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Abstract
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Introduction

Fractional calculus is an extension of the classical notions of primitive and derivation of

non-zero integer order to any real order. Although fractional derivation has been defined

by several approaches with the names of Grunwald-Letnikov, Riemann-Liouville, Caputo.

This notion was introduced in the 17th century when Gottfried Leibniz defined the symbol

of the derivation of positive integer order, Guillaume l’Hospital questioned him about the

possibility of having an order derivative. This question has attracted the attention of

mathematicians including Euler or Lagrange in the 18th century followed by Liouville

in 1837, Riemann in 1847 as well as Grunwald in 1867 and Letnikov in 1868. For more

historical details, one can consult [41, 49].

Recently, fractional differential equations have been shown to be very useful in the

study of models of many phenomena in various fields of science and engineering, such

as physics, chemistry, biology, signal and image processing, biophysics, blood flow phe-

nomena, control theory, economics, aerodynamics and fitting of experimental data. For

examples and recent development of the topic, see [52, 31] and references cited therein.

However, the literature on Hadamard type fractional differential equations is not enriched

yet. The fractional derivative due to Hadamard, introduced in 1892 [17], differs from

the Riemann-Liouville and Caputo type fractional derivatives in the sense that the kernel

of the integral in the definition of Hadamard derivative contains logarithmic function of

arbitrary exponent. A detailed description of Hadamard fractional derivative and integral

can be found in [52, 7, 8] and references cited therein.

6



INTRODUCTION 7

The Langevin equation (first formulated by Langevin in 1908) is found to be an ef-

fective tool to describe the evolution of physical phenomena in fluctuating environments

[12]. For some new developments on the fractional Langevin equation, see, for example,

[32, 1].

Probabilistic functional analysis is an important mathematical area of research due to

its applications to probabilistic models in applied problems. Random operator theory is

needed for the study of various classes of random equations. Indeed, in many cases the

mathematical models or equations used to describe phenomena in the biological, physical,

engineering and systems sciences contain certain parameters or coefficients which have

specific interpretations, but whose values are unknown. Therefore, it is more realistic to

consider such equations as random operator equations. These equations are much more

difficult to handle mathematically than deterministic equations. Important contributions

to the study of the mathematical aspects of such random equations have been undertaken

in [5, 58, 43] among others.

In the following we give an outline of our thesis organization.

The first chapter gives some notations, definitions, lemmas and fixed point theorems which

are used throughout this thesis.

In chapter 2, we establish the existence of solutions for a problem of Langevin fractional

differential inclusions with nonlocal fractional integral conditions via Caputo-Hadamard

derivative. Both cases of convex and nonconvex valued right hand sides are considered.

We consider a problem of fractional differential inclusions as follows:


Dα(Dβ + λ)x (t) ∈ F (t, x(t))

m∑
i=1

θiI
µix(ηi) =

n∑
j=1

ϕjI
γjx(ξj)

p∑
k=1

εkI
ςkx(ψk) =

q∑
l=1

ΞlI
τlx(φl)

(1)
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where Dρ denotes the Hadamard Caputo-type fractional derivative of order ρ ∈ {α, β}
with 0 < α, β < 1, 1 < α + β < 2, λ is a given constant, Ir is the Hadamard frac-

tional integral of order r > 0, r ∈ {µi, γj, ςk, τl} the constants ηi, ξj, ψk, φl ∈ (1, e) and

θi, ϕj, εk, Ξl ∈ R, for all i = 1, 2, . . . , m, j = 1, 2, . . . , n,

k = 1, 2, . . . , p, l = 1, 2, . . . , q and F : [1, e] × R → P(R) is a given function.

In chapter 3, we give some variants of random Perov, Schauder, Kras noselskii and

Leray-Schauder-type fixed point theorems in generalized Banach spaces. The results are

used to prove the existence of solution for random differential equations with initial and

boundary conditions.

In the last chapter, we consider the system of random fractional differential equations

with boundary conditions in the following form:



Dα(Dβ + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

Dγ(Dσ + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

ϕjI
γjx(ξj, ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(φl, ω)

m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

ϕjI
γjy(ξj, ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(φl, ω)

(2)

whereDρ denotes the Hadamard Caputo-type fractional derivative of order ρ ∈ {α, β, γ, σ}
with 0 < α, β, γ, σ < 1, 1 < α + β < 2,1 < γ + σ < 2, λ1, λ2 are given constants,

Ir is the Hadamard fractional integral of order r > 0, r ∈ {µi, γj, ςk, τl, µi, γj, ςk, τl}

the constants ηi, ξj, ψk, φl, ηi, ξj, ψk, φl ∈ (1, e) and θi, ϕj, εk, νl, θi, ϕj, εk, νl ∈ R,

for all i = 1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , p, l = 1, 2, . . . , q and f, g :

[1, e] × Rm × Rm × Ω → Rm are given fonctions. (Ω,A) is a measurable space.



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions and preliminary facts that will be

used in the remainder of this survey paper.

1.1 Some Notations and Definitions

Let J = [1, e]. By C(J,R), we denote the Banach space of all continuous functions

from J into R with the norm

∥y∥∞ := sup{|y(t)| : t ∈ J}.

L1(J,R) denotes the Banach space of measurable functions y : J → R that are

Lebesgue integrable with the norm

∥y∥L1 =

∫ T

0

|y(t)|dt.
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AC(J,R) denotes the space of functions y : J −→ R that are absolutely continuous

and AC1(J,R) is the space of differentiable functions whose first derivative y′ is absolutely

continuous.

1.2 Multi-valued analysis

Let (E, ∥ · ∥) be a Banach space. We define the following subsets of P(E) :

Pcl(E) = {Y ∈ P(E) : Y is closed},

Pb(E) = {Y ∈ P(E) : Y is bounded},

Pcp(E) = {Y ∈ P(E) : Y is compact}

Pcv(E) = {Y ∈ P(E) : Y is convex}

Pcp,cv(E) = Pcp(E) ∩ Pcv(E).

Definition 1.2.1. A multivalued map G : E → P(E) is said to be convex (closed) valued

if G(x) is convex (closed) for all x ∈ E. A multivalued map G is bounded on bounded sets

if G(B) = ∪x∈BG(x) is bounded in E for all B ∈ Pb(E) (i.e. sup
x∈B

{sup{|y| : y ∈ G(x)}

exists).

Definition 1.2.2. A multivalued map G : E → P(E) is called upper semi-continuous

(u.s.c.) on E if for each x0 ∈ E, the set G(x0) is a nonempty closed subset of E, and for

each open set N of E containing G(x0), there exists an open neighborhood N0 of x0 such

that G(N0) ⊂ N . G is said to be completely continuous if G(B) is relatively compact for

every B ∈ Pb(IR).

Definition 1.2.3. Let G : X → P(E) be completely continuous with nonempty compact

values. Then G is u.s.c. if and only if G has a closed graph (i.e. xn → x∗, yn → y∗, yn ∈
G(xn) imply y∗ ∈ G(x∗)). G has a fixed point if there is x ∈ E such that x ∈ G(x).
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We denote by FixG the fixed point set of the multivalued operator G.

Definition 1.2.4. A multivalued map G : J → Pcl(E) is said to be measurable if for

every y ∈ E, the function:

t→ d(y,G(t)) = inf{∥y − z∥ : z ∈ G(t)}

is measurable.

Definition 1.2.5. A multivalued map F : J × E → P(E) is said to be Carathéodory if:

(1) t→ F (t, u) is measurable for each u ∈ E

(2) u→ F (t, u) is upper semicontinuous for almost all t ∈ J.

F is said to be L1-Carathéodory if (1), (2) and the following condition holds:

(3) For each q > 0, there exists φq ∈ L1(J, IR+) such that

∥F (t, u)∥P = sup{∥v∥ : v ∈ F (t, u)} ≤ φq ; for all ∥u∥ ≤ q and for a.e. t ∈ J.

For each y ∈ C(J, IR), define the set of selections of F by

SF,y = {v ∈ L1(J) : v(t) ∈ F (t, y(t)) a.e. t ∈ J}.

Lemma 1.2.1.

Let E be a Banach space. Let F : J × E −→ Pcp,c (E) be an L1-Carathéodory mul-

tivalued map with SF,y ̸= 0 and let Γ be a linear continuous mapping from L1 (J,E) into

C (J,E), then the operator

Γ ◦ SF : C (J,E) −→ Pcp,c (C (J,E)) ,

y 7−→ (Γ ◦ SF ) (y) := Γ (SF,y)
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is a closed graph operator in C (J,E)× C (J,E) .

Lemma 1.2.2. [66] Let G be a completely continuous multivalued map with nonempty

compact values, then G is u.s.c. if and only if G has a closed graph.

Lemma 1.2.3. (Nonlinear alternative for Kakutani maps).

Let E be a Banach space, C a closed convex subset of E, U an open subset of C and

0 ∈ U . Suppose that N : U −→ Pcp,c(C) is an upper semicontinuous compact map. Then

either

(i) N has a fixed point in U , or

(ii) there is a y ∈ ∂U and λ ∈ (0, 1) with y ∈ λN(y) ;

Let (E, d) be a metric space induced from the normed space ( ∥ · ∥). The function

Hd : P(E)× P(E) → IR+ ∪ {∞} given by:

Hd(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(A, b)}

is known as the Hausdorff-Pompeiu metric.

Definition 1.2.6.

A multivalued operator N : E −→ Pcl (E) is called

(i) γ-Lipschitz if and only if there exists γ > 0 such that

Hd (N (x) , N (y)) ≤ γd (x, y) , for each x, y ∈ E,

(ii) a contraction if and only if it is γ-Lipschitz with γ < 1.

Lemma 1.2.4. (Covitz and Nadler [10])

Let (E, d) be a complete metric space. If N : X −→ Pcl (E) is a contraction, then

FixN ̸= ∅ .
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For more details on multivalued maps see the books of Aubin and Cellina [3], Aubin

and Frankowska [13] and Castaing and Valadier [14].

1.3 Fractional Calculus

The Gamma Function

One of the basic tools of fractional calculus is the Gamma function which naturally extends

the factorial to positive real numbers (and even to complex numbers with positive real

parts).

Definition 1.3.1.

Let x ∈ R+ − {0}, the Gamma function is given by:

F (x) =

∫ +∞

0

e−ttx−1dt,

(this integral is convergent for all r> 0).

Proposition 1.3.1.

For all x > 0, and for all n ∈ N− {0}, we have:

1) Γ (0+) = +∞,

2) Γ (x+ 1) = xΓ (x) ,

3) Γ (n) = (n− 1)!,

4) Γ
(
n+ 1

2

)
=

√
Π

2n
,

5) Γ (x) = lim
n−→+∞

n!nx

x (x+ 1) · · · (x+ n)
.
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Special cases :

6) Γ (1) = Γ (2) =
∫ +∞
0

e−tt1−1dx = 1.

7) Γ
(
1
2

)
=

√
Π.

The Beta Function

Among the basic functions of fractional compute Beta function, this function plays an

important role specially in some combination with Gamma function.

Definition 1.3.2. The function (x, y) −→ β (x, y) , Re (x) > 0, Re (y) > 0, defined by

β (x, y) =
∫ 1

0
tx−1 (1− t)y−1 dt is called the Beta function.

There is relation between Gamma and Beta functions given in the relation :

β (x, y) =
Γ (x)Γ (y)

Γ (x+ y)
.

It should also be mentioned that the Beta function is symmetric, i.e.,

β (x, y) = β (y, x) .

The Mittag-Leffler Function

The exponential function ez plays a very important role in the theory of integer-order

differential equations. Its one-parameter generalization, the Mittag-Leffler function which

is denoted by :

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1)
.

Definition 1.3.3. A two-parameter function of the Mittag-Leffler type is defined by the

series expansion :
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Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
.

It follows from the definition that

E1,1(z) =
∞∑
k=0

zk

Γ(k + 1)
=

∞∑
k=0

zk

k!
= ez.

Theorem 1.3.1. (Cauchy formula for repeated integration.)

Let f be some continuous function on the interval [a, b]. The n-th repeated integral of

f based at a,

f (−n) (t) =

∫ t

a

∫ s1

a

· · ·
∫ sn−1

a

f (sn) dsndsn−1 · · · ds2ds1,

is given by single integration

f (−n) (t) =
1

(n− 1)!

∫ t

a

(t− s)n−1 f (s) ds.

From this formula the definition of fractional integral is constructed, so we can

take an integral of any real degree. Replacing (n− 1)! by Γ (n) and the power in the

integrand with some α ∈ R, we have Riemann-Liouville fractional integral.

Definition 1.3.4. [22]

The fractional (arbitrary) order integral of the function h ∈ L1 [a, b] of order α ∈ R is

defined by

I(α)a h (t) =

∫ t

a

(t− s)α−1

Γ (α)
h (s) ds,
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where Γ is the gamma function. When a = 0 we write I(α)h (t) = h (t) ∗ φα (t) , where

φα (t) =
tα−1

Γ(α)
for t > 0, and φα (t) = 0 for t ≤ 0, and φα −→ δ (t) as α −→ 0, where δ is

the delta function.

Theorem 1.3.2.

For h ∈ L1 [a, b], the fractional Riemann-Liouville integral has the following property:

I(α)a

[
I(β)a h (x)

]
= I(α+β)a h (x) four α > 0, β > 0

Proof.

The proof follows directly from the definition

I(α)a

[
I(β)a h (x)

]
=

1

Γ (α) Γ (β)

∫ x

a

dt

(s− t)α−1

∫ x

a

h (u)

(t− u)1−β
du.

Or h ∈ L1 [a, b] , according to Fubini’s theorem and by the change t = u+ s (x− u)

we get

I(α)a

[
I(β)a h (x)

]
=

B (α, β)

Γ (α) Γ (β)

∫ x

a

h (u)

(t− u)1−β
du = I(α+β)a h (x)

where B (α, β) denotes the Beta function, the proof is complete.

Proposition 1.3.2.

• I0ah (t) = h (t)

• the integral operator I0a is linear.

Example:



1.3 Fractional Calculus 17

Let h (t) = (t− a)m where m > −1

I(α)a h (t) =
1

Γ (α)

∫ t

a

(t− s)α−1 h (s) ds

=
1

Γ (α)

∫ t

a

(t− s)α−1 (s− a)m ds.

Using a change of variable s = a+ (t− a)x we obtain,

Iαa h (t) =
(t− a)m+α

Γ (α)

∫ t

a

(1− x)α−1 xmds

=
(t− a)m+α

Γ (α)
B (α,m+ 1)

=
(t− a)m+α Γ (α) Γ (m+ 1)

Γ (α) Γ (α +m+ 1)
,

then

I(α)a h (t) =
Γ (m+ 1)

Γ (α +m+ 1)
(t− a)m+α .

Definition 1.3.5. (Riemann-Liouville fractional derivative).

Let f ∈ L1 [a, b] be an integrable function on [a, b], the fractional derivative in the

Riemann-Liouville sens of the function of f order α is noted RLDα
a f and defined by:

RLDα
a f (x) =

1

Γ (n− α)

(
d

dx

)n ∫ x

a

(x− t)n−α−1 f (t) dt

=

(
d

dx

)n (
In−αf (t)

)
.

with n > α a natural integer.
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Notation: We denote the operator Dn, n ∈ N, differentiation of the operator of

integer order i. e:

Dn =
dn

dtn
.

Remark 1.3.1.

Fractional derivative of Riemann-Liouville is non-commutative i.e:

RLDmRLDαf (t) =RL Dα+mf (t) ̸=RL DαRLDmf (t) .

Theorem 1.3.3.

Let the functions f and g whose Riemann-Liouville fractional derivatives of order α

exist. So for λ, µ ∈ R, RLDα
a (λf + µg) exist and we have:

RLDα
a (λf + µg) = λRLDα

a f + µRLDα
a g.

Proof.

Let f, g ∈ L1 [a, b] , λ ∈ R, we have:

RLDα
a f (t) = Dn

aI
n−αf (t)

RLDα
a (λf (t) + g (t)) = Dn

aI
n−α [λf (t) + g (t)]

= λDn
aI

n−α [(f + g) (t)] .

Since the n-th derivative and the integral are linear then.

RLDα
a (λf (t) + g (t)) = λDn

aI
n−αf (t) +Dn

aI
n−αg (t)

= λRLDα
a f (t) +

RLDα
a g (t) .
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The proof is complete.

Example: The Riemann-Liouville fractional derivative of a power function is:

RLDαtp =
Γ (p+ 1)

Γ (p− α + 1)
tp−α, n− 1 < α < n, p > −1, p ∈ R.

Proof.

RLDαtp =
1

Γ (n− α)

dn

dtn

∫ t

0

(t− x)n−α−1 xpdx.

By changing the variable x = λt, we will have:

RLDαtp =
1

Γ (n− α)

dn

dtn

∫ t

0

(t (1− λ))n−α−1 (λt)p tdλ

=
1

Γ (n− α)

dn

dtn
tn−α+p

∫ t

0

(1− λ)n−α−1 λpdλ

=
Γ (n− α + p+ 1)B (n− α, p+ 1)

Γ (n− α)
tp−α

=
Γ (n− α + p+ 1)Γ (n− α) Γ (p+ 1)

Γ (n− α) Γ (p− α + 1)Γ (n− α + 1)
tp−α

=
Γ (p+ 1)

Γ (p− α + 1)
tp−α.

The proof is complete.

Definition 1.3.6. [22]

For a function h given on the interval [a, b] , the Caputo fractional-order derivative of

h, is defined by

(cDα
a+h) (t) =

1

Γ (n− α)

∫ t

a

(t− s)n−α−1 h(n) (s) ds,
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where n = [α] + 1.

Lemma 1.3.1. [69]

Let α > 0, then the differential equation

cDαh (t) = 0,

has solutions h (t) = c0+c1t+c2t
2+· · ·+cn−1t

n−1, ci ∈ R, i = 0, 1, 2, . . . , n−1, n = [α]+1.

Lemma 1.3.2. [69]

Let α > 0, then

IαcDαh (t) = h (t) + c0 + c1t+ c2t
2 + · · ·+ cn−1t

n−1

for some ci ∈ R, i = 0, 1, 2, . . . , n− 1, n = [α] + 1.

Lemma 1.3.3. (Linearity)

Let n − 1 < α < n, n ∈ N, λ ∈ C and let f and g such that cDαf (t) and cDαg (t)

exists. Caputo fractional derivative is a linear operator i.e:

cDα (λf (t) + g (t)) = λcDαf (t) + cDαg (t) , t > 0.

Proof.

We have

cDαf (t) = In−αDnf (t)

cDα (λf (t) + g (t)) = In−αDn [λf (t) + g (t)]

= λIn−αDn [(f + g) (t)] .
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The n-th derivative and the integral are linear

cDα (λf (t) + g (t)) = λIn−αDnf (t) + In−αDng (t)

= λcDαf (t) + cDαg (t) .

The proof is complete.

Lemma 1.3.4. (Non-commutativity)

We suppose that n − 1 < α < n,m, n ∈ N, α ∈ R and let the function f such that
cDαf (t) exists, then:

cDα cDmf (t) =c Dα+mf (t) ̸=c Dm cDαf (t) . (1.1)

Corollary 1.3.1.

Suppose that n− 1 < α < n, β = α− (n− 1) , (0 < β < 1) , n ∈ N, α, β ∈ R and let the

function f be such that cDαf (t) exists, then:

cDαf (t) = cDβDn−1f (t) .

Proof.

We replace β by α and n− 1 by m in (1.1), then:

cDβDn−1f (t) = cDβ+n−1f (t) = cDα−(n−1)+n−1f (t) = cDαf (t) .

The proof is complete.

Definition 1.3.7. [22]



22 1.3 Fractional Calculus

The Hadamard fractional integral of order α for a function y; t ∈ [1,+∞) is defined

as

Iαy(t) =
1

Γ(α)

∫ t

1

(
log

t

s

)α−1y(s)

s
ds, α > 0,

provided the integral exists.

Example 1.3.1. Let q > 0, then

Iq log t =
1

Γ(q + 2)
(log t)1+q; t ∈ [1,+∞).

Definition 1.3.8. [22].The Hadamard derivative of fractional order α for a function y:

[1,∞) −→ R is defined as

HDαy(t) =
1

Γ(n− α)

(
t
d

dt

)n ∫ t

1

(
log

t

s

)n−α−1y(s)

s
ds, n− 1 < α < n, n = [α] + 1

where [α] denotes the integer part of the real number α and log(.) = loge(.).

Definition 1.3.9. [21]. (The Caputo-Hadamard fractional derivative).

For at least n-times differentiable function y: [1,∞) −→ R, the Caputo-type Hadamard

derivative of fractional order α is defined as

Dαy(t) =
1

Γ(n− α)

∫ t

1

(
log

t

s

)n−α−1

δny(s)
s

ds
, n− 1 < α < n, n = [α] + 1

where δ = t d
dt

, [α] denotes the integer part of the real number α and log(.) = loge(.).

Lemma 1.3.5. [21]

Let u ∈ ACn
δ [a, b] or Cn

δ [a, b] and α ∈ C, where
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Xn
δ [a, b] = {F : [a, b] → C : δ(n−1)F (t) ∈ X [a, b]}. Then, we have

Iα (Dα)u (t) = u (t)−
n−1∑
k=0

ck (log t)
k ,

where ci ∈ R, i = 1, 2, . . . , n− 1, (n = [α] + 1) .

Lemma 1.3.6.

Suppose α > 0, a(t) and u(t) are nonnegative functions and locally integrable on

1 ≤ t < T ( some T ≤ +∞ ) and F (t) is a nonnegative, nondecreasing, continuous

function defined on 1 ≤ t < T, F (t) ≤M (constant). If the following inequality

u(t) ≤ a(t) + F (t)

∫ t

1

(
ln
t

s

)α−1

u(s)
ds

s
, 1 ≤ t < T

holds, then

u(t) ≤ a(t) +

∫ t

1

[ ∞∑
n=1

(F (t)Γ(α))n

Γ(nα)
(ln

t

s
)nα−1a(s)

]
ds

s
, 1 ≤ t < T.



Chapter 2

Langevin fractional differential

inclusions with nonlocal fractional

integral conditions

2.1 Introduction

We consider a problem of fractional differential inclusions as follows:


Dα(Dβ + λ)x (t) ∈ F (t, x(t))

m∑
i=1

θiI
µix(ηi) =

n∑
j=1

ϕjI
γjx(ξj)

p∑
k=1

εkI
ςkx(ψk) =

q∑
l=1

ΞlI
τlx(φl)

(2.1)

where Dρ denotes the Hadamard Caputo-type fractional derivative of order ρ,

ρ ∈ {α, β} with 0 < α, β < 1, 1 < α + β < 2, λ is a given constant, Ir is the Hadamard

fractional integral of order r > 0, r ∈ {µi, γj, ςk, τl} the constants ηi, ξj, ψk, φl ∈ (1, e)

and θi, ϕj, εk, Ξl ∈ R, for all i = 1, 2, . . . , m, j = 1, 2, . . . , n,

24
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k = 1, 2, . . . , p, l = 1, 2, . . . , q and F : [1, e] × R → P(R); where F is a multifonction.

2.2 Main results

Definition 2.2.1. A function x ∈ AC2
δ (J) is said to be a solution of 2.1 if there exist

a function v ∈ L1 (J,R) such that v (t) ∈ F (t, x (t)) a.e t ∈ J and satisfies the equation

Dα(Dβ + λ)x (t) = v(t), for each, t ∈ J , and conditions
m∑
i=1

θiI
µix(ηi) =

n∑
j=1

ϕjI
γjx(ξj),

and
p∑

k=1

εkI
ςkx(ψk) =

q∑
l=1

ΞlI
τlx(φl) are satisfied.

Consider the constants

Ω1 =
m∑
i=1

θi
(log ηi)

µi

Γ (µi + 1)
−

n∑
j=1

ϕj
(log ξj)

γj

Γ (γj + 1)
,

Ω2 =
m∑
i=1

θi
(log ηi)

β+µi

Γ (β + µi + 1)
−

n∑
j=1

ϕj
(log ξj)

β+γj

Γ (β + γj + 1)
,

Ω3 =

p∑
k=1

εk
(log ψk)

ςk

Γ (ςk + 1)
−

q∑
l=1

νl
(log φl)

τl

Γ (τl + 1)
,

Ω4 =

p∑
k=1

εk
(log ψk)

β+ςk

Γ (β + ςk + 1)
−

q∑
l=1

νl
(log φl)

β+τl

Γ (β + τl + 1)
(2.2)

and

Ω = Ω1Ω4 − Ω2Ω3. (2.3)

Lemma 2.2.1. [63] Let Ω ̸= 0, 0 < α, β ≤ 1, 1 < α + β ≤ 2, λ is a given con-

stant, µi, γj, ςk, τl > 0, constants ηi, ξj, ψk, φl ∈ (1, e) and θi, ϕj, εk, νl ∈ R, for

i = 1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , p, l = 1, 2, . . . , q.
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Then the problem


Dα(Dβ + λ)x (t) = h(t)

m∑
i=1

θiI
µix(ηi) =

n∑
j=1

ϕjI
γjx(ξj)

p∑
k=1

εkI
ςkx(ψk) =

q∑
l=1

νlI
τlx(φl)

(2.4)

has a unique solution given by

x (t) = 1
Ω

[(
Ω4 − (log t)β

Γ(β+1)
Ω3

)( n∑
j=1

ϕj
[
Iα+β+γjh (ξj)

)
− λIβ+γjx (ξj)

]
−

m∑
i=1

θi
[
Iα+β+µih(ηi)− λIβ+µix (ηi)

])
+

(
(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

υl
[
Iα+β+τih (φl)− λIβ+τix (φl)

]
−

p∑
k=1

εk

[
Iα+β+ςkh(ψk)− λIβ+ςkx(ψk)]

)]
+ Iα+βh(t)− λIβx(t).

(2.5)

Proof.

Using definition (2.2.1) can be expressed as an equivalent integral equation:

(
Dβ + λ

)
x (t) = Iαh (t) + c0 (2.6)

It follows that

x (t) = Iα+βh (t)− λIβx(t) + c0
(log t)β

Γ (β + 1)
+ c1, (2.7)

for some c0, c1 ∈ R.
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Taking the Hadamard fractional integral of order x > 0 for (2.7), we have

Iκx (t) = Iα+β+κh (t)− λIβ+κx(t) + c0
(log t)β+κ

Γ (β + κ+ 1)
+ c1

(log t)κ

Γ (κ+ 1)
. (2.8)

Substituting κ = µi, γj, σk, τl and putting t = ηi, ωj, ψk, φl in (2.8), respectively, and using

conditions of the problem (2.1), we get the system of linear equations:

Ω1c1 + Ω2c0 =
n∑
j=1

[
Iα+β+γjh (ωj)− λIβ+γjx(ωj)

]

−
m∑
i=1

[
Iα+β+µjh (ηj)− λIβ+µjx(ηj)

]
,

Ω3c1 + Ω4c0 =

p∑
l=1

υl
[
Iα+β+τlh (φl)− λIβ+τlx(φl)

]
−

p∑
k=1

εk
[
Iα+β+σkh (ψk)− λIβ+σkx(ψk)

]
.

Solving the system of linear equations for constants c0, c1we have

c0 =
1

Ω

[
Ω1

( p∑
l=1

υl
[
Iα+β+τlh (φl)− λIβ+τlx(φl)

]
−

p∑
k=1

εk
[
Iα+β+σkh (ψk)− λIβ+σkx(ψk)

])

− Ω3

( n∑
j=1

ϕj
[
Iα+β+γjh (ωj)− λIβ+γjx(ωj)

]

−
m∑
i=1

θi
[
Iα+β+µih (ηi)− λIβ+ix(ηi)

])]
,
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c1 =
1

Ω

[
Ω4

( n∑
j=1

ϕj
[
Iα+β+γjh (ωj)− λIβ+γjx(ωj)

]

−
m∑
i=1

θi
[
Iα+β+µih (ηi)− λIβ+ix(ηi)

])]

− Ω2

( p∑
l=1

υl
[
Iα+β+τlh (φl)− λIβ+τlx(φl)

]

−
p∑

k=1

εk
[
Iα+β+σkh (ψk)− λIβ+σkx(ψk)

])]
.

Substituting constants c0 and c1 into (2.7), we obtain (2.1) as required, the proof is

complete.

Let us set the constant

Λ(u) =
1

| Ω |

[(
| Ω4 | +

| Ω3 |
Γ (β + 1)

)( n∑
j=1

| ϕj |
(log ξj)

u+β+γj

Γ (u+ β + γj + 1)

+
m∑
i=1

| θi |
(log ηi)

u+β+µi

Γ (u+ β + µi + 1)

)
+

(
| Ω1 |

Γ (β + 1)
+ | Ω2 |

)( q∑
l=1

| υl |
(log φl)

u+β+τl

Γ (u+ β + τl + 1)

+

p∑
k=1

| εk |
(log ψk)

u+β+ςk

Γ (u+ β + ςk + 1)

)]
+

1

Γ (u+ β + 1)
.

The following hypotheses will be used in the sequel:

(S1) The multifonction F : J × R−→Pcp,c (R) is Carathéodory;

(S2) There exist a function γ ∈ C(J,R+) and a continuous non-decreasing function Ψ :

[0,∞) −→ (0,∞) such that:

∥F (t, y)∥ ≤ γ (t)Ψ (|y|) for all t ∈ Jand y ∈ R.
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Set

γ∗ = sup
t∈I

γ(t).

(S3) There exists a constant M > 0 such that

M

γ∗Ψ(M)Λ(α) + |λ|MΛ(0)
> 1.

Theorem 2.2.1. Assume that (S1)-(S3) hold. Then the problem 4.1 has at least one

solution.

Proof. Let the operator N : C ([1, e] ,R) −→ P (C ([1, e] ,R)) defined by

N (x) =

{
h ∈ C ([1, e] ,R) : h (t) =

1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

)
( n∑
j=1

ϕj
[
Iα+β+γjv (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv (t)− λIβx (t) , v ∈ SF,x

}

We shall show that N satisfies the assumptions of nonlinear alternative of Leray-

Schauder type.

Claim 1: N (x) is convex for each x ∈ C ([1, e] ,R) . Indeed, if h1, h2 belong to N (x),

then there exist v1, v2 ∈ SF,x such that for each t ∈ [1, e], we have
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hi (t) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

) (
n∑
j=1

ϕj
[
Iα+β+γjvi (ξj)− λIβ+γjx (ξj)

]
−

m∑
i=1

θi
[
Iα+β+µivi (ηi)− λIβ+µix (ηi)

])
+

(
(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

Ξl
[
Iα+β+τlvi (φl)− λIβ+τlx (φl)

]
−

p∑
k=1

εk
[
Iα+β+ςkvi (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βvi (t)− λIβx (t) , i = 1, 2.

Let 0 ≤ d ≤ 1. Then, for each t ∈ [1, e], we have

(dh1 + (1− d)h2) (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

)
( n∑
j=1

ϕj
[
Iα+β+γj (dv1 (ξj) + (1− d) v2 (ξj))− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µi (dv1 (ηi) + (1− d) v2 (ηi))− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)
(

q∑
l=1

Ξl
[
Iα+β+τl (dv1 (φl) + (1− d) v2 (φl))− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςk (dv1 (ψk) + (1− d) v2 (ψk))− λIβ+ςkx (ψk)

])]

+ Iα+β (dv1 (t) + (1− d) v2 (t))− λIβx (t) .

Since SF,x is convex (because F has convex values), then dh1 + (1− d)h2 ∈ N (x) .

Claim 2: N maps bounded sets into bounded sets in C ([1, e] ,R). Indeed, it is enough

to show that for any q > 0, there exists a positive constant l such that for each x ∈ Bq =
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{
x ∈ C ([1, e] ,R) :

∥∥∥x∥∥∥
∞

≤ q
}
, we have

∥∥∥N (x)
∥∥∥
∞

≤ l. Then for each h ∈ N (x), there

exists v ∈ SF,x such that

h (t) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

) (
n∑
j=1

ϕj
[
Iα+β+γjv (ξj)− λIβ+γjx (ξj)

]
−

m∑
i=1

θi
[
Iα+β+µiv (ηi)− λIβ+µix (ηi)

])
+

(
(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

Ξl
[
Iα+β+τlv (φl)− λIβ+τlx (φl)

]
−

p∑
k=1

εk
[
Iα+β+ςkv (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv (t)− λIβx (t) .

By (S2) we have for each t ∈ [1, e]

|h (t)| ≤ 1
|Ω|

[(
|Ω4|+ (log t)β

Γ (β+1)
|Ω3|

) (
n∑
j=1

|ϕj|
[
Iα+β+γj |v (ξj) |+ |λ| Iβ+γj |x (ξj) |

]
+

m∑
i=1

|θi|
[
Iα+β+µi |v (ηi) |+ |λ| Iβ+µi |x (ηi) |

])
+

(
(log t)β

Γ (β+1)
|Ω1|+ |Ω2|

)( q∑
l=1

|Ξl|
[
Iα+β+τl |v (φl) |+ |λ| Iβ+τl |x (φl) |

]
+

p∑
k=1

|εk|
[
Iα+β+ςk |v (ψk) |+ |λ| Iβ+ςk |x (ψk) |

])]
+ Iα+β|v (t) |+ |λ| Iβ|x (t) |,

then

|h (t)| ≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ (t)Ψ (|x(ξj)|)+ | λ | Iβ+γj |x(ξj)|

]
+

m∑
i=1

| θi |
[
Iα+β+µiγ (t)Ψ (|x(ηi)|)+ | λ | Iβ+µi |x(ηi)|

])]
+

(
(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| Ξl |
[
Iα+β+τlγ (t)Ψ (|x(φl)|)+ | λ | Iβ+τl |x (φl) |

]
+

p∑
k=1

| εk |
[
Iα+β+ςkγ (t)Ψ (|x (ψk) |)+ | λ | Iβ+ςk |x (ψk) |

])]
+ Iα+βγ (t)Ψ (|x (t) |)+ | λ | Iβ|x (t) |
≤ γ∗Λ (α)Ψ (∥x∥)+ | λ | ∥x∥Λ (0) ≤ γ∗Λ (α)Ψ (q)+ | λ | qΛ (0) := l.

Claim 3: N maps bounded sets into equicontinuons sets of C ([1, e] ,R) Let t1, t2 ∈
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[1, e] , t1 < t2, Bq a bounded set of C ([1, e] ,R) as in Claim 2 and let x ∈ Bq and h ∈ N (x).

Then

|h (t2)− h (t1) | ≤ 1

| Ω |

[(
(log t2)

β − (log t1)
β

Γ (β + 1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ(t)Ψ (|x(ξj)|)

+ | λ | Iβ+γj |x(ξj)|
]
+

m∑
i=1

| θi |
[
Iα+β+µiγ (t)Ψ (|x (ηi) |)+ | λ | Iβ+µi|x (ηi) |

])

+

(
(log t2)

β − (log t1)
β

Γ (β + 1)
| Ω1 |

)
(

q∑
l=1

| Ξl |
[
Iα+β+τlγ (t)Ψ (|x (φl) |)+ | λ | Iβ+τl |x (φl) |

]
+

p∑
k=1

| εk |
[
Iα+β+ςkγ (t)Ψ (|x (ψk) |)+ | λ | Iβ+ςk |x (ψk) |

])]
+

γ (t)Ψ (∥x∥)
Γ (α + β + 1)

∣∣∣∣(log t2)α+β − (log t1)
α+β

∣∣∣∣
+

| λ | ∥x∥
Γ (β + 1)

∣∣∣∣(log t2)β − (log t1)
β + 2

(
log

t2
t1

)β∣∣∣∣
≤ 1

| Ω |

[(
(log t2)

β − (log t1)
β

Γ (β + 1)
| Ω3 |

)
(

n∑
j=1

| ϕj |
[γ∗Ψ(q) (log ξj)

α+β+γj

Γ (α + β + γj + 1)
+

| λ | q (log ξj)β+γj

Γ (β + γj + 1)

]
+

m∑
i=1

| θi |
[γ∗Ψ(q) (log ηi)

α+β+µi

Γ (α + β + µi + 1)
+

| λ | q (log ηi)β+µi

Γ (β + µi + 1)

])
+

(
(log t2)

β−(log t1)
β

Γ (β+1)
| Ω1 |

)
( q∑
l=1

| Ξl |
[γ∗Ψ(q) (log φl)

α+β+τl

Γ (α + β + τl + 1)
+

| λ | q (log φl)β+τl

Γ (β + τl + 1)

]
+

p∑
k=1

| εk |
[γ∗Ψ(q) (log ψk)

α+β+ςk

Γ (α + β + ςk + 1)
+

| λ | q (log ψk)β+ςk

Γ (β + ςk + 1)

])]
+

γ∗Ψ(q)

Γ (α + β + 1)

∣∣∣∣(log t2)α+β − (log t1)
α+β

∣∣∣∣
+

| λ | q
Γ (β + 1)

∣∣∣∣(log t2)β − (log t1)
β + 2

(
log

t2
t1

)β∣∣∣∣.
As t1 −→ t2, the right-hand side of the above inequality tends to zero. As a conse-
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quence of Claims 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that

operator N : C ([1, e] ,R) −→ C ([1, e] ,R) is completely continuous.

Claim 4: N has a closed graph Let xn −→ x∗, hn ∈ N (xn) and hn −→ h∗. We need

to show that h∗ ∈ N (x∗). hn ∈ N (xn) means that there exists vn ∈ SF,xn such that, for

each t ∈ [1, e]

hn (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjvn (ξj)− λIβ+γjxn (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µivn (ηi)− λIβ+µixn (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlvn (φl)− λIβ+τlxn (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkvn (ψk)− λIβ+ςkxn (ψk)

])]
+ Iα+βvn (t)− λIβxn (t) .

We must show that there exists v∗ ∈ SF,x∗ such that, for each t ∈ [1, e]

h∗ (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv∗ (ξj)− λIβ+γjx∗ (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv∗ (ηi)− λIβ+µix∗ (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv∗ (φl)− λIβ+τlx∗ (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv∗ (ψk)− λIβ+ςkx∗ (ψk)

])]
+ Iα+βv∗ (t)− λIβx∗ (t) .
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Consider the continuous linear operator

Θ : L1 [1, e] −→ C ([1, e] ,R)

defined by

v 7−→ (Θv) (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv (t)− λIβx (t) .

Clearly, ∥hn − h∗∥∞ −→ 0 as n −→ ∞. From Lemma 1.2.3, it follows that Θ ◦ SF is a

closed graph operator. Moreover, we have hn (t) ∈ Θ(SF,xn) Since xn −→ x∗, it follows

from Lemma 1.2.3 that

h∗ (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv∗ (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv∗ (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv∗ (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv∗ (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv∗ (t)− λIβx (t) .
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Claim 5: Let x ∈ C ([1, e] ,R) be such that x ∈ λN (x) for some λ ∈ (0, 1). Then, there

exists v ∈ L1 ([1, e] ,R) with v ∈ SF,x such that, for each t ∈ J ,

x (t) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

) (
n∑
j=1

ϕj
[
Iα+β+γjv (ξj)− λIβ+γjx (ξj)

]
−

m∑
i=1

θi
[
Iα+β+µiv (ηi)− λIβ+µix (ηi)

])
+

(
(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

Ξl
[
Iα+β+τlv (φl)− λIβ+τlx (φl)

]
−

p∑
k=1

εk
[
Iα+β+ςkv (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv (t)− λIβx (t) .

Then

|x (t) | ≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γj |v (ξj) |+ | λ | Iβ+γj |x (ξj) |

]
+

m∑
i=1

| θi |
[
Iα+β+µi |v (ηi) |+ | λ | Iβ+µi |x (ηi) |

])
+

(
(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| Ξl |
[
Iα+β+τl |v (φl|)|+ | λ | Iβ+τl |x (φl) |

]
+

p∑
k=1

| εk |
[
Iα+β+ςk |v (ψk) |+ | λ | Iβ+ςk |x (ψk) |

])]
+ Iα+β|v (t) |+ | λ | Iβ|x (t) |.

From (S2), we get

|x (t) | ≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ (t)Ψ (|x (ξj) |)+ | λ | Iβ+γj |x (ξj) |

]
+

m∑
i=1

| θi |
[
Iα+β+µiγ (t)Ψ (|x (ηi) |)+ | λ | Iβ+µi |x (ηi) |

])
+

(
(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| Ξl |
[
Iα+β+τlγ (t)Ψ (|x (φl) |)+ | λ | Iβ+τl |x (φl) |

]
+

p∑
k=1

| εk |
[
Iα+β+ςkγ (t)Ψ (|x (ψk) |)+ | λ | Iβ+ςk |x (ψk) |

])]
+ Iα+βγ (t)Ψ (|x (t) |)+ | λ | Iβ|x (t) |
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≤ 1

| Ω |

[(
| Ω4 | +

1

Γ (β + 1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ∗Ψ(∥x∥) | λ | Iβ+γj∥x∥

]
+

m∑
i=1

| θi |
[
Iα+β+µiγ∗Ψ(∥x∥)+ | λ | Iβ+µi∥x∥

])
+

(
1

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| Ξl |
[
Iα+β+τlγ∗Ψ(∥x)

∥∥∥∥)+ | λ | Iβ+τl∥x∥
]

+
p∑

k=1

| εk |
[
Iα+β+ςkγ∗Ψ(∥x∥)+ | λ | Iβ+ςk∥x∥

])]
+ Iα+βγ∗Ψ(∥x∥)+ | λ | Iβ∥x∥.

Then

|x (t) | ≤ γ∗Ψ(∥x∥∞)Λ(α) + |λ|Λ(0)∥x∥∞.

Thus
∥x∥∞

γ∗Ψ(∥x∥∞)Λ(α) + |λ|Λ(0)∥x∥∞
≤ 1.

By (S3), it follow that ∥x∥∞ ̸=M. Set

U = {x ∈ C ([1, e] ,R) : ∥x∥∞ < K + 1} .

From the choice of U , there is no x ∈ ∂U such that u ∈ λN (u) for some λ ∈ (0, 1).

As a consequence of the nonlinear alternative of leray-Schauder type, we deduce that N

has a fixed point u in U which is a solution to the problem (2.1).

We present now a result for the problem (4.1) with a nonconvex valued right hand

side.

Our consideration are based on the fixed point result in Lemma 1.2.4. So, let us introduce

the following hypotheses
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(S4) F : J × R −→ Pcp (R) has the property that, F (., u) : J −→ Pcp (R) is measurable

for each u ∈ C (J,R) .

(S5) There exists L ∈ C (J,R) such that

Hd (F (t, u)− F (t, u)) ≤ L (t) |u− u| for every u, u ∈ R.

Theorem 2.2.2. Assume that (S4) and (S5) are hold.

If

L∗Λ (α) + |λ|Λ (0) < 1, (2.9)

then the problem (2.1) has at least one solution on J .

Proof. We shall show that N satisfies the assumptions of Lemma 1.2.4. The proof will be

given in two steps.

Step 1: N (x) ∈ Pcl (C (J,R)) for each x ∈ C (J,R) .

Indeed, let (hn)n≥0 ⊂ N (x) be such that hn −→ h̃ in C (J,R) . Then x in C (J,R) and

there exists vn ∈ SF,x such that for each t ∈ J,

hn (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjvn (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µivn (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlvn (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkvn (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βvn (t)− λIβx (t) .

Using the fact that F has compact values and from (S2) we may pass to a subsequence
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to see that vn −→ v in L1(J). Then for each t ∈ J

hn (t) −→ h̃ (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv (t)− λIβx (t) .

So, h̃ ∈ N (x).

Step 2: There exists γ < 1 such that Hd (N (x) , N (x)) ≤ γ ∥x− x∥∞ for each x, x ∈
C (J,R) . Let x, x ∈ C (J,R) and h1 ∈ N (x) . Then there exists v1 ∈ F (t, x (t)) such that

for each t ∈ J,

h1 (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv1 (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv1 (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv1 (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv1 (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv1 (t)− λIβx (t) .
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From (S5) it follows that

Hd (F (t, x (t)) , F (t, x (t))) ≤ L (t) |x (t)− x (t)| .

Hence, there exists ω ∈ F (t, x (t)) such that

|v1 (t)− ω| ≤ L (t) |x (t)− x (t)| , t ∈ J.

Consider U : J −→ P (R) given by

U (t) = {ω ∈ R : |v1 (t)− ω| ≤ L (t) |x (t)− x (t)|} .

Since the multivalued operator V (t) = U (t)
⋂
F (t, x (t)) is measurable, there exists a

function v2 which is a measurable selection for V , so v2 ∈ F (t, x (t)) and for each t ∈ J,

|v1 (t)− v2 (t)| ≤ L (t) |x (t)− x (t)| , t ∈ J.

Let us define for each t ∈ J,

h2 (t) =
1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)
Ω3

) ( n∑
j=1

ϕj
[
Iα+β+γjv2 (ξj)− λIβ+γjx (ξj)

]

−
m∑
i=1

θi
[
Iα+β+µiv2 (ηi)− λIβ+µix (ηi)

])

+

(
(log t)β

Γ (β + 1)
Ω1 − Ω2

)(
q∑
l=1

Ξl
[
Iα+β+τlv2 (φl)− λIβ+τlx (φl)

]

−
p∑

k=1

εk
[
Iα+β+ςkv2 (ψk)− λIβ+ςkx (ψk)

])]
+ Iα+βv2 (t)− λIβx (t) .



40 2.2 Main results

Then for each t ∈ J

∥h1 (t)− h2 (t)∥ ≤ 1

|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1)
|Ω3|

)
( n∑
j=1

|ϕj|
[
Iα+β+γj ∥(v1 − v2) (ξj)∥+ λIβ+γj ∥(x− x) (ξj)∥

]

+
m∑
i=1

|θi|
[
Iα+β+µi ∥(v1 − v2) (ηi)∥+ λIβ+µi ∥(x− x) (ηi)∥

])

+

(
(log t)β

Γ (β + 1)
|Ω1|+ |Ω2|

)
(

q∑
l=1

|Ξl|
[
Iα+β+τl ∥(v1 − v2) (φl)∥+ λIβ+τl ∥(x− x) (φl)∥

]

+

p∑
k=1

|εk|
[
Iα+β+ςk ∥(v1 − v2) (ψk)∥+ λIβ+ςk ∥(x− x) (ψk)∥

])]

+ Iα+β ∥(v1 − v2) (t)∥+ λIβ ∥(x− x) (t)∥

≤ 1

|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1)
|Ω3|

)
( n∑
j=1

|ϕj|
[
Iα+β+γjγ∗ ∥(x− x)∥∞ + |λ| Iβ+γj ∥(x− x)∥∞

]

+
m∑
i=1

|θi|
[
Iα+β+µiγ∗ ∥(x− x)∥∞ + |λ| Iβ+µi ∥(x− x)∥∞

])

+

(
(log t)β

Γ (β + 1)
|Ω1|+ |Ω2|

)
(

q∑
l=1

|Ξl|
[
Iα+β+τlγ∗ ∥(x− x)∥∞ + |λ| Iβ+τl ∥(x− x)∥∞

]

+

p∑
k=1

|εk|
[
Iα+β+ςkγ∗ ∥(x− x)∥∞ + |λ| Iβ+ςk ∥(x− x)∥∞

])]

+ Iα+βγ∗ ∥(x− x)∥∞ + |λ| Iβ ∥(x− x)∥∞

≤ γ∗Λ (α) ∥(x− x)∥∞ + |λ|Λ (0) ∥(x− x)∥∞

≤ (L∗Λ (α) + |λ|Λ (0)) ∥(x− x)∥∞
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So N is a contraction and thus, by Lemma 1.2.4, N has a fixed point x which is

solution to the problem (2.1).

2.3 An Example

Consider the following problem of Caputo-Hadamard fractional differential inclusion with

nonlocal fractional integral conditions:


D

2
3 (D

2
5 + λ)x (t) ∈ F (t, x(t))

2
5
I

2
3y( e+2

4
) + 1

2
I

1
2y( e+3

4
) + 4

5
I

3
2y( e+4

4
) = 4I

2
3y(3e

4
)

5
7
I

1
2y(3e

5
) = 1

5
I

3
4y(4e

5
)

(2.10)

Here α = 2
3
, β = 2

5
, λ = 1

6Λ(0)
,Λ(2

3
) ≈ 6.598,Λ(0) ≈ 5, 945.

Set

F (t, x(t)) =
{
v ∈ IR : 0 ≤ v ≤ e−4t(∥x∥+ 1)

}
.

For each t ∈ [1, e] and u ∈ IR

∥F (t, u)∥ ≤ e−4t(|u|+ 1).

By putting γ(t) = e−4t and Ψ(u) = |u|+ 1, we can show that

M

γ∗Ψ(M)Λ(α) + |λ|MΛ(0)
> 1,

which implies that M > 2, 68584. Hence, by theorem 2.2.1, the problem (2.10) has at

least one solution on [1, e].



Chapter 3

Generalized metric space and random

variables

3.1 Introduction

Random differential equations and random integral equations have been studied sys

tematically by Ladde and Lakshmikantham [25] and Bharucha-Reid [5], respectively. They

are good models in various branches of science and engineering since random factors and

uncertainties have been taken into consideration. Hence, the study of the fractional

differential equations with random parameters seem to be a natural one. We refer the

reader to the monographs [53, 60], and the references therein. Very recently fractional

differential equations with random parameters have been studied by Lupulescu et al [30]

and Lupulescu and Ntouyas [29].

3.2 Generalized metric space

In this section we recall from the literature some notations, definitions, and auxiliary

42
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results which will be used throughout this chapter.

Let x, y ∈ Rm with x = (x1, x2, . . . , xm), y = (y1, y2, . . . , ym). By x ≤ y we mean

xi ≤ yi, i = 1, . . . ,m.Also |x| = (|x1|, |x2|, . . . , |xm|),max(x, y) = (max(x1, y1), . . . ,max(xm, ym)),

and Rm
+ = {x ∈ Rm : xi ∈ R+, i = 1, . . . ,m}. If c ∈ R, then x ≤ c means xi ≤ c, i =

1, . . . ,m.

Definition 3.2.1.

Let X be a nonempty set. By a vector-valued metric on X we mean a map d : X×X →
Rm with the following properties:

(i) d(x, y) ≥ 0 for all x, y ∈ X, and if d(x, y) = 0, then x = y;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

We call the pair (X, d) a generalized metric space with d(x, y) :=



d1(x, y)

d2(x, y)

·
·
·

dm(x, y)


.

Notice that d is a generalized metric space on X if and only if di, i = 1, . . . ,m, are metrics

on X.

For r = (r1, . . . , r2) ∈ Rn
+, we will denote by

B (x0, r) = {x ∈ X : d (x0, x) < r} = {x ∈ X : di (x0, x) < ri, i = 1, . . . , n}
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the open ball centered in x0 with radius r and

B (x0, r) = {x ∈ X : d (x0, x) < r} = {x ∈ X : di (x0, x) < ri, i = 1, . . . , n}

the closed ball centered in x0 with radius r. We mention that for generalized metric space,

the notions of open subset, closed set, convergence, Cauchy sequence and completeness

are similar to those in usual metric spaces.

Definition 3.2.2. [67]

A square matrix of real numbers is said to be convergent to zero if and only if its spectral

radius ρ(M) is strictly less than 1. In other words, this means that all the eigenvalues of

M are in the open unit disc, i.e. |λ| < 1, for every λ ∈ C with det(M − λI) = 0, where I

denotes the unit matrix of Mm×m(R).

Example 3.2.1.

The matrix A ∈M2×2(R) defined by

A =

 a b

c d

 ,

converges to zero in the following cases:

(1) b = c = 0, a, d > 0 and max{a, d} < 1.

(2) c = 0, a, d > 0, a+ d < 1 and −1 < b < 0.

(3) a+ b = c+ d = 0, a > 1, c > 0 and |a− c| < 1.

Theorem 3.2.1. ([67], p.12, p.88)

Let M ∈Mn×n (R+) The following assertions are equivalent:
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(i) M is convergent towards zero;

(ii) Mk −→ 0 as k −→ ∞;

(iii) The matrix (I −M) is nonsingular and

(I −M)−1 = I +M +M2 + . . .+Mk + . . . ,

(iv) The matrix (I −M) is nonsingular and (I −M)−1 has nonnegative elements.

Definition 3.2.3.

Let (X, d) be a generalized metric space. An operator N : X −→ X is said to be

contractive if there exists a convergent to zero matrix M such that

d (N (x) , N (y)) ≤Md (x, y) for all x, y ∈ X.

Theorem 3.2.2. [46]

Let (X, d) be a complete generalized metric space and N : X −→ X a contractive

operator with Lipschitz matrix M . Then N has a unique fixed point x∗ and for each

x0 ∈ X we have

d
(
Nk (x0) , x∗

)
≤Mk (I −M)−1 d (x0, N (x0)) for all k ∈ N.

3.3 Random operators

Let
(
Ω̃,F

)
be a measurable space; that is, a set Ω̃ with a σ-algebra of subsets of Ω̃. A

probability measure P is a measure with P (Ω) = 1. Then (Ω,F ,P) is called a probability

space. In the following, assume that
(
Ω̃,F ,P

)
is a complete probability space. Let X

be a metric space, B(X) will be the σ-algebra of all Borel subsets of X. A measurable

function x : Ω̃ → X is called a random element in X.
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Let X, Y are two locally compact, metric spaces and f : Ω̃×X → Y . By C(X, Y ) we

denote the space of continuous functions from X into Y endowed with the compact-open

topology.

Definition 3.3.1.

A random operator T : Ω̃×X → X is said to be continuous at x0 ∈ X if lim
n→∞

∥xn − x0∥ =

0 implies lim
n→∞

∥T (ω, xn)− T (ω, x0)∥ = 0.

Lemma 3.3.1. [42]

f is a Carathéodory function if and only if ω → r (ω) (.) = f (ω, .) is a measurable

function from Ω → C (X, Y ) .

Proposition 3.3.1.

If f : [1, e] × Ω → Rm is a Carathéodory function, then the function (t, ω) 7−→
Iαf (t, ω) is also a Carathéodory function.

Proof.

Clear that Iα : C ([1, e] ,Rm) → C ([1, e] ,Rm) is a continuous operator, let L : Ω →
C ([1, e] ,Rm) defined by L (ω) (.) = f (., ω). Then L(.) is measurable. Then the operator

ω → (Iα ◦ L) (ω) (.) is measurable. Since the continuous function t → Iαf (t, ω). Hence

(t, ω) → Iαf (t, ω) is a Carathéodory function, the proof is complete.

Theorem 3.3.1. [16, 47, 54]

Let (Ω,F , µ) be a probability space, X be a real separable generalized Banach space

and F : Ω ×X → X be a continuous random operator, and let M(ω) ∈ Mn×n(R+) be a

random variable matrix such that for every ω ∈ Ω, the matrix M(ω) converges to 0 and

d(F (ω, x1), F (ω, x2)) ≤M(ω)d(x1, x2); for each x1, x2 ∈ X and w ∈ Ω.
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Then there exists a random variable x : Ω → X which is the unique random fixed point of

F.

Theorem 3.3.2.

Let (Ω,F , µ) be a probability space, X be a real separable generalized Banach space

and T : Ω ×X → X be a continuous random operator, and let M(ω) ∈ Mn×n(R+) be a

nonnegative real matrix random variable such that ρ (M (ω)) < 1 a.s. and

∥T (ω, x1)− T (ω, x2)∥ ≤M(ω)d(x1, x2); for each x1, x2 ∈ X and ω ∈ Ω.

Then there exists a random variable x : Ω → X which is the unique random fixed point of

T.

Theorem 3.3.3. [15, 54]

Let X be a real separable generalized Banach space and T : Ω̃×X → X be a completely

continuous random operator. Then, either of the following holds

(i) The random equation T (ω, x) = x has a random solution, i.e., there is a measurable

function x : Ω̃ → X such that T (ω, x (ω)) = x (ω) for all ω ∈ Ω̃,

(ii) The set M =
{
x : Ω̃ → X ismeasurable λ(ω)T (ω, x) = x

}
is unbounded for some

measurable λ : Ω̃ → X with 0 < λ (ω) < 1 on Ω̃.



Chapter 4

System of boundary random fractional
differential equations

1

4.1 Introduction

Random differential equations, as natural extensions of deterministic ones, arise in many
applications and have been investigated by many mathematicians. We refer the reader
to the monographs ([5, 25, 65]). The initial value problems for fractional differential with

random parameters have been studied by Lupulescu and Ntouyas [29]. The basic tool in
the study of the problems for random fractional differential equations is to treat it as a
fractional differential equation in some appropriate Banach space.

In 2008, Precup [48] proved the role of matrix convergence in the study of semilinear
operator systems. Recently, many authors studied the existence of solutions for systems of
differential equations and fractional differential equations and inclusions by using vector
version fixed point theorems; see [6, 37, 35, 36, 50] and in the references therein.

1Zakaria Malki, Farida Berhoun and Abdelghani Ouahab, System of boundary random fractional
differential equations via Hadamard derivative, Paedagog. Crac. Stud. Math. J 20 (2021), 17-41
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Motived by such works, we consider the system of random fractional differential equa-
tions with nonlocal boundary conditions in the following form:

Dα(Dβ + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

Dγ(Dσ + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

ϕjI
γjx(ξj, ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(φl, ω)

m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

ϕjI
γjy(ξj, ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(φl, ω)

(4.1)

whereDρ denotes the Hadamard Caputo-type fractional derivative of order ρ ∈ {α, β, γ, σ}
with 0 < α, β, γ, σ < 1, 1 < α + β < 2,1 < γ + σ < 2, λ1, λ2 are given constants,
Ir is the Hadamard fractional integral of order r > 0, r ∈ {µi, γj, ςk, τl, µi, γj, ςk, τl}

the constants ηi, ξj, ψk, φl, ηi, ξj, ψk, φl ∈ (1, e); θi, ϕj, εk, νl, θi, ϕj, εk, νl ∈ R, for all

i = 1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , p, l = 1, 2, . . . , q; and f, g : [1, e] ×
Rm × Rm × Ω → Rm are given function, (Ω,A) is a measurable space.

4.2 Main results

Consider the constants

Ω1 =
m∑
i=1

θi
(log ηi)

µi

Γ (µi + 1)
−

n∑
j=1

ϕj
(log ξj)

γj

Γ (γj + 1)
,

Ω2 =
m∑
i=1

θi
(log ηi)

β+µi

Γ (β + µi + 1)
−

n∑
j=1

ϕj
(log ξj)

β+γj

Γ (β + γj + 1)
,

Ω3 =

p∑
k=1

εk
(log ψk)

ςk

Γ (ςk + 1)
−

q∑
l=1

νl
(log φl)

τl

Γ (τl + 1)
,
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Ω4 =

p∑
k=1

εk
(log ψk)

β+ςk

Γ (β + ςk + 1)
−

q∑
l=1

νl
(log φl)

β+τl

Γ (β + τl + 1)
(4.2)

and
Ω = Ω1Ω4 − Ω2Ω3. (4.3)

Similarly, we set

Ω1 =
m∑
i=1

θi
(log ηi)

µi

Γ (µi + 1)
−

n∑
j=1

ϕj

(
log ξj

)γj
Γ (γj + 1)

,

Ω2 =
m∑
i=1

θi
(log ηi)

σ+µi

Γ (σ + µi + 1)
−

n∑
j=1

ϕj

(
log ξj

)σ+γj
Γ (σ + γj + 1)

,

Ω3 =

p∑
k=1

εk

(
log ψk

)ςk
Γ (ςk + 1)

−
q∑
l=1

νl
(log φl)

τl

Γ (τl + 1)
,

Ω4 =

p∑
k=1

εk

(
log ψk

)σ+ςk
Γ (σ + ςk + 1)

−
q∑
l=1

νl
(log φl)

σ+τl

Γ (σ + τl + 1)
(4.4)

and
Ω = Ω1Ω4 − Ω2Ω3. (4.5)

Lemma 4.2.1. [63] Let Ω̃ ̸= 0, 0 < α, β ≤ 1, 1 < α + β ≤ 2, λ1 is a given constant,

µi, γj, ςk, τl > 0, the constants ηi, ξj, ψk, φl ∈ (1, e) and θi, ϕj, εk, νl ∈ R, for i =

1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , p, l = 1, 2, . . . , q. Then the problem


Dα(Dβ + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

ϕjI
γjx(ξj, ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(φl, ω)

(4.6)

is equivalent to the problem
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x (t) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)(
n∑
j=1

ϕj
[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω) , ω)− λ1I

β+γjx (ξj, ω)
]

−
m∑
i=1

θi
[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ1I

β+µix (ηi, ω)
])

+
(

(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

υl
[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω) , ω)− λ1I

β+τlx (φl, ω)
]

−
p∑

k=1

εk
[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω) , ω)− λ1I

β+ςkx (ψk, ω)
])]

+ Iα+βf(t, x(t, ω), y(t, ω), ω)− λ1I
βx(t, ω).

(4.7)
Similarly

Let Ω ̸= 0, 0 < γ, σ ≤ 1, 1 < γ + σ ≤ 2, λ2 is a given constant, µi, γj, ςk, τl > 0,

the constants ηi, ξj, ψk, φl ∈ (1, e) and θi, ϕj, εk, νl ∈ R, for i = 1, 2, . . . , m, j =

1, 2, . . . , n, k = 1, 2, . . . , p, l = 1, 2, . . . , q. Then the problem


Dγ(Dσ + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)

m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

ϕjI
γjy(ξj, ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(φl, ω)

(4.8)

is equivalent to the problem

y (t) = 1
Ω

[(
Ω4 − (log t)σ

Γ (σ+1)
Ω3

)(
n∑
j=1

ϕj
[
Iγ+σ+γjg

(
ξj, x

(
ξj, ω

)
, y
(
ξj, ω

)
, ω
)
− λ2I

σ+γjy
(
ξj, ω

)]
−

m∑
i=1

θi [I
γ+σ+µig (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ2I

σ+µiy (ηi, ω)]

)
+

(
(log t)σ

Γ (σ+1)
Ω1 − Ω2

)( q∑
l=1

υl [I
γ+σ+τlg (φl, x (φl, ω) , y (φl, ω) , ω)− λ2I

σ+τly (φl, ω)]

−
p∑

k=1

εk
[
Iγ+σ+ςkg

(
ψk, x

(
ψk, ω

)
, y
(
ψk, ω

)
, ω
)
− λ2I

σ+ςky
(
ψk, ω

)])]
+ Iγ+σg (t, x (t, ω) , y (t, ω) , ω)− λ2I

σy (t, ω) .

(4.9)
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Let us set the constants

Λ1(u) =
1

| Ω |

[(
| Ω4 | +

| Ω3 |
Γ (β + 1)

)( n∑
j=1

| ϕj |
(log ξj)

u+β+γj

Γ (u+ β + γj + 1)

+
m∑
i=1

| θi |
(log ηi)

u+β+µi

Γ (u+ β + µi + 1)

)
+

(
| Ω1 |

Γ (β + 1)
+ | Ω2 |

)( q∑
l=1

| υl |
(log φl)

u+β+τl

Γ (u+ β + τl + 1)

+

p∑
k=1

| εk |
(log ψk)

u+β+ςk

Γ (u+ β + ςk + 1)

)]
+

1

Γ (u+ β + 1)

and

Λ2(u) =
1

| Ω |

[(
| Ω4 | +

| Ω3 |
Γ (σ + 1)

)( n∑
j=1

| ϕj |
(
log ξj

)u+σ+γj
Γ (u+ σ + γj + 1)

+
m∑
i=1

| θi |
(log ηi)

u+σ+µi

Γ (u+ σ + µi + 1)

)
+

(
| Ω1 |

Γ (σ + 1)
+ | Ω2 |

)( q∑
l=1

| υl |
(log φl)

u+σ+τl

Γ (u+ σ + τl + 1)

+

p∑
k=1

| εk |
(
log ψk

)u+σ+ςk
Γ (u+ σ + ςk + 1)

)]
+

1

Γ (u+ σ + 1)
.

Our main first result is the existence and uniqueness of random solution of the problem
(4.1)

Theorem 4.2.1. Let f, g : [1, e]× Rm × Rm × Ω̃ → Rm are two Carathéodory functions.
Assume that the following condition

(H) There exists random variables p1, p2, p3, p4 : Ω̃ → R+ such that

∥f (t, x, y, ω)− f (t, x̃, ỹ, ω)∥ ≤ p1 (ω) ∥x− x̃∥+ p2 (ω) ∥y − ỹ∥ , ∀x, y, x̃, ỹ ∈ Rm
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and

∥g (t, x, y, ω)− g (t, x̃, ỹ, ω)∥ ≤ p3 (ω) ∥x− x̃∥+ p4 (ω) ∥y − ỹ∥ , ∀x, y, x̃, ỹ ∈ Rm

holds.

If for every ω ∈ Ω̃, M̃ (ω) converge to 0, where

M̃ (ω) =

(
Λ1 (α) p1 (ω) + |λ1|Λ1(0) Λ1 (α) p2 (ω)

Λ2 (γ) p3 (ω) Λ2 (γ) p4 (ω) + |λ2|Λ2(0)

)
,

then problem (4.1) has unique random solution.

Proof. Consider the operator N : C ([1, e] ,Rm) × C ([1, e] ,Rm) × Ω → C ([1, e] ,Rm) ×
C ([1, e] ,Rm),

(x (., ω) , y (., ω) , ω) 7→ (N1 (t, x (t, ω) , y (t, ω) , ω) , N2 (t, x (t, ω) , y (t, ω) , ω))

where

N1 (x(t, ω), y(t, ω), ω) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω) , ω)− λ1I

β+γjx (ξj, ω)
]

−
m∑
i=1

θi
[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ1I

β+µix (ηi, ω)
])

+
(

(log t)β

Γ (β+1)
Ω1 − Ω2

)(
q∑
l=1

υl
[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω) , ω)− λ1I

β+τlx (φl, ω)
]

−
p∑

k=1

εk
[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω) , ω)− λ1I

β+ςkx (ψk, ω)
])]

+ Iα+βf (t, x (t, ω) , y (t, ω) , ω)− λ1I
βx (t, ω)

and
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N2 (x(t, ω), y(t, ω), ω) = 1
Ω

[(
Ω4 − (log t)σ

Γ (σ+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iγ+σ+γjg

(
ξj, x

(
ξj, ω

)
, y
(
ξj, ω

)
, ω
)
− λ2I

σ+γjy
(
ξj, ω

)]
−

m∑
i=1

θi [I
γ+σ+µig (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ2I

σ+µiy (ηi, ω)]

)
+

(
(log t)σ

Γ (σ+1)
Ω1 − Ω2

)(
q∑
l=1

υl [I
γ+σ+τlg (φl, x (φl, ω) , y (φl, ω) , ω)− λ2I

σ+τly (φl, ω)]

)
−

p∑
k=1

εk
[
Iγ+σ+ςkg

(
ψk, x

(
ψk, ω

)
, y
(
ψk, ω

)
, ω
)
− λ2I

σ+ςky
(
ψk, ω

)])]
+ Iγ+σg(t, x(t, ω), y(t, ω), ω)− λ2I

σy(t, ω).

First we show that N is a random operator on C ([1, e] ,Rm)×C ([1, e] ,Rm). Since f and

g are Carathéodory functions, then ω → f(t, x, y, ω) and ω → g(t, x, y, ω) are measurable
maps in view of proposition 3.3.1 we concluded that, the maps
ω → N1(x(t, ω), y(t, ω), ω), ω → N2(x(t, ω), y(t, ω), ω) are measurable. As a result, N is a

random operator on C ([1, e] ,Rm)× C([1, e],Rm)× Ω into C([1, e],Rm)× C([1, e],Rm).

We show that N satisfies all the conditions of theorem 3.3.1 on C([1, e],Rm)×C([1, e],Rm).

Let (x, y), (x̃, ỹ) ∈ C([1, e],Rm)× C([1, e],Rm), then

∥N1(x(t, ω), y(t, ω), ω)−N1(x̃(t, ω), ỹ(t, ω), ω)∥

=

∥∥∥∥∥ 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)(
n∑
j=1

ϕj

[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω))

− Iα+β+γjf (ξj, x̃ (ξj, ω) , ỹ (ξj, ω))− λ1
[
Iβ+γjx (ξj, ω)− Iβ+γj x̃ (ξj, ω)

]]
−

m∑
i=1

θi
[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω))− Iα+β+µif (ηi, x̃ (ηi, ω) , ỹ (ηi, ω))

]
− λ1

[
Iβ+µix (ηi, ω)− Iβ+µix̃ (ηi, ω)

]])
+

(
(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

υl

[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω))

− Iα+β+τlf (φl, x̃ (φl, ω) , ỹ (φl, ω))− λ1
[
Iβ+τlx (φl, ω)− Iβ+τlx̃ (φl, ω)

]]
−

p∑
k=1

εk

[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω))− Iα+β+ςkf (ψk, x̃ (ψk, ω) , ỹ (ψk, ω))
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− λ1
[
Iβ+ςkx (ψk, ω)− Iβ+ςk x̃ (ψk, ω)

]])]

+ Iα+βf (t, x (t, ω) , y (t, ω))− Iα+βf (t, x̃ (t, ω) , ỹ (t, ω))− λ1
[
Iβx (t, ω)− Iβx̃ (t, ω)

] ∥∥∥∥∥
≤ 1

Ω

[∣∣∣∣∣Ω4 − (log t)β

Γ (β+1)
Ω3

∣∣∣∣∣
(

n∑
j=1

∑
ϕj

[
Iα+β+γj

∥∥∥∥f (ξj, x (ξj, ω) , y (ξj, ω))
− f (ξj, x̃ (ξj, ω) , ỹ (ξj, ω))

∥∥∥∥+λ1Iβ+γj∥∥∥∥x (ξj, ω)− x̃ (ξj, ω)

∥∥∥∥]
+

m∑
i=1

θi

[
Iα+β+µi

∥∥∥∥f (ηi, x (ηi, ω) , y (ηi, ω))
− f (ηi, x̃ (ηi, ω) , ỹ (ηi, ω))

∥∥∥∥+λ1Iβ+µi∥∥∥∥x (ηi, ω)− x̃ (ηi, ω)

∥∥∥∥]
)

+

∣∣∣∣ (log t)βΓ (β+1)
Ω1 − Ω2

∣∣∣∣( q∑
l=1

υl

[
Iα+β+τl

∥∥∥∥f (φl, x (φl, ω) , y (φl, ω))
− f (φl, x̃ (φl, ω) , ỹ (φl, ω))

∥∥∥∥+λ1Iβ+τl∥∥∥∥x (φl, ω)− x̃ (φl, ω)

∥∥∥∥]
+

p∑
k=1

εk

[
Iα+β+ςk

∥∥∥∥f (ψk, x (ψk, ω) , y (ψk, ω))− f (ψk, x̃ (ψk, ω) , ỹ (ψk, ω))

∥∥∥∥
]

+ λ1I
β+ςk

∥∥∥∥x (ψk, ω)− x̃ (ψk, ω)

∥∥∥∥]
)]

+ Iα+β
∥∥∥∥f (t, x (t, ω) , y (t, ω))− f (t, x̃ (t, ω) , ỹ(t, ω))

∥∥∥∥+λ1Iβ
∥∥∥∥∥x(t, ω)− x̃(t, ω)

∥∥∥∥∥
≤ p1 (ω)

{
1
|Ω|

[(
|Ω4|+ |Ω3|

Γ (β+1)

)(
n∑
j=1

|ϕj| (log ξj)
α+β+γj

Γ(α+β+γj+1)

+
m∑
i=1

|θi| (log η)α+β+µi

Γ(α+β+µi+1)

)
+

(
(log t)β

Γ (β+1)
|Ω1|+ |Ω2|

)( q∑
l=1

|υl| (log φl)
α+β+τl

Γ(α+β+τl+1)

+
p∑

k=1

|εk| (log ψk)
α+β+ςk

Γ(α+β+ςk+1)

]
+ 1

Γ(α+β+1)

}∥∥∥∥∥x (., ω)− x̃ (., ω)

∥∥∥∥∥
+ |λ1|

{
1
|Ω|

[(
|Ω4|+ |Ω3|

Γ (β+1)

)(
n∑
j=1

|ϕj| (log ξj)
β+γj

Γ(β+γj+1)

+
m∑
i=1

|θi| (log η)β+µi

Γ(β+µi+1)

)
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+
(

(log t)β

Γ (β+1)
|Ω1|+ |Ω2|

)(
q

l=1

∑
|υl| (log φl)

β+τl

Γ(β+τl+1)

+
p∑

k=1

|εk| (log ψk)
β+ςk

Γ(β+ςk+1)

]
+ 1

Γ(β+1)

}∥∥∥∥∥x (·, ω)− x̃ (·, ω)

∥∥∥∥∥
+ p2 (ω)

{
1
|Ω|

[(
|Ω4|+ (log t)β

Γ (β+1)
|Ω3|

)(
n∑
j=1

|ϕj| (log ξj)
α+β+γj

Γ(α+β+γj+1)

+
m∑
i=1

|θi| (log η)α+β+µi

Γ(α+β+µi+1)

)

+
(

(log t)β

Γ (β+1)
|Ω1|+ |Ω2|

)( q∑
l=1

|υl| (log φl)
α+β+τl

Γ(α+β+τl+1)

+
p∑

k=1

|εk| (log ψk)
α+β+ςk

Γ(α+β+ςk+1)

]
+ 1

Γ(α+β+1)

}∥∥∥∥∥y (·, ω)− ỹ (·, ω)

∥∥∥∥∥
+ |λ1|

{
1
|Ω|

[(
|Ω4|+ |Ω3|

Γ (β+1)

)(
n∑
j=1

|ϕj| (log ξj)
β+γj

Γ(β+γj+1)

+
m∑
i=1

|θi| (log η)β+µi

Γ(β+µi+1)

)
+

(
(log t)β

Γ (β+1)
|Ω1|+ |Ω2|

)(
q

l=1

∑
|υl| (log φl)

β+τl

Γ(β+τl+1)

+
p∑

k=1

|εk| (log ψk)
β+ςk

Γ(β+ςk+1)

]
+ 1

Γ(β+1)

}∥∥∥∥∥y(·, ω)− ỹ(·, ω)

∥∥∥∥∥
≤

(
p1 (ω) Λ1 (α) + |λ1|Λ1(0)

)
∥x(·, ω)− x̃(·, ω)∥∞ + p2 (ω) Λ (α) ∥y(·, ω)− ỹ(·, ω)∥∞ ,

then

∥N1 (t, x, y, ω)−N1 (t, x̃, ỹ, ω)∥ ≤

(
p1 (ω) Λ1 (α) + |λ1|Λ1(0)

)
|x− x̃|

+ p2 (ω) Λ1 (α) |y − ỹ| .

Similarly, we obtain
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∥N2 (t, x, y, ω)−N2 (t, x̃, ỹ, ω)∥ ≤ p3 (ω) Λ2 (γ) |x− x̃|

+

(
p4 (ω) Λ2 (γ) + |λ2|Λ2(0)

)
|y − ỹ| .

Hence

d (N (x (·, ω) , y (·, ω) , ω) , N (x̃ (·, ω) , ỹ (·, ω) , ω)) ≤ M̃ (ω) d ((x (·, ω) , y (·, ω)) , (x̃ (·, ω) , ỹ (·, ω))) ,

where

d (x, y) =

(
∥x (·, ω) − y (·, ω)∥∞
∥x (·, ω) − y (·, ω)∥∞

)
,

and

M̃ (ω) =

(
Λ1 (α) p1 (ω) + |λ1|Λ1(0) Λ1 (α) p2 (ω)

Λ2 (γ) p3 (ω) Λ2 (γ) p4 (ω) + |λ2|Λ2(0)

)
.

Since for every ω ∈ Ω, M̃ (ω) ∈Mn×n (R+) converge to zero, then from theorem 3.3.1

there exists unique random solution of problem (4.1). This completes the proof.

Now, we present an existence result without Lipschitz conditions. We consider the
following hypotheses:

(H1) For every ω ∈ Ω, the functions f(·, ·, ·, ω) and g(·, ·, ·, ω) are continuous and ω →
f(·, ·, ·, ω), ω → g(·, ·, ·, ω) are measurable.

(H2) There exists measurable and bounded functions γ1, γ2 : Ω → R+ such that

∥f(t, x, y, ω)∥ ≤ γ1(ω)(∥x∥+ ∥y∥+ 1),

∥g(t, x, y, ω)∥ ≤ γ2(ω)(∥x∥+ ∥y∥+ 1),
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for all t ∈ [1, e], ω ∈ Ω and x, y ∈ Rm.

We shall rely on Leray-Schauder random fixed point theorem type in generalized Ba-
nach space to prove our existence result.

Theorem 4.2.2.

Assume that the hypotheses (H1), (H2) and the condition

Λ1(α)γ1(ω) + Λ2(γ)γ2(ω) + |λ1|Λ1(0) + |λ2|Λ2(0) < 1, (4.10)

hold. Then the problem (4.1) has a random solution defined on [1, e]. Moreover, the
solution set

S = {(x, y) : Ω → C([1, e],Rm)× C([1, e],Rm) : (x(·, ω), y(·, ω)) , ω ∈ Ω is solution of (4.1)}

is compact.

Proof.

Let N : C([1, e],Rm)× C([1, e],Rm)× Ω → C([1, e],Rm)× C([1, e],Rm) be a random
operator defined in Theorem 4.2.1. In order to apply theorem 3.3.3, we first show that N
is completely continuous. The proof will be given in several steps.

Step 1.

N(·, ·, ω) = (N1(·, ·, ω), N2(·, ·, ω)) is continuous.

Let (xn, yn) be a sequence such that (xn, yn) → (x, y) ∈ C ([1, e] ,Rm)× C ([1, e] ,Rm)

as n→ ∞. Since f is a continuous function, then

n∑
j=1

|ϕj|∥Iα+β+γjf(ξj, xn(ξj, ω), yn(ξj, ω), ω)− Iα+β+γjf(ξj, x(ξj, ω), y(ξj, ω), ω)∥∞ → 0 as n→ ∞,

m∑
i=1

|θi|∥Iα+β+µif (ηi, xn(ηi, ω), yn(ηi, ω))− Iα+β+µif (ηi, x(ηi, ω), y(ηi, ω)) ∥∞ → 0 as n→ ∞,

q∑
l=1

|vl|∥Iα+β+τlf (φl, xn(φl, ω), yn(φl, ω))− Iα+β+γjf (φl, x(φl, ω), y(φl, ω)) ∥∞ → 0 as n→ ∞.
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and

∥Iα+β(f(t, xn(t, ω), yn(t, ω), ω)− f(t, x(t, ω), y(t, ω), ω)∥∞
+|λ1|∥Iβ(xn(t, ω)− x(t, ω)∥∞ → 0 as n→ ∞

Thus

∥N1 (xn (·, ω) , yn (·, ω) , ω)−N1 (x (·, ω) , y (·, ω) , ω)∥∞ → 0 as n→ ∞.

Similarly

∥N2 (xn (·, ω) , yn (·, ω) , ω)−N2 (x (·, ω) , y (., ω) , ω)∥∞ → 0 as n→ ∞.

Thus N is continuous.
Step 2.
N maps bounded sets into bounded sets in C([1, e],Rm) × C([1, e],Rm). Indeed, it is
enough to show that for any q > 0 there exists a positive constant l such that for
each (x, y) ∈ Bq = {(x, y) ∈ C([1, e],R)× C([1, e],R) : (∥x∥∞, ∥y∥∞) ≤ (q, q)} , we have

∥N (x, y, ω)∥∞ ≤ l = (l1, l2) .

Then for each t ∈ [1, e]; we get

∥N1(x (t) , y (t) , ω)∥

=

∥∥∥∥∥ 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)(
n∑
j=1

ϕj

[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω))

− λ1I
β+γjx (ξj, ω)

]
−

m∑
i=1

θi

[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω))− λ1I

β+µix (ηi, ω)
])

+
(

(log t)β

Γ (β+1)
Ω1 − Ω2

)( q∑
l=1

υl

[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω))− λ1I

β+τlx (φl, ω)
]

−
p∑

k=1

εk

[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω))− λ1I

β+ςkx (ψk, ω)
])]

+ Iα+βf (t, x (t, ω) , y (t, ω))− λ1I
βx (t, ω)

∥∥∥∥∥
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≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γj

∥∥∥∥f (ξj, x (ξj, ω) , y (ξj, ω)) ∥∥∥∥
+ | λ1 | Iβ+γj∥x (ξj, ω) ∥

]
+

m∑
i=1

| θi |
[
Iα+β+µi

∥∥∥∥f (ηi, x (ηi, ω) , y (ηi, ω))∥∥∥∥+ | λ1 | Iβ+µi∥x (ηi, ω) ∥
])

+
(

(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| υl |
[
Iα+β+τl

∥∥∥∥f (φl, x (φl, ω) , y (φl, ω))∥∥∥∥
+ | λ1 | Iβ+τl∥x (φl, ω) ∥

]
+

p∑
k=1

| εk |
[
Iα+β+ςk

∥∥∥∥f (ψk, x (ψk, ω) , y (ψk, ω))∥∥∥∥+ | λ1 | Iβ+ςk∥x (ψk, ω) ∥
])]

+ Iα+β
∥∥∥∥f (t, x (t, ω) , y (t, ω))∥∥∥∥+ | λ1 | Iβ∥x (t, ω) ∥

≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ1 (ω) (∥x(ξj, ω)∥+ ∥y(ξj, ω)∥)

+ | λ1 | Iβ+γj∥x(ξj, ω)∥
]

+
m∑
i=1

| θi |
[
Iα+β+µiγ1 (ω) (∥x(ηi, ω)∥+ ∥y(ηi, ω)∥)+ | λ1 | Iβ+µi∥x(ηi, ω)∥

])]

+
(

(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| υl |
[
Iα+β+τlγ1 (ω) (∥x(φl, ω)∥+ ∥y(φl, ω)∥)

+ | λ1 | Iβ+τl∥x (φl, ω) ∥
]

+
p∑

k=1

| εk |
[
Iα+β+ςkγ1 (ω) (∥x (ψk, ω)∥+ ∥y (ψk, ω)∥)+ | λ1 | Iβ+ςk∥x (ψk, ω) ∥

])]
+ Iα+βγ1 (ω) (∥x (t, ω)∥+ ∥y (t, ω)∥)+ | λ1 | Iβ∥x (t, ω) ∥
≤ γ1 (ω) Λ1 (α) (∥x∥+ ∥y∥)+ | λ1 | qΛ1 (0)

≤ γ1 (ω) Λ1 (α) (2q)+ | λ1 | qΛ1 (0) .

Then

∥N1 (x (·, ω) , y (·, ω) , ω) ∥∞ ≤ γ1 (ω) Λ1 (α) (2q)+ | λ | qΛ1 (0) ≤ l1 (ω) .

Similarly, we have

∥N2 (x (·, ω) , y (·, ω) , ω) ∥∞ ≤ γ2 (ω) Λ2 (γ) (2q)+ | λ | qΛ2 (0) ≤ l2 (ω) .

Step 3.
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Next, we will show thatN maps bounded sets into equicontinuous sets of C([1, e],Rm)×
C([1, e],Rm). Let Br = {(x, y) ∈ C([1, e],Rm) × C([1, e],Rm) : ∥x∥ ≤ r, ∥y∥ ≤ r} be a

bounded set in C ([1, e] ,Rm)× C ([1, e] ,Rm) as in Step 2.

Let t1, t2 ∈ [1, e] with t1 < t2 and (x, y) ∈ Br.
Then we have

∥N1 (x (t2, ω) , y (t2, ω) , ω)−N1 (x (t1, ω) , y (t1, ω) , ω)∥

=

∥∥∥∥∥ 1
Ω

[(
(log t2)

β−(log t1)
β

Γ (β+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω) , ω)− λ1I

β+γjx (ξj, ω)
]

−
m∑
i=1

θi
[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ1I

β+µix (ηi, ω)
])

+
(

(log t2)
β−(log t1)

β

Γ (β+1)
Ω1

)(
q∑
l=1

υl
[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω) , ω)− λ1I

β+τlx (φl, ω)
]

−
p∑

k=1

εk
[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω) , ω)− λ1I

β+ςkx (ψk, ω)
])]

+ Iα+βf (t, x (t2, ω) , y (t2, ω) , ω)− λ1I
βx (t2, ω)

− Iα+βf (t, x (t1, ω) , y (t1, ω) , ω) + λ1I
βx (t1, ω)

∥∥∥∥∥
≤ 1

| Ω |

[(
(log t2)

β − (log t1)
β

Γ (β + 1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ1(ω) (∥x(ξj, ω)∥+ ∥y(ξj, ω)∥+ 1)

+ | λ1 | Iβ+γj∥x(ξj, ω)∥
]

+
m∑
i=1

| θi |
[
Iα+β+µiγ1(ω)(∥x (ηi, ω) ∥+ ∥y (ηi, ω) ∥+ 1)+ | λ1 | Iβ+µi∥x (ηi, ω) ∥

])
+

(
(log t2)β−(log t1)β

Γ (β+1)
| Ω1 |

)(
q

l=1

∑
| υl |

[
Iα+β+τlγ1(ω) (∥x (φl, ω) ∥+ ∥y (φl, ω) ∥+ 1)

+ | λ1 | Iβ+τl∥x (φl, ω) ∥
]

+
p∑

k=1

| εk |
[
Iα+β+ςkγ1 (ω) (∥x (ψk, ω) ∥+ ∥y (ψk, ω) ∥)+ | λ1 | Iβ+ςk∥x (ψk, ω) ∥

])]
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+ |λ1|∥x∥
Γ(β+1)

∣∣∣∣(log t2)β − (log t1)
β + 2

(
log t2

t1

)β∣∣∣∣
≤ 1

|Ω|

[(
(log t2)β−(log t1)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
(2r+1)(log ξj)

α+β+γj γ1(ω)

Γ(α+β+γj+1)

+
|λ1|r(log ξj)β+γj

Γ(β+γj+1)

]
+

m∑
i=1

| θi |
[
(2r+1)(log ηi)

α+β+µiγ1(ω)
Γ(α+β+µi+1)

+ |λ1|r(log ηi)β+µi

Γ(β+µi+1)

])

+
(

(log t2)β−(log t1)β

Γ (β+1)
| Ω1 |

)( q∑
l=1

| υl |
[
(2r+1)(log φl)

α+β+τlγ1(ω)
Γ(α+β+τl+1)

+ |λ1|r(log φl)
β+τl

Γ(β+τl+1)

]
+

p∑
k=1

| εk |
[
(2r+1)(log ψk)

α+β+ςkγ1(ω)
Γ(α+β+ςk+1)

+ |λ|r(log ψk)
β+ςk

Γ(β+ςk+1)

])]
+ γ1(ω)(2r+1)

Γ(α+β+1)

∣∣∣∣(log t2)α+β − (log t1)
α+β

∣∣∣∣
+ |λ1|r

Γ(β+1)

∣∣∣∣(log t2)β − (log t1)
β + 2(log t2

t1
)β
∣∣∣∣.

.

Hence

∥N1 (x (t2, ω) , y (t2, ω) , ω)−N1 (x (t1, ω) , y (t1, ω) , ω)∥

≤ 1
|Ω|

[(
(log t2)β−(log t1)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
(2r+1)(log ξj)

α+β+γj γ1(ω)

Γ(α+β+γj+1)

+
|λ1|r(log ξj)β+γj

Γ(β+γj+1)

]
+

m∑
i=1

| θi |
[
(2r+1)(log ηi)

α+β+µiγ1(ω)
Γ(α+β+µi+1)

+ |λ1|r(log ηi)β+µi

Γ(β+µi+1)

])
+

(
(log t2)

β−(log t1)
β

Γ (β+1)
| Ω1 |

)( q∑
l=1

| υl |
[
(2r+1)(log φl)

α+β+τlγ1(ω)
Γ(α+β+τl+1)

+ |λ1|r(log φl)
β+τl

Γ(β+τl+1)

]
+

p∑
k=1

| εk |
[
(2r+1)(log ψk)

α+β+ςkγ1(ω)
Γ(α+β+ςk+1)

+ |λ|r(log ψk)
β+ςk

Γ(β+ςk+1)

])]
+ γ1(ω)(2r+1)

Γ(α+β+1)

∣∣∣∣(log t2)α+β − (log t1)
α+β

∣∣∣∣
+ |λ1|r

Γ(β+1)

∣∣∣∣(log t2)β − (log t1)
β + 2(log t2

t1
)β
∣∣∣∣

and



4.2 Main results 63

∥N2(x(t2, ω), y(t2, ω), ω)−N2(x(t1, ω), y(t1, ω), ω)∥

≤ 1
|Ω|

[(
(log t2)σ−(log t1)σ

Γ (σ+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
(2r+1)(log ξj)

γ+σ+γj γ1(ω)

Γ(γ+σ+γj+1)

+
|λ2|r(log ξj)

σ+γj

Γ(σ+γj+1)

]
+

m∑
i=1

| θi |
[
(2r+1)(log ηi)

γ+σ+µiγ1(ω)
Γ(γ+σ+µi+1)

+ |λ2|r(log ηi)σ+µi

Γ(σ+µi+1)

])

+
(

(log t2)σ−(log t1)σ

Γ (σ+1)
| Ω1 |

)( q∑
l=1

| υl |
[
2q(log φl)

γ+σ+τlγ1(ω)
Γ(γ+σ+τl+1)

+ |λ2|r(log φl)
σ+τl

Γ(σ+τl+1)

]
+

p∑
k=1

| εk |
[
(2r+1)(log ψk)

γ+σ+ςkγ1(ω)

Γ(γ+σ+ςk+1)
+ |λ2|r(log ψk)

σ+ςk

Γ(σ+ςk+1)

])]
+ γ(ω)(2r+1)

Γ(γ+σ+1)

∣∣∣∣(log t2)γ+σ − (log t1)
γ+σ

∣∣∣∣
+ |λ2|r

Γ(σ+1)

∣∣∣∣(log t2)σ − (log t1)
σ + 2(log t2

t1
)σ
∣∣∣∣.

As t2− t1 → 0, the right-hand side of the above inequality tends to zero independently
of u ∈ Bq. Therefore by the Arzela-Ascoli theorem the operator N : C ([1, e] ,Rm) ×
C([1, e],Rm) is completely continuous.

Step 4. It remains to show that

A(ω) =

{
(x(·, ω), y(·, ω)) ∈ C([1, e],Rm)× C([1, e],Rm) : (x(·, ω), y(·, ω))

= λ (ω)N (x (·, ω) , y (·, ω) , ω) , λ (ω) ∈ (0, 1)

}
is bounded.

Let (x, y) ∈ A(ω). Then x = λ (ω)N1 (x, y) and y = λ (ω)N2 (x, y) for some 0 < λ < 1.

Thus, for t ∈ [1, e] , we have
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∥x (t, ω) ∥

≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γj

∥∥∥∥f (ξj, x (ξj, ω) , y (ξj, ω)) ∥∥∥∥
+ | λ1 | Iβ+γj∥x (ξj, ω) ∥

]
+

m∑
i=1

| θi |
[
Iα+β+µi

∥∥∥∥f (ηi, x (ηi, ω) , y (ηi, ω))∥∥∥∥+ | λ1 | Iβ+µi∥x (ηi, ω) ∥
])

+
(

(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| υl |
[
Iα+β+τl

∥∥∥∥f (φl, x (φl, ω) , y (φl, ω))∥∥∥∥
+ | λ1 | Iβ+τl∥x (φl, ω) ∥

]
+

p∑
k=1

| εk |
[
Iα+β+ςk

∥∥∥∥f (ψk, x (ψk, ω) , y (ψk, ω))∥∥∥∥+ | λ1 | Iβ+ςk∥x (ψk, ω) ∥
])]

+ Iα+β
∥∥∥∥f (t, x (t, ω) , y (t, ω)) ∥∥∥∥+ | λ1 | Iβ∥x (t, ω) ∥

≤ 1
|Ω|

[(
| Ω4 | + (log t)β

Γ (β+1)
| Ω3 |

)(
n∑
j=1

| ϕj |
[
Iα+β+γjγ1 (ω) (∥x(ξj, ω)∥+ ∥y(ξj, ω)∥)

+ | λ1 | Iβ+γj∥x(ξj, ω)∥

]

+
m∑
i=1

| θi |
[
Iα+β+µiγ1 (ω) (∥x(ηi, ω)∥+ ∥y(ηi, ω)∥)+ | λ1 | Iβ+µi∥x(ηi, ω)∥

])]
+

(
(log t)β

Γ (β+1)
| Ω1 | + | Ω2 |

)( q∑
l=1

| υl |
[
Iα+β+τlγ1 (ω) (∥x(φl, ω)∥+ ∥y(φl, ω)∥)

+ | λ1 | Iβ+τl∥x (φl, ω) ∥
]

+
p∑

k=1

| εk |
[
Iα+β+ςkγ1 (ω) (∥x (ψk, ω)∥+ ∥y (ψk, ω)∥)+ | λ1 | Iβ+ςk∥x (ψk, ω) ∥

])]
+ Iα+βγ1 (ω) (∥x (t, ω)∥+ ∥y (t, ω)∥)+ | λ1 | Iβ∥x (t, ω) ∥.

Then

|x (t, ω)| ≤ γ1(ω)(∥x(·, ω)∥∞ + ∥y(·, ω)∥∞ + 1)Λ1(α) + |λ1|Λ1(0)(∥x(·, ω)∥∞ + ∥y(·, ω)∥∞)

We have also

|y (t, ω)| ≤ γ2(ω)(∥x(·, ω)∥∞ + ∥y(·, ω)∥∞ + 1)Λ2(γ) + |λ2|Λ2(0)(∥x(·, ω)∥∞ + ∥y(·, ω)∥∞)
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Therefore

|x (t, ω)|+ |y (t, ω)| ≤ C +K(∥x(·, ω)∥∞ + ∥y(·, ω)∥∞)

where

C = γ∗1(ω) + γ∗2(ω), K = Λ1(α)γ1(ω) + Λ2(γ)γ2(ω) + |λ1|Λ1(0) + |λ2|Λ2(0).

Hence, from (4.10), we get

∥x(·, ω)∥∞ + ∥y(·, ω)∥∞ ≤ γ∗1(ω) + γ∗2(ω)

1−K
:= K∗.

Consequently ∥x∥ ≤ K∗ and ∥y∥ ≤ K∗

This shows that A(ω) is bounded. As a consequence of Theorem 3.3.3 we deduce that

N has a random fixed point ω → (x(·, ω), y(·, ω)) which is a solution to the problem (4.1).

Step 5.

Compactness of the solution set.

Let {(xn, yn)}n∈N ⊂ S be a sequence. For every n ∈ N and for fixe ω ∈ Ω, we get

xn(t, ω) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iα+β+γjf (ξj, xn (ξj, ω) , yn (ξj, ω) , ω)− λ1I

β+γjxn (ξj, ω)
]

−
m∑
i=1

θi
[
Iα+β+µif (ηi, xn (ηi, ω) , yn (ηi, ω) , ω)− λ1I

β+µixn (ηi, ω)
])

+
(

(log t)β

Γ (β+1)
Ω1 − Ω2

)(
q∑
l=1

υl
[
Iα+β+τlf (φl, xn (φl, ω) , yn (φl, ω) , ω)− λ1I

β+τlxn (φl, ω)
]

−
p∑

k=1

εk
[
Iα+β+ςkf (ψk, xn (ψk, ω) , yn (ψk, ω) , ω)− λ1I

β+ςkxn (ψk, ω)
])]

+ Iα+βf (t, xn (t, ω) , yn (t, ω) , ω)− λ1I
βxn (t, ω)
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and

yn (t, ω) = 1
Ω

[(
Ω4 − (log t)σ

Γ (σ+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iγ+σ+γjg

(
ξj, xn

(
ξj, ω

)
, yn

(
ξj, ω

)
, ω
)
− λ2I

σ+γjyn
(
ξj, ω

)]
−

m∑
i=1

θi [I
γ+σ+µig (ηi, xn (ηi, ω) , yn (ηi, ω) , ω)− λ2I

σ+µiyn (ηi, ω)]

)
+

(
(log t)σ

Γ (σ+1)
Ω1 − Ω2

)(
q∑
l=1

υl [I
γ+σ+τlg (φl, xn (φl, ω) , yn (φl, ω) , ω)− λ2I

σ+τlyn (φl, ω)]

)
−

p∑
k=1

εk
[
Iγ+σ+ςkg

(
ψk, xn

(
ψk, ω

)
, yn

(
ψk, ω

)
, ω
)
− λ2I

σ+ςkyn
(
ψk, ω

)])]
+ Iγ+σg (t, xn (t, ω) , yn (t, ω) , ω)− λ2I

σyn (t, ω)

.

As in Steps 3, 4, we can prove that subsequence {(xnk, ynk)}k∈N of {(xn, yn)}n∈N con-

verge to some (x (·, ω) , y (·, ω)) ∈ C ([1, e] ,Rm)× C ([1, e] ,Rm) , such that

ω → x(t, ω), ω → y(·, ω)

are measurable functions. Since f(·, ·, ·, ω) and g(·, ·, ·, ω) are continuous functions, then

x(t, ω) = 1
Ω

[(
Ω4 − (log t)β

Γ (β+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iα+β+γjf (ξj, x (ξj, ω) , y (ξj, ω) , ω)− λ1I

β+γjx (ξj, ω)
]

−
m∑
i=1

θi
[
Iα+β+µif (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ1I

β+µix (ηi, ω)
])

+
(

(log t)β

Γ (β+1)
Ω1 − Ω2

)(
q∑
l=1

υl
[
Iα+β+τlf (φl, x (φl, ω) , y (φl, ω) , ω)− λ1I

β+τlx (φl, ω)
]

−
p∑

k=1

εk
[
Iα+β+ςkf (ψk, x (ψk, ω) , y (ψk, ω) , ω)− λ1I

β+ςkx (ψk, ω)
])]

+ Iα+βf (t, x (t, ω) , y (t, ω) , ω)− λ1I
βx (t, ω)

and
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y (t, ω) = 1
Ω

[(
Ω4 − (log t)σ

Γ (σ+1)
Ω3

)
(

n∑
j=1

ϕj
[
Iγ+σ+γjg

(
ξj, x

(
ξj, ω

)
, y
(
ξj, ω

)
, ω
)
− λ2I

σ+γjy
(
ξj, ω

)]
−

m∑
i=1

θi [I
γ+σ+µig (ηi, x (ηi, ω) , y (ηi, ω) , ω)− λ2I

σ+µiy (ηi, ω)]

)
+

(
(log t)σ

Γ (σ+1)
Ω1 − Ω2

)(
q∑
l=1

υl [I
γ+σ+τlg (φl, x (φl, ω) , y (φl, ω) , ω)− λ2I

σ+τly (φl, ω)]

)
−

p∑
k=1

εk
[
Iγ+σ+ςkg

(
ψk, x

(
ψk, ω

)
, y
(
ψk, ω

)
, ω
)
− λ2I

σ+ςky
(
ψk, ω

)])]
+ Iγ+σg (t, x (t, ω) , y (t, ω) , ω)− λ2I

σy (t, ω) .

So S is compact.

4.3 Examples

In this section we consider two examples for illustrate our main results.

Example 4.3.1.

Consider the following system of fractional differential equation:



D
1
2 (D

2
3 + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

D
2
3 (D

2
5 + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)

4I
2
3x(2e

3
, ω) + I

3
5x( e+1

3
, ω) = 2

5
I

2
3x( e+2

3
, ω)

2
3
I

1
5x( e

2
, ω) = I

2
5x(2e

5
, ω) + 3I

1
4x(4e

5
, ω)

2
5
I

2
3y( e+2

4
, ω) + 1

2
I

1
2y( e+3

4
, ω) + 4

5
I

3
2y( e+4

4
, ω) = 4I

2
3y(3e

4
, ω)

5
7
I

1
2y(3e

5
, ω) = 1

5
I

3
4y(4e

5
, ω)

(4.11)

where α = 1
2
, β = 2

3
, γ = 2

3
, σ = 2

5
, λ1 = 1

6Λ1(0)
, λ2 = 1

6Λ2(0)
, B(R) denote the Borel
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σ-algebra, f, g : [1, e]× R× R× B(R) → R defined by

f(t, x, y, ω) =
cos(x+ y)

6Λ1(α)
+ ωt, g(t, x, y, ω) =

|x+ y|
6Λ2(γ)

+
log t

t
+ ω2,

where
Λ1(α) ≈ 101, 544, Λ1(0) ≈ 175, 398

and
Λ2(γ) ≈ 6, 598, Λ2(0) ≈ 15, 945.

We can easily show that

|f(t, x, y, ω)− f(t, x, y, ω)| ≤ 1

6Λ1(α)
(|x− x̄|+ |y − ȳ|), ∀x, x̄, y, ȳ ∈ R, t ∈ [1, e]

and

|g(t, x, y, ω)− g(t, x, y, ω)| ≤ 1

6Λ2(α)
(|x− x̄|+ |y − ȳ|), ∀x, x̄, y, ȳ ∈ R, t ∈ [1, e].

Hence

M̃ (ω) =

(
1
3

1
6

1
6

1
3

)
, det(M − λI) =

(
λ− 1

2

)(
λ− 1

6

)
.

We observe that

|ρ(M(ω))| = 1

2
< 1,

then
M(ω), converge to 0.

Therefore, all the conditions of theorem 4.2.1 are satisfied. Hence the problem (4.11) has
a unique random solution.

Example 4.3.2.
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Consider the following system of fractional differential equation:



D
1
2 (D

2
3 + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

D
2
3 (D

2
5 + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)

4I
2
3x(2e

3
, ω) + I

3
5x( e+1

3
, ω) = 2

5
I

2
3x( e+2

3
, ω)

2
3
I

1
5x( e

2
, ω) = I

2
5x(2e

5
, ω) + 3I

1
4x(4e

5
, ω)

2
5
I

2
3y( e+2

4
, ω) + 1

2
I

1
2y( e+3

4
, ω) + 4

5
I

3
2y( e+4

4
, ω) = 4I

2
3y(3e

4
, ω)

5
7
I

1
2y(3e

5
, ω) = 1

5
I

3
4y(4e

5
, ω)

(4.12)

where α = 1
2
, β = 2

3
, γ = 2

3
, σ = 2

5
, λ1 =

1
6Λ1(0)

, λ2 =
1

6Λ2(0)
,

Here

f(t, x, y, ω) =
tω2x2

2(1 + ω2)(1 + x2 + y2)
+ 1

and

g(t, x, y, ω) =
tω2y2

2(1 + ω2)(1 + x2 + y2)
+ 1.

Clearly, the map (t, ω) 7→ f(t, x, y, ω) is jointly continuous for all x, y ∈ R. Thus the

functions f and g are Carathéodory on [1, e]×R×R×F . Firstly, we show that f and g
are Lipschitz functions. then

|f(t, x, y, ω) ≤ ω2

6Λ1(α)(1 + ω2)
, ∀x, y ∈ R

and

|g(t, x, y, ω) ≤ ω2

6Λ2(γ)(1 + ω2)
, ∀x, y ∈ R.

Therefore, all the conditions of theorem 4.2.2 hold. Then the problem (4.12) has at least
one random solution.
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Conclusion and Perspective

In this thesis, we have considered the following

(1) Langevin fractional differential inclusion


Dα(Dβ + λ)x (t) ∈ F (t, x(t))

m∑
i=1

θiI
µix(ηi) =

n∑
j=1

ϕjI
γjx(ξj)

p∑
k=1

εkI
ςkx(ψk) =

q∑
l=1

ΞlI
τlx(φl)

where Dρ denotes the Hadamard Caputo-type fractional derivative of order ρ ∈
{α, β} with 0 < α, β < 1, 1 < α + β < 2, λ is a given constant, Ir is the Hadamard

fractional integral of order r > 0, r ∈ {µi, γj, ςk, τl} the constants ηi, ξj, ψk, φl ∈
(1, e) and θi, ϕj, εk, Ξl ∈ R, for all i = 1, 2, . . . , m, j = 1, 2, . . . , n,

k = 1, 2, . . . , p, l = 1, 2, . . . , q and F : [1, e] ×R → P(R); where F is a multifonc-

tion.

(2) System of boundary random fractional differential equations



Dα(Dβ + λ1)x (t, ω) = f(t, x(t, ω), y(t, ω), ω)

Dγ(Dσ + λ2) y (t, ω) = g(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

ϕjI
γjx(ξj, ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(φl, ω)

m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

ϕjI
γjy(ξj, ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(φl, ω)

where Dρ denotes the Hadamard Caputo-type fractional derivative of order ρ ∈
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{α, β, γ, σ} with 0 < α, β, γ, σ < 1, 1 < α + β < 2,1 < γ + σ < 2, λ1, λ2
are given constants, Ir is the Hadamard fractional integral of order r > 0, r ∈
{µi, γj, ςk, τl, µi, γj, ςk, τl} the constants ηi, ξj, ψk, φl, ηi, ξj, ψk, φl ∈ (1, e) and

θi, ϕj, εk, νl, θi, ϕj, εk, νl ∈ R, for all i = 1, 2, . . . , m, j = 1, 2, . . . , n, k = 1, 2, . . . , p,

l = 1, 2, . . . , q and f, g : [1, e] × Rm×Rm×Ω → Rm, (Ω,A) is a measurable space.

In the futur, we plan to study the qualitative aspect of the solutions for the above

mentioned problems, in particular, we will look for the stability and controllability of the

above cited problems.
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