(t,w) = f(t, z(t,w),y(t,w),w), 0 <a <1,
2(l,w) = xg(w), we Q, (4.1.1)

If (t,w) — f(t,z(t,w),y(t,w),w) is product measurable and t — f(t, x(t,w),y(t,w),w)
is Lebesgue integrable on [1,0] for a.e. w € 2, then, the function x : [1,b] X
Q — R™ is a solution of (4.1.1) if and only if

(t,w) = wo(w) + ﬁ /j <ln é)al Fs,m(s,w), y(s,w),w)%

for allt € [1,b] and for a.e. w € Q.
Proof. We have:
CHD(t,w) = f(t, 2(t,w), y(t,w),w).

Then
JDYx(t,w) = J*f(t, 2(t,w), y(t,w),w).

From Lemma 1.2.27, we get
JCT DY (t, w) = (t, w) — z(1,w).

Thus
z(t,w) —x(l,w) = J*f(t, z(t,w), y(t,w), w).

Next, from the definition of J%, we have:

S

2(t,w) - 2(1,w) = ﬁ / t (mf)m (s, 2(5,0), (s, ), )
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Random Hadamard Fractional Differential Equations

Hence

olt) = 200) + g | t (m t) Fs,2(s,0), (s, 0), ).

IN{e! s s

The converse is straightforward.
O

Our first main result is the existence and uniqueness of a random solution
of the problem (4.0.1).

Theorem 4.1.2. Let f,g: [1,b] X R X R™ x Q — R™ be two Carathéodory
functions. Assume that the following conditions holds

(h1) There ezist p1,p2, ps3, ps - @ — Ry random variables such that
1 2, y,w)=f (£, 2,5, 0)|| < pr(w)llz—2|+p2(W)lly=yll, V2,9, 2,5 e R", w € Q,
and

lg(t, 2, y,w)=g(t, 7,5, w)|| < ps(w)lz =2l +pa(W)lly=yll, V2,9, 7,5 € R™, w € Q2.

If for every w € €, M(w) converges to 0, where

. (Inb)*p1(w)  (Inb)*pa2(w)
M(w) — ( I‘(a—i—l() T(a+1) ) ’
)

(
L(8+1)

then problem (4.0.1) has unique random solution.

Proof. Consider the operator N : C'([1,b], R™)xC([1,b], R™)xQ — C([1,b], R™)x
C([1,5], R™) defined by

(1](-70.))7:(](',0.)),&)) = (Nl(x(tvw)vy(tvw)’w)a NQ(x(tvw)ay(tvw)vw))

where

M (z(t,w),y(t,w),w) = xdw)%—ﬁ/l (1112)“ f(s,x(s,w),y(s,w),w)%

and

¢ -1 s
No(z(t,w), y(t,w),w) = yo(w)—f—ﬁ/l (1112) g(s,x(s,w),y(s,w),w)%.
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First we show that N is a random operator on C([1,b], R™) x C([1,b], R™).
Since f and ¢ are Carathéodory functions, then w — f(¢,z,y,w) and w —
g(t,x,y,w) are measurable maps in view of Proposition 1.3.2, and we con-
clude that the maps

w— Ni(z(t,w),y(t,w),w), w— Ny(z(t,w), y(t,w),w)
are measurable. As a result, N is a random operator on C([1,b],R™) x

C([1, 5], R™) x Q into C([1, 5], R™) x C([1, ], R™).

We now show that N satisfies all the conditions of Theorem 3.1. 2 on
C([l,b],Rm),, then

INy(t, (1), y (1), w) — Nu (L, E (1), 5(2), )|
p%)ff(lnﬁa_l(f( o(s,w), y(s,w),w) — (s, 5(s,w), §s,w),w)) £
Sﬁff(lni (s, (s,w), y(s,w),w) — f(5,8(s,w), (s, w), w)|| £

af1< Y i)z (s, w) — F(s,w)[| 2
e S () pa)ly(s,w) — §(s,w)]| £
2(ow) = F W)l +EE [ (I Ly (w) = ()l
[ (I t—s)a—ldsuac(-, ) = F(, W)l
+22) [ (Int — )0 sy (. w) — ()
< 2G|l (-, w) — B, w) oo + 2Ry (-, w) = F(-, @)oo
Consequently,
INy (2 ), 4, w), w) = Ny (@, w), 5 w),w)) oo
< -y w) = ZC,w)lopr (@) ety + 1505 w) = T w)lloop (@) 7oy
Similarly, we obtain

N (2(, ), (-, w), w) = Na(@(,w), 5 ), w)loe
< @) = B, w) loops (@) 5 + 1y (> w) = T )l aopa(w) s

Hence

) -
(

d(N(x('aw)a y('aw)aw)a N(%(Ww)» g('aw)aw)) < M(w)d((ac('?w)? y('?“))? (%('aw)a 27(',60))),
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Random Hadamard Fractional Differential Equations

where

d(z(,w),y(-,w)) = ( Hig:i; ~ (@)l ) :

(Wl

Since for every w € €, ]\7(w) € Moy 2(Ry) converges to zero, then from
Theorem 3.1.2, there exists a unique random fixed point of N which is a
solution of problem (4.0.1). O

Next, we present an existence result without Lipschitz conditions. We
consider the following hypotheses:

(h2) For every w € €, the functions f(-,-,-,w) and g(-, -, -, w) are continuous,
and w — f(-,+,-,w), w — g(+, -, ,w) are measurable.

(h3) There exist measurable and bounded functions 71,7 : © — R, such
that

£t 2, y, )l < vl + yl)s g€t 2, y, ) < va(w)((lel + [1y1]),

for all t € [1,b], w € Q and z,y € R™.

Now,we prove an existence result for problem (4.0.1) by using a Leary-
Schauder type random fixed point theorem in generalized Banach spaces.

Theorem 4.1.3. Assume that the hypotheses (hs) and (h3) hold. Then the
problem (4.0.1) has a random solution defined on [1,b]. Moreover, the solution
set
S(l‘o, yo) = {(l’, y) Q- C([la b]a Rm) X C([L b]7 Rm) : (JZ(, w)a y('7 OJ)),
w € 2 is a solution of (4.0.1)}

is compact (i.e. for every (Tn,Yn)nen C S(Zo,Yo) there erists a subsequence
of (T, Yn)nen converging to some element (x,y) € S(zo,Yo))-

Proof. Let N : C([1,b],R™) xC([1,b],R™)xQ — C([1,b],R™) x C([1, b], R™)
be a random operator defined in Theorem 4.1.2.

In order to apply Theorem 3.1.3, we first show that N is completely
continuous. The proof will be given in several steps.
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4.1 Existence and Uniqueness

e Step 1 N(+,-,w) = (N1(+,-,w), Na(-,-,w)) is continuous.
Let (2, yn) be a sequence such that (z,,y,) — (z,y) € C([1,b],R™) x
C([1,b],R™) as n — oo. Then
[Ny (2 (-, @), yn (-5 w), w) = Ni(2(5w), 4 w), @) oo
< LI (w), yn (@), @) = F (20 w), (e w), @) e

Since f is a continuous function, we get

|N (2 (c, w), yn (- w), w) — Ny(z(-,w), y (-, w),w)||eo — 0 as n — oo.

Similarly

||N2(xn('=w)ayn('=w)7w) - N2(I('=w)ay('=w)=w)”00
< S Mg (@), g, w), ) = g2, w), 9 (@), ) e

Then
| No(xp (-, w), yn (-, w), w) — No(z(+, w), y(+,w),w)||eoc = 0 as n — oc.

Thus N is continuous.

e Step 2. N maps bounded sets into bounded sets in C([1, 5], R™) x
C([1,b],R™). Indeed, it is enough to show that for any ¢ > 0 there
exists a positive constant [ such that for each (z,y) € B, = {(x,y) €
C([L,b],R) x C([1,0], R) : [lz]loc < ¢, [lylloc < g}, we have

||N(x>y7w)HOO <l= (lbl?)‘
Then for each ¢ € [1,0], we get
||N1(I(t,w),y(t,w),w)||
zpwwimeWwwmmWw%
From (h3), we get

< Jlao(@)l| + 2L [ [17(s, 25, w), yls ) )|

M)l < el + Fapgin(e) =l
Similarly, we have
0b)
HM@@MwbwwmméMWMH%%%%%W%Z&
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e Step 3. N maps bounded sets into equicontinuous sets of C'([1, b], R™) x
C([1,b], R™).
Let B, be a bounded set in C'([1, ], R™) x C([1,6],R™) as in Step 2.
Let ri,79 € J,r1 <1y and u € B,. Thus we have

||N1(x(7n27w)7y(7n27w)7 )_Nl( (7"1,0.)), (Th ) )||

<2 e () e () - ()t )]

Hence
| N1 (2 (e, w), y(r2,w), w) — Ni(@(r,w), y(r,w), w)||
2QW1 (CU) a 2(]71 (CU) « o
< m(lnw —Inr)*+ m [(lnrg) — (Inry) ],
and

| N2 (2 (12, w), y(ra, w), w) — No(2(r,w), y(r,w), w)||

2¢71(w) 2971 (w)
< m(ln ro —Inry)P + T(B+1) [(ln r5)" — (In 7”1)5].

The right-hand term tends to zero as |ry — r1| — 0. As a consequence
of Steps 1 to 3 together with the Arzela-Ascoli theorem, we conclude
that N maps B, into a precompact set in C([1,b], R) x C([l b, R).

e Step 4. It remains to show that

Aw) = {(z(-,w),y(-,w)) € C([1,b], R™) x C([1,b], R™) :
(@(-,w),y(-,w)) = Mw)N(z(-,w),y(-,w),w), Aw) € (0,1)}
is bounded.

Let (z,y) € A. Then x = A(w)N:(x,y) and y = ANw)Na(zx, y) for some
0 < A < 1. Thus, for t € [1,b], we have

el < ol + g7 [ (1) Irsslos) sl
< ol + gy [ @ (D)™ et + Iyt )

Hence

Yi(w) [ A ds
el < flzo()l + B [ (102)" o)+ o))
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and

el < @+ 25 [ (12)" (ot )l + s, )

ING))
Therefore

et + It < cte [ (D) (lat ol + o))

where

i
¢ = [lzo(@)ll + llyo ()l + %

By Lemma 1.5.6, we have

et + el < e [ [Z T (1) ]d_

= o)

< C+C;F(k7(7))1) (Int)
& (T(y) )
= C_HI; Ty +1)
& (e (y) (b)) ]

s ¢ H; C(hy + 1)

Hence
[2( 0)lloo + 1Y, W)l[e < By (D'(7) (Ind)7) := K.

Consequently

This shows that A is bounded.

ds

ds

)

As a consequence of Theorem 3.1.3 we deduce that N has a random
fixed point w — (z(-,w),y(-,w)) which is a solution to the problem

(4.0.1).
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e Step 5: Compactness of the solution set. Let {(2,, yn) }nen C S(Zo, o)
be a sequence. For every n € N and for fixed w € (2, we get

it = a4 s [ (02) ssmten) e

S

and

yn(t,w) = yg(w)+ﬁ/1(ln2)5_19(3,xn(s,w),yn(s,w),w)%.

As in Steps 3 and 4, we can prove that the subsequence {(x,,, Un, ) }ren
of {(zn,Yn)}nen converges to some (z(-,w),y(-,w)) € C([1,b],R™) x
C([1,b],R™), such that

w—z(tw), w—ytw)

are measurable functions. Since f(-,-,-,w) and ¢g(-,-,,w) are continu-
ous functions,

2(Lw) = 2o(w) + / (mf)a_lf(sw(s,w),y(s,w),w)? te L,

and

y(tw) = yo<w>+ﬁ / (0 )7 g(s, 25,0, (s, ), ) =, 1€ (1,

So S(zg,yo) is compact.

4.2 M?-Solution

Our objective in this section is to apply the new concept of M2— solution
to Problem (4.0.1); for this we need some preliminary results which will be
used throughout this section.

Let (€2, F,P) be a complete probability space with a filtration (F = F¢)>0
satisfying the usual conditions (i.e. right continuous and F, containing all
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P-null sets). For a stochastic process z : [1,b0] x @ — R™ we will write x(t)
(or simply = when no confusion is possible) instead of z;(w) = z(t,w). We
say z(-,-) is jointly measurable if the map (¢,w) — x(t,w) is measurable as
a map B([L,0] @ F) — B(R™). For w € Q, the path t — z(t,w) is called
left-continuous if for each ¢t € [1, b

rs(w) = x(w) st

A process z(t,w) is stochastically continuous at a point s € [1, b] if for each
e>0

}fimIF’{w € Q:|jz(t,w) —z(s,w)|| > €} =0.
—S

Theorem 4.2.1. [77] If © is a stochastic process with state space R™ and

all the paths of x are left-continuous (or right-continuous), then x is jointly
measurable.

If x and y are stochastic processes, we say that x is a modification of y if
for each t € [1, ]

P{w e Q:z(w) =y(w)} =1

Theorem 4.2.2. (Kolmogorov continuity theorem) [77] Suppose that (2, F, P, (x¢):>0),
s a stochastic process with state space R™. If there are &, 3,0 > 0 such that

Ellz — )| < oft — sP*%, 5 € R.,
then the stochastic process has a continuous modification.

We introduce the notations:

e Denote by LP(€2, F,P,R™), p > 0, the linear space of random variables
(equivalence classes) x : 0 — R"™ such that

E||z]|P < oc.

e MP(1,b) : the space of (equivalence classes of) progressively measurable
processes z : [1,b] x  — R™ such that

b
/ \|z¢]|?dt < 00, P, psw e, if p=0
1

b 5
E(/ ||xtu?dt> <o, ifp>0.
1

)

and
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Note that the property of progressive measurability is independent of the
choice of an element in an equivalence class x, and for every p > 0;

MP(1,b) C LP(Q, F, P, L(1,b,R™)),

as a closed linear subspace. Hence, for each p € [1,00) the space MP?(1,b) is
a Banach space with respect to the norm

Moreover the space M?(1,b) is a Hilbert space.

Definition 4.2.1. A pair x,y € M? is called an M?*—solution of problem
(4.0.1) if

z(t,w) = xo(w)—i-%/l <1nz> i f(s,x(s,w),y(s,w),w)%,]?,p.swGQ,tE[1,b],

IN( s
and
tw) = L tlt[H a5 p Ot [1,b
y(aw) - yO(w)—i_W[ <ng> g(s,x(s,w),y(s,w),w)?7 y DS W €LY, 6[ 5 ]

4.2.1 Existence and uniqueness of M?—solutions

In this part we investigate the existence, uniqueness, modification continuity
and stochastically continuity of M?—solution. Let us now introduce the fol-
lowing hypotheses which will be basic tools in the treatment of A/2—solutions.

(hg) Let fog : [1,0] x R™ x R™ x Q@ — R™ be two functions such that,
w— f(w), g¢g(---,w) are measurable, t — f(¢,-,-,-), g(t,-,-,-)
are continuous and

1£(0,0,)l[a2 <00, lg(-,0,0,-)[[a> < o0.
(hs) There exist positive real numbers ¢y, ¢z, ¢3, ¢4 such that
1t 2,y,0)=f(t,2,5,0)] < aillz—2|+elly=yll, Va,y, 2,5 € R, w € Q,
and

lg(t, 2, y,w)=g(t, 7,5, w)|| < esllz=zll+elly=yll, V2,9, 7,5 € R™, w € Q.
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In this section we assume that o, 5 € (3,1) and E||2o||* < oo, E|jyl* <
oo. Now we are in the position to present the first result of this section.

Theorem 4.2.3. Assume that the conditions (ha) and (hs) hold and the
matric M, € Mayo(Ry) defined by

(Inb)*v/2be;  (Inb)*/2bca
M* _ ( V2a—1C(a) 2a—1[(a) )

(Inb)’v2bcs  (Inb)P+2bey
V2B-1T(8)  V2B-1I(B)

converges to zero. Then problem (4.0.1) has unique solution in M?(1,D).
Proof. Consider the operator N : M*(1,b) x M?(1,b) — M?(1,b) x M?*(1,b),
defined by

(ZE(', w): y('= w)) = (Nl(x(t7 W)7 y(t7 w))7 N2(x(tvw)7 y(tvw)))

where
Nilaltal ) = o)+ s [ () s atswats )0
and

1 t AN ds
No(z(t,w),y(t,w)) = yo(w)—i-m/l <1ng> g(s,x(s,w),y(s,w),w)?.

First we show that N is a random operator on M?(1,b) x M?(1,b). Since f
and g are Carathéodory functions, then w — f(t,z,y,w) andw — g(t, z,y,w)
are measurable maps in view of Proposition 1.3.2, and we conclude that the
maps

w— Ni(z(t,w),y(t,w)), w— Na(z(t,w),y(t,w))
are measurable.

Also,
JUIN (s, w), y(s,w)) || 2ds

— flb U zo(w) + ﬁff (ln 5)%1 f(s,x(s,w),y(s,w),w)%

) st
< 2(b— 1)|zo(w)|? + 52 h;b;;‘ j; £ (s, 2(s,w), y(s,w), w)||?ds

< 2(b — 1)l|zo (W) + 2 [T 11/ (s,0,0;w)|[*ds

(2a— 1F2

2
K&

} dt+2f1 |20 (w)||*dt

b lnb 2a
ot [Tz (s, w2 + Elly(s, w)|]ds

7
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Therefore
JP N (s, w), y(s, )| Pds
< 2(b— 1)l ()| + ;ﬁﬁ“ﬁwsoonms
e [P (s, w)IP + Blly(s, w)[[2lds < oc.
Consequently,

E V||V (2 (s, ), y(s, w))||2ds
< 2(b — DE o (w)[]? + o222 E [ 11/ (5,0, 0;)|2ds

2a—1)T'2

bl b”a
+ ol S [Vl (s, w) |2 + cBlly(s, w)]2lds < oo,

Similarly, we obtain
LN (a(s,w), y(s,w))[12ds
< 2(b— 1)lyo(@)[? + g2t [} ll9(5,0,0,w)||ds
s [V, w) 2 + Elly(s, w)[[2)ds < oo,

and

b
E [7[|No(x(s,w), y(s,w))||2ds
2(b — DE[|yo(w)|* + 2 E [ lg(s,0,0,w)|*ds
n b)28
+ bl S [T, w) P + Elly(s, w)|Plds < oo,

So, N is a random operator on M?(1,b) x M?(1,b) into M?(1,b) x M?(1,b).

We show that N satisfies all the conditions of Theorem 1.7.1 on M?(1,b) x
Mg(lab) Let (x(-,w),y(-,w)), (%(-,w),ﬂ(-,w)) S M2(17b) X Mg(lab)a then

N1 (2 (t), y(t,w)) = Ni(L Z (L), 5 (L, w)) |2

= [ 1 ) [l ), .00, ) = 7575, 0), 55,00, w)] 2|
< gy J) (0 8)*7 Gds [ (s, ) — F(s,w) Pds
209 f1 (In 8)20‘ 2 ds f1 ly(s,w) — ¥(s,w)|[*ds
ﬁxl“mw 9728 i lals,w) - &(s,w)lPds
+F§§2) lnt(lnt 5)20-2ds f1 ly(s,w) — y(s,w)|>ds
< 2 [ (s, @mwﬁﬁ%ﬁﬁmW>WMW&
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Then
JUIN (2 (s,0), y(s,w)) = Ni(@(s,w), §(s,w)) || *ds
< %L |lz(s,w) — Z(s,w)|*ds
G Y (s, w) = (s, ) |Pds.
Consequently,

B ([} 1N (5, w),y(s,)) = Na(F(s, ), 55, ) [ds)
< RAb )R (fl” (s, 0) — f(s,w)Hst)

(2a—1)T2(a)
2bc2(In b)2>
+ A (S ly(sw) — s, 0)|Pds)

Similarly, we obtain

E (71N (5, w), u(s,0)) = Na(F(s,w), 55, ) [2ds)

2be2(1n b)2P b ~
< B F (fl (s, w) —x(s,w)||2ds>

2bc; lnbw
+ SIS E (] lly(s,w) = 55, w)|ds)

Hence
b B ~ , !
(B (2 1N (a(s,0). (5,0)) — Na(Fs,00), 55, ))|[°ds)
v/2bcy (In b)™ b _ %
< Al (B () llo(s.w) — 3(s.w)|ds) )
1
_V2bea(Inb)* b o~ 9 3
it (B (1 tso) = s lPas))
and

1

(B (7 11V (s5,), (5, w)) = N (s, w), s, w)) Pds ) )
< (i (1 o(s,0) (5,05 )
+\/f<22b;;(?13)(2) (E (J; lly(s,0) = s, )|Pds ) )
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Therefore

d(N(z,y), N(Z,y) < M.d((z,y), (T,7),

d(z,y) = ( |z = yllare )

[z = yllar

where

Since M, € May»(R.) converges to zero, then from Theorem 1.7.1 there
exists a unique M?—solution of problem (4.0.1). O

Theorem 4.2.4. Assume that (hy) and (hs) hold. Then for each x,y €
M?(1,b), the processes

2w) = mo(w) + ﬁ / t (m t) Fls2(s,0),p(s,0), )2, L <a<t,

S S

and

i LA A ds 1
ale) = )+ [ (W) gt s 0D F<s<,

have continuous modifications. Moreover t — z;, Z; are stochastically contin-
UOUS.

Proof. Let x,y € M?(1,b) and t,r € [1,b], r <t. By the Jensen and Holder
inequalities, we have

| =+

V@ =@l < \/ﬁ/[(l ) (D) Wt N
+\/ o [ (0 8) e 0,000

g ) (1) )77

[ 1500 pt5,0. ) s

v [ (m2) 1“/ 17 (5,5, ), (5, ), ) | ds.
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4.2 M?-Solution

Then

Viaw) — 2wl <

ont =1yt [ et )l + syt ] s

I'(a+1)
b =] [ 1765,0.0.0) s
1 . u b
b [m0° — ) \/1 erlla(s, )] + eally(s. <) ] ds
+I‘(a1—|— 3 (Int)* — (mr)a\/1 1/(s,0,0,w)llds

By Holder’s inequality, we obtain that

Vizw) — 2wl <

and

Vizw) — 2wl <

2b b
gy =) [ el + (s, 2] as
2b b
gy =t [ 176.0.0.0) P
b
gy 100" = (o)) [ [, + Gyt )]s
b Int)* — (Inr)” ’ 0,0 24
g 0" = )| [ 0.0.0) s
2b b
e =] [ [Set )l + el )]s
2b b
G (mt—lm)ﬁ‘/l l9(5,0,0,w) ?ds
b b
S EEST mwﬁ—anmﬂ[“kmﬂawm%wﬂW@wmﬂ%
b B B ’ 2
[0’ — ar) /1||g(3,0,0,w)|| ds.
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Consequently
Vo)~ # @l < [t )| [l + il
= T(a+1) LIl + GlY T
2b
- l _1 (o] . . 2()
T |t =) 10,0,
b (87 «
e 00" = (o) [l + ol
———— (In)* = (Inr)*| || £(- I3,
gy 00" = (017600, e
and
EVIE@ 2@ < o [t —tnr)?| [Elele + Aol
= T(B+1) sl M
2b
— = (lnt—1 5‘ . Nt
+F(ﬁ—|—1) (Ht nr) Hg(>0707 )||M~
b
ey |0 = (o) |Gl + il
b
— | /5_1 ﬁ‘ . M2
+F(ﬁ—|—1) (Ht) (HT) ||g(70707 )||M~
Since r < t, this implies that
|(Int)* — (Inr)*| = (Int)* — (Inr)®
Int —lnr Int+Inr\® N
= 5 + 5 — (Inr)

Using the fact that £€* is a convex function on (0,1n b], we obtain
1 1
(Int)* — (In7)* < 5(11125 —Inr)*+ §(lnt +1In7)* — (Inr)”

1 2¢ (Int 1 *
= §(lnt—lnr)°‘+—<n—+£> — (Inr)®

2 2 2
(Int—Inr)*  (Iné)*  (Inr)" N
S 2 + N2—a N2—a - (ln 7")
< (Int —1Inr) N (n?)®  (Inr) .
- 2 2 2
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4.2 M?-Solution

Hence
(Int)* — (Inr)* < (Int—Inr).

Applying, the Finite Increment Theorem to Int — Inr, r,t € [1,b], we get

2b .
EVIale) = 2@l < gy = 1" [l + Slvile
2b
— |t —r|"[|£(-,0,0,)]%,
+F(Oz+1)| T| ||f(7 ’ 7)||M
b o
g T [l + Sl
b
— |t —r|" | £(-,0,0, )%
+F(Oz+1)| T| ||f(7 ’ 7)||M
and
EVIa@ —Z@ < o b= 1l [ Sl + i)
RRCESY
2b B 2
e 0.0, )2,
+F(6+1)’ 7“’ Hg(7 s Yy )HMZ
b
ey 1t el + i)
b B 2
- |t— 0,0, )22
+F(6+1)’ 7“’ Hg(7 s Uy )HMZ
Hence there exist C,C' > 0 such that
Ey/a(w) = 2 @) < Ol — 7] (4.21)
and
Ev/|z(w) =z )| < Ct —r]'*7. (4.2.2)

So, from Kolmogrov’s Theorem 4.2.2, z; and Z; have continuous modification.

Now we show that z and z are stochastically continuous. Indeed, let
t,s € [1,b], and € > 0, then

P({weQ: W) - %Wl > ) =P{w e Q: V [law) — 2w > Ve}).
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Using Markov’s inequality, we obtain that

P({we Q: Jla(w) = z W) > ¢}) < —=E(V [[z(w) — 2(w)I])

%IH

and

P({w e Q: [2(w) = 2 (w)] > €}) < 7 _E(/Ta@) — & @)

(‘h

Hence, (4.2.1) and (4.2.2), implies that

Pw e Q: ||z(w) — 2z ()| > €}) < %H —r""* s 0ast—r
and

P{w e Q: ||zt (w) — z.(w)|| > €}) < %H — 7| > 0ast—r

O

As a consequence of above theorem we can easily prove the following
result.

Corollary 4.2.5. Under the conditions of Theorem 4.2.8, every M?-solution
of problem (4.0.1) has a continuous modification and is stochastically contin-
UOUS..

For the existence of modification of an M?-solution of the problem (4.1.1),
we assume in addition to the Lipschitz condition (H;) the hypothesis:

(he) There exist positive constants ¢ > 0, i = 1,...,6 such that
1t 2,y w)I* < allzl*+ellylP+es, gt 2y, w)l? < el +esllyl|*+6,
for each z,y € R™, t € [1,b], Pa.e. we.

By some simple modifications of the proof of Theorem 4.2.3, we present
the following result.

Theorem 4.2.6. Suppose that (hs) and (hg) hold. Then every M?-solution
of problem (4.0.1) has a continuous modification and is stochastically contin-
Uous.
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Conclusion and Perspectives

In this thesis, we prove some random fixed point theorems in generalized
Banach spaces. We establish a random version of a Krasnosel’skii type fixed
point theorem for the sum of a contraction random operator and a compact
operator. The results are used to prove to the existence of solutions to
the random system of fractional differential equations , then we shall be
concerned with the existence and uniqueness of solutions for some classes of
system of fractional discrete equation.
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