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Abstract

Trees form a large family of combinatorial objects offering a wide range of appli-
cation domains. The broadening of these application domains has naturally led to
the division of this family into three large classes of trees: ordered, unordered and
semi-ordered trees. This diversity has also motivated the development of a large
panorama of algorithms that aim at solving the different problems related to this
structure. Today, and in front of an explosion of the size of the trees, the new stake
is to study how to optimize these algorithms to gain orders of orders of magnitude
in complexity. One way to achieve this goal is to approach the original trees by
compressed structures offering better algorithmic properties, and it is in this con-
text that our current work is situated. We consider the problem of optimising the
tree edit distance calculation algorithms by compressing them into DAGs. We are
then interested firestly in defining the compression of ordered and semi-ordered trees
inspired by the work done on unordered trees, and secondly we are interested in the
lossy compression of unordered labeled trees.

Keywords: Graph Theory, Tree, DAG ,Data compression, Plan architecture.

Field: Computer Science..

Résumé

Les arbres forment une grande famille d’objets combinatoires offrant un large
éventail de domaines d’application. L’élargissement de ces domaines d’application a
naturellement conduit a la division de cette famille en trois grandes classes d’arbres :
les arbres ordonnés, non ordonnés et semi-ordonnés. Cette diversité a également
motivé le développement d'un large panorama d’algorithmes visant a résoudre les
différents problemes liés a cette structure. Aujourd’hui, et face a une explosion de
la taille des arbres, le nouvel enjeu est d’étudier comment optimiser ces algorithmes
pour gagner des ordres de grandeur en complexité. Une facon d’atteindre cet ob-
jectif est d’approcher les arbres originaux par des structures compressées offrant de
meilleures propriétés algorithmiques, et c¢’est dans ce contexte que se situe notre
travail actuel. Nous considérons le probleme de I'optimisation des algorithmes de
calcul de la distance d’édition des arbres en les compressant en DAGs. Nous nous
intéressons alors tout d’abord a la définition de la compression des arbres ordonnés
et semi-ordonnés en nous inspirant des travaux réalisés sur les arbres non ordonnés,
puis nous nous intéressons a la compression avec perte des arbres étiquetés non
ordonnés.

Mots-clefs : Theorie des graphes, Arborescence, DAG ,Compression de données,
Architecture des plantes.

Discipline : Informatique.



gadla

1aa Gl CVlaa aug ool sabill C¥laa (e Gl Blad a385 3 BaalaniV) pualinll (pe 3 ju€ A pena laid¥) JS
1ia aa a8y A sal) andy A el e 5 At el JladV) i adY) (e 558 Gl GG ) Al o3a i ) el IS
el ¢ asadl el 1g0 dleia) Aalia dll e Ja L) Cing ) lia s )il e 8 aS L)y sily sk Ll U i
agiad 3 Gl )l e Jmanll a5 1A sha (st LA Ll o 8 Syaall Dagall JLat ¢ JlaiY) plas) jlaad
1ia by e Joasl dga )l 5 ailas 8 i gian JShgr Do) LS G 5 Ciagl s Gaiad (35 (saa) Jia
o L sk e el JSLgl G asal Giliss lim il )53 (pasad ASGa yind (a3 el Ulae o (3lacd
e Satall Jaall Ga on sl 25 pal) ap S5 A pal) e Y ki G et (W Agad) 3 (508 350 Y A se Sy

Slansal) 28]l 3 Al s LS oLyl Ll 2igh o i ¢ A el e jladd)

bl Anis ¢ ULl dadi ¢ 5l (S ¢ Ay g0 Y A se bl el dunia ALY clalSl)

S e 1pamanl)



TABLE OF CONTENTS

ACKNOWLEDGEMENTS

Introduction

1 Definitions and notations

1.1
1.2
1.3
1.4

1.5

Graph Theory Notations and Definitions . . . . . ... ... .. ...
Definitions related to trees . . . . . . . . . . ... ...
Definitions related to algorithms . . . . . . . . .. ... .. ... ...
State of the art . . . . . . . . . ...
1.4.1 Edit distance . . . . . . .. ...
1.4.2 Ordered trees edit distance . . . . . . . . . .. ... ... ...
1.4.3 Unordered trees edit distance . . . . . . .. ... ... ....
1.4.4 Semi-ordered trees edit distance . . . . . . . .. ... ... ..
1.4.5 Lossless DAG reduction of labeled trees . . . . . . ... ...
1.4.6 Lossless DAG reduction of a forest . . . . .. ... ... ...
Conclusion . . . . . . . . .

2 Lossless Compression of Ordered Tree

2.1
2.2
2.3
24
2.5
2.6
2.7

3.1
3.2
3.3
3.4

3.5

Introduction . . . . . . ..
Identification of redundancies . . . . . . .. ... ... ... ...
Computing quotient graph . . . . . . . . .. ... ... ... ...
Computing tree reduction . . . . . .. .. ... ...
Properties of tree reduction . . . . ... ..o
Validation . . . . . . . . . . . ..
Conclusion . . . . . . . . . . .

Lossless Compression of Semi-Ordered Trees

Introduction . . . . . ...
Separation of children . . . . . .. ... ... ... L.
Signature of a vertex . . . . . ... ..o
Tree reduction and reconstruction algorithms . . . . . . . .. . .. ..
3.4.1 Properties of tree reduction . . . .. ... ... L.
Experiments . . . . . .. ..
3.5.1 Creation of the plant database: . . . . ... ... ... ....
3.5.2 Analysis and results: . . . .. ... oL

10

12
13
17
20
21
22
25
26
28
28
29
29

31
31
31
32
33
34
35
37



3.6 Conclusion . . . . . . . . 48

4 Lossy compression of labeled trees: cut-based approximation ap-

proach 49
4.1 Introduction . . . . . . . ... 49
4.2 Problem formalization . . . . . ... ... ... ... ... .... 49
4.3 Global clustering strategy . . . . . . .. ... L. 50
4.4 Tree cut strategy . . . . ... Lo 51
4.4.1 Local Clustering . . . . . .. .. ... ... ... ....... 52

4.4.2 Cut approximation . . . .. .. ... ... . L. 52

4.4.3  Tree approximation from an optimal cut . . . . . . . ... .. 54

444 Constraintsoncuts . . . . . ... ... L 54

4.4.5 Optimal cut selection . . . . . . ... .. ... L. 54

4.5 Application on virtual plants . . . . . ... ... ... 55
4.5.1 Plant architecture database . . . . . .. ... ... ... ... 55

4.5.2 Constraint on plant cuts . . . . . .. ... ... 0L 25

4.5.3 Analysis and performance . . . .. ... ... ... ... ... o7

4.6 Towards an exploration of symmetries in plant architectures . . . . . 61
4.6.1 From cuts to antichains and Maximal symmetry antichain . . 62

4.6.2 The graph of maximal symmetry antichains . . . . . ... .. 62

4.7 Conclusion . . . . . . . . . 63
Conclusion and perspectives 65
A Ordered Tree Compression pseudo algorithms 66

B Lossless Compression of Semi-Ordered Trees pseudo algorithms 69

C Lossy compression of labeled trees pseudo algorithms 72
D Stochastic plant models s
D.1 Model My . . . . . e e 77
D.2 Model My . . . . 0 o 7
D.3 Model M3 . . . . . . 7
Bibliography 78



1.1

1.2

1.3

1.4

1.5
1.6

1.7

1.8
1.9
1.10

1.11
1.12
1.13

1.14

2.1

ILLUSTRATIONS

The seven bridges problem of Konigsberg with a diagram of the
bridges taken from [12](a) and a modeling of the problem in the form
ofagraph(b). . . . .. .. 13

A graph G = (V, E) where V' = {vy, v9, v3, 04, U5, v} and E = {ey, €9, €3, €4, €5, €6, €7}

v1 and vy are the endpoints of edge ey. vy, v3 and vy form the neigh-

borhood of v5. vg is an isolated vertex. e7 is a self-loop . . . . . . .. 14
A digraph G = (V, E). deg™ (vg) = 1 and deg™(vqy) = 2. deg(vg) = 3.
|G| =5,deg(G) =3 . . . . . 15
The two graphs are isomorphic if we only consider the structures but
they are not if we consider the labels. . . . . . . ... ... ... ... 17
The graph on the left is a tree; the other two graphs are not. . . . . 18

a tree T (a) and its subtree T'[bjrooted at vertex b (b), depth(d) =

2, height(d) = 1 root(T) = a, height(T) = 3, leaves(T) = {f,g,h,i,j},
child(d) = {f, g}, parent(d) = b, Ancestors(d) = {b,a}, Descendants(b) =
{d, f,g,e,h}, d and e are sibling. . . . . .. ... ... ... ... 19
(a) T} tree. (b) Ty tree. if we view the trees as unordered trees T;

and Ty are isomorphic. However, in the case of ordered trees, they

are not isomorphic. . . . ... 20
Compression and reconstruction. . . . . . . ... .. ... ... ... 22
Edit operations on trees . . . . . ... .. 23

Transforming (a) into (c) via edit operations. (a) A tree. (b) The
tree after inserting the node labeled k. (c) The tree after deleting the

node labeled d and relabelingctol. . . ... ... .. ... .. ... 23
The mapping corresponding to the edit script in Fig 1.10 . . . . . . . 24
Invalid mapping in case of constrained edit distance. . . . . . . . .. 27

At left an unordered labeled tree T, in right its reduction R(7"). Roots
of isomorphic subtrees in T" and the corresponding equivalence classes
nodes in R(7T') are colored identically. . . . .. ... ... ... ... 29
A step by step illustration of the construction of the reduction of
a forest (a) from the trees of this forest (b) and from their DAG
reductions. . . . . ... 30

An ordered tree. o(f) =o0(g) = o(h) = o(i) = o(j) = {0} simplified

0, o(d) = o(c) = {0,0} simplified 1, o(e) = {0} simplified 2, o(b) =
{1,2} simplified 3, o(a) = {3,1} simplified 4. . . . . . ... ... ... 32



2.2

2.3

24

2.5
2.6

3.1

3.2
3.3
3.4

3.5

3.6

3.7
3.8

3.9

4.1

4.2

4.3

(a) An ordered tree where vertices having the same signatures are
colored by the same colors. (b) the resulting quotient graph with the

class colors shown in the same color as their nodes. . . . . ... . .. 33
(a),(b) Fig.2.2, (¢) the quotient dag with augmented edges. . . . . . . 34
Evaluation of vertices and edges compression factors according to the

size of the trees. . . . . . . . . .. 36
Average time compression. . . . .. ... Lo 37

Comparison of compression rates between ordered and unordered trees. 37

a) a semi-ordered tree in which equivalent (unordered) sibling are
colored identically. (b) the ordered partition I'(A) induced by its

total semi-order relations T 4. . . . . . .. Lo 39
The quotient graph corresponding to tree T' of Fig.3.1 . . . . . . .. 41
The reduction corresponding to tree T" of Fig.3.1 . . . . .. ... .. 42
(a) Visualization of plant architecture using a schematic plant repre-

sentation. (b)Visualization using the equivalent unordered tree 7. . . 44
(a) Visualization of plant architecture using a schematic plant repre-

sentation. (b)Visualization using the equivalent unordered tree 7. . . 45

a) Differentiation graph used for the definition of a theoretical plant
b) the resulting apical axes where each component has the same color
of the differentiation graph state in which this component has been
produced. (c)The whole resulted branching structure . . . . ... .. 45
The differentiation graphs of models My, My . . . . . ... ... ... 46
Theoretical plants: the F} family (first row) and the F5 family (second
row). Both of 77 and T; present repetitions of the lateral branches
hence a high degree of compressibility. However, for the others trees
the random removal in lateral structures introduces variation that is
expected to reduce their degree of compressibility. . . . . . . . . . .. 47
Average vertices and edges compression factors of tree families gener-
ated from the models M;, My according to the probability of lateral
XIS GIOWINE . . .« v v v v e e e e e e e e e e e e 47

An unordered tree T' (left). A global clustering of T subtrees generat-
ing 5 clusters (right) where we use the same color for roots of subtrees
belonging to the same cluster. . . . . .. .. .. ... .. ... o1
A tree in which we consider that subtrees (A, D) belong to the same
cluster while (B, C') belong to an other one. The approximation of C'
by B does not remove the occurrence of C' in the approximated tree
since the latter is a subtree of B, it will also create a new class of
subtrees and as a result the DAG after approximation is greater than
the initial DAG. Similarly, if we approximate B by C' this does not
guarantee that the result on A is always similar to D. . . . . . . . .. o1
(a) A horizontal cut crosses the tree 7' and separate it into: (b) a
rooted tree T at root(T') with non-terminal leaves (anchors) colored
in black and (c) a disjoint forest . . . . . ... ... 52



4.4

4.5

4.6
4.7

4.8

4.9

4.10

4.11

4.12
4.13

4.14

4.15

4.16

(a) Local clustering of the forest  of Fig.4.3.c, roots of clusters repre-
sentatives are colored in red. (b) Approximation of subtrees belonging
to the same cluster by the cluster representative in the initial tree of
Fig.d.3.a.. . . . . . 53
(a) An unordered tree T' (left), its DAG reduction (right), (b) An
approximation 7™ of T' (left), the DAG reduction of 7* and the lossy
compression of 7" (right). . . . . ... ... o Lo 53
Theoretical plants generate with models My, Ms and M3 in that order. 56
An artificial plant with a compression rate of 0.1% (left), and its
approximation with a compression rate of 94.2% (right). . . . .. .. 56
In red the elementary part of the plant to be preserved during the
approximation and in green the dynamic part on which the cuts are
generated. . . . . ... o7
From left to right a plant generated with the M; model followed by
the elementary parts corresponding to a threshold of 0.2, 0.3, and 0.4
O Ape  + v e e e e e e 57
The lines corresponding to experiments with thresholds of 0.2, 0.3 and
0.4 on ., in each line from left to right the initial tree followed by
the approximations corresponding to values of 7,,;, among [0.1, 0.2,
0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9], the absence of the plant for a specific
value of 7,,;, means that no approximation with a compression rate
greater than or equal to 7,,,;, was found. . . . . . .. ... ... ... 58
On the left the initial plant followed by: on the first line the result of
the first cut with a threshold of 0.2 on A, then that of the second after
threshold relaxation to 0.3, on the second line the result of the first
cut with a threshold of 0.2 then that of the second after threshold

relaxation to 0.4. . . . . . . L 59
The loss of information due to the approximation against 7,.,. . - . . 60
Evolution of the gain in the edit distance computation time (on the
y-axis) against the minimum compression rate (on the x-axis) . ... 61
Evolution of the error rate (on the y-axis) against the minimum com-
pression rate (on the x-axis) . . . . . .. ... ... L. 62
A plant architecture where we show the subtrees of an antichain col-
ored with the same color . . . . . . .. ... ... 63

A plant architecture with 6 maximal symmetry antichains (identically
colored subparts of the plant) which nesting links are given by the
graph on theright. . . . . . ... . ... oo 64



2.1

2.2

3.1

TABLES

Evaluation of vertices and edges compression ratios according to the
size of the trees. . . . . . . . . . .. 36
Average time compression. . . . . . ... Lo 36

Average tree statistics of tree families generated from the models
My, M. Representation of trees sizes variances and their compression
ratio according to the probability of lateral axis growing . . . . . .. 48



INTRODUCTION

Interest in graph theory and its applications due to the usefulness of graphs as models
for computation and optimization grows rapidly, largely and in several areas such as
telecommunication networks, large-scale integrated circuit design, social networks
and biological networks and other different fields. Therefore, this discipline has
become central in engineering and computer science curriculum and several works
have been carried out on different families of graphs.

The family of acyclic directed graphs, also called trees, quickly found its place
and was used in various applications in biology, genealogical studies, computer vision
and pattern recognition, programming compilation and natural language process.

An important tree-related problem is comparison, which concerns the definition
and calculation of similarities between the architectures and information of two
trees. The comparison of trees can be a problem in itself but can also be part of
another problem like indexing, pattern recognition, symmetry detection...The edit
distance addresses the problem of comparing trees by calculating the minimal cost
of transforming an initial tree to a target tree with basic edit operations (add, delete
or relabel nodes).

The diversity of the application fields but also the very large tree sizes in some
areas make the optimisation of edit distance calculation interesting. Work is needed
for the optimisation not only on the algorithms but also on the data. Tree compres-
sion can be defined as the representation of trees in a compact form, its principle is
to identify similar parts of the tree and to represent them only once. The calculation
of the edit distance will be done afterwards on the compact forms instead of on the
trees.

We consider in this manuscript the problem of optimising algorithms for com-
puting the edit distance between trees by compressing them into acyclic directed
graphs. Initial work aimed at lossless compression of unordered trees into DAGs
[16]. This thesis first focused on a generalization of the proposed methods for or-
dered and semi-ordered trees and then on a lossy compression of unordered trees
but also to the consideration of additional information attached to the nodes.

Plants are branching living organisms that develop throughout their lifetimes.
The architectures of plants are either described by ordered or unordered rooted
trees([14] [30]). In order to show the usefulness of the proposals we also show in
this manuscript the application of our proposal for the compression of semi-ordered
trees on the compression of plant architectures, as well as the application of the
lossy compression of unordered labeled trees on plant architecture.
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The implementation of all proposed algorithms used the models developed in
the TreeX library [1] and today our algorithms are also part of this library. TreeX
is an open source Python package distributed under the LGPL License. TreeX
manipulates rooted trees ordered or not, labeled or not, offers several features (gen-
eration of trees, edit operations...) and implements several algorithms(DAG com-
pression|[16], edit distance calculation between trees [3], Self-nested approximations
of trees [16]...).

The thesis is structured in four chapters:

In Chapter 1, we present in the first part notions of graph theory. As well as the
different data structures that we will manipulate in the following, notably graphs
and trees and their properties, and we end this part with definitions relating to the
complexity of algorithms. In the second part of this chapter, we review the work
done in the context of our problem and evaluate the results obtained.

Chapter 2 describes a lossless compression algorithm for a particular family of
trees namely ordered trees. We give the algorithm of reduction of an ordered tree
as well as that of its reconstruction from its compression and we present measures
for the evaluation of this compression.

We generalize the method presented for ordered trees compression as well as
other work carried out in the context of compression of unordered trees to present
a lossless method of compression of semi-ordered trees in Chapter 3. We present
some properties of this compression and we end this chapter with an experiment on
theoretical plants.

In chapter 4, we consider another type of compression: lossy compression. We
first show the limits of lossless tree compression and present the principle of lossy
compression which consists in grouping elements that are not totally similar. We
then describe the problems encountered with this grouping and how they were reme-
died in order to build our lossy compression model of unordered labeled trees. Fi-
nally, we describe the techniques for evaluating the method and present some appli-
cations to plant architecture.
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CHAPTER 1

DEFINITIONS AND NOTATIONS

Configurations of nodes and connections occur in several diverse domains. They
can be used to represent physical networks, such as roadways, electrical circuits, or
organic molecules. but also the different interactions in the ecosystem, sociological
relationships, databases, or even the flow of control in a computer program.

Formally, such configurations are modeled by combinatorial structures called
graphs, consisting of two sets called vertices and edges and an incidence relation be-
tween them. The vertices and edges may have additional attributes, such as color
or weight, or anything else useful to a particular model.

Although the first mention of a graph was not until 1878, The origins of graph
theory can be traced back to 1735 when Leonhard Euler (1707-83) presented his
solution of the Konigsberg bridges problem. The problem is to determine if it is
possible to take a walk crossing all the seven bridges of Konigsberg starting from
any place in the city without going through the same one twice and to return to
their starting point. Modeling of the problem in graph consists in representing the
parts of the city by nodes and the bridges by edges. Fig. 1.1, partly extracted from
the original article, illustrates the layout of the bridges in the city and a modeling
of the problem in the form of a graph.

The term graph was introduced in 1878 by James Joseph Sylvester, an English
mathematician in an article entitled ”Chemistry and Algebra”[31]. Since graph
theory has evolved, it now constitutes a discipline in its own right. It is a widely
used modeling tool. For example, in biology, metabolic networks are modeled by
graphs.

The diversity of the fields of application and the nature of the problems have
given rise to different types of graphs. the family of acyclic graphs also called
trees occur in several applications and several problems related to this structure
(Comparison, inclusion, compression, detection of symmetry ...) have attracted
scientific community:.

In the first part of this chapter we give a brief introduction to certain basic
concepts and results in graph theory, trees and algorithms. For easy reference we
also provide a list of commonly used symbols for graph parameters and concepts. In
the second part we survey the various works carried out in this context and which
form the foundations of our contributions.

12
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Figure 1.1: The seven bridges problem of Konigsberg with a diagram of the bridges
taken from [12](a) and a modeling of the problem in the form of a graph(b).

1.1 Graph Theory Notations and Definitions

In this section, we introduce definitions related to graph theory. The following
definitions are partly taken from [18] and [17].

Definition 1.1.1 (Graph) A graph G = (V, E) is mathematical structure consist-
ing of two finite sets V and E. where V' is a nonempty finite set whose elements are
called vertices (or nodes) and E is a set of unordered pairs of elements of V' called
edges. Fach edge has a set of one or two vertices associated to it, which are called
its endpoints. An edge is said to join its endpoints.

Terminologie

o [fvertex v is an endpoint of edge e, then v is said to be incident on e, and e
s 1ncident on v.

o A vertexr u is adjacent to vertex v if they are joined by an edge.
e Two adjacent vertices may be called neighbors.

e The (open) neighbordhood of a vertex v is the set of all the neighbors of v.
If we add v to this set it becomes the closed neighbordhood of v.

e an tsolated vertex denotes a node with an empty neighborhood

e Adjacent edges are two edges that have an endpoint in common.

e A proper edge is an edge that joins two distinct vertices.

o A multi-edge is a collection of two or more edges having identical endpoints.

o A simple adjacency between vertices occurs when there is exactly one edge
between them.

o The edge-multiplicity between a pair of vertices u and v is the number of
edges between them.

13



A self-loop is an edge that joins a single endpoint to itself.

A simple graph is a graph that has no self-loops or multi-edges.

A trivial graph is a graph consisting of one vertex and no edges.

A null graph is a graph whose vertex- and edge-sets are empty.

General graph is a term used to refer to graphs that allows self-loops and
multi-edges.

A loopless graph is a graph that has no self-loops. (It might have multi-
edges.) Sometimes a loopless graph is referred to as a multigraph.

The dipole D,, is a loopless graph with two vertices and n edges joining them.

The bouquet B,, is a graph with one vertex and n self-loops.

€2

6
€5
€7

(&

Figure 1.2: A graph G = (V,E) where V. = {v1,vs,v3,04,05,06} and E =
{e1, €2, €3, €4, €5,€6,e7}. v and vy are the endpoints of edge e;. vq,v3 and vy form
the neighborhood of vs. vg is an isolated vertex. e; is a self-loop

Definition 1.1.2 (A directed edge) or (arc) is an edge e, one of whose endpoints
15 designated as the tail, and whose other endpoint is designated as the head. They
are denoted head(e) and tail(e), respectively. A directed edge is said to be directed
from its tail and directed to its head.

Definition 1.1.3 (A digraph) (or directed graph) is a graph each of whose edges
18 directed.

Definition 1.1.4 (A mixed graph ) or partially directed graph) is a graph that

has both undirected and directed edges. In a mized graph, using the unmodified term
edge avoids specifying whether the edge is directed or undirected.

14



Definition 1.1.5 (The indegree and the outdegree of vertex) The indegree of
a vertex v in a digraph noted deg™(v) is the number of arcs directed to v; the outde-
gree of vertex v noted deg™(v)is the number of arcs directed from v. Each self-loop
at v counts one toward the indegree of v and one toward the outdegree.

Definition 1.1.6 (The degree of vertex) The degree of a vertex v in a digraph
denoted deg(v) 1s the number of proper edges incident on v plus twice the number of
self-loops that is deg'v) = deg™(v) + deg™ (v)

Definition 1.1.7 (The degree of graph) The degree of a graph G denoted by
deg'G) is the mazimum of its vertices’ degrees.

Definition 1.1.8 (Graph size) Let G = (V, E) be a graph, note |V| the number
of elements in the set V.. The size of the G graph noted |G| is equal to |V, so the
number of vertices in the G graph.

€2

O——®

Figure 1.3: A digraph G = (V, E). deg (v2) = 1 and deg™(v2) = 2. deg(vy) = 3.
|G| =5, deg(G) =3

Definition 1.1.9 (Subgraph) A subgraph of a graph G(V, Eg) is a graph H(Vy, En)
such that Vg C Vg and Eyg C Eg.

Definition 1.1.10 (Walk, Trail, Path)

o A walk in a graph G is an alternating sequence of vertices and edges. W =
V0, €0, V1, €1, .-y En, Up

o A trail in a graph is a walk such that no edge occurs more than once.
o A path in a graph is a trail such that no internal vertex is repeated.

Terminologie

e The length of a walk is the number of edges (counting repetitions).

o An eulerian trail in a graph G is a walk that contains each edge of G exactly
once.
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A cycle is a closed path of length at least 1.

An acyclic graph is a graph that does not contain a cycle

A graph is connected if between every pair of vertices there is a walk.

A walk is closed if the initial vertex is also the final vertex; otherwise, it is
open.

Definition 1.1.11 (Connectivity and Distance)

o A graph is connected if between every pair of vertices there is a walk.

digraph is strongly connected if from each vertex to each other vertex there is
a directed walk (otherwise, the graph is said weakly connected).

The distance between two vertices in a graph is the length of the shortest walk
between them.

The directed distance from a vertex u to a vertex v in a digraph is the length
of the shortest directed walk from u to v.

Definition 1.1.12 (Directed acyclic graph) A directed graph G is directed acyclic
denoted DAG if for each pair of vertices there (u,v) if is directed path from vertex
u to vertex v then there is no path from vertex v to u . In other words there are no
cycles in G.

Definition 1.1.13 (Attributes) 7o allow the graph to contain more information
beyond edges and nodes and allow them to serve as mathematical models for a wide
variety of applications. it is possible to assign labels to the nodes or(and) edges of
the graph

o A wertex attribute is a function Ly from the V' to a finite set of attribute Ly .

ﬁviV—)LV

v = Ly(v)
e A edge attribute is a function Lg from the E to a finite set of attribute Lg

ﬁEE—>LE

e— Lp(e)

We denote a labeled graph by G = (V, E, Ly, Lg) where V is the set of vertices,
E the set of edges, Ly the set of labels assigned to vertices and Lg the set of labels
assigned to edges.
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Definition 1.1.14 (Isomorphism) An isomorphism between two graphs Gq = (Vi, Ey)
and Gy = (Va, Es) is a vertex bijection ¢ from Vi to Vi such that for each (x,y) € Ey

(¢(x), 0(y)) € Es.
Qb : ‘/1 — ‘/Q/V(xvy) € E1 7(¢(x)7¢(y)) € E2

If there exists an isomorphism between two graphs G1 and G, the two structures
are identical then we write G1 = G

Definition 1.1.15 (Isomorphism of a labeled graph) An isomorphism between
two labeled graphs G(Vg, Eq, Lva, Lee) and H(Vy, Ey, Lyg, Ley) is is both a bi-
jection ¢ from Vg to Vg extended from Ly to Lyy and from Lgg to Lpy means
that for each x € Vi Ly, (x) = Ly, (¢(z)) and

[ (6(x), 6)) € Eu
(z,y) € Ec = { Lp.((z,y)) = L, (o(x), o(y)))

€2
U3

€2
€1/ €4
€3
eN_ (=)
€6 €6 \_€5

€5
()——)

Figure 1.4: The two graphs are isomorphic if we only consider the structures but
they are not if we consider the labels.

1.2 Definitions related to trees

The family of particular graphs without cycles called trees has always attracted
the attention of the scientific community. The English mathematician Arthur Cay-
ley and the Hungarian mathematician George Polya presented in the early 1900s
applications of this structure in chemistry. Nowadays, Trees are among the most
important nonlinear structure arising in computer science . They occur in several
diverse areas such as genealogical studies, computer vision and pattern recognition
[33], programming compilation and natural language processing [4].

Definition 1.2.1 (Tree) A tree is a connected directed acyclic graph[17].

Definition 1.2.2 (Forest) A forest is a (not necessarily connected) acyclic graph.
A forest can be seen as a collection of trees[17].
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Figure 1.5: The graph on the left is a tree; the other two graphs are not.

Definition 1.2.3 (Root) A root of a tree T(V, E') denoted root(T) is a node v € V
with deg~(v) =0

Definition 1.2.4 (Internal node) Let v be a node of a tree, if deg®(v) > 0 then
v s an internal node.

Definition 1.2.5 (Leaf) Let v be a node of a tree T, if deg®(v) = 0 then v is a
leaf. The set of leaves of T is denoted by leaves(T).

Definition 1.2.6 (Parent) Let e = uv an edge of a tree, then u is called parent of
v denoted parent(v).

Definition 1.2.7 (child) Let v be a node of a tree T'= (V, E), the nodes u; € V
such that parent(u;) = v forms the set of children of v denoted child(v).

Definition 1.2.8 (sibling) Two nodes of a tree are sibling if they have the same
parent node.

Definition 1.2.9 (Ancestor, descendant) A vertex w is called the ancestor of
another vertexr v if a sequence of wvertices (wi,ws,...wy,) exists such that w, =
u,w, = v and for each consecutive pair of vertices (w;, wiy1) in the sequence w; =
parent(w;y1). respectively v is said to be descended from w and u,v are said to be
in relation ancestor-descendant. we denote by Ancestors(v) the set of ancestors of
node v and by Descendant(v) the set of its descendants.

Definition 1.2.10 (Subtree) Let T be a tree, a subtree is a connected subgraph
of T. The subtree denoted by T'[v] with v € V' is the maximal subtree rooted at v
containing v and the set of its descendants.

Definition 1.2.11 (Subforest) let T be a tree, a sub-forest is a subgraph of T
denoted Flv] = (V' E') with v € V such that V' is the set of nodes of T[v]\{v} and
E'’ the set of arcs of T'[v] having no incoming or outgoing extremity v. otherwise,
the forest under node v is the set of trees rooted at the child of v:

Flv] = {T[v,), vi € child(v)}

Definition 1.2.12 (Depth) The depth of a node v in the tree T is the length of
the path from root(T) to v.
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Figure 1.6: a tree T' (a) and its subtree T'[brooted at vertex b (b), depth(d) =
2, height(d) = 1 root(T) = a, height(T) = 3, leaves(T) = {f, g, h,i,j}, child(d) =
{f,q}, parent(d) = b, Ancestors(d) = {b,a}, Descendants(b) = {d, f,qg,e,h}, d
and e are sibling.

Definition 1.2.13 (Height) Let v be a vertex of a tree T = (V, E), the height of
the vertez v is defined as the distance between v and the furthest leaf of T[v]

We extend the definitions of the depth, the height and the degree of vertices to
Trees such that depth(T'),height(T) and deg(T') denotes the maximum depth, height
and degree of its vertices.

The diversity of the fields of application of the trees and the nature of the trees
already studied have led to a division of the trees in several ways and on several
criteria; we are interested in the families of trees resulting from the division according
to the order between sibling.

Definition 1.2.14 (Binary relation ) A binary relation x from a set E to a set
F is defined by a subset H of the cartesian product E x F .A collection of pairs
(x,y) whose first component is in E and the second in F. For any pair (z,y) € H,
x 18 said to be in relation to y and we denote by x x y.

Definition 1.2.15 ( Order relation) In mathematics, an order relation < on a
set E is a binary relation that allows its elements to be comparable. Formally an
order relation is :

o Vr € E,x <z (reflexive)
o Vo,y€ F? (x <y andy < z) = x =y (antisymmetric)
o Vr,y,z€ B (r <y andy < z) =z < z (transitive)

A set endowed with an order relation is an ordered set.
the order is total and the set is totally ordered if in addition:

Vo,y € B z<yory<u.

Definition 1.2.16 (Total semi-order relation) A binary relation T is of total
semi-order if it is reflexive, transitive and total. A total semi-order relation T on a
set E implies:

2.2 r=y
Ve,y € b x_yj{zgy otherwise.

19



Definition 1.2.17 (Unordered Tree) An unordered tree is a tree in which no
significant order exists between siblings [/0)].

Definition 1.2.18 (Ordered Tree) An ordered tree is a pair (T, S<) where T is
a rooted tree and S<={<,,2€T} is a set of total order relations such that for any
vertex x of T, <, is a total order relation on child(x) [29].

Definition 1.2.19 (Semi-ordered tree) A semi-ordered tree is a pair (T, Sg) where
T is a tree and S = {C,,x € T} is a set of total semi-order relations such that for
any vertex x of T', T, is a total semi-order relation on child(x) [20].

Remark An isomorphism on ordered or semi-ordered trees must respect the mean-
ingful order relation on the siblings.

() (b)

Figure 1.7: (a) T} tree. (b) Ty tree. if we view the trees as unordered trees 77 and
T, are isomorphic. However, in the case of ordered trees, they are not isomorphic.

1.3 Definitions related to algorithms

The term algorithm appeared around the 9th century to designate a series of oper-
ations aimed at solving a problem. The evaluation of the efficiency of an algorithm
is measured with two measures: time complexity and space complexity.

Definition 1.3.1 (The space complexity) The space complexity of an algorithm
is a function defined as follows:

f:N—=N
n f(n)

where f(n) is the amount of memory space required to complete its execution and n
the input size.

Definition 1.3.2 (The time complexity) The space complezity of an algorithm
1s a function defined as follows:

f*N—=N
n f(n)

where f(n) the amount of time taken by an algorithm to run and n the input size.
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In this thesis we will be mainly concerned with time complexities of algorithms
but also complexity at worst, i.e. maximum value of complexity.

Definition 1.3.3 (big-Oh O) A function f(n) is said to be O(g(n)) if there exist
some constant ¢ and some nonnegative integer ny such that:

Vn >mng,3c>0: f(n) <cxgn)

Definition 1.3.4 (Polynomial problem (algorithm)) The complexity of an al-
gorithm is said to be polynomial if it is O(n*), for some integer k; we also say that
the algorithm itself is polynomial.

Definition 1.3.5 (NP problem (algorithm)) The class NP is the class of prob-
lems which can be verified in polynomial time (verifies if a candidate solution is a
solution to a given instance of the problem).

1.4 State of the art

The comparison of the trees is an essential process which returns in several applica-
tion (programming compilation and natural language processing[3], vision, pattern
recognition, molecular biology[32], waveform correlation[7] automatic error recovery
and correction for programming languages [35]). Several methods exist to compare
two tree structures, we are interested in a particular distance called the edition dis-
tance for other tree comparison method and the problems related to it the reader
can then refer to [5]. Initially defined for sequences [2] before it was generalized for
tree structures. The edit distance is defined as the cost of transforming an initial
tree to a target tree using simple primitive operations defined by [35] (changing the
label of a node, deleting or adding a node) Since then, for some applications, new
operations have been added [22][1][21].

Several versions of this distance have been developed to respond to different
problems and according to the tree family used for each problem. The complexities
are highly variable, ranging from polynomial for the case of ordered trees [35], [12],
[23], [10], [9] to MAX-SNP-hard for the cases of semi-ordered and unordered trees
[43],[40] ,[26].In this section we survey different versions of edit distance and achieved
results.

Our problem is also related to tree compression. Indeed, the wide variety of
algorithms resolving problems on tree remains less effective in front of the size of
data which does not stop increasing. This requires not only effective processing, but
also effective representation which takes into consideration the properties of this
data structure. Tree structures are characterized by exact or approximate internal
redundancy at different scales. A way to address the data storage problem is to take
advantage of these redundancies by representing them only once to build a reduced
form that keeps the major original tree properties and achieves a better algorithmic
conditions.

In the literature, data compression is an operation which consists in passing from
an initial representation of an object to a more compact representation, that is to say
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requiring less storage space. A compression algorithm takes as input a data X and
generates a representation X, which requires fewer bits, and there is a reconstruction
algorithm which generates from the compressed representation X, a reconstruction
Y (Fig 1.8). Based on the reconstruction requirements, data compression techniques
can be divided into two classes: lossless compression, in which X is identical to Y,
and lossy compression which allows X to be different from Y [31]. In this thesis, we
are concerned with both lossy and lossless compression. Several works were carried
out in this context, in particular the unordered trees lossless compression, we also
present in this section achieved results.

Initial data X }—> Compressed data X, *{ Reconstruction Y

Compression Reconstruction

Figure 1.8: Compression and reconstruction.

1.4.1 FEdit distance

Several attempts have been proposed to solve the treeproblem compression problem.
We also present in this section the different works presented in this context and which
form the basis of our contribution.

Definition 1.4.1 (Distance) A distance d on a set E is a functiond : EXE — Ry
such that Vx,y € E? :

e d(z,y) > 0 (not negative)

0 < x =y (separation)
d(xz,y) = d(y,x) (symmetric)

(z,y)

o d(z,y)
(z,y)
d(z,y) > d(z,z) + d(z,y) (triangle inequality)

Remark x is all the closer to y as the distance d(z,y) between x and y is small.

Definition 1.4.2 (Edit Operations) To transform a tree Ty to Ty we consider
the basic edit operations defined by Taif[75] as follows:

e relabel: Change the label of a node v in T}.

e delete: Delete a node v in Ty means making child(v) become the children of
u = parent(v).

e wnsert: Insert a node v as a child of uw in T is making v the parent of a
consecutive subsequence of the children of u.
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A=

Relabel u to v

Delete v

Insert v

Figure 1.9: Edit operations on trees

O ®
() (<) () (D)
O, & OOW O W OO
WO O O ®
(b) ()

Figure 1.10: Transforming (a) into (c) via edit operations. (a) A tree. (b) The tree
after inserting the node labeled k. (c) The tree after deleting the node labeled d
and relabeling ¢ to 1 .

Definition 1.4.3 (Cost of an edit operation) Let T} = (Vi, By, Ly,) and Ty, =
(Va, Ea, Ly,) be labeled trees (we only consider the labels on the vertices), we also
consider the set > = {(Ly, U Ly,) U} the finite set of labels of Ty and Ty to which
we add the white symbol denoted .

We define a cost function v such as:

Yo x)\VAA) =R
(a,b) = ~(a,b)

A function that assigns a cost to each pair of labels. we assume that v is a
distance Def. 1.4.1

For simplicity we keep the notation of Tai [35] each edit operation is represented
by (b = l2), where (I1,12) € (O x D)\ (A, A). The operation is a relabeling if Iy # A
and ly # X, a deletion if ls = X\, and an insertion if [y = X\. We extend the notation
such that (u — v) for nodes v and w denotes (Ly(v) — Ly (w)).
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Then we define the cost of an edit operation by setting y(u — v) = v(Ly (u), Ly (v))
The cost of a sequence S = s1, ..., s, of operations is given by ~v(S) = Zfzgsi).
The edit distance, D(Ty,T), between Ty and Ty is formally defined as:

D(Ty1,T5) = min{vy(5)|S is a sequence of operations transforming Ty into Ty}.

Definition 1.4.4 (Edit distance mapping)

Let Ty = (Vi, By, Ly) and Ty = (Va, Es, Ly) be two labeled trees. A mapping
M from T to Ty is a graphical description of how a sequence of edit operations
transforms Ty into Ty, ignoring the order in which the edit operations are applied.

Formally, a mapping M from Ty to Ty is any set of ordered pairs in Vi and Vs,
namely M C (Vi x Va). Each pair (vy,v9) € M is a relabeling operation of vy to vs.
Fach vertex v in I (resp J) the set of vertices of Vi (resp Va) which do not appear
in M gives rise to a delete (resp insert) operation during the transformation.

Let M be the set of all Ty to T mappings. A mapping M € M is valid if it
satisfies the following properties ¥(x1,y1), (2, y2) € M :

1. 1 =22 & Y1 = Yo
2. Preserve the ancestor order: xq is an ancestor of xo iff y1 s an ancestor of ys.

3. Preserves the predefined order between siblings if it is an ordered or semi-
ordered tree (Def. 1.2.18 Def.1.2.19)

According to the definition of the costs of the edit operation we define the cost of
a mapping as:

(M) = > vz =y + @ =N+ 29N =)

(x,y)eM x€l yeJ

Figure 1.11: The mapping corresponding to the edit script in Fig 1.10

Definition 1.4.5 (Edit distance) With the mapping definition we can formally
define the edit distance between two trees Ty and Ty as follows:

D(T1,T) = min{y(M)|M is a valid mapping from Ty to Ty}
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1.4.2 Ordered trees edit distance

The ordered edit distance problem firstly introduced by Tai[35] as a generalisation
of the string edit distance. Tai presented a solution of order of

O(|Th[|Te|depth(Ty)*depth(T3)?)
further improved by Zhang and Sacha[!?] in the limite of
O(|Ty|| Tz |min(|leaves(Ty)|, depth(T))min(|leaves(Ts)|, depth(13)))
optimized again by Klein[23] to achieve better worst-case time complexity bound of
O(min(|Th|*| Ta|log| To, | To|?| Th|log| Th ).

We describe in the following briefly these algorithms.

The tree-to-tree correction problem [35] Tai present a generalization of the
well-known string edit distance problem [35] using a dynamic programing. In adapt-
ing the string algorithm to trees, Tai used a preorder traversal in which the first node
visited is the root, then all subtrees are traversed in preorder from left to right. The
root of the tree remains unchanged during editing. During the traversal, each node
is numbered, so that node 1 is always the root of the tree and node ¢ is the node
that was visited after node i — 1. Tai then uses mapping (Def 1.4.4) to catalog which
operations are used to transform 7 to T’. As in the string to string algorithm, a
distance matrix Mp is used and for each location in the matrix Mpli, j] the cost
of deleting T'[i], cost of inserting 7”[j]and the cost of mapping T" to T" are assessed
and the minimum selected. Solving the problem ultimately comes down to solving a
constant number of smaller sized subproblems. Each new subproblem can be com-
puted in constant time. Hence, the time complexity is bounded by the number of
subproblems.

A similar edit distance was given by Tanaka in [30] with a weak adaptation in the
definition of the mapping gives result in O (|7} | x |Tz| xmaz{|leaves(Ty)|, |leaves(T3)|})
in time and O(|T}| x |T3|) in space. An other algorithm using a post-order traversal
of the tree and having a better time complexity, and much better space complexity,
is given in [12]. The next paragraph discusses that algorithm.

Simple fast algorithms for the editing distance between trees and related
problems The principle idea is to improve the previous algorithm by not carrying
the calculation on all the nodes of the tree, but only on certain strategic nodes.
Zhang and Shasha used post-order traversal to label each node, in this traversal
method the root node is visited last, hence the name. First, we traverse the left
subtree, then the right subtree and finally the root node.
Zhang and Shasha Define the keyroots of a rooted ordered tree T' as follows:

keyroot(T)={ root(T)| |[veV(T)—v has a left sibling}
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The keyroots of a tree allows the algorithm to separate the concept of tree
distance and forest distance. if a node is not keyroot its forest distance to all
other nodes is equal to its tree distance otherwise we use the following lemma to
calculate it:

Lemma 1.4.1 Let F'—v denote the forest obtained by deleting v from the forest F.
Furthermore, let F—T[v] denote the forest obtained by deleting v and all descendants
ofv. The following lemma provides a way to compute edit distances D for the general
case of forests.

Let Fy and Fy be ordered forests and vy be a metric cost function defined on labels.
Let v and w be the rightmost (if any) roots of the trees in Fy and Fy respectively.
We have:

D(6,0) =0

D(Fy,0) = D(Fy — v,0) +v(v — \)

D(0,Fy) = D(0,Fy —w) +v(\A — w)

D(Fy — v, Fy) +v(v = \)
D(Fy, Fy) = min D(F, Fo —w) +v(\ = w)
D(Fi[v], Fo|w] + D(Fy — T [v], F5 — Ta[w]) — y(v — w)

Klein’s algorithm[23] A key concept in the algorithm is the decomposition of a
rooted tree T into disjoint paths called heavy paths.

Each node of T is considered as either heavy or light as follows. The root is
light. For each internal node the child having the largest subtree (the leftmost in
case of ties) is heavy. The remaining children are light. An edge is heavy iff it leads
to a heavy node otherwise it is considered as light edge. The light depth of a node
v, ldepth(v), is the number of light edges on the path from v to the root.

By removing the light edges T is partitioned into heavy paths. Authors used
this heavy path decomposition to to guide the choice between two recursive solutions
while applying Lemma 1.4.1.

For ordered trees T7 and 75 the edit distance problem can be solved in time and
space O(|T1 || Tz)log|Tz|).

Klein also showed that his algorithm can be extended within the same time and
space bounds to the unrooted ordered edit distance problem between 77 and 75,
defined as the minimum edit distance between 17 and T5 over all possible roots of
T} and T5.

1.4.3 Unordered trees edit distance

The unordered edit distance problem has been shown to be MAX SNP-hard [11].
Problems of the Max-SNP-hard complexity class are at least as hard as the set of
all Max-SNP problems. Algorithms known to solve problems of the Max-SNP-hard
complexity class have exponential time complexity in the size of the input and do not
have an approximation that can be computed in polynomial time. An algorithm was
proposed by Zhang et al.[13] to solve general editing between two unordered trees,

the time complexity is O(|Ty||Ts| + k!12%(k® + deg(Ty)?)|T3|). with k = |leaves(T})].
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However for some applications, it is possible to take into account additional
constraints for the mapping in order to reduce the complexity of the problem so
that it is no longer Max-SNP-hard.

Constrained edit distance In [10][39] Zhang introduced the constrained edit
distance, denoted by D, a distance under restricted mapping. The idea of a restricted
mapping between two trees 17 and 75, is that two disjoint subtrees from T} tree must
be mapped to two disjoint subtrees in T5. a formal definition of contrained mapping
is given in Def. 1.4.6.

Definition 1.4.6 (Constrained edit distance mapping ) A triple (M, T, T3) is
a constrained edit distance mapping from T to Ts, where M is a set of ordered pairs
of vertices satisfying:

1. M is an edit distance mapping.

2. For any triple (u,u'), (v,v"), and (w,w") in M let lca(u,v) and lca(u',v") be
the least common ancestor of u,v and u',v" (resp), then lca(u,v) is a proper
ancestor of w iff lca(u',v") is a proper ancestor of w'.

Figure 1.12: Invalid mapping in case of constrained edit distance.

Zhang’s algorithm [10] proposes a solution to the constrained edit distance prob-
lem with a complexity of O(|T1||T2|(Deg(11) + Deg(1s))log((Deg(T1) + Deg(13))),
the equations are given in Def.1.4.7 and Def.1.4.8. Note that the problem reduces
to a matching problem which is solved as a min cost flow problem by the algorithm
of Edmons and Karp [I1] then improved by Tarjan [37].

Definition 1.4.7 (Constrained edit distance between sub-forests) let T} and
Ty be two unordered trees, Fi[u] and Fylv] two forests induced by u and v, the con-
strained edit distance D, between the two sub-forests is defined as follows:

min{y(M.)}
D.(Fi[u], F>[v]) = min § D.(0, F5[v]) + mingechiiaw { De(Fiu], Fo[w]) — D.(0, F>[w])}
D.(Fi[u),0) + minyechitaw) { De(Fi[w], Fa[v]) — De(Fiw], )}
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Definition 1.4.8 (Constrained edit distance between subtrees) let T} and T,
be two unordered trees rooted in u and v, the constrained edit distance D, between
the two subtrees is defined as follows:

DC<F1[U]7 FQ[’U]) -+ ’Y(U — U)
Do (T1[u], Ta[v]) = min § D.(0, To[v]) + mingecniaw){ De(T1[u], To[w]) — D(0, To[w])}
Dc(Tl [u], 9) + minweahild(u){Dc(Tl [’LU], TQ [U]) — Dc (T1 [UJ], 9)}

1.4.4 Semi-ordered trees edit distance

The case of semi-ordered trees was treated by Ouangraoua and Ferraro [26]. The
general problem remains Max-SNP-hard but they proposed a solution to constrained
editing in which distinct subtrees must be mapped to distinct subtrees but semi-order
must also be preserved. The proposed method is in a time of O(|T1||T|(deg(T1) +

deg(T3))logz(deg(Th) + deg(T3))).

1.4.5 Lossless DAG reduction of labeled trees

In [16] authors presented two different algorithms to compute the reduction in the
case of unordered tree. They are derived from completely different approaches but
lead to the same time complexity of O(T?deg(T)log(deg(T))). Both approaches
start by sorting the subtrees of the input tree into equivalence class each by its
principle:

e The first is based on signatures calculated for each node recursively from bot-
tom to top, the signature of a node v describes the signatures of its children.
Two nodes u and v having the same signature means that the two subtrees
T'[u] and T'[v] are equivalent and belong to the same equivalence class.

e For the second, the key idea is to start from a distance calculation between
the input tree T" and itself. Obviously the resulting distance is null, but as
a by-product, all the distances between any two subtrees of T are computed
recursively in close to quadratic time. A null distance between two subtrees
T'[u] and T[v] denotes isomorphic structures T'[u] = T'[v].

Consider now a labeled tree 7' = (V, E, L), two vertices v; and v; are equivalent
means that T'[v;] = T'[v;] and we note by extension v; = v;. For each vertex v; from V'
we denote by [v;] the equivalence class of v;. Let the graph Q(T") = (Vg, Eg) obtained
from 7" using the above equivalence relation on V' where Vg is the set of equivalence
classes and Eg is a set of pairs of equivalence classes such that (X,Y) € Eg if and
only if (z,y) € E and [z] = X and [y] = Y. The graph Q(T) is a DAG ([L0],
Proposition 1) that is a connected directed graph containing no directed cycles.

Let (X,Y) € Eg and Lp(X,Y) the number of children of an instance of the
class X from the class Y. The quotient graph Q(T') = (Vg, Eg) augmented with
labels {£Lp(X,Y), (X,Y) € Eg} defines a reduction R(T) of the tree T
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Fig 1.13.a shows an example of labeled unordered tree reduction. Note that
R(T) is a lossless compression meaning that the exact reconstruction of 7' from
R(T) is always possible.

Figure 1.13: At left an unordered labeled tree 7', in right its reduction R(T"). Roots
of isomorphic subtrees in 7" and the corresponding equivalence classes nodes in R(7)
are colored identically.

1.4.6 Lossless DAG reduction of a forest

In ( [2, Algorithm 1]) authors presented the lossless dag reduction of forest, an
approach that exploit the previous idea. Let T be the super-tree obtained from a
forest F' = (T4, Ts, ..., T,) by placing each T; as a subtree of an artificial root s then
the DAG reduction of the forest F'is R(F) = R(Tr). Fig.1.14 shows an example
of a DAG reduction R(F') of unordered trees forest F', and that is also possible to
compute R(F) from the forest of DAGs Fp = (Dy, Dy, .., D,,) with D; = R(T;) for
T, € F .

1.5 Conclusion

In this chapter, we have presented the data structures mainly concerned by this
manuscript, namely tree structures and graphs. We have also reviewed the work
carried out in the context of our problem and which form the foundations of our
contributions. The importance of the tree structure is due to the fact that it is
used in several different fields to represent nonlinear data, this variety has led to
the development of a large panorama of algorithms to solve different problems. the
optimization of data processing does not just come down to the optimization of
algorithms but also the search for a better representation of these data. We are
presenting in the next chapter our first contribution in this context namely the
compression of ordered trees.
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Figure 1.14: A step by step illustration of the construction of the reduction of a
forest (a) from the trees of this forest (b) and from their DAG reductions.
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CHAPTER 2

LOSSLESS COMPRESSION OF
ORDERED TREE

2.1 Introduction

Ordered trees are a family of trees characterized by a significant order between the
siblings. We present in this chapter our first contribution: a lossless compression
of ordered trees in DAG. The proposed solution is a generalization of Godin’s work
presented in [16] for ordered trees. We also present the tree reconstruction algorithm
from the compression Dag. This work was presented at the International Conference
on Artificial Intelligence and Information Technology [19].

Lossless tree compression can be split into different tasks. First, it is necessary
to identify the redundancies that can be dealt with. Once this step is over, we can
build a quotient graph where we represent the initial tree without its redundancies
and finally an annotation of this graph which allows us to build the lossless com-
pression of this tree. We detail each of these tasks in the following. The method
is then evaluated to determine its effectiveness. Note that only the tree structure
is considered in this solution. In what follows the trees are considered as unlabeled
trees and the order of representation of the siblings in the figures is considered as
their order.

2.2 Identification of redundancies

The key idea of compression is to group similar parts of the tree in order to represent
them only once. we adopt the signature approach presented by Godin and al. in
[16] to determine if two subtrees are equivalent, and for this we define the signature
of a node in an ordered tree.

Definition 2.2.1 (Signature of a vertex) The signature of a vertex in an or-
dered tree is defined recursively as an ordered set of his children’s signatures for the
root and internal vertices and {0} for a leaf.
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for simplicity we denote each unique ordered set of signatures by a unique integer
and the signature of a node becomes an ordered set of integers such that each integer
denotes a signature of a child.

We use o(z) to denote the signature of the vertex x. Note that this definition only
considers unlabeled trees and changes in the context of labeled trees. Fig.2.1 shows
an example of an ordered tree with its set of vertices signatures.

Figure 2.1: An ordered tree. o(f) = o(g) = o(h) = o(i) = o(j) = {0} simplified 0,
o(d) = o(c) = {0,0} simplified 1, o(e) = {0} simplified 2, o(b) = {1, 2} simplified
3, o(a) = {3, 1} simplified 4.

Signatures recursively characterize vertices which have identical structure, based
on the signatures of their children. Proposition.2.2.1 gives the fundamental charac-
teristic of tree isomorphism on which rests the ordered tree reduction.

Proposition 2.2.1 Vz,y € T, T[z] = Ty| <= o(x) = o(y).

Proof a) Let us consider two isomorphic subtrees T'|x] and T[y], in other terms
[x] = [y]. Then by definition o(x) = o(y).

b) Let us consider two vertices x and y in a tree T such that o(z) = o(y).
This implies that |child(z)| = |child(y)|, and V' € child(z), Vy' € child(y), where
2’y are of the same order in respectively child(x) and child(y), Tx'] and T[y'] are

isomorphic. Thus T[x] and T[y] are isomorphic as well.

The signatures of the nodes of an ordered tree are computed recursively is built re-
cursively from the bottom up. Alg.1, of Appendix.A, computes the list of signatures
of all T" vertices.

Proposition 2.2.2 Ordered tree vertices signatures can be computed by function
add_signatures in worst case time O(|T)?).

2.3 Computing quotient graph

Now that we know how to annotate the vertices of an ordered tree by signatures
and that we can determine if two subtrees are isomorphic, we exploit the equiva-
lence relation induced by the isomorphim to build a graph where we only represent
redundancy only once.

We build the quotient graph in the same way as for unordered trees. let an or-
dered tree T' = (V, F) and two vertices x and 2’ such that o(z) = o(2") Consequently
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x = 2’ (Proposition.2.2.1). Let [z] denote the equivalence class of z, all elements
of [x] have the same signature as x. The equivalence classes of the isomorphism
relation on the set V' form a set V. We form a set of pairs of equivalence class Eg
so that (I,.J) € Eg where I and J are two equivalence classes if there is a (z,y) € £
and [z] = I and [y] = J. Vg and Eg define the quotient graph Go(T) = (V, Eg).
Figure shows an example of quotient graph construction.

(a) (b)

Figure 2.2: (a) An ordered tree where vertices having the same signatures are colored
by the same colors. (b) the resulting quotient graph with the class colors shown in
the same color as their nodes.

Proposition 2.3.1 Let T be a tree, then Go(T') is a DAG.

Go(T) has a single source (resp. sink) vertex. The source vertex represents the
class of the entire tree while the sink vertex represents the class of all leaves. Each
path (z1,...,xx) in T corresponds to a path ([z1],...,[x]) with identical length in

Go(T).

2.4 Computing tree reduction

The quotient graph G¢(7') obviously condenses the structural contained in the tree
T. However, for each vertex the children order is very important in ordered trees
and G¢(T" does not contain this information. We thus consider how to augment the
definition of Gg(T') so that the resulting condensed representation can be used to
reconstruct the original tree. For this, we shall associate an ordered list to each edge
of Eg to obtain augmented edges.

Definition 2.4.1 (Augmented edge) In the ordered list [ay, as..a,] associated to
an edge (I,J) and denoted by li; 5y, each a; represents the order of a child of class
J among the other sibling in the initial tree T

To illustrate this definition, starting from the quotient graph of Fig.2.2, we
present in Fig.2.3 the complete reduction including the ordered lists associated to
each edge.

Definition 2.4.2 (Ordered Tree Reduction) Given an ordered tree T and its
quotient graph Go(T) = (Vg, Eq) regarding the isomorphism relation on T, we
define its reduction graph R(T) as a DAG D = (node_list,edge_list) in which
node_list = Vi and edge_list = {(e,l.), Ve € Eg}.
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(a) (b)
Figure 2.3: (a),(b) Fig.2.2, (c) the quotient dag with augmented edges.

Alg.3, in Appendix.A, illustrates the steps of building a reduction of an ordered
tree.

Proposition 2.4.1 The Tree reduction algorithm compresses an ordered tree in the
worst case time of O(|T|?).

The DAG contains practically all informations contained in the initial tree 7" that
allow its reconstitution from its compression R(7T'). Alg.2, Appendix.A, presents a
recursive algorithm for the tree reconstitution.

Proposition 2.4.2 The Ordered Tree reconstruction is performed in the worst case

time of O(|R(T)| x deg(R(T)).

2.5 Properties of tree reduction

We notice that the tree and its reduction are equivalent and contain exactly the
same data.

Proposition 2.5.1 Any tree T can be recovered from its reduction R(T).

Proof The proof is obuvious from Alg.3 computing the reduction of a tree T and
Alg.2 performing its reconstruction, see Appendix.A.

Recall that, for any node I in R(T), there exists a vertex x in 7' such that
I =c(x).

Proposition 2.5.2 Any tree and its reduction have the same height.

Proof Let T be a tree and R(T) its reduction. Since the proposed compression is
performed in width, in such a way that for any vertex x in T their exists a unique

node I in R(T) with I = c(x) and for which h(I) = h(x). Then h(T) = h(R(T)).

Many quantities that characterize a tree T' can be directly computed on it’s
reduction R(T'), thus we define:
- n(I) = |T[z]| the size of the tree rooted in z as

=1+ Z L |-n(J (2.1)

Jechild(I)
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Note that for a leaf of T', child(I) = ¢, and then n(I) = 1.
- The number of isomorphic subtrees in 7" rooted in x. for any I in R(T):

m(I) = [{z € Tle(z) = T} (2.2
if parent(I) = ¢ then
m(l) =1 (2.3)
if parent(I) # ¢ then
m(I) =1+ > |lxnlm(K) (2.4)
keparent(I)

- For a tree T'(V, E) and it’s compression R(T") = (V,, E..), the vertex compression
factor is defined by

Vil
pp=1— (2.5)
V]
- Similarly, the edge compression factor is defined by:
|Er|
e =1— 2.6

2.6 Validation

To validate the proposed solution and in the absence of a real dataset, we used
the Treex library [1] to generate tree data of different sizes variant between 1000
and 10000 vertices, on which we applied our reduction algorithm. To ensure the
consistency of the performance of our solution, the experiment was repeated 100
times for each tree size.

We measure and compare the performance of the semi-ordered tree compression
using the following metrics:

e Compression factors: we have studied the evaluation of vertex and edges
compression factor according to the size of the trees. Fig.2.4 and Table 2.1
show that the larger the tree size, we achieve a better compression ratio. On
large trees, the patterns are more likely to have several occurrences, unlike
small trees where we come across several patterns but which will not have the
chance of having several occurrences, which explains the higher compression
tau interested in larger trees. For edge compression ratio the figure shows that
it is relatively low compared to the tau of compression of the nodes and that
can be explained by the fact that even if we delete several occurrences of a
pattern to keep only one on the latter there will still have all the links that
were on the other occurrences. we also notice that the latter is more and more
interesting on larger trees.
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e Compression time:

we have studied the time required for compression
process also according to the size of trees. Fig.2.5 and Table 2.2 show that the
calculation time remains reasonable even on trees of interesting size.

size(T) | Total number of experiments | average(py) | average(pg)
1000 100 0,82 0,44
2000 100 0,83 0,47
3000 100 0,84 0,48
4000 100 0,85 0,49
5000 100 0,85 0,50
6000 100 0,85 0,51
7000 100 0,84 0,52
8000 100 0,85 0,52
9000 100 0,85 0,52
10000 100 0,85 0,53

Table 2.1: Evaluation of vertices and edges compression ratios according to the size

of the trees.
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Figure 2.4: Evaluation of vertices and edges compression factors according to the

size of the trees.

Tree size

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

Time compression(s) | 0,38

1,44

4,33

772

9,50

14,48

21,91

28,00

35,61

44,48

Table 2.2: Average time compression.

In a second part, we ignored the order between the siblings for applied to them a
compression without loss of unordered tree and we compared the compression rates
obtained in the case of unordered with the ordered case the results are exposed in

Fig.2.6.
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Figure 2.6: Comparison of compression rates between ordered and unordered trees.

We notice that the compression rate obtained on unordered trees are more in-
teresting than on ordered trees and this comes down to the isomorphism of ordered
trees which is more constraining

2.7 Conclusion

In this chapter we considered the problem of reduction of ordered trees where the
trees are compressed in width using internal repetitions of their structures. Iso-
morphic subtrees are replaced by a unique class in the reduction. The efficiency of
the compression algorithm is quantified by a compression factor reflecting the ratio
between the size of the DAG and the size of the initial Tree. The new challenge is
to adapt the solution for a new class of trees as semi-ordered trees and apply the
solution for a real problem in particular the field of biology and plant biology.
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CHAPTER 3

LOSSLESS COMPRESSION OF
SEMI-ORDERED TREES

3.1 Introduction

Semi-ordered trees are a family of trees characterized by the fact that some siblings
are equivalent where others are totally ordered.They present remarkable compression
properties covering those of ordered and unordered trees. In this Chapter, we con-
sider the problem of lossless semi-ordered tree compression. We present a solution
that we published in the international Journal of Applied Research in bioinformatics
[20]

To illustrate this approach, we then apply these notions to a particular class of
semi-ordered trees which is the most studied branching structure particularly for a
botanical motivation, namely axial trees. we evaluate the solution on artificial plant
models represented by axial trees.

The proposed solution somehow unifies the compression of ordered and unordered
trees. We assign to the different vertices of a semi-ordered tree a signature taking
into account the configuration of its children (the order and the equivalence), this
signature will make it possible to identify the isomorphic subtrees. We will use the
equivalence relation induced by the isomorphism to build a quotient graph which
will be annotated by labels on the edges to build a reduction of the input tree. We
detail each step of the solution in the following. Note that the solution is purely
structural compression and we only consider unlabeled trees in this chapter as well.

3.2 Separation of children

In this section, we will see how we go from a mixed set of children to clusters of
equivalent siblings in order to prepare the computation of signatures

Definition 3.2.1 (Equivalent sibling) Let (T, Sc) be a semi-ordered tree and C,
a total semi-order relation on child(x). T, induces an equivalence relation (i.e.
reflexive, transitive and symmetric) on child(z) denoted by = and defined by:

Vz,y € child(z),z=y < 2Cy and y C z.
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The equivalence class of a vertex x is denoted by [z] where:

[z] ={y € V]z =y}

The elements belonging to the same equivalence class are said to be equivalent
sibling, between which there is no order.

Definition 3.2.2 (Ordered sibling) The total semi-order relation T, induces a
total order relation < (i.e. reflexive, transitive and antisymmetric) on child(z) such
that:

Vz,y € child(z),z <y < (z <m,Ym € [y] and n < y,Yn € [z]).

To summarize, for x;,x; € child(x), the total semi-order relation C, means that
either z; and z; are equivalent or ordered sibling.

Definition 3.2.3 (The semi-ordered children partition) The semi-ordered re-
lation T, induces a partitioning I'(z) of child(x) such that:

['(x) = { P,/ P.isthe set of equivalent vertices of child(x) of order a}.

Thus the semi-ordered relation T, induces a partitioning I'(x) of child(z) into
classes, each class regroups equivalent sibling, while all classes form an ordered
set. Note that, for any semi-ordered tree (7', Sc) we have St = {I'(z),z € T}, this
can be shown through example of Fig.3.1.

For seek of clarity we will denote, in the sequel, a semi-ordered tree as T' = (V, E, St ).

oo o o

¢ 7~
(O X oo
Figure 3.1: a) a semi-ordered tree in which equivalent (unordered) sibling are colored

(b)
identically. (b) the ordered partition I'(A) induced by its total semi-order relations
Ca.
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3.3 Signature of a vertex

As the semi-ordered trees present an order between some nodes while some others
are equivalent, we defined the vertex signature for such trees, Definition.3.3.1, by
combining vertices signatures for ordered and unordered trees.

Definition 3.3.1 (Signature of a vertex in a semi-ordered tree) For each ver-
tex x in a semi-ordered tree T the signature o(x) is defined as the corresponding
semi-ordered set of all vertices signatures of I'(x), such that ¥S;,S; € o(x) with
1< g

o 0(x,) €5; and o(xp) € S = x4, < T,
e Vo(z,),0(xpy) € S, x4 =y,

o Vz, € S; such that x, is a T leaf then o(z,) = {0}.

In other terms, the signature o(z) of a vertex x in a semi-ordered tree is obtained
from its semi-ordered child partition I'(x) by replacing each vertex x; € child(x) by
its signature o(x;), and all leaves have automatically the same particular signature
{0}. We keep the notation of the signatures of the sons by unique integers for the
sake of simplicity.

For example, the vertices signatures corresponding to tree of Fig.3.1 are given as
follow according to their bottom-up computing order:

* 0(B) = 0(G) = o(H) = o(l) = 0(J) = o(K) = o(L) = o(M) = o(N) =
0(0) = o(F) = {6} simplified 0,

o AsT(C) = {{G, H}; {1}}, (D) = {{/};{K, L}} and I'(E) = {{M, N};{O}},

replacing each vertex by its signature gives us:

— 0(C)=0(F)={{0,0},{0}} simplified 1,
— o(F) = {{0},{0,0}} simplified 2,

e Finally, I'(A) = {{B,C};{E};{E, F}} thus o(A) = {{0,1},{2},{1,0}} sim-
plified 3.

We denote by convention the set of all the signatures in a tree 7' = (V, E, Sc) by
o(T). Function signatures(T) computes recursively o(7") in a bottom-up manner,
as described in Alg.4, of Appendix.B.

Proposition 3.3.1 Semi-ordered tree vertices signatures can be computed by func-
tion signatures(T) in worst case time O(|T)?).

Proposition.3.3.2 gives the fundamental characteristic, relating the vertex signa-
ture concept to tree isomorphism, on which rests the semi-ordered tree reduction.

Proposition 3.3.2 Vz,y € T, T|x] = T|y| < o(x) = o(y).
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Proof

(a) Let us consider two isomorphic subtrees T[x] and T'y], in other terms their is
a bijection between child(x) and child(y). Then by definition o(z) = o(y).

(b) Let us consider two vertices x and y in a tree T such that o(x) = o(y). This
implies that |child(z)| = |child(y)|, and Va' € child(z), Vy' € child(y) where
',y are either of the same order or belong to subsets of equivalent sibling of
a same order in respectively o(x) and o(y), T[z'] and T[y'] are isomorphic.
Thus T'|x] and Ty| are isomorphic as well.

3.4 Tree reduction and reconstruction algorithms

By now, we have defined all information needed to state the compression method
of a semi-ordered tree. From which, we can mention that the isomorphism relation
between subtrees defines an equivalence relation between the tree vertices. We say
that vertices z and y in V are equivalent if T'[z] = T[y], and we note by extension
x =y, where ¢(z) denotes the equivalence class of x.

We use this equivalence relation to build from a semi-ordered tree T' = (V, E, St)
its quotient graph G = (Vi, Eg), such that:

o 1} is a set of equivalence classes of = on V/,

e E is a set of pair of equivalence classes (X,Y’) where (X,Y') € E, if and only
if 3z € X and dy € Y with (z,y) € E.

For example, Fig.3.2 shows the quotient graph computed for tree of Fig.3.1.

Figure 3.2: The quotient graph corresponding to tree 7' of Fig.3.1

The quotient graph G obviously condenses the structure contained in the tree 7.
However, it gives no idea about the redundancies quantification of repetitive patterns
nor about the position of any child among its other sibling. We thus consider how to
augment the definition of G so that the resulting condensed representation allows
us the reach a lossless compression of the original tree. For this, we associate to
each edge of Fg a particular list as described in Definition.3.4.1.
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Definition 3.4.1 For each edge (c(x),c(y)) € Eg we define the associated list:

l(c(x)’c(y)) = {(a, b)/fOT‘ each P, € F(m),
aisthe occurrences number of vertices of class c(y) in P, and bde fines the order
of subset Byinamong'(x)}.

In other terms, we associate to each edge of Fg connecting two classes I and
J a list of of pair (a,b) where a is the number of occurrences of child from class J
that seems in the order b among the other partitions. The resulting reduction graph
R(T) is thus the DAG augmented with labels on its edges, as seen in Definition.3.4.2.
Fig.3.2.b depicts the reduction R(T") of the semi-ordered tree 1" presented in Fig.3.1.

Definition 3.4.2 Given a semi-ordered tree T = (V, E,Sc) and its quotient graph
Go = (Vo, Eg) regarding the isomorphism relation on T, we define its reduc-
tion graph R(T) = (node_list,edge_list) as a DAG in which node_list = Vg and
edge_list = {(e,l.), Ve € Eg}.

Fig.3.3 shows the reduction corresponding to the tree of Fig.3.1.

Figure 3.3: The reduction corresponding to tree T" of Fig.3.1

Finally, this can be summarized through Alg.5, in Appendix.B, compressing a
semi-ordered tree in the worst case time of O(|T|?), and Alg.6, in Appendix.B,
decompressing a reduction R(7T") of a semi-ordered tree 7' in the worst case time of
O(IT| x deg(T)).

3.4.1 Properties of tree reduction

We notice that the tree and its reduction are equivalent and contain exactly the
same data.

Proposition 3.4.1 Any tree T' can be recovered from its reduction R(T).

Proof The proof is obvious from Alg.5 computing the reduction of a tree T and
Alg.6 performing its reconstruction, see Appendiz.B.

Recall that, for any node I in R(T), there exists a vertex x in 7" such that
I =c(x).
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Proposition 3.4.2 Any tree and its reduction have the same height.

Proof Let T be a tree and R(T) its reduction. Since the proposed compression is

performed in width, in such a way that for any vertex x in T their exists a unique
node I in R(T) with I = c¢(x) and for which h(I) = h(x). Then h(T) = h(R(T)).

Many parameters that characterize a tree T can be directly computed on it’s
reduction R(T'), thus we define

e n(I) = |T[z]| the size of the tree rooted in x as

if child(I) = ¢thenn(l) = 1elsen(l) =1+ Z n(J) x a;
JEchild(I) (ai,bi)€l(r, n)
(3.1)

e The number of isomorphic subtrees in 7" rooted in z, corresponding to m([l) =
{x € T|c(x) = I}| for any [ in R(T), as

if parent(I) = ¢thenm(l) = 1 elsem(l) = Z m(k) x Z a;

keparent(I) (aibi)€l(r, n)

(3.2)

e For a semi-ordered tree T'(V, E, S) and it’s compression R(T) = (V,, E,), the
vertex compression factor is defined by

Vi
pp=1— (3.3)
V]
e Similarly, the edge compression factor is defined by:
28
e =1— 3.4

3.5 Experiments

In order to prove the efficiency of the proposed semi-ordered tree compression we
present in this section the compression of simulated plants. The aim is to prove that
the solution can be exploited in real problems on real data and that even large semi-
ordered trees can be compressed in a reasonable time and with high compression
factors, using an environment with standard computing resources.

We first present the simulated plants that we use and we describe how we will
generate them before showing how to model these plants in a particular family
of semi-ordered trees and we end this section with a presentation of the results
obtained.
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Botanical trees in nature shows a high similarity in their organs, structures and
components. Repetitive patterns are readily perceptible in the growth processes and
structure of many living organisms especially plants. This repetition is noticed in a
lower level when the same structure is repeated periodically along an axis, such as
leaves along a stem and can go further to a repetition of a whole structure in several
stages.

The important role of the architecture in the understanding of plants generates
a need for investigation tools. The study of tree structure has been the subject
of several studies and many problematic has been treated in this context, such us:
the visualization of plant architecture in 3D [30], modelization of the development
of plants structure [15], comparison and calculation of similarity between plants
architecture [27] and the plant structure compression who took an important place
in this context going from the hypothesis that a good representation of these data
ensures its efficient processing and taking advantage of the frequent redundancy in
plant architecture.

Plant architecture can be modeled as tree-graphs [11], where the set of vertices
V' describes the plant components and the set of edges E represents the adjacency
of these components. In general case, unordered trees are used to represent plants
topology, as depicted in example of Fig.3.4.

5 9
[
[
‘:.‘.l.
® L d

(a) (b)

Figure 3.4: (a) Visualization of plant architecture using a schematic plant represen-
tation. (b)Visualization using the equivalent unordered tree 7'

Furthermore, in branching plants all components are connected around an axis,
the vertices connected directly to the axis are considered as carriers of information
and therefore they are more important in some way than their siblings. The vertices
which are not connected to the axis are all equivalent[13]. In this case, the plant
topology is represented by an axial tree, for example tree of Fig.3.5.

3.5.1 Creation of the plant database:

A database of plants was created using a L-system based modeling system [(] in a
similar manner to that described in [13, 16] and that we briefly recall in the next
paragraph.

The apical meristem of the main axis progresses through a sequence of ordered
morphological differentiation states. The initial state sy correspond to the germi-
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(a) (b)

Figure 3.5: (a) Visualization of plant architecture using a schematic plant represen-
tation. (b)Visualization using the equivalent unordered tree 7.

nation and the final state s; correspond to the flowering. Each state s describe the
color and the geometric characteristics of the produced branch segment at this state
before passing to another state s’ such that s < s’ until the apex arrive to the final
state and produce a terminal organ (a flower). In addition to apical productions, at
each step the apical meristem of any axis can produce lateral meristem. The initial
state of the created lateral meristem must be equal to or greater than that of the
apical meristem that created it.

We use differentiation graphs to visualize the above process in illustrated example
of Fig 3.6 where colored circles represent differentiation states, solid arrows represent
possible state transition of the apical meristem during the apical growth and the
dashed arrows represent the transition of the lateral meristem during the lateral
growth. The meristem stays in the same state for the number of steps indicated by
the label associated with a loop, then moves to the next state.

O+ 2
A

poz

Figure 3.6: a) Differentiation graph used for the definition of a theoretical plant b)
the resulting apical axes where each component has the same color of the differ-
entiation graph state in which this component has been produced. (c¢)The whole
resulted branching structure
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Figure 3.7: The differentiation graphs of models M;, M,

We used two differentiation graphs M;, My (see Fig3.7) to generate two plants
families (of Fig 3.8). Each graph has six states and the two graphs differ in the
lateral meristem transitions. A family F; consists of a deterministic model M; and
five derived models labeled M;_qq, M;_o8, M;_o.7, M;_o6, M;_o5 by randomizing a
probability p (p is indicated in the label of the derived model M;_, ) that a lateral
apex gave rise to a branch; otherwise the branch was aborted. For more diversity,
10 samples M,_, were generated for each probability p.

3.5.2 Analysis and results:

We used the L-PY simulator [(] to generate the theoretical plants and the TREEX
library [1] to model each plant by an axial tree.

All algorithms were implemented in Python and compiled with python 3.7.3
compiler. The experiments were conducted on a commodity PC with an Intel Core

i5 CPU and 4 GB of DDR3 RAM, running Ubuntu Linux 18.04.
We computed the reduction of each tree in the database, then we used the

compression ratio to evaluate each compression according to the probability p that

a lateral branch grows (Tab 3.1).
We observe a high values of compression factors for trees T} and 75 which mean
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Figure 3.8: Theoretical plants: the F} family (first row) and the F, family (second
row). Both of T} and T, present repetitions of the lateral branches hence a high
degree of compressibility. However, for the others trees the random removal in
lateral structures introduces variation that is expected to reduce their degree of
compressibility.
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Figure 3.9: Average vertices and edges compression factors of tree families generated
from the models M;, My according to the probability of lateral axis growing

that they present a high compressibility. In contrast, as it was expected the random
remove of lateral axis reduce the compressibility of the trees but the results are
still performing, especially in terms of vertex compression factor. The algorithm
manages to capture similarities in the plants structures and uses them to build a
more fluid representation while maintaining the axial aspect linked to these data.
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M, M,

p 4 |E] Py pe V] |E] Pu pe

1644 1645 0.97 0.94 1726 1727 0.99 0.98
0.9 808 809 0.85 0.73 183 184 0.75 0.56
0.8 385 386 0.77 0.58 170 171 0.74 0.54
0.7 157 158 0.67 0.42 105 106 0.66 0.40
0.6 92 93 0.61 0.32 71 72 0.61 0.31
0.5 75 76 0.61 0.32 60 61 0.60 0.30

Table 3.1: Average tree statistics of tree families generated from the models My, M.
Representation of trees sizes variances and their compression ratio according to the
probability of lateral axis growing

3.6 Conclusion

In this Chapter, we introduced the semi-ordered tree compression into directed
acyclic graphs. Semi-ordered trees are nonlinear data structures that present cer-
tain structural properties such that some sibling elements are equivalent while some
others are totally ordered.

Semi-ordered tree compression aims to remove internal structural redundancy
by merging isomorphic subtrees in a unique class. We gave an efficient method that
compress a semi-ordered tree T in O(|T'|?) time complexity and we also presented a
reconstruction algorithm that allows to recover the initial tree from its reduction in
O(|T| x deg(T")) time complexity.

We used the compression factor which reflect the ratio between the size of the
reduction and the size of the initial Tree to prove that the algorithm achieve good
results. Experiments on randomly generated trees have also proved the effectiveness
of the algorithm even in front of large trees.

We illustrated the method on plant architecture and showed the effectiveness of
the solution for axial trees. We are persuaded that the simplicity, the effectiveness,
the height speed and the ability to handle large trees encourage the exploitation
of this solution to solve several problems. Howbeit, significant optimizations are
expected to get better result for edges compression factor. Another challenge we are
aiming for is to use the compression to optimize algorithms that manipulate this
class of trees.
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CHAPTER 4

LLOSSY COMPRESSION OF LABELED
TREES: CUT-BASED APPROXIMATION
APPROACH

4.1 Introduction

The second part of this thesis was carried out in collaboration with the Mosaic team
of the RDP laboratory as part of the PROFAS B+ exchange program. The goal was
to propose solutions to the lossy compression problem of unordered labeled trees.
We present in this chapter our first contribution in this context.

The noisy tree structure with non-exact redundancies but also the limitation of
the lossless compression model motivated our attempt to generalize this model to
build a lossy compression model able to handle this kind of tree and promising bet-
ter performance. In this chapter we present our first tree lossy compression method.
A method that exploits the approximate self-redundancy of a tree structure but
also additional information on node labels to compress it on different degrees while
respecting a compromise between the compression rate and its relevance. This new
compression method makes it possible to increase the efficiency of models, simu-
lations and analyzes of particularly redundant structures by using the compressed
representation instead of the initial representation.

4.2 Problem formalization

In the context of labeled trees, subtrees are not perfectly isomorphic (especially
when the set of label values is continuous), and therefore, when we build the quotient
graph |Vg| =~ |V| we notice in this case that these trees do not compress sufficiently.
The principle of lossy compression is to group into equivalence class subtrees which
are not exactly isomorphic but which resemble to a certain degree. This induces
a passage through an approximation phase of the initial tree T" by a tree T™ that
presents better compression properties. However, for the sake of quality results, we
add two constraints. The first on the size of the compression: we want to control the
size of the compressed version by imposing a compression rate. The second required
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constraint is to allow compression with a controlled loss. For this, we impose the
fact that T" and T™ are as close as possible. The main solution of the problem is
then to find from a tree T', its approximation 7™, such that
* size(R(T*))
D(T,T)Sﬁandl—T(T)ZT.

In order to give a more formal definition, we need to introduce some notions.
The e-quasi-isomorphism on trees given in Def.3.1 is a less constrained notion than
the isomorphism introduced in Def.2.2.1, in this case the distance between the two
trees in question is not null but less than a positive threshold.

Definition 4.2.1 (e-quasi-isomorphism) Let T} and T be two trees and € € R,
Ty and Ty are e-quasi-isomorphic if and only if D(T1,T,) < e.

Remark The tree e-quasi-isomorphism presents some properties:

o for e =0 the e-quasi-isomorphism amounts to an isomorphism,

o The e-quasi-isomorphism does not define an equivalence relation, indeed it is
clearly not transitive.

Tree edit-distance can be used to identify the isomorphism between subtrees [10,
A Constrained Edit Distance Metric Between Unordered Trees| [ferraro2000distance].
A null distance between two subtrees (or trees) denote an isomorphism between the
two structures where a small distance denote an e-quasi-isomorphism. The use of
bottom-up recursion and dynamic programming allowed these algorithms to remain
in polynomial complexity. In this paper, we exploit this distance to extend the loss-
less DAG reduction scheme of labeled trees. The idea is to start from a distance
computation between the tree and itself which will obviously be null but which com-
putes at the same time the distance between all the subtrees of the input tree, then
we gather e-quasi-isomorphic subtrees in classes that replace the equivalence classes
in the construction of the quotient graph.

4.3 Global clustering strategy

As the objective is to form groups of e-quasi-isomorphic subtrees, we start from a
global clustering of the subtrees set of the input tree, see example of Fig.4.1.

Using a clustering algorithm and the edit distance we partition the set of all T’
subtrees to groups of e-quasi-isomorphic subtrees, then we build a new tree T™* such
that the subtrees belonging to the same cluster in T are approached by a single
model subtree, then the lossless DAG reduction scheme is applied on the resulting
tree.

The global clustering strategy allows to form groups of trees which are not
perfectly isomorphic and nevertheless present a high degree of similarity, however
it does not consider the structural relationship between these subtrees. Indeed, two
structures in hierarchical relation can be similar to some degree but making them
in the same cluster risks disrupting the strategy. Fig.4.2 illustrates some difficulties
due to hierarchical relations in trees.
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Figure 4.1: An unordered tree T (left). A global clustering of T" subtrees generating
5 clusters (right) where we use the same color for roots of subtrees belonging to the
same cluster.

Figure 4.2: A tree in which we consider that subtrees (A, D) belong to the same
cluster while (B, C') belong to an other one. The approximation of C' by B does not
remove the occurrence of C' in the approximated tree since the latter is a subtree
of B, it will also create a new class of subtrees and as a result the DAG after
approximation is greater than the initial DAG. Similarly, if we approximate B by
C this does not guarantee that the result on A is always similar to D.

4.4 'Tree cut strategy

To avoid the problem of hierarchical relations between subtrees, whether in the same
cluster or between sub-trees belonging to different clusters, the solution is then to
select from each cluster a subset of sub-trees that are disjoint between them and
disjoint from those belonging to the other clusters. This amounts to define the notion
of a Tree cut, as formally described in Def.4.4.1 and visualised through example of
Fig.4.3. Alg.7, given in Appendix.C, shows how to generate a cut from a global
clustering of a given tree.

Definition 4.4.1 (Tree cut) For atree T, a cut C(T) = (T, k) is a pair composed
of a rooted tree T and a disjointed forest k, such that:

e r0ot(T) = root(T),

o A leaf l; from leave(T) can be a terminal leaf if l; € leave(T') or an anchor
leaf if l; ¢ leave(T') meaning that T[l;] € k.

In other terms, a horizontal cut crosses the tree at the level of the edges (u,v)
where v is an anchor leaf in 7 and T[v] € k.
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Figure 4.3: (a) A horizontal cut crosses the tree T" and separate it into: (b) a rooted
tree T at root(T) with non-terminal leaves (anchors) colored in black and (c) a
disjoint forest k.

4.4.1 Local Clustering

Applying a cut C(T') on a tree T aims to isolate a forest s of disjointed subtrees
located under the cut. To continue the spirit of the solution proposed in section
4.3, a local clustering is then applied on x to form clusters of disjointed and e-quasi-
isomorphic subtrees. For this task, we use the k-medoids algorithm [28, Proposed
K-medoids algorithm]. The k-medoids algorithm allows to split input data into k
clusters, the value of k is computed in such a way to minimize the intra-cluster
variation and maximize the variation between the clusters. In this context, the
chosen k-medoids algorithm [28] have a complexity of O(n x k) where n is the
number of data to cluster and k the number of clusters.

After the x subtrees local clustering, the next challenge is to find a representative
to each cluster. The computation of clusters representatives is also a problem that
falls within the compression-loss of information compromise. Indeed, we seek that
each representative is both as central as possible among the other elements of a same
cluster and that the forest of representatives also compress as much as possible. We
expose, in Appendix.C, the method we adopted to calculate the representative of
each local cluster, and this process is formally detailed in Alg.9 of Appendix.C.

4.4.2 Cut approximation

Finally, we can build an approximation 7™ of the initial tree T" from the clustered
forest x and the representatives of the clusters. Subtrees belonging to the same
cluster are both e-quasi-isomorphic and disjoint trees. Subsequently, we replace the
subtrees belonging to the same cluster by the representative of this cluster to get
the approximated tree, as shown in Fig.4.4 representing the approximation built
from the tree cut of example of Fig.4.3. This process is described in Alg.10 in
AppendixC, where the evaluation of each cut depends on the Zhang edit distance
computation algorithm [10], hence the complexity of the evaluation of N cuts is in
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O(N x |T|? x deg(T) x log(deg(T))).

DD g

Figure 4.4: (a) Local clustering of the forest x of Fig.4.3.c, roots of clusters repre-
sentatives are colored in red. (b) Approximation of subtrees belonging to the same
cluster by the cluster representative in the initial tree of Fig.4.3.a.

We apply the tree to DAG compression scheme on the approximated tree T*
to build a lossy compression of the initial tree T', as seen in example of Fig.4.5
representing the compression of the tree T' of Fig.4.3.a and its approximation of
Fig.4.4.b.

(b)

Figure 4.5: (a) An unordered tree T' (left), its DAG reduction (right), (b) An ap-
proximation 7% of T' (left), the DAG reduction of T* and the lossy compression of
T (right).

The resulting lossy compression is evaluated regarding the two following criteria:
The loss of information measured by the Zhang edit distance between the
approximated tree and the initial tree:

_ AT
= AT0)

The compression ratio measured by a ratio of the size of the DAG to the size
of the initial tree:

size(D*)

T=1-eay
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4.4.3  Tree approximation from an optimal cut

Now that we have seen how to build a compression as well as a lossy compression
from a cut on a tree and how to assign a score to it. Note that in reality, on a given
global clustering of a tree we can generate several cuts, depending on the variation
of the traversal order on the global clusters, the number of global clusters and on the
clustering way of the subtrees set of the initial tree. Alg.8, in Appendix.C, shows
how to generate a set of cuts from several global clustering of an initial tree. The
proposed algorithm generates a set of N cuts obtained from several global clustering,
where each global clustering induces n cuts. This gives a complexity of O(%)
for Alg.8 of Appendix.C.

Each generated cut associates to the initial tree a particular approximation. A
good choice of the cut is motivated by the fact that the compression scheme will
be applied to the resulting approximation. The intuitive idea is to evaluate all
generated cuts and to choose the optimal cut against a particular criterion. Except
that the number of all cuts explodes rapidly depending on the number and the size
of the tree global clusters, thus it becomes difficult to evaluate all the cuts. This
leads us to choose the strategy based on generating cuts under constraints.

4.4.4 Constraints on cuts

In order to control the loss of information, we do not consider cuts which do not
preserve a minimum of the the initial tree structure. For that, one defines constraints
on the initial tree which specifies if a subtree can be part of a cut (eligible for a future
approximation by another subtree) or not (to be preserved in the approximation).
Note that, constraints are often linked to the nature of the data, as we can see in
Section.4.5.2.

4.4.5 Optimal cut selection

The goal now is to choose the cut that best meets a particular criterion among all
the generated cuts. The selection criterion can be based on the loss of information
(minimization) or on the compression rate (maximization).

Consider I' the set of cuts for which we associate to each cut I'; € I' a pair
(Tr,, or,), where 71, is the compression rate of the lossy compression built from I,
and oy, is the information loss resulting from this compression. Thus:

e The optimal cut maximizing a compression rate criterion 7,,;, is the cut ¢ with
a minimum of information loss and with a compression rate greater than or

equal 7,:n

c= argmin  (or,)
Fr:{rz €F|Tl"i ZTmrrL}
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e The optimal cut minimizing a compression rate criterion o,,,, is the cut ¢ with
a maximum compression rate and a loss of information less or equal than o,,,;

c= argmax (tr,)
FT:{FiGF‘OFiSO’maz}

This process is formalized in Alg.11 of Appendix.C where the step of optimal
cut selection of the initial tree T" takes a worst time of O(|T).

4.5 Application on virtual plants

The aim of this section is to illustrate the contribution of the proposed lossy compres-
sion model in the compression of a plant structure. We will start with a presentation
of the models used for the generation of plants used for the tests, then we will see
the constraint used during the generation of cuts on these plants and finally we will
evaluate the contribution of this lossy compression model on the compression of the
plants. We evaluated this model regarding the loss of information compared with
the initial structure, the compression ratio of the resulting approximation and on
the contribution in the calculation of the edit distance between two plants.

4.5.1 Plant architecture database

With the MOSAIC team of the RDP laboratory, we worked on new models of
simulated plants by evolving the models presented in [13, 16] and that we used in
3.5.1. We transformed the deterministic passage between the states to a stochastic
passage by adding probabilities of passage from one state s to several states on the
apical meristem and the lateral meristem

Each model is described by two matrices A and L of size (n X n) and two vectors
of size n to represent the minimum and maximum duration of each state where n
is the number of differentiation states that the apex can pass through . On matrix
A the value A[s|[s] represents the probability of passing from state s to state s’ on
the apical meristem and on matrix L the value L[s][s'] represents the probability of
passing from state s to state s’ on the lateral meristem.

To complete the model and give a better description to the plants, we have
added functions that associate to each production (apical or lateral) attributes that
describe the geometry of the branch produced: the diameter, the length, the angle
of insertion and the diversion angle.

We generated 30 plants with 3 models described in the Appendix.D for test. Fig
4.6 shows examples of these plants.

4.5.2 Constraint on plant cuts

As we have seen in Section.4.4.4, pushing the compression to the maximum generates
an uncontrolled loss of information. In plants compression, this manifests in loss of
plant architecture, see example of Fig.4.7.
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Figure 4.7: An artificial plant with a compression rate of 0.1% (left), and its ap-
proximation with a compression rate of 94.2% (right).

To control the loss of information we introduce a constraints on the cut related to
the plants architecture. The aim is to determine a minimal part of the plant that is
considered elementary and that must be preserved during the approximation and a
dynamic part that can changes during the approximation. For this, for each element
e of the plant we note by A, the ratlo e where d, is the diameter of an element e and
d, is the diameter of the root of the plant An element is considered as elementary if
Ae exceeds a certain threshold, otherwise the element e is small enough in the plant
that it can be changed and therefore this element is considered as a dynamic part of
the plant. The cuts generated will only be performed on the dynamic parts of the
plant. Fig.4.8 shows a plant where we have differentiated between the elementary
part and the dynamic part (the threshold used is 0.3).

We varied the threshold on A\, to change each time the elementary part of the
plant before each experiment. Fig.4.9 shows an example of a plant generated with the
model M; and its different elementary parts corresponding to different thresholds.

As we can see, the greater the threshold on \., the part to be preserved in the
approximation is smaller and at the same time the dynamic part is greater which
allows to generate a greater number of cuts.
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Figure 4.8: In red the elementary part of the plant to be preserved during the
approximation and in green the dynamic part on which the cuts are generated.

Figure 4.9: From left to right a plant generated with the M; model followed by the
elementary parts corresponding to a threshold of 0.2, 0.3, and 0.4 on ..

4.5.3 Analysis and performance

Detailed geometric representations of plant architecture, plant modeling [25] and
the structural redundancies in plants which only become to a certain degree when
we consider this geometric information motivated our choice to test the presented
method on simulated plants.

4.5.3.1 Maximum compression with minimum loss of information

At this level, we seek to find a compression at a rate 7,,;, with minimum loss of
information. For that, we sort down all the approximations generated by the com-
pression rate then we exclude all approximations with a compression rate lower than
Tmin- Next from the remaining set, we return the compression with the minimum
loss of information, as described in Alg.11 in the AppendixC.

Fig.4.10 shows the different approximations of a plant generated with the model
M, for different value of 7,,,;, and for different threshold of A..
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We notice that the visual aspect of the loss of information is very weak against
the important compression rates that we can reach, the approximations are made
on the details while the elementary parts of the plants are preserved.

The constraint on A, determines the possible approximation space, the latter
is quickly exhausted when threshold of A, is small enough and not offering the
possibility of reaching high compression ratios (Fig.4.10 line 1 maximum rate 60%).
In this case, the solution to push the compression to a greater 7,,;, is to combine
two (or more) cuts while releasing the constraint on .. Fig.4.11 illustrates the case
of a sequence of two cuts for the same plant in Fig.4.10 for thresholds of 0.2 and 0.3
on )\, relaxed respectively to 0.3 and 0.4 for the second cut.

A=0.2 : A=0.3
=65% B oT=81%
A=0.3 F A=04

=72% ™ =90%

Figure 4.11: On the left the initial plant followed by: on the first line the result of
the first cut with a threshold of 0.2 on A, then that of the second after threshold
relaxation to 0.3, on the second line the result of the first cut with a threshold of
0.2 then that of the second after threshold relaxation to 0.4.

As we can see, boosting a second cut on the result of a first one allows to push
the compression even more but this is quickly paid for by a significant jump in the
loss of information.

On the same plants of the first experiment on model M1 and with the different
thresholds on A, (0.2, 0.3 and 0.4) we generated the approximation corresponding
to several values of 7,,;, among [0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9] and we
measured each time the loss of information which goes with the results. Fig.4.12
represents the obtained loss of information regarding the different values of 7,,;,.

Experiments show that, we can gain up to 60% of compression rate for a very low
loss of information which does not exceed 20% of the information contained in the
initial plant. For greater compression rate (more than 70%) we notify a significant
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Figure 4.12: The loss of information due to the approximation against 7,,:,.

jump in the loss of information due to high cuts or a combination of several cuts.

4.5.3.2 Edit distance

This part illustrates the contribution of the lossy compression model proposed in the
optimization of the edit distance computation. The idea is to calculate the distance
on the compression DAGs directly instead of doing it on the trees.

The distance calculation on the DAGs makes it possible to replace all the dis-
tances calculations between the sub-trees x; belonging to the equivalence class X
and the sub-trees y; belonging to the equivalence class Y by a single distance cal-
culation between an instance of X and an instance of Y then reuse the result for
other calculations. Formally :

Vay, w9 € X x X and Vy1,y2 € Y X Y : D(x1,11) = D(x2,y2) where X and Y
are equivalences classes of the isomorphic relation.

Therefore, the less the size of the compression it is, the more there will be
simplified calculations. We use two measures to evaluate the model in this context:
the gain in computation time that we seek to maximize and the error on the distance
that we seek to minimize.

Let us consider two input trees 77 and 75 and let 7' (7;) be the approximation
corresponding to the compression rate 7;, D(17,T5) the edit distance between T}
and Ty, D(T(7;),T3) the edit distance between T’ (7;) and 75, ¢; the time needed to
calculate D(T,T,) and tf the time needed to calculate D(Ti(7;),T») then:

5 = |D(T1,T5)—D(T1 (7:),15)|
_ D(T1,T») :

e The error on the distance

ly

e The gain in calculation time vy =1 — -
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With the same 3 models used in the previous experiments we made a random
choice to choose a model that we use to generate 2 plants 7} and 75 then we build
different approximations of 77 corresponding to different compression rates 7,
among [0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9]. We calculated each time the distances
D(Ty,Ty) and D(Ty(7;),T>) as well as the measures § and 7. We perform this 10
times and the results are shown in figures Fig.4.13 and Fig.4.14. As we can see, the
more we compress the greater the error rate on the calculation of the edit distance
and at the same time the gain in calculation time is also significant. The error on
the edit distance calculation increases the more we compress but remains around
40% even when reaching high compression rates ( 90%). On the other hand, the
calculation time gain also increases to reach high rates for a low loss of information.

All experiments were carried out on a 2.3 GHz Intel core I7 quad core with 16
GB of DDR3 ram.

10 20 30 40 50 &0 70 B0 %0
Compression ratio

Figure 4.13: Evolution of the gain in the edit distance computation time (on the
y-axis) against the minimum compression rate (on the x-axis)

4.6 Towards an exploration of symmetries in plant architec-
tures

xThe introduction of the notion of cuts in the study of tree architectures has awak-
ened our intention to another property that characterises these structures and that
can be observed very clearly in the architectures of plants.

Plant architectures are characterised by symmetries present at several levels and
often reflect the repetition of the mechanisms of morphogenesis. Symmetries are
closely related to the mathematical concept of invariance, an object x is said to be
invariant under a certain operator 7" when it remains unchanged under the action of
the operator, i.e. T'(z) = x. Observing symmetries means identifying the operators
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Figure 4.14: Evolution of the error rate (on the y-axis) against the minimum com-
pression rate (on the x-axis)

under whose action an object remains unchanged. However, in plant architecture,
due to biological noise and environmental effects, symmetries are often imperfect
and correspond to T'(z) =~ z. Here we investigate how these concepts can be applied
to identify symmetries in plant architectures. symmetries in plant architectures.

4.6.1 From cuts to antichains and Maximal symmetry antichain

As we have seen in this chapter how cuts allow us to isolate a set of subtrees that
are not in a parent-child relationship, we introduce in this section another way to
isolate subtrees that are not in a parent-child relationship. An antichain is a set
of subtrees that can be swapped pairwise (one can replace the other). We define a
symmetry antichain as an antichain of subtrees that can be swapped without losing
the plant’s architecture, i.e. for any pair of subtrees ¢t and s in the antichain, the
tree T' obtained after their swap is equal (or at least very similar) to the original
tree T'. Such a symmetry antichain is said maximal when there is no other subtree
within 7" that can be swapped with one of the antichain while preserving the general
architecture. Detecting the symmetries actually means identifying all the maximal
symmetry antichains.In a real plant architecture, one does not expect to observe
exact symmetries. One must therefore be able to quantify the similarity between
subtrees hence the interest of using the tree edit distance [10].

4.6.2 The graph of maximal symmetry antichains

It is clear that on a tree we can identify several maximal symmetry antichains
and even if the subtrees within a same antichain are not related it is not the case
from one antichain to another hence the idea to consider the graph of maximum
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Figure 4.15: A plant architecture where we show the subtrees of an antichain colored
with the same color

symmetry: antichains: two maximal symmetry antichains are linked by an edge
when subtrees of one appear as descendants of subtrees of the other, and the weight
of the edge corresponds to the proportion of such links Fig 4.16 shows an example
of plant architecture, its maximal symmetry antichains and the graphs. Using this
graph, we can therefore not only observe all the symmetries of a plant architecture
but also their nesting. We have thus developed an algorithm to build all maximal
symmetry antichains of the plant architecture that proceeds through a clustering of
all its subtrees based on the above tree edit distance, instead of an exact match.
The project is still being published, part of the work will be presented at the next
edition of the Functional-Structural Plant Models conference (FSPM March 27-31,
2023) and more details will be presented in other manuscripts.

4.7 Conclusion

In this chapter, we introduced a lossy compression model of trees. The model is a
continuity of a previous work done in the context of lossless compression of unordered
trees [16]. The idea is to go through an approximation of the initial tree by another
with better compression properties before applying the lossless compression model
on the resulted approximation. The approximation consists in replacing the subtrees
having a certain similarity by a single model in order to multiply its occurrence in the
tree to achieve a better compression rate. The efficiency of the model is quantified
by information loss rate due to compression measured by the ratio of the distance
between the initial tree and its approximation to the distance between the initial

63



ﬁ/’ A\ N\ /

Figure 4.16: A plant architecture with 6 maximal symmetry antichains (identically
colored subparts of the plant) which nesting links are given by the graph on the
right.

tree and the empty tree, as well as the compression ratio measured by the ratio
between the size of the DAG and the size of the initial tree. We then illustrated
this model on artificial tree compression. We also evaluated the contribution of the
model in the calculation of the edit distance between these plants.
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CONCLUSION AND PERSPECTIVES

Starting from the fact that the size of the trees is exploding in front of the high
complexity of the algorithms of edit distance calculation, we presented in this thesis
methods of optimization of these algorithms by compressing the trees in DAGs to
make the calculation afterwards on the DAGs instead of on the trees.

We have studied the work done in the context of lossless compression of un-
ordered trees and have proposed a generalization of these methods for ordered and
semi-ordered trees. For that, it was necessary to determine the similar subtrees
using the calculation of a distance of edition. These last ones define a relation of
equivalence, we thus calculated the classes of equivalence to build a quotient graph.
We showed how to augment in each case this quotient graph to build a compres-
sion as well as the reconstruction of the initial tree starting from its compression.
The proposal was implemented and tested on representations of theoretical plant
architecture. Although our method has been tested on a few simulated plants, in
order to analyse the robustness of the method, the implementation of larger tests on
different data would allow us to study the influence of different plant architectures
on the compression. But also the consideration of the information carried on the
nodes of the trees adds interest to the study.

In the second part of the manuscript, we considered the problem of lossy com-
pression of trees, we saw that it is a more pushed compression but which does not
allow the reconstruction of the initial tree from its compression,a quantity of infor-
mation is thus lost and the challenge was to find a happy medium between what we
gain in compression and what we lose in data. Starting from a distance calculation
between the tree and itself to determine the close sub-trees, the idea is to approx-
imate the close sub-trees by a single representative to build an approximation of
the input tree. The lossless compression of the resulting approximation is the lossy
compression of the initial tree. We have presented methods for the grouping of sim-
ilar subtrees, the choice of representative of each group and the approximation of
subtrees of the same group by their representative. to remedy the problem of hier-
archies in the tree we proposed to make an horizontal cut on the tree and to perform
the procedure (clustering, selection of representatives and approximation) only on
isolated subtrees. We finally proposed our lossy compression technique which was
implemented and tested on plant architecture representations. A more extensive test
and even on real plants as well as the consideration of other parameters (symmetry,
architecture...) and more real applications are desired to complete this work.
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APPENDIX A

ORDERED TREE COMPRESSION
PSEUDO ALGORITHMS

Algorithm 1: Vertices signature computation.

Data: Ordered Tree T'= (V. E)
Result: List of signatures of T" vertices

Function add_signatures(T);
foreach leaf | € V do

l.signature = [|;
l.stgnaturelabel = 0;

list_signature = [[|];
n_signature = 1;
N:=the list of leafs from V;
while N is not empty do
foreach vertexn € N do
foreach vertex m € child(n) do
L n.signature+ = [m.signaturelabell;

if (list_signature.contain(n.signature));
then
‘ n.signaturelabel = list_signature[n.signature];
else
list_signature+ = [n.signature];
n.signaturelabel = n_signature;
n_signature+ = 1;

empty N ;
add to N all not signed vertices for which all children have a signature;

return list_signature;
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Algorithm 2: Tree Reconstitution.

Data: DAG D = (V, E)
Result: Tress T' = (node_list, edge_list)
Function Reconstitution(Dag-node m,Tree_node father):;
node_list = [|;
edge_list = [J;
if (m is a leaf);
then
create T'ree_node n;
node_list.add(n);
else
create Tree_node n;
node_list.add(n);
foreach M; € child(M) do
foreach i € e(M, M;).list() do
create Tree_edge e;=(n, Reconstitution(M;,n,1));
L edge_list.add(e;);
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Algorithm 3: Tree reduction algorithm.

Data: Ordered Tree T'= (V, E)
Result: DAG D = (node_list, edge_list)
node _list = [];
edge_list = [J;
list_signatures = add_signatures(T);
foreach node € V do
n = new Node(x.signaturelabel) ;
if (lnode_list.contain(n));

then

| node_list+ = [n];
else

foreach node r € V do
for i = 1; i < child(z); i=1i+1do
e = newedge;
e.begin = x.signaturelabel;
e.end = child(i).signaturelabel;
if (edge_list.contain(e));

then

| edge_list[e] list+ = [i];
else

e.list = i];
edge_list+ = e;

return node_list, edge_list;
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APPENDIX B

LOSSLESS COMPRESSION OF
SEMI-ORDERED TREES PSEUDO
ALGORITHMS

Algorithm 4: Vertices signature computation.

Function signatures(T'):
Input : Semi-ordered Tree T'= (V, E, St)
Output: o(7)

a(T)+ 0
N « leaves(T)
while N is not empty do
foreach vertex n € N do
o(n) <0
foreach P €T'(n) do
d+
foreach wvertex r € P do
| d«d+o(x)

o(n) « o(n)+d

if o(n)) =0 then o(n) <+ 0
| if o(n)) ¢ o(T) then o(T) < o(T) + o(n)

VeV-N
N« 0
N <+ {n € V/¥n; € child(n),c(n;) € o(T)} // add to N all not

signed vertices for which all children have a signature

| Return o(T)
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Algorithm 5: Tree reduction.

Function Reduction(T):

L

Input : Semi-ordered Tree T'= (V, E, St)
Output: its reduction R(T) = (node_list, edge_list)

node_list <— o(T)

edge_list < ()

C«0

foreach node x € V with x ¢ C do
foreach P, € I'(z) do

foreach wvertexr y € P, do

e (o(z),0(y)) // e is a new edge
if e ¢ edge_list then
a1
le + {(a,b)}
edge_list < edge list U{(e,l.)}
else
if 3(a,b) € [, then
| asa+1
else

a<+1
L le < 1. U{(a,b)}

C <+ CU{x}
foreach 2’ € V such that o(z) = o(2') do

C+CU {1?} // Avoid repeating calculation for isomorphic

parts

- Label each signature of o(7") with a unique integer value, starting from
0 for leaves signature

- Replace each signature in node_list, edge_list by its label

| Return (node_list, edge_list)
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Algorithm 6: Tree Reconstruction.

Function Reconstruction(R(T)):
Input : The reduction R(T") = (node_list, edge_list) of a tree T
Output: The semi-ordered Tree T'= (V, E, St)

V10

E«+ 0

SE +— 0

Create T'ree_node r // r is the root of the new tree
VeV4r

Let d the root node of the DAG R(T)

(V,E, Sc) < Create Tree(R(T),d,r,V, E, Sc)

Return (V, E, Sc)

Function Create Tree(R(T),I,z,V,E, Sc):

Input : - the reduction DAG R(T') = (node_list, edge_list),
- the node I the root of the subDAG of R(T") to decompress,
- the tree node = such that I = ¢(z),

- tree T elements (V, £, Sg) in recursive computation.
Output: Tree T'= (V. E, St).

['(z)« 0

foreach J € Child([) do // Creation of empty partitions P, of I'(z)

foreach (a,b) € l(; 5 do
if P, ¢ I'(z) then

Pb < @

foreach J € Child([) do // Construction of partitions P, of I'(x)

foreach (a,b) € {(; ;) do

141

while 7 < a do

Create T'ree_node x;

b+ P+ x;

(V,E,Sc) < Create Tree(R(T), J,z;,V, E, Sc)

11+ 1

St + Sc +T(x)
| Return (V, E, St)
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APPENDIX C

LLOSSY COMPRESSION OF LABELED
TREES PSEUDO ALGORITHMS

Algorithm 7: Get a tree cut from a global clustering

Function cut_from_clustering(T, G):
Input :-atree T, - aset of T global clusters G.

Output: a cut C(T) = (T, k)

shuf fle(G)
T+T
K4 ¢
for G, € G do
shuf fle(G:)
for tj € g@ do

if ¢; is disjoint with all k trees then

Add ¢; to K
Replace t; in T by an anchor node

B Return T,k
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Algorithm 8: Generate a set of cuts for a tree.

Function cut,genemtor(T 1 Konin s kmax):

Input : - Tree T,

- n the number of cuts to generate from each global clustering of T,
- Emin, kmaez parameters for the k-medoid clustering method.
Output: I' a set of T" cuts

'« 0
S « set of all T subtrees
for k € [kmin, kmaz) do
G <« clustering(S, k) // S clustering by the k-medoid method
for i € [1,n] do
C <« cut_from_clustering(T, Q)
L AddC to T

L Return I
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Algorithm 9: Compute the representatives of all local clusters.

Function get_representatives_of _clusters(M, L):

Input :- M the subtrees distances matrix of the initial Tree T,
- L list of T local clusters

Output: list of local clusters representatives R

R« 0
for £, € £ do
fore e £, do
L Compute ((e, L;)

Sort the j’s in £; in increasing order by of ((L;[j], £;)
Add £;]1] to R

R+ ¢
do
R+ R
Ty < T(R*) // The list of trees taken as a forest
i <— Choose a random in [1, |R*(]
j < 1+The index of R*[i] in L][i]
7 THE"\ R[]} U{L[][]})
do

replace R*[i] by L[i][j] in R*

ToO < T;

j—7+1

7 THER"\ R[]} U{L[][]})
while 7; > 7
R+ R*
while R # R*
L Return R
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Algorithm 10: Compute an approximation from a cut.

Function approzimation_from_cut(T,C(T), M):

Input : - T the initial Tree,

-C(T) =(T,r) aT cut,

- M the matrix of distances between T subtrees

Output: - T an approximation of T,

- D* its lossless compression,

- 0,7 the associated loss of information and compression ratio.

L+ clusterz'ng(/i, M) // k-medoid method perform the x clustering
R <« get_representatives_of clusters(M, L)
T+ T // start the approximation
for i< 1to |£| do
for d € L][i] do
- d is replaced by R[i] so that R[i] is connected to the anchor of d
L in T*
D* < Reduction(T™*) // As in the lossless compression

o= AT, T*)/A(T, 0)
7 =1— (size(D*)/size(T))
Return T, D* o, T
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Algorithm 11: Lossy compression of a labelled tree.

Function Lossy_compression(T,p, N, kmin, kmaz):

Input :- Tree T = (V, F),

- The parameter p representing either the target compression ratio 7,y
or the allowed loss ratio ¢,,q4,

- Number of cuts N,

- kmin, kmaz parameters for the k-medoid clustering method.

Output: - A set of T" approximations according to the parameter p.

M« [A(T[], Tl v pen, mxmy
// compute the distance between all T subtrees

[' « cut_generator(T, N, kumin, kmaz)
X+ 0
foreach C' €1 do

T*, D*, 0,7 < approximation_from_cut(T,C, M)
| X =XU{(T*,D* o,1)}
if p is a target compression ratio T, then
Y « {x for z € X and z[3] > Tpin}
Omin < min{x[2] for x € Y}
Z < {zx € Y where z[2] = 0yin}
f p is a the allowed loss ratio 0,,,, then
Y « {z for z € X and z[2] < 0ypaz}
Tmaz < maz{x[3] for z € Y}
Z < {zx € Y where z([3] = Traz }
L Return 7

=0
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APPENDIX D

STOCHASTIC PLANT MODELS

D.1 Model M;

0.0
0.0
0.0
0.0
0.0

1.0
0.0
0.0
0.0
0.0

0.0
1.0
0.0
0.0
0.0

0.0
0.0
1.0
0.0
0.0

0.0
0.0
0.0
1.0
0.0

min:(G 4 4 2 1)

D.2 Model M,

0.0
0.0
0.0
0.0
0.0
0.0

1.0
0.0
0.0
0.0
0.0
0.0

0.0
1.0
0.0
0.0
0.0
0.0

0.0
0.0
1.0
0.0
0.0
0.0

0.0
0.0
0.0
1.0
0.0
0.0

min=(8 7 6 5 2 1)

D.3 Model M;

0.0
0.0
0.0
0.0
0.0

1.0
0.0
0.0
0.0
0.0

0.0
1.0
0.0
0.0
0.0

0.0
0.0
1.0
0.0
0.0

0.0
0.0
0.0
1.0
0.0

mm:(6 4 4 2 1)

0.0
0.0
0.0
0.0
1.0
0.0

0.0 0.83 0.17
0.0 0.0 0.5
0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

0.0
0.3
0.3
0.0
0.0

0.0
0.2
0.7
1.0
0.0

ma:z::(S 8 4 2 1)

0.1
0.0
0.0
0.0
0.0
0.0

0.2
0.1
0.0
0.0
0.0
0.0

L =

0.3
0.2
0.1
0.0
0.0
0.0

0.4
0.3
0.2
0.1
0.0
0.0

0.0
0.4
0.3
0.2
0.1
0.0

0.0
0.0
0.4
0.3
0.2
0.2

mar=(8 7 6 5 2 1)

0.07 0.83 0.1
0.0 0.0 0.5
0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

0.0
0.3
0.7
0.0
0.0

0.0
0.2
0.3
1.0
0.0

ma:v:(S 8 4 2 1)
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