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Introduction

Fractional calculus is an extension of the classical notions of primitive and derivation of
non-zero integer order to any real order. Although fractional derivation has been defined
by several approaches with the names of Grunwald-Letnikov, Riemann-Liouville, Caputo.
This notion was introduced in the 17th century when Gottfried Leibniz defined the symbol
of the derivation of positive integer order, Guillaume 1’'Hospital questioned him about the
possibility of having an order derivative. This question has attracted the attention of
mathematicians including Euler or Lagrange in the 18th century followed by Liouville
in 1837, Riemann in 1847 as well as Grunwald in 1867 and Letnikov in 1868. For more

historical details, one can consult [41] [49].

Recently, fractional differential equations have been shown to be very useful in the
study of models of many phenomena in various fields of science and engineering, such
as physics, chemistry, biology, signal and image processing, biophysics, blood flow phe-
nomena, control theory, economics, aerodynamics and fitting of experimental data. For
examples and recent development of the topic, see [52, 1] and references cited therein.
However, the literature on Hadamard type fractional differential equations is not enriched
yet. The fractional derivative due to Hadamard, introduced in 1892 [I7], differs from
the Riemann-Liouville and Caputo type fractional derivatives in the sense that the kernel
of the integral in the definition of Hadamard derivative contains logarithmic function of
arbitrary exponent. A detailed description of Hadamard fractional derivative and integral

can be found in [52] [7, [§] and references cited therein.
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The Langevin equation (first formulated by Langevin in 1908) is found to be an ef-
fective tool to describe the evolution of physical phenomena in fluctuating environments
[12]. For some new developments on the fractional Langevin equation, see, for example,

132, 1.

Probabilistic functional analysis is an important mathematical area of research due to
its applications to probabilistic models in applied problems. Random operator theory is
needed for the study of various classes of random equations. Indeed, in many cases the
mathematical models or equations used to describe phenomena in the biological, physical,
engineering and systems sciences contain certain parameters or coefficients which have
specific interpretations, but whose values are unknown. Therefore, it is more realistic to
consider such equations as random operator equations. These equations are much more
difficult to handle mathematically than deterministic equations. Important contributions
to the study of the mathematical aspects of such random equations have been undertaken

in [5, 58, 43] among others.

In the following we give an outline of our thesis organization.
The first chapter gives some notations, definitions, lemmas and fixed point theorems which

are used throughout this thesis.

In chapter 2, we establish the existence of solutions for a problem of Langevin fractional
differential inclusions with nonlocal fractional integral conditions via Caputo-Hadamard
derivative. Both cases of convex and nonconvex valued right hand sides are considered.

We consider a problem of fractional differential inclusions as follows:

[ DADP L N2 (t) € F(t, 2(t)
le Ol x(n;) = é ¢l (&) (1)
3 adva(y) = X EdMa(p)

=1




8 INTRODUCTION

where D? denotes the Hadamard Caputo-type fractional derivative of order p € {«, 5}
with 0 < a,8 < 1,1 < a+ < 2,) is a given constant, I" is the Hadamard frac-
tional integral of order r > 0,7 € {w, v;, <k, 71} the constants n;, &;, ¥k, ¢ € (1, ) and
0i, ¢, e, = €R foralle =1,2,...,m,j =1,2,..., n,

k=1,2...,p,1l =12,...,qand F: [1,e] x R — P(R) is a given function.

In chapter 3, we give some variants of random Perov, Schauder, Kras noselskii and
Leray-Schauder-type fixed point theorems in generalized Banach spaces. The results are
used to prove the existence of solution for random differential equations with initial and

boundary conditions.

In the last chapter, we consider the system of random fractional differential equations

with boundary conditions in the following form:

( D¥DP +\)x(t,w) = f(t, z(t,w), y(t,w),w)
DY (D7 + X))y (t,w) = g(t, z(t,w), y(t,w),w)

ZGI r(n,w) = zn: ¢l 2(&;, w)

3

o g B W (2)
1;::1 epl*x(Yp,w) = ; vl (o, w)
jZlH_I“y(nu w) = é iy(&,w)
S amyy) = X A

where D? denotes the Hadamard Caputo-type fractional derivative of order p € {«, 3,7, 0}
with 0 < o, 8,v,0 < 1,1 < a4+ < 2,1 < v+ 0 < 2, A\, Ay are given constants,
I" is the Hadamard fractional integral of order r > 0, » € {1, v;, Sk, T Fis V5> Sk» 71}
the constants i, &, Ur, 01, T, &, x, @1 € (1, €) and 0;, ¢;, ex, v, 0;, @5, &, U € R,
forall: = 1,2,... ,m, 73 = 1,2,...,n,k = 1,2,...,p,l =1,2,...,qand f, g

[1,e] x R™ x R™ x  — R™ are given fonctions. (£2,.4) is a measurable space.



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions and preliminary facts that will be

used in the remainder of this survey paper.

1.1 Some Notations and Definitions

Let J = [1,e]. By C(J,R), we denote the Banach space of all continuous functions

from J into R with the norm

[Ylloe == sup{[y(t)] : £ € J}.

L*(J,R) denotes the Banach space of measurable functions y : J — R that are

Lebesgue integrable with the norm

T
Il = / (D).
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AC(J,R) denotes the space of functions y : J — R that are absolutely continuous
and AC'(J,R) is the space of differentiable functions whose first derivative 3’ is absolutely

continuous.

1.2 Multi-valued analysis

Let (E, | - ||) be a Banach space. We define the following subsets of P(E) :
P,(E)={Y € P(E):Y is closed},
P,(FE)={Y € P(E) : Y is bounded},
P,(E)={Y € P(E):Y is compact}
P.,(E)={Y € P(E):Y is convex}
P.pew(E) = Pp(E) N Py(E).

Definition 1.2.1. A multivalued map G : E — P(E) is said to be convex (closed) valued

if G(z) is convez (closed) for all x € E. A multivalued map G is bounded on bounded sets

if G(B) = UgepG(x) is bounded in E for all B € B,(E) (i.e. sup{sup{ly| : y € G(z)}
z€B

exists).

Definition 1.2.2. A multivalued map G : E — P(FE) is called upper semi-continuous
(u.s.c.) on E if for each xy € E, the set G(xg) is a nonempty closed subset of E, and for
each open set N of E containing G(zo), there exists an open neighborhood Ny of xo such
that G(No) C N. G is said to be completely continuous if G(B) is relatively compact for
every B € Py(IR).

Definition 1.2.3. Let G : X — P(E) be completely continuous with nonempty compact
values. Then G is u.s.c. if and only if G has a closed graph (i.e. T, — Ty, Yp — Yu, Yn €
G(z,) tmply y. € G(x.)). G has a fized point if there is x € E such that x € G(x).
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We denote by FizG the fixed point set of the multivalued operator G.

Definition 1.2.4. A multivalued map G : J — P.(F) is said to be measurable if for
every y € E, the function:

t = d(y, G(1) = int{lly — 2] : = € G(r)}

is measurable.

Definition 1.2.5. A multivalued map F : J x E — P(E) is said to be Carathéodory if:
(1) t — F(t,u) is measurable for each u € E
(2) u— F(t,u) is upper semicontinuous for almost all t € J.

F is said to be L'-Carathéodory if (1), (2) and the following condition holds:

(3) For each q > 0, there exists o, € L'(J,IR") such that

|F'(t,u)||p = sup{||v] :v e F(t,u)} <y, ; forall ||u|| <q and for ae.t e J

For each y € C(J,IR), define the set of selections of F' by
Spy,={ve L'(J):v(t) € F(t,y(t)) ae. t € J}.

Lemma 1.2.1.

Let E be a Banach space. Let F : J x E — P,,.(E) be an L'-Carathéodory mul-
tivalued map with Sp, # 0 and let T be a linear continuous mapping from L' (J, E) into

C (J, E), then the operator

IoSp:C(J,E) — P (C(J, E)),
Y — (F o SF) (y) = F(SF,y)
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is a closed graph operator in C (J,E) x C (J, E).

Lemma 1.2.2. [66] Let G be a completely continuous multivalued map with nonempty

compact values, then G is u.s.c. if and only if G has a closed graph.

Lemma 1.2.3. (Nonlinear alternative for Kakutani maps).

Let EE be a Banach space, C' a closed convex subset of EE, U an open subset of C and
0 € U. Suppose that N : U — P., .(C) is an upper semicontinuous compact map. Then

either
(i) N has a fized point in U, or
(ii) there is a y € OU and X € (0,1) with y € AN(y) ;

Let (E,d) be a metric space induced from the normed space (|| - ||). The function

H;:P(E)x P(E)— IRy U{oo} given by:
Hy(A, B) = max{supd(a, B),supd(A,b)}
acA beB
is known as the Hausdorff-Pompeiu metric.
Definition 1.2.6.

A multivalued operator N : E.— P, (F) is called

(1) v-Lipschitz if and only if there exists v > 0 such that

Hy (N (z),N (y)) <~vd(x,y), foreachz,y € E,

(i) a contraction if and only if it is y-Lipschitz with v < 1.
Lemma 1.2.4. (Covitz and Nadler [10])

Let (E,d) be a complete metric space. If N : X — P, (F) is a contraction, then
FixN # o .
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For more details on multivalued maps see the books of Aubin and Cellina [3], Aubin

and Frankowska [I3] and Castaing and Valadier [14].

1.3  Fractional Calculus

The Gamma Function
One of the basic tools of fractional calculus is the Gamma function which naturally extends

the factorial to positive real numbers (and even to complex numbers with positive real

parts).
Definition 1.3.1.

Let x € RT — {0}, the Gamma function is given by:

+oo
F(x) = / et at,
0

(this integral is convergent for all r> 0).
Proposition 1.3.1.
For all x > 0, and for alln € N — {0}, we have:
1) I'(04) = +o0,
2) I'(x+1)=2al(z),
3) I'(n) =(n—1)

4) I'(n+3) =31

T

, nln
5) M) = I s )
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Special cases :
6) I (1)=1(2)= [ et 'de = 1.

7) I'(3) = VIL

The Beta Function
Among the basic functions of fractional compute Beta function, this function plays an

important role specially in some combination with Gamma function.

Definition 1.3.2. The function (z,y) — B (z,y),Re(x) > 0, Re(y) > 0, defined by
fo t*=1 (1 — )" " dt is called the Beta function.

There is relation between Gamma and Beta functions given in the relation :

I'(z) I' (y)

B(x,y) = Tty

It should also be mentioned that the Beta function is symmetric, i.e.,

B(x,y) =By, x).

The Mittag-Leffler Function
The exponential function e* plays a very important role in the theory of integer-order
differential equations. Its one-parameter generalization, the Mittag-Lefller function which
is denoted by :

Zfak—i-l

k=0

Definition 1.3.3. A two-parameter function of the Mittag-Leffler type is defined by the

Series erpansion :



1.3 Fractional Calculus 15

Z F(ak‘ +8)

k=0

It follows from the definition that

o0

Eialz Zrk+1 _Zk':

k=0

Theorem 1.3.1. (Cauchy formula for repeated integration.)

Let f be some continuous function on the interval |a,b]. The n-th repeated integral of

f based at a,

f(—n) / / / (Sn) dspdsp—1 - - - dsadsy,

s given by single integration

1 ! et
] / (t—3s)""" f(s)ds.

) () = =
f <t)_(n—1' .

From this formula the definition of fractional integral is constructed, so we can
take an integral of any real degree. Replacing (n — 1)! by I' (n) and the power in the

integrand with some o € R, we have Riemann-Liouville fractional integral.

Definition 1.3.4. [22]

The fractional (arbitrary) order integral of the function h € L' [a,b] of order o € R is
defined by

I (t) = / %h (s)ds,
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where T' is the gamma function. When a = 0 we write I\®h (t) = h (1) * @, (1), where
o (t) = tra(—;; fort >0, and ¢, (t) =0 fort <0, and ¢, — 6 (t) as a« —> 0, where § is
the delta function.

Theorem 1.3.2.

For h € L' [a,b], the fractional Riemann-Liouville integral has the following property:
I [IPh (2)] = Ik (2) foura >0, >0

Proof.

The proof follows directly from the definition

Or h € L' [a,b], according to Fubini’s theorem and by the change t = u + s (x — u)

we get
B(a,8) [ h(w
IO IO ()] = 7 / du = IPh (x
A s of A s
where B (o, f) denotes the Beta function, the proof is complete. H

Proposition 1.3.2.

o I°h(t) = h(t)

e the integral operator I° is linear.

Example:



1.3 Fractional Calculus 17

Let h(t) = (t — a)™ where m > —1

HOh () =

Using a change of variable s = a + (¢t — a)  we obtain,

(t—a)""

Tl /at (1 —2)* " a™ds

——<t_a)m+a a,m
=T B(a,m+1)

I°h(t) =

(t—a)" ™ T (a)T (m+1)
Fa)T (a+m+1)

then

(t—a)""".

Definition 1.3.5. (Riemann-Liouville fractional derivative).

Let f € L'[a,b] be an integrable function on [a,b], the fractional derivative in the

Riemann-Liouville sens of the function of f order o is noted *L D% f and defined by:

DL )= o (1) [ -0 @

)

with n > a a natural integer.
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Notation: We denote the operator D", n € N, differentiation of the operator of

integer order i. e:
dTL

D" = —.
dtm

Remark 1.3.1.

Fractional derivative of Riemann-Liouville 1s non-commutative i.e:
RLDmRLDaf (t) _RL Da+mf (t) %RL DaRLDmf (t) ]

Theorem 1.3.3.

Let the functions f and g whose Riemann-Liouville fractional derivatives of order «

exist. So for \,u € R, BLD* (\f + pg) ewist and we have:
FEDY (Af + ng) = NEDS f + " Dgg.
Proof.
Let f,g € L'[a,b],\ € R, we have:
REDRF (1) = DI ()
FEDE (A (8) + g (1) = DEI"™ [Af (1) + g (¢)]
=AD" [(f +9) (B)]-
Since the n-th derivative and the integral are linear then.

FEDE (N () +g (1) = ADGI"™f (1) + DyI" g (1)

= NEDSF (1) + "ED2g (1)
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The proof is complete. O

Example: The Riemann-Liouville fractional derivative of a power function is:

RL Mo
popr = — P12 _pea
F'p—a+1)

n—1<a<n, p>-1,pelR.

Proof.

RL payp ;ﬂ /t (t — x)”*a* 2Pdr
I'(n—a)dt™ /, '

By changing the variable x = A\, we will have:

1 ar t
RLD%P:——/ (1= M) ()Pt
| =TT o
1 " !
= " [ (1= N AN
I'(n—a)dtr /0< )
:F(n—a—l—p—i—l)B(n—a,p—i—l)tpfa
I'(n—a)
_F(n—a+p+1)F(n—a)F(p+1)tp_a
T T(n—a)T(p—a+DI(n—a+1)
_ T+l .
F'p—a+1)
The proof is complete. O

Definition 1.3.6. [22]

For a function h given on the interval [a,b] , the Caputo fractional-order derivative of

h, is defined by

(DR (O = oy [ (=T A ().

(n—a
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where n = [o] + 1.

Lemma 1.3.1. [69/

Let o > 0, then the differential equation
°D*h (t) =0,

has solutions h (t) = co+cit+cot?+- - +cp 11", g €R, i =0,1,2,...,n—1, n = [a]+1.
Lemma 1.3.2. [69/

Let o > 0, then

I°°Dh (t) = h (t) 4+ co + c1t + cot® 4+ -+ + cpyt"

for somec; e R, i=0,1,2,....,n—1,n=[a] + 1.
Lemma 1.3.3. (Linearity)

Letn —1 < a<nnéeN XNeCandlet f and g such that °Df (t) and *D%g (t)

exists. Caputo fractional derivative is a linear operator i.e:

D (Af (£) + g (£)) = ADf (£) + D% (1), t > 0.
Proof
We have
DU (t) =I"""D"f (t)
DY (A () +g (@) =1""D" [Af (t) +g(t)]

= A"D(f +g) (1)
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The n-th derivative and the integral are linear
DY (Af () +g (@) =AD" (1) + "D (t)

= XD f () + D% () .

The proof is complete. 0

Lemma 1.3.4. (Non-commutativity)

We suppose that n — 1 < o < nym,n € Na € R and let the function f such that
¢D*f (t) exists, then:

“DY DM (t) =F DT (1) £ D™ DR (1) (L1)

Corollary 1.3.1.

Suppose thatn—1 < a<n,f=a—(n—1),(0<p<1),ne N a,f €R and let the
function f be such that D f (t) exists, then:

cDf (t) =°D°D" 7 f (t).

Proof.

We replace 5 by @ and n — 1 by m in ({1.1]), then:
cDBDn—lf (t) _ cDﬁ—l-n—lf (t) _ cDa—(n—1)+n—1f (t) _ cDaf (t) )

The proof is complete. n

Definition 1.3.7. [22]
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The Hadamard fractional integral of order a for a function y; t € [1,+00) is defined

I%y(t) = ﬁ /j <log£)a_1@d8, a>0,

provided the integral exists.

as

Example 1.3.1. Let ¢ > 0, then

log )%t € [1,+o0).

1
F(q+2)(

Definition 1.3.8. [22/. The Hadamard derivative of fractional order o for a function y:

[1,00) — R is defined as

1 d\n [t t n—a—ly(s>
H « - 7 — =
D%y(t) = —(n ) (t t) /1 <log5) S ds, n—1l<a<mn, n=]|a]+1

where o] denotes the integer part of the real number o and log(.) = log.(.).

Definition 1.3.9. [2]]. (The Caputo-Hadamard fractional derivative).

For at least n-times differentiable function y: [1,00) — R, the Caputo-type Hadamard

deriwative of fractional order o is defined as

o 1 ! t\n—e-l s

where 6 =t

& la] denotes the integer part of the real number o and log(.) = log.(.).

Lemma 1.3.5. [2]/

Let u € ACY [a,b] or Cf [a,b] and o € C, where
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X2 [a,b) = {F :[a,b] = C: 6" YF () € X [a,b]}. Then, we have

i
L

I*(D*)u(t) = u(t) = Y e (logt)",

where c; E R, i=1,2,....n—1,(n=[a] +1).
Lemma 1.3.6.

Suppose o« > 0, a(t) and u(t) are nonnegative functions and locally integrable on
1 <t < T (someT < 400 ) and F(t) is a nonnegative, nondecreasing, continuous

function defined on 1 <t <T, F(t) < M (constant). If the following inequality

u(t) < a(t) + F(#) [ <ln —)a_lu(s)—s, l<t<T

holds, then



Chapter 2

Langevin fractional differential
inclusions with nonlocal fractional

integral conditions

2.1 Introduction

We consider a problem of fractional differential inclusions as follows:

[ DADP LN (t) € F(t, 2(t)

S O lna(n) = é%mw(&j) (2.1)

=1

p q
el x(r) = Y EdMx(pr)
] =1

\

where D? denotes the Hadamard Caputo-type fractional derivative of order p,
p€{a,f}with0 <o, <1,1<a+f <2 \isa given constant, I" is the Hadamard
fractional integral of order r > 0,r € {p;, v;, <k, 7} the constants n;, &, Ui, @1 € (1, €)
and 0;, ¢;, e, 5 € R, foralli =1,2,... ,m,j =1,2,... , n,

24
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k=12...,p,1l =12...,qand F: [1,e] x R — P(R); where F' is a multifonction.

2.2  Main results

Definition 2.2.1. A function x € AC3(J) is said to be a solution of [2.1] if there exist
a function v € L' (J,R) such that v (t) € F (t,x(t)) a.e t € J and satisfies the equation

D*(DP + X)z (t) = v(t), for each, t € J, and conditions > 0;1"x(n;) = ;1 z(E;),
i=1 j=1

P q
and > epl*x () =Y Z11Mx(p;) are satisfied.
k=1

=1

Consider the constants

— , (log n,)"" (log &)™
hs Z I (i +1) Z¢]F (v +1)°

B m | (log m)ﬁﬂli - n | (log 5j)ﬂ+%‘
%= 2 LB+ pi+1) S

(log Uy)*" : (log ¢1)"
Q3 = - —_—
s ; F(§k+1) ;ylf(n—i—l)
oy 3o oS )

LB+ +1) Vll—‘(ﬁ—i-’rz-l-l) (2:2)

k=1 =1

and

Q - Q1Q4 - QQQg. (23)

Lemma 2.2.1. [63] Let Q # 0, 0 < o, < 1,1 < a+ 5 < 2, X\ is a given con-
stant, (, Vi, sk, 1 > 0, constants n;, &, vk, o1 € (1, €) and 6;, ¢;, ex, v € R, for
1=12,....m, 3 =12,....n,k=12... ., p,l=12,...,q
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Then the problem

[ DUDP N x(t) = b))
f‘,l O:1"x(y;) = _nl ¢l (&;) (2.4)
i el r(vr) = Zq: vl (o)

\ k=1 =1

has a unique solution given by

_ i ; [T+8+Hs (o) — AP+ Hsz: (i, )])
+ (e - ) (E o [1247h () = APz ()] 2
- i Ek []Mmgkh(%) - /\Imgkl‘(%)])}
+ ];‘:’“irﬁh(t) — MPx(t).
Proof.
Using definition can be expressed as an equivalent integral equation:
(DP+X)z(t) =I*h(t) + o (2.6)
It follows that
z(t) = I°Ph (t) — MPx(t) + colfl((;g—_l;)i) + c1, (2.7)

for some c¢g,c; € R.
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Taking the Hadamard fractional integral of order x > 0 for (2.7]), we have

(logt)™™  (logt)"
TB+r+1) 'T(s+1)

Ifz (t) = I°TPFFR () — XIPHRa(t) + ¢ (2.8)
Substituting x = p;,y;, o, 7 and putting ¢ = n;, w;, ¥, ¢ in (2.8)), respectively, and using
conditions of the problem ([2.1)), we get the system of linear equations:

Qe + Qac :Z [I(Hﬁﬂjh (wj) — AIEJFWx(Wj)}

J=1

Z ]a+6+u3 ) _ )\Iﬂ+#jx(nj>:| ,
i=1

p
Qsc; + Qe :Z U [I“Jrﬁ”lh (p1) — )\IﬂJ“”x(gol)}

=1

\E

e [I°TPHoRh (Yr) — NPT 7R (dy)] -

i

1

Solving the system of linear equations for constants ¢y, c;we have

1 - o T T
e (Z o (154 () — A7)

=1

Co =

_ £k [Ia+ﬁ+akh (%) _ /\[,3+Uk$(¢k)])

k=1

— Q3 (z": &y [1°H7Fh (wy) = APH0(w))]

j=1

_ i 91‘ [_]a+ﬁ+mh (771) _ /\]B—Hx(m)])] 7

=1
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1 = B V
=g |% <j21 @y [1FPF0 R (wy) — AP (wy)]

- Z 0; [1°T7 T h (n;) — )\['Bﬂf’?(ﬁi)})]

i=1

P
—Qy (Z ) []a+,6’+nh (@) — )\I’BJFTIJE(SOZ)}

=1

- Z ek [10F7F7%h () — MBJF%I(M)})] :
=1

Substituting constants ¢y and ¢; into (2.7)), we obtain (2.1) as required, the proof is

complete.

]

Let us set the constant

1 Q l u+5+’¥j
M) = | (10 )(Zr@ s
m U+ﬁ+z
+ Z|QZ| (5097%) 8 >

| €]
I(u+ B+ pi+ 1)
| | ) (log )" 7T

+ | ==+

(F(6+1 L Z' F(u+pB+7+1)

D u+,3+§k

lo 1

p (u+5+<;€+1) I'fu+p8+1)
The following hypotheses will be used in the sequel:
(S1) The multifonction F': J x R—P,, . (R) is Carathéodorys;

(S2) There exist a function v € C(J,R,) and a continuous non-decreasing function ¥ :

[0, 00) — (0, 00) such that:

|E (t,y)|| <~ () ¥ (|ly|)for all t € Jand y € R.
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Set

7" = supy(t).
tel

(53) There exists a constant M > 0 such that

M

G (M)A() + AA)

Theorem 2.2.1. Assume that (S1)-(S3) hold. Then the problem has at least one

solution.

Proof. Let the operator N : C'([1,¢] ,R) — P (C ([1,¢],R)) defined by
(logt)" >
Q — ———=0
( Crg+n

(Z qu []a+5+7jv (5;) _ )\]ﬂ"r'ij (5])}

N (z) = {hec*(u,e],R);h(t)_é

m

- Z 0; []a+,3+m,v (77%) — N\][BtHig (771)})

=1

logt)? g
+ <.F( (ﬁgj_) _1) 0 — Qg) <Z = [[a+ﬁ+ﬂ,0 (@1) — AP+ (901)}

=1

p

_ £k [Ia+5+§kv ('@Z}k) _ )\Iﬁ-‘r%w (@Z)kﬂ)

k=1

+ 1Py (t) = MNPz (t), v e SFJ;}

We shall show that N satisfies the assumptions of nonlinear alternative of Leray-

Schauder type.

Claim 1: N (z) is convex for each x € C ([1,¢],R) . Indeed, if hy, hy belong to N (),

then there exist vy, vy € Sg, such that for each ¢ € [1, €], we have
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ogt)? = o . )
hi(t) = g (94_ l(f(g—f—)l)93) <Zl ¢ [17 750, (§) — M ()]
]:
= S Al ) - A (1))

q
]

— Zp: €k [I“*ﬁ“’vvi (Pp) — AIP*erg (@ij)}) + 1By () — NPz (t), i =1,2.

Let 0 < d < 1. Then, for each t € [1,¢e], we have

(27 E)

(3005 [0 (e () + (1= ) ua 6) = A0 (6]

(dhy + (1 — d) o) (£) = é

3B [ o () + (L ) ) — M (m)])

p

— e [1°TPT (duy () + (1 = d) vg (g)) — ATz (1/%)})]

k=1

4 I (dy () + (1 — d) va (1)) — AP (F) .

Since Sp, is convex (because F' has convex values), then dh; 4+ (1 —d) hy € N (2).
Claim 2: N maps bounded sets into bounded sets in C' ([1,¢],R). Indeed, it is enough

to show that for any g > 0, there exists a positive constant [ such that for each z € B, =
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{x e C([l,¢],R): HxH < q}, we have HN(I)H < [. Then for each h € N (z), there

o0

exists v € Sp, such that

W) = (94— gt ) (z b, (1750 (&) = ALz (€))]

Ql=

0; [I““”’“v( i) — NPHRix (n; )})

gt)BQ Q)
P+t )\ =

£ [Ia+ﬂ+<kv (¢k) _ /\]/B-i-@kx (1/%)])

|
.MS

N
— L

MQ

Sy (107470 (@r) = AP ()]

_l’_
/\

+ 1oy (t) — AP (t).

|
M=

k

y (52) we have for each t € [1, €]

I
—

ROl < @ (!Q [+ e |93!) (z 5] (127 0 (&) |+ N TP | (&) 1]
+ |g | [_]a+ﬁ+m ( )‘ + |)\’ B

$ 1 o (o o))

q
+ (e eul + 1) (z 2] 15470 (1) | + X 7z () |

43 el [ () |+ N 2P () u) I ()| 4+ A 2P (1) ],

then

[ (1)]

VAN

il [(| |+ | 9 |) (i| b5 | 124545 ()@ (J2(€)) + | M| P9 ](E)]]

J=1

| S

+ 1] [ ()W (lam)) + | A fﬁwm)r])
+ (s o+ 9 1) (ZIZ [ {15 () @ (2@ + | A | P42 (01|

b e | [1P s ()0 (e () )+ | 3] TP () |})

k=1

+ Iy O (e (@) + A e (b)]
< Y A@U(flzl) + | Al A0) <97A () W (g) + [ A gA(0) =1
Claim 3: N maps bounded sets into equicontinuons sets of C' ([1,e],R) Let t1,t, €
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[1,e], t; < to, B, abounded set of C' ([1,¢|,R) as in Claim 2 and let x € B, and h € N (z).
Then

h(ts) —h(t)] < | (12 | [((logtz)(ﬁ +(l10)9t1 ) <Z| qu |:Ia+6+7j,y(t)\1[ (|:E(§])|)

NIl [+ Y01 | |1 () (e () )+ [ 4] 17

=1

(logtg)ﬁ—(logtl)ﬁ
- ( TG+ |Ql|>

(i\ = | [148 4y () (Jo (o) )+ [ X ] 1247 () ]

=1

D e | I W (e () )+ LA T () |])]

z () |})

k=1
7 () W (||]]) atB atB
+ m (lOgtg) o (lOgtl) +
A
n ;(ﬁyﬂ‘) (logts)? — (logt,)” + 2 (zog ) ‘
<

1 (logts)’ — (logty)’
rm[( (ﬁ+ '“3>

- (lOg gj)a+ﬁ+% | A | q (lOg 5])5+7]
(2;'% { a+ﬂ+% D (6+%+1)]
o () (logm) T | A g (log m) T
D ILUIE - v eyl v Frew

log t2)? —(lo t1)
(( 92)( (191 |Q |>
)a+[3+n ),8+Tl

— U (q) (log ¢ | A q(log v
<Z| |[ (a+ﬁ+n+1) + C(p+n+1) ]
p a+B+sk B+
+ Mol [ ¥a) Gog )" 2% | Ao Gog )" D]

— a+ﬁ+§k+1) L'(B+e+1)
*\II( ) atpB a+p3
t Tar gD CEES) (log ta) (logty) ‘
+ 1“’(2—1@1) (logts)” — (logt,)" + (log 2) ‘

As t; —> tq, the right-hand side of the above inequality tends to zero. As a conse-
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quence of Claims 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that
operator N : C([1,e] ,R) — C ([1,¢] ,R) is completely continuous.
Claim 4: N has a closed graph Let x, — =z, h, € N (z,) and h,, — h,. We need
to show that h, € N (z.). h, € N (x,) means that there exists v,, € Sp,, such that, for
each t € [1,¢]

1

ho (1) = =

Q S r(B+1

ogt)” g
(Q4 (ZLZS))Q?)) (Z b; []a+ﬂ+7jvn (&) — NPHig, (fj)]

m

=0 (1P () = AP, 070])

=1

=1

oat)? q
+ <.]El<ﬂg? 1—) Ql - QQ> (Z El |:]Ol+ﬁ+nvn ((Pl) o )\[B+nxn (901)]

p

- £ [Ia+ﬁ+c%n (¢k) _ )\]B'f'Ckxn (wk)}>

k=1

+ I Py, (t) — NPz, (1).

We must show that there exists v, € Sg,, such that, for each ¢ € [1, €]

o p “
h (t) = 1 [(94 - %93) (; ¢j [1°M7 00, (&) = MPP, (&5)]

— Z 0, [[a+ﬁ+uiv* (n;) — N[ PHtig, (m)]>

i=1

—(logt)ﬁ - =) o Tl a
+ <F(ﬁ n 1)91 — Q2> <ZZI = [[ +8+ v, (901) APt T, (@l)]

p

- £ [[oﬁ-ﬁ'i‘%v* (@bk) _ )\IB+<kx* (Q/Jk)})

k=1

+ I Py, (t) — XTPx, (t).




34 2.2 Main results

Consider the continuous linear operator
O:L'[1,e] — C([1,¢],R)

defined by

UI—>(@U)(t):$

(logt)” . a+B+7; .
<Q4 - m&%) (; o; [I Ty (&) — PVLRRE (5])]

. Z 91 [[a+ﬂ+uiv (77%) _ )\Iﬁ"!‘ﬂim (771>]>

i=1

(logt)” ! = [rat+B+mn +7

p

_ £k I:]'Ol+/8+§kv (@ij) — APty (wkﬂ)

k=1

+ 1Py (t) — NPz (1) .

Clearly, ||h, — h.|., — 0 as n — oco. From Lemma [1.2.3] it follows that © o Sp is a
closed graph operator. Moreover, we have h, (t) € © (Sg,) Since z,, — ., it follows
from Lemma [1.2.3] that

ha(t) = =

(log t)ﬂ - a+B+7; +v;5 .
<Q4 - m%) <]Zl o5 (1770, (&) = M7 (¢5)]

m

. Z 0@ [Ioc—f—ﬁ-i—uiv* (,,h) _ )\IB‘HM:E (771)]>

=1

logt)” ! = [ ra+8+7 +7

p

_ £r []a+ﬂ+ckv* (Vy) — NPtk o (w,&})

k=1

+ I Py, (t) — XPx (1).
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Claim 5: Let z € C ([1,e

|, R) be such that z € AN (z) for some A € (0,1). Then, there

exists v € L' ([1,¢|,R) with v € Sk, such that, for each ¢ € J,

z(t)

+

+

Ql=

logt
<Q4 IRECESY

Ms

1

-.
Il

(logt)” t)B
F(B+1)

/\

k=1

%[(lmw

_]a+ﬁ+m

) <Z ¢y [1°70F50 (&) — AP ()]

0, [ch+6+mv (m) — \[Ptrig (Wz)})

- 0,) (z =1 17470 (1) = APz ()]

En []oz—i-ﬁ-i-ckv (¢k) _ AIB"F(kx (wk)})

logt
r(p+1)

v (7

q
"éil) [0 ]+ 10 ) (lzl| = | (1 (@) ] 1P () |

+ 9Py (t) — NP (t).

|9 |) (2 |65 | [Tl (&) [+ | A 177912 (&) |

z () |})

z) |+ | A | [5+M¢

3o | [1H 4o () 1+ A ] 1745 () \])] F I (0) |+ [N Pl (1),

From (52), we get

|z (1) |

<

+

%[(wu

logt
I(B+1)

| |> (z [ | [127540 () (|2 (&) )+ | M| P9 (6) ]

10| [rr e () (e () )+ | 4| 17 () |

q
(Hosl 1 |+ ) (Zl =] |15y (0 (2 () )+ | A | PP+ (01 |

k=1

S en | [T 450 (0) W (fo () )+ | A 19454 () |D]

1Py () W (Je (O [) + | A1 (8) |
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A
‘H

('Q“'+ CES TR )(ZI@ [0 () | 3| 129 ]

asn])

q
b (e 1+ 10 ) (Sl [ o

o)

210 | [ (al]) + | A | 25
i=1

)+ 1x ]
p

b Bl [Fssmw (ol + A 125 ]
k=1

+ 1Py () + [ A | 17|l
Then
lz ()] < YY(|7)lo)Ale) + [AAO) 7| co-

Thus

|]]oo
TV (|2]loo) M) + [AA(O)|2]] oo

<1
By (53), it follow that ||z||. # M. Set

U={zeC(1,¢,R):|z|| < K+1}.

From the choice of U, there is no x € QU such that u € AN (u) for some A € (0, 1).
As a consequence of the nonlinear alternative of leray-Schauder type, we deduce that N

has a fixed point w in U which is a solution to the problem ({2.1)).

We present now a result for the problem (4.1) with a nonconvex valued right hand
side.
Our consideration are based on the fixed point result in Lemma/[1.2.4] So, let us introduce

the following hypotheses
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(S4) F : J x R — P, (R) has the property that, F'(.,u) : J — P, (R) is measurable
for each u € C (J,R).
(S5) There exists L € C' (J,R) such that

Hy(F (t,u) — F (t,u)) < L(t)|lu—1u| foreveryu,u € R.

Theorem 2.2.2. Assume that (S4) and (S5) are hold.
If
L*A (o) + A A(0) < 1, (2.9)

then the problem has at least one solution on J.

Proof. We shall show that NV satisfies the assumptions of Lemmal[l.2.4] The proof will be
given in two steps.

Step 1: N (z) € P, (C (J,R)) for each x € C (J,R).

Indeed, let (h,),so C N (z) be such that h, — hin C (J,R). Then T in C (J,R) and
there exists v, € S, such that for each ¢t € J,

o (log t)ﬁ - a+B+7; +7;
0= (2= £ (S o)

N Z 0; [IaJrﬁJrﬂz‘Un (771) _ )\Iﬂ+,uix (771)]>

i=1

ogt)’ q
+ <%Q1 — QQ) (Z = [_]a+ﬁ+nvn (p) — N[5+ (@l)}

=1

— ) e [I0TF R, () — ATV (m)]) + I8y, (t) — MPx (t).

p
k=1

Using the fact that F' has compact values and from (S2) we may pass to a subsequence
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to see that v, — v in L'(J). Then for each t € J

~ [0) B n
by (t) — h(t) = é [(94 — %Qg) (Z o5 [1°P 0 (&) — APz ()]

m

. Z 0; [IOH‘/B'HMU (772) — \[PtHig (771)})

i=1

logt)’ a
+ <%Q1 - QQ> (Z = [[a+,3+nv (QDl) APty (SOZ)}

=1

iS]

+ 1Py (t) — APz (1) .

_ £k [Ia-‘rﬂ-l-%,v (¢k) _ )\Iﬁ-f—ckx (@Z)k)})

So, h € N (z).
Step 2: There exists 7 < 1 such that Hy (N (z), N (z)) < v ||z —z||, for each 2,7 €
C(J,R). Let 2,7 € C' (J,R) and hy € N (z). Then there exists v; € F' (t,z (t)) such that

for each t € J,

o A &
=g KQ “rn) (el e

_ Z 0 [1H7 iwy (1) — AP 070])

8 q
+ ( G e Q2> (Z =117 oy () = M ()]

=1

=

— £k [Iaw*g’“vl (Y1) — APy (wk)D + 1Py, (1) = XTPx (t).
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From (S5) it follows that

Hy (F (1), FEz(t) < L) e () -z @)

Hence, there exists w € F (¢, T (t)) such that
g (t) —w| < L) |z (t) —Z(t)],t € J
Consider U : J — P (R) given by
U(t) ={weR: | (t) —w[ < L) [z () - (B}

Since the multivalued operator V (t) = U (t) () F (¢,Z (t)) is measurable, there exists a

function vy which is a measurable selection for V', so vy € F' (¢,7 (t)) and for each ¢ € J,
v (t) —v2 ()] < L(t) |z (t) =z (@0)],t € J.

Let us define for each t € J,

o A a
a5 [(9 Ty (ol e

_ Z 0, |:Io<+6+lliv2 (n;) — \[Btrig (m)]>

=1

—lO tﬁ - = a+p+T1 +7=
+ (F((ﬁng)l)Ql_Qz> (Z = [[ p 02(%)_)\1/5 37(901)]

=1

p

i en []a+5+<kv2 (wk) _ )\Iﬂ-‘!—%f (wk)})
k=1

+ I Py (t) — XIPZ (1)
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Then for each t € J

0 B
I 8= e 0] < (\94\ 4 Mogt)” mg\)

rpg+1)

(Z [ [77F757 ([ (w1 = o) ()] + AIPF7 || (@ — ) ()]

Jj=1

+ D 1G] 1| (0 = v) ()| + AP (2 — ) (m)IH)

o)
+ (1525921) \QﬂﬂQz!)

(Z [El [127 7 (01— o) ()| + AT I (2 = 7) ()]

=1

+ D lerl [P (0n = wa) () || + AL | (2 — ) (%)II])]

k=1

+ I8 | (v, — vg) (B)|| + AP ||(z — ) ()]

0 B
(\94\ ; —ﬂ(;fl) mg\)

1
< —
2]

(Z 6] [P (= D)oo + A P (2 — D) ]

Jj=1

£ 5010 [ = B+ A TP (0 —f>||oo})

=1

(logt)"
+ (F(ﬂ—l—l) ‘Qﬂ—l—’QQ’)

q
(Z Sl [1777 ([(2 = T)lloe + AT (2 = 7)o
=1

+ D lerl [y (2 =) o+ (A 1P | (2 — f)lloo])]

k=1

+ 1Py (@ = D)o + NP (@ = 7)o
<7 A(a) [[(z =) + [AA0) Iz =)l

< (LA (@) + ATA(0) [[(x =)l



2.3 An Example 41

So N is a contraction and thus, by Lemma [1.2.4], N has a fixed point x which is
solution to the problem ([2.1)). ]

2.3 An Example

Consider the following problem of Caputo-Hadamard fractional differential inclusion with

nonlocal fractional integral conditions:

2I5y(2) + 5 1y(5P) + g1y () = 45y (%) (2.10)

_ 2 52
Here a = 3,8 = %, A

Set

A(3) ~ 6.598, A(0) ~ 5,945.

_ 1
~ 6A(0)’

Ft,z(t)) ={velR:0<v<e (2] +1)}.

For each t € [1,¢] and v € IR
1F(t w)ll < e (Jul +1).
By putting v(¢) = e™* and ¥(u) = |u| + 1, we can show that

M
VW (M)A(e) + [A[MA(0)

> 1,

which implies that M > 2,68584. Hence, by theorem [2.2.1] the problem ([2.10) has at

least one solution on [1, ¢].



Chapter 3

Generalized metric space and random

variables

3.1 Introduction

Random differential equations and random integral equations have been studied sys
tematically by Ladde and Lakshmikantham [25] and Bharucha-Reid [5], respectively. They
are good models in various branches of science and engineering since random factors and
uncertainties have been taken into consideration. Hence, the study of the fractional
differential equations with random parameters seem to be a natural one. We refer the
reader to the monographs [53, [60], and the references therein. Very recently fractional
differential equations with random parameters have been studied by Lupulescu et al [30]

and Lupulescu and Ntouyas [29].

3.2 Generalized metric space

In this section we recall from the literature some notations, definitions, and auxiliary

42



3.2 Generalized metric space 43

results which will be used throughout this chapter.

Let z,y € R™ with o = (x1,29,...,2m), ¥y = (y1,%2,- -, Ym). By z <y we mean
x; <y, i =1,...,m.Also || = (|x1], |22, - . ., |Tm]), max(z,y) = (max(x1,y1), ..., max(Tm, Ym)),
and R ={z e R" :z; e Ry, i =1,...,m}. If c € R, then # < ¢ means z; < ¢, i =

1L,...,m.

Definition 3.2.1.

Let X be a nonempty set. By a vector-valued metric on X we mean a map d : X x X —

R™ with the following properties:
(1) d(z,y) >0 for all x,y € X, and if d(x,y) = 0, then x = y;
(ii) d(z,y) = d(y.z) for all 2,y € X

(1ii) d(z,z) < d(z,y) + d(y, z) for all z,y,z € X.

dl (.’L’, y)
d2 (iL‘, y)
We call the pair (X, d) a generalized metric space with d(z,y) :=
Ao (2, )
Notice that d is a generalized metric space on X if and only if d;, ¢ = 1, ..., m, are metrics

on X.

For r = (r1,...,72) € R}, we will denote by

B(zo,r)={r € X :d(vo,z) <r}={r e X :d;(vo,x) <ryi=1,...,n}
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the open ball centered in xy with radius r and
B(zo,r) ={r € X :d(vo,z) <r}={re X :d;(vo,x) <mry,i=1,...,n}

the closed ball centered in xy with radius r. We mention that for generalized metric space,
the notions of open subset, closed set, convergence, Cauchy sequence and completeness

are similar to those in usual metric spaces.

Definition 3.2.2. [67/

A square matriz of real numbers is said to be convergent to zero if and only if its spectral
radius p(M) is strictly less than 1. In other words, this means that all the eigenvalues of
M are in the open unit disc, i.e. |\ < 1, for every A € C with det(M — \I) = 0, where I
denotes the unit matriz of M, xm(R).

Example 3.2.1.

The matriz A € Mayo(R) defined by

a b
c d

converges to zero in the following cases:

(1) b=c=0, a,d >0 and max{a,d} < 1.

(2) c=0, a,d>0, a+d<1and -1 <b<0.

(3) a+b=c+d=0,a>1 ¢>0andl|a—c|l <1
Theorem 3.2.1. ([677], p.12, p.88)

Let M € M, x,, (Ry) The following assertions are equivalent:
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(i) M is convergent towards zero;
(ii) M* — Oask — oc;

1) The matriz (I — M) is nonsingular and
( ) g
([—M)_l ——]+M—|—M2+...+Mk—|—...,

(iv) The matriz (I — M) is nonsingular and (I — M)™" has nonnegative elements.

Definition 3.2.3.
Let (X,d) be a generalized metric space. An operator N : X — X is said to be
contractive if there exists a convergent to zero matrix M such that

d(N(z),N(y) < Md(z,y) forallz,y € X.

Theorem 3.2.2. [/6]

Let (X,d) be a complete generalized metric space and N : X — X a contractive
operator with Lipschitz matrix M. Then N has a unique fized point x, and for each

ro € X we have

d (N* (o) ,2.) < M* (I — M) d (o, N (20)) forallk € N.

3.3 Random operators

Let <SN2,.7-"> be a measurable space; that is, a set Q with a o-algebra of subsets of Q. A
probability measure P is a measure with P (£2) = 1. Then ({2, F,P) is called a probability
space. In the following, assume that (ﬁ,f , IP’) is a complete probability space. Let X

be a metric space, B(X) will be the o-algebra of all Borel subsets of X. A measurable

function x : Q — X is called a random element in X.
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Let X,Y are two locally compact, metric spaces and f : OxX =Y. By C(X,Y) we
denote the space of continuous functions from X into Y endowed with the compact-open

topology.
Definition 3.3.1.
A random operator T : Q xX — X is said to be continuous at zy € X if lim ||z, — zo|| =
n—oo
0 implies lim | T (w,x,) — T (w, x0)|| = 0.
n—oo
Lemma 3.3.1. [/2/

f is a Carathéodory function if and only if w — 7 (w)(.) = f(w,.) is a measurable
function from Q — C (X,Y).

Proposition 3.3.1.

If f : [1,e] x Q@ — R™ is a Carathéodory function, then the function (t,w) —

I*f (t,w) is also a Carathéodory function.

Proof.

Clear that I* : C'([1,¢],R™) — C([1,¢],R™) is a continuous operator, let L : Q —
C([1,e] ,R™) defined by L (w) (.) = f (.,w). Then L(.) is measurable. Then the operator
w— (I*o L) (w)(.) is measurable. Since the continuous function ¢t — I*f (t,w). Hence

(t,w) = I*f (t,w) is a Carathéodory function, the proof is complete. ]

Theorem 3.3.1. [1d, []7, [54)/

Let (2, F, 1) be a probability space, X be a real separable generalized Banach space
and F: Q x X — X be a continuous random operator, and let M (w) € M,xn(Ry) be a

random variable matrixz such that for every w € Q, the matrix M(w) converges to 0 and

d(F(w,x1), F(w,x9)) < M(w)d(xy1,22); for each x1,z9 € X and w € Q.
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Then there exists a random variable x : 0 — X which is the unique random fixed point of
F.

Theorem 3.3.2.

Let (Q, F, 1) be a probability space, X be a real separable generalized Banach space
and T : Q@ x X — X be a continuous random operator, and let M(w) € Mxn(Ry) be a

nonnegative real matriz random variable such that p (M (w)) < la.s. and
T (w, 1) — T(w,x2)|| < M(w)d(xy1,22); for each x1,29 € X and w € ).
Then there exists a random variable x : 0 — X which is the unique random fixed point of
T.
Theorem 3.3.3. [15, 5]

Let X be a real separable generalized Banach space and'T' - OxX = X bea completely
continuous random operator. Then, either of the following holds

(1) The random equation T (w,z) = = has a random solution, i.e., there is a measurable
function z + Q — X such that T (w,z (w)) = z (w) for allw € Q,

(1) The set M = {w : Q — X ismeasurable \(w)T (w, ) = x} is unbounded for some

measurable A : Q — X with 0 < X (w) < 1 on Q.



Chapter 4

System of boundary random fractional

differential equations

4.1 Introduction

Random differential equations, as natural extensions of deterministic ones, arise in many
applications and have been investigated by many mathematicians. We refer the reader
to the monographs ([5, 25, [65]). The initial value problems for fractional differential with
random parameters have been studied by Lupulescu and Ntouyas [29]. The basic tool in
the study of the problems for random fractional differential equations is to treat it as a

fractional differential equation in some appropriate Banach space.

In 2008, Precup [48] proved the role of matrix convergence in the study of semilinear
operator systems. Recently, many authors studied the existence of solutions for systems of

differential equations and fractional differential equations and inclusions by using vector

version fixed point theorems; see [0, [37, 35, 36, 50] and in the references therein.

!Zakaria Malki, Farida Berhoun and Abdelghani Ouahab, System of boundary random fractional
differential equations via Hadamard derivative, Paedagog. Crac. Stud. Math. J 20 (2021), 17-41

48



4.2 Main results 49

Motived by such works, we consider the system of random fractional differential equa-

tions with nonlocal boundary conditions in the following form:

DY(DP + )z (t,w) = f(t, z(t,w), y(t,w),w)

D’Y(D —|—)\2)y(t,CU) = g(tv x(t,w), y(t7w)7w)
> Oiltiz(n,w) = ¢ x(&),w)
i=1 =1
i el x (Y, w) = i vl x(po,w) (4.1)
k=1 =1
'231 9_[“734(77@, w) = Zl ¢_j[%y(£j’ w)
i= j=

gl y(Yr,w) =

M*@
MQ

Ty (@1, w)

£
Il
—
o~
Il
—

where D? denotes the Hadamard Caputo-type fractional derivative of order p € {«, ,7,0}
with 0 < o, 8,v,0 < 1,1 < a4+ < 2,1 < v+ 0 < 2, A\, \g are given constants,
I" is the Hadamard fractional integral of order r > 0, v € {u;, v;, Sk, T» Fis V5> Sk» 71}
the constants n;, &, Yk, €1, T, & Uk, @1 € (1, €); 04, ¢, ex, v, 0iy &5, Fr, U € R, for all
i =12...,mj =12...,nk =12...,p 1l =12...,q;,and f, g : [l,e] X

R™ x R™ x 2 — R™ are given function, (£2,.4) is a measurable space.

4.2 Main results
Counsider the constants

(log gj)

- (105-’5 Th‘)m
0 = 0, ——————— _— e
! Z ‘ r (”VJ + 1)

¢J

—
=
+
C‘/
||M

ﬁ""'YJ

— , (log ;) ~ . (log &)
QO = 91-—
2 Z L(B+pu+1) Z%F B+ +1)

p S| q T
1 ¢ 1 l
Q, — (log %) _Z”’(r(()gil)n’
T
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p B+<k q B+7
(log %) (log )™
Q = - 4.2
! kz T'(8+c+1) z:: F(B+n+1) (4.2)
and
Q=094 — Q05. (4.3)
Similarly, we set
_ T (log 77@ log fj
Q, = 0 —————
1 z:: T (i + ; T +1)
L m o (log Th a+,u,,b log 5])0‘4"7]
o - Sa e n s
i=1 (U+Mz+1 -1 O-_}"Y]‘{‘l)
- 2. _(log )" 1og (log 20)"
e
— I'G+1) — (m+1)
- Lo (og ) S (log )T
Q4 = €kr Z (4 4)
—~ Tlo+a+1) = T(o+7+1)
and
Q=00 — Q20;5. (4.5)

Lemma 4.2.1. [65] Let Q4£0,0<a,f8<1,1<a+p8<2 )\ isa gen constant,

iy Vis Sky Tl > O; the constants i, 5]’7 wka Pi €
op =120

L2, omj=12..,nk=1-2

18 equivalent to the problem

(1, e) and 0;, ¢;, ek, i € R, for i =
, q. Then the problem

[ DUDP 4 M) (tw) = [ a(tw), y(tw),w)
> 0,1 a(r. ) > 606 ) (4.6)
i exd* x (g, w) i vlmx(pr,w)

\ k=1 =1
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z(t) = & [(94 _ 1o§+t)15 > (ﬁ: 1P (g, 2 (&5,0), y (6, w) s w) — APz (&, w)]
_ i{ O; [1oTP1 f (ny (i, w) , y (s, w) , w) — A TP i (m’w)}>

og t)° . el T T
+ <%Q1 - Qz> (l:zl v [IFPHf (o, @ (o1, w) , y (o1, w) , w) — M TP (¢, w)]

= E [ 5 (), (), ) = W ()] )
+ I;Jrﬁf(t, z(t,w), y(t,w), w) — M IPz(t,w).
(4.7)
Similarly
Let Q # 0,0 < v,0 < 1,1 <~v+4+0 < 2\ is a given constant, 11, 7j, Sk, 11 > 0,
the constants T, &, Ur, p1 € (1,¢€) and 0;, ¢;, &, 7 € R, fori = 1,2,...,m,j =
L,2,...,n k=12 ...,p, 1l =1,2,...,q. Then the problem

'mwwmmmw>=mwwmy&mw
;G_I“Zy(m, w) = Ezjcb_my(&, w) (4.8)
ézw%ﬁm - i (7, w)

18 equivalent to the problem

y(t) = 5

(0 ) (£ 5 10 @0 ) (61) ) = 2l T ()]

—-Zamwwﬂmxﬁw%wmw&wﬂﬂmw%ww

i=1

= . -
+ El(()cgf;-it—)l ) (2 [I’Y+U+Tlg ((;Ol (@7 OJ) Y (@a OJ) ) CU) - >‘210+le (@7 W)]

- ké & (D% g (Yns o (Y w) Y (Vi w) , w) = AI7 Ty (%,w)])}
+ DY (t x(tw), y(t,w), w) — A% (t,w).

=

(4.9)
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Let us set the constants

1 Q 1 ANutB+;
M) = o7 (| UltEETD l . )(Z’% uoigﬁjlrv +1)
J
- (log m)M i )
+ ;' Z|F(u+ﬁ+ul+1)
| | - (log )"
+ (m+|92 |) (;'“l Tt prntD
. p | | (logw )quﬁJer 1
2 Tt Brotl) I(u+p8+1)
and
) Q 1 uto+7;
Ao(u) = o (\94|+ - >(Z|¢J uoiij)—i—v_j%—l)

| (log m)"”ﬂ” )
'fu+o+m+1)

+
|

@
Il
—

JE— B IOg S0[)1H~cr+7'l
— 4+
+| |) <Z| I'u+o+7+1)

| (log o) )
I'u+o+5+1)

_.I_
VR
ﬁ_
D=
+H
)—l

1
I'u+o+1)

_l_
M-
2

i
I

Our main first result is the existence and uniqueness of random solution of the problem

(#.1)

Theorem 4.2.1. Let f,g:[1,e] x R™ x R™ x Q — R™ are two Carathéodory functions.

Assume that the following condition

(H) There exists random variables py, pa, P3, P4 : Q- R, such that

1tz y,w) = [ (82, 9,0)]| < po (@) lz =2 +p2 (W) ly =9l Ve, y,7,5 € R™
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and

lg &, 2,y,w0) — g (£, 2,9, w)|| < ps (W) [l — 2| + pa (@) ly = 9ll, Yo,y 7,5 € R™

holds.
If for every w € Q, M(w) converge to 0, where
) — ( A () pr (@) + M| As(0) A (@) p2 () )
A2 (7) ps (w) A (7) pa (W) +[Xa]A2(0) )

then problem has unique random solution.

Proof. Consider the operator N : C ([1,e] ,R™) x C ([1,€] ,R™) x Q@ — C ([1,¢€] ,R™) x
C([1,¢e],R™),

(x(7w)7y(7w)7w> = (Nl (t?x(t7w)7y(t7w>7w)7N2 (t,a:(t,(.U),y(t,W),W))

where

oz 1)°
N (z(t,w),y(t,w),w) = <Q4 — gl(gfl)Qg)

by (190 £ (6,0 (6, 0) y (6,0) @) — MIP*z (6, 0)

I~ ol=
M=

&,
Il
-

|
M

-
I
—

Qi [-[Oé+ﬂ+#if (7727 x (nww) » Y (nmw) ) w) - )‘llﬁ+ﬂix (77%7("))])
)/3
1)

] [[a+,8+7lf (@la x (Sola w) Y (@l; w) ,(.U) - )\1[5+7'lx (Qpla CU)]

0, — Qg)

+
A~
~Nl=
Y
+ o~

% o~
TP

- Z Ek []a+/8+gkf (1/% x (1/}]“(,&)), Yy (¢k7w) ) w) - )\1]/3-*-%1. (wlﬁw)})]

k=1
+ It 2 (tw), y (tw), w) — Mz (t,w)

and
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Ma(olt)plt)w) = &) (- i)
(i & [ g (&, 2 (§.w) 5y (§,w) s w) = Xl 7Ty (§,w)]

&,
Il
|H

|
=
IS
"~

2

+

q

+

X

g (7, (), y (), @) — Al oy (7, wn)

=1
+ (5“1(()54%9_1 - Q_2>
q o _
S 57T 5, 0 () () ) — el Ty 5 w)])
P o . . S . -
- ];1 €k [I’Y+U+<kg (¢k7 T (d}kvw) » Y (d}kvw) ) CU) - )\2[U+<ky (wlmw)])]

+ D1t x(t,w), y(t,w), w) — M l%y(t,w).
First we show that NN is a random operator on C' ([1,¢] ,R™) x C'([1,¢] ,R™). Since f and
g are Carathéodory functions, then w — f(t,z,y,w) and w — g(t, z,y,w) are measurable
maps in view of proposition [3.3.1| we concluded that, the maps
w— Ni(z(t,w),y(t,w),w),w = No(z(t,w), y(t,w),w) are measurable. As a result, N is a
random operator on C ([1,¢],R™) x C([1,¢e],R™) x Q into C([1,¢],R™) x C([1,¢e],R™).
We show that N satisfies all the conditions of theorem on C([1,e], R™)x C([1, e], R™).
Let (z,y), (z,79) € C([1,¢],R™) x C([1,e],R™), then

[N (2 (t, w), y(t, w), w) — Ni(E(t, w), §(t, w), )|
<Q4 — (log-it-l ) (Z ¢ []a+’3+%f (fj? z (5]#"")7 Y (gj’w))

- ]a—hB—ij(gjv (gjv )7 (§j7 )) - 1 [Iﬁ_ﬂjl’(gjvw) - I/B+’Yj‘%(€j7w)ﬂ
- Z 0; [IaJrBerf (nia Z (%W)a ?J(%W)) - ]a+5+,u¢f (771'7 T (ni’w)7 Yy (%W))}

=1

-\ []5+Mx (i, w) — B+ F (m’w)]]>

q
- ( béil 0 — Q?) (Z Uy [[a+ﬂ+ﬂf(<ﬂl, z (p,w), y(o,w))

=1
— I (o1, 7 (p1,w) 5 (1, 0)) = M [P (g1, w) = 19771 (9"”“)]]

=3 [T (s (o) sy () — TS (7 ($,0) 5 ()

k=1
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— A [I7Fka (g, w) — Tk (w’“w)]])]

+ IBf(t o (tw), y(t,w)) — I8 f (¢, 7 (t,w), §(t,w)) — N\ []Bx (t,w) — I°% (t,w)} H

< &[0 - L2to (2 >0, [Ww f & 2 (Gw), y(E6w)
- 76 2 () |20 e 6) - (60

+ if)l&- {I“%*’” f iy & (i, w) , y (mi, W)

O an) ) [ #3070 (0) = 3 ) D
e i {f"‘””” f ez (pnw), y (1, w))

C Flen #onw), Flgne >>H+Alfﬁ+ﬂ

z (pr,w) — & (o1, w 'H

+ zp: £k |:]'Oé+,3+§k
k=1

F (W @ () s 3 (0s)) — F (s & () G (s 0)) H]

)

Fta(hw), y(Lw) — (b # (6w, §(tw) H“l”

Q n 10 +B+'Y]
< pi(w) {_§12| <|Q4| + F(Bﬂl)) (Z |¢J| : a+g+7]+1)
j:

m oaJrBJrul

(lo
+ ;‘“i’%—mm)

+ )\1-[/6+§]C X (¢k7w> - (¢kaw)

+ [otP z(t,w) — Z(t,w)

a+/3+n

lo
[+ 10u]) (3 ol s
p
(log 1 )a+/3+<k 1
t 1;1 €] O‘+2+§k+1)] T F(a+,6’+1)}
Q log & ﬂ +7;5
+ |)\1|{% <|Q4| + F(Bﬂl)) (Z |¢J|( gg_t,_J%_;,_l

10 )5+#1
- H))

(

_l’_
/—\

r(,w)—2(,w)
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ﬁ+l

(1o lo
(st toul + ful) (2, Sl Sl
(log i)tk 1
1 ] B+}§k+1) ] + F(6+1)}
p2 (w) {ﬁ

|0 | (log 1) a+6+u~b
T'(a+B+pi+1)
q lo a+p+T7
( 25 100+ fal) (£ ol et
p
(log ) * TPk 1
D lex] F(a+lfi+ck+1)] + F(a+,6’+1)}
1 10| (log &)+
p‘ll{ﬁ <|Q4| + F(ﬁil)) (Z |95 %_ﬁwﬂ
(log n)° i
Ry
(1 1 VBT
(25 bl + 1) 2, o S5

(log 1 ﬁ+<k 1
Z [ex] m’éw ] + F(B+1)}

M@

z(hw) =7 (w)

£
Il

||M3

y('vw) - @(-,w)

y('? w) - Zj(; w)

(pl (W) Ay (@) + |A1|A1(0)> (- w) = Z( W)l + P2 (W) A

then

[Ny (8 2, y,0) = Ny (8,7, 9, w)| < (pl (w) Ay (a) + |/\1|A1(0)> |z — 2|

+p2 (W) Ar(a) |y — gl

Similarly, we obtain

lo t 1 5 +B+’7]
<|Q4| + 4 §+1 IQ3|> (Z |51 Oi+,8—+'y]+1)

(@) [ly (-,

w)

=90 W)l »
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Hence

where
T\,w - YWl
oy — [1EC®) = el )
lz(w) — y(wle
and
M(w) = Ay (@) pr (w) + [A1]A1(0) Ay (@) p2 (w)
Az (7) ps (w) Az (7) pa (w) + [A2|A2(0)
Since for every w € Q, M (w) € Myxy (Ry) converge to zero, then from theorem m
there exists unique random solution of problem (4.1)). This completes the proof. n

Now, we present an existence result without Lipschitz conditions. We consider the

following hypotheses:

(Hy) For every w € ), the functions f(-,-,-,w) and g(-,,-,w) are continuous and w —

fG, - w), w—g(- -, -, w) are measurable.
(Hs) There exists measurable and bounded functions 7, 72 : 2 — R such that

1t 2y, W) < y(w) (]l + llyll + 1),

lg(t, 2, y, W) < va(w)(l[zfl + [lyll + 1),
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forallt € [1,e], w € Qand z,y € R™
We shall rely on Leray-Schauder random fixed point theorem type in generalized Ba-
nach space to prove our existence result.
Theorem 4.2.2.

Assume that the hypotheses (Hy), (Hz) and the condition
Ar(a)m(w) + Az(y)72(w) 4 [A1|A1(0) + [A2]A2(0) < 1, (4.10)

hold. Then the problem has a random solution defined on [1,e]. Moreover, the

solution set
S={(z,y) : Q= C([1,e],R™) x C([1,e], R™) : (z(-,w),y(-,w)) ,w € Qis solutionof ([£.1)}

18 compact.
Proof.

Let N : C([1,¢],R™) x C([1,¢],R™) x Q — C([1,€],R™) x C([1,¢],R™) be a random
operator defined in Theorem [4.2.1] In order to apply theorem [3.3.3 we first show that N

is completely continuous. The proof will be given in several steps.
Step 1.
N(-, -+ w) = (N1(+, -, w), Na(+,-,w)) is continuous.

Let (2, y,) be a sequence such that (z,,y,) — (z,y) € C ([1,¢],R™) x C ([1,¢],R™)

as n — 00. Since f is a continuous function, then

Z |¢j|||]a+ﬁ+7jf(€j’ xn(&jvw)v yn(gjvw)vw) - ]a+5+7jf(§j7 x(&j’w)’ y(€j7w)’w>||oo —0 asn— 00,

i=1

Z |9i’||la+5+mf (7h'7 In(m?w)a yn(nivw)) - IOH—ﬁ—HMf (771'7 I(%W)a y(nivw)) HOO —0 asn— 00,
=1

q
Z |vl|||]a+ﬂ+nf (9017 CCn(QOZ,CU), yn(golaw)) - ]O&+ﬁ+"f]’f (9017 $(S017w)» ?J(‘Plaw)) ||oo — 0 asn — oo.
=1
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and
||]a+5(f(t’ x”(t7w)7 yn(tvw)aw) - f(t7 x(t,w), y(tw), W)Hoo
M| P (zn(t,w) — 2(t,w)[loo = 0 asn — oo
Thus
||N1 (In (',W),yn (',W),u}) _Nl (x(-,w),y(-,w),w)“oo — 0 as n— oo.
Similarly

| No (2, (- w) ,yn (W) ,w) — Ny (2 (,w),y (,w),w)|,, — 0asn—oco.

Thus N is continuous.
Step 2.
N maps bounded sets into bounded sets in C([1,e],R™) x C([1,¢e],R™). Indeed, it is
enough to show that for any ¢ > 0 there exists a positive constant [ such that for
each (x,y) € Bq = {(:E7y) € C([l,@],R) X C([]_,G],R) : (HxHOO’ ||y||00) S (Q7 q)}’ we have
HN(J:,y,w)HOO <l= (l17l2) :
Then for each t € [1, e]; we get
[N1(z (8),y (), W)
O, B n @ .
a <Q4 - }l(éﬂ)ﬂg> (El b; [[ (&5, (&5,w) 5 v (65,w))
‘7:

— )\1]’6+'ij£‘ (§j7W)i|

_ i&i [Ia+6+mf(77i, x(n,w), yn,w)) — AJBW"I‘(m,w)])

q

O il o T T
b (B - a) ([l o ) (1) = W (1

=1

|
M=

B
Il
—

€k [faH”%f (U, & (Y, w) , y (th, w)) — AP (@Z)k,w)])]

+ Itz (tw), y(tw) — Mz (t,w)
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j?(éﬁv Jr(gj,UJ), Y (éﬁ?°u>>

IA

L
1]

| Q| "‘(102};1 | Q3 ]) <Z| . [[oc+5+w
A 1700 (8 0)
b O] [T () )
+ <F6+1 ‘Ql]+‘92’><
1A P (o) ]

f(wka z (¢k7w>7 y(%M))

+ I 25 )]

q
E:‘Ul|[[a+ﬁ+n

=1

f (9017 w(gpl?c‘-))’ y(SObW)) ‘

p
+ Y ler | [_]a+ﬂ+ck
k=1

'+ | Ar | T4l (i, w) ||D]

o a (tw), () \+ A | P (k) |
< |19 |+ 0 |) (ZI | 10 (@) (e @)l + Iy (& )l
A P, W)

| A1
b 316 [17 (@) (e )] + o))+ | fﬁwnx(m,w)n})]

o (a5 10 1al) (1ot [0+ Gatero + o
1A P (o) ]
3l | [ () (la (e >H+Hy<wk,w>u>+wfﬁ+<kux<wk,w>u])]

_'_
+ I‘”ﬁ%( ) (lz (&)l + lly (£ w)l) + T A [ 7] (£, w) |
< oy (@) A (@) (lzll+ Tyl + T A | gAq (0)

< %( )As(a) (29) + | A1 [ gAi (0)

[Ny (2 (@) 5y (5 w) W) [lee < (@) Ar (@) (29) + [ A [ A1 (0) < (w).

Similarly, we have
[Nz (2 (-, w) 5 (w) W) floo < 72 (W) A2 (7) (20) + | A [ A2 (0) <l (w).

Step 3.
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Next, we will show that N maps bounded sets into equicontinuous sets of C'([1, e], R™) x
C([1,e],R™). Let B, = {(z,y) € C([1,¢],R™) x C([L,e],R™) : ||z|| < r, |ly]]| <7} bea
bounded set in C'([1,¢e] ,R™) x C ([1,¢] ,R™) as in Step 2.

Let t,t2 € [1,€] with t; <ty and (z,y) € B,.

Then we have

[N (% (2, w) sy (t2,w) ,w) — Ny (2 (t,w), y (t,w) ,w)]|
%[((log tzﬁ(mllo)g = 93)
<§: ¢; [T f (&, 2 (&, w) ,y (&, w) ,w) — M TPz (&, w)]

S5 0 L1980 i ) ) ) = NI w>])

(logt )’ —(log t1)”
2(ﬂ+1) : Ql)

2o [If (o (1, 0) y (1, w) @) = WIP T (o, )]

/‘\/\
)

i Ek [Ia+,3+§kf (. x(¢k7 )7 y({/}k,w)’ w) _ )\1[,3+ckx (Q/Jk,w)])]
I“*‘*f (t, x (ty,w), ¥ (ta,w) , w) — M TP (tg, w)
(

1o (t, o (t,w), y (t,w), w) + M 1Pz (t,w)

& K(log Frer ) (Zl 03 | [F 1 (w) (o€, @l + (& ) + 1)

M| 175 ()l ]

2. 6: ] [1a+5+“i71(w)(|!x(m,w) I+ 1ly (i w) |+ 1)+ | Ay | 1754

% (1) ||]>

lo, B —(lo A « T
(Lot lest)” | |) (llzw 155 @) (e (o) [+ ly (1, 0) ]+ 1)

A 1P (o) ]

S | [12545, (0) (le (o) |+ 1y () 1)+ 1 20| 1945 () ”D]
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+ 'rA (10g t2)” — (log t1)" +2 ( )
S [(Ugtz)é}% | Q3 !) (ﬁj! y [QTH)F(I((fféf;i;j“(“)
+ ZZ| 0, | [(%Hrl((fﬁéf;iim(w) + |>\1|7‘(%j_guyjﬁfl3;w:|>
o (St o) (Bl [t
+ é’ €k | [(2r+1)g€§féﬁ:§;kmw) + /\l?((lgiiﬁ;%})]
+ 3D (log 1) — (log 1)+
+ r‘(%iq) (log t2)° — (log t1)° + 2(log %)B‘
Hence
| N1 (2 (t2, w) , y (L2, w) ,w) — Ny (2 (L1, w), (t1, ) )||
< | (e 1) (10 [pmg e
* E' 0| | B ¢ Il “’D
b (it o ) (S50 | [teartme
Bl [y )]
+ WD (log 1) — (log t;)*+
+ sty |(log t5)” — (log 1)7 + 2(log ;_3)6’

and
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||N2(x(t27w)vy(t27w)7w)_NQ(x(tlv ) (th )7 )H

1 (log t2)7 —(log t1)° "= 2r+1)(log £J)W+U+v],71(w)
= ] [( 2F(o+1 k) |> (];| ;i | [ T(y+o+7;+1)
\)\2|r(10g gj) 75
+ T'(o+7;+1) ]

o~ 71 [(@r1)(og T FIAT(wW) | Dalr(log m)
+ Z:ZJ el||: T(y+o+m+1) ' + 2F(0’+/1/z+1) :|>

log t (log t1) . __ 2¢(lo YHo+T
+ (e ) (e [
o =1
[A2|r(log @)™
+ F(o+r?lr1) }

n z”” = | [(2r+1)(log o)) n |A2r(1og¢k)a+<k])]

T(y+o+35+1) (o454 1)
(2r+1) o
+ %—UE (log t2)"" — (log t1)""
T F‘(ifrl) (log t2)? — (log t1)7 + 2(log %>U

As ty —t; — 0, the right-hand side of the above inequality tends to zero independently

of u € B,. Therefore by the Arzela-Ascoli theorem the operator N : C'(][1,

C([1,¢e],R™) is completely continuous.

Step 4. It remains to show that

Alw) = {(m(-,w),y(-,w)) € O([1,e], R™) x C([1, e, R™) = (a(- w), y(-,w))

_ A(w)N(w(-,w,y«,w),wmw)e<o,1>}

is bounded.

el ,R™) x

Let (z,y) € A(w). Thenz = A (w) Ny (z,y) and y = A (w) Na (z,y) for some 0 < A < 1.

Thus, for t € [1,¢€], we have
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[l (¢

IN

(& 2(6). 16|

L
1]

<| Q| +8e | |> (;l &5 | |17
A Pl (g, w) ]

+ Z| 01 | |:]a+ﬁ+,ui f(nu T (niaw)v y(%“))

I () ]

(log t)? 0 0 I JotB+m
+ (oo [+ 12 ;\UM

1A P (o) |

f(@l, l’(ng,u)), y(gphw)) ‘

+ ’i| €k | [[a+ﬁ+ck f(@bk, l'(wk,w), y(¢k,w))

[+ 1| ) 1]

+ 1 A Pl (£, w) |

ftx(tw), y(tw)

L
1]

|9 |+ | 9 |> <Z| 1 [14 s @) (a5, )+ (&, ))

+ [ A [ 1P|, w)

£ 316 [17 (@) (e )] + @)+ | fﬁwnw(m,w)n})]

q
v (e ) @ o | 155479 @) ((laerw)ll + (e @) )

+ 1A P (o) ]

b3 el [ @) (le (e >||+||y<wk,w>||>+u1|Iﬁ+<k||x<¢k,w>||])]

b @) I )l + Iyl + | Pl )

Then
[z (tw)] < Nz w)lle + ly( w)lloo + 1) A1 (e) + [M[AL0)([[2(+ w)loo + [y (-, w)][o0)

We have also

ly (tw)l < @)zl w)lleo + 1y (s w)llee + D A7) + A2l A2 (0)([J2 (- W) loo + [y @) o)
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Therefore
2 (W) +ly (tw)] < CF K([Jz(- w)lleo + 19 w)lo0)
where
C=7w) +1W), K=~A(@)nw)+ A (y)72(w) + [M]A1(0) + [A2]A5(0).

Hence, from (4.10)), we get
|2( )l + [y 0l < W — K.

Consequently ||z|| < K, and ||y|| < K.,
This shows that A(w) is bounded. As a consequence of Theorem we deduce that
N has a random fixed point w — (z(-,w), y(+,w)) which is a solution to the problem (4.1)).

Step 5.

Compactness of the solution set.

Let {(@n, Yn) fnen C S be a sequence. For every n € N and for fixe w € €, we get

nt) = 4| (- o)
(le 83 (149 £ (6,0 (65,) i (€1,0) ) — AP0, (€3, )]
= S OIS (e () () ) = N 3,0
+ (o - )
qujl o [T f (@1, 2 (01, w) 5y (01, W) w) = M TPy, (@, w)]
= S e [ (i () () ) — M TS (o, w)})]

+ IFBf (@, (W), Yo (Hw), w) — M TPz, (t,w)
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and

Yn (tw) =

VR
bl
'\J._
)3
tﬁh
{O
w
\/

J [ (& 2 (&) 5 (§,w) L w) = AT 7 Ty, (&,0))]

2~
M=

&,
Il
—

o 17775 (e ) 3 ) ) = ol w)])

o)

T 14T (B, 2 (B00) s o (Fw) ) — Al Ty (7, w)])

|
NE

@
Il
—

q

+
S ~l=
M= 3lg
=

)

5

|
g

2 (17T g (Y, @ (U, w) 5 Yo (U, w) 5 w) — ATy, (W, W)})]
-1
+ Dt x, (tw), yn (tw), w) — Xl%, (t,w)

As in Steps 3, 4, we can prove that subsequence {(Znk, Ynk)}ren Of {(Tns Yn) ey cOB-

verge to some (z (-,w),y (-,w)) € C([1,e],R™) x C([1,e] ,R™), such that
w—>x(t,w), w_>y('7W>
are measurable functions. Since f(-,-,-,w) and g(-,-,,w) are continuous functions, then

(log t)
Q-

1
Q
(Zn: ¢J [Oc+5+vgf (5 (éjvw) Y (&jvw) 7w) - )‘llﬁ—i_wx <€j7w>]

]:

z(t,w) =

—_

- QZ |:]Oé+18+mf (771: z (ni7w>7 Y (niaw) ) w) - /\1]'B+MZE (nz,w)])

(log t
+ (f( )

q
S o [T f (o, 2 (o, w) Y (o, w) ,w) — M TP (o, w))]

- Z Ek []a+,8+§kf (77Z)k7 T (1/}1%("))7 Yy (¢k7w) ) w) - )‘1]/B+Ckx (wlﬁw)})]

k=1
+ IPF (@ (tw), y(tw), w) — \IPz (tw)

and
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) = 4| (- )
(Zl —J [I'HU"'TJ'Q (g’ X (5_],70)) Y (E’ (JJ) ) w) — N [7 iy (ga w)]
iz
_ Zl 0; [T (7, @ (5, w) 5 y (T, w) , w) — Ao 7Ty (77, w)])
log )" O
+ (}(5431)91 - QZ)
o [ g (@, @ (B w) , y (B w) , w) — A 17Ty (3 w)])

N\
M»Q

N
Il
—_

- ki & [ (U, @ (Y, w) s y (Vs w)  w) = AT7 Ry (4, aﬂ)]
=
+ D9t x(tw), y(t,w), w) — X% (t,w)
[

So S is compact.

4.3 Examples

In this section we consider two examples for illustrate our main results

Example 4.3.1.
Consider the following system of fractional differential equation:

[ DIDI M) e (tw) = f(t af
DE(D5 +Xa)y (t,w) = g(t, x(t,w), y(t,w),w)
41'%:17(%,@—1—[%3: e?)—l,w)zzlgx(“g—Q,w) 111
2]%x(9 w) %I(Q_e w) ) (4.11)
3 27 57

\
1 = < B(R) denote the Borel
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o-algebra, f,g:[1,e] x R xR x B(R) — R defined by

cos(z +y) lz+y|l logt =,
t,r,y,w) = —————— + wt, t,r,y,w) = + w”,
ft@,y.) 6A () 9tz y,0) 6A2(7) t
where
Ai(a) = 101,544, A4(0) = 175,398
and

As(y) = 6,598,  Ay(0) = 15,945.

We can easily show that

1
and
lg(t ) —gl(t )| < ! (Jz =2+ ly—9l), Vz,z,y,5 €R, t €[l e]
T, Y, W) — T,Y, W T —T — T, T el.
g ) 7y7 g ) 7y7 _6A2(a) y y7 77y7y b )

Hence

W) - (

We observe that

) . det(M — \) = (A—%) (A—%).

oM (@) = 5 <1,

D= Wl
W= o=

then
M (w), converge to 0.

Therefore, all the conditions of theorem are satisfied. Hence the problem (4.11)) has

a unique random solution.

Example 4.3.2.
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Consider the following system of fractional differential equation:

(4.12)

Here
tw?z?
t,x,y,w) =
o) = s ey ©
and
tw2y2

t = 1

Clearly, the map (t,w) — f(t,x,y,w) is jointly continuous for all x,y € R. Thus the
functions f and g are Carathéodory on [1,e] x R x R x F. Firstly, we show that f and g

are Lipschitz functions. then

w2

t < R

and

w2

t <
|g( ,x,y,W) — 6A2<7)(1+w2)’

Vr,y € R.

Therefore, all the conditions of theorem[4.2.4 hold. Then the problem ([£.12)) has at least

one random solution.
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Conclusion and Perspective

In this thesis, we have considered the following

(1) Langevin fractional differential inclusion

[ DDF 4Nz (t) € F(t, (1))
Soram) = 36l
’i el () =

Sl
M@ [
L

Edx (1)

\

N
Il
—

where D denotes the Hadamard Caputo-type fractional derivative of order p €
{a,} with 0 < o, < 1,1 < a+ f < 2,\is a given constant, I” is the Hadamard
fractional integral of order r > 0,7 € {u;, v, sk, T} the constants n;, &;, U, @1 €
(1, e) and 0;, ¢j, e, Z € R, foralli =1,2,... ,m, j =1,2,..., n,

k=12...,p,l =12,...,qand F: [1,¢] xR — P(R); where F' is a multifonc-

tion.

(2) System of boundary random fractional differential equations

( DY¥DP + )\ x(t,w) = ft, z(t,w), y(t,w),w)

DY (D7 4+ X))y (t,w) = g(t, z(t,w), y(t,w),w)

z bImain,w) = 3 dIva(Gw)
= j=1

q
epl* (g, w) = Sovlmx(p,w)

Q_I’T?J(% w) = Qb_%y(fg; )

PIETETTRURE

M*@

k

Il
—
-
Il
—

EMS

MQ HM:

l]le<@7 Cd)

T
I

where D? denotes the Hadamard Caputo-type fractional derivative of order p €
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{a,8,7,0} with 0 < a,8,7,0 < 1,1 < a+f < 21 < v+0 < 2, A\, A
are given constants, [” is the Hadamard fractional integral of order » > 0, r €
{1i, 75, Sk, 7. T, 75, S, 7} the constants n;, &, Ui, i, T, &, ¥n, @1 € (1, ¢) and
0, bi, €k, Wi, Oiy bj, B, T ER, foralli =1,2,... ,m, j =1,2,...,n, k =1,2,...,p,
I =1,2,...,qand f, g : [1,e] x R"xR™xQ — R™, (Q,.A) is a measurable space.

In the futur, we plan to study the qualitative aspect of the solutions for the above
mentioned problems, in particular, we will look for the stability and controllability of the

above cited problems.
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