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Abstract 

In this thesis, we aim to contribute to 

the study of various classes of 

differential inclusions and equations 

of integer or fractional order 

derivatives, with delay in a Banach 

space. We also generalize some 

fractional Gronwall-Bihari-Henry 

inequalities and we establish a multi-

valued version of the Leray-Schauder 

alternative in strictly star-shaped 

sets. To obtain the existence of the 

solutions for the above problems, we 

propose sufficient and suitable 

conditions on the second member 

which are compatible with the 

means used in this study. Some 

topological and geometrical 

qualitative properties of the solution 

set have been also studies, including 

topological and geometric structures. 

The methods are based on fixed 

point theory combined with C_0-

semigroup theory and the measure 

of noncompactness. 
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Résumé 

Le but de cette thèse est de 
présenter quelques résultats 
d’existence des solutions de 
certaines classes d’équations et 
inclusions différentielles d’ordre 
entier ou fractionnaire avec retard 
dans un espace de Banach. Nous 
généralisons certaines inégalités 
fractionnaires de type Gronwall-
Bihari-Henry, et nous établissons 
aussi une nouvelle version multi-
valeur de l’alternative de Leray-
Schauder dans des ensembles 
strictement étoilés. Pour obtenir 
l’existence des solutions aux 
problèmes présidents, on propose 
des conditions suffisantes et 
appropriées sur le second membre 
qui sont compatibles avec les 
moyens utilisés dans cette étude. 
Quelques propriétés qualitatives 
concernant la structure topologique 
et géométrique de l’ensemble des 
solutions a été présenté aussi. Les 
méthodes sont basé sur les 
théorèmes  des points fixes combine 
avec la théorie de C_0-semi-group et 
la mesure de non-compacité.   

 

 

 

 

Mots et Phrases Clefs : 

Inclusions différentielles 

fractionnaires, alternative non 

linéaire, inégalité fractionnaire, semi-

groupes, mesure de non-compacités, 

structure topologique et 

géométrique.  

 

 

 

 

 

 

 

 

 ملخص
ىمة في البحث عن طروحة المساىذه الأنستهدف في 

و المعادلات  لبعض مختلف الانتماءات وجود حلول
مع تأخر  الكسريةو التفاضلية ذات الدرجة الطبيعية أ

ننا تمكنا أ كما. في فضاء عام لـ بناخ محدود مرتبط بالحل
-بهري-غرونوال'' لـالكسرية  من تعميم بعض المتباينات

 لـ جديدة لنظرية التبادل الغير خطيوأنجزنا صيغة '' ىنري
ألنجمي في المجموعات ذات الشكل '' شودار-لوراي'' 

الخواص النوعية المتعلقة بالبنى الطبولوجية و  .تماما
.  الهندسية لمجموعات الحلول درست أيضا  

الهندسية  لدراسة وجود الحلول والصيغة الطبولوجية و
ذه الأطروحة في هلمجموعة الحلول للمسائل المقترحة 

مع نظريات الشبو الثابتة مشتركة  النقط نظريةاعتمدنا على 
. زمر و مقياس عدم الاكتناز  

 

 

 

 

 

 

 

 

 

  الكلمات المفتاحية

بولوجية الط لبنىالانتماءات التفاضمية الكسرية، ا
 المتباينات الهندسية، الخواص النوعية،و 
لكسرية، نظرية التبادل الغير خطي، الشبه زمر، ا

.مقياس عدم الاكتناز  
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Introduction

Differential equations and inclusions are one of the oldest and most important disci-
plines of mathematics. The study of differential equations and inclusions has become a
very important area of research due to its applicability to many problems such as op-
timal control theory, as well as the modeling of many scientific phenomena: in physics,
chemistry, medicine, etc. This extensive theory has been developed for several differ-
ent types of differential equations and inclusions, such that the most important work
of mathematicians since the discovery of equations and inclusions differential is the
study of existence of solutions, in addition to their nature such as: uniqueness, signal,
strength and weakness, they also became increasingly interested in the topological and
geometrical structures of solutions set as: the compactness, the closure, the bounded,
etc, in the topological sense and contractibility, Rδ−set, acyclicity, etc, in the geomet-
rical sense. All this is based on regularity conditions concerning the right-hand side.
We refer the reader to [10, 24, 38, 60, 93].

It is well-known that inequalities, such as the Gronwall-Bellman-Bihari-Henry in-
equality, play an important role in the study of existence, uniqueness, boundedness,
stability, and other qualitative properties of solutions of differential equations, integral
equations, and differential inclusions (see, for example,[14, 80]). For nonlinear integral
inequalities, perhaps one of the most important contributions was made by Bihari [20]
for

v(t) ≤ k +

∫ t

0

f(s)ψ(v(s))ds, k ∈ R+.

This integral inequality was generalized by many authors. For example, Agrawal et
al. [5] replaced k, t, f, and ψ with the functions a(t), (bi(t))

p
i=1, (fi)

p
i=1, and (ψi)

p
i=1,

respectively, and investigated the retarded Gronwall type inequality

v(t) ≤ a(t) +

p∑
i=1

∫ bi(t)

bi(0)

fi(s)ψi(v(s))ds, bi(t) ≤ t, 0 ≤ t ≤ T.

In recent years, ordinary and partial differential equations and inclusions of fractional
order have been investigated more in the literature due to their applicability to many
problems in engineering and other scientific disciplines; see [15, 71] and the refer-
ences therein for recent work. The question of the existence of solutions and other
mathematical aspects of fractional differential equations and inclusions have been ex-
tensively studied and have attracted much attention; many important contributions
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have been obtained so far (see the monographs [58, 79, 82] as well as papers listed
in the references below). For recent results on the existence of solutions to fractional
differential equations and inclusions with various types of delays we refer the reader to
[2, 3, 18, 19, 50, 61, 81, 86, 92].

The concept of fractional substantial derivative was introduced in 2006 by Friedrich
et al. [39] to consider retardation effects in Kramers-Fokker-Planck type equations,
where these are expressed mathematically by a fractional substantial derivative, which
is more suitable for characterize the global coupling in time and space then the classical
fractional derivative. The fractional substantial derivative is widely applied in physics,
[31, 91]. Moreover, the fractional substantial diffusion model is a tool in geophysics and
financial applications [29, 67]. A main objective is to study the existence of solutions of
fractional differential equations with the Caputo fractional substantial derivative,such
as fractional lattice systems with delay. For more information about the application of
fractional substantial derivative see [27, 28, 58].

Those who are interested in research in this area with all types of differential equa-
tions and inclusions which mentioned above, for example: Zarempa in (1936) [89],
Marchaud (1938) [66] in a form different of the one presented here: at the left-hand
side multi-valued derivative appears [90], it was Wazewski (1961) [87] who showed
that these inclusion could be equivalently presented as inclusions with a regular single
valued left derivative. In 1971 an article by A.F. Filippov [37] appeared, presenting
the proof of existence of solutions to the Cauchy problem for a differential inclusion
whose right-hand side was continuous (in the Hausdorff metric) with compact (but not
necessarily convex) values. Through a very clever and simple construction, Filippov
was able to build a sequence of approximate solution whose derivatives were piecewise
constant maps. To the opposite of what happens in the single-valued case, however,
in the case of a differential inclusion it was not possible arbitrarily decrease the jumps
of the derivatives at the points of the partition of the time interval, by decreasing the
mesh of the partition. To overcome this difficulty, Filippov was able to build a sequence
of approximate solution whose derivatives yield a (strongly) (pre) compact sequence in
L∞. The compactness in Lp with this construction; is relatively easy to obtain, since
it is possible to approximate in Lp integrable functions by smooth (continuous) maps,
and apply the Ascoli-Arzela construction to the approximations; however, this process
cannot be applied in L∞. Alternative methods of proof were later provided to prove
results in the spirit of this theorem of Filippov.

To simplify the construction, L1 was used, as in the selections approach of Antosiewicz-
Cellina in 1975 see [8] here the continuous selections were not taken for the set valued
map F itself (since in general, continuous selections do not exist) but rather for the map

x(·) →
∫ t

0

F (s, x(s))ds, seen as a map from the space of absolutely continuous maps

(with the norm of derivative in L1) to (the subset of) itself, the, so called, Nemytski
operator.

We have mentioned these with a few details for clarity only. There are many
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mathematicians and researchers in it, we mention them for instance
[9, 17, 23, 34, 36, 57, 64, 72, 75, 83, 84, 85], who are all interested in the study of the
existence of solutions and its nature either individually or as a set of solutions, they
have been able to summarize a lot of important works in this domain, all this has been
based on very effective means, especially the fixed point theory combining with the
semi-group theory and the measure of non-compactness.

This thesis is structured in six chapters and each chapter contains several sections.
It is arranged as follows:

In chapter 1, we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis.

In chapter 2 we are interested in the existence of the mild solution when the delay
is finite and dependents on the state for the first order class of differential inclusion of
neutral type of the following form{

d
dt
(x(t)− g(t, x(t− η(t)))) ∈ F (t, xt, x(t− τ(t, xt, σ))) , t ∈ J := [0, T ],

x(t) = φ(t) , t ∈ I := [−r, 0],

where: (E, ∥ · ∥). a Banach space, F : J × C(I, E) × E → P(E), a multi-function,
g : J × E → E a given continuous function in its two variables, φ : I → E, τ :
J × C(I, E)× Σ → [0, r] and η : J → [0, r] are given continuous functions where Σ is
a parameter space menu of the norm | · |Σ. For any function x defined on [−r, T ] and
any t ∈ J we denote by xt the element of C(I, E) defined by

xt(θ) = x(t+ θ), θ ∈ I.

Here xt(·) represents the history of the state from time t− r, up to the present time t.
In chapter 3, we consider the following problem of first-order semi-linear differential

inclusions system with delays:
d
dt
(x(t)− g1(t, xt, yt))− A1x(t) ∈ F (t, xt, yt), t ∈ J := [0, b]

d
dt
(y(t)− g2(t, xt, yt))− A2y(t) ∈ G(t, xt, yt), t ∈ J

x(t) = φ(t) and y(t) = ψ(t), t ∈ I := [−r, 0],

where A1 and A2 are infinitesimal generators of two strongly continuous semigroups
{T1(t), T2(t)}t≥0 on a Banach space E, with the operators Ai not necessarily bounded
F,G : J × C(I, E) × C(I, E) → P(E), two multi-valued maps, gi : J × C(I, E) ×
C(I, E) → E, with i = 1.2 and φ, ψ : I → E, are given continuous functions. And
we will interested in the study of the existence of mild solutions, using either fixed
point theory. We will also study the qualitative properties of the solution set. For any
function (x, y) defined on [−r, b]2 and any t ∈ J we denote by (xt, yt) the element of
(C(I, E))2 defined by

(xt(θ), yt(θ)) = (x(t+ θ), y(t+ θ)), θ ∈ [−r, 0].

In chapter 4, we recall some basic concepts which used in fractional calculus, such
as: the Euler Gamma function and Bêta function with their properties, some definitions

8
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and results of fractional integral calculus within the meaning of Riemann-Liouville, the
Caputo fractional derivative and fractional substantial derivative, and finally we wish
to establish some nonlinear integral inequalities that can be used as the most important
elements in the study of fractional differential equations and inclusions.

In chapter 5, in the convex case we use some of the inequalities obtained in section
4.3 of chapter 4 combining with the new Leray-Schauder type fixed point theorem
obtained in section 1.4 of chapter 1, and the Filippov theorem in the non-convex case
for proving the existence of solutions for the Cauchy problem of fractional differential
inclusions with delay {

cDβx(t) ∈ F (t, xt) , t ∈ J,
x(t) = φ(t) , t ∈ J0,

where: 0 < β ≤ 1, J := [0, T ], J0 := [−r, 0], and F : J × C(J0, E) → Pcp,cv(E) is a
multivalued function. For any function x defined on [−r, T ] and any t ∈ J we denote
by xt the element of C(J0, E) defined by

xt(θ) = x(t+ θ), θ ∈ J0.

In chapter 6, we study the existence of global solution for fractional neutral lattice
system with delay:{
Dα
s [ui(t)− gi(t, ui(t− η(t)))]− ui−1(t)− 2ui(t) + λui(t) = Fi(t, uit, uit,τ ) , t ∈ J,

ui(t) = φi(t) , t ∈ J0,

where Fi(t, uit, uit,τ ) = −fi(t, uit, ui(t−τ(t, uit, σ))) λ ∈ R, 0 < α < 1, i ∈ Z andDα
s the

Caputo fractional substantial, Γ is the Gamma function, fi : J×C(I, E)×C(I, E) → E,
are given functions, gi : J ×E → E are given continuous functions in its two variables,
φ : I → E, τ : J × C(I, E) × Σ → [0, h] and η : J → [0, h] are given continuous
functions. For any function ui defined on [−h, T ] and any t ∈ J we denote by uit the
element of C(I, E) defined by

uit(θ) = ui(t+ θ), θ ∈ I.

We are interested in the study of the existence of solutions for this last problem, we use
as a tool in this study: the fixed point theory (Leray-Schauder’s fixed point theorem).

Finally, we give a conclusion with some perspectives. In addition to bibliography.
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Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis.

Let (E, ∥·∥) be a Banach space. C([−r, T ], E) is the Banach space of all continuous
functions from [−r, T ] into E with the norm

∥x∥∞ = sup
t∈[−r,T ]

∥x(t)∥.

L1([0, T ], E) denotes the Banach space of measurable functions x : [0, T ] → E which
are Bochner integrable and is normed by

∥x∥L1 =

∫ T

0

∥x(t)∥dt,

where r, T are strictly positive reals. In the normed space (X, ∥ · ∥X), the open ball
around a point x0 with radius R is denoted by BX(x0, R), i.e., BX(x0, R) := {x ∈ X :
∥x− x0∥X < R}, and the corresponding closed ball is denoted by B̄E(x0, R), i.e,

B̄E(x0, R) := {x ∈ E : ∥x− x0∥E ≤ R}.

Let B(E) be the Banach space of bounded linear operators from E into E.

Definition 1.0.1. A linear map T : E → X is said to be compact if for any bounded
sequence (xn) in E, (T (xn)) has a convergent subsequence.

Definition 1.0.2. Let E be a real normed space. A mapping T : D(T ) ⊂ E → E is
called compact if T maps every bounded subset of D(T ) to a relatively compact subset
in E. T is said to be completely continuous if T is continuous and compact.

In the rest of this chapter we denote by J the interval [0, T ].

10



1.1 Multi-Valued Analysis

1.1 Multi-Valued Analysis

Let (X, d) be a metric space and A be a subset of X. Denote by

− P (X) = {A ⊂ X : A ̸= Ø};

− Pcl(X) = {A ∈ P (X) : A closed};

− Pb(X) = {A ∈ P (X) : A bounded};

− Pcv(X) = {A ∈ P (X) : A convex};

− Pcp(X) = {A ∈ P (X) : A compact};

− Pwcp(X) = {A ∈ P (X) : A weakly compact};

− Pcv,cp(X) = {A ∈ P (X) : A convex, compact}.

We will denote by Hd⋆ the Hausdorff pseudo-metric distance on P (X) defined by:

Hd⋆ : P (X)× P (X) → R+ ∪ {∞}, Hd⋆(A,B) = max{sup
a∈A

d⋆(a,B), sup
b∈B

d⋆(A, b)},

where
d⋆(a,B) = inf

b∈B
d(a, b), and d⋆(A, b) = inf

a∈A
d(a, b).

Definition 1.1.1. A multi-valued map F on a space X to a space Y is a relation which
associates with any element x of X a subset F (x) of Y . We will note F : X → P (Y ).

Definition 1.1.2. We call the graph of the multi-function F the set noted

Gr(F ) := {(x, y) ∈ X × Y : y ∈ F (x)}.

F is has closed graph if Gr(F ) is closed on X × Y . We will also say that F is closed.

Definition 1.1.3. (i) We call image of F the set ImF := {y ∈ Y, ∃x ∈ X : y ∈ F (x)}.
(ii) We call image of A ∈ P (X) by F the set F (A) := ∪x∈AF (x), and domain of F the
set Dom(F ) := {x ∈ X : F (x) ̸= ∅}.

Definition 1.1.4. (a) A multi-function F : X → P (Y ) has closed (respec, convex)
values if F (x) is closed (respec, convex) for each x ∈ X.
(b) F is could bounded on the bounded subsets if the set F (A) = ∪x∈AF (x), is bounded
in Y , for every subset A ∈ Pb(X), i.e., supx∈A{sup{|y| : y ∈ F (x)}} <∞.

The continuity of a multi-function is characterized by the following notion

Definition 1.1.5. We say that a multi-function F : X → P (Y ) is upper semi-
continuous (u.s.c) at a point x⋆ ∈ Dom(F ) if for any neighborhood V of F (x⋆) there
exists r > 0 such that F (x) ⊂ V for all x ∈ BX(x

⋆, r). F will be called upper semi-
continuous (u.s.c) if it is east at each point of its domain.

11



Preliminaries

Definition 1.1.6. A multi-function F : X → P (Y ) is said lower semi-continuous
(l.s.c) in a point x⋆ ∈ Dom(F ) if for all y⋆ ∈ F (x⋆) and for every sequence {xn}n∈N ⊂
Dom(F ) convergent to x⋆, there exists a sequence of element (yn) ∈ F (xn) which
converge to y⋆.

Definition 1.1.7. A multi-function F is said continuous in a point x⋆ ∈ Dom(F ) if
it is at once upper semi-continuous and lower semi-continuous at this point. It is said
to be continuous if and only if it is at each point of its domain.

Definition 1.1.8. A multi-function F : X → P (Y ) is said convex if for all x, x′ ∈ X
and λ ∈ [0, 1], λF (x) + (1− λ)F (x′) ⊂ F (λx+ (1− λ)x′).

Definition 1.1.9. We say that a multi-function F : X → P (Y ) is compact at a point
x⋆ ∈ Dom(F ) if any sequence (xn, yn) ∈ Gr(F ) such that, (xn) converges to x⋆ ,
has a subsequence (xnk

, ynk
) that converges in Gr(F ). If this is true at any point in

A ⊂ Dom(F ) we say that F is compact on A.

Theorem 1.1.1. [57] The following assertions are equivalent:

(a) The multi-function F is closed.

(b) For any (x, y) ∈ X × Y such that y ̸∈ F (x), there exists are neighborhoods V (x) of
x and W (y) of y, such that F (V (x)) ∩W (y) = ∅.

(c) For generalized sequences {xn}n∈N ⊂ X, {yn}n∈N ⊂ Y , if xn → x, and yn ∈
F (xn), yn → y then y ∈ F (x).

Definition 1.1.10. A multi-function F : X → P (Y ) is called:

(a) Compact if the image F (X) is relatively compact in Y , i.e F (X) is compact in Y .

(b) Locally compact if every point x ∈ X has a neighborhood V (x) such that the restric-
tion of F a V (x) is compact ( i.e. F (V (x)) is locally compact).

(c) Quasi-compact if the restriction of F on any compact subset A ⊆ X is compact,
(i.e.F (A) is compact).

(d) Completely continuous if it is u.s.c. and for every bounded set A ⊆ X,F (A) is
relatively compact.

Lemma 1.1.2. ([34, Proposition 1.2]) Let F : X → Pcl(Y ) a multi-function, if F is
u.s.c., then Gr(F ) is a closed subset of X × Y , i.e for every sequences (xn)n∈N ⊂ X
and (yn)n∈N ⊂ Y , if when n→ ∞, xn → x⋆, yn → y⋆ and yn ∈ F (xn), then y

⋆ ∈ F (x⋆).
Conversely, if F has nonempty compact values, is locally compact and has a closed
graph, then it is u.s.c.

Definition 1.1.11. A multi-function F : X → P (Y ) is said measurable if for every
open U ∈ Y , the set F−1

+ (U) := {x ∈ X : F (x) ∈ U} is Lebesgue measurable.
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1.1 Multi-Valued Analysis

Definition 1.1.12. Let (Ω,Σ) a measurable space, we call that f : Ω → X is a
measurable selection of F if f(ω) ∈ F (ω),∀ω ∈ Ω.

The following two lemmas are concerned the measurability of multi-functions. The
first one is the celebrated Kuratowski-Ryll-Nardzewski selection theorem.

Lemma 1.1.3. ([42] Kuratowski-Ryll-Nardzewski selection theorem 19.7). Let E be
a separable metric space and F : Ω → P (E) a measurable multi-valued map with
nonempty closed values. Then F has a measurable selection.

Lemma 1.1.4. ([93], Lemma 3.2) Let F : J → P (E) be a multi-function and u : J →
E a measurable function. Then for any measurable function v : J → R+ there exists a
measurable selection f of F such that for every t ∈ J ,

| u(t)− f(t) |≤ d(u(t), F (t)) + v(t).

Proposition 1.1.5. (Lemma 1.5 in [38]). The multi-function F : Ω → Pcl(X) is
measurable if and only if for each x ∈ X,ω 7→ d(x, F (ω)) := inf{d(x, y) : y ∈ F (x)} is
measurable.

Definition 1.1.13. A multivalued map F : [a, b] → Pcp(X) is strongly measurable if
there exists a sequence {Fn : n ∈ N} of step multifunctions such that

Hd(Fn(t), F (t)) → 0 as n→ ∞ for a.e t ∈ [a, b],

where Hd is the Hausdorff metric on Pcp(X).

Lemma 1.1.6. (Lemma 1.4 in [38]) Let F a multi-valued map measurable in the
first variable and p(t)− Lipschitzian on y(t) + βBX(0, 1) in the second variable, with
β > 0, p ∈ L1(J,X), y ∈ C(J,X), the map t 7→ d(g(t), F (t, y(t))) is measurable
and g(t) ∈ L1(J,X). Taking x ∈ C(J,X) such that ∥x − y∥C ≤ β. Then the map
t 7→ F (t, x(t)) is measurable.

Definition 1.1.14. Let F a multi-values map we define the set

SF,x := {v ∈ L1(J,R+) : v(t) ∈ F (t, x(t)), p.p.t ∈ J}.

The set SF,x is could the selection set. Is closed. Is convex if and only if F is convex
p.p.t ∈ J . When F is a multi-function L1-Carathéodory, we have a Lasota and Opial
[63] result which ensures that for each x ∈ C(J,R+), the set SF,x is nonempty. This
allows us to define the multi-operator

SF : C(J,R+) → P (C(J,R+)), x 7→ SF (x) = SF,x.

We define the norm of a multi-function F : J × E × E → P (E) by

∥F (t, x)∥P := sup{|v| : v ∈ F (t, x)}.

13
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Definition 1.1.15. F is called a multi-valued Carathéodory function if,

(a) the function t 7→ F (t, x) is strongly measurable for each x ∈ E,

(b) for each t ∈ J, the map x 7→ F (t, x) is upper semi-continuous. Furthermore, F is
L1-Carathéodory if it is locally integrable bounded, i.e., for each positive r, there exists
hr ∈ L1(J,R+) such that

∥F (t, x)∥P ≤ hr(t), for a.e. t ∈ J and all x ∈ X : ∥x∥ ≤ r.

Lemma 1.1.7. ([63]). Let J be a compact interval and E be a Banach space. Let F be
an L1-Carathéodory multi-valued map with SF,x ̸= ∅, and let Γ be a linear continuous
mapping from L1(J,E) into C(J,E). Then the operator,

ΓoSF : C(J,E) → Pcp,cv(C(J,E)), x 7→ ΓoSF (x) = Γ(SF,x),

has a closed graph in C(J,E)× C(J,E).

Theorem 1.1.8. (Theorem III.41. in [30]) Let (X,A) be a measurable space and E a
separable Banach space. Let f : X → E be a measurable map and γ : X → [0,+∞] a
measurable function. Then
1) t 7→ BX(f(t), γ(t)) is a measurable multifunction,
2) moreover if Γ : X → Pcl(E) is measurable, then

t 7→ U(t) := {x ∈ Γ(t) : ∥f(t)− x∥ = d(f(t),Γ(t))}

is measurable (and eventually nonempty value)

Definition 1.1.16. ([11], Definition 2.6.2) Let X be a metric space and E be a Banach
space. A multivalued map F : X → P (X) is upper hemicontinuous if for each x⋆ ∈ E⋆,
the function σ(x⋆, F (·)) : X → R ∪ {+∞} given by

σ(x⋆, F (x)) = sup
y∈F (x)

⟨x⋆, y⟩

is upper semicontinuous.

Lemma 1.1.9. ([21]) If F : X → Pwcp,cv(E) is upper hemicontinuous, then it is weakly
u.s.c.

Lemma 1.1.10. ([21]) F : X → Pwcp,cv(E) is weakly u.s.c. if and only if for sequences
(xn)n∈N ⊂ X and (yn)n∈N ⊂ E, if xn ⇀ x⋆, as n → ∞ with yn ∈ F (xn), then there is
a subsequence ynk

⇀ y⋆ ∈ F (x⋆).

Theorem 1.1.11. ([77]) Let X be a reflexive Banach space and F : X → Pcl,cv(X)
be a upper hemicontinuous multivalued map. Let J be a finite interval of R and the
sequences (xn : J → X)n∈N and (yn : J → X)n∈N satisfy the following conditions:
1) (xn)n∈N converges to a function x : J → X;
2) (yn)n∈N converges weakly to y ∈ Lp(J,X), 1 ≤ p <∞;
3) yn(t) ∈ coB(F (B(xn(t), εn), εn)) for a.e. all t ∈ J , where ε→ 0 as n→ ∞.

Then y ∈ F (x(t)) for a.e. all t ∈ J .
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1.2 Topological structure of solutions sets

Lemma 1.1.12. ([7], Theorem 1.4.13). If G : X → Pcp(X) is u.s.c, then for any
x0 ∈ X

lim sup
x→x0

G(x) = G(x0).

Lemma 1.1.13. ([7], Lemma 1.1.9). Let (Kn)n∈N ⊂ K ⊂ X be a sequence of subset
where K is compact in the separable Banach space X. Then

co(lim sup
n→+∞

Kn) = ∩m>0co(∪n≥mKn),

where coB refers to the closure of the convex hull of B.

For further readings and details on multi-valued analysis, we refer to,[11, 10, 33,
34, 42, 55, 57, 85].

1.2 Topological structure of solutions sets

In what follows (X, d) and (Y, d
′
) stand for two metric spaces.

Definition 1.2.1. . A subset B ⊂ X is called a retract of X if there exists a continuous
mapping π : X → B such that π(x) = x, ∀x ∈ B.

Definition 1.2.2. . A subset B ⊂ X is called a contractible space provided there exists
a continuous homotopy h : B × [0, 1] → B and x0 ∈ B such that

(a) h(x, 0) = x,∀x ∈ B,

(b) h(x, 1) = x0,∀x ∈ B, B is homotopically equivalent to a one point space.

Note that any closed convex subset of X is contractible. Which means the class of
contractible sets is much larger then the class of closed convex sets.

Definition 1.2.3. A compact nonempty space X is called an Rδ − set provided there
exists a decreasing sequence of compact nonempty contractible space (Xn)n∈N such that
X = ∩∞

n=1Xn.

The following notion, strictly connected with extendability, was introduced by K.
Borsuk [22].

Definition 1.2.4. . A space X is called an absolute retract (in short X ∈ AR) provided
that for every space Y , every closed subset C ⊆ Y and any continuous map f : C → X,
there exists a continuous extension f̃ : Y → X of f over Y , i.e. f̃(x) = f(x) for every
x ∈ C. If the set f(X) is a retract of U for every open neighborhood U of B in Y we
say that X ∈ ANR and call X to be an absolute neighborhood retract.

Lemma 1.2.1. . Let X ∈ AR and X̃ be such that X ≃ X̃. Then X̃ ∈ AR.
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Definition 1.2.5. A space B is closed acyclic if:

(a) H0(B) = Q,

(b) Hn(B) = 0, for every n > 0, where H⋆ = {Hn}n>0 is the Čech− homology functor
with compact carriers and coefficients in the field of rational Q. In other words, a
space B is acyclic if the map i : {p} → X, i(p) = x0 ∈ B, induces an isomorphism
i⋆ : H⋆({p}) → H⋆(B).

Remark 1.2.1. An Rδ − space is a compact, connected space acyclic with respect to
the Čech− homology functor; it has the same homology as a one-point space.

Definition 1.2.6. A u.s.c map F : X → P(Y ) is called acyclic if for each x ∈ X,
F (x) is compact acyclic.

From the continuity of Čech− homology functor, we have:

Lemma 1.2.2. [1]. Let X be a compact metric space. Then X is an acyclic space and
its structure corresponds to one of the following type:

1) X is convex,

2) X is contractible,

3) X is AR,

4) X is an Rδ − set.

The next definitions were introduced in [45].

Definition 1.2.7. A metric space X is called acyclically contractible if there exists an
acyclic homotopy Π : X × [0, 1] → P(X) such that
(a) x0 ∈ Π(x, 1), for every x ∈ X and for some x0 ∈ X,
(b) x ∈ Π(x, 0), for every x ∈ X.

Remark 1.2.2.

(a) Clearly, any contractible space is acyclically contractible. In addition, acyclic, com-
pact metric space is acyclically contractible. Indeed, it is enough any acyclically con-
tractible space is acyclic.

(b) From the continuity of the Čech-homology functors, if X is a contractible compact
space, then it is acyclic.

(c) An Rδ-contractible space has the same homology as one-point space {p}; so it is
acyclic. Hence connected.

Definition 1.2.8. A metric space X is called Rδ-contractible if there exists a multi-
valued homotopy Π : X × [0, 1] → P(X) which is u.s.c. and satisfies

(a) x ∈ Π(x, 1), for every x ∈ X,
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(b) Π(x, 0) = B, for every x ∈ X and for some B ⊂ X,

(c) Π(x, α) is an Rδ − set, for every α ∈ [0, 1] and x ∈ X.

We conclude that, for any compact space, we have

convex ⊂ AR ⊂ contractible ⊂ Rδ ⊂ acyclic.

Definition 1.2.9. ([45], Definition 9.15) Let X be a metric space and E be a Banach
space. A map N : X → E is proper if it is continuous and for every compact K ∈ E,
the set N−1(K) is compact.

Definition 1.2.10. ([45], Definition 2.29) A map L : X → Y is said to be a Vietoris
map if the following conditions are satisfied:

(i) L : X → Y is proper;

(ii) L is surjective;

(iii) the set L−1(y) is acyclic for every y ∈ Y .

It is clear that any multivalued operator F : X → P (Y ) admits the standard
factorization through the graph Gr(F ), i.e., there exists, pF : Gr(F ) → X and qF :
Gr(F ) → Y are the projections such that

F (x) = qF (p
−1
F (x)) for all x ∈ X.

Also we present a result about the topological structure of the set of solutions of some
nonlinear fractional inclusions due to N. Aronszajn and developed by F. Browder and
Ch.P. Gupta in [26] (see also [7] Theorem 1.2).

Theorem 1.2.3. Let X be a metric space, E a Banach space and f : X → E a proper
map. Assume further that for each ε > 0, a proper map fε : X → E is given and the
following two conditions are satisfied:

(a) ∥fε(x)− f(x)∥ < ε, for every x ∈ X,

(b) for every ε > 0 and u ∈ E in a neighborhood of the origin such that ∥u∥ ≤ ε, the
equation fε(x) = u has exactly one solution xk. Then the set f−1(0) is an Rδ-set.

Lemma 1.2.4. (Lasota-Yorke Approximation theorem [44]) Let E be a normed space,
X be a metric space and f : X → E be a continuous map. Then, for each ε > 0, there
is a locally Lipschitz map fε : X → E such that

∥f(x)− fε(x)∥ < ε, for every x ∈ X.

This suggests the following definition and properties.

Definition 1.2.11. ([44], Definition 40.1) A multivalued operator F : X → P (Y ) is

called admissible if there exists a metric space X̃ and two continuous maps p̃ : X̃ → X
and q̃ : X̃ → Y such that
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(i) p̃ is a Vietoris map;

(ii) F (x) = q̃(p̃−1(x)) for any x ∈ X.

Proposition 1.2.5. ([44]) If F : X → P (Y ) and G : Y → P (Z) are two admissible
maps, then the composition G ◦ F is admissible.

1.3 Measure of noncompactness

Next, we define in this Section the measures of noncompactness (MNC for short) and
give their basic properties.

Definition 1.3.1. ([45], Definition 2.91) Let E be a Banach space and (A,≥) be a
partially ordered set. A map α : P (X) → A is called a measure of noncompactness on
X (MNC), if

α(coΩ) = α(Ω)

for every Ω ∈ P (X).

Notice that if D is dense in Ω, then coΩ = coD and hence

α(Ω) = α(D).

The measure of noncompactness satisfies the following properties:

Definition 1.3.2. ([45] Definition 2.29) Let A,B,D ∈ P (X). A measure of noncom-
pactness α is:

(a) Monotone if A ⊂ B, implies α(A) ≤ α(B).

(b) Nonsingular if α({a} ∪D) = α(D) for every a ∈ X.

(c) Invariant with respect to the union with compact sets if α(K ∪ D) = α(D) for
every relatively compact set K ⊂ X.

(d) Real if A = R+ = [0,∞] and α(D) <∞ for every bounded D.

(e) Semi-additive if α(A ∪B) = max(α(A), α(B)).

(f) Regular if the condition α(D) = 0, is equivalent to the relative compactness of D.

As an example of a measure of noncompactness, consider the Hausdorff measure of
noncompactness

χ(Ω) = inf{ε > 0 : Ω has a finite ε− net}.
Recall that a bounded set A ⊂ X has a finite ε-net if there exists a finite subset

S ⊂ X such that A ⊂ S + εB where B is a closed ball in X. Other examples are
given by the following measures of noncompactness defined on the space of continuous
functions C([0, b], X) with values in a Banach space X:
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(i) The modulus of fiber noncompactness

φ(Ω) = sup
t∈[0.b]

χX(Ω(t)),

where χX is the Hausdorff measure of noncompactness in X and Ω(t) = {y(t) :
y ∈ Ω}.

(ii) The modulus of equicontinuity

modC(Ω) = lim
δ→0

sup
|τ1−τ2|≤δ

∥y(τ1)− y(τ2)∥.

It should be mentioned that these measures of noncompactness satisfy all above-
mentioned properties except regularity.

Definition 1.3.3. ([59]) Let (X, d) be a complete metric space and B the family of
bounded subsets of X. For every B ∈ B we define the Kuratowski (1896-1980) measure
of noncompactness α(B) of the set B as the infimum of the numbers d such that B
admits a finite covering by sets of diameter smaller than d.

Remark 1.3.1. The diameter of a set B is the number sup{d(x, y) : x ∈ B, y ∈ B}
denoted by diam(B), with diam(∅) = 0.
It is clear that 0 ≤ α(B) ≤ diam(B) < ∞ for each nonempty bounded subset B of X
and that diam(B) = 0 if and only if B is an empty set or consists of exactly one point.

Definition 1.3.4. Let E be a Banach space and ΩE the family of bounded subsets of
E. The Kuratowski measure of noncompactness is the map α : ΩE → [0,∞) defined by

α(B) = inf{ε > 0 : B ⊆ ∪ni=1Bi and diam(Bi) ≤ ε},

where
diam(Bi) = sup{||x− y|| : x, y ∈ Bi}.

Remark 1.3.2. The α-measure of noncompactness was introduced by Kuratowski in
order to generalize the Cantor intersection theorem

Theorem 1.3.1. ([59]) Let (X, d) be a complete metric space and {Bn} be a decreasing
sequence of nonempty, closed and bounded subsets of X and lim

n→∞
α(Bn) = 0. Then the

intersection B∞ of all Bn is nonempty and compact.

In [54], Horvath has proved the following generalization of the Kuratowski theorem:

Theorem 1.3.2. ([59]) Let (X, d) be a complete metric space and {Bi}i∈I be a family
of nonempty of closed and bounded subsets of X having the finite intersection property.
If inf

i∈I
α(Bi) = 0 then the intersection B∞ of all Bi is nonempty and compact.
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Lemma 1.3.3. ([48]) If V ⊂ C(J,E) is a bounded and equicontinuous set, then

(i) the function t→ α(V (t)) is continuous on J , and

αc(V ) = sup
0≤t≤T

α(V (t)),

(ii) for V (s) = {x(s) : x ∈ V }, s ∈ J we have

α

(∫ T

0

x(s)ds : x ∈ V

)
≤
∫ T

0

α(V (s))ds.

In the definition of the Kuratowski measure we can consider balls instead of arbi-
trary sets. In this way we get the definition of the Hausdorff measure:

Definition 1.3.5. ([59]) The Hausdorff measure of noncompactness χ(B) of the set B
is the infimum of the numbers r such that B admits a finite covering by balls of radius
smaller than r.

Theorem 1.3.4. ([59]) Let B(0, 1) be the unit ball in a Banach space X. Then

α(B(0, 1)) = χ(B(0, 1)) = 0

if X is finite dimensional, and α(B(0, 1)) = 2, χ(B(0, 1)) = 1 otherwise.

Theorem 1.3.5. ([59]) Let S(0, 1) be the unit sphere in a Banach space X. Then
α(S(0, 1)) = χ(S(0, 1)) = 0 if X is finite dimensional, and α(S(0, 1)) = 2, χ(S(0, 1)) =
1 otherwise.

Theorem 1.3.6. ([59]) The Kuratowski and Hausdorff MNCs are related by the in-
equalities

χ(B) ≤ α(B) ≤ 2χ(B).

In the class of all infinite dimensional Banach spaces these inequalities are the best
possible.

Example 1.3.1. Let l∞ be the space of all real bounded sequences with the supremum
norm, and let A be a bounded set in l∞. Then α(A) = 2χ(A).

Definition 1.3.6. ([45]) Let M be a closed subset of a Banach space X and α :
P (X) → (A,≥) be a MNC on E. A multivalued map F : M → Pcp(X) is said to be
α-condensing if for every Ω ⊂ M, the relation

α(F (Ω)) ≥ α(Ω)

implies the relative compactness of Ω.

We end this section by the following compactness criterion in L1.
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Lemma 1.3.7. ([57], Theorem 5.1.1) Let N : L1([a, b], X) → C([a, b], X) be an oper-
ator satisfying the following conditions:
(S1) N is L-Lipschitz: there exists L > 0 such that for every f, g ∈ L1([a, b], X),

∥Nf(t)−Ng(t)∥ ≤ L

∫ b

a

∥f(s)− g(s)∥ds, for all t ∈ [a, b].

(S2) N is weakly-strongly sequentially continuous on compact subsets: for any compact
K ⊂ X and any sequence {fn}∞n=1 ⊂ L1([a, b], X) such that {fn}∞n=1 ⊂ K for a.e.
t ∈ [a, b], the weak convergence of fn ⇀ f0 implies the strong convergence of
N(fn) → N(f0) as n → ∞. Then for every semi-compact sequence {fn}∞n=1 ⊂
L1([a, b], X), the image sequence (N{fn}∞n=1) is relatively compact in C([a, b], X).

Lemma 1.3.8. ([57], Theorem 5.2.2) Let an operator N : L1([a, b], X) → C([a, b], X)
satisfy conditions (S1)− (S2) together with
(S3) there exists η ∈ L1([a, b], X) such that for every integrably bounded sequence
{fn}∞n=1, we have

χ({fn}∞n=1) ≤ η(t), for a.e. t ∈ [a, b],

where χ is the Hausdorff MNC. Then

χ({N(fn)(t)}∞n=1) ≤ 2L

∫ b

a

η(s)ds, for all t ∈ [a, b],

where L is the constant in S1.

For further facts concerning measures of noncompactness and their properties we
refer to [6, 10, 12, 59] and the references therein.

1.4 Some fixed point theorems

In this section we present some old and new fixed point theorems.

Definition 1.4.1. Let (X, τ) be a topological space F : X → P (X) a multi-function.
We say that x ∈ X is a fixed point of F if x ∈ F (x).

Theorem 1.4.1. ([44]) Let D ⊂ X be a nonempty closed convex and bounded subset
of X and N : D → P (D) an β-condensing admissible multivalued operator, where β
is a nonsingular measure of noncompactness defined on subsets of X. Then Fix(N) is
nonempty and compact.

The next result is concerned with nonlinear alternative for β-condensing u.s.c.
multi-valued maps.
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Lemma 1.4.2. Let V ⊂ X be a bounded open neighborhood of zero and N : V → P (X)
be a β-condensing admissible multi-valued map, where β is a nonsingular measure of
noncompactness defined on subsets of X, that satisfies the Leray-Schauder boundary
condition

x ̸∈ λN(x)

for all x ∈ ∂V and 0 < λ < 1. Then FixN is nonempty and compact.

Proof. Let C be the set defined by

C = {x ∈ V : x ∈ λN(x) for some λ ∈ [0, 1]}.

It is clear that C is nonempty set since 0 ∈ C. To show that C is closed, let (xn)n∈N ⊂ C
be a sequence converging to x; then there exists (λn)n∈N ⊂ [0, 1] such that

xn ∈ λnN(xn) for n ∈ N.

Since [0, 1] is compact, there exists a subsequence of (λn)n∈N that converges to λ ∈ [0, 1].
If λ ∈ (0, 1], then using the fact that N is admissible, we see that N has a closed graph,

so x ∈ λN(x). If λ = 0, it is clear that N
(
{xn : n ∈ N}

)
is a compact set, so there

exists M > 0 such that

∥y∥ ≤M for any y ∈ N
(
{xn : n ∈ N}

)
.

This implies
∥xn∥ ≤ λnM, n ∈ N,

that is, x = 0 ∈ 0N(0), and we conclude that C is closed set in X. Since C∩X \V = ∅,
Urysohn’s lemma guarantees the existence of a continuous function µ : X → [0, 1] such
that µ(x) = 1 for x ∈ C and µ(x) = 0 for x ∈ X \ V . Let r : X → V be a retraction
of the space X onto V .

We introduce the multivalued operator Ñ : X → P (X) defined by

Ñ(x) =

{
µ(x)N(x), x ∈ V ,
{0} , x ∈ X \ V .

Observe that
Ñ(x) = f ◦ (µ(x)×N(r(x))), x ∈ X,

where f : [0, 1]×X → X is defined by

f(λ, x) = λx, x ∈ X.

Let C⋆ = co(N(V ) ∪ {0}); it is easy to show that

Ñ(C⋆) ⊂ C⋆.
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It follows from the definition of Ñ that it is an admissible multivalued map. Next, we
show that Ñ is β-condensing. Let D ∈ Pb(C⋆) be such that

β(D) ≤ β(Ñ(D)).

If D ∩ V = ∅, then from the definition of Ñ , we have

β(D) ≤ β(Ñ(D)) ≤ β({0}) = 0,

so D is relatively compact. On the other hand, if D ∩ V ̸= ∅, then

β(D ∩ V ) ≤ β(D) ≤ β(Ñ(D)) ≤ β(Ñ(D ∩ V )).

From the definition of Ñ ,

β(Ñ(D ∩ V )) = β(µ(D ∩ V )N(D ∩ V )) = β

 ⋃
x∈D∩V

µ(x)N(D ∩ V )

 .

From Definition 1.3.2, for every x ∈ X, we have

β(µ(x)N(D ∩ V )) = |µ(x)|β(N(D ∩ V )) ≤ β(N(D ∩ V )).

Hence,
β(D ∩ V ) ≤ β(D) ≤ β(Ñ(D)) ≤ β(N(D ∩ V )).

Since N is β-condensing, we obtain that D ∩ V is relatively compact. Moreover, since
N is u.s.c., β(D) = 0, so D is relatively compact. Therefor, Ñ is β-admissible since it

is admissible and β-condensing. We now use Theorem 1.4.1 to show that Ñ has at least
one fixed point x ∈ C⋆ such that x ∈ Ñ(x). Since 0 ∈ V, x ∈ V and x ∈ µ(x)N(x).
Hence, x ∈ C. This implies that x ∈ N(x) so Fix(N) ̸= ∅. To see that Fix(N) is
compact, first note that

Fix(N) ⊂ N(Fix(N)).

Therefore,
β(Fix(N)) ≤ β(N(Fix(N))).

Since N is β-condensing, we conclude that Fix(N) is compact. This completes the
proof of the lemma.

An additional result on the set of fixed points of N is contained in the following
proposition.

Proposition 1.4.3. Let X be a Banach space and N : X → P (X) be a β-admissible
multivalued map, where β is a nonsingular measure of noncompactness defined on
subsets of X. If the set

Λ = {x ∈ X : x ∈ λN(x), for some λ ∈ (0, 1)}

is bounded, then FixN ̸= ∅ and compact.
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Proof. Since Λ is a bounded set, there exists d > 0 such that

∥x∥∞ < d for each x ∈ Λ.

We can easily prove that N : B(0, d) → P (X) is a β-admissible operator and

x ̸∈ λN(x) for all x ∈ ∂B(0, d).

Consequently, from Lemma 1.4.2, the set Fix(N) ̸= ∅ and compact.

Similarly, we have the following result.

Lemma 1.4.4. ([57]) Let W be a closed subset of a Banach space E and N : W →
Pcp(X) be a closed β-condensing multivalued map, where β is a nonsingular measure
of noncompactness defined on subsets of X. If the fixed point set Fix(N) is bounded,
then it is compact.

In what follows, we wish to replace the Leray-Schauder boundary condition with
the following ”star-shaped” condition.

Definition 1.4.2. ([11], Definition 4.2.7) Let X be a Banach space. An open bounded
neighborhood of the origin, V is strictly star-shaped with respect to the origin if for any
x ∈ ∂V , we have

{λx : λ > 0} ∩ ∂V = {x}.

Remark 1.4.1. If V is a bounded open neighborhood of the origin, the following strict
inclusions hold (see ([56], Proposition 1)):

Convex ⊂ Strictly Star − shaped ⊂ Star − shaped.

For any strictly star-shaped open and bounded neighborhood V of the origin, we can
define the Minkowski function µV : X → [0,∞) by

µV (x) = inf{λ > 0 : x ∈ λV }.

This function satisfies the properties:

• µV (tx) = tµV (x), for all x ∈ X and t ≥ 0.

• µV (x) > 0 for any x ∈ X.

• V = {x : µV (x) < 1}, V = {x : µV (x) ≤ 1}, and ∂V = {x : µV (x) = 1}.

Remark 1.4.2. For strictly star set, the Minkowski function can equivalently be defined
as: µV (0) = 0 and, for x ̸= 0, µV (x) is the unique positive number such that x

µV (x)
∈ V .
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Proposition 1.4.5. ([41]) Let X be a Banach space and V be an bounded open neigh-
borhood of zero. If V is strictly star-shaped, then the Minkowski function µV is contin-
uous and the mapping RV : X → V given by

RV (x) =

{ x
µV (x)

, x ∈ X \ V ,
x , x ∈ V ,

is a continuous retract of X into closure of V .

In 2005, Jimenez-Melado and Morales [56] introduced the so-called interior condi-
tion for single valued maps. In the following definition, we introduce a multivalued
version of this condition.

Definition 1.4.3. ([56], Page 501) Let X be a real Banach space and V be open subset
of X with 0 ∈ V . We say that the multivalued map N : V → P (X) satisfies the interior
condition if there exists δ > 0 such that

λx ̸∈ N(x) for x ∈ Vδ, λ > 1, and N(x) ∩X \ V ̸= ∅,

where
Vδ = {x ∈ V : d(x, ∂V ) < δ}.

The following result is taken from Gonzalez, Jimenez-Melado and Liorens-Fuster
([41], Proposition 2).

Proposition 1.4.6. Let X be a Banach space and V be a strictly star-shaped open
bounded neighborhood of the origin. Let 0 ≤ k ≤ k̃, where k = d(0, ∂V ) and k̃ =
sup{∥x∥ : x ∈ ∂V }, and choose δ ∈ (0, k], r = δ

k
∈ [0, 1]. Define LδV : X → X by

LδV (x) =

{
r+(1−r)µV (x)

µ2V (x)
x, x ∈ X \ V ,

x , x ∈ V .

Then LδV is continuous, LδV (X \ V ) ⊂ Vδ, and L
δ
V (x) ∈ co({0} ∪ {x}) for all x ∈ X.

The following fixed point theorem is for multivalued maps satisfying the interior
condition.

Theorem 1.4.7. Let X be a real Banach space and let V be a open bounded and
strictly star-shaped subset of X with 0 ∈ V . If the multivalued map N : V → P (X) is
β-condensing, admissible, and satisfies the interior condition, then N has at least one
fixed point.

Proof. Let RV : X → V be a retraction of X into V . Define the multivalued operator
N⋆ : V → P (X) by

N⋆(x) =

{
r+(1−r)µV (x)

µ2V (x)
N(RV (x)), x ∈ X \ V ,

N(x) , x ∈ V .
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We can write N⋆ as

Ñ⋆(x) = g ◦ (µ̃(x)×N(RV (x))), x ∈ X,

where g : [0, 1]×X → X is defined by

g(λ, x) = λx, x ∈ X,

and

µ̃(x) =

{
r+(1−r)µV (x)

µ2V (x)
, x ∈ X \ V ,

1 , x ∈ V ,

are continuous function. Then, by proposition 1.2.5, N⋆ is an admissible operator, and
we see that co(N(V ) ∪ {0}) is invariant under N⋆. Let D ∈ Pb(V ); then from the
definition of N⋆,

β(N⋆(D)) = β(N(D)).

Therefore,

β(N⋆(D)) ≤ β(N(D)) for all D ∈ Pb(V ).

From this it follows that N⋆ is a β-condensing admissible operator. We wish to show
that the conditions of Monch’s theorem [69] hold. Let D ⊂ V with D ⊂ co({0} ∪
N⋆(D)); then

β(D) ≤ β(co({0} ∪N⋆(D))) = β(co(N⋆(D))).

Hence,

β(D) ≤ β(N⋆(D)).

Using the fact that N⋆ is β-condensing, we see that D is relatively compact.
Next, we show that N⋆ satisfies the Leray-Schauder condition. Since N satisfies

the interior condition, there exists δ ∈ I := (0, k̃) such that

λx ̸∈ N(x) for x ∈ Vδ, λ > 1, and N(x) ∩X \ V ̸= ∅,

where

k̃ = sup{∥x∥ : x ∈ ∂V }.

As in the proof of ([56], Theorem 1), for any t ∈ (1 − δ

k̃
, 1), the set Vt = {tx : x ∈ V }

is an open subset of V , tV = tV , and tV ⊂ V . Additionally, we can easily show that

∂V ⊂
⋃
t∈I

∂V t ⊂
⋃
t∈I

∂Vt.

Now suppose there exist λt > 1 and xt ∈ ∂Vt such that λtxt ∈ N⋆(xt). Then by the
definition of N⋆,

λtxt ∈ N(xt), λt > 1, and xt ∈ ∂Vt. (1.4.1)
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Since V is strictly star-shaped and xt ∈ ∂Vt ⊂ V , there exists a unique zt ∈ ∂V such
that xt = tzt (see Remark 1.4.2). Hence, we obtain

d(xt, ∂V ) ≤ ∥xt − zt∥ ≤ (1− t)k̃ < δ, (1.4.2)

and consequently, by the interior condition, we have λtxt ∈ V . This implies that
λtxt ∈ [xt, zt] since that is a strictly star-shaped set. Thus, we conclude that

∥xt∥ ≤ ∥λtxt∥ ≤ ∥zt∥ ≤ k̃.

Therefore, the set

D⋆ = {xt : xt satisfies the relation (1.4.1), t ∈ I}

is bounded and D⋆ ⊂ co{N(D⋆) ∪ {0}}. Since N is β-condensing, D⋆ is relatively
compact, and hence there exists a sequence (xn)n∈N converging to x in V and a sequence
(λn)n∈N in R such that

λnxn ∈ N(xn), λn → 1, tn → 1, and xn → x as n→ ∞.

It is easy to see that (1.4.2), implies limn→∞ xn = limn→∞ zn = x and there exists
n ∈ N such that xn ∈ V . We then have that

d(xn, ∂V ) < δ implies xn ∈ Vδ.

The interior condition of N implies that

λnxn ̸∈ N(xn) and N(xn) ∩X \ V = ∅,

which contradicts (1.4.1). Therefore, N⋆ satisfies the Leray-Schauder condition. Since
V is a retract of X,N⋆ is an admissible map and satisfies Monch’s theorem. Then, by
([78], Theorem 5), there exists x ∈ V such that x ∈ N⋆(x). From the definition of N⋆,
it follows that x ∈ N(x), and this completes the proof of the theorem.

Nonlinear Alternative of Leray-Schauder

Theorem 1.4.8. Let (X, ∥ · ∥) a normed space and F : X → Pcl,cv(X) a multi-
valued operator upper semi-continuous and compact. Then at least one of the following
assertions is verified:
(i) F has at least one fixed point on X,
(ii) the set

Bλ := {x ∈ X : x ∈ λF (x), λ ∈ (0, 1)}
is unbounded.

Theorem 1.4.9. (Leray-Schauder’s fixed point theorem [47, 73] Let N be a contin-
uous and compact mapping of a Banach space X, such that the set {x ∈ X : x =
λNx, for some λ ∈ (0, 1)} is bounded. Then N possesses a fixed point.

More details on fixed point theory with the proof be found on the books [4, 7, 43].
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1.5 Semigroup of Linear Operator

Definition 1.5.1. A one-parameter family T (t) for of bounded linear operators on a
Banach space X is a C0-semigroup (or strongly continuous) on X if

(i) T (t) ◦ T (s) = T (t+ s), for t, s ≥ 0, (semigroup property),

(ii) T (0) = I, (the identity on X),

(iii) the map t→ T (t)x is strongly continuous, for each x ∈ X, i.e,

lim
t→0

T (t)(x) = x, ∀x ∈ X.

Remark 1.5.1. A semigroup of bounded linear operators (T (t))t≥0 is uniformly con-
tinuous if

lim
t→0

∥T (t)− I∥B(E) = 0.

Here I denotes the identity operator in E. A strongly continuous semigroup of bounded
linear operators on X will be called a semigroup of class C0 or simply a C0 semigroup.
If only (i) and (ii) are satisfied we say that the family (T (t))t≥0 of bounded linear
operators is a semigroup.

Definition 1.5.2. Let T (t) be a semigroup of class (C0) defined on X. The infinitesi-
mal generator A of T (t) is the linear operator defined by

A(x) = lim
h→0

=
T (h)(x)− x

h
, for x ∈ D(A),

where D(A) = {x ∈ X | lim
h→0

=
T (h)(x)− x

h
exists in X}.

Let us recall the following property:

Theorem 1.5.1. [76] If T (t) is a C0-semigroup, then there exist ω ≥ 0 and M ≥ 1
such that

∥T (t)∥B(E) ≤M exp(ωt), for 0 ≤ t <∞.

Remark 1.5.2. If, M = 1 and ω = 0, i.e; ∥T (t)∥B(E) ≤ 1, for t ≥ 0, then the
semigroup T (t) is called a contraction semigroup (C0).

Theorem 1.5.2. [76] Let T (t)t≥0 be a C0-semigroup and A be its infinitesimal gener-
ator. Then

(a) For x ∈ X,

lim
h→0

1

h

∫ t+h

t

T (s)xds = T (t)x.
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(b) For x ∈ X,

∫ t

0

T (s)xds ∈ D(A) and

A

(∫ t

0

T (s)xds

)
= T (t)x− x.

(c) For x ∈ D(A), T (t) ∈ D(A) and

d

dt
T (t)(x) = A(T (t)(x)) = T (t)(A(x)). (1.5.1)

(d) For x ∈ D(A)

T (t)x− T (s)x =

∫ t

s

T (τ)Axdτ =

∫ t

s

AT (τ)xdτ,

lim
t→0

T (t)(x) = x, ∀x ∈ X.

Corollary 1.5.3. [76] If A is the infinitesimal generator of a C0 semigroup (T (t)t≥0)
then D(A) the domain of A, is dense in X and A is closed linear operator.

Theorem 1.5.4. A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup if and only if A is a bounded linear operator.

Theorem 1.5.5. [76] Let (T (t))t≥0 and (S(t))t≥0 be two C0 semigroup on X, generated
respectively by A and B. If A = B then T (t) = S(t), t ≥ 0.

Proof. Assume A = B and let x ∈ D(A) = D(B).
Define α(s) := T (t− s)S(s)x, s ∈ [0, t].
From Theorem 1.5.2 part (c) it follows that α is differentiable and that
α′(s) = d

ds
T (t− s)S(s)x = −T (t− s)AS(s)x+ T (t− s)BS(s)x = 0, since A = B.

It follows α(s) = constant. In particular, its values at s = 0 and s = t are the same
that is T (t)x = S(s)x ∀x ∈ D(A). By Corollary 1.5.3 D(A) is dense in X and T (t),
S(s) are closed;
therefore T (t)x = S(s)x; ∀x ∈ X.

Let E an complex Banach space and

∆ = {z ∈ C : θ1 < arg(z) < θ2},

with θ1 < 0 < θ2. for all z ∈ ∆, we consider T (z) an linear bounded operator.

Definition 1.5.3. We say that the family {T (z) | z ∈ ∆} is an analytic semi-group
in ∆ if:

(A) T (z) ◦ T (w) = T (z + w), for z, w ∈ ∆,
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(B) T (0) = I,

(C) the map z 7→ T (z)x is strongly continuous, for each x ∈ E, i.e,

lim
z→0

T (z)(x) = x, ∀x ∈ E,

(D) ∀x ∈ E, z 7→ T (z)x is analytic.

Therefore, according to this definition we note that the restriction of an analytic
semi-group to the real half-axis positif is a strongly continuous semi-group and therefore
it is concluded that any semi-group strongly continuous is analytic.

Let A be the infinitesimal generator of an analytic semigroup {T (t)}t≥0 of uniformly
bounded linear operators on E. Let 0 ∈ ρ(A), with ρ(A) is the resolvent set of A. Then
for 0 < β < 1, it is possible to define the fractional power Aβ as a closed linear operator
on its domain D(Aβ). For the analytic semigroup {T (t)}t≥0, the following properties
will be used.

Properties 1.5.6. (i) There is a constant M ≥ 1 such that

M := sup
t∈[0,+∞)

∥T (t)∥B(E) <∞,

(ii) for any β ∈ (0, 1), there exists a positive constant Cβ such that

∥AβT (t)∥B(E) ≤
Cβ
tβ
, t ∈ (0, b].

For more details about the above preliminaries, we refer to
[4, 7, 49, 52, 59, 76, 87, 88].
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Chapter 2

Neutral Differential Inclusions with
State-Dependent Delays

In this chapter we give some existence results of solutions and Filippov’s theorem
of neutral differential equation with state-dependent delay. More, presley, we consider
the following:{

d
dt
(x(t)− g(t, x(t− η(t)))) ∈ F (t, xt, x(t− τ(t, xt, σ))) , t ∈ J,

x(t) = φ(t) , t ∈ I,
(2.0.1)

where, (E, ∥ · ∥) a Banach space, J := [0, T ], I := [−r, 0], r, T are strictly positive
constants, F : J × C(I, E) × E → P(E), a multi-function, g : J × E → E a given
continuous function in its two variables, φ : I → E, τ : J × C(I, E) × Σ → [0, r] and
η : J → [0, r] are given continuous functions, Σ is a parameter space menu of the norm
| · |Σ. For any function x defined on [−r, T ] and any t ∈ J we denote by xt the element
of C(I, E) defined by

xt(θ) = x(t+ θ), θ ∈ I.

2.1 Existence of solutions

In this section we give our main existence result for problem (2.0.1). Before starting
and proving this result, we give the definition of its solution. Let’s denote by Ω the set
C([−r, T ], E).

Definition 2.1.1. The function x ∈ Ω is solution of the problem (2.0.1) if there exists
one function v ∈ L1(J,E), such that
v(t) ∈ F (t, xt, x(t− τ(t, xt, σ))), for each t ∈ J , i.e. v(t) ∈ SF,x, for each t ∈ J , with

x(t) =

 φ(t), t ∈ I

φ(0)− g(0, x(−η(0))) + g(t, x(t− η(t))) +

∫ t

0

v(s)ds , t ∈ J.
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2.1.1 Convex case

For the convex case we introduce the following hypotheses:

(H1) The multifunction F : J × C(I, E) × E → P(E) has convex values and there
exist a continuous and nondecreasing function ψ : [0,+∞) → (0,∞) and there
exist a function p ∈ L1(J,R+) such that

∥F (t, u, v)∥E ≤ p(t)ψ(∥u∥∞ + ∥v∥E)

for every t ∈ J and u ∈ C(I, E), v ∈ E.

(H2) (i) There exist constants 0 < d1 <
1
2
and d2 ≥ 0 such that

∥g(t, u)∥E ≤ d1∥u∥E + d2, for each t ∈ J, u ∈ E,

(ii) the subset {t 7→ g(t, u) : u ∈ B} is equicontinuous for all subset bounded B
of E.

(H3) There exist an constant M > 0 such that

α(g(t, B)) ≤Mα(B)

for each t ∈ J and for all subset bounded B ⊂ E.

(H4) There exist functions Q1, Q2 ∈ L1(J,R+) such that

α(F (t, A,B)) ≤ Q1(t) sup
s∈I

α(A(s)) +Q2(t)α(B)

for each t ∈ J and for all subsets bounded A ⊂ C(I, E), B ⊂ E, with M +
∥Q∥L1 < 1.

Let ν = −η(t), and ω = −τ(t, xt, σ), hance ν, ω ∈ [−r, 0], then we obtain x(t −
η(t)) = x(t + ν) = xt(ν), and x(t − τ(t, xt, σ)) = x(t + ω) = xt(ω) this implies that,
g(t, x(t− η(t))) = g(t, xt(ν)), and F (t, xt, x(t− τ(t, xt, σ))) = F (t, xt, xt(ω)).

Our result is given by

Theorem 2.1.1. Assume that (H1)- (H4) hold, and if further

1

1− 2d1

∫ T

0

p(s) <

∫ ∞

c

dγ

ψ(2γ)
, (2.1.1)

with c = ∥φ∥∞+2d2
1−2d1

a positive constant. Then the problem (2.0.1) has at least one
solution.
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Proof. Transform the problem (2.0.1) into a fixed point problem. Consider the operator
N : Ω → P(Ω), defined by

N(x)(t) =

 h ∈ Ω : h(t) =

 φ(t), t ∈ I

φ(0)− g(0, x(ν)) + g(t, xt(ν)) +

∫ t

0

v(s)ds , t ∈ J

 ,

with v ∈ SF,x.

Note that a fixed point of N is a solution of (2.0.1).
We will show that N satisfies the assumptions of the nonlinear alternative of Leray-
Schauder. The proof will be given in several steps.

Step 1: N is convex.
Let h1, h2 ∈ N(x) with x ∈ Ω, then there exist v1, v2 ∈ SF,x, such that for every
t ∈ [−r, T ], we have

hi(t) =

 φ(t), t ∈ I

φ(0)− g(0, φ(ν)) + g(t, xt(ν)) +

∫ t

0

vi(s)ds , t ∈ J,

with i = 1.2.
For every λ ∈ [0, 1] we have:
if t ∈ I, then

λh1(t) + (1− λ)h2(t) = φ(t) ∈ N(x).

If t ∈ J , then

λh1(t) + (1− λ)h2(t) = φ(0)− g(0, φ(ν)) + g(t, xt(ν)) +

∫ t

0

(λv1(s) + (1− λ)v2(s))ds.

Since F is a convex value then SF,x is convex and we have
(λv1(s)+(1−λ)v2(s)) ∈ SF,x and therefore λh1(t)+(1−λ)h2(t) ∈ N(x), so N is convex.

Step 2: N is completely continuous.
(i) We show that N send the bounded into the bounded subset of Ω.
Let Bq := {x ∈ Ω : ∥x∥∞ ≤ q}. Clearly, the subset Bq is bounded of Ω. We take
x ∈ Bq, and h ∈ N(x), then there exist a function v ∈ L1(J,E), such that
v(t) ∈ F (t, xt, xt(w)), for every t ∈ J , with

h(t) =

 φ(t), t ∈ I

φ(0)− g(0, φ(ν)) + g(t, xt(ν)) +

∫ t

0

v(s)ds , t ∈ J.
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For each t ∈ J we have

∥h(t)∥ ≤ ∥φ(0)− g(0, φ(ν))∥+ ∥g(t, xt(ν))∥+ ∥
∫ t

0

v(s)ds∥

≤ ∥φ∥∞ + d1∥φ∥∞ + d1∥x∥∞ + 2d2 + ψ(2q)

∫ t

0

p(s)ds

≤ (1 + d1)∥φ∥∞ + d1q + 2d2 + ψ(2q)∥p∥L1 := l1.

Hence for each t ∈ [−r, T ] we obtain

∥h∥∞ ≤ max(∥φ∥∞, l1) := l.

Since l depends only on the constants d1, d2, q and the functions φ, p, ψ, so for every
subset Bq bounded of Ω we have the subset N(Bq) is bounded of Ω.
(ii) We show that N send the bounded into the equicontinuous subset of Ω.
Let t1, t2 ∈ J ,with t1 < t2 and Bq be a bounded subset of Ω as in (i). Let x ∈ Bq, then
for each h ∈ N(x) we have

∥h(t2)− h(t1)∥ ≤ ∥g(t2, xt2(ν))− g(t1, xt1(ν))∥+
∫ t2

t1

p(s)ψ(2q)ds.

According to (ii) in (H2) we will have the right-hand side tends to zero as t2 − t1 → 0,
implies the left-hand side tends to zero as t2 − t1 → 0 so for every subset Bq bounded
of Ω we have the subset N(Bq) is equicontinuous of Ω.
(iii) Let V ⊂ Bq such that V ⊂ conv(N(V )). We have V ⊂ conv(N(V )), bounded and
equicontinuous, hence V is also, and therefore the function t 7→ α(V (t)), is continuous
on J , with V (t) = {x(t) ∈ E : x ∈ V }. Let Vt = {xt ∈ C(I, E) : x ∈ V }, by
(H3)− (H4) and the properties of the measure α, we have for every t ∈ J ,

α(conv(N(Vt))) = sup
θ∈I

α(N(Vt(θ)))

, with

sup
θ∈I

α(N(Vt(θ))) = α{φ(0)−g(0, φ0(θ))+g(t, Vt(θ))+

∫ t

0

v(s)ds : v(s) ∈ F (s, Vs, Vs(w))},

and therefore

sup
θ∈I

α(Vt(θ)) ≤ α(g(t, Vt(θ))) +

∫ t

0

α{v(s) : v(s) ∈ F (s, Vs, Vs(w))}ds

≤ M sup
θ∈I

α(Vt(θ)) +

∫ t

0

(Q1(s) sup
θ∈I

α(Vs(θ)) +Q2(s)α(Vs(w)))ds.

Set Q(s) = Q1(s)+Q2(s), α(V ) = sup{α(Vt(θ)) : θ ∈ I}, hence we obtain the following
estimate

α(V ) ≤ (M + ∥Q∥L1)α(V ).
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This implies that

[1− (M + ∥Q∥L1)]α(V ) ≤ 0.

Using the condition M + ∥Q∥L1 < 1 we obtain α(V ) = 0, and therefore the subset V
is relatively compact in Ω. So with (i), (ii) and (iii) the lemma conditions of Arzelá
-Ascoli are satisfied, this implies that N is completely continuous.

Step 3: N has a closed graph.
Let {xn}n∈N ∈ Ω be a sequence such that xn → x̃ ∈ Ω, and let hn ∈ N(xn) with

hn → h̃. We proof that h̃ ∈ N(x̃). We have hn ∈ N(xn) so there exist vn ∈ SF,xn such
that

hn(t) =

 φn(t), t ∈ I

φn(0)− g(0, φn(ν)) + g(t, xnt (ν)) +

∫ t

0

vn(s)ds , t ∈ J.

Now, just show that there exist ṽ ∈ SF,x̃, such that

h̃(t) =

 φ̃(t), t ∈ I

φ̃(0)− g(0, φ̃(ν)) + g(t, x̃t(ν)) +

∫ t

0

ṽ(s)ds , t ∈ J.

It’s clear that

∥(hn(t)− φn(0) + g(0, φn(ν))− g(t, xnt (ν)))− (h̃(t)− φ̃(0) + g(0, φ̃(ν))− g(t, x̃t(ν)))∥

tends to zero as n→ +∞. Then we define the linear continuous operator
Γ : L1(J,E) → C(J,E) by

Γ(v)(t) =

∫ t

0

v(s)ds.

So

Γ(vn)(t) =

∫ t

0

vn(s)ds = hn(t)− φn(0) + g(0, φn(ν))− g(t, xnt (ν)),

implies
hn(t)− φn(0) + g(0, φn(ν))− g(t, xnt (ν)) ∈ Γ(SF,xn).

By the Lemma 1.1.7, we obtain Γ(SF,x) has a closed graph, and since

hn(t)− φn(0) + g(0, φn(ν))− g(t, xnt (ν)) → h̃(t)− φ̃(0) + g(0, φ̃(ν))− g(t, x̃t(ν)).

Then
h̃(t)− φ̃(0) + g(0, φ̃(ν))− g(t, x̃t(ν)) ∈ Γ(SF,x̃),
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so ∫ t

0

ṽ(s)ds ∈ Γ(SF,x̃),

this implies that
ṽ(t) ∈ SF,x̃,

therefor
h̃ ∈ N(x̃).

Consequently the multi-valued operator N has a closed graph.

Step 4: We proof that the subset Bλ := {x ∈ Ω : x ∈ λN(x), for some λ ∈ (0, 1)} is
bounded. Let x ∈ Bλ, hence for each t ∈ [−r, T ] we have,

x(t) =

 λφ(t), t ∈ I

λ(φ(0)− g(0, φ(ν)) + g(t, xt(ν)) +

∫ t

0

v(s)ds) , t ∈ J.

And we have the following estimates

∥x(t)∥ ≤ ∥φ(0)− g(0, x0(ν))∥+ ∥g(t, xt(ν))∥+ ∥
∫ t

0

v(s)ds∥

≤ ∥φ∥∞ + 2d1∥x∥∞ + 2d2 +

∫ t

0

p(s)ψ(∥xs∥+ ∥xs(w)∥)ds.

This implies that

∥x∥∞ ≤ ∥φ∥∞ + 2d2
1− 2d1

+
1

1− 2d1

∫ t

0

p(s)ψ(2∥xs∥)ds.

We consider the function µ : [−r, T ] → R+ define by

µ(t) = sup{∥x(t)∥ : t ∈ [−r, T ]}.

Hence

µ(t) ≤

 ∥φ∥∞, t ∈ I

∥φ∥∞+2d2
1−2d1

+ 1
1−2d1

∫ t

0

p(s)ψ(2∥xs∥)ds , t ∈ J.

Let t⋆ ∈ [−r, T ] such that µ(t) =∥ x(t⋆) ∥, hence if t⋆ ∈ I we have

µ(t) ≤ ∥φ∥∞.

If t⋆ ∈ J , then

µ(t) ≤ ∥φ∥∞ + 2d2
1− 2d1

+
1

1− 2d1

∫ t

0

p(s)ψ(2µ(s))ds.
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We take the right-hand side as a function u(t), hence

u(0) =
∥φ∥∞ + 2d2
1− 2d1

:= c,

and

µ(t) ≤ u(t) for each, t ∈ J.

Moreover we have

u
′
(t) =

1

1− 2d1
p(t)ψ(2µ(t)).

Since the function ψ is nondecreasing then

u
′
(t) ≤ 1

1− 2d1
p(t)ψ(2u(t)).

This implies that
u

′
(t)

ψ(2u(t))
≤ 1

1− 2d1
p(t),

so ∫ u(t)

c

dγ

ψ(2γ)
≤ 1

1− 2d1

∫ t

0

p(s)ds

≤ 1

1− 2d1

∫ T

0

p(s)ds.

Using (2.1.1) to have that ∫ u(t)

c

dγ

ψ(2γ)
<

∫ ∞

c

dγ

ψ(2γ)
,

this implies that
u(t) < +∞.

Hence there exists a constant 0 < b̃ < +∞ such that

u(t) ≤ b̃

so
∥x(t)∥ ≤ b̃ for each t ∈ J.

And Consequently we have

∥x∥∞ ≤ max(∥φ∥∞, b̃) := b on [−r, T ].

With b depends only of the constants d1, d2, r, and the functions p, φ, ψ, and therefore
Bλ, is bounded, so by nonlinear alternative of Leray-Schauder the operator N has at
least one fixed point which is solution of the problem (2.0.1).
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2.1.2 Non-convex case

For this case, we use the Filippov’s theorem on a bounded interval.
Let ψ ∈ C(I, E), h ∈ L1(J,E), and let y ∈ Ω be a solution of the following differential
problem with semi-linear equation:{

d
dt
(y(t)− g(t, yt(ν))) = h(t) t ∈ J

y(t) = ψ(t) , t ∈ I.

We will consider the following assumptions:

(A1) The multi-function F : J × C(I, E)× E → P(E) has closed values, such that
(a) for all u ∈ C(I, E), v ∈ E, t 7→ F (t, u, v) is measurable,
(b) the map γ : t 7→ d(h(t), F (t, yt, yt(ω))) is integrable.

(A2) There exist a function Q ∈ L1(J,R+), such that

∥g(t, u)− g(t, v)∥E ≤ Q(t)∥u− v∥E,

for all u, v ∈ E.

(A3) There exist a function p ∈ L1(J,R+), and a strictly positive constant β such that

Hd(F (t, u1, v1);F (t, u2, v2)) ≤ p(t)(∥u1 − u2∥∞ + ∥v1 − v2∥E),

for all t ∈ J ,and ui, vi ∈ B(yt, β), with i = 1.2 and B(yt, β) is the closed ball of
C(I, E).

(A4) The functions p and Q satisfies the following condition,

2Q(t) + 2
∫ t
0
p(s)ds ≤ 1 for every t ∈ J.

We define the function ξ by

ξ(t) = δ + 2p(t)∥x− y∥∞ +

∫ t

0

γ(s)ds,

for each t ∈ J , with δ a strictly positive real. We have the following result

Theorem 2.1.2. Assume that (A1)- (A4) and ξ(t) ≤ β, ∀t ∈ J hold. Then for all
φ ∈ C(I, E) with ∥φ− ψ∥∞ ≤ δ,
the problem (2.0.1) has at least one solution.
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Proof. Let φ ∈ C(I, E) such that ∥φ− ψ∥∞ ≤ δ. We construct a sequence of function
(xn(t))n∈N which will show that it is converging to some solution of problem (2.0.1)
on the interval [−r, T ]. Let f0 = h on J and x0(t) = y(t) for all t ∈ [−r, T ], i.e.

x0(t) =

 ψ(t), t ∈ I

ψ(0)− g(0, y0(ν)) + g(t, yt(ν)) +

∫ t

0

f0(s)ds , t ∈ J.

Then we defined the multi-valued map U1 : J → P (E), by

U1(t) = F (t, xt, xt(ω)) ∩B(h(t), γ(t)).

Since h and γ are measurable, Theorem 1.1.8 tells us that the ball B(h(t), γ(t)) is
measurable. Moreover F (t, xt, xt(ω)) is measurable and U1 is nonempty.Indeed, since
v = 0 is a measurable function, from lemma 1.1.4, there exists a function u which is a
measurable selection of F (t, x0t , x

0
t (ω)), and such that

| u(t)− h(t) |≤ d(h(t), F (t, x0t , x
0
t (ω))) := γ(t),

so
| u(t)− h(t) |≤ γ(t),

hance
u(t) ∈ B(h(t), γ(t)) and u(t) ∈ F (t, x0t , x

0
t (ω)),

this implies that
u(t) ∈ U1(t).

We deduce that the intersection multi-valued operator U1(t) is measurable. By the
Lemma 1.1.3, there exists a function t 7→ f1(t) which a measurable selection for U1.
Consider

x1(t) =

 φ(t), t ∈ I

φ(0)− g(0, x00(ν)) + g(t, x0t (ν)) +

∫ t

0

f1(s)ds , t ∈ J.

Then for each t ∈ J we have

∥x1t − x0t∥∞ ≤ ∥φ− ψ∥∞ + 2Q(t)∥xt − yt∥∞ +

∫ t

0

| f1(s)− f0(s) | ds,

this implies that

∥x1t − x0t∥∞ ≤ δ + 2Q(t)∥xt − yt∥∞ +

∫ t

0

γ(s)ds := ξ(t) ≤ β. (2.1.2)

Then Lemma 1.1.6, tells us that F (t, x1t , x
1
t (ω))) is measurable. The ballB(f1(t), 2p(t)∥x1t−

x0t∥∞) is also measurable by Theorem 1.1.8. Moreover the operator U2 defined by

U2(t) = F (t, x1t , x
1
t (ω)) ∩B(f1(t), 2p(t)∥x1t − x0t∥∞),
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is measurable nonempty. Indeed, since f1 is a measurable function, then by Lemma
1.1.4 we have the existence of a measurable selection u of F (t, x1t , x

1
t (ω)), such that

| u(t)− f1(t) | ≤ d(f1(t), F (t, x
1
t , x

1
t (ω)))

≤ Hd(F (t, x
0
t , x

0
t (ω)), F (t, x

1
t , x

1
t (ω)))

≤ 2p(t)∥x1t − x0t∥∞,

implies
u(t) ∈ B(f1(t), 2p(t)∥x1t − x0t∥∞) and u(t) ∈ F (t, x1t , x

1
t (ω)),

so
u(t) ∈ U2(t).

Lemma 1.1.3 yields a measurable selection f2(t) ∈ U2(t). Hence,

| f2(t)− f1(t) |≤ 2p(t)∥x1t − x0t∥∞.

We define now x2t by

x2(t) =

 φ(t), t ∈ I

φ(0)− g(0, x10(ν)) + g(t, x1t (ν)) +

∫ t

0

f2(s)ds , t ∈ J.

We obtain the following estimates:

∥x2t − x1t∥∞ ≤ 2Q(t)∥x1t − x0t∥∞ +

∫ t

0

| f2(s)− f1(s) | ds

≤ 2Q(t)∥x1t − x0t∥∞ +

∫ t

0

2p(s)∥x1s − x0s∥∞ds

≤ (2Q(t) + 2

∫ t

0

p(s)ds)∥x1t − x0t∥∞.

Set

r(t) = 2Q(t) + 2

∫ t

0

p(s)ds

and using (2.1.2) to have that

∥x2t − x1t∥∞ ≤ r(t)ξ(t). (2.1.3)

Defining now also the operator U3 by

U3(t) = F (t, x2t , x
2
t (ω)) ∩B(f2(t), 2p(t)∥x2t − x1t∥∞).

Similarly with all the above we will have that: U3(t) is a measurable multi-valued
operator with nonempty values, so there exists a measurable selection f3(t) ∈ U3(t).
This allows us to define

x3(t) =

 φ(t), t ∈ I

φ(0)− g(0, x20(ν)) + g(t, x2t (ν)) +

∫ t

0

f3(s)ds , t ∈ J.
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For t ∈ J we obtain the estimates:

∥x3t − x2t∥∞ ≤ 2Q(t)∥x2t − x1t∥∞ +

∫ t

0

| f3(s)− f2(s) | ds

≤ 2Q(t)∥x2t − x1t∥∞ +

∫ t

0

2p(s)∥x2s − x1s∥∞ds

≤ (2Q(t) + 2

∫ t

0

p(s)ds)∥x2t − x1t∥∞

≤ r(t)∥x2t − x1t∥∞.

We use (2.1.3) to have that

∥x3t − x2t∥∞ ≤ (r(t))2ξ(t). (2.1.4)

The same manner be we define the operator U4 by

U4(t) = F (t, x3t , x
3
t (ω)) ∩B(f3(t), 2p(t)∥x3t − x2t∥∞).

Arguing as for U2, we can prove that U4 is a measurable multi-valued operator with
nonempty values, so there exists a measurable selection f4(t) ∈ U4(t). Then we define
x4t by

x4(t) =

 φ(t), t ∈ I

φ(0)− g(0, x30(ν)) + g(t, x3t (ν)) +

∫ t

0

f4(s)ds , t ∈ J.

And we will obtain the estimate:

∥x4t − x3t∥∞ ≤ 2Q(t)∥x3t − x2t∥∞ +

∫ t

0

| f4(s)− f3(s) | ds

≤ 2Q(t)∥x3t − x2t∥∞ +

∫ t

0

2p(s)∥x3s − x2s∥∞ds

≤ (2Q(t) + 2

∫ t

0

p(s)ds)∥x3t − x2t∥∞

≤ r(t)∥x3t − x2t∥∞.

And using (2.1.4) to have that

∥x4t − x3t∥∞ ≤ (r(t))3ξ(t).

We repeat this processor for n = 1, 2, 3, 4, ..., we arrive at the following bound

∥xnt − xn−1
t ∥∞ ≤ (r(t))n−1ξ(t). (2.1.5)

By induction, suppose that (2.1.5) holds for some n and check (2.1.5) for n + 1. Let
Un+1 defined by the following form

Un+1 := F (t, xnt , x
n
t (ω)) ∩B(fn(t), 2p(t)∥xnt − xn−1

t ∥∞).
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As in the above arguing Un+1 is a nonempty measurable, then has a measurable selec-
tion fn+1(t) ∈ Un+1(t), this allows us to define for n ∈ N

xn+1(t) =

 φ(t), t ∈ I

φ(0)− g(0, xn0 (ν)) + g(t, xnt (ν)) +

∫ t

0

fn+1(s)ds , t ∈ J.

Therefore for each t ∈ J , we have

∥xn+1
t − xnt ∥∞ ≤ 2Q(t)∥xnt − xn−1

t ∥∞ +

∫ t

0

| fn+1(s)− fn(s) | ds

≤ 2Q(t)∥xnt − xn−1
t ∥∞ +

∫ t

0

2p(s)∥xnt − xn−1
t ∥∞ds

≤ (2Q(t) + 2

∫ t

0

p(s)ds)∥xnt − xn−1
t ∥∞

≤ r(t)∥xnt − xn−1
t ∥∞.

Using (2.1.5) to have that

∥xn+1
t − xnt ∥∞ ≤ (r(t))nξ(t).

Consequently, (2.1.5) holds true for all n ∈ N. We deduce that (xnt ) is a Cauchy
sequence in the Banach space Ω := C([−r, T ], E), since Ω is complete then (xnt ) is
converging to a limit function x(t) ∈ Ω. Moreover, from the definition of Un+1, we
have

| fn+1(t)− fn(t) |≤ 2p(t)∥xnt − xn−1
t ∥∞ for each t ∈ J.

Hence for almost every t ∈ J , fn(t) is also a Cauchy sequence in the Banach space
E and then converging almost everywhere to some measurable function f(t) ∈ E. On
the other hand we have by definition of (xnt ), for each t ∈ J

xn(t)− φ(0) + g(0, xn−1
0 (ν))− g(t, xn−1

t (ν)) =

∫ t

0

fn(s)ds.

Using now,the fact that g is continuous in second variable, with the Lebesgue dominated
convergence theorem, and passing to the limit as n→ +∞ we have

lim
n→+∞

(xn(t)− φ(0) + g(0, xn−1
0 (ν))− g(t, xn−1

t (ν))) = lim
n→+∞

∫ t

0

fn(s)ds),

so

x(t)− φ(0) + g(0, x0(ν))− g(t, xt(ν))) =

∫ t

0

f(s)ds,
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this implies that

x(t) = φ(0)− g(0, x0(ν)) + g(t, xt(ν))) +

∫ t

0

f(s)ds, for each t ∈ J

and x(t) = φ(t), for every t ∈ I hence

x(t) =

 φ(t), t ∈ I

φ(0)− g(0, x0(ν)) + g(t, xt(ν)) +

∫ t

0

f(s)ds , t ∈ J,

where f ∈ SF,x, therefore x is solution of the problem (2.0.1).

43



Chapter 3

System of differential inclusions
with delay

In this chapter, we will give some existence results of solutions to ensure that the
solutions set is nonempty, next we will interested on the study of the topological and
geometrical structure of this solution set. We use in this study: the fixed point theory
(Nonlinear Alternative of Leray-Schauder ) combining with the semi-group theory and
the compactness measure. We consider the following problem

d
dt
(x(t)− g1(t, xt, yt))− A1x(t) ∈ F (t, xt, yt), t ∈ J := [0, b]

d
dt
(y(t)− g2(t, xt, yt))− A2y(t) ∈ G(t, xt, yt), t ∈ J

x(t) = φ(t) and y(t) = ψ(t), t ∈ I := [−r, 0],
(3.0.1)

where A1 and A2 are infinitesimal generators of two strongly continuous semigroups
{T1(t), T2(t)}t≥0 on a Banach space E, with the operators Ai not necessarily bounded,
F,G : J × C(I, E) × C(I, E) → Pcv(E), are multi-valued maps, gi : J × C(I, E) ×
C(I, E) → E, are continuous vuxctions with i = 1.2, and φ, ψ : I → E, are given
continuous functions.

3.1 Existence of mild solutions

Before starting the first thing to do is to see what is the possible solution of our problem,
for this we have the following definition.

Definition 3.1.1. The function (x, y) ∈ Ω2 is said solution of problem (3.0.1) if for
every t ∈ [−r, b] we have

x(t) =


φ(t), t ∈ I
g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]

+

∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds , t ∈ J,
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and

y(t) =


ψ(t), t ∈ I
g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]

+

∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds , t ∈ J.

With Ω = C([−r, b], E) and r, b are strictly positives constants. We introduce the
following hypotheses:

(H1) F,G : J × C(I, E) × C(I, E) → Pcv(E) are multifunction with nonempty con-
vex values, such that there exist pi ∈ L1(J,R+) and there exist continuous and
nondecreasing functions ξi : [0,+∞) → (0,+∞), i = 1.2 such that

∥F (t, x, y)∥E ≤ p1(t)ξ1(∥x∥∞+∥y∥∞) and ∥G(t, x, y)∥E ≤ p2(t)ξ2(∥x∥∞+∥y∥∞),

for every t ∈ J and x, y ∈ C(I, E).

(H2) (i) There exists strictly positive constants d1 <
1
2
, d2, d3 <

1
2
and d4, such that

∥g1(t, x, y)∥ ≤ d1(∥x∥∞ + ∥y∥∞) + d2 and ∥g2(t, x, y)∥ ≤ d3(∥x∥∞ + ∥y∥∞) + d4,

for every t ∈ J and x, y ∈ C(I, E),
(ii) the subset {t 7→ g(t, u, v) : u, v ∈ B} is equicontinuous for all subset bounded
B of C(I, E).

(H3) There exist Qj ∈ L1(J,R+) with j = 1.2.3.4 such that

α(F (t, Vt, Ut)) ≤ Q1(t) sup
s∈I

α(Vt(s)) +Q2(t) sup
s∈I

α(Ut(s)),

and
α(G(t, Vt, Ut)) ≤ Q3(t) sup

s∈I
α(Vt(s)) +Q4(t) sup

s∈I
α(Ut(s)),

for every t ∈ J and for all subset bounded equicontinuous Vt, Ut of C(I, E).

(H4) α(g1(t, Vt, Ut)) ≤ d1 sups∈I α(Vt(s)) + d2 sups∈I α(Ut(s)) and α(g2(t, Vt, Ut)) ≤
d3 sups∈I α(Vt(s))+d4 sups∈I α(Ut(s)), for every t ∈ J and for all subset bounded
equicontinuous Vt, Ut of C(I, E).

(H5) 1 > 2(d+
dCβb

1−β

1−β +M∥Q∥L1).

Remark 3.1.1. (a) The Ti(t) are uniformly continuous semigroups, so there exists
two constants wi ∈ R and M i > 0 such that

∥Ti(t)∥B(E) ≤M ie
wit, ∀ t > 0.

(b) As the Ai are infinitesimal generators of Ti(t) that are uniformly continuous semi-
groups, so are the restrictions of semigroups analytic on the real positive half-line,
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and thus by properties 1.5.6 we have the possibility to define Aβii as are closed linear
operators such that there exists constants Cβi > 0 with βi ∈ (0, 1) such that

∥Ti(t)Ai∥B(E) ≃ ∥Ti(t)Aβii ∥B(E) ≤
Cβi
tβi

, ∀t ∈ (0, b] with i = 1.2.

But to simplify the calculus throughout the rest of this chapter set

∥Ti(t)∥B(E) ≤Mi and
Cβ
tβ

= max(
Cβ1
tβ1

,
Cβ2
tβ2

).

Now, we present our main result of this section.

Theorem 3.1.1. Assume that assumptions (H1)− (H5) hold, and if further

(1− β)M

1− β + 2d(β + Cβb1−β − 1)

∫ b

0

p(s)ds <

∫ +∞

c

dγ

ξ(γ)
. (3.1.1)

Then the problem (3.0.1) has at least one mild solution.

Proof. Transform the problem (3.0.1) into a fixed point problem. Consider the operator
N : Ω2 → P(Ω2), defined by :N(x, y) = {(h1, h2) ∈ Ω2}, with

(
h1(t)
h2(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]

+

∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]

+

∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J,

where v ∈ SF,(x,y) and u ∈ SG,(x,y). It’s clear that a fixed point of N is a solution of
problem (3.0.1). First, we show that N satisfies the assumptions of Leray-Schauder
nonlinear alternative. We will divide the proof into four steps.

Step 1: N is convex. Let (h1, h2), (h1, h2) ∈ N(x, y) with (x, y) ∈ Ω2, then there exist
v, v ∈ SF,(x,y), and u, u ∈ SG,(x,y), such that for every t ∈ [−r, b], we have

(
h1(t)
h2(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J,
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3.1 Existence of mild solutions

and

(
h1(t)

h2(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J.

For every λ ∈ [0, 1] we have:
if t ∈ I, then

λ

(
h1(t)
h2(t)

)
+ (1− λ)

(
h1(t)

h2(t)

)
=

(
φ(t)
ψ(t)

)
∈ N(x, y).

If t ∈ J , then

λ

(
h1(t)
h2(t)

)
+(1−λ)

(
h1(t)

h2(t)

)
=


g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys)λv(s) + (1− λ)v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys)λu(s) + (1− λ)u(s)]ds

 .

Since F and G have convex values then SF,(x,y) and SG,(x,y) are convex and we have
(λv(s) + (1 − λ)v(s)) ∈ SF,(x,y) and (λu(s) + (1 − λ)u(s)) ∈ SG,(x,y), and therefore

λ(h1(t), h2(t)) + (1− λ)(h1(t), h2(t)) ∈ N(x, y), so N is convex.

Step 2: N is completely continuous.
(i) We show that N send the bounded into the bounded subset of Ω2.
Let Bq := {(x, y) ∈ Ω2 : ∥x∥∞ + ∥y∥∞ ≤ q}. Clearly, the subset Bq is bounded of Ω2,
we take (x, y) ∈ Bq, and (h1, h2) ∈ N(x, y), then there exist functions v, u ∈ L1(J,E),
such that
v(t) ∈ F (t, xt, yt), and u(t) ∈ G(t, xt, yt) for every t ∈ J , with

(
h1(t)
h2(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J.
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By, (H1), (H2) and (b) of the Remark 3.1 to obtain the following estimates:
If t ∈ I, then

∥(h1(t), h2(t))∥ = ∥h1(t)∥+ ∥h2(t)∥ ≤ ∥φ∥∞ + ∥ψ∥∞.

If t ∈ J , then

∥h1(t)∥ ≤ ∥g1(t, xt, yt)∥+ ∥T1(t)∥[∥φ(0)− g1(0, φ0, ψ0)∥]

+

∫ t

0

∥T1(t− s)A1∥∥g1(s, xs, ys)∥ds+
∫ t

0

∥T1(t− s)∥∥v(s)∥ds

≤ d1q + d2 +M1[∥φ∥∞ + d1(∥φ∥∞ + ∥ψ∥∞) + d2]

+

∫ t

0

Cβ
(t− s)β

[d1q + d2]ds+M1

∫ t

0

p1(s)ξ1(q)ds.

In the same way we estimate h2 as follows

∥h2(t)∥ ≤ ∥g2(t, xt, yt)∥+ ∥T2(t)∥[∥ψ(0)− g2(0, φ0, ψ0)∥]

+

∫ t

0

∥T2(t− s)A2∥∥g2(s, xs, ys)∥ds+
∫ t

0

∥T2(t− s)∥∥u(s)∥ds

≤ d3q + d4 +M2[∥ψ∥∞ + d3(∥φ∥∞ + ∥ψ∥∞) + d4]

+

∫ t

0

Cβ
(t− s)β

[d3q + d4]ds+M2

∫ t

0

p2(s)ξ2(q)ds,

with ∫ t

0

Cβ
(t− s)β

ds = lim
w→t

∫ w

0

Cβ
(w − s)β

ds.

So by a simple calculus we obtain∫ t

0

Cβ
(t− s)β

ds =
Cβ

1− β
t1−β.

Now, letM = max(M1,M2), d = max(d1, d3), d = d2+d4, ∥p∥L1 = max(∥p1∥L1 , ∥p2∥L1)
and ξ(q) = ξ1(q) + ξ2(q) and by addition we obtain

∥h1∥∞ + ∥h2∥∞ ≤ 2dq + d+M [(1 + 2d)q + d+ ξ(q)∥p∥L1 ] +
Cβ

1− β
b1−β(2dq + d)

:= k̃.

Finally we obtain

∥h1∥∞ + ∥h2∥∞ ≤ max{∥φ∥∞ + ∥ψ∥∞, k̃} := k.

Since k depends only on the constants d, d, q,M, b, β, Cβ and the functions p, ξ, so for
every subset Bq bounded of Ω2 we have the subset N(Bq) is bounded of Ω2.
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3.1 Existence of mild solutions

(ii) We will show that N send the bounded into the equicontinuous subset of Ω2.
Let t1, t2 ∈ [−r, b], with t1 < t2 and Bq be a bounded subset of Ω2 as in (i). Let
(x, y) ∈ Bq, then we have

∥(h1(t2), h2(t2))− (h1(t1), h2(t1))∥ = ∥(h1(t2)− h1(t1), h2(t2)− h2(t1))∥
= ∥h1(t2)− h1(t1)∥+ ∥h2(t2)− h2(t1)∥.

So if t1, t2 ∈ I then

∥h1(t2)− h1(t1)∥+ ∥h2(t2)− h2(t1)∥ ≤ ∥φ(t2)− φ(t1)∥+ ∥ψ(t2)− ψ(t1)∥.

We have by continuous of the functions φ and ψ

∥φ(t2)− φ(t1)∥+ ∥ψ(t2)− ψ(t1)∥ → 0 as t1 → t2.

If t1, t2 ∈ J , then by (H1), (H2) with (b) in the Remark 3.1 we have

∥h1(t2)− h1(t1)∥ ≤ ∥g1(t2, xt2 , yt2)− g1(t1, xt1 , yt1)∥
+ ∥T1(t2)− T1(t1)∥[∥x(0)∥+ ∥g1(0, x0, y0)∥]

+

∫ t1

0

∥(T1(t2 − s)− T1(t1 − s))A1∥∥g1(s, xs, ys)∥ds

+

∫ t2

t1

∥T1(t2 − s)A1∥∥g1(s, xs, ys)∥ds+
∫ t2

t1

∥T1(t2 − s)∥∥v(s)∥ds

+

∫ t1

0

∥T1(t2 − s)− T1(t1 − s)∥∥v(s)∥ds

≤ ∥g1(t2, xt2 , yt2)− g1(t1, xt1 , yt1)∥
+ M1∥T1(t2 − t1)− Id∥[∥x(0)∥+ d1(∥x0∥+ ∥y0∥) + d2]

+ ∥T1(t2 − t1)− Id∥
∫ t1

0

∥T1(t1 − s)A1∥(d1q + d2)ds

+

∫ t2

t1

∥T1(t2 − s)A1∥(d1q + d2)ds+M1ξ1(q)

∫ t2

t1

p1(s)ds

+ M1ξ1(q)∥T1(t2 − t1)− Id∥
∫ t1

0

p1(s)ds

≤ ∥g1(t2, xt2 , yt2)− g1(t1, xt1 , yt1)∥+ (d1q + d2)

∫ t2

t1

Cβ
(t2 − s)β

ds

+ M1∥T1(t2 − t1)− Id∥[∥x(0)∥+ d1q + d2]

+ (d1q + d2)∥T1(t2 − t1)− Id∥
∫ t1

0

Cβ
(t1 − s)β

ds

+ M1ξ1(q)

∫ t2

t1

p1(s)ds+M1ξ1(q)∥T1(t2 − t1)− Id∥
∫ t1

0

p1(s)ds.
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With

∫ t1

0

Cβ
(t1 − s)β

ds =
Cβ

1− β
(t1)

1−β and

∫ t2

t1

Cβ
(t2 − s)β

ds =
Cβ

1− β
(t2 − t1)

1−β.

And finally we obtain the following estimates

∥h1(t2)− h1(t1)∥ ≤ ∥g1(t2, xt2 , yt2)− g1(t1, xt1 , yt1)∥+ (d1q + d2)
Cβ

1− β
(t2 − t1)

1−β

+ M1∥T1(t2 − t1)− Id∥[∥x(0)∥+ d1q + d2]

+ (d1q + d2)∥T1(t2 − t1)− Id∥ Cβ
1− β

b1−β

+ M1ξ1(q)

∫ t2

t1

p1(s)ds+M1ξ1(q)∥T1(t2 − t1)− Id∥
∫ t1

0

p1(s)ds.

Similarly we have

∥h2(t2)− h2(t1)∥ ≤ ∥g2(t2, xt2 , yt2)− g2(t1, xt1 , yt1)∥+ (d3q + d4)
Cβ

1− β
(t2 − t1)

1−β

+ M2∥T2(t2 − t1)− Id∥[∥y(0)∥+ d3q + d4]

+ (d3q + d4)∥T2(t2 − t1)− Id∥ Cβ
1− β

b1−β

+ M2ξ2(q)

∫ t2

t1

p2(s)ds+M2ξ2(q)∥T2(t2 − t1)− Id∥
∫ t1

0

p2(s)ds.

We will use (ii) in hypotheses (H2) on the functions gi and the uniform continuity of
Ti(t) to see that the right-hand side tends to zero as t1 → t2, this implies that

(∥h1(t2)− h1(t1)∥+ ∥h2(t2)− h2(t1)∥) → 0 as t1 → t2.

So for every subset Bq bounded of Ω2 we have the subset N(Bq) is equicontinuous of
Ω2.
(iii) Let (V, U) ⊂ conv(N(V, U)), i.e. V ⊂ conv(N1(V, U)) and U ⊂ conv(N2(V, U)).
We have (V, U) ⊂ conv(N(V, U)), bounded and equicontinuous, hence (V, U) is also,
and therefore the function t 7→ (α(V (t)), α(U(t))), is continuous on J . By (H3), (H4)
and the properties of the measure α, we have for every t ∈ J ,

α(conv(N(V (t), U(t)))) = α(N(V (t), U(t))) := (α(N1(V (t), U(t))), α(N2(V (t), U(t)))),

with α(N1(V (t), U(t)) = α{g1(t, Vt, Ut) + T1(t)[φ(0)− g1(0, φ0, ψ0)]

+

∫ t

0

T1(t− s)[A1g1(s, Vs, Us) + v(s)]ds : v(s) ∈ F (s, Vs, Us)},

and α(N2(V (t), U(t)) = α{g2(t, Vt, Ut) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]

+

∫ t

0

T2(t− s)[A2g2(s, Vs, Us) + u(s)]ds : u(s) ∈ G(s, Vs, Us)}.
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3.1 Existence of mild solutions

Therefore

sup
θ∈I

α(Vt(θ)) ≤ α(g1(t, Vt, Ut)) +

∫ t

0

∥T1(t− s)A1∥α(g1(s, Vs, Us))ds

+ M1

∫ t

0

α{v(s) : v(s) ∈ F (s, V (s), U(s))}ds

≤ d1 sup
θ∈I

α(Vt(θ)) + d2 sup
θ∈I

α(Ut(θ)) +

∫ t

0

Cβ
(t− s)β

(d1 sup
θ∈I

α(Vt(θ)) + d2 sup
θ∈I

α(Ut(θ)))ds

+ M1

∫ t

0

(Q1(s) sup
θ∈I

α(Vs(θ)) +Q2(s) sup
θ∈I

α(Us(θ)))ds,

and

sup
θ∈I

α(Ut(θ)) ≤ α(g2(t, Vt, Ut)) +

∫ t

0

∥T2(t− s)A2∥α(g2(s, Vs, Us))ds

+ M2

∫ t

0

α{u(s) : u(s) ∈ G(s, V (s), U(s))}ds

≤ d3 sup
θ∈I

α(Vt(θ)) + d4 sup
θ∈I

α(Ut(θ)) +

∫ t

0

Cβ
(t− s)β

(d3 sup
θ∈I

α(Vt(θ)) + d4 sup
θ∈I

α(Ut(θ)))ds

+ M2

∫ t

0

(Q3(s) sup
θ∈I

α(Vs(θ)) +Q4(s) sup
θ∈I

α(Us(θ)))ds.

Set M = max(M1,M2), d = max(d1, d2, d3, d4),
∥Q∥L1 = max(∥Q1∥L1 , ∥Q2∥L1 , ∥Q3∥L1 , ∥Q4∥L1), (α(V ), α(U)) = (supθ∈I α(Vt(θ)), supθ∈I α(Ut(θ))
and by addition we obtain the following estimates

α(V ) + α(U) ≤ [2d+
2dCβb

1−β

1− β
+ 2M∥Q∥L1 ][α(V ) + α(U)].

This implies that

[1− 2(d+
dCβb

1−β

1− β
+M∥Q∥L1)][α(V ) + α(U)] ≤ 0.

Therefore with the condition (H5), we obtain α(V ) + α(U) = 0, so α(V ) = 0 and
α(U) = 0, thus the subset (V, U) is relatively compact in E2. So with (i), (ii) and (iii)
the lemma conditions of Arzelá -Ascoli are satisfied, this implies that N is completely
continuous.

Step 3: N is a closed graph.
Let {(xn, yn)}n∈N ∈ Ω2 be a sequence such that

(xn, yn) → (x̃, ỹ) ∈ Ω2, and let (hn1 , h
n
2 ) ∈ N(xn, yn) with (hn1 , h

n
2 ) → (h̃1, h̃2). We need
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to show that (h̃1, h̃2) ∈ N(x̃, ỹ). We have (hn1 , h
n
2 ) ∈ N(xn, yn) so there exist

(vn, un) ∈ SF,(xn,yn) × SG,(xn,yn) such that

(
hn1
hn2

)
=



(
φn(t)
ψn(t)

)
, t ∈ I

g1(t, x
n
t , y

n
t ) + T1(t)[φ

n(0)− g1(0, φ
n
0 , ψ

n
0 )]+∫ t

0

T1(t− s)[A1g1(s, x
n
s , y

n
s ) + vn(s)]ds

g2(t, x
n
t , y

n
t ) + T2(t)[ψ

n(0)− g2(0, φ
n
0 , ψ

n
0 )]+∫ t

0

T2(t− s)[A2g2(s, x
n
s , y

n
s ) + un(s)]ds

 , t ∈ J.

Now, it remains to show that there exist (ṽ, ũ) ∈ SF,(x̃,ỹ) × SG,(x̃,ỹ), such that

(
h̃1
h̃2

)
=



(
φ̃(t)

ψ̃(t)

)
, t ∈ I

g1(t, x̃t, ỹt) + T1(t)[φ̃(0)− g1(0, φ̃0, ψ̃0)]+∫ t

0

T1(t− s)[A1g1(s, x̃s, ỹs) + ṽ(s)]ds

g2(t, x̃t, ỹt) + T2(t)[ψ̃(0)− g2(0, φ̃0, ψ̃0)]+∫ t

0

T2(t− s)[A2g2(s, x̃s, ỹs) + ũ(s)]ds

 , t ∈ J.

For simplify the formulas set

(
wn1 (t)
wn2 (t)

)
=


g1(t, x

n
t , y

n
t ) + T1(t)[φ

n(0)− g1(0, φ
n
0 , ψ

n
0 )]

+

∫ t

0

T1(t− s)A1g1(s, x
n
s , y

n
s )ds

g2(t, x
n
t , y

n
t ) + T2(t)[ψ

n(0)− g2(0, φ
n
0 , ψ

n
0 )]

+

∫ t

0

T2(t− s)A2g2(s, x
n
s , y

n
s )ds

 ,

(
w̃1(t)
w̃2(t)

)
=


g1(t, x̃t, ỹt) + T1(t)[φ̃(0)− g1(0, φ̃0, ψ̃0)]

+

∫ t

0

T1(t− s)A1g1(s, x̃s, ỹs)ds

g2(t, x̃t, ỹt) + T2(t)[ψ̃(0)− g2(0, φ̃(0), ψ̃0)]

+

∫ t

0

T2(t− s)A2g2(s, x̃s, ỹs)ds.

 ,

and (
∆1(t)
∆2(t)

)
=

(
(hn1 − wn1 )(t)
(hn2 − wn2 )(t)

)
−

(
(h̃1 − w̃1)(t)

(h̃2 − w̃2)(t)
.

)
.
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Then, we have

∥
(

∆1(t)
∆2(t)

)
∥ = ∥(hn1 − wn1 )(t)− (h̃1 − w̃1)(t)∥+ ∥(hn2 − wn2 )(t)− (h̃2 − w̃2)(t)∥.

It is clear that this last quantity tends to zero as n→ +∞. Then we defined the linear
continuous operator Γ : (L1(J,E))2 → (C(J,E))2 by

Γ(v, u)(t) = (Γ1(v)(t),Γ2(u)(t)),

with

(Γ1(v)(t),Γ2(u)(t)) =

(∫ t

0

T1(t− s)v(s)ds,

∫ t

0

T2(t− s)u(s), ds

)
.

Clearly

(Γ1(vn)(t),Γ2(un)(t)) = ((hn1 − wn1 (t)), (h
n
2 − wn2 (t))).

By the Lemma 1.1.7 we have (Γ1(SF,(xn,yn)),Γ2(SG,(xn,yn))) has a closed graph, and
since

((hn1 − wn1 (t)), (h
n
2 − wn2 (t))) → ((h̃1 − w̃1(t)), (h̃2 − w̃2(t))).

Then

((h̃1 − w̃1)(t), (h̃2 − w̃2)(t)) ∈ (Γ1(SF,(x̃,ỹ)),Γ2(SG,(x̃,ỹ))),

so (∫ t

0

T1(t− s)ṽ(s)ds,

∫ t

0

T2(t− s)ũ(s), ds

)
∈
(
Γ1(SF,(x̃,ỹ)),Γ2(SG,(x̃,ỹ))

)
,

hence
(ṽ(t), ũ(t)) ∈ (SF,(x̃,ỹ), SG,(x̃,ỹ))

this implies that
(h̃1, h̃2) ∈ N(x̃, ỹ).

Consequently the multi-valued operator N has a closed graph.

Step 4: We show that the subset
Bλ = {(x, y) ∈ Ω2 : (x, y) ∈ λN(x, y), for some λ ∈ (0, 1)} is bounded. Let (x, y) ∈
Bλ, hence for each t ∈ [−r, b] we have

(
x(t)
y(t)

)
=



λ

(
φ(t)
ψ(t)

)
, t ∈ I

λ


g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J.
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By (H1), (H2) and (b) of the Remark 3.1 we have:
if t ∈ I then

∥(x(t), y(t))∥ = ∥x(t)∥+ ∥y(t)∥ ≤ ∥φ∥∞ + ∥ψ∥∞.

If t ∈ J then

∥x(t)∥ ≤ ∥g1(t, xt, yt)∥+ ∥T1(t)∥[∥φ(0)− g1(0, φ0, ψ0)∥]

+

∫ t

0

∥T1(t− s)A1∥∥g1(s, xs, ys)∥ds+
∫ t

0

∥T1(t− s)∥∥v(s)∥ds

≤ d1(∥x∥+ ∥y∥) + d2 +M1[∥φ∥∞ + d1(∥φ∥∞ + ∥ψ∥∞) + d2]

+

∫ t

0

Cβ
(t− s)β

ds[d1(∥x∥+ ∥y∥) + d2] +M1

∫ t

0

p1(s)ξ1(∥xs∥+ ∥ys∥)ds

≤ d1(∥x∥+ ∥y∥) + d2 +M1[∥φ∥∞ + d1(∥φ∥∞ + ∥ψ∥∞) + d2]

+
Cβ

1− β
b1−β[d1(∥x∥+ ∥y∥) + d2] +M1

∫ t

0

p1(s)ξ1(∥xs∥+ ∥ys∥)ds

In the same way we estimate y(t) as follows

∥y(t)∥ ≤ ∥g2(t, xt, yt)∥+ ∥T2(t)∥[∥ψ(0)− g2(0, φ0, ψ0)∥]

+

∫ t

0

∥T2(t− s)A2∥∥g2(s, xs, ys)∥ds+
∫ t

0

∥T2(t− s)∥∥u(s)∥ds

≤ d3(∥x∥+ ∥y∥) + d4 +M2[∥ψ∥∞ + d3(∥φ∥∞ + ∥ψ∥∞) + d4]

+

∫ t

0

Cβ
(t− s)β

ds[d3(∥x∥+ ∥y∥) + d4] +M2

∫ t

0

p2(s)ξ2(∥xs∥+ ∥ys∥)ds

≤ d3(∥x∥+ ∥y∥) + d4 +M2[∥ψ∥∞ + d3(∥φ∥∞ + ∥ψ∥∞) + d4]

+
Cβ

1− β
b1−β[d3(∥x∥+ ∥y∥) + d4] +M2

∫ t

0

p2(s)ξ2(∥xs∥+ ∥ys∥)ds.

Set M = max(M1,M2), d = max(d1, d3), d = d2 + d4,
p(t) = max{p1(t), p2(t);∀t ∈ J} and ξ(t) = ξ1(t) + ξ2(t);∀t ∈ [0,+∞) and by addition
we obtain

∥x(t)∥+ ∥y(t)∥ ≤ 2d(∥xt∥+ ∥yt∥) + d+M [(1 + 2d)(∥φ∥∞ + ∥ψ∥∞) + d]

+
Cβ

1− β
b1−β[2d(∥xs∥+ ∥ys∥) + d] +M

∫ t

0

p(s)ξ(∥xs∥+ ∥ys∥)ds.
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3.1 Existence of mild solutions

This implies that

∥x(t)∥+ ∥y(t)∥ ≤
M [(1 + 2d)(∥φ∥∞ + ∥ψ∥∞) + d] + d

Cβ

1−β b
1−β

1− 2d(1− Cβ

1−β b
1−β)

+
M

1− 2d(1− Cβ

1−β b
1−β)

∫ t

0

p(s)ξ(∥xs∥+ ∥ys∥)ds

≤ (1− β)M [(1 + 2d)(∥φ∥∞ + ∥ψ∥∞) + d] + dCβb
1−β

1− β + 2d(β + Cβb1−β − 1)

+
(1− β)M

1− β + 2d(β + Cβb1−β − 1)

∫ t

0

p(s)ξ(∥xs∥+ ∥ys∥)ds.

We consider the function µ : [−r, b] → R+ defined by

µ(t) = sup{∥x(t)∥+ ∥y(t)∥ : t ∈ [−r, b]}.

Hence

µ(t) ≤


∥φ∥∞ + ∥ψ∥∞, t ∈ I
(1−β)M [(1+2d)(∥φ∥∞+∥ψ∥∞)+d]+dCβb

1−β

1−β+2d(β+Cβb1−β−1)

+ (1−β)M
1−β+2d(β+Cβb1−β−1)

∫ t

0

p(s)ξ(∥xs∥+ ∥ys∥)ds. , t ∈ J.

Let t⋆ ∈ [−r, b] such that µ(t) = ∥x(t⋆)∥+ ∥y(t⋆)∥, so we have

µ(t) ≤


∥φ∥∞ + ∥ψ∥∞, t ∈ I
(1−β)M [(1+2d)(∥φ∥∞+∥ψ∥∞)+d]+dCβb

1−β

1−β+2d(β+Cβb1−β−1)

+ (1−β)M
1−β+2d(β+Cβb1−β−1)

∫ t

0

p(s)ξ(µ(s))ds. , t ∈ J.

For every t ∈ J we take the right-hand side as a function ν(t), hence

ν(0) =
(1− β)M [(1 + 2d)(∥φ∥∞ + ∥ψ∥∞) + d] + dCβb

1−β

1− β + 2d(β + Cβb1−β − 1)
:= c,

and

µ(t) ≤ ν(t) for each, t ∈ J.

Moreover we have

ν
′
(t) =

(1− β)M

1− β + 2d(β + Cβb1−β − 1)
p(t)ξ(µ(t)).

We use the growth of the function ξ to obtain the following estimate
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System of differential inclusions with delay

ν
′
(t) ≤ (1− β)M

1− β + 2d(β + Cβb1−β − 1)
p(t)ξ(ν(t)),

implies
ν

′
(t)

ξ(ν(t))
≤ (1− β)M

1− β + 2d(β + Cβb1−β − 1)
p(t).

By passing to the integral we obtain∫ ν(t)

ν(0)

dγ

ξ(γ)
≤ (1− β)M

1− β + 2d(β + Cβb1−β − 1)

∫ t

0

p(s)ds

≤ (1− β)M

1− β + 2d(β + Cβb1−β − 1)

∫ b

0

p(s)ds.

Using (3.1.1) to have ∫ ν(t)

c

dγ

ξ(γ)
<

∫ +∞

c

dγ

ξ(γ)
.

So ν(t) < +∞ therefore, there exist a positive constant k such that ν(t) ≤ k, this
implies that

∥x∥∞ + ∥y∥∞ ≤ max(∥φ∥∞ + ∥ψ∥∞, k)

that’s finished, so the subset Bλ is bounded. And therefore the multi-values operator
N satisfies all the conditions of Leray-Schauder nonlinear alternative, so he admits at
least one fixed point which is mild solution of problem (3.0.1).

Theorem 3.1.2. Under the conditions of above theorem, the solution sets of (3.0.1),
is compact.

Proof. Let S(φ, ψ), be a solutions sets of the problem (3.0.1).

S(φ, ψ) is a compact set in Ω2.
Let the sequence {(xn, yn)}n∈N ⊂ S(φ, ψ), then there exist a sequence (vn, un) ∈
SF,(xn,yn) × SG,(xn,yn) such that

(
xn(t)
yn(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, x
n
t , y

n
t ) + T1(t)[φ(0)− g1(0, φ0, ψ0)]

+

∫ t

0

T1(t− s)[A1g1(s, x
n
s , y

n
s ) + vn(s)]ds

g2(t, x
n
t , y

n
t ) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]

+

∫ t

0

T2(t− s)[A2g2(s, x
n
s , y

n
s ) + un(s)]ds

 , t ∈ J.
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3.1 Existence of mild solutions

Let BS := {(xn, yn) ∈ S(φ, ψ), n ∈ N}; then from earlier the Step 4 and (ii) in Step
2 of the proof of Theorem 3.1.1, we conclude that BS is bounded and equicontinuous.
Then from the Arzelá -Ascoli theorem we can conclude that BS is compact, so there
exist a subsequence (xnk , y

n
k ) ⊂ S(φ, ψ) with (xnk , y

n
k ) → (x, y). The other hand we have

the sequence (vn, un) is integrally bounded and E is reflexive. From the Dunford-Pettis
theorem [88] there exist a subsequence, still denoted (vkn, u

k
n) which converges weakly

to an element (v(·), u(·)) ∈ (L1)2. By Mazur’s Lemma [70] we obtain the existence of
(ani , c

n
i ) ≥ (0, 0), i = 1, ..., n such that Σn

i=1a
n
i = 1 and Σn

i=1c
n
i = 1 and the sequence

of convex combinations (ρn(·), τn(·)) = (Σn
i=1a

n
i vi(·),Σn

i=1c
n
i ui(·)) converge strongly to

(v, u) ∈ (L1)2. And since F and G takes convex values, using Lemma 1.1.13, we obtain
that

v(t) ∈
⋂
n≥1

{ρn(t)}, a.e. t ∈ J

⊂
⋂
n≥1

co{vk(t), k ≥ n}

⊂
⋂
n≥1

co{
⋃
k≥n

F (t, xkt , y
k
t )}

= co(lim sup
k→∞

F (t, xkt , y
k
t )),

so

v(t) ∈ co(lim sup
k→∞

F (t, xkt , y
k
t )), (3.1.2)

and

u(t) ∈
⋂
n≥1

{τn(t)}, a.e. t ∈ J

⊂
⋂
n≥1

co{uk(t), k ≥ n}

⊂
⋂
n≥1

co{
⋃
k≥n

G(t, xkt , y
k
t )}

= co(lim sup
k→∞

G(t, xkt , y
k
t )),

this implies that

u(t) ∈ co(lim sup
k→∞

G(t, xkt , y
k
t )). (3.1.3)

Since F and G are u.s.c. with compacts values, then by Lemma 1.1.12, we have

lim sup
k→∞

F (t, xkt , y
k
t ) = F (t, xt, yt), for a.e t ∈ J,
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and

lim sup
k→∞

G(t, xkt , y
k
t ) = G(t, xt, yt), for a.e t ∈ J.

This with (3.1.2) and (3.1.3) implies that (v(t), u(t)) ∈ F (t, xt, yt)×G(t, xt, yt). Now,
it remains to show that (x, y) ∈ S(φ, ψ). We consider the set

(
z(t)
w(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J.

Using the Remark 3.1.1, with the Lebesgue dominated convergence theorem, we obtain

∥xn − z∥∞ ≤ ∥g1(t, xnt , ynt )− g1(t, xt, yt)∥

+

∫ t

0

∥T1(t− s)A1∥∥g1(s, xns , yns )− g1(s, xs, ys)∥ds

+

∫ t

0

∥T1(t− s)∥∥vn(s)− v(s)∥ds

≤ ∥g1(t, xnt , ynt )− g1(t, xt, yt)∥+
∫ t

0

Cβ
(t− s)β

∥g1(s, xns , yns )− g1(s, xs, ys)∥ds

+ M1

∫ t

0

∥vn(s)− v(s)∥ds,

and

∥yn − w∥∞ ≤ ∥g2(t, xnt , ynt )− g2(t, xt, yt)∥

+

∫ t

0

∥T2(t− s)A2∥∥g2(s, xns , yns )− g2(s, xs, ys)∥ds

+

∫ t

0

∥T2(t− s)∥∥un(s)− u(s)∥ds

≤ ∥g2(t, xnt , ynt )− g2(t, xt, yt)∥+
∫ t

0

Cβ
(t− s)β

∥g2(s, xns , yns )− g2(s, xs, ys)∥ds

+ M2

∫ t

0

∥un(s)− u(s)∥ds.

It’s clear that by the convergence of (vn, un) to (v, u) the right-hand side tends to
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3.1 Existence of mild solutions

zero as n→ ∞, this implies that (xn, yn) → (z, w) as n→ ∞, therefore

(
x(t)
y(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + v(s)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + u(s)]ds

 , t ∈ J.

So (x, y) ∈ S(φ, ψ) and therefore S(φ, ψ) is compact.

For the next we will prove that S(φ, ψ) is an Rδ − set, hence an acyclic space.
Consider the first-order single-values problem:

d
dt
(x(t)− g1(t, xt, yt))− A1x(t) = f1(t, xt, yt), t ∈ J

d
dt
(y(t)− g2(t, xt, yt))− A2y(t) = f2(t, xt, yt), t ∈ J

x(t) = φ(t) and y(t) = ψ(t), t ∈ I,
(3.1.4)

where fi : J × E × E −→ E are given functions.

Denote by Sf (φ, ψ) the set of all solutions of problem (3.1.4). We will state and
prove an Aronszajn-type result for this problem, we need to add the following assump-
tions:

(c1) fi : J × C(I, E)× C(I, E) −→ E are Carathéodory functions.

(c2) There exists functions pi ∈ L1(J,R+), and continuous nondecreasing functions
ξi : [0,∞) −→ (0,∞) such that

∥fi(t, x, y)∥ ≤ pi(t)ξi(∥x∥+ ∥y∥) for a.e. t ∈ J and each x ∈ E, i = 1.2

with

(1− β)M

1− β + 2d(β + Cβb1−β − 1)

∫ b

0

p(s)ds <

∫ +∞

c

dγ

ξ(γ)
.

Then, our result is given by

Theorem 3.1.3. Assume that assumptions (c1), (c2) and (H1)− (H3) hold. Then the
set Sf (φ, ψ) is an Rδ − set, hence an acyclic space.

59



System of differential inclusions with delay

Proof. We will Transform the problem 3.1.4 into a fixed point problem. Consider the
operator K : Ω2 → Ω2, defined by :K(x, y) = (K1, K2), with

(
K1(x, y)(t)
K2(x, y)(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g1(t, xt, yt) + T1(t)[φ(0)− g1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g1(s, xs, ys) + f1(s, xs, ys)]ds

g2(t, xt, yt) + T2(t)[ψ(0)− g2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g2(s, xs, ys) + f2(s, xs, ys)]ds

 , t ∈ J.

The fixed point set of K noted FixK = Sf (φ, ψ). From Theorem 3.1.1, we know
that Sf (φ, ψ) is nonempty and by (c2) combined with the Step 4 in Theorem 3.1.1,

there exist M̃ > 0 such that For every (x, y) ∈ Sf (φ, ψ).

∥x∥∞ + ∥y∥∞ < M̃. (3.1.5)

Define the functions f̃i and g̃i with i = 1.2, by

f̃i(t, x, y) =

{
fi(t, x, y), if ∥x∥∞ + ∥y∥∞ ≤ M̃

fi(t,
M̃x
2∥x∥ ,

M̃y
2∥y∥) , if ∥x∥∞ + ∥y∥∞ > M̃,

and

g̃i(t, x, y) =

{
gi(t, x, y), if ∥x∥∞ + ∥y∥∞ ≤ M̃

gi(t,
M̃x
2∥x∥ ,

M̃y
2∥y∥) , if ∥x∥∞ + ∥y∥∞ > M̃.

Since fi is L
1-Carathéodory, the functions f̃i is Carathéodory and is integrably bounded

by (c2). So there exists hi ∈ L1(J,R+) such that

∥f̃i(t, x, y)∥ ≤ hi(t) with i = 1.2. (3.1.6)

Consider the modified problem
d
dt
(x(t)− g̃1(t, xt, yt))− A1x(t) = f̃1(t, xt, yt), t ∈ J

d
dt
(y(t)− g̃2(t, xt, yt))− A2y(t) = f̃2(t, xt, yt), t ∈ J

x(t) = φ(t) and y(t) = ψ(t), t ∈ I.

(3.1.7)

We can easily prove that Sf (φ, ψ) = Sf̃ (φ, ψ) = FixK̃, where K̃ : Ω2 → Ω2 is defined
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by K̃(x, y) = (K̃1(x, y), K̃2(x, y)) with

(
K̃1(x, y)(t)

K̃2(x, y)(t)

)
=



(
φ(t)
ψ(t)

)
, t ∈ I

g̃1(t, xt, yt) + T1(t)[φ(0)− g̃1(0, φ0, ψ0)]+∫ t

0

T1(t− s)[A1g̃1(s, xs, ys) + f̃1(s, xs, ys)]ds

g̃2(t, xt, yt) + T2(t)[ψ(0)− g̃2(0, φ0, ψ0)]+∫ t

0

T2(t− s)[A2g̃2(s, xs, ys) + f̃2(s, xs, ys)]ds

 , t ∈ J.

By the inequalities (3.1.6) and (3.1.5), we deduce that

∥K̃1(x, y)∥∞ ≤ d1(∥xt∥∞ + ∥yt∥∞) + d2 +M1[∥φ∥∞ + d1(∥φ∥∞ + ∥ψ∥∞) + d2]

+

∫ t

0

∥T1(t− s)A1∥[d1(∥xs∥∞ + ∥ys∥∞ + d2]ds+M1∥h1∥L1

≤ d1M̃ + d2 +M1[∥φ∥∞ + d1M̃ + d2] +
Cβb

1−β

1− β
(d1M̃ + d2) +M1∥h1∥L1 ,

and

∥K̃2(x, y)∥∞ ≤ d3(∥xt∥∞ + ∥yt∥∞) + d4 +M2[∥ψ∥∞ + d3(∥φ∥∞ + ∥ψ∥∞) + d4]

+

∫ t

0

∥T2(t− s)A2∥[d3(∥xs∥∞ + ∥ys∥∞) + d4]ds+M2∥h2∥L1

≤ d3M̃ + d4 +M2[∥ψ∥∞ + d3M̃ + d4] +
Cβb

1−β

1− β
(d3M̃ + d4) +M2∥h2∥L1 .

Let M = max(M1,M2), d = max(d1, d3), d = d2 + d4,
∥h(t)∥L1 = ∥h1∥L1 + ∥h2∥L1 and by addition we obtain

∥K̃1(x, y)∥∞ + ∥K̃2(x, y)∥∞ ≤ 2dM̃ + d+M [(1 + 2d)M̃ + d] +
Cβb

1−β

1− β
(2dM̃ + d)

+ M∥h(t)∥L1 := R.

Then K̃ is uniformly bounded. We can show that K̃ : Ω2 → Ω2 is compact which
allows us to define the compact perturbation of the identity B̃(x, y) = (x, y)− K̃(x, y)

which is a proper map. From the compactness of K̃ and Lemma 1.2.4, we can easily
prove that all conditions of Theorem 1.2.3 are satisfied. Therefore the solutions set
Sf̃ (φ, ψ) = B̃−1(0, 0) is an Rδ − set, hence an acyclic space by Lemma 1.2.2.

3.2 Example

Now, we introduce an example to which Theorem 3.1.1 can be applied.
Let B an open of Rn (n ≥ 1), with smooth boundary ∂B, be a measurable space. We
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System of differential inclusions with delay

consider the differential inclusion system
d
dt
ut(x) + ∆u ∈M1(t, u(t− 1, x), v(t− 1, x)), t ∈ J := [0, T ]

d
dt
vt(x) + ∆v ∈M2(t, u(t− 1, x), v(t− 1, x)), t ∈ J

ut(x) = φt(x) and vt(x) = ψt(x), t ∈ I := [−1, 0].
(3.2.1)

Set E = L2(B) which is a separable Banach space, and let us define A : D(A) ⊂
L2(B) → L2(B) by Au = −∆u, ∀u ∈ D(A), where

D(A) = {u ∈ L2(B) : u ∈ H1
0 (B),∆u ∈ L2(B)}

which is dense in L2(B), so from Hille-Yosida’s theorem the operator A genered a
strongly continuous semi-group, and satisfies (b) in the remark 3.1.1.
Let Mi : [0, b]× C(I, E)× C(I, E) → P(E) be are multivalued maps defined by

Mi(t, u(t− 1), v(t− 1)) = {hi ∈ E : hi(x) ∈ m̃i(t, u(t− 1), v(t− 1)), a.e.(u, v) ∈ B2},

where m̃i : J × R2 → P(R) are defined by

m̃i(t, u(t− 1), v(t− 1)) = [(m1)i(t, u(t− 1), v(t− 1)), (m2)i(t, u(t− 1), v(t− 1))],

and (m1)i, (m2)i : J × R× R → R can be defined as:

(m1)i(t, u(t− 1), v(t− 1)) = lim
(u′,v′)→(u,v)

infmi(t, u
′, v′)

and
(m2)i(t, u(t− 1), v(t− 1)) = lim

(u′,v′)→(u,v)
supmi(t, u

′, v′),

with i = 1.2 where mi : J × R× R → R satisfies:

(H̃1) There exist continuous functions ai, bi ∈ L1(J,R⋆
+), with ai/bi is a monotone

function, such that
|mi(t, u, v)| ≤ ai(t)|u|+ bi(t)|v|,

(H̃2) ∥a(t)∥+ ∥b(t)∥ < 1−β−2Cβb
1−β

2M(1−β) .

This allows us to show that the multivalued mapsMi satisfies the hypotheses (H1), (H3), (H5).
Thus the conclusion follows from Theorem 3.1.1.
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Chapter 4

Fractional calculus

This chapter will consist of three sections. In first section we cite some definitions
and results of fractional integral calculus within the meaning of Riemann-Liouville.
In second section we cite some definitions and results of fractional derivative calculus
exactly the Riemann-Liouville fractional derivative and Caputo fractional derivative
and its important properties. While in section 4.3 we wish to establish some nonlinear
integral inequalities that can be used in the study of fractional differential equations
and inclusions. The proofs in this last section are based on Young’s and Holder’s
inequalities.

Before starting, we need to define the Euler Gamma and Bêta functions which
plays a very important role in the theory of fractional calculus and we will proofed
their important properties.

Definition 4.0.1. The Euler Gamma function Γ(z) is defined by following integral

Γ(z) =

∫ ∞

0

e−ttz−1dt.

Proposition 4.0.1. the following properties are holds.
(1) Γ(z + 1) = zΓ(z),

(2) Γ(1) = Γ(2) = 1, Γ(1
2
) =

√
π, and for each n ∈ N⋆ Γ(1

2
+ n) = 1×3×5×...×(2n−1)

2n

√
π

(3) Γ(n+ 1) = n!, ∀n ∈ N,
(4) Γ(z) is a monotonic and strictly decreasing function for 0 < z ≤ 1.

Proof. The property (1) is the most important which can be proved by an integration
by parts. For 0 < a < b we have

Γ(z + 1) =

∫ b

a

e−ttzdt = [−tze−t]ba + z

∫ b

a

e−ttz−1dt =
az

ea
− bz

eb
+ zΓ(z).

If b → +∞ and a → 0, then Γ(z + 1) = zΓ(z). For the proof of (2) we have Γ(1) =∫ b
a
e−tdt = [−e−t]ba = e−a − e−b, if b → +∞ and a → 0 then Γ(1) = 1, and using the
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Fractional calculus

property (1) to get that Γ(2) = Γ(1 + 1) = 1 × Γ(1) = 1, and for Γ(1
2
), we have by

definition Γ(1
2
) =

∫∞
0
e−tt−

1
2dt, for 0 < a < b < +∞, using the change of variable

x = t
1
2 then, dt = 2t

1
2dx, so

∫ b
a
e−tt−

1
2dt = 2

∫ √
b√
a
e−x

2
dx, and if a → 0, b → +∞, we

obtain Γ(1
2
) = 2

∫ +∞
0

e−x
2
dx. Now we will calculate the integral I =

∫ +∞
0

e−x
2
dx, we

have

I2 =

∫ +∞

0

∫ +∞

0

e−(x2+y2)dxdy.

By using polar coordinates we get

I2 =

∫ +∞

0

∫ π
2

0

e−r
2

rdθdr =
π

4
,

therefor I =
√
π
2
, so Γ(1

2
) = 2I =

√
π.

We now use property (1) with the proof by induction we have for n = 1,

Γ(
1

2
+ 1) =

1

2
Γ(

1

2
) =

1

2

√
π,

for n = 2,

Γ(
1

2
+ 2) = Γ(

1

2
+ 1 + 1) = Γ(

3

2
+ 1) =

3

2
Γ(

1

2
+ 1) =

3

2
× 1

2

√
π =

1× 3

22
√
π,

suppose that for all n ≥ 3 the property Γ(1
2
+ n) = 1×3×...×(2n−1)

2n

√
π is true, therefore

for n+ 1 we will have

Γ(
1

2
+ n+ 1) = (

1

2
+ n)Γ(

1

2
+ n) =

1× 3× ...× (2n− 1)× [2(n+ 1)− 1]

2n+1

√
π.

We also use the proof by induction on (3), for n = 0 we have Γ(0+1) = Γ(1) = 1 = 0!,
suppose that for all n ≥ 1 the property Γ(n) = (n− 1)! is true and we will show that
Γ(n+ 1) = n! is also, it is clear that Γ(n+ 1) = nΓ(n) = n(n− 1)! = n!, so (3) is true.
For the proof of (4) we take t1, t2 ∈ (0,+∞) such that t1 < t2, if 0 < z ≤ 1 then s =
1− z ≥ 0, so ts1 < ts2 ⇒ t−s1 > t−s2 and we have also t1 < t2 ⇒ et1 < et2 ⇒ e−t1 > e−t2 ,
therefore e−t1t−s1 > e−t2t−s2 ⇒ e−t1tz−1

1 > e−t2tz−1
2 , and by passage to the integral we

know that this last inequality remains true, i.e. that Γ(z)(t1) > Γ(z)(t2), so the result
(4).

Remark 4.0.1. (a) From property (1) and by induction we can easily deduce that for
all n ∈ N⋆

Γ(x) =
Γ(x+ n)

x(x+ 1)...(x+ n− 1)

this relation allows to define Γ(x) for negative real x such that −n < x < −n+1 In this
case there for n = [α]+1 we have 0 < n−α < 1, which means that −n < −α < −n+1
and according to the above convention, we will have

Γ(−α) = Γ(n− α)

−α(−α + 1)...(−α + n− 1)
.
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4.1 Fractional integral

(b) The Gamma function extended the factorial to real values, this by property (3), of
the same property we can deduce that it is extended the law of composition Cp

n to real
values because for all n, p ∈ N with p ≤ n

Cp
n =

n!

p!(n− p)!
=

n

p(n− p)

Γ(n)

Γ(n)Γ(n− p)
.

Definition 4.0.2. The Bêta function is defined by

B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt, Re(p) > 0, Re(q) > 0.

Proposition 4.0.2. (1) The Bêta function is related to the Gamma function by the
following relation

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
, Re(p) > 0, Re(q) > 0,

(2) The Bêta function is symmetric, i.e.

B(p, q) = B(q, p), Re(p) > 0, Re(q) > 0.

4.1 Fractional integral

The integral of order 1 with lower limit a ∈ R for a function f ∈ L1([a,+∞),R) is
defined by

I1a+f(t) =

∫ t

a

f(s)ds.

And the integral of order 1 with upper limit b ∈ R for a function f ∈ L1((−∞, b],R)
is defined by

I1b−f(t) =

∫ b

t

f(s)ds.

For a second primitive we will have

I2a+f(t) =

∫ t

a

(∫ s

a

f(τ)dτ

)
ds, and I2b−f(t) =

∫ b

t

(∫ b

s

f(τ)dτ

)
ds.

According to Fubini’s theorem we reduce this double integral to a simple integral as
follows

I2a+f(t) =

∫ s

a

f(τ)dτ

∫ t

a

ds =
1

1!

∫ s

a

(s− τ)f(τ)dτ,

and

I2b−f(t) =

∫ b

s

f(τ)dτ

∫ b

t

ds =
1

1!

∫ b

s

(s− τ)f(τ)dτ.
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Fractional calculus

By a simple iteration to order n we obtain

Ina+f(t) =
1

(n− 1)!

∫ t

a

(t− s)n−1f(s)ds, and Inb−f(t) =
1

(n− 1)!

∫ b

t

(t− s)n−1f(s)ds.

Since Γ(n) = (n− 1)!,∀n ∈ N⋆, we obtain

Ina+f(t) =
1

Γ(n)

∫ t

a

(t− s)n−1f(s)ds, and Inb−f(t) =
1

Γ(n)

∫ b

t

(t− s)n−1f(s)ds.

We will use the fact that the Gamma function extends the factorial to real values to
have the notion of Riemann-Liouville fractional integral as the following.

Definition 4.1.1. The Riemann-Liouville fractional integral Iβa+f and Iβb−f of order
β ∈ C with Re(β) > 0 are defined by

Iβa+f(t) =
1

Γ(β)

∫ t

a

(t− s)β−1f(s)ds, t > s > a,

and

Iβb−f(t) =
1

Γ(β)

∫ b

t

(s− t)β−1f(s)ds, t < s < b.

Provided the right-hand side is pointwise defined on [a,∞). For simplify the writing,
we will denote in the suite Iβa+ by Iβ. Particular case I0f(t) = f(t), (i.e I0 the identity
operator).

The Riemann-Liouville fractional integral has the following properties which play
an important role in the study of fractional equation.

Proposition 4.1.1.

Iβ[Iαf(t)] = Iβ+αf(t) = Iα(Iβf(t)), Re(β) > 0, Re(α) > 0.

Proof. By definition we have

Iβ[Iαf(t)] =
1

Γ(β)

∫ t

a

(t− s)β−1(Iαf)(s)ds

=
1

Γ(β)Γ(α)

∫ t

a

∫ s

a

(t− s)β−1(s− u)α−1f(u)duds,

where f ∈ C([a, b]). So from the Fubini’s theorem we will change the order of integra-
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4.2 Fractional derivative

tion, by the variable s = u+ r(t− u), we obtain

Iβ[Iαf(t)] =
1

Γ(β)Γ(α)

∫ t

a

f(u)

[∫ t

u

(t− s)β−1(s− u)α−1ds

]
du

=
1

Γ(β)Γ(α)

∫ t

a

f(u)

[
(t− u)β+α−1

∫ 1

0

rα−1(1− r)β−1ds

]
du

=
B(β, α)

Γ(β)Γ(α)

∫ t

a

(t− u)β+α−1f(u)du

=
Γ(β)Γ(α)

Γ(β + α)Γ(β)Γ(α)

∫ t

a

(t− u)β+α−1f(u)du

=
1

Γ(β + α)

∫ t

a

(t− u)β+α−1f(u)du

= Iβ+αf(t).

Definition 4.1.2. The fractional substantial integral of order ν with lower limit 0 for
a function f ∈ L1[0,+∞) is defined as

Iνs f(t) =
1

Γ(ν)

∫ t

0

(t− r)ν−1e−β(t−r)f(r)dr, ν > 0.

The next properties can be referenced in [16, 73, 79]

Lemma 4.1.2. [79] Let f(t) be continuous on [a,∞), and ν > 0. Then for all t > a,

lim
ν→0

Iνs f(t) = f(t).

So we can put I0s f(t) = f(t).

Lemma 4.1.3. Let f(t) be continuous on [a,∞), and µ, ν > 0. Then for all t > a,

Iµs [I
ν
s f(t)] = Iµ+νs f(t) = Iνs [I

µ
s f(t)].

4.2 Fractional derivative

Definition 4.2.1. The Riemann-Liouville fractional derivative of order β with 0 ≤
n− 1 < β < n and lower limit a for a function f is given by

RLDβf(t) =
1

Γ(n− β)

dn

dtn

∫ t

a

(t− s)n−β−1f(s)ds, t > a, 0 ≤ n− 1 < β < n.

The particular case for β = 0 and β = 1 we have

RLD0f(t) = f(t) and RLDnf(t) = fn(t).
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Fractional calculus

Definition 4.2.2. For 0 < β < 1 and t ∈ (a, b) the Riemann-Liouville fractional
derivative of order β with lower limit a for a function f is given by

RL
a+D

β
t f(t) =

1

Γ(1− β)

d

dt

∫ t

a

(t− s)−βf(s)ds.

We can reduce the case general where n − 1 < β < n in this case particular, we pos
α = β − n+ 1, then 0 < α < 1 and we obtain

RL
a+D

β
t f(t) =

RL
a+ Dα+n−1

t f(t) =
1

Γ(1− α)

d

dt

∫ t

a

(t− s)−αf(s)ds.

Lemma 4.2.1. Let f ∈ C([a, b]) and n− 1 < β < n then f(t) ∈ Iβ([a, b]) if and only

if In−βf ∈ Cn([a, b]) and ( d
k

dtk
In−βf)t=a = 0; k = 0; 1; 2; . . . ;n− 1.

Theorem 4.2.2. (1) If n− 1 < β < n, then,

RL
a Dβ

t (I
βf(t) = f(t) for each function f ∈ C([a, b]).

(2) If n − 1 < β < n, and f ∈ Cn([a, b]) and moreover if f verified the condition of
Lemma 4.2.1 then,

Iβ(RLa Dβ
t f(t)) = f(t).

If no

Iβ(RLa Dβ
t f(t)) = f(t)−

n−1∑
k=0

(t− a)β−k−1

Γ(β − k)

dn−k−1

dtn−k−1
(In−βf(t)).

Then in particular: if 0 < β < 1 then

Iβ(RLa Dβ
t f(t)) = f(t)− (t− a)β−1

Γ(β)
(I1−βf(t)),

and for β = n we have

Iβ(RLa Dβ
t f(t)) = f(t)−

n−1∑
k=0

fk(a)(t− a)k

k!
.

Definition 4.2.3. The Caputo fractional derivative of order β with 0 ≤ n−1 < β < n
for a function f is given by

c
aD

β
t f(t) =

1

Γ(n− β)

∫ t

a

(t− s)n−β−1f (n)(s)ds =, t > a.

c
aD

β
t f(t) is called also the Caputo fractional differential operator of order β.
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4.2 Fractional derivative

Remark 4.2.1. For n = 1 we have 0 < β < 1 and

c
aD

β
t f(t) =

1

Γ(1− β)

∫ t

a

(t− s)−βf
′
(s)ds, t > a.

Definition 4.2.4. The Caputo fractional derivative of order β with 0 ≤ n−1 < β < n
and lower limit a for a function f is given by

c
a+D

β
t f(t) =

1

Γ(n− β)

∫ t

a

(t− s)n−β−1f (n)(s)ds, t > a.

Definition 4.2.5. The Caputo fractional derivative of order β with 0 ≤ n−1 < β < n
and upere limit b for a function f is given by

c
b−D

β
t f(t) =

1

Γ(n− β)

∫ b

t

(t− s)n−β−1f (n)(s)ds, t < b.

We use only c
aD

β
t f(t) instead of ca+D

β
t f(t) in the following properties.

Theorem 4.2.3. For n − 1 ≤ β ≤ n, if f ∈ Cn([a, b]) then the differential operator
c
aD

β
t f(t) exist p. p on [a, b] and:

If β ̸∈ N the Caputo fractional derivative can be presented by

c
aD

β
t f(t) =

1

Γ(n− β)

∫ t

a

(t− s)n−β−1f (n)(s)ds = In−βf (n)(t), t > a,

and in the particulars cases: if n = 1 i.e. 0 < β < 1, and f ∈ C([a, b]) we have

c
aD

β
t f(t) =

1

Γ(1− β)

∫ t

a

(t− s)−βf
′
(s)ds = I1−βf

′
(t), t > a,

if β = n and f ∈ Cn([a, b]) then

c
aD

β
t f(t) = f (n)(t), t > a.

Let n−1 < β < n, n ∈ N, β ∈ R and f(t) a function such that caD
β
t f(t) exist. Then,

following properties hold.

Proposition 4.2.4.
lim
β→n

(caD
β
t f(t)) = f (n)(t),

and
lim

β→n−1
(caD

β
t f(t)) = f (n−1)(t)− f (n−1)(0).

For λ ∈ R and functions f, g such that caD
β
t f(t) and

c
aD

β
t g(t) exist, we have

c
aD

β
t (λf(t) + g(t)) = λcaD

β
t f(t) +

c
a D

β
t g(t),
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Fractional calculus

i.e. the Caputo fractional differential operator is linear.
For n,m ∈ N : n − 1 < β < n the composition c

aD
β
t f(t) with RLDmf(t) is non-

commutative in general, i.e.

c
aD

β
t (
RLDmf(t)) ̸=RL Dm(caD

β
t f(t)).

Note that if the function f satisfied f (m)(0) = 0 for m = 0, 1, 2, ..., n− 1, then the
Riemann-Liouville and Caputo fractional derivatives coincides,
i.e. cDβf(t) =RL Dβf(t). In general the Riemann-Liouville and Caputo fractional
derivatives do not coincide

The link between the Caputo fractional derivative and the Riemann-Liouville frac-
tional derivative is given by the following theorem

Theorem 4.2.5. Let Re(β) > 0 with n− 1 < Re(β) < n, n ∈ N⋆ and let f a function
such that caD

β
t f(t) and

RLDmf(t) exists then,

c
aD

β
t f(t) =

RL Dmf(t)−
n−1∑
k=0

fk(0)

Γ(k − β) + 1)
tk−β.

Proof. Using the Taylor limited development for the function f in t = 0 we obtain

f(t) = f(0) +
f

′
(0)

1!
t+

f
′′
(0)

2!
t2 + ...+

f (n−1)(0)

(n− 1)!
tn−1 +Rn−1

=
n−1∑
k=0

f (k)(0)

Γ(k + 1)
tk +Rn−1,

with

Rn−1 =

∫ t

0

f (n)(s)

(n− 1)!
(t− s)n−1ds,

we use the property of integration to order n to obtain

Rn−1 =
1

Γ(n)

∫ t

0

f (n)(s)(t− s)n−1ds = Inf (n)(t).

We consider f(t) = tα, we have

Iβa f(t) =
1

Γ(β)

∫ t

a

(t− s)β−1sαds,
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4.2 Fractional derivative

let s = tr so we obtain

Iβa f(t) =
1

Γ(β)

∫ 1

0

(t− tr)β−1t(tr)αdr

=
1

Γ(β)

∫ 1

0

tβ−1(1− r)β−1tα+1rαdr

=
1

Γ(β)

∫ 1

0

tα+βr(α+1)−1(1− r)β−1dr

=
B(α + 1, β)

Γ(β)
tα+β,

with the relation B(α + 1, β) = Γ(α+1)Γ(β)
Γ(α+β+1)

we obtain

Iβa f(t) =
Γ(α + 1)

Γ(α + β + 1)
tα+β.

And by definition we have

RLDβf(t) =
dn

dtn
(In−βa f(t))

=
dn

dtn
(

Γ(α + 1)

Γ(α + n− β + 1)
tα+n−β)

=
Γ(α + 1)

Γ(α + n− β + 1)

dn

dtn
(tα+n−β)

=
(n+ α− β)(n+ α− β − 1)...(α− β + 1)Γ(α + 1)

(n+ α− β)(n+ α− β − 1)...(α− β + 1)Γ(α− β + 1)
tα−β,

so

RLDβtα =
Γ(α + 1)

Γ(α− β + 1)
tα−β.

Using the linearity of the Riemann-Liouville operator we obtain

RLDβf(t) = RLDβ(
n−1∑
k=0

f (k)(0)

Γ(k + 1)
tk +Rn−1)

= (
n−1∑
k=0

f (k)(0)

Γ(k + 1)
tk)RLDβtk +RL DβRn−1

=
n−1∑
k=0

f (k)(0)Γ(k + 1)

Γ(k + 1)Γ(k − β + 1)
tk−β +RL DβInf (n)(t)

=
n−1∑
k=0

f (k)(0)

Γ(k − β + 1)
tk−β + In−βf (n)(t)

=
n−1∑
k=0

f (k)(0)

Γ(k − β + 1)
tk−β +C Dβf (t).
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Therefore

cDβf (t) =RL Dβf(t)−
n−1∑
k=0

f (k)(0)

Γ(k − β + 1)
tk−β.

Note that if f (k)(0) = 0 for k = 0, 1, 2, ..., n− 1, we have

c
aD

β
t f(t) =

RL Dmf(t).

Remark 4.2.2. For f(t) = c with c a constant, we have

c
aD

β
t f(t) = 0, t > a.

Definition 4.2.6. The Caputo fractional substantial derivative Dµ
s with 0 < µ < 1 for

a function f is given by
Dµ
s f(t) = Dm

s [I
ν
s f(t)], ν = m − µ, m is the smallest integer which exceeds µ, where

Iνs f(t) is given by Definition 4.1.2, β is a positive constant and

Dm
s = (

∂

∂t
+ β)m = (D + β)m = (D + β)(D + β)...(D + β).

Lemma 4.2.6. Let f(t) be (m-1)-time continuously differentiable on (a,∞), such that
its m-times derivative be integrable on any finite subinterval of [a,∞) and ν > 0. Then
for all t > a,

Dµ
s [I

ν
s f(t)] = f(t).

4.3 Nonlinear integral inequalities

In this section we will give one of our main results in this thesis, it is exactly some
generalizations of the nonlinear integral inequalities of Henry type.

Theorem 4.3.1. Let 0 < α < 1, k0, k1, k2 > 0. For i = 1, 2, ..., n, let fi, λi, γi, and g
be non-negative functions that are locally integrable on I = [0, T ], and let ψi : [0,∞) →
[0,∞) be nondecreasing continuous functions. If u(t) is a non-negative continuous
function on I satisfying:

u(t) ≤ k0+
n∑
i=1

k1

∫ t

0

(t−s)α−1g(s)γi(s)u(s)ds+
n∑
i=1

k2

∫ t

0

(t−s)α−1fi(s)λi(s)ψi(u(s))ds

then

u(t) ≤ Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
,
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where 1
p
+ 1

q
= 1,

m(t) = max

(
n∑
i=1

1

q
(γi(t)g(t))

q,
n∑
i=1

1

q
(λi(t)fi(t))

q

)
, k̃ = k0 +

(kp1 + kp2)nT
p(α−1)+1

p(p(α− 1) + 1)
,

Ψ(z) =

∫ z

k0

dy

yq + ψ̃(y)
, ψ̃(y) = max{ψqi (y), i = 1.2...n},

Ψ−1 is the inverse function of Ψ and for every t ∈ [0, T ],

Ψ(k̃) +

∫ t

0

m(s)ds ∈ Dom(Ψ−1),

where Dom(Ψ−1) is the domain of Ψ−1.

Proof. By Young’s inequality, we see that

k1(t− s)α−1g(s)γi(s)u(s) ≤
kp1
p
(t− s)p(α−1) +

1

q
(γi(s)g(s)u(s))

q,

and

k2(t− s)α−1fi(s)λi(s)ψi(u(s)) ≤
kp2
p
(t− s)p(α−1) +

1

q
(λi(s)fi(s))

q(ψi(u(s)))
q

then,

u(t) ≤ k0 +
n∑
i=1

(
kp1
p

∫ t

0

(t− s)p(α−1) +
1

q

∫ t

0

(γi(s)g(s)u(s))
qds

)
+

n∑
i=1

(
kp2
p

∫ t

0

(t− s)p(α−1) +
1

q

∫ t

0

(λi(s)fi(s))
q(ψi(u(s)))

qds

)
,

therefore

u(t) ≤ k0 +
(kp1 + kp2)nT

p(α−1)+1

p(p(α− 1) + 1)
+

n∑
i=1

1

q

∫ t

0

(γi(s)g(s)u(s))
qds

+
n∑
i=1

1

q

∫ t

0

(λi(s)fi(s))
q(ψi(u(s)))

qds.

Thus

u(t) ≤ k̃ +
n∑
i=1

1

q

∫ t

0

(γi(s)g(s)u(s))
qds+

n∑
i=1

1

q

∫ t

0

(λi(s)fi(s))
q(ψi(u(s)))

qds.
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Setting

v(t) = k̃ +
n∑
i=1

1

q

∫ t

0

(γi(s)g(s)u(s))
qds+

n∑
i=1

1

q

∫ t

0

(λi(s)fi(s))
q(ψi(u(s)))

qds,

we see that

v′(t) =
n∑
i=1

1

q
(γi(t)g(t)u(t))

q +
n∑
i=1

1

q
(λi(t)fi(t))

q(ψi(u(t)))
q, and v(0) = k̃.

Since ψi are nondecreasing functions and u(t) ≤ v(t) we then obtain

v′(t) ≤
n∑
i=1

1

q
(γi(t)g(t)v(t))

q +
n∑
i=1

1

q
(λi(t)fi(t))

q(ψi(v(t)))
q, (4.3.1)

so
v′(t) ≤ m(t)(vq(t) + ψ̃(v(t))),

where

m(t) = max

(
n∑
i=1

1

q
(γi(t)g(t))

q,
n∑
i=1

1

q
(λi(t)fi(t))

q

)
and ψ̃(v) = max{ψqi (v), i = 1.2...n}.

Therefore,

v′(t)

vq(t) + ψ̃(v(t))
≤ m(t), t ∈ [0, T ].

Integrating both sides of the above inequality from 0 to t, we obtain∫ t

0

v′(s)

vq(s) + ψ̃(v(s))
ds ≤

∫ t

0

m(s)ds.

Then, we get ∫ v(t)

v(0)

dx

xq + ψ̃(x)
≤
∫ t

0

m(s)ds,

or

Ψ(v(t)) =

∫ v(t)

k0

dx

xq + ψ̃(x)
=

∫ k̃

k0

dx

xq + ψ̃(x)
+

∫ v(t)

k̃

dx

xq + ψ̃(x)
= Ψ(k̃)+

∫ v(t)

k̃

dx

xq + ψ̃(x)
,

since v(0) = k̃. Thus, it follows that

Ψ(v(t)) ≤ Ψ(k̃) +

∫ t

0

m(s)ds,
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and hence

v(t)) ≤ Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
.

Since u(t) ≤ v(t) we obtain

u(t)) ≤ Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
,

which prove the theorem.

In the particular case where g(t) ≡ 0, we have the following corollary to Theorem
4.3.1.

Corollary 4.3.2. Let k0, k1 > 0, q > 1
α
, and the functions fi, λi, ψi, and u be as in

Theorem 4.3.1. If

u(t) ≤ k0 +
n∑
i=1

k1

∫ t

0

(t− s)α−1fi(s)λi(s)ψi(u(s))ds,

then,

u(t) ≤ Ψ−1

(
Ψ(k̄) +

n∑
i=1

1

q

∫ t

0

(fi(s)λi(s))
qds

)
,

where

Ψ(z) =

∫ z

k0

dy

ψ̃(y)
, ψ̃(y) = max{ψqi (y), i = 1.2...n}, k̄ = k0 +

nkp1T
p(α−1)+1

p(p(α− 1) + 1)
,

Ψ−1 is the inverse function of Ψ and for every t ∈ [0, T ],

Ψ(k̄) +
n∑
i=1

1

q

∫ t

0

(fi(s)λi(s))
qds ∈ Dom(Ψ−1).

Proof. Proceeding exactly as in the proof of theorem 4.3.1, we again arrive at the
inequality 4.3.1. Define the function ψ̃ by

ψ̃(x) = max{ψqi (x) : i = 1, 2, ..., n},

where 1
p
+ 1

q
= 1. Then,

v′(t) ≤
n∑
i=1

1

q
(fi(t)λi(t))

qdsψ̃(v(t))

which implies that
v′(t)

ψ̃(v(t))
≤

n∑
i=1

1

q
(fi(t)λi(t))

qds.
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Integrating both sides of the above inequality from 0 to t, we obtain∫ v(t)

v(0)

dy

ψ̃(y)
≤

n∑
i=1

1

q

∫ t

0

(fi(s)λi(s))
qds.

Therefore

v(t) ≤ Ψ−1

(
Ψ(k̄) +

n∑
i=1

1

q

∫ t

0

(fi(s)λi(s))
qds

)
.

In view of the fact that u(t) ≤ v(t) this proves the corollary.

If α = 1 and fi(t) ≡ 1 for i = 1, 2, ..., n in Corollary 4.3.2, we have the following
version of the result of Agarwal et al.([5], Theorem 2.1).

Corollary 4.3.3. Let k0, k1 > 0 and the functions λi, ψi, and u be as in Theorem 4.3.1.
If

u(t) ≤ k0 +
n∑
i=1

k1

∫ t

0

λi(s)ψi(u(s))ds,

then

u(t) ≤ Ψ−1
n

(
Ψn(kn−1) +

∫ t

0

λn(s)ds

)
,

where

Ψi(z) =

∫ z

zi

dy

ψi(y)
, z > zi > 0, i = 1, 2, ..., n,

the constants ki are given by

ki = Ψ−1
i [Ψi(ki−1) + ∥λi∥T1 ],

and T1 ∈ I is the largest number such that

∥λi∥T1 :=
∫ T1

0

λi(s)ds ≤
∫ ∞

ki−1

dy

ψi(y)
ds.

For n = 1, g ≡ 0, and f1 ≡ λ1 ≡ 1 in Theorem 4.3.1, we obtain the following
fractional Bihari type inequality on bounded intervals.

Corollary 4.3.4. Let k0, k1 > 0, q > 1
α
and the functions ψ and u be as in Theorem

4.3.1, such that

u(t) ≤ k0 + k1

∫ t

0

(t− s)α−1ψ(u(s))ds.

Then, for every t ∈ [0, T ] we have

u(t) ≤ Φ−1

(
Φ(k̄) +

t

q

)
, (4.3.2)
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where p
(
1− 1

q

)
= 1,

Φ(z) =

∫ z

k0

dz

(ψ(z))q
, k̄ = k0 +

kp1T
p(α−1)+1

p(p(α− 1) + 1)

and

Φ(k̄) +
t

q
∈ Dom(Φ−1), for every t ∈ [0, T ].

If n = 1 and λ1(t) ≡ 1 in Corollary 4.3.2, then by using Hölder inequality, we give
the other generalization of above inequality.

Corollary 4.3.5. Let k0, k1 > 0, the functions f, ψ and u be as in Theorem 4.3.1,

p
(
1− 1

q

)
= 1 and q > 1

α
. If

u(t) ≤ k0 + k1

∫ t

0

(t− s)α−1f(s)ψ(u(s))ds,

then

u(t) ≤
[
Ψ−1

(
2qkq1T

q(p(α−1)+1)

(p(α− 1) + 1)q

∫ t

0

f q(s)ds

)] 1
q

t ∈ [0, T ], (4.3.3)

where

Ψ(z) =

∫ z

2qkq

dx

(ψ( q
√
x))q

, z ≥ 2qkq.

Next, for convenience, we introduce a class of functions to be used to obtain new
fractional Bihari type inequalities.

Definition 4.3.1. A function ψ : [0,∞) → [0,∞) is said to belong to the class H if:

(H1) ψ is continuous, nondecreasing and positive for every z > 0.

(H2) There exist ϕ : [0,∞) → [0,∞) continuous function such that

ψ(γz) ≤ ϕ(γ)ψ(z), for every z ≥ 0, γ > 0.

For additional details on this class of functions, see [32].
By using Young’s inequality we give a generalization of Theorem 4.3.1.

Theorem 4.3.6. Let 0 < α < 1, q > 1
α
, and assume that for i = 1, 2, ..., n, the func-

tions f, λi, γi, h and g are non-negative and locally integrable, f and g are increasing,
and (fg)/h is decreasing on I = [0, T ]. Additionally, let ψi ∈ H, i = 1, 2, ..., n, with
corresponding multiplier functions ϕi. If u(t) is a non-negative continuous function on
I satisfying

u(t) ≤ h(t) +
n∑
i=1

∫ t

0

(t− s)α−1 (g(t)γi(s)u(s) + f(t)λi(s)ψi(u(s))) ds (4.3.4)
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then

u(t) ≤ h(t)Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
,

where

m(t) = max

(
n∑
i=1

1

q
(γi(t)g(t))

q,
n∑
i=1

1

q

(
f(t)λi(t)ϕi(h(t))

h(t)

)q)
, k̃ = 1+

2nT p(α−1)+1

p(p(α− 1) + 1)
,

Ψ(z) =

∫ z

1

dy

yq + ψ̃(y)
, ψ̃(y) = max{ψqi (y), i = 1, 2, ..., n}.

Proof. By 4.3.4 we have

u(t) ≤ h(t) + g(t)
n∑
i=1

∫ t

0

(t− s)α−1γi(s)u(s)ds

+ f(t)
n∑
i=1

∫ t

0

(t− s)α−1λi(s)ψi(u(s))ds,

then

u(t)

f(t)g(t)
≤ h(t)

g(t)f(t)
+

n∑
i=1

∫ t

0

(t− s)α−1γi(s)

f(s)
u(s)ds

+
n∑
i=1

∫ t

0

(t− s)α−1λi(s)

g(s)
ψi(u(s))ds,

which implies that

u(t)

h(t)
≤ 1 +

n∑
i=1

∫ t

0

(t− s)α−1 g(s)γi(s)

h(s)
u(s)ds

+
n∑
i=1

∫ t

0

(t− s)α−1f(s)λi(s)

h(s)
ψi(u(s))ds

≤ 1 +
n∑
i=1

∫ t

0

(t− s)α−1g(s)γi(s)
u(s)

h(s)
ds

+
n∑
i=1

∫ t

0

(t− s)α−1f(s)λi(s)ϕi(h(s))

h(s)
ψi

(
u(s)

h(s)

)
ds.

Set z = u(t)
h(t)

to see that this last inequality is equivalent to

z(t) ≤ 1 +
n∑
i=1

∫ t

0

(t− s)α−1g(s)γi(s)z(s)ds

+
n∑
i=1

∫ t

0

(t− s)α−1f(s)λi(s)ϕi(h(s))

h(s)
ψi(z(s))ds.
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Only we replace fi by
f(s)ϕi(h(s))

h(s)
in Theorem 4.3.1, we obtain

z(t) ≤ Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
.

Therefore,

u(t) ≤ h(t)Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
,

which completes the proof.

For n = 1, g ≡ 0, and f(t) ≡ k we next have a another fractional Bihari type
inequality on a bounded interval.

Corollary 4.3.7. Let u, λ : [0,∞) → [0,∞) are two continuous functions and ψ ∈
H with corresponding multiplier function ϕ on [0,∞) and h(t) > 0 is a monotonic,
nondecreasing and continuous function on [0,∞), and k > 0 be a constant with q > 1

α
.

If

u(t) ≤ h(t) + k

∫ t

0

(t− s)α−1λ(s)ψ(u(s))ds, t ∈ [0, T ], (4.3.5)

then

u(t) ≤ h(t)Ψ−1

(
Ψ(k̄) +

1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q
ds

)
, t ∈ [0, T ],

where

Ψ(z) =

∫ z

1

du

(ψ(u))q
, p

(
1− 1

q

)
= 1, k̄ = 1 +

kpT p(α−1)+1

p(p(α− 1) + 1)
,

and

Ψ(k̄) +
1

q

∫ t

0

(
ϕ(h(s))f(s)

h(s)

)q
ds ∈ Dom(Ψ−1), t ∈ [0, T ].

Proof. From 4.3.5 we have

u(t) ≤ h(t) + k

∫ t

0

(t− s)α−1λ(s)ψ(u(s))ds, t ∈ [0, T ],

the fact that h is nondecreasing, then

u(t)

h(t)
≤ 1 + k

∫ t

0

(t− s)α−1λ(s)

h(s)
ψ

(
h(s)u(s)

h(s)

)
ds

≤ 1 + k

∫ t

0

(t− s)α−1ϕ(h(s))λ(s)

h(s)
ψ

(
u(s)

h(s)

)
ds.
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Applying Young’s inequality gives

u(t)

h(t)
≤ 1 +

kp

p

∫ t

0

(t− s)p(α−1)ds+
1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q (
ψ

(
u(s)

h(s)

))q
ds.

This implies that

u(t)

h(t)
≤ 1 +

kpT p(α−1)+1

p(p(α− 1) + 1)
+

1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q (
ψ

(
u(s)

h(s)

))q
ds.

Define

v(t) = 1 +
kpT p(α−1)+1

p(p(α− 1) + 1)
+

1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q (
ψ

(
u(s)

h(s)

))q
ds.

It follows that

v′(t) =
1

q

(
ϕ(h(t))λ(t)

h(t)

)q (
ψ

(
u(t)

h(t)

))q
and v(0) = k̄.

Since ψ is nondecreasing function, then

v′(t) ≤ 1

q

(
ϕ(h(t))λ(t)

h(t)

)q
(ψ(v(t)))q .

By integration from 0 to t, we obtain∫ v(t)

k̄

dz

(ψ(z))q
≤ 1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q
ds.

Consequently, it follows that

v(t) ≤ Ψ−1

(
Ψ(k̄) +

1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q
ds

)
, t ∈ [0, T ].

Hence

u(t) ≤ h(t)Ψ−1

(
Ψ(k̄) +

1

q

∫ t

0

(
ϕ(h(s))λ(s)

h(s)

)q
ds

)
, t ∈ [0, T ],

which completes the proof.

As another result in this same spirit, we have the following theorem.

Theorem 4.3.8. Let 0 < α < 1, q > 1
α
and assume that u, λi, i = 1, 2, ..., n, and h

are non-negative functions, that are locally integrable on I = [0, T ], and let ψi ∈ H
with corresponding multiplier functions ϕi, moreover assume that the function h is
nondecreasing and satisfies the condition
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(H̃) for each t ∈ I there exist a continuous function χ such that h(z(t)) ≤ χ(t)
z(t)

.
If

u(t) ≤ h(u(t)) +
n∑
i=1

∫ t

0

(t− s)α−1λi(s)
u(s)

ϕi(h(u(s)))
ψi(u(s))ds, (4.3.6)

then

u(t) ≤
[
χ(t)Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)] 1
2

,

where

m(t) = max

(
n

pq
,

n∑
i=1

1

q2
λq

2

i (t)

)
, k̃ = 1 +

nT p(α−1)+1

p(p(α− 1) + 1)
,

Ψ(z) =

∫ z

1

dy

ypq + ψ̃(y)
, ψ̃(y) = max{ψq

2

i (y), i = 1.2...n}.

Proof. From 4.3.6 and the fact that ψi satisfies (H2) and h is increasing, we obtain

u(t)

h(u(t))
≤ 1 +

n∑
i=1

∫ t

0

(t− s)α−1λi(s)
u(s)

h(u(s))
ψi

(
u(s)

h(u(s))

)
ds.

Set z = u(t)
h(u(t))

to see that this last inequality is equivalent to

z(t) ≤ 1 +
n∑
i=1

∫ t

0

(t− s)α−1λi(s)z(s)ψi(z(s))ds.

By Young’s inequality, we see that

z(t) ≤ 1 +
n∑
i=1

(
1

p

∫ t

0

(t− s)p(α−1) +
1

q

∫ t

0

λqi (s)z
q(s)ψqi (z(s))

)
ds

≤ 1 +
nT p(α−1)+1

p(p(α− 1) + 1)
+

n∑
i=1

1

q

(
1

p

∫ t

0

z(s)pqds+
1

q

∫ t

0

λq
2

i (s)ψ
q2

i (z(s))

)
ds

this implies that

z(t) ≤ k̃ +
n∑
i=1

1

pq

∫ t

0

zpq(s)ds+
n∑
i=1

1

q2

∫ t

0

λq
2

i (s)ψ
q2

i (z(s))ds.

Letting

v(t) = k̃ +
n∑
i=1

1

pq

∫ t

0

zpq(s)ds+
n∑
i=1

1

q2

∫ t

0

λq
2

i (s)ψ
q2

i (z(s))ds,
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we define the functions m and ψ̃ as follows

m(t) = max

(
n

pq
,

n∑
i=1

1

q2
λq

2

i (t)

)
and ψ̃(t) = max{ψq

2

i (t), i = 1, 2, ..., n}.

Thus, with the nondecreasing of ψi we obtain

v′(t) =
n

pq
zpq(t) +

n∑
i=1

1

q2
λq

2

i (t)ψ
q2

i (z(t))

≤ m(t)
(
vpq(t) + ψ̃(v(t))

)
.

Hence

v′(t)

vpq(t) + ψ̃(v(t))
≤ m(t).

By integration from 0 to t, we obtain∫ v(t)

v(0)

dx

xpq + ψ̃(x)
≤

∫ t

0

m(s)ds.

With v(0) = k̃ we have

Ψ(v(t)) ≤ Ψ(k̃) +

∫ t

0

m(s)ds,

which implies that

v(t) ≤ Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
.

Since u(t)
h(u(t))

= z(t) ≤ v(t) and (H̃) holds, we finally obtain

u(t) ≤ h(u(t))Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
≤ χ(t)

u(t)
Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
.

Thus,

u2(t) ≤ χ(t)Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)
.

Consequently, it follows that

u(t) ≤
[
χ(t)Ψ−1

(
Ψ(k̃) +

∫ t

0

m(s)ds

)] 1
2

.

This completes the proof of the theorem.
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Chapter 5

Fractional Differential Inclusions
with Delay

In this chapter we wish to apply some of the inequalities obtained in section 4.3 of
chapter 4 and the new Leray-Schauder type fixed point theorem obtained in section
1.4 of chapter 1 in the convex case, and the Filippov theorem in the non-convex case
to proving the existence of solutions to the Cauchy problem for the fractional delay
differential inclusions {

cDβx(t) ∈ F (t, xt) , t ∈ J,
x(t) = φ(t) , t ∈ I,

(5.0.1)

where: 0 < β ≤ 1, J := [0, T ], I := [−r, 0], r, T are strictly positive constants and
F : J × C(I, E) → Pcp,cv(E) is a multivalued function.
For any function x defined on [−r, T ] and any t ∈ J we denote by xt the element of
C(I, E) defined by

xt(θ) = x(t+ θ), θ ∈ I.

Let Ω := C([−r, T ], E). We begin by recalling the definition of the solution of the
problem (5.0.1).

Definition 5.0.1. The function x ∈ Ω is solution of the problem (5.0.1) if there exists
one function v ∈ SqF,x, such that

x(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1v(s)ds , t ∈ J.

5.1 Convex case

We will need to make use of the following assumptions in our results in this section.

(H1) The multivalued map F (t, ·) has a strong measurable selection for x ∈ C(I, E).

(H2) The map F (t, ·) is upper hemicontinuous for almost all t ∈ J .
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Fractional Differential Inclusions with Delay

(H3) There exists a function ψ ∈ H and f ∈ Lq(J,R+) with q > 1
β
such that

∥F (t, x)∥E ≤ f(t)ψ(∥x∥∞)

for every t ∈ J and x ∈ C(I, E).

(H4) There exists g ∈ Lq(J,R+) such that for all bounded D ⊂ C(I, E), we have

α(F (t,D)) ≤ g(t) sup
θ∈J0

α(D(θ)), for a.e.t ∈ J,

where D(θ) = {ϕ(θ) : ϕ ∈ D}.

In the following proposition we establish some properties of the selections functions
operator.

Proposition 5.1.1. If E is a reflexive space and the multifunction F satisfies
(H1)− (H3) for 1 < q <∞, then the selections functions operator
SqF : C([−r, T ], E) → Lq([−r, T ], E) given by

SqF (x) = {v ∈ Lq(J,E) : v(t) ∈ F (t, xt)} a.e.t ∈ J

has nonempty convex weakly compact values and is a weakly upper semicontinuous
multivalued operator.

Proof. The convexity of SqF follows immediately from the convexity of F . Let x ∈
C([−r, T ], E), there exists a step sequence xn converging uniformly to x in C([−r, T ], E).
By conditions (H1) and (H3), there is a sequence vn of strong measurable selections of
F such that

vn(t) ∈ F (t, (xn)t) a.e. t ∈ J

and

∥vn(t)∥ ≤ p(t)ψ(ρ) a.e. ∈ J,

where

∥xn∥∞ ≤ ρ for all n ∈ N.

Hence,

vn ∈ SqF (xn) for all n ∈ N,

and (vn) is bounded sequence in Lq(J,E). Since E is a reflexive space, by the duality
Theorem ([35] V.1.1), the space Lq(J,E) is also reflexive. By the Eberlein-Smulian
Theorem (see Brezis [25]), there exists a subsequence, still denoted by vk, that converges
weakly to v ∈ Lq(J,E). Additionally, we have

v(t) ∈ ∩n≥1{vk(t) : k ≥ n} ⊂ ∩n≥1co{vk(t) : k ≥ n}, a.e. t ∈ J. (5.1.1)
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5.1 Convex case

Since F (t, ·) is upper hemicontinuous,

lim sup
n→∞

σ(x⋆, F (t, (xn)t)) ≤ σ(x⋆, F (t, xt)), for all x
⋆ ∈ E⋆. (5.1.2)

Since vn(t) ∈ F (t, (xn)t) a.e. t ∈ J it follows that

vn(t) ∈ coB

(
F (t, (xn)t),

1

n

)
a.e. t ∈ J. (5.1.3)

By (5.1.1) - (5.1.3), and applying the Lebesgue dominated convergence theorem, we
obtain

v(t) ∈ F (t, xt), a.e. t ∈ J.

Therefore, SqF (x) ̸= Ø and SqF (x) ∈ Pwcp,cv(C([−r, T ], E)).
Let {(xn, vn)}n∈N ∈ Gr(SqF ) such that (xn) converges to x ∈ C([−r, T ], E). Then, for
each n ∈ N, we have

vn(t) ∈ (F (t, (xn)t), a.e t ∈ J.

Applying a similar argument, we can prove that the Nemytskii operator is weakly upper
semicontinuous.

Now consider the operator N : C([−r, T ], E) → P (C([−r, T ], E)) defined by

N(x)(t) =

{
h ∈ Ω : h(t) =

{
φ(t), t ∈ J0,

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1v(s)ds , t ∈ J,

}
, (5.1.4)

where v ∈ SqF (x). Notice that N can be written in the form

N(x) = L(x) + (KoSqF )(x), x ∈ C([−r, T ], E), (5.1.5)

where L : C([−r, T ], E) → C([−r, T ], E) is defined by

L(x(t)) =

{
φ(t), t ∈ I,
φ(0) , t ∈ J,

and K : Lq(J,E) → C([−r, T ], E) by

K(v(t)) =

{
0, t ∈ I,
1

Γ(β)

∫ t
0
(t− s)β−1v(s)ds , t ∈ J.

Next, we establish an important property of the operator N(x) defined in (5.1.4).

Proposition 5.1.2. If conditions (H1)− (H4) hold, then the operator N is u.s.c. and
α-condensing.

Proof. We will divide the proof into several steps. we begin by showing that N is u.s.c.
and has nonempty convex values.
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Step 1: N(·) ∈ Pcv(E). Since L is single valued, K is a bounded linear operator, and
SqF has nonempty convex values, for each x ∈ C([−r, T ], E) we have N(x) ∈ Pcv(E).

Step 2: N is u.s.c. We first show that N maps bounded sets into bounded subsets of
C([−r, T ], E). Let Bρ := {x ∈ C([−r, T ], E) : ∥x∥∞ ≤ ρ}. For x ∈ Bρ and h ∈ N(x),
there exists v ∈ SqF,x such that

h(t) =

{
φ(t), t ∈ I,

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1v(s)ds , t ∈ J.

Then, by (H3) and Holder’s inequality

∥h(t)∥ ≤ ∥φ(0)∥+ ∥ 1

Γ(β)

∫ t

0

(t− s)β−1v(s)ds∥

≤ ∥φ∥∞ +
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ψ(∥xs∥)ds

≤ ∥φ∥∞ +
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ψ(∥x∥∞)ds

≤ ∥φ∥∞ +
ψ(ρ)

Γ(β)

(∫ t

0

(t− s)pβ−pds

) 1
p

∥f∥Lq .

Hence,

∥h∥∞ ≤ ∥φ∥∞ +
T β−1+ 1

P ψ(ρ)

Γ(β)
∥f∥Lq .

Next, we wish to show that N maps bounded sets into equicontinuous subsets of
C([−r, T ], E). Let t1, t2 ∈ J with t1 < t2 and letBρ be a bounded subset of C([−r, T ], E).
If x ∈ Bρ, then for each h ∈ N(x), we have

∥h(t2)−h(t1)∥ ≤ ψ(ρ)

Γ(β)

∫ t2

t1

(t2−s)β−1f(s)ds+
ψ(ρ)

Γ(β)

∫ t1

0

|(t2−s)β−1−(t1−s)β−1|f(s)ds.
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5.1 Convex case

From the Holder and Biernacki inequalities, it follows that

∥h(t2)− h(t1)∥ ≤ pψ(ρ)(t2 − t1)
β−1+ 1

p

(pβ − p+ 1)Γ(β)
∥f∥Lq

+
ψ(ρ)

Γ(β)

(∫ t1

0

(
(t1 − s)β−1 − (t2 − s)β−1

)p
ds

) 1
p

∥f∥Lq

≤ pψ(ρ)(t2 − t1)
β−1+ 1

p

(pβ − p+ 1)Γ(β)
∥f∥Lq

+
ψ(ρ)

Γ(β)

(∫ t1

0

(
(t1 − s)pβ−p − (t2 − s)pβ−p

)
ds

) 1
p

∥f∥Lq

≤ pψ(ρ)(t2 − t1)
β−1+ 1

p

(pβ − p+ 1)Γ(β)
∥f∥Lq

+
ψ(ρ)

(
tpβ−p+1
1 + (t2 − t1)

pβ−p+1 − tpβ−p+1
2

) 1
p

(pβ − p+ 1)Γ(β)
∥f∥Lq .

The left-hand side tends to zero as t2 − t1 → 0, so N(Bρ) is equicontinuous in
C([−r, T ], E).
Step 3: N is a condensing operator for a suitable measure of noncompactness α. Given
a bounded subset D ∈ Pb([−r, T ], E), let modc(D) be the modulus of equicontinuity of
the set of functions D, i.e.,

modc(D) = lim
δ→0

sup
x∈D

max
|t2−t1|≤δ

|x(t2)− x(t1)|.

It is well known (see, for example, ([57], example 2.1.2)) thatmodc(D) defines a measure
of noncompactness in C([−r, T ], E) that satisfies all of the properties in lemma 1.3.2
except regularity. Given the Hausdorff’s measure of noncompactness χ, let α be the
real measure of noncompactness defined on bounded subset of C([−r, T ], X) by

α(D) = sup
t∈[0,T ]

e−τ
∫ t
0 f

q(s)dsχ(D(t)),

where τ > 0 chosen such that

q⋆ =
2T β−1+ 1

p

p
√
qτ(pβ − p+ 1)Γ(β)

< 1. (5.1.6)

Then we define the measure of noncompactness α on bounded subsets of C([−r, T ], E)
by

α(D) = max
D∈∆(C([−r,T ],E))

(α(D),modc(D)),
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where ∆(C([−r, T ], E)) is the collection of all countable subsets of B. The measure of
noncompactness α is monotone, regular, and nonsingular (see ([57], example 2.1.4)). To
show that N is α-condensing, let B ⊂ C([−r, T ], E) be a bounded set in C([−r, T ], E)
such that

α(B) ≤ α(N(B)). (5.1.7)

To show that B is relatively compact, let {xn : n ∈ N} ⊂ B. From (5.1.5), each hn in
N(xn) can be represented as

hn = L(xn) +K(vn), with vn ∈ SF (xn). (5.1.8)

Moreover, (5.1.7) yields

α({hn : n ∈ N}) ≥ α({xn : n ∈ N}). (5.1.9)

From condition (H4), for a.e. t ∈ J ,

χ({vn(t) : n ∈ N}) ≤ χ(F (t, {xn(t)}∞n=1))

≤ g(t)χ({(xt)n}∞n=1)

≤ g(t) sup
0≤s≤t

χ({(xs)n}∞n=1)

≤ eτ
∫ t
0 g

q(s)dsg(t)α({xn}∞n=1).

Then
χ({vn(t) : n ∈ N}) ≤ eτ

∫ t
0 g

q(s)dsg(t)α({xn}∞n=1). (5.1.10)

It is clair that s 7→ (t− s)β−1g(s) ∈ Lq((0, t)). Then, Lemma 1.3.8 implies

χ({K(vn)(t)}∞n=1) ≤ α({xn}∞n=1)
2

Γ(β)

∫ t

0

(t− s)β−1g(s)eτ
∫ s
0 g

q(r)drds

≤ α({xn}∞n=1)
2

Γ(β)

(∫ t

0

(t− s)pβ−pds

) 1
p
(∫ t

0

gq(s)eqτ
∫ s
0 g

q(r)dr

) 1
q

ds

≤ α({xn}∞n=1)
2tβ−1+ 1

p

p
√
(pβ − p+ 1)Γ(β)

(∫ t

0

gq(s)eqτ
∫ s
0 g

q(r)dr

) 1
q

ds

≤ α({xn}∞n=1)
2tβ−1+ 1

p

p
√
qτ(pβ − p+ 1)Γ(β)

eτ
∫ t
0 g

q(s)ds.

Therefore,

α({xn}∞n=1) ≤ α({hn}∞n=1) = sup
t∈J

e−τ
∫ t
0 g

q(s)dsχ({hn(t)}∞n=1) ≤ q⋆α({xn}∞n=1).(5.1.11)

Using (5.1.6), we have

α({xn}∞n=1) = 0. (5.1.12)
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5.1 Convex case

Moreover, α(xn) = 0 implies that χ({xn(t)}) = 0 for a.e. t ∈ [−r, T ]. In turn, (5.1.10)
implies that

χ({vn(t)}) = 0 for a.e. t ∈ [−r, T ].

Hence, (5.1.8) implies that χ({hn}∞n=1) = 0. By an argument similar to the one we
used to prove that N maps bounded sets into equicontinuous sets, we can prove that
the set {hn} is equicontinuous, and so modc(B) = 0. It follows that α({hn}∞n=1) = 0,
which by (5.1.9) implies that α({xn}∞n=1) = 0. Thus, B is relatively compact. By
the Arzela-Ascoli theorem, N is completely continuous, from which we have that N is
α-condensing.

Step 4: N has a closed graph. Let {xn}n∈N ∈ C([−r, T ], E) be a sequence such that

{xn}n∈N converges to x̃, hn ∈ N(xn), and {hn}n∈N converges to h̃. We need to show

that h̃ ∈ N(x̃). So for each n ∈ N there exist vn ∈ SqF (xn) such that

hn(t) = L(xn(t)) +K(vn(t)), t ∈ [−r, T ].

Similar to the proof of proposition 5.1.1, we can conclude that there exists a sub-
sequence of vn converging weakly to v in Lq and satisfying

v(t) ∈ F (t, x̃t), a.e. t ∈ J.

Since K is a continuous linear operator,

K(vn(t)) → K(v(t)) as n→ ∞.

On the other hand, the continuity of L implies that

L(xn(t)) → L(x̃(t) as n→ ∞.

Therefore,

hn(t) → L(x̃(t) +K(v(t)) as n→ ∞.

This implies

h = L(x̃) +K(v) ∈ N(x̃).

Hence, the multivalued operator N has a closed graph. In view of Steps 1-4, the proof
of the proposition is complete.

We are now ready to give our main existence result for problem (5.0.1).

Theorem 5.1.3. Assume that (H1)- (H4) hold.Then the problem (5.0.1) has at least
one solution on [−r, T ] moreover the solution set of this problem is compact.

Proof. It is clear that the solutions of (5.0.1) correspond to the set FixN of fixed point
of the multivalued operator N defined in Proposition 5.1.2. By Propositions 5.1.1 and
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5.1.2, N(·) ∈ Pcv,wcp(C([−r, T ], E)) and it is u.s.c., admissible, and α-condensing. Let
x ∈ C([−r, T ], E) be such that

x ∈ λN(x) for some 0 < λ < 1.

Then,

∥x(t)∥ ≤ ∥φ∥∞ +
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ψ(∥xs∥)ds.

Let µ(t) = sup−r≤s≤t ∥x(s)∥; then

µ(t) ≤ ∥φ∥∞ +
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ψ(µ(s))ds.

From Corollary 4.3.5

u(t) ≤
[
Ψ−1

(
2qkq1T

q(p(α−1)+1)

(p(α− 1) + 1)q

∫ t

0

f q(s)ds

)] 1
q

t ∈ [0, T ],

where

Ψ(z) =

∫ z

2qkq

dx

(ψ( q
√
x))q

, z ≥ 2qkq.

Hence,

∥x∥∞ ≤
[
Ψ−1

(
2qkq1T

q(p(α−1)+1)

(p(α− 1) + 1)q
∥f∥Lq

)] 1
q

:=M⋆,

and so the set
M = {x ∈ C([−r, T ], E) : x ∈ λN(x), λ ∈ (0, 1)}

is bounded. As a consequence of Lemma 1.4.2, N has a fixed point x in C([−r, T ], E)
that is a solution to problem (5.0.1). Finally, since FixN is bounded, by Lemma 1.4.4,
FixN is also compact. This proves the theorem.

Remark 5.1.1. In all our results in Section 4.3 and in the main theorem in Section
5.1 (see condition H3, we have asked that q > 1

β
. It would be of interest to see what

might be proved in the case where q ≤ 1
β
.

5.2 Non-convex case

In this case we use the Filippov’s theorem on a bounded interval.
Let ψ ∈ C(I, E), h ∈ L1(J,E), and let y ∈ Ω be a solution of the following differential
problem with semi-linear equation{

cDβy(t) = h(t) , t ∈ J
y(t) = ψ(t) , t ∈ I.

We will consider the following assumptions
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(A1) The multi-function F : J × C(I, E) → P (E) has closed values, such that
(a) for all u ∈ E, t 7→ F (t, u) is measurable,
(b) the map γ : t 7→ d(h(t), F (t, yt)) is integrable.

(A2) There exists a function g ∈ Lq(J,R+), and a strictly positive real ρ such that

Hd(F (t, u);F (t, v)) ≤ g(t)∥u− v∥∞,

for all t ∈ J ,and u, v ∈ B(yt, ρ), with B(yt, ρ) is the closed ball of C(I, E).

(A3) The function g satisfied the following condition,

T p(β−1)+1

Γp(β)p(p(β−1)+1)
+ 1

q
∥g∥Lq ≤ 1 for every t ∈ J.

We define the function ξ by

ξ(t) = δ +
1

Γ(β)

∫ t

0

(t− s)β−1γ(s)ds.

For each t ∈ J , with δ a strictly positive real.
We have the following result

Theorem 5.2.1. Assume that (A1)- (A4) hold. Moreover if

ξ(t) ≤ ρ.

Then, for all φ ∈ C(I, E) with ∥φ− ψ∥∞ ≤ δ,
the problem (5.0.1) has at least one solution on [−r, T ].

Proof. Let φ ∈ C(I, E) such that ∥φ− ψ∥∞ ≤ δ. We construct a sequence of function
(xn(t))n∈N which will show that it is converging to some solution of problem (5.0.1)
on the interval [−r, T ]. Let f0 = h on J and x0(t) = y(t) for all t ∈ [−r, T ], i.e.

x0(t) =

{
ψ(t), t ∈ I

ψ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f0(s)ds , t ∈ J.

Then we defined the multi-valued map U1 : J → P (E), by

U1(t) = F (t, xt) ∩B(h(t), γ(t)).

Since h and γ are measurable, Theorem 1.1.8 tells us that the ball B(h(t), γ(t)) is
measurable. Moreover F (t, xt, xt(ω)) is measurable and U1 is nonempty.Indeed, since
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v = 0 is a measurable function, from lemma 1.1.4 there exists a function u1 which is a
measurable selection of F (t, x0t ), and such that

| u1(t)− h(t) |≤ d(h(t), F (t, x0t )) := γ(t),

this implies that
| u1(t)− h(t) |≤ γ(t),

so
u1(t) ∈ B(h(t), γ(t)) and u1(t) ∈ F (t, x0t ),

therefore
u1(t) ∈ U1(t).

We deduce that the intersection multi-valued operator U1(t) is measurable. By the
Lemma 1.1.3, there exists a function t 7→ f1(t) which a measurable selection for U1.
Consider

x1(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f1(s)ds , t ∈ J.

Then for each t ∈ J we have

∥x1t − x0t∥∞ ≤ ∥φ− ψ∥∞ +
1

Γ(β)

∫ t

0

(t− s)β−1 | f1(s)− f0(s) | ds,

≤ δ +
1

Γ(β)

∫ t

0

(t− s)β−1γ(s)ds := ξ(t) ≤ ρ.

Then Lemma 1.1.6, tells us that F (t, x1t )) is measurable. The ball B(f1(t), g(t)∥x1 −
x0∥∞) is also measurable by Theorem 1.1.8. Moreover the operator U2 defined by

U2(t) = F (t, x1t ) ∩B(f1(t), g(t)∥x1 − x0∥∞),

is measurable nonempty. Indeed, since f1 is a measurable function, then by Lemma
1.1.4 we have the existence of a measurable selection u2 of F (t, x1t ), such that

| u2(t)− f1(t) | ≤ d(f1(t), F (t, x
1
t ))

≤ Hd(F (t, x
0
t ), F (t, x

1
t ))

≤ g(t)∥x1 − x0∥∞,

so
u2(t) ∈ B(f1(t), g(t)∥x1 − x0∥∞) and u2(t) ∈ F (t, x1t ),

hence
u2(t) ∈ U2(t).

Lemma 1.1.3 yields a measurable selection f2(t) ∈ U2(t). So,

| f2(t)− f1(t) |≤ g(t)∥x1 − x0∥∞.
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We define now x2t by

x2(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f2(s)ds , t ∈ J.

We obtain the following estimates:

∥x2 − x1∥∞ ≤ 1

Γ(β)

∫ t

0

(t− s)β−1 | f2(s)− f1(s) | ds

≤ 1

Γ(β)

∫ t

0

(t− s)β−1g(s)∥x1s − x0s∥ds

≤ 1

Γ(β)

(
T p(β−1)+1

p(p(β − 1) + 1)
+

1

q
∥g∥Lq

)
∥x1 − x0∥∞.

So

∥x2 − x1∥∞ ≤ λ(t)ξ(t), (5.2.1)

where

λ(t) =
1

Γ(β)

(
T p(β−1)+1

p(p(β − 1) + 1)
+

1

q
∥g∥Lq

)
.

Defining now also the operator U3 by

U3(t) = F (t, x2t ) ∩B(f2(t), g(t)∥x2 − x1∥∞).

Similarly with all the above we will have that: U3(t) is a measurable multi-valued
operator with nonempty values, so there exists a measurable selection f3(t) ∈ U3(t).
This allows us to define

x3(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f3(s)ds , t ∈ J.

For t ∈ J we obtain the estimates:

∥x3 − x2∥∞ ≤ 1

Γ(β)

∫ t

0

(t− s)β−1 | f3(s)− f2(s) | ds

≤ 1

Γ(β)

∫ t

0

(t− s)β−1g(s)∥x2s − x1s∥ds

≤ (
1

Γ(β)

∫ t

0

(t− s)β−1g(s)ds)∥x2 − x1∥∞

≤ λ(t)∥x2 − x1∥∞.

We use (5.2.1) to have that

∥x3 − x2∥∞ ≤ (λ(t))2ξ(t). (5.2.2)
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The same manner be we define the operator U4 by

U4(t) = F (t, x3t ) ∩B(f3(t), g(t)∥x3 − x2∥∞).

Arguing as for U2, we can prove that U4 is a measurable multi-valued operator with
nonempty values, so there exists a measurable selection f4(t) ∈ U4(t). Then we define
x4t by

x4(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f4(s)ds , t ∈ J.

And we will obtain the estimate:

∥x4 − x3∥∞ ≤ 1

Γ(β)

∫ t

0

(t− s)β−1 | f4(s)− f3(s) | ds

≤ 1

Γ(β)

∫ t

0

(t− s)β−1g(s)∥x3s − x2s∥ds

≤ (
1

Γ(β)

∫ t

0

(t− s)β−1g(s)ds)∥x3 − x2∥∞

≤ λ(t)∥x3 − x2∥∞.

And using (5.2.2) to have that

∥x4 − x3∥∞ ≤ (λ(t))3ξ(t).

We repeat this processor for n = 1, 2, 3, 4, ..., we arrive at the following bound

∥xn − xn−1∥∞ ≤ (λ(t))n−1ξ(t). (5.2.3)

By induction, suppose that (5.2.3) holds for some n and check (5.2.3) for n+1. Let
Un+1 defined by the following form

Un+1 := F (t, xnt ) ∩B(fn(t), g(t)∥xn − xn−1∥∞).

As in the above arguing Un+1 is a nonempty measurable, then has a measurable
selection fn+1(t) ∈ Un+1(t), this allows us to define for n ∈ N

xn+1(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1fn+1(s)ds , t ∈ J.

Therefore for each t ∈ J , we have

∥xn+1 − xn∥∞ ≤ 1

Γ(β)

∫ t

0

(t− s)β−1 | fn+1(s)− fn(s) | ds

≤ 1

Γ(β)

∫ t

0

(t− s)β−1g(s)∥xns − xn−1
s ∥ds

≤ (
1

Γ(β)

∫ t

0

(t− s)β−1g(s)ds)∥xn − xn−1∥∞

≤ λ(t)∥xn − xn−1∥∞.
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Using (5.2.3) to have that

∥xn+1 − xn∥∞ ≤ (λ(t))nξ(t).

Consequently, (5.2.3) holds true for all n ∈ N. We deduce that (xnt ) is a Cauchy
sequence in the Banach space Ω := C([−r, T ], E), since Ω is complete then (xnt ) is
converging to a limit function x(t) ∈ Ω. Moreover, from the definition of Un+1, we
have

| fn+1(t)− fn(t) |≤ g(t)∥xn − xn−1∥∞ for each t ∈ J.

Hence for almost every t ∈ J , fn(t) is also a Cauchy sequence in the Banach space
E and then converging almost everywhere to some measurable function f(t) ∈ E. On
the other hand we have by definition of (xnt ), for each t ∈ J

xn(t)− φ(0) =
1

Γ(β)

∫ t

0

(t− s)β−1fn(s)ds).

Using now,the fact that fn → f , with the Lebesgue dominated convergence theorem,
and passing to the limit as n→ +∞ we have

lim
n→+∞

(xn(t)− φ(0) = lim
n→+∞

1

Γ(β)

∫ t

0

(t− s)β−1fn(s)ds),

so

x(t)− φ(0) =
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ds,

this implies that

x(t) = φ(0) +
1

Γ(β)

∫ t

0

(t− s)β−1f(s)ds, for each t ∈ J,

and x(t) = φ(t), for every t ∈ I so

x(t) =

{
φ(t), t ∈ I

φ(0) + 1
Γ(β)

∫ t
0
(t− s)β−1f(s)ds , t ∈ J.

With f ∈ SF,x, therefore x(t) is solution of the problem (5.0.1) on [−r, T ].
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Chapter 6

Fractional lattice system with delay

Main objective in this chapter, is to analyze the existence of solutions of fractional
differential equations with the Caputo fractional substantial derivative, for following
fractional lattice system with delay

{
Dα
s [ui(t)− gi(t, ui(t− η(t)))]− Aui(t) = Fi(t, uit, uit,τ ) , t ≥ 0,

ui(t) = φi(t) , t ∈ I,
(6.0.1)

where:
X be a separable Hilbert space with norm ∥ · ∥ and inner product ⟨·, ·⟩,
Fi(t, uit, uit,τ ) = −fi(t, uit, ui(t− τ(t, uit, σ))), Aui(t) = ui−1(t) + 2ui(t)− λui(t)
λ ∈ R, 0 < α < 1, i ∈ Z , J = [0, T ], I = [−h, 0],
fi : J × C(I,X)×X → X, are given functions,
gi : J ×X → X are given continuous functions in its two variables,
φ : I → X, τ : J × C(I,X) × Σ → [0, h] and η : J → [0, h] are given continuous
functions.
With Σ a parameter space with norm | · |Σ. For any function ui defined on [−h, T ] and
any t ∈ J we denote by uit the element of C(I,X) defined by

uit(θ) = ui(t+ θ), θ ∈ I.

Here uit(·) represents the history of the state from time t−h, up to the present time t.

For simplify the calculus let C([−h, T ], X) = CT and ν = −η(t), and ω = −τ(t, ut, σ),
hence ν, ω ∈ [−h, 0], then we obtain u(t − η(t)) = u(t + ν) = ut(ν), and u(t −
τ(t, ut, σ)) = u(t + ω) = ut(ω) this implies that, gi(t, u(t − η(t))) = gi(t, ut(ν)), and
fi(t, ut, u(t− τ(t, ut, σ))) = fi(t, ut, ut(ω)).
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6.1 Existence of solutions

6.1 Existence of solutions

For this study, We consider the following delay differential equations with Caputo
fractional substantial tim derivative in the separable Hilbert space X.{

Dα
s [u(t)− g(t, ut(ν))] = f(t, ut, ut(ω) , t ≥ 0,

u(t) = φ(t) , t ∈ I,
(6.1.1)

where the nonlinear term f is weakly continuous in bounded sets.

Definition 6.1.1. A function u ∈ CT is called a solution of the initial value problem
6.1.1 if u(t) = φ(t) for t ∈ I with φ ∈ C(I,X), and, for t ∈ J , u(t) satisfies the
integral equation

u(t) = [φ(0)− g(0, φ(ν))]e−βt+ g(t, ut(ν))+
1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)f(r, ur, ur(γ))dr.

Introduce the following hypotheses:

(H1) The function f : J × C(I,X) × C(I,X) → X is continuous, and there exist
M1 > 0 such that

∥f(t, u, v)− f(t, ũ, ṽ)∥X ≤M1(∥u− ũ∥∞ + ∥v − ṽ∥∞)

for every t ∈ J , u, ũ, v, ṽ ∈ C(I,X).

(H2) The function f(t, 0, 0) is L1+ 1
α locally integrable, and there exists b > 0 such that∫ t

0

(t− r)α−1e−β(t−r)∥f(r, 0, 0)∥dr ≤ b, ∀t ≥ 0.

(H3) (i) There exist constants 0 < d1 < 1 and d2 ≥ 0 such that

∥g(t, u)∥X ≤ d1∥u∥∞ + d2, for each t ∈ J , u ∈ C(I,X),

(ii) the subset {t 7→ g(t, u) : u ∈ B} is equicontinuous for all subset bounded B
of CT .

Our result is given by

Theorem 6.1.1. Assume that (H1)- (H3) hold. Then the problem (6.1.1) has at least
one solution on [−h, T ], moreover the solution set of this problem is bounded.
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Proof. Transform the problem (6.1.1) into a fixed point problem. Consider the operator
Sφ : CT → CT defined by

Sφ(u)(t) =


φ(t), t ∈ I
(φ(0)− g(0, φ(ν)))e−βt + g(t, ut(ν))

+ 1
Γ(α)

∫ t
0
(t− r)α−1e−β(t−r)f(r, ur, ur(γ))dr , t ∈ J.

SinceX is a separable space, there exists a sequence such that the subset {e1, e2, ..., en, ...}
is dense in X, and by the Gram-Schmidt procedure, we can obtain an orthonormal
subset of X, still denoted by {e1, e2, ..., en, ...}. Taking Xn = {e1, e2, ..., en}, and
Pn : X → Xn an orthonormal projector, defined as Pnu = un, and Pnφ = φn, we
can introduce the mapping Sn,φ : CT → CT as, for any φn ∈ C(I,X),

Sn,φ(u)n(t) =


φn(t), t ∈ I
(φn(0)− g(0, φn(ν)))e

−βt + g(t, un(t+ ν))

+ 1
Γ(α)

∫ t
0
(t− r)α−1e−β(t−r)Pnf(r, unr, unr(γ))dr , t ∈ J.

For any positive constant ρ, denote by

Aρ :=

{
un ∈ CT : un(t) = φn(t), t ∈ I, and sup

t∈J
∥un(t)∥ ≤ ρ

}
.

Note that a fixed point of Sn,φ is a solution of (6.1.1).
We will show that Sn,φ satisfies the assumptions of Leray-Schauder’s fixed point theo-
rem. The proof will be given in several steps.

Step 1: We will show that for any φn ∈ C(I,X) the operator Sn,φ maps the bounded
subset Aρ ⊂ CT into another bounded set Aρ′ ⊂ CT , i. e, for all ρ > 0, there exists a
positive constant ρ′ such that for each un ∈ Aρ we have supt∈J ∥Sn,φun(t)∥ ≤ ρ′. Let
un ∈ Aρ be arbitrary. From the definition of Sn,φ and the hypotheses (H1)− (H3) we
have for all t ∈ J ,

∥Sn,φun(t)∥ ≤ (1+d1)∥φn∥∞+d1ρ+2d2+
1

Γ(α)

∫ t

0

(t−r)α−1e−β(t−r)∥f(r, unr, unr(γ))∥dr,

by (H1) and (H2) to see that

∥f(r, unr, unr(γ))∥ = ∥f(r, unr, uγ)− f(r, 0, 0) + f(r, 0, 0)∥
≤ |f(r, unr, uγ)− f(r, 0, 0)∥+ ∥f(r, 0, 0)∥
≤ 2M1∥un∥∞ + ∥f(r, 0, 0)∥,

we replace in the above inequality and we obtain

∥Sn,φun(t)∥ ≤ (1 + d1)∥φn∥∞ + d1ρ+ 2d2 +
b

Γ(α)
+

2M1ρT
α

Γ(α + 1)
:= ρ′, ∀t ∈ J.
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6.1 Existence of solutions

Hence, Sn,φ maps the bounded set Aρ into another bounded set Aρ′ .

Step 2: Sn,φ is continuous on CT .
Let ukn ∈ CT be a sequence such that ukn → un in CT as k → ∞. We can prove that,
for any t ∈ J , as k goes to ∞,

∥uknt − unt∥∞ = sup
θ∈I

∥ukn(t+ θ)− un(t+ θ)∥ ≤ sup
t∈J

∥ukn(t)− un(t)∥ → 0.

Thus, for every t ∈ J , we have

∥Sn,φukn(t)− Sn,φun(t)∥ ≤ ∥g(t, uknt(ν))− g(t, unt(ν))∥

+
2M1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥ukn(s)− un(s)∥ds

≤ ∥g(t, uknt(ν))− g(t, unt(ν))∥

+
2M1

Γ(α)
∥uknt − unt∥CT

∫ t

0

(t− r)α−1e−β(t−r)ds

≤ ∥g(t, uknt(ν))− g(t, unt(ν))∥+
2M1T

α

Γ(α + 1)
∥uknt − unt∥CT

.

Hence, by continuous of g in its two variables we have ∥g(t, uknt(ν))− g(t, unt(ν))∥ → 0
as k → ∞ and since ∥uknt − unt∥CT

→ 0, as k → ∞, then we obtain

∥Sn,φukn(t)− Sn,φun(t)∥ → 0 as k → ∞.

This proved that the operator Sn,φ is continuous on CT .

Step 3: Sn,φ is completely continuous. Since Xn has a finite dimension n, it suffices
to prove that the family of continuous operators {Sn,φun : un ∈ Aρ} is uniformly
bounded and equicontinuous of CT on J . As proved in Step 1, for any un ∈ Aρ, we
find ∥Sn,φun(t)∥CT

≤ ρ′, which implies that {Sn,φun : un ∈ Aρ} is uniformly bounded.
On the other hand, for any t1, t2 ∈ J with t1 < t2, we have

∥Sn,φun(t2)− Sn,φun(t1)∥ ≤ Q1 +Q2 +Q3 +Q4.

With

Q1 = ∥φn(0)− g(0, φn(ν))∥|e−βt2 − e−βt1|
≤ [(1 + d1)∥φn∥+ 2d2]e

−βt1(1− e−β(t2−t1)) → 0 as t1 → t2,

Q2 = ∥g(t2, unt2(ν))− g(t1, unt1(ν))∥ → 0 by (ii) in (H3),

99



Fractional lattice system with delay

Q3 =
1

Γ(α)

∫ t1

0

[(t1 − r)α−1e−β(t1−r) − (t2 − r)α−1e−β(t2−r)]∥f(r, unr, unr(γ))∥dr

≤ 1

Γ(α)

∫ t1

0

e−β(t1−r)[(t1 − r)α−1 − (t2 − r)α−1e−β(t2−t1)]∥f(r, unr, unr(γ))− f(r, 0, 0)∥dr

+
1

Γ(α)

∫ t1

0

e−β(t1−r)[(t1 − r)α−1 − (t2 − r)α−1e−β(t2−t1)]∥f(r, 0, 0)∥dr

≤ 2M1ρ

Γ(α + 1)
[tα1 + e−β(t2−t1)((t2 − t1)

α − tα2 )]

+
1

Γ(α)

∫ t1

0

e−β(t1−r)[(t1 − r)α−1 − (t2 − r)α−1e−β(t2−t1)]∥f(r, 0, 0)∥dr,

let L1 > 0 a constant such that (t1−r)α−1 ≤ (t2−r)α−1e−β(t2−t1)+L1(t2−t1)(t1−r)α−1.
Hence

[(t1 − r)α−1 − (t2 − r)α−1e−β(t2−t1)]e−β(t1−r) ≤ L1(t2 − t1)(t1 − r)α−1e−β(t1−r)

this implies that

1

Γ(α)

∫ t1

0

e−β(t1−r)[(t1 − r)α−1 − (t2 − r)α−1e−β(t2−t1)]∥f(r, 0, 0)∥dr

≤ L1(t2 − t1)

Γ(α)

∫ t1

0

(t1 − r)α−1e−β(t1−r)∥f(r, 0, 0)∥dr

≤ L1b

Γ(α)
(t2 − t1).

Thus

Q3 ≤ 2M1ρ

Γ(α + 1)
[tα1 + e−β(t2−t1)((t2 − t1)

α − tα2 )] +
L1b

Γ(α)
(t2 − t1) → 0 as t1 → t2,

Q4 =
1

Γ(α)

∫ t2

t1

(t2 − r)α−1e−β(t2−r)∥f(r, unr, unr(γ))∥dr

≤ 2M1ρ

Γ(α + 1)
(t2 − t1)

α +
1

Γ(α)

(
(t2 − t1)

p(α−1)+1

p(α− 1) + 1

) 1
p
(∫ t2

t1

∥f(r, 0, 0)∥qdr
) 1

q

.

This implies that
Q4 → 0 as t1 → t2.

The conclusion that

∥Sn,φun(t2)− Sn,φun(t1)∥ → 0 as t1 → t2.

Therefore {Sn,φun : un ∈ Aρ} is equicontinuous on J , and by consequently Sn,φAρ is
relatively compact in Xn.
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So from Step 1, Step 2, Step 3 and the Arzelá -Ascoli theorem, we obtain that
Sn,φ : C([−h, T ];Xn) → C([−h, T ];Xn) is continuous and completely continuous.

Step 4: We proof that subset Bλ = {un ∈ CT : un = λNn(un), for some λ ∈ (0, 1)} is
bounded.

Let un ∈ Bλ Hence for each t ∈ [−h, T ] we have,

un(t) =


λφn(t), t ∈ I
λ(φn(0)− g(0, φn(ν)) + g(t, unt(ν))

+ 1
Γ(α)

∫ t
0
(t− r)α−1e−β(t−r)Pnf(r, unr, unr(γ))dr) , t ∈ J.

By (H1)- (H3) we have the following estimates

∥un(t)∥ ≤ (1 + d1)∥φn∥C0 + d1∥un(t)∥+ 2d2

+
1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥f(r, unr, unr(γ))∥dr,

this implies that

∥un(t)∥ ≤ (1 + d1)∥φ∥C0 + 2d2
1− d1

+
1

(1− d1)Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥f(r, 0, 0)∥dr

+
1

(1− d1)Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥f(r, unr, unr(γ))− f(r, 0, 0)∥dr

≤ (1 + d1)∥φ∥C0 + 2d2
1− d1

+
b

(1− d1)Γ(α)

+
2M1

(1− d1)Γ(α + 1)

∫ t

0

(t− r)α−1∥un(r)∥dr.

By the Gronwall’s lemma we obtain

∥un(t)∥∞ ≤
[
(1 + d1)∥φ∥C0 + 2d2

1− d1
+

b

(1− d1)Γ(α)

]
e

2M1T
α

(1−d1)Γ(α+1) .

Therefore Bλ, is bounded, so by nonlinear alternative of Leray-Schauder the oper-
ator Sn,φ admits at least one fixed point un which is a local solution of the problem
(6.1.1) in C([−h, T ];Xn).

Lemma 6.1.2. Under the assumptions of Theorem 6.1.1, for any φ ∈ C(I,X), problem
(6.1.1) has at least one solution in C([−h, T ];X).

Proof. In Theorem 6.1.1, we have proved the existence of local solution of problem
(6.1.1) in C([−h, T ];Xn). By taking the limit, we prove the existence of local solution
of problem (6.1.1) in C([−h, T ];X). For this, we form the approximating equations:{

Dα
s (un(t)− g(t, unt(ν))) = Pnf(t, unt, unt(γ)) , t ≥ 0

un(t) = φn(t) , t ∈ I.
(6.1.2)
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Similarly as in Theorem 6.1.1, there exists a local solution un to problem (6.1.2) on
[−h, T ] such that there exists a positive constant b withe

sup
t∈[−h,T ]

∥un(t)∥ ≤ b. (6.1.3)

SinceX is a separable Hilbert space, from (6.1.3) we can conclude that for any t ∈ [0, T ],
{un(t)}n≥1 is weakly convergent to u(t) in X. Moreover for any tm, t ∈ I with tm → t,
we have when n,m go to ∞,

∥un(tm)− u(t)∥ ≤ ∥φn(tm)− φ(tm)∥+ ∥φ(tm)− φ(t)∥ → 0.

On the other hand, for any tm, t ∈ J with tm → t, and any v ∈ X∗, we have as n,m
go to ∞,

|⟨un(tm)− u(t), v⟩| ≤ |⟨un(tm)− u(tm), v⟩|+ |⟨u(tm)− u(t), v⟩| → 0.

Thus {un,t}n≥1 is weakly convergent to ut in C(I,X).
Now we prove that u(·) is a solution of (6.1.1). For this we need to pass to the limit

in the following integral

un(t) :=


φn(t), t ∈ I
φn(0)− g(0, φn(ν)) + g(t, unt(ν))

+ 1
Γ(α)

∫ t
0
(t− r)α−1e−β(t−r)Pnf(r, unr, unr(γ))dr , t ∈ J.

(6.1.4)

Since the function f is Lipschitz continuous, then for any t ∈ J , we obtain

f(t, un,t, un,t(γ)) → f(t, ut, ut(γ)), weakly in X. (6.1.5)

Using the Riesz representation theorem, we obtain that for any v ∈ X∗, there exists a
unique w ∈ X such that ⟨u, v⟩ = ⟨u,w⟩ for all u ∈ X, and therefore

|⟨Pnf(t, unt, unt(γ)), v⟩ − ⟨f(t, unt, unt(γ)), v⟩|
= |⟨Pnf(t, unt, unt(γ))− f(t, unt, unt(γ)), w⟩|
= |⟨f(t, unt, unt(γ)), (Id− Pn)w⟩| ≤ 2b∥(Id− Pn)w∥ → 0, n→ ∞,

so

|⟨Pnf(t, unt, unt(γ)), v⟩ − ⟨f(t, unt, unt(γ)), v⟩| → 0, as n→ ∞. (6.1.6)

Then by (6.1.5) , (6.1.6) and Lebesgue’s dominated convergence theorem we obtain for
any v ∈ X∗,〈∫ t

0

(t− r)α−1e−β(t−r)Pnf(r, unr, unr(γ))dr, v

〉
→
〈∫ t

0

(t− r)α−1e−β(t−r)f(r, ur, ur(γ))dr, v

〉
.
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6.1 Existence of solutions

This with (6.1.4) imply that, for any v ∈ X∗,

⟨u(t), v⟩ = ⟨[u(0)− g(0, u0(ν))]e
−βt, v⟩+ ⟨g(t, ut(ν)), v⟩

+
1

Γ(α)

〈∫ t

0

(t− r)α−1e−β(t−r)f(r, ur, ur(γ))dr, v

〉
,

which means that

u(t) = [u(0)− g(0, u0(ν))]e
−βt+ g(t, ut(ν))+

1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)f(r, ur, ur(γ))dr

for all t ∈ J .

Theorem 6.1.3. (Global existence and uniqueness and continuous dependence on the
initial values of solutions of (6.1.1)) Assume that (H1)- (H3) hold, further if g is
L− Lipschitz. Then,
(i) for any φ ∈ C(I,X), the problem (6.1.1) has a unique global solution u(·, φ) on
[−h, T ],
(ii) the solution u(·, φ) depends continuously on φ, i.e.,

lim sup
φ→ψ

∥u(t, φ)− v(t, ψ)∥∞ = 0.

Proof. Part 1: From Lemma 6.1.2, we know that (6.1.1) has a local solution on [−h, T ].
So we need to prove that the local solution is a global one. Namely, we prove that the
local solution will not blow up on any bounded interval. By a similar procedure as we
used in Step 4, we can prove that for any solution u(t), we have for all t ≥ 0,

∥ut∥∞ ≤
[
(1 + d1)∥φ∥C0 + 2d2

1− d1
+

b

(1− d1)Γ(α)

]
e

2M1t
α

(1−d1)Γ(α+1) ,

which implies that the local solution u(t) will not blow up on any bounded interval[0, T ].
Then it is actually a global solution on [−h,∞).

Finally, we show that the global solution is unique. Let u(t), v(t) be solutions of
(6.1.1) with the same initial value φ. Then for t ∈ J ,

∥u(t)− v(t)∥ ≤ ∥g(t, ut(ν))− g(t, vt(ν))∥

+
1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥f(r, ur, ur(ν))− f(r, vr, vr(ν))∥dr.

Replacing t by t + θ in this last inequality, note that ∥u(t + θ) − v(t + θ)∥ = 0 when
t+θ ≤ 0 with θ ∈ I. On the other hand, taking p = 1+α, q = 1+ 1

α
, then by Hölder,s

inequality, we have, for t+ θ ≥ 0,

∥ut − vt∥∞ ≤ L∥ut − vt∥∞ +
2M1T

α2

α2Γ(α)

(∫ t+θ

0

e−qβ(t+θ−r)∥ur − vr∥q∞dr
) 1

q

,
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so

∥ut − vt∥∞ ≤ k

(∫ t+θ

0

e−qβ(t+θ−r)∥ur − vr∥q∞dr
) 1

q

,

with k = 2M1Tα2

(1−L)α2Γ(α)
, this implies that

∥ut − vt∥q∞ ≤ kq
∫ t+θ

0

e−qβ(t+θ−r)∥ur − vr∥q∞dr.

Thus

eqβt∥ut − vt∥q∞ ≤ kqe−qβθ
∫ t

0

eqβr∥ur − vr∥q∞dr ∀t ∈ J.

By the Gronwall inequality, we obtain ∥ut−vt∥q = 0, which implies that ∥ut−vt∥∞ = 0
for all t ∈ J . Thus the global solution is unique.
Part 2: Let φ, ψ ∈ C(I,X). Since u(·, φ) and v(·, ψ) are solutions of (6.1.1), the
conditions (H1)− (H3) implies that

∥u(t, φ)− v(t, ψ)∥ ≤ e−βt[∥φ(0)− ψ(0)∥+ L∥ψ(ν)− φ(ν)∥] + L∥ut(ν, φ)− vt(ν, ψ)∥

+
2M1

Γ(α)

∫ t

0

(t− r)α−1e−β(t−r)∥ur(·, φ)− vr(·, ψ)∥∞dr.

Replacing t by t+ θ with t+ θ ∈ [−h, T ], so in the last inequality, if t+ θ ∈ I then,

∥u(t+ θ, φ)− v(t+ θ, ψ)∥ = ∥φ(t+ θ)− ψ(t+ θ)∥ ≤ ∥φ− ψ∥∞ → 0 as φ→ ψ,

if t+ θ ∈ J then,

∥u(t+ θ, φ)− v(t+ θ, ψ)∥ ≤ e−β(t+θ(1 + L)∥φ− ψ∥∞ + L∥ut(·, φ)− vt(·, ψ)∥∞

+
2M1

Γ(α)

∫ t+θ

0

(t+ θ − r)α−1e−β(tθ−r)∥ur(·, φ)− vr(·, ψ)∥∞dr.

Taking p = 1 + α, q = 1 + 1
α
, then by Hölder,s inequality, we obtain

eqβt∥ut(·, φ)− vt(·, ψ)∥q∞ ≤ (k̃)qe−qβθ∥φ− ψ∥q∞ + 2qkq
∫ t

0

eqβr∥ur(·, φ)− vr(·, ψ)∥q∞dr,

with k̃ = 2(1+L)
1−L and k as in the Part 1.

By the Gronwall lemma, we conclude that, for all t ∈ J ,

∥ut(·, φ)− vt(·, ψ)∥q∞ ≤ (k̃)q∥φ− ψ∥q∞e2
qkqe−qβθt−qβ(t+θ) → 0, as φ→ ψ,

which implies
lim
φ→ψ

sup∥u(t, φ)− v(t, ψ)∥∞ = 0.
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6.1 Existence of solutions

Now we will apply our abstract theory developed in the previous section to the
fractional lattice system (6.0.1).

Setting of the problem.

Let ℓ2 = {v = (vi)i∈Z :
∑
i∈Z

v2i < ∞} be the separable Hilbert space with norm

∥v∥ =

(∑
i∈Z

v2i

) 1
2

and scalar product ⟨w, v⟩ =
∑
i∈Z

wivi, and let ℓ∞ = {v = (vi)i∈Z :

supi∈Z |vi| < ∞} be the Banach space with norm ∥v∥∞ = supi∈Z |vi|. Further, we use
the notation X = ℓ2, CT = C([−h, T ]; ℓ2) and CT,∞ = C([−h, T ]; ℓ∞), with the norms

∥u∥CT
= sup

t∈[−h,T ]
∥u(t)∥, and ∥u∥CT,∞ = sup

t∈[−h,T ]
∥u(t)∥∞.

By simple calculus, we can verify that CT ⊂ CT,∞ with ∥u∥CT
≥ ∥u∥CT,∞ for all u ∈ CT .

We consider the system (6.0.1) on the phase space CT . We assume the following
conditions:

(C1) The operator f : [0,∞)×C(I,X)×C(I,X) → X given by the rule (f(t, ut, vt))i =
fi(t, uit, uit), i ∈ Z, is well defined, bounded and continuous.

(C2) There exists a constant Lf > 0 such that

∥f(t, φ, φ̄)− f(t, ψ, ψ̄)∥X ≤ Lf (∥φ− ψ∥∞ + ∥φ̄− ψ̄∥∞)

for all φ, ψ, φ̄, ψ̄ ∈ C(I,X) and t ≥ 0.

(C3) The function f(t, 0, 0) is L1 locally integrable, and there exists b > 0 such that∫ t

0

(t− r)α−1e−β(t−r)∥f(r, 0, 0)∥dr ≤ b, ∀t ≥ 0.

We establish the existence of solution for problem (6.0.1). For this we rewrite it in
abstract form. We define the operator N : X → X by

(Nu)i = −ui−1 − 2ui, i ∈ Z.

We also define the operator F : [0,∞) × C(I,X) × C(I,X) → X as F (t, u, v) =
−Nu(0)− f(t, u, v)− λu(0). Thus problem (6.0.1) can be rewritten as{

Dα
s (u(t)− g(t, ut(ν))) = F (t, ut, ut(γ)) , t ≥ 0

u(t) = φ(t) , t ∈ I.
(6.1.7)

Theorem 6.1.4. Assume that (C1)- (C3) hold. Then for any φ ∈ C(I,X), the problem
(6.0.1) has a unique solution on [−h,∞).
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Proof. We would like to mention that condition (C1) holds if all the component func-
tions fi, i ∈ Z, are globally Lipschitz with the same Lipschitz constant, while condition
(C2) holds provided that each component function fi, i ∈ Z is Lipschitz continuous

with a constant Lfi and Lf =

(∑
i∈Z

L2
fi

) 1
2

< ∞. And condition (C3) holds if it holds

for each fi with constant Li, and b =
∑
i∈Z

Li < ∞. With all this, it is not difficult

to check that F (t, ut, ut(γ)) satisfies (H1) − (H3). Thus the conclusion follows from
Theorem 6.1.1.
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Conclusion

The main objectives of this thesis were to investigate the existence of solutions for
some classes of differential inclusions and equations with delay. The topological and
geometrical structures of the solution sets are also presented. We have obtained some
generalizations for the fractional nonlinear integral of Gronwall-Bihari-Henry inequal-
ity, as well as the realization of a new version for the multi-valued Leray-Schauder type
fixed point theorem in strictly star-shaped sets.

We plan to extend the results presented in this thesis by considering impulsive
semilinear fractional differential equations and inclusions.
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