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Abstract

In this thesis, we aim to contribute to
the study of various classes of
differential inclusions and equations
of integer or fractional order
derivatives, with delay in a Banach
space. We also generalize some
fractional Gronwall-Bihari-Henry
inequalities and we establish a multi-
valued version of the Leray-Schauder
alternative in strictly star-shaped
sets. To obtain the existence of the
solutions for the above problems, we
propose sufficient and suitable
conditions on the second member
which are compatible with the
means used in this study. Some
topological and geometrical
qualitative properties of the solution
set have been also studies, including
topological and geometric structures.
The methods are based on fixed
point theory combined with C_0-
semigroup theory and the measure
of noncompactness.

Key words and phrases:

Fractional differential inclusions,
non-linear alternative, fractional
inequalities, semi-group theory,
qualitative properties topological
and geometric, measure of non-
compactness.

Résumé

Le but de cette thése est de
présenter quelques résultats
d’existence des solutions de
certaines classes d’équations et
inclusions différentielles d’ordre
entier ou fractionnaire avec retard
dans un espace de Banach. Nous
généralisons certaines inégalités
fractionnaires de type Gronwall-
Bihari-Henry, et nous établissons
aussi une nouvelle version multi-
valeur de I'alternative de Leray-
Schauder dans des ensembles
strictement étoilés. Pour obtenir
I'existence des solutions aux
problémes présidents, on propose
des conditions suffisantes et
appropriées sur le second membre
qui sont compatibles avecles
moyens utilisés dans cette étude.
Quelques propriétés qualitatives
concernant la structure topologique
et géométrique de 'ensemble des
solutions a été présenté aussi. Les
méthodes sont basé sur les
théorémes des points fixes combine
avec la théorie de C_0-semi-group et
la mesure de non-compacité.

Mots et Phrases Clefs :

Inclusions différentielles
fractionnaires, alternative non
linéaire, inégalité fractionnaire, semi-
groupes, mesure de non-compacités,
structure topologique et
géométrique.
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Introduction

Differential equations and inclusions are one of the oldest and most important disci-
plines of mathematics. The study of differential equations and inclusions has become a
very important area of research due to its applicability to many problems such as op-
timal control theory, as well as the modeling of many scientific phenomena: in physics,
chemistry, medicine, etc. This extensive theory has been developed for several differ-
ent types of differential equations and inclusions, such that the most important work
of mathematicians since the discovery of equations and inclusions differential is the
study of existence of solutions, in addition to their nature such as: uniqueness, signal,
strength and weakness, they also became increasingly interested in the topological and
geometrical structures of solutions set as: the compactness, the closure, the bounded,
etc, in the topological sense and contractibility, Rs — set, acyclicity, etc, in the geomet-
rical sense. All this is based on regularity conditions concerning the right-hand side.
We refer the reader to [10, 24] 38, 60, O3].

It is well-known that inequalities, such as the Gronwall-Bellman-Bihari-Henry in-
equality, play an important role in the study of existence, uniqueness, boundedness,
stability, and other qualitative properties of solutions of differential equations, integral
equations, and differential inclusions (see, for example,[14, 80]). For nonlinear integral
inequalities, perhaps one of the most important contributions was made by Bihari [20]
for

v(t) <k +/0 f(s)Y(v(s))ds, k€ RT.

This integral inequality was generalized by many authors. For example, Agrawal et
al. [5] replaced k,t, f, and ¢ with the functions a(t), (b;(¢))r_;, (fi)b_;, and ()b,
respectively, and investigated the retarded Gronwall type inequality

p b;i(t)
o(t) < a(t) + Z/b_(o) Fi($)Wi(v(s))ds, bi(t) <t, 0<t<T.

In recent years, ordinary and partial differential equations and inclusions of fractional
order have been investigated more in the literature due to their applicability to many
problems in engineering and other scientific disciplines; see [I5] [71] and the refer-
ences therein for recent work. The question of the existence of solutions and other
mathematical aspects of fractional differential equations and inclusions have been ex-
tensively studied and have attracted much attention; many important contributions
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have been obtained so far (see the monographs [58] [79, [82] as well as papers listed
in the references below). For recent results on the existence of solutions to fractional
differential equations and inclusions with various types of delays we refer the reader to
[2], 3, 18, [19], 50} 61, RT, 86l ©92].

The concept of fractional substantial derivative was introduced in 2006 by Friedrich
et al. [39] to consider retardation effects in Kramers-Fokker-Planck type equations,
where these are expressed mathematically by a fractional substantial derivative, which
is more suitable for characterize the global coupling in time and space then the classical
fractional derivative. The fractional substantial derivative is widely applied in physics,
[31, 91]. Moreover, the fractional substantial diffusion model is a tool in geophysics and
financial applications [29, 67]. A main objective is to study the existence of solutions of
fractional differential equations with the Caputo fractional substantial derivative,such
as fractional lattice systems with delay. For more information about the application of
fractional substantial derivative see [27], 28] [58].

Those who are interested in research in this area with all types of differential equa-
tions and inclusions which mentioned above, for example: Zarempa in (1936) [89],
Marchaud (1938) [66] in a form different of the one presented here: at the left-hand
side multi-valued derivative appears [90], it was Wazewski (1961) [87] who showed
that these inclusion could be equivalently presented as inclusions with a regular single
valued left derivative. In 1971 an article by A.F. Filippov [37] appeared, presenting
the proof of existence of solutions to the Cauchy problem for a differential inclusion
whose right-hand side was continuous (in the Hausdorff metric) with compact (but not
necessarily convex) values. Through a very clever and simple construction, Filippov
was able to build a sequence of approximate solution whose derivatives were piecewise
constant maps. To the opposite of what happens in the single-valued case, however,
in the case of a differential inclusion it was not possible arbitrarily decrease the jumps
of the derivatives at the points of the partition of the time interval, by decreasing the
mesh of the partition. To overcome this difficulty, Filippov was able to build a sequence
of approximate solution whose derivatives yield a (strongly) (pre) compact sequence in
L>. The compactness in LP with this construction; is relatively easy to obtain, since
it is possible to approximate in L integrable functions by smooth (continuous) maps,
and apply the Ascoli-Arzela construction to the approximations; however, this process
cannot be applied in L. Alternative methods of proof were later provided to prove
results in the spirit of this theorem of Filippov.

To simplify the construction, L! was used, as in the selections approach of Antosiewicz-
Cellina in 1975 see [§] here the continuous selections were not taken for the set valued
map F itself (since in general, continuous selections do not exist) but rather for the map

t
z(-) — / F(s,z(s))ds, seen as a map from the space of absolutely continuous maps
0

(with the norm of derivative in L') to (the subset of) itself, the, so called, Nemytski
operator.

We have mentioned these with a few details for clarity only. There are many

7
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mathematicians and researchers in it, we mention them for instance
[9, 17, 23], 341, 136, 57, 64, [72, [75], 83, 84} 85], who are all interested in the study of the
existence of solutions and its nature either individually or as a set of solutions, they
have been able to summarize a lot of important works in this domain, all this has been
based on very effective means, especially the fixed point theory combining with the
semi-group theory and the measure of non-compactness.

This thesis is structured in six chapters and each chapter contains several sections.
It is arranged as follows:

In chapter [I} we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis.

In chapter [2 we are interested in the existence of the mild solution when the delay
is finite and dependents on the state for the first order class of differential inclusion of
neutral type of the following form

{ q(@(t) = g(t,a(t —n(t))) € F(t, v, 2(t — 7(t,24,0))) , te€J:=[0,T],
x(t) = p(t) , tel:=[-r0]

where: (E, || -]|). a Banach space, F' : J x C(I,FE) x E — P(FE), a multi-function,
g: Jx E — FE a given continuous function in its two variables, ¢ : [ — E, 7 :
JxC(,E)xX% —1[0,r] and n: J — [0, r] are given continuous functions where ¥ is
a parameter space menu of the norm |- |y. For any function x defined on [—r, 7] and
any t € J we denote by z; the element of C'(I, E') defined by

z(0) =x(t+0), 0 €l

Here z;(-) represents the history of the state from time ¢ — r, up to the present time ¢.
In chapter 3, we consider the following problem of first-order semi-linear differential
inclusions system with delays:

%(x(t) —qi(t,z,y0)) — Al-f’f(t) € F(t,vy,y), teJ:= [O7b]
SWt) — gt m,y)) — Agy(t) € G(t, 24, :), te€J
2() = p(t) and y(t) = v(2), tel =[],

where A; and A, are infinitesimal generators of two strongly continuous semigroups
{T\(t), T>(t) }+>0 on a Banach space F, with the operators A; not necessarily bounded
F.G:JxC(I,E) x C(I,E) — P(E), two multi-valued maps, g; : J x C(I, E) x
C(I,E) —» E, with ¢ = 1.2 and ¢,v : I — E, are given continuous functions. And
we will interested in the study of the existence of mild solutions, using either fixed
point theory. We will also study the qualitative properties of the solution set. For any
function (z,y) defined on [—r,b]? and any ¢ € J we denote by (z,y;) the element of
(C(I, E))?* defined by

(2:(0), 4 (0)) = (2(t + 0),y(t +0)), 0 € [-r,0].

In chapter [ we recall some basic concepts which used in fractional calculus, such
as: the Euler Gamma function and Béta function with their properties, some definitions

8
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and results of fractional integral calculus within the meaning of Riemann-Liouville, the
Caputo fractional derivative and fractional substantial derivative, and finally we wish
to establish some nonlinear integral inequalities that can be used as the most important
elements in the study of fractional differential equations and inclusions.

In chapter [5] in the convex case we use some of the inequalities obtained in section
of chapter [4] combining with the new Leray-Schauder type fixed point theorem
obtained in section of chapter [I} and the Filippov theorem in the non-convex case
for proving the existence of solutions for the Cauchy problem of fractional differential
inclusions with delay

cDPx(t) € F(t,z), teJ,
{ z(t) = p(t) , t € Jo,

where: 0 < g <1, J:=1[0,T], Jo := [-r,0], and F : J x C(Jo, E) = Pepe(E) is a
multivalued function. For any function x defined on [—r,T] and any ¢ € J we denote
by x; the element of C(Jy, E') defined by

z(0) = x(t +6), 0 € Jp.

In chapter [0} we study the existence of global solution for fractional neutral lattice
system with delay:

{ D2[u;(t) — gi(t,ui(t —n(t)))] — wim1(t) — 2w (t) + Auy(t) = Fi(t,wi, wier) , t € J,
Ul(t) = QOZ(t) s t & J(),

where F;(t, wit, i r) = — fi(t, wi, wi(t—7(t,uy, 0))) A€ R, 0 < a < 1,i € Zand D¢ the
Caputo fractional substantial, I" is the Gamma function, f; : JxC(I, E)xC(I,E) — E,
are given functions, g; : J x E — E are given continuous functions in its two variables,
o: 1 = FE, 7:JxC(,E)x¥%X — [0,h] and n : J — [0,h] are given continuous
functions. For any function u; defined on [—h,T| and any ¢t € J we denote by w;; the
element of C'(I, F') defined by

ui(0) = u;(t+0), 0 € I.

We are interested in the study of the existence of solutions for this last problem, we use
as a tool in this study: the fixed point theory (Leray-Schauder’s fixed point theorem).
Finally, we give a conclusion with some perspectives. In addition to bibliography.



Chapter 1

Preliminaries

In this chapter, we introduce notations, definitions, lemmas and fixed point theorems
which are used throughout this thesis.

Let (E,||-||) be a Banach space. C([—r,T], E) is the Banach space of all continuous
functions from [—r, T into £ with the norm

[z]loo = sup [z(t)]].
te[—r,T]

LY([0,T], E) denotes the Banach space of measurable functions x : [0,7] — E which
are Bochner integrable and is normed by

T
el = / () e,

where 7, T are strictly positive reals. In the normed space (X, || - |/x), the open ball
around a point zy with radius R is denoted by Bx(zo, R), i.e., Bx(zo, R) :=={x € X :

|z — xo||x < R}, and the corresponding closed ball is denoted by Bg(xg, R), i.e,
Bp(rg,R) == {x € E: ||z — x0||p < R}.
Let B(F) be the Banach space of bounded linear operators from E into F.

Definition 1.0.1. A linear map T : E — X is said to be compact if for any bounded
sequence (x,) in E, (T(x,)) has a convergent subsequence.

Definition 1.0.2. Let E be a real normed space. A mapping T : D(T) C E — FE is
called compact if T maps every bounded subset of D(T') to a relatively compact subset

in E. T is said to be completely continuous if T is continuous and compact.

In the rest of this chapter we denote by J the interval [0, T7.

10



1.1 Multi-Valued Analysis

1.1 Multi-Valued Analysis

Let (X, d) be a metric space and A be a subset of X. Denote by
— PX)={ACX:A#0};
— Py(X)={A € P(X): A closed};
— Py(X)={A € P(X): A bounded};
— P(X)={A € P(X): A conver};
— P,(X)={A € P(X): A compact};
— Puop(X) ={A € P(X) : A weakly compact};
— Py op(X) ={A € P(X) : A convex, compact}.
We will denote by Hy, the Hausdorff pseudo-metric distance on P(X) defined by:
Hy, : P(X) x P(X) = RY U {0}, Hy, (A, B) = max{sup d,(a, B),supd,(A,b)},

acA beB

where

d.(a,B) = ggg d(a,b),and d,(A,b) = CILIElz:E d(a,b).

Definition 1.1.1. A multi-valued map F on a space X to a spaceY s a relation which
associates with any element x of X a subset F(x) of Y. We will note F': X — P(Y').

Definition 1.1.2. We call the graph of the multi-function F' the set noted
Gr(F) ={(z,y) e X xY :y € F(z)}.
F is has closed graph if Gr(F) is closed on X xY. We will also say that F' is closed.

Definition 1.1.3. (i) We call image of F' the set ImF :={ye€Y,Jx € X :y € F(x)}.
(ii) We call image of A € P(X) by F the set F(A) := UzeaF(x), and domain of F' the
set Dom(F) :={x € X : F(z) # 0}.

Definition 1.1.4. (a) A multi-function F' : X — P(Y) has closed (respec, convezx)
values if F(x) is closed (respec, convex) for each v € X.

(b) F is could bounded on the bounded subsets if the set F(A) = UyeaF (), is bounded
in'Y, for every subset A € Py(X), i.e., sup,c4{sup{ly| : y € F(x)}} < 0.

The continuity of a multi-function is characterized by the following notion

Definition 1.1.5. We say that a multi-function F : X — P(Y) is upper semi-
continuous (u.s.c) at a point x* € Dom(F) if for any neighborhood V' of F(x*) there
exists r > 0 such that F(x) C V for all x € Bx(z*,r). F will be called upper semi-
continuous (u.s.c) if it is east at each point of its domain.

11



Preliminaries

Definition 1.1.6. A multi-function F : X — P(Y) is said lower semi-continuous
(l.s.c) in a point x* € Dom(F) if for all y* € F(z*) and for every sequence {x, tnen C
Dom(F) convergent to x*, there exists a sequence of element (y,) € F(x,) which
converge to y*.

Definition 1.1.7. A multi-function F' is said continuous in a point x* € Dom/(F') if
it s at once upper semi-continuous and lower semi-continuous at this point. It is said
to be continuous if and only if it is at each point of its domain.

Definition 1.1.8. A multi-function F : X — P(Y') is said convex if for all x,x' € X
and X € [0,1], \F(z) + (1 = N F(2') C F(Az + (1 — \)z').

Definition 1.1.9. We say that a multi-function F : X — P(Y') is compact at a point
x* € Dom(F) if any sequence (x,,y,) € Gr(F) such that, (z,) converges to x* |
has a subsequence (T, ,Yn,) that converges in Gr(F'). If this is true at any point in
A C Dom(F) we say that F is compact on A.

Theorem 1.1.1. [57] The following assertions are equivalent:
(a) The multi-function F is closed.

(b) For any (z,y) € X XY such that y & F(x), there exists are neighborhoods V (x) of
x and W(y) of y, such that F(V(z)) N W (y) = 0.

(c) For generalized sequences {xy}nen C X, {Untnen C Y, if x, — z, and y, €
F(x,),yn — y then y € F(x).

Definition 1.1.10. A multi-function F': X — P(Y) is called:

(a) Compact if the image F(X) is relatively compact in'Y, i.e F(X) is compact in Y .
(b) Locally compact if every point x € X has a neighborhood V() such that the restric-
tion of F a V(x) is compact (i.e. F(V(x)) is locally compact).

(c) Quasi-compact if the restriction of F' on any compact subset A C X is compact,
(i.e.F'(A) is compact).

(d) Completely continuous if it is u.s.c. and for every bounded set A C X, F(A) is
relatively compact.

Lemma 1.1.2. ([34, Proposition 1.2]) Let F' : X — P,(Y') a multi-function, if F' is
u.s.c., then Gr(F') is a closed subset of X XY, i.e for every sequences (,)nen C X
and (Yn)neny C Y, if when n — 0o, x, — =*,y, — y* and y, € F(x,), then y* € F(x*).
Conversely, if F' has nonempty compact values, is locally compact and has a closed
graph, then it is u.s.c.

Definition 1.1.11. A multi-function F' : X — P(Y) is said measurable if for every
open U €Y, the set F;'(U) := {x € X : F(z) € U} is Lebesgue measurable.

12



1.1 Multi-Valued Analysis

Definition 1.1.12. Let (2,%) a measurable space, we call that f : Q — X is a
measurable selection of F if f(w) € F(w),Vw € Q.

The following two lemmas are concerned the measurability of multi-functions. The
first one is the celebrated Kuratowski-Ryll-Nardzewski selection theorem.

Lemma 1.1.3. ([42] Kuratowski-Ryll-Nardzewski selection theorem 19.7). Let E be
a separable metric space and F : Q — P(F) a measurable multi-valued map with
nonempty closed values. Then F' has a measurable selection.

Lemma 1.1.4. ([93], Lemma 3.2) Let F' : J — P(E) be a multi-function and u : J —
E a measurable function. Then for any measurable function v : J — R* there exists a
measurable selection f of F' such that for everyt € J,

| u(t) = f(t) [< d(u(t), (1) + v(t).

Proposition 1.1.5. (Lemma 1.5 in [38]). The multi-function F : Q — Py(X) is
measurable if and only if for each x € X, w — d(z, F(w)) := inf{d(z,y) : y € F(x)} is
measurable.

Definition 1.1.13. A multivalued map F' : [a,b] — P.,(X) is strongly measurable if
there exists a sequence {F, : n € N} of step multifunctions such that

Hy(F,(t),F(t)) = 0 as n — oo for a.et € [a,b],
where H, is the Hausdorff metric on P,.,(X).

Lemma 1.1.6. (Lemma 1.4 in [38]) Let F' a multi-valued map measurable in the
first variable and p(t) — Lipschitzian on y(t) + SBx(0,1) in the second variable, with
B >0, pe LYJX),ye€ CWJX), the map t — d(g(t), F(t,y(t))) is measurable
and g(t) € L'(J,X). Taking v € C(J,X) such that ||z — y|lc < B. Then the map
t— F(t,x(t)) is measurable.

Definition 1.1.14. Let F' a multi-values map we define the set
Spei={ve L'JR") :v(t) € F(t,x(t)),p.pt € J}.

The set Spg ts could the selection set. Is closed. Is convex if and only if I is convex
p.pt € J. When F is a multi-function L'-Carathéodory, we have a Lasota and Opial
[63)] result which ensures that for each x € C(J,R"), the set Sk, is nonempty. This
allows us to define the multi-operator

Sg: C(J,R") = P(C(J,R")), x> Sp(z) = Sk,
We define the norm of a multi-function F': J x E x E — P(FE) by

I1E(t, @)l p := sup{[v] - v € F(t,x)}.

13
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Definition 1.1.15. F s called a multi-valued Carathéodory function if,
(a) the function t — F(t,x) is strongly measurable for each x € E,

(b) for each t € J, the map x — F(t,x) is upper semi-continuous. Furthermore, F' is
L'-Carathéodory if it is locally integrable bounded, i.e., for each positive r, there exists

h, € L*(J,R") such that
|E(t,x)||lp < he(t), forae te Jandall ze X :|z|| <r.

Lemma 1.1.7. ([63]). Let J be a compact interval and E be a Banach space. Let F' be
an L'-Carathéodory multi-valued map with Sp, # 0, and let T be a linear continuous
mapping from L'(J, E) into C(J, E). Then the operator,

FoSp: C(J,E) = Pepo(C(J,E)), v LoSp(z) =T(Sk),
has a closed graph in C(J, E) x C(J, F).

Theorem 1.1.8. (Theorem II1.41. in [30]) Let (X,.A) be a measurable space and E a
separable Banach space. Let f : X — E be a measurable map and v : X — [0,400] a
measurable function. Then

1) t = Bx(f(t),7(t)) is a measurable multifunction,

2) moreover if I' : X — P,(E) is measurable, then

t=UQR) ={xcT@):|[f(t) -zl = d(f(1),T({)}
is measurable (and eventually nonempty value)

Definition 1.1.16. ([I1], Definition 2.6.2) Let X be a metric space and E be a Banach
space. A multivalued map F : X — P(X) is upper hemicontinuous if for each x* € E*,
the function o(a*, F()) : X = RU {400} given by
o(z*, F(x)) = sup (z*, )
yer(z)
1S UPPEr SEMICONLINUOUS.

Lemma 1.1.9. ([21]) If F : X — Pyepeo(E) is upper hemicontinuous, then it is weakly
u.s.c.

Lemma 1.1.10. ([21]) F : X — Pyepeo(E) is weakly u.s.c. if and only if for sequences
(Zn)nen C X and (Yp)neny C E, if x, — x*, as n — oo with y, € F(z,), then there is
a subsequence y,, — y* € F(x*).

Theorem 1.1.11. ([77/) Let X be a reflexive Banach space and F : X — Py (X)
be a upper hemicontinuous multivalued map. Let J be a finite interval of R and the
sequences (T, : J — X)pen and (y, : J — X)nen satisfy the following conditions:

1) (zp)nen converges to a function x : J — X;

2) (Yn)nen converges weakly toy € LP(J, X),1 < p < oo;

3) yn(t) € COB(F(B(xy,(t),en),en)) for a.e. allt € J, where e — 0 as n — oo.

Then y € F(x(t)) for a.e. allt € J.

14
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Lemma 1.1.12. (/7], Theorem 1.4.13). If G : X — P.,(X) is u.s.c, then for any
Xg € X
lim sup G(z) = G(xy).

Tr—rxQ

Lemma 1.1.13. ([7], Lemma 1.1.9). Let (K,)neny C K C X be a sequence of subset
where K is compact in the separable Banach space X. Then

@(hm sSup Kn) = mm>0m(Un2mK—n)a

n—-+o0o
where coB refers to the closure of the convex hull of B.

For further readings and details on multi-valued analysis, we refer to,[11], [10] [33],
34, [42] 55, 57, R5).

1.2 Topological structure of solutions sets

In what follows (X, d) and (Y,d') stand for two metric spaces.

Definition 1.2.1. . A subset B C X is called a retract of X if there exists a continuous
mapping 7 : X — B such that n(x) = z,Vx € B.

Definition 1.2.2. . A subset B C X is called a contractible space provided there exists
a continuous homotopy h : B x [0,1] — B and xy € B such that
(a) h(z,0) = z,Vx € B,

(b) h(z,1) = xo,Yx € B, B is homotopically equivalent to a one point space.

Note that any closed convex subset of X is contractible. Which means the class of
contractible sets is much larger then the class of closed convex sets.

Definition 1.2.3. A compact nonempty space X is called an Rs — set provided there
exists a decreasing sequence of compact nonempty contractible space (X, )nen such that
X =2, X,.

The following notion, strictly connected with extendability, was introduced by K.
Borsuk [22].

Definition 1.2.4. . A space X is called an absolute retract (in short X € AR) provided
that for every space Y, every closed subset C' C'Y" and any continuous map f: C' — X,
there exists a continuous extension f Y — X of f overY, i.e. f(x)= f(x) for every
x € C. If the set f(X) is a retract of U for every open neighborhood U of B in'Y we
say that X € ANR and call X to be an absolute neighborhood retract.

Lemma 1.2.1. . Let X € AR and X be such that X ~ X. Then X € AR.

15
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Definition 1.2.5. A space B is closed acyclic if:
((1/) HO(B) = @7

(b) H,(B) =0, for every n >0, where H, = {H,},~o is the Cech — homology functor
with compact carriers and coefficients in the field of rational Q. In other words, a
space B is acyclic if the map i : {p} — X, i(p) = xo € B, induces an isomorphism
iy : Ho({p}) — H.(B).

Remark 1.2.1. An Rs — space is a compact, connected space acyclic with respect to
the C'ech — homology functor; it has the same homology as a one-point space.

Definition 1.2.6. A u.s.c map F : X — P(Y) s called acyclic if for each v € X,
F(z) is compact acyclic.

From the continuity of Cech — homology functor, we have:
Lemma 1.2.2. [1]. Let X be a compact metric space. Then X is an acyclic space and
its structure corresponds to one of the following type:
1) X is conver,
2) X is contractible,
3) X is AR,
4) X is an Rs — set.

The next definitions were introduced in [45].

Definition 1.2.7. A metric space X is called acyclically contractible if there exists an
acyclic homotopy 11 : X x [0,1] — P(X) such that

(a) xo € II(z,1), for every x € X and for some xy € X,

(b) x € lI(x,0), for every xz € X.

Remark 1.2.2.

(a) Clearly, any contractible space is acyclically contractible. In addition, acyclic, com-
pact metric space is acyclically contractible. Indeed, it is enough any acyclically con-
tractible space is acyclic.

(b) From the continuity of the C'ech-homology functors, if X is a contractible compact
space, then it is acyclic.

(c) An Rs-contractible space has the same homology as one-point space {p}; so it is
acyclic. Hence connected.

Definition 1.2.8. A metric space X is called Rs-contractible if there exists a multi-
valued homotopy I1 : X x [0,1] — P(X) which is u.s.c. and satisfies

(a) x € l(x,1), for every x € X,

16
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(b) (x,0) = B, for every x € X and for some B C X,
(c) T(x,) is an Rs — set, for every a € [0,1] and x € X.

We conclude that, for any compact space, we have
conver C AR C contractible C Ry C acyclic.

Definition 1.2.9. ([{J], Definition 9.15) Let X be a metric space and E be a Banach
space. A map N : X — FE is proper if it is continuous and for every compact K € F,
the set N7 (K) is compact.

Definition 1.2.10. ([{5], Definition 2.29) A map L : X — 'Y is said to be a Vietoris
map if the following conditions are satisfied:
(i) L: X —Y is proper;
(ii) L is surjective;
(iii) the set L= (y) is acyclic for everyy € Y.
It is clear that any multivalued operator F' : X — P(Y) admits the standard

factorization through the graph Gr(F), i.e., there exists, pr : Gr(F) — X and ¢p :
Gr(F) — Y are the projections such that

F(x) = qp(pa'(z)) for all x € X.

Also we present a result about the topological structure of the set of solutions of some
nonlinear fractional inclusions due to N. Aronszajn and developed by F. Browder and
Ch.P. Gupta in [26] (see also [7] Theorem 1.2).

Theorem 1.2.3. Let X be a metric space, E a Banach space and f : X — E a proper
map. Assume further that for each € > 0, a proper map f. : X — E is given and the
following two conditions are satisfied:

(a) ||f-(x) — f(x)|| <e, for every x € X,

(b) for every e > 0 and uw € E in a neighborhood of the origin such that ||u|| < e, the
equation f.(x) = u has exactly one solution xy. Then the set f~1(0) is an Rs-set.

Lemma 1.2.4. (Lasota-Yorke Approzimation theorem [{4)]) Let E be a normed space,
X be a metric space and f : X — E be a continuous map. Then, for each € > 0, there
1s a locally Lipschitz map f.: X — E such that

I f(x) — f-(2)|| <&, for every x € X.

This suggests the following definition and properties.

Definition 1.2.11. (], Definition 40.1) A multivalued operator F : X — P(Y') is

called admaissible if there exists a metric space X and two continuous maps p : X 5 X
and q : X — Y such that

17
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(i) p is a Vietoris map;
(ii) F(z) = q(p~*(z)) for any v € X.

Proposition 1.2.5. ([44]) If F : X — P(Y) and G : Y — P(Z) are two admissible
maps, then the composition G o F' is admissible.

1.3 Measure of noncompactness

Next, we define in this Section the measures of noncompactness (MNC for short) and
give their basic properties.

Definition 1.3.1. ([/5], Definition 2.91) Let E be a Banach space and (A,>) be a
partially ordered set. A map o : P(X) — A is called a measure of noncompactness on
X (MNC), if

a(cof)) = a(Q)

for every Q € P(X).
Notice that if D is dense in €2, then o2 = coD and hence
a(Q) = a(D).
The measure of noncompactness satisfies the following properties:

Definition 1.3.2. ([45] Definition 2.29) Let A, B, D € P(X). A measure of noncom-
pactness o is:

(a) Monotone if A C B, implies a(A) < a(B).
(b) Nonsingular if a({a} U D) = «(D) for every a € X.

(¢) Invariant with respect to the union with compact sets if a(K U D) = a(D) for
every relatively compact set K C X.

(d) Real if A=R, =[0,00] and a(D) < oo for every bounded D.
(e) Semi-additive if a(AU B) = max(a(A), a(B)).
(f) Regular if the condition a(D) = 0, is equivalent to the relative compactness of D.

As an example of a measure of noncompactness, consider the Hausdorff measure of
noncompactness
X(2) =inf{e > 0: Q has a finite ¢ — net}.
Recall that a bounded set il C X has a finite e-net if there exists a finite subset
S C X such that A C S + eB where B is a closed ball in X. Other examples are

given by the following measures of noncompactness defined on the space of continuous
functions C(]0, b], X') with values in a Banach space X:

18
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(i) The modulus of fiber noncompactness

p(Q2) = sup xx(Q(t)),

t€[0.0]

where xx is the Hausdorff measure of noncompactness in X and Q(t) = {y(¢) :
y € Q}.

(ii) The modulus of equicontinuity

modc(2) =lim  sup ||y(m1) — y(m2)]|.

—0 |71 —T2|<d

It should be mentioned that these measures of noncompactness satisfy all above-
mentioned properties except regularity.

Definition 1.3.3. ([29/) Let (X,d) be a complete metric space and B the family of
bounded subsets of X. For every B € B we define the Kuratowski (1896-1980) measure
of noncompactness «(B) of the set B as the infimum of the numbers d such that B
admits a finite covering by sets of diameter smaller than d.

Remark 1.3.1. The diameter of a set B is the number sup{d(z,y) : * € B,y € B}
denoted by diam(B), with diam(() = 0.

It is clear that 0 < a(B) < diam(B) < oo for each nonempty bounded subset B of X
and that diam(B) = 0 if and only if B is an empty set or consists of exactly one point.

Definition 1.3.4. Let E be a Banach space and Qg the family of bounded subsets of
E. The Kuratowski measure of noncompactness is the map o : Qg — [0, 00) defined by

a(B) =inf{e >0 : B C U B; and diam(B;) < €},

where
diam(B;) = sup{||x — y|| : x,y € B;}.

Remark 1.3.2. The a-measure of noncompactness was introduced by Kuratowski in
order to generalize the Cantor intersection theorem

Theorem 1.3.1. ([59]) Let (X, d) be a complete metric space and { B, } be a decreasing
sequence of nonempty, closed and bounded subsets of X and lim «(B,) = 0. Then the

n—oo
intersection By of all B,, is nonempty and compact.

In [54], Horvath has proved the following generalization of the Kuratowski theorem:

Theorem 1.3.2. ([59]) Let (X, d) be a complete metric space and {B;}icr be a family
of nonempty of closed and bounded subsets of X having the finite intersection property.
If i,nfa(Bi) = 0 then the intersection By, of all B; is nonempty and compact.

1€
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Lemma 1.3.3. ([48/) If V C C(J, E) is a bounded and equicontinuous set, then

(i) the function t — «(V (t)) is continuous on J, and

a.(V) = sup a(V (1)),

0<t<T

(ii) for V(s) ={xz(s) :x €V}, seJ we have

a (/OT o(s)ds € v) < /OTa(V(s))ds.

In the definition of the Kuratowski measure we can consider balls instead of arbi-
trary sets. In this way we get the definition of the Hausdorff measure:

Definition 1.3.5. ([59]) The Hausdorff measure of noncompactness x(B) of the set B
1s the infimum of the numbers r such that B admits a finite covering by balls of radius
smaller than r.

Theorem 1.3.4. ([59]) Let B(0,1) be the unit ball in a Banach space X. Then
a(B(0,1)) = x(B(0,1)) =0
if X is finite dimensional, and «(B(0,1)) = 2, x(B(0,1)) = 1 otherwise.

Theorem 1.3.5. ([59]) Let S(0,1) be the unit sphere in a Banach space X. Then
a(S(0,1)) = x(5(0,1)) = 0 if X is finite dimensional, and a(S(0,1)) =2, x(S(0,1)) =

1 otherwise.

Theorem 1.3.6. ([59/) The Kuratowski and Hausdorff MNCs are related by the in-
equalities
X(B) < a(B) < 2x(B).

In the class of all infinite dimensional Banach spaces these inequalities are the best
possible.

Example 1.3.1. Let [*° be the space of all real bounded sequences with the supremum
norm, and let A be a bounded set in [*°. Then a(A) = 2x(A).

Definition 1.3.6. ([{J]) Let M be a closed subset of a Banach space X and o :
P(X)— (A,>) be a MNC on E. A multivalued map F : M — P.,(X) is said to be
a-condensing if for every 0 C M, the relation

a(F(Q) = a(Q)
implies the relative compactness of €.

We end this section by the following compactness criterion in L.
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Lemma 1.3.7. ([57], Theorem 5.1.1) Let N : L'([a,b], X) — C([a,b], X) be an oper-
ator satisfying the following conditions:
(S1) N is L-Lipschitz: there exists L > 0 such that for every f,g € L'([a,b], X),

b
INF(t) = Ng@)|| < L/ 1/ (s) = g(s)llds, for all t € |a,b].

(S2) N is weakly-strongly sequentially continuous on compact subsets: for any compact
K C X and any sequence {f,}5>, C L'([a,b], X) such that {f,}>>, C K for a.e.
t € [a,b], the weak convergence of f, — fo implies the strong convergence of

N(fn) — N(fo) as n — oo. Then for every semi-compact sequence {f,}52, C
LY([a,b], X), the image sequence (N{f,}°2,) is relatively compact in C([a,b], X).

Lemma 1.3.8. ([57], Theorem 5.2.2) Let an operator N : L'([a,b], X) — C([a,b], X)
satisfy conditions (S1) — (S2) together with

(S3) there exists n € L'([a,b], X) such that for every integrably bounded sequence
{fn}22,, we have

X({fndnzr) < n(t), for a.e.t € la,b],
where x is the Hausdorff MNC'. Then

VAN ()(0)2) < 2L / n(s)ds, for all t € [a,b],

where L is the constant in Sy.

For further facts concerning measures of noncompactness and their properties we
refer to [6l 10, T2, 59] and the references therein.

1.4 Some fixed point theorems
In this section we present some old and new fixed point theorems.

Definition 1.4.1. Let (X, 7) be a topological space F : X — P(X) a multi-function.
We say that x € X is a fized point of F if v € F(x).

Theorem 1.4.1. ([{4l]) Let D C X be a nonempty closed convex and bounded subset
of X and N : D — P(D) an [-condensing admissible multivalued operator, where (3
is a nonsingular measure of noncompactness defined on subsets of X. Then Fixz(N) is
nonempty and compact.

The next result is concerned with nonlinear alternative for [-condensing u.s.c.
multi-valued maps.
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Lemma 1.4.2. Let V C X be a bounded open neighborhood of zero and N : V — P(X)
be a [-condensing admissible multi-valued map, where B is a nonsingular measure of
noncompactness defined on subsets of X, that satisfies the Leray-Schauder boundary
condition

x & AN(x)
for allx € OV and 0 < A < 1. Then FixN is nonempty and compact.
Proof. Let C' be the set defined by

C={zeV:zeAN(z) for some X € [0,1]}.

It is clear that C'is nonempty set since 0 € C. To show that C'is closed, let (x,;)nen C C
be a sequence converging to z; then there exists (A,)nen C [0, 1] such that

T, € \pN(zy,) for n € N,

Since [0, 1] is compact, there exists a subsequence of (\,,),en that converges to A € [0, 1].
If A\ € (0,1], then using the fact that N is admissible, we see that N has a closed graph,

so x € AN(z). If A =0, it is clear that N ({xn ‘n € N}> is a compact set, so there
exists M > 0 such that

lyll < M for any y € N({xn ‘n € N}> :
This implies
|zl < \aM, n €N,

that is, x = 0 € ON(0), and we conclude that C'is closed set in X. Since CNX\V = 0,
Urysohn’s lemma guarantees the existence of a continuous function p : X — [0, 1] such
that p(r) =1 for z € C and p(zr) =0 for v € X \ V. Let 7 : X — V be a retraction
of the space X onto V. _

We introduce the multivalued operator N : X — P(X) defined by

S (z)N(z), x€V,
N(x)_{/fO}, xe X\ V.

Observe that B
N(@) = f o (ul(x) x N(r(2)), 7 € X,

where f:[0,1] x X — X is defined by
f\x) =Xz, z € X.
Let C, =co(N (V) U {0}); it is easy to show that
N(C,) c C,.
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It follows from the definition of N that it is an admissible multivalued map. Next, we
show that N is f-condensing. Let D € P,(C)) be such that

B(D) < B(N(D)).
If DNV = 0, then from the definition of N, we have
B(D) < B(N(D)) < B({0}) =0,
so D is relatively compact. On the other hand, if DNV # (), then
B(DNV) < B(D) < B(N(D)) < B(N(DNV)).

From the definition of N )

BINDNV)) = BuDNVINDNV) =5 | ) n@)NDNT)

z€DNV

From Definition [1.3.2] for every x € X, we have

Blu(x)N(DNV)) = |u@)|BN(DNV)) < BN(DNV)).

Hence, B

BDNV) < B(D) <BIN(D)) < BNDNYV)).
Since N is f-condensing, we obtain that D NV is relatively compact. Moreover, since
N is us.c., f(D) =0, so D is relatively compact. Therefor, N is [-admissible since it
is admissible and -condensing. We now use Theorem to show that N has at least
one fixed point = € C, such that 2 € N(z). Since 0 € V,z € V and z € pu(z)N ().
Hence, x € C. This implies that x € N(z) so Fix(N) # 0. To see that Fixz(N) is

compact, first note that
Fiz(N) C N(Fiz(N)).

Therefore,
B(Fiz(N)) < B(N(Fiz(N))).

Since N is (-condensing, we conclude that Fiz(N) is compact. This completes the
proof of the lemma. O

An additional result on the set of fixed points of N is contained in the following
proposition.

Proposition 1.4.3. Let X be a Banach space and N : X — P(X) be a [-admissible
multivalued map, where [ is a nonsingular measure of moncompactness defined on
subsets of X. If the set

A={x e X :2 € AN(x), for some A € (0,1)}
is bounded, then FixN # () and compact.
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Proof. Since A is a bounded set, there exists d > 0 such that

|z||o < d for each x € A.

We can easily prove that N : B(0,d) — P(X) is a S-admissible operator and

x & AN(x) for all z € 0B(0,d).
Consequently, from Lemma [1.4.2] the set Fiz(N) # () and compact. O

Similarly, we have the following result.

Lemma 1.4.4. ([57) Let W be a closed subset of a Banach space E and N : W —
P.,(X) be a closed B-condensing multivalued map, where B is a nonsingular measure
of noncompactness defined on subsets of X. If the fized point set Fix(N) is bounded,
then it is compact.

In what follows, we wish to replace the Leray-Schauder boundary condition with
the following ”star-shaped” condition.

Definition 1.4.2. ([11], Definition 4.2.7) Let X be a Banach space. An open bounded
neighborhood of the origin, V' is strictly star-shaped with respect to the origin if for any
x € AV, we have

{Ax: A >0}NIV = {x}.

Remark 1.4.1. IfV is a bounded open neighborhood of the origin, the following strict
inclusions hold (see ([56]], Proposition 1)):

Convex C Strictly Star — shaped C Star — shaped.

For any strictly star-shaped open and bounded neighborhood V' of the origin, we can
define the Minkowski function py : X — [0,00) by

py(x) =inf{A > 0:z € \V}.
This function satisfies the properties:
o uy(tr) =tuy(z), for allz € X and t > 0.
o uy(x) >0 for any v € X.
o V={z:py(x)<1},V={z:py(z) <1}, and OV = {z : py(x) = 1}.

Remark 1.4.2. For strictly star set, the Minkowski function can equivalently be defined
as: pyv(0) = 0 and, for x # 0, py(x) is the unique positive number such that o €V
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Proposition 1.4.5. ([{1)]) Let X be a Banach space and V' be an bounded open neigh-
borhood of zero. If V is strictly star-shaped, then the Minkowski function py is contin-
uous and the mapping Ry : X — V' given by

s a continuous retract of X into closure of V.

In 2005, Jimenez-Melado and Morales [56] introduced the so-called interior condi-
tion for single valued maps. In the following definition, we introduce a multivalued
version of this condition.

Definition 1.4.3. ([56], Page 501) Let X be a real Banach space and 'V be open subset
of X with 0 € V. We say that the multivalued map N : V — P(X) satisfies the interior
condition if there exists § > 0 such that

Ax & N(x) for x € Vs, A>1, and N(z) N X \V # 0,

where
Vs={zxeV:dx0V)<d}.

The following result is taken from Gonzalez, Jimenez-Melado and Liorens-Fuster
([41], Proposition 2).

Proposition 1.4.6. Let X be a Banach space and V' be a strictly star-shaped open
bounded neighborhood of the origin. Let 0 < k < k, where k = d(0,0V) and k =
sup{||z|| : € OV}, and choose § € (0,k],r = 2 € [0,1]. Define L : X — X by

r+(1—r)pv(z) 1
D@, e X\ V
L (z) = { | |

ui (z) -
x, zeV.

Then L is continuous, L, (X \ V) C Vs, and LS, (x) € co({0} U {x}) for all x € X.

The following fixed point theorem is for multivalued maps satisfying the interior
condition.

Theorem 1.4.7. Let X be a real Banach space and let V be a open bounded and
strictly star-shaped subset of X with 0 € V. If the multivalued map N : V — P(X) is
[B-condensing, admissible, and satisfies the interior condition, then N has at least one
fixed point.

Proof. Let Ry : X — V be a retraction of X into V. Define the multivalued operator
N*:V — P(X) by

Hnw @ N (R (2)), x € X\ T,

Ne) = { N(:}UL)V(:B) xeV.
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We can write N* as
N*(x) = g o (fi(x) x N(Ry(x))), x € X,
where ¢ : [0,1] x X — X is defined by
g\ x)=Ar, v € X,

and
r+(—r)py(z) ia
ia)=14  @m@ x€X\V,
1, xeV,
are continuous function. Then, by proposition N7 is an admissible operator, and

we see that co(N (V) U {0}) is invariant under N*. Let D € P,(V); then from the
definition of N*,

BN*(D)) = B(N(D)).

Therefore,

B(N*(D)) < B(N(D)) for all D € Py(V).

From this it follows that N* is a f-condensing admissible operator. We wish to show
that the conditions of Monch’s theorem [69] hold. Let D C V with D C co({0} U
N*(D)); then

B(D) < Beo({0} UN*(D))) = B(co(N™(D)))-
Hence,

B(D) < BIN*(D)).

Using the fact that N* is S-condensing, we see that D is relatively compact.
Next, we show that N* satisfies the Leray-Schauder condition. Since N satisfies
the interior condition, there exists 6 € I := (0, k) such that

\r & N(x) forx € Vs, A>1, and N(x)N X \V # 0,
where N
k = sup{||z|| : z € OV'}.
As in the proof of ([56], Theorem 1), for any t € (1 — %, 1), the set V; = {tx : x € V'}
is an open subset of V, tV =tV and tV C V. Additionally, we can easily show that

ov c|Jov,c| o

tel tel

Now suppose there exist \; > 1 and z; € 9V, such that \;z; € N*(2;). Then by the
definition of N*,
)\txt € N(.Tt), )\t > 1, and Ty € th (141)
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1.4 Some fixed point theorems

Since V is strictly star-shaped and z; € 0V; C V, there exists a unique z; € dV such
that x; = tz; (see Remark [1.4.2). Hence, we obtain

(2, 0V) < ||z — 2] < (1 — )k < 6, (1.4.2)

and consequently, by the interior condition, we have Az € V. This implies that
My € [y, 2] since that is a strictly star-shaped set. Thus, we conclude that

lzell < Azl < el < .
Therefore, the set

D* = {x; : xy satisfies the relation (1.4.1)), t € I}

is bounded and D* C @{N(D*) U {0}}. Since N is f-condensing, D* is relatively
compact, and hence there exists a sequence (z,,),en converging to x in V' and a sequence
(An)nen in R such that

ATy € N(2), Ay — 1, t, = 1, and x, — x as n — 0.

It is easy to see that (1.4.2), implies lim, ,o x, = lim, , 2, = = and there exists
n € N such that z,, € V. We then have that

d(x,,0V) < § implies x, € V.
The interior condition of N implies that
MZn € N(z,) and N(z,) N X \V =0,

which contradicts . Therefore, N* satisfies the Leray-Schauder condition. Since
V is a retract of X, N* is an admissible map and satisfies Monch’s theorem. Then, by
(78], Theorem 5), there exists # € V such that » € N*(x). From the definition of N*,
it follows that x € N(x), and this completes the proof of the theorem. O

Nonlinear Alternative of Leray-Schauder

Theorem 1.4.8. Let (X, || - ||) @ normed space and F : X — Puo(X) a multi-
valued operator upper semi-continuous and compact. Then at least one of the following
assertions is verified:
(i) F has at least one fived point on X,
(ii) the set

By:={re X :xze€\F(x),Ae€(0,1)}
s unbounded.

Theorem 1.4.9. (Leray-Schauder’s fized point theorem [{7, [73] Let N be a contin-
uous and compact mapping of a Banach space X, such that the set {x € X : x =
ANz, for some X € (0,1)} is bounded. Then N possesses a fized point.

More details on fixed point theory with the proof be found on the books [4} [7, 43].

27



Preliminaries

1.5 Semigroup of Linear Operator

Definition 1.5.1. A one-parameter family T'(t) for of bounded linear operators on a
Banach space X is a Cy-semigroup (or strongly continuous) on X if

(1) T(t)oT(s) =T (t+s), fort,s >0, (semigroup property),
(17) T(0) = I, (the identity on X ),

(131) the map t — T(t)x is strongly continuous, for each x € X, i.e,

IimT(t)(x) =z, Vo € X.

t—0

Remark 1.5.1. A semigroup of bounded linear operators (T'(t))i>o is uniformly con-
tinuous if
ity | 7(2) — I ) = 0.

Here I denotes the identity operator in E. A strongly continuous semigroup of bounded
linear operators on X will be called a semigroup of class Cy or simply a Cy semigroup.
If only (i) and (ii) are satisfied we say that the family (T(t))i>0 of bounded linear
operators 1S a Semigroup.

Definition 1.5.2. Let T'(t) be a semigroup of class (Cy) defined on X. The infinitesi-
mal generator A of T'(t) is the linear operator defined by

Alx) = Jim = L@ =@ e D),

h—0 h

exists in X }.

where D(A) = {z € X | ]lzirr(l) = %
B

Let us recall the following property:

Theorem 1.5.1. [76] If T(t) is a Cy-semigroup, then there exist w > 0 and M > 1
such that
@)y < M exp(et), for 0 < t < oo

Remark 1.5.2. If, M = 1 and w = 0, i.e; [|[T(t)||p < 1, fort > 0, then the
semigroup T(t) is called a contraction semigroup (Cp).

Theorem 1.5.2. [76] Let T(t);>0 be a Cy-semigroup and A be its infinitesimal gener-
ator. Then

(a) Forx e X,
t+h

.1
}ILILI[I) i T(s)xds =T(t)x.
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1.5 Semigroup of Linear Operator

t
(b) Forx e X, / T(s)xds € D(A) and
0

L O)(@) = A(T(t)(z)) = T(t)(Ax)). (1.5.1)

(d) Forxz e D(A)

Tt — T(s)x = / T(r) Awdr — / AT ()i

s

11_I>%T(t)(x) =z, Vo € X.

Corollary 1.5.3. [70] If A is the infinitesimal generator of a Cy semigroup (T'(t)i>0)
then D(A) the domain of A, is dense in X and A is closed linear operator.

Theorem 1.5.4. A linear operator A is the infinitesimal generator of a uniformly
continuous semigroup if and only if A is a bounded linear operator.

Theorem 1.5.5. [70] Let (T(t)):>0 and (S(t))i>o be two Cy semigroup on X, generated
respectively by A and B. If A= B then T'(t) = S(t), t > 0.

Proof. Assume A = B and let z € D(A) = D(B).

Define a(s) :=T(t — s)S(s)x, s € [0,1].

From Theorem part (c) it follows that « is differentiable and that

o/(s) =LT(t — 5)S(s)x = —T(t — s)AS(s)z + T(t — s)BS(s)x = 0, since A = B.

It follows a(s) = constant. In particular, its values at s = 0 and s = ¢ are the same

that is T'(t)x = S(s)z Vo € D(A). By Corollary D(A) is dense in X and T'(t),
S(s) are closed;
therefore T'(t)x = S(s)x; Vo € X. O

Let E an complex Banach space and
A={zeC:0, <arg(z) < b6y},
with 6, < 0 < 6. for all z € A, we consider T'(z) an linear bounded operator.

Definition 1.5.3. We say that the family {T(z) | z € A} is an analytic semi-group
m A if:

(A) T(z) o T(w) =T (2 +w), for z,w € A,
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Preliminaries

(B) T(0) =1,

(C) the map z — T (z)x is strongly continuous, for each x € E, i.e,

lim7T'(2)(z) =z, Vo € E,

z—0
(D) VYo € E,z+— T(2)x is analytic.

Therefore, according to this definition we note that the restriction of an analytic
semi-group to the real half-axis positif is a strongly continuous semi-group and therefore
it is concluded that any semi-group strongly continuous is analytic.

Let A be the infinitesimal generator of an analytic semigroup {7'(t) }+>o of uniformly
bounded linear operators on E. Let 0 € p(A), with p(A) is the resolvent set of A. Then
for 0 < B < 1, it is possible to define the fractional power A” as a closed linear operator
on its domain D(A”). For the analytic semigroup {7T'(t)};>0, the following properties
will be used.

Properties 1.5.6. (i) There is a constant M > 1 such that

Mi= s T s < oo
te[0,+00)

(i) for any B € (0,1), there exists a positive constant Cg such that

C
|APT(t) || 5(e)y < t—;, t € (0,b)].

For more details about the above preliminaries, we refer to
[4, 7, 149, 521, 59, 76, ’7, [8F].
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Chapter 2

Neutral Differential Inclusions with
State-Dependent Delays

In this chapter we give some existence results of solutions and Filippov’s theorem
of neutral differential equation with state-dependent delay. More, presley, we consider
the following:

# @) =gt x(t —n(t))) € F(t,z,2(t = 7(t,21,0))) , t€J,
a (2.0.1)
x(t) = (1) , tel,

where, (E,|| - ||) a Banach space, J := [0,T], I := [—r,0], r,T are strictly positive

constants, F' : J x C(I,E) x E — P(E), a multi-function, g : J x E — E a given
continuous function in its two variables, ¢ : [ — E, 7: J x C(I, E) x ¥ — [0,7] and
n:J — [0,r] are given continuous functions, 3 is a parameter space menu of the norm
| - |s. For any function x defined on [—r,T] and any ¢t € J we denote by z; the element
of C(I, E) defined by

z(0) =x(t+6), 0l

2.1 Existence of solutions

In this section we give our main existence result for problem (2.0.1)). Before starting
and proving this result, we give the definition of its solution. Let’s denote by €2 the set
C([—T, T]? E)

Definition 2.1.1. The function x € Q is solution of the problem ({2.0.1|) if there exists
one function v € L'(J, E), such that
v(t) € F(t,zy,x(t —7(t,2¢,0))), for each t € J, i.e. v(t) € Spy, for each t € J, with

QO(t), tel

0=\ 00— 00,0000 + ot~ + [ (o) te s
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Neutral Differential Inclusions with State-Dependent Delays

2.1.1 Convex case

For the convex case we introduce the following hypotheses:

(Hy) The multifunction F' : J x C(I,E) x E — P(F) has convex values and there
exist a continuous and nondecreasing function ¢ : [0,400) — (0,00) and there
exist a function p € L'(J,R") such that

£ w, )l < p)Y([[ulleo + [[v]lz)
for every t € Jand u € C(I,E), v € E.

(Hs) (i) There exist constants 0 < d; < 1 and dy > 0 such that
lg(t,w)||g < di||u||g + da, for each t € Jue€FE,

(ii) the subset {t — g(t,u) : u € B} is equicontinuous for all subset bounded B
of F.

(H3) There exist an constant M > 0 such that
a(g(t, B)) < Ma(B)
for each ¢t € J and for all subset bounded B C E.

(H,) There exist functions Qq, Q2 € L'(J,RT) such that

o(F(t, 4, B)) < Qu(t) sup a(A(s)) + Qa(t)a(B)
se
for each t € J and for all subsets bounded A C C(I,FE),B C E, with M +
QI < L.

Let v = —n(t), and w = —7(t,24,0), hance v,w € [—71,0], t

n(t)) = x(t + v) = x4(v), and z(t — 7(¢, 24,0)) = 2(t + w) = 24(w

g(t’x(t - 77(75))) = g(tth(y))7 and F(t’xhx(t (twmt’ ) ) (
Our result is given by

then we obtain z(t —
x(w) this implies that,
t

Tty (W)

Theorem 2.1.1. Assume that (Hy)- (Hy) hold, and if further

1 T ° dy
1—2d1/0 p(s)</c —w(h), (2.1.1)

with ¢ = Wﬂi"—;‘h% a positive constant. Then the problem (2.0.1) has at least one
solution.

32



2.1 Existence of solutions

Proof. Transform the problem (2.0.1)) into a fixed point problem. Consider the operator
N : Q — P(R), defined by

o(t), tel

VOO =) HETPO=Y 00) 0.0 + gt + [ wioris, ved [

with v € SFJ.

Note that a fixed point of N is a solution of (2.0.1)).
We will show that NV satisfies the assumptions of the nonlinear alternative of Leray-
Schauder. The proof will be given in several steps.

Step 1: N is convex.
Let hy,hy € N(x) with x € €, then there exist vy,v2 € Sp,, such that for every
t € [-r,T], we have

Qp(t)a tel
hi(t) = !
p(0) ~ 9(0.00) + gt 2 ) + [ wils)ds , v e
0
with 2 = 1.2.
For every A € [0, 1] we have:
if t € I, then
Ift € J, then

M (1) + (1= Mha(t) = ¢(0) = 9(0, o(v)) + (L, 2:(v)) +/0 (Avr(s) + (1 = Awa(s))ds.

Since F'is a convex value then Sp, is convex and we have

(Av1(s)+(1=XN)va(s)) € Sg. and therefore Ay (t)+(1—N)ha(t) € N(z), so N is convex.

Step 2: N is completely continuous.
(i) We show that N send the bounded into the bounded subset of €.
Let B, :={z € Q : ||z]|o < q}. Clearly, the subset B, is bounded of Q. We take
T € Bq, and h € N(x) then there exist a function v € Ll(J E), such that
v(t) € F(t,zy, x(w)), for every t € J, with

t tel
£(0) = g(0, p(1)) + g(t, 24(v ))+/0 w(s)ds , te
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Neutral Differential Inclusions with State-Dependent Delays

For each t € J we have

PO < HSO(O)_Q(OaSO(V))H+||9(t>517t(’/))||+||/0U(S)dSH

IN

t
HMm+%WMﬁ%ﬂﬂm+wﬁ%@@/p@@
0
< (1 +d)|[@llee + dig + 2ds +0(2¢)|Ip|| 11 := L1

Hence for each t € [—r,T| we obtain

1Plloe < maz((|@ll, lr) = 1.

Since [ depends only on the constants dy, ds, ¢ and the functions ¢, p, ¥, so for every
subset B, bounded of {2 we have the subset N(B,) is bounded of €.
(ii) We show that N send the bounded into the equicontinuous subset of €.
Let t1,t € J,with t; < ty and B, be a bounded subset of € as in (i). Let € B,, then
for each h € N(x) we have

Ih(t2) — Bl < M@m%JW)—ﬂhwn@»W+/2M$¢@®%-

t1

According to (ii) in (H2) we will have the right-hand side tends to zero as ty —t; — 0,
implies the left-hand side tends to zero as to —t; — 0 so for every subset B, bounded
of © we have the subset N(B,) is equicontinuous of (2.

(iii) Let V' C By such that V' C cono(N(V)). We have V' C conv(N(V')), bounded and
equicontinuous, hence V' is also, and therefore the function ¢ — «a(V'(t)), is continuous
on J, with V(t) = {z(t) € £ : v € V}. Let V;, = {2y € C(I,E) : x € V}, by
(H3) — (H4) and the properties of the measure «, we have for every t € J,

a(conv(N(Vh))) = S;ga(N(Vz(ﬁ)))
, with
sup a(N (V4(0))) = a{p(0)—g(0, ¥o(0))+9(t, V;(@))+/O v(s)ds : v(s) € F(s,V,, Vi(w))},

el

and therefore

sup o (V;(0)) Sa@@%@D+Aa@@%M@GN&%%@WMS

el

< Msupa(Vi(0) + /0 (Q1(s) sup a(Va(0)) + Qa(s)a(Va(w)))ds.

oel ol

Set Q(s) = Q1(s)+Q2(s), a(V) = sup{a(V;(0)) : 8 € I}, hence we obtain the following

estimate

aV) < (M+]Q[L)aV).
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2.1 Existence of solutions

This implies that

1= M +Ql)]a(V) < 0.

Using the condition M + ||@Q||z: < 1 we obtain a(V') = 0, and therefore the subset V'
is relatively compact in €. So with (i), (ii) and (iii) the lemma conditions of Arzeld
-Ascoli are satisfied, this implies that N is completely continuous.

Step 3: N has a closed graph.
Let {x,}nen € £ be a sequence such that z, — = € , and let h, € N(z,) with
h, — h. We proof that h € N(z). We have h,, € N(x,) so there exist v,, € Sp, such
that

" (t), t tel
2(0) — 9(0, 0" () + glt, 2 (1)) + / va(s)ds , te .

Now, just show that there exist v € Sgz, such that

hn(t) =

@(t)a tel

M7\ 6090500 + ot + [ T)is ve

It’s clear that

[(hn(2) = ©"(0) + 9(0,¢" () — g(t, 2 () — (h(t) — 2(0) + 9(0, 8(v)) — g(t, Z:(v)))]|

tends to zero as n — +o0o. Then we define the linear continuous operator
I:LYJ, E)— C(J,E) by

So
I'(vy)(t) = /0 Un(s)ds = hy(t) — ¢"(0) + g(0, 9" (v)) — g(t, 2} (v)),

implies
hn(t) = ©"(0) + g(0, " (v)) — g(t, 2} (v)) € T(SFa,)-
By the Lemma , we obtain I'(Sr,) has a closed graph, and since
ha(t) = ©7(0) + (0, 9" (v)) — g(t, 27 (1)) = h(t) = 3(0) + g0, 3(v)) — g(t, Tu(v)).

Then

h(t) = ¢(0) + 9(0,4(v)) — 9(t, 7:(v)) € T(Spz),
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SO

t
/ v(s)ds € I'(Spz),
0
this implies that
ﬁ(t) € Spﬁ,
therefor N
h € N().

Consequently the multi-valued operator N has a closed graph.

Step 4: We proof that the subset By :={z € Q : x € AN(x), for some XA € (0,1)} is
bounded. Let x € By, hence for each t € [—r,T] we have,

Ap(t), tel

z(t) = M(0) — g(0, 0(v)) + g(t, z:(v)) +/0 v(s)ds) , te .

And we have the following estimates

lz@)] - < !Iw(O)—g(O,xo(V))H+||g(t,$t(V))|l+I\/Otv(S)dSII

t
< Hgal\oo+2d1H:z:Hoo+2d2+/op(s)w(l\xsl\+Ha:s(w)H)ds.

This implies that

¢l + 2o N 1
1— 24, 1— 24,

[2lleo <

Ammwmw&

We consider the function p : [—r,T] — R" define by

p(t) = sup{|[z(®)]| : t € [=r, T]}.

Hence
H(pHOO? . t G I

t) <
S S e [ eeladids, ve
Let t* € [—r,T| such that u(t) =| x(t*) ||, hence if t* € I we have

p(t) < lleplloc-

If t* € J, then

ol +2, 1 f*
) < BBy [eututs)ds
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2.1 Existence of solutions

We take the right-hand side as a function u(t), hence
gl 205

w0) =g =6
and
u(t) < wu(t) for each, t € J.

Moreover we have

W (t) = g pU(2u(0)

Since the function ¢ is nondecreasing then

!

(1) < TPl u().

This implies that

u () < 1 t)
bu®) = 1— 24,
S0
u(t) d 1 t
g
— < s)ds
/c b2 T 1—2d1/0p( )
1 T
< .
= 1—2d1/0 pls)ds
Using (22.1.1)) to have that

e U(2y) ) Y(2y)
this implies that
u(t) < +oo.
Hence there exists a constant 0 < b < +00 such that

u(t) <b

S0
|x(t)]] < b for each t € J.

And Consequently we have
[#]loc < max(|lpllcc, b) := b on [, T].
With b depends only of the constants dy, ds, r, and the functions p, , 1, and therefore
B, is bounded, so by nonlinear alternative of Leray-Schauder the operator N has at
least one fixed point which is solution of the problem ([2.0.1)).
O
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2.1.2 Non-convex case

For this case, we use the Filippov’s theorem on a bounded interval.
Let v € C(I,E),h € L'(J,E), and let y € Q be a solution of the following differential
problem with semi-linear equation:

{ Lly(t) —glt, () = h(t) teJ
y(t) = (1), tel.

We will consider the following assumptions:

(A;) The multi-function F : J x C(I,E) x E — P(F) has closed values, such that
(a) for all w € C(I, E),v € E,t — F(t,u,v) is measurable,
(b) the map v : t — d(h(t), F(t, v, y:(w))) is integrable.

(Ay) There exist a function @Q € L'(J,R"), such that

lg(t,u) — gt v)le < Q)[Ju —vl|g,
for all u,v € F.

(A3) There exist a function p € L*(J,RT), and a strictly positive constant § such that

Hy(F(t,ur, v1); F(t,ug,v2)) < p(t)([un = uslloo + [lor = v ),

for all t € J,and u;,v; € B(y,, B), with i = 1.2 and B(y,, 3) is the closed ball of
O(I, B).

(A4) The functions p and @) satisfies the following condition,

2Q(t) +2fo s)ds < 1 for every t € J.

We define the function £ by

£(t) = 6+ 2p(t) 12 — ylloe + / +(s)ds,

for each t € J, with J a strictly positive real. We have the following result

Theorem 2.1.2. Assume that (A1)- (Ay) and £(t) < B, YVt € J hold. Then for all
p e O, E) with ||¢ — [l <0,
the problem (2.0.1) has at least one solution.
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2.1 Existence of solutions

Proof. Let p € C(I, E) such that ||¢ — 1]|c < 0. We construct a sequence of function
(2™(t))nen which will show that it is converging to some solution of problem ([2.0.1])
on the interval [—r,T]. Let fo = h on J and 2°(t) = y(t) for all t € [-r, T, i.e

¢(t)7 tel

T = 9 500) - 9(0,50()) + gt el /fo ds, ted

Then we defined the multi-valued map U; : J — P(E)
Ui(t) = F(t, e, 2e(w)) N B(h(t)ﬁ(t))-

Since h and ~y are measurable, Theorem tells us that the ball B(h(t),v(t)) is
measurable. Moreover F'(t,x;, z;(w)) is measurable and U; is nonempty.Indeed, since

v = 0 is a measurable function, from lemma[1.1.4] there exists a function v which is a

measurable selection of F(t,z?, 29 (w)), and such that

| u(t) = h(t) |< d(h(t), F(t, 2}, 20 () = 7(t),

| u(t) — h(t) [< (1),
hance
u(t) € B(h(t),~(t)) and u(t) € F(t,2), 29(w)),

this implies that
U(t) el (t)
We deduce that the intersection multi-valued operator U;(t) is measurable. By the

Lemma [1.1.3] there exists a function ¢t — fi(¢) which a measurable selection for Uj.
Consider

1 ©(t), tel
T =0 00) = 9(0,280)) + g(t, 20 /f1 ds, tel

Then for each t € J we have
ot = afle < llp = Ve + 2000~ e + [ 156 = o) | d.
this implies that
= 20010 < 6 + 2Q() |12 — yelloo + /Ot’y(s)ds = £(t) < B (2.1.2)

Then Lemmall.1.6} tells us that F(¢, z}, 2} (w))) is measurable. The ball B(f(t), 2p(t)||z}—
1Y) is also measurable by Theorem [1.1.8] Moreover the operator U, defined by

Us(t) = F(t, 2, 7y (w)) N B(fi(2), 2p(t) |7y — 27 lo0).
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is measurable nonempty. Indeed, since f; is a measurable function, then by Lemma
1.1.4) we have the existence of a measurable selection u of F(¢,z}, r}(w)), such that

[u(t) = A() | < d(fi(t), F(t,2;, 24 (w)))

< Ha(F(t,2),2)(w), F(t,z;, 23 (w)))
< 2p(t)llw; — 7]l
implies
u(t) € B(fi(t), 2p(t) |2, — afll) and u(t) € F(t, zy, 2 (w)),
SO

u(t) € Us(t).
Lemma yields a measurable selection fy(t) € Us(t). Hence,

| fo(t) = fi(t) [< 2p() |2 — ]| oo
We define now x? by
p(t), tel

T =9 0(0) = g(0,23(1)) + g(t, 1 (v /fz is, ted

We obtain the following estimates:

I — e < 2002} — 2% + /|f2 (s) | ds
< 20z} - tuoo+/0 p(s) e} — 20l oeds

IN

(2Q() + 2 / p(s)ds)||z} — 2.

Set

and using (2.1.2)) to have that
2 =yl < r(E(). (2.1.3)
Defining now also the operator Us by
Us(t) = F(t, o, o (w)) N B(fa(t), 2p(t)l|27 — |o0)-

Similarly with all the above we will have that: Us(t) is a measurable multi-valued
operator with nonempty values, so there exists a measurable selection f3(t) € Us(t).
This allows us to define

(1), tel
©(0) — g(0,23(v)) + g(t, x?(v /fg ds, teJ.



2.1 Existence of solutions

For t € J we obtain the estimates:

18— 22 < 2Q(0)]12% — 2} + /|f3 (s) | ds
< 20(1)]? - tuoo+/0 p(3)[122 — 2} ods
< (2Q(1) +2 / p(s)ds)||22 — 2|

0

< rt)laf - 2o
We use (2.1.3]) to have that
27 — 27 [loo < (r(8))%€(2). (2.1.4)
The same manner be we define the operator U, by
Us(t) = F(t, @}, 2;(w)) N B(f3(t), 2p(t) |2} — 27|o0)-

Arguing as for Uy, we can prove that U, is a measurable multi-valued operator with

nonempty values, so there exists a measurable selection f4(t) € Uy(t). Then we define
4

xy by

(1), tel
i(t) =
0(0) — g(0,23(v)) + g(t, ¢ (v f4 ds, teJ
And we will obtain the estimate:
lot — el < 2002 — 22 + / | fals) — fols) | ds

< 20(1)]? - tuoo+/0 p(3)[[22 — 22 ods
< (2001 +2 / p(s)ds)||2 — 22

< r(t)laf - 2o
And using (2.1.4]) to have that
7 — 27 loo < (r(8))°€(2).
We repeat this processor for n = 1,2, 3,4, ..., we arrive at the following bound
ot — 27 oo < (r(8))"7'E(). (2.1.5)

By induction, suppose that (2.1.5) holds for some n and check (2.1.5) for n + 1. Let
U,+1 defined by the following form

U1 = F(t, 2}, 27 (w)) 0 B(fa(t), 2p(t) 27 — 277 |0).
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Neutral Differential Inclusions with State-Dependent Delays

As in the above arguing U, is a nonempty measurable, then has a measurable selec-
tion f,11(t) € U,q1(t), this allows us to define for n € N

gO(t), tel
©(0) — g(0, 28 (v)) + g(t, 2} (v / frnr1(s)ds, t€J.

Therefore for each t € J, we have
27 —affle < 2Q()[l2} — 27 oo + / | fat1(s) = fuls) | ds

< 20} — a7 Vo + / p(s) 1 — 2 ods

IN

t
(20(t) +2 / p(s)ds)llat — a7 oo
< Ol — s
Using ([2.1.5) to have that
i — 2l < (r(0)"E(H).

Consequently, (2.1.5) holds true for all n € N. We deduce that (z}') is a Cauchy
sequence in the Banach space Q2 := C([—r,T], E), since  is complete then (z}') is
converging to a limit function z(¢) € Q. Moreover, from the definition of U, 1, we
have

| fn+1(t) - fn(t) |§ 2p(t)th - l‘t 1Hoo for each t € J.

Hence for almost every ¢t € J, f,(t) is also a Cauchy sequence in the Banach space
E and then converging almost everywhere to some measurable function f(¢) € E. On
the other hand we have by definition of (z}'), for each t € J

£at) — 9(0) + g(0, 227 () — g(t, 27~ (v) / Juls

Using now,the fact that g is continuous in second variable, with the Lebesgue dominated
convergence theorem, and passing to the limit as n — 400 we have

lim (2a(t) = (0) + 90,257 (v)) — g(t, a7~ (v))) = lim [ fu(s)ds),

n—-4o0o n—-+o00 0

SO

2(t) = 9(0) + (0. 20(v)) — g(t, 2:(v))) = / £(s)ds,
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2.1 Existence of solutions

this implies that

2(t) = (0) — g(0, 20(v)) + g(t, 2o(1))) + / f(s)ds, for cacht € J

and z(t) = ¢(t), for every t € I hence
(1), tel

z(t) = ©(0) — g(0, 20(v)) + g(t, 2, (1)) +/0 f(s)ds, teJ,

where f € Sp,, therefore x is solution of the problem ([2.0.1)).
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Chapter 3

System of differential inclusions
with delay

In this chapter, we will give some existence results of solutions to ensure that the
solutions set is nonempty, next we will interested on the study of the topological and
geometrical structure of this solution set. We use in this study: the fixed point theory
(Nonlinear Alternative of Leray-Schauder ) combining with the semi-group theory and
the compactness measure. We consider the following problem

L(z(t) — g1tz ) — Az(t) € F(t,zp,y), t€J:=[0,0]
%(y(t) - QQ(t, It;yt)) - AQy(t) € G(tu l‘hyt)v teJ (301)
z(t) = @(t) and y(t) = (), tel:=[-r0],

where A; and A, are infinitesimal generators of two strongly continuous semigroups
{T\(t), T>(t) }+>0 on a Banach space E, with the operators A; not necessarily bounded,
F.G:JxC(I,E) x C(I,E) = Pe(E), are multi-valued maps, g; : J x C(I, E) x
C(I,E) — E, are continuous vuxctions with ¢ = 1.2, and ¢,v : [ — E, are given
continuous functions.

3.1 Existence of mild solutions

Before starting the first thing to do is to see what is the possible solution of our problem,
for this we have the following definition.

Definition 3.1.1. The function (z,y) € Q2 is said solution of problem (3.0.1)) if for
every t € [—r,b] we have

o(1), tel
w(t) = 9 (t,txt, ye) + T1(t)[¢(0) — 91(0, 90, %0)]

—l—/ Ti(t — s)[Argi(s, x5, ys) +v(s)]ds , teJ,
0
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3.1 Existence of mild solutions

and
¢4t>7 tel

sty = 4 2t + TO0) — 020, 20,0
—l—/o To(t — $)[A292(8, s, ys) + u(s)ds , te J.

With Q = C([—r,b], E) and r,b are strictly positives constants. We introduce the
following hypotheses:

(Hy) F,G : Jx C(I,E) x C(I,E) — P.(F) are multifunction with nonempty con-
vex values, such that there exist p; € L'(J,RT) and there exist continuous and
nondecreasing functions &; : [0, +00) — (0, +00), i = 1.2 such that

1B 2,9l < pr®)& 7]l +ylloo) and [[GE, 2, y) 2 < pa(H)€(ll2 o + [[ylloo),
for every t € J and z,y € C(I, F).

(Hs) (i) There exists strictly positive constants d; < 3,ds,ds < 3 and dy, such that

g1 (8 2, )| < da([l2lloo + N[ylloc) + d2 and [|ga(t, 2, y) || < ds([[x]lco + l[ylloc) + da,

for every t € J and z,y € C(I, E),

(ii) the subset {t — g(t,u,v) : u,v € B} is equicontinuous for all subset bounded
B of C(I, E).

(H;) There exist Q; € L'(J,R") with j = 1.2.3.4 such that

a(F(t, Vi, Ur)) < @u(t) sup a(Vi(s)) + Qa(t) sup (Ui (s)),

sel sel

and

a(G(t,V,,Up)) < Qs(t)sup a(Vi(s)) + Qu(t) sup a(Uy(s)),

sel sel

for every t € J and for all subset bounded equicontinuous V;, U, of C(I, E).
(Hi) a(gi(t, Vi, Up)) < disupgepa(Vi(s)) + dasupyer a(Ui(s)) and a(gz(t, Vi, Uy)) <

dssup,e; a(Vi(s)) +dysup,e; a(U(s)), for every ¢t € J and for all subset bounded
equicontinuous Vi, U; of C(I, E).

1-8
(Hs) 1> 2(d+ 22—+ M|Ql|).

Remark 3.1.1. (a) The T(t) are uniformly continuous semigroups, so there exists
two constants w; € R and M; > 0 such that

IT3(t) || Bp) < Mie™ ", ¥V t > 0.

(b) As the A; are infinitesimal generators of T;(t) that are uniformly continuous semi-
groups, so are the restrictions of semigroups analytic on the real positive half-line,
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System of differential inclusions with delay

and thus by properties we have the possibility to define Alﬁ as are closed linear
operators such that there exists constants Cp, > 0 with B; € (0,1) such that

| Cp, -
T3 (8) Asll By ~ || T3 () A% || sy < t[f vt € (0,b] with i = 1.2.

But to simplify the calculus throughout the rest of this chapter set

Cﬁl C,BQ
th 7 B2

C
| Ti(t)|| ey < M; and t—; = max( ).

Now, we present our main result of this section.

Theorem 3.1.1. Assume that assumptions (Hy) — (Hs) hold, and if further

(1-8)M ’ T dy
1— B +2d(8+ Csb'—8 — 1) /0 p(s)ds < /c ) (3.1.1)

Then the problem (3.0.1)) has at least one mild solution.

Proof. Transform the problem ((3.0.1)) into a fixed point problem. Consider the operator
N :Q? — P(2?), defined by :N(z,y) = {(hy, he) € Q?}, with

(<“0(t)) tel

w(t) )7
gl(t’txt’ ye) + T1(1)[p(0) — 91(0, @0, o)
( Z;Ei; ) - +/ Tl(t - 8)[A1g1<8,x57y5) + U(S)]ds o

galt,1,1) + ToO(0) = 9a(0. 0. v0)) |
[ Bt = 9 Aagalo ) + s

\

where v € Sp () and u € Sg (). It’s clear that a fixed point of N is a solution of
problem (3.0.1). First, we show that N satisfies the assumptions of Leray-Schauder
nonlinear alternative. We will divide the proof into four steps.

Step 1: N is convex. Let (hi, ha), (hi, hy) € N(z,y) with (z,y) € Q?, then there exist
V,T € Sp(zy), and u,U € Sg (2,), such that for every t € [—r,b], we have

( ()

( z(t) ) : tel
o (t,twt, ye) + T1(t)[0(0) — g1(0, o, vo)|+
)=< ATW—M&MW%M+Wﬂ@
92(757t$t, ye) + To(t)[10(0) — g2(0, o, ¥o) ]+ |’

/ TQ(t - S)[A2g2(57 Ts, ys) + u(s)]ds

\ 0

te
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3.1 Existence of mild solutions

and
([ »(t)
( o ) | el
o 91tz i) + T1(8) [9(0) — g1(0, o, ¥o) |+

Y = t — 8 S, x v(s)|ds

(50 ) =3 | [ -t rm w6 .
g2<t7t$t7 yt) + TQ(t> W(O) - 92(07 ¥o0, 1/J0>]+ 7
/ Ty(t — 5)[A2g2(s, T5, ys) + u(s)]ds

\ 0

For every A € [0, 1] we have:
if t € I, then

. (51 (t7 Tt, yt) + Tl (t) [90(0) — 01 (07 0, ¢0)]+

() m)\ _ / Ti(t = )l A191(s, 7, o) o(s) + (1 = A)(s)]ds
*(hi )9 (76 ) - Gl 30) + TOWO) — 020, 0]+

/0 Tyt — 8)[Asga(s, e, ys) Nu(s) + (1 — \)a(s)]ds

Since I’ and G have convex values then Sg(,,) and Sg () are convex and we have
(Av(s) + (1 — N)(s)) € Sry and (Au(s) + (1 — N)u(s)) € Sg (zy), and therefore
Ahi(t), ha(t)) + (1 — A)(hy (), ho(t)) € N(x,y), so N is convex.

Step 2: N is completely continuous.
(i) We show that N send the bounded into the bounded subset of Q2.
Let B, := {(z,y) € Q% : [|z]|oc + [|¥|lc < ¢}. Clearly, the subset B, is bounded of Q?,
we take (z,y) € By, and (hy, ha) € N(z,y), then there exist functions v,u € L*(J, F),
such that
v(t) € F(t,zy, 1), and u(t) € G(t, x4, y,) for every t € J, with

( ( 2‘;8 ) : tel
9 (t,tl't, ) + T1(t)[¢(0) — 91(0, o, ¥ho)|+
J=3 | [ ne- e+ oloas
gz(t»txta yi) + To()[¥(0) — g2(0, ¢o, to)]+ |~
/ T(t — 5)[A2g2(s, x5, ys) + u(s)]ds

\ 0

teJ
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System of differential inclusions with delay

By, (H1), (H3) and (b) of the Remark [3.1] to obtain the following estimates:
Ift € I, then

06, o) = N+ )] < Tl +
If t € J, then
M@ < Nl w0l + 1T 0(0) — 610, 00, o)l
[ 3= 9l + [T )1l
B+ dy + Mgl + dr (o + [¥]lc) + ]

/; (t ?i)ﬁ [dlq + dZ]dS + M, Atp1(8)£1(q)d3.

IN +

+

In the same way we estimate hy as follows

Wl < llgalt 2 )| + 1T (E)110(0) — 920, 0, 40)]]
4 / 175t — ) Al ga(s, 20, ) s + / ITa(t — )] lu(s)l|ds
0 0
< dyq + du + Mol + ds(llplloe + []lo) + ]

/0 0 fﬁs)ﬁ [d3q + d4]ds + M2/0 pa(s)E(q)ds,

+

with

t w
Cs . Cjs
—1 B s,
[ et =tm [ e

So by a simple calculus we obtain
t
/ < ds = —Cﬁ =7,
o (t—s)° 1-p

Now, let M = max(My, Ms), d = max(dy,ds), d = dy-+dy, ||p||zr = max(||p1||z1, [|p2|/z1)
and £(q) = &1(q) + &2(q) and by addition we obtain

_ _ C _
Il + l1Balloc < 2dg +d+ MI(1+2d)q + d+ €@ plla] + 750" (2dg + )

= k.
Finally we obtain

1P1lloo + llh2lloc < max{[|pllsc + [[¢]lco; K} = K.

Since k depends only on the constants d, d, g, M, b, 3, Cs and the functions p, £, so for
every subset B, bounded of Q% we have the subset N(B,) is bounded of Q.
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3.1 Existence of mild solutions

(ii) We will show that N send the bounded into the equicontinuous subset of Q2.
Let t1,ty € [—7r,b], with ¢; < t; and B, be a bounded subset of Q? as in (i). Let
(x,y) € By, then we have

[(Ri(t2), ha(tz)) — (Ra(te), ha(t))[| = [[(Ra(t2) — ha(t1), ha(ta) — ha(t1))]]
|ha(ta) — ha(t)]| + ||h2(te) — ha(ty)]|-

So if t1,ty € I then
[h1(t2) = ha(t)|| + [[ha(tz) — ha(t)]| < lo(ta) — @(t)|| + [[U(t2) — ()]

We have by continuous of the functions ¢ and

[o(t2) — @)l + [[¥(t2) — (t1)[| = 0 as t1 — ta.
If t1,t5 € J, then by (H;), (Hz2) with (b) in the Remark we have

th(t2) - hl(tl)H < Hgl<t2axt27yt2) - gl(tlaxtuytl)n

+ T (t2) = Th(t2) |||z (0) || + [[91(0, 2o, o) ||]
t1
+ / |(T1(t2 — 5) — Tu(ty — 5)) Axll||g1(s, 26, ys) || ds
0
to [2)
n / I3t — 5)Aulllg2 (s, s, ) s + / 1T (k2 — ) los) ds
t1 t1
t1
+ / | T (ty — 5) = T1(t1 — s)||||v(s)||ds
0
S Hgl(t%xtzaym) _gl(tlaxtnytl)u
+ M| Ti(ta — t1) — 1d||[[|z(0) || + di(||zoll + |lvol]) + do]
t1
+ |Ti(te — t1) — Id|| / |7 (t1 — s)As]|(drg + da)ds
0
to to
n / T3 (ts — ) Ayl (daq + do)ds + Mlgl(q)/ pi(s)ds
t1 t1

+OMG@ITilt 1)~ 1d] [ pi(s)ds
0

to C
Hgl<t27xt2;yt2) - gl(tl,xtl,ytl)n + (dlq 4 d2)/ B 5ds

t1 (t2 - 8)
M| Ti(t2 — t1) — 1d||[||z(0)]] + d1g + do]

t

1 CB
d do)|| Ty (ty — 1) — Id ——d
(dig + d)||Ti(t2 — t1) H/O (s "

IA

—- -

+

Mii(q) / " pu(s)ds + Mia(@)|Ta(ts — 1) — 1d] / pu(s)ds.

t1
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System of differential inclusions with delay

t t
: Y Cs () \i- / Y Cs -
With ds = t1)' and ds = to —t1)' 7

1 /(; (tl—S)'B S 1_ﬁ( 1) an " (t2_5)5 S 1_5(2 1)
And finally we obtain the following estimates

Cps

|hi(te) — ha(t)]] < lg1(ta, @ey, o) — 91 (1, ey, ys, ) || + (dug + dz) B(h — )P
+  My||Ti(ty — t1) — Id||[[|2(0)|| + diq + d>)]
C
+ (dlq -+ dQ)HTl(tQ — t1> — Id”ﬁblfﬁ
to t1
+ M) [ s + ME@ITi — ) - 1d)] [ (s
t1 0
Similarly we have
CB 1-3
|ha(t2) — ho(t)|l < lg2(t2, 7eyy Yin) — G2 (b1, Tey, Yy )| + (daq + d4) B(t2 —t1)
+  Me||To(ty — t1) — Ld||[[ly(0)]| + d3q + d]
C
+ (dgq -+ d4)HT2<t2 — t1> — Id”ﬁblfﬁ
to t1
+Male) [ palods + M| Tata — 1)~ 1] [ pa(o)is
t1 0

We will use (ii) in hypotheses (H) on the functions g; and the uniform continuity of
T;(t) to see that the right-hand side tends to zero as t; — to, this implies that

([[h1(t2) = ha(t2)]| + |ha(t2) — ha(t1)[]) — 0 as t; — to.

So for every subset B, bounded of Q? we have the subset N(B,) is equicontinuous of
2.

(iii) Let (V,U) C conv(N(V,U)), i.e. V C conv(N,(V,U)) and U C conv(Ny(V,U)).
We have (V,U) C conv(N(V,U)), bounded and equicontinuous, hence (V,U) is also,
and therefore the function ¢ — (a(V (t)), a(U(t))), is continuous on J. By (Hj), (Hy)
and the properties of the measure «, we have for every t € J,

a(conv(N(V(t),U(1)))) = a(N(V(2),U(t))) = (a(N:1(V (1), U(1))), a(N2(V (1), U(2)))),
with a(N(V (1), U(1)) = a{g:(t, Vi, Ur) + Ti(5)[(0) = 91(0, 0, o))

+/0 Ti(t — 5)[A1g1(s, Vi, Us) + v(s)]ds : v(s) € F(s, Vi, Uy)},

and a(No(V (1), U(1)) = a{ga(t, Vi, Us) + Ta(t) (0) — 920, 0, o))

+/0 T(t — 5)[A2g2(s, Vi, Us) +u(s)]ds = u(s) € G(s, Vs, U) }-
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3.1 Existence of mild solutions

Therefore

el

sup a(Vy(0)) < Oé(gl(tvt,Ut))+/0tHTl(t—S)AlHOé(gl(S"éaUs))dS

+J%AMW%WNF@W$W$%

IN

drsupa(V(0)) + dzsupa(Ui0) + | s supaV9)) + dasup a(Ui(0))ds

oM / (@1 () sup a(Va(6)) + Qa(s) sup al(Us(6)) )ds,

oel ol

and

sup (U, (0)) < a(gz(t,W»Ut))+/0tl|T2(t—S)A2||a(92(8,Vs,Us))d8

el

+ M2/0 afu(s) :u(s) € G(s,V(s),U(s))}ds

IN

ds sup a(Vy(0)) + dysup a(Ue(9)) + /Ot (i(dg sup a(V;(0)) + dysup a(Ui(9)))ds

el el t— 5)’8 el el

+ MQ/ (Qs(s)sup a(V(0)) + Q4(s) sup a(Us(0)))ds.
0 el ocl
Set M = max(M;, M), d = max(dy, ds, ds, dy),

1@y = max([|Qul[L, [|Q2llzr, Q5] L1, [|Qallz1), (V) a(U)) = (supges a(Vi(6)), suppe; a(Ue(6))
and by addition we obtain the following estimates

2d05b1_6

alV)+aU) < [2d+ -3

+2M[|Q| 1 l[a(V) + a(U)].

This implies that

dCgb'="#

1-p
Therefore with the condition (Hj;), we obtain a(V) + «(U) = 0, so a(V) = 0 and
a(U) = 0, thus the subset (V, U) is relatively compact in E?. So with (i), (ii) and (iii)
the lemma conditions of Arzeld -Ascoli are satisfied, this implies that N is completely
continuous.

[1—2(d+

+ M[IQlL)lla(V) + a(U)] < 0.

Step 3: N is a closed graph.
Let {(2™,y") }nen € Q2 be a sequence such that o
(z™,y") — (T,7) € Q% and let (h}, hY) € N (2", y") with (A}, k%) — (hy, he). We need
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System of differential inclusions with delay

to show that (hy, ha) € N(Z, 7). We have (R, k%) € N(z",y") so there exist
(/Un’un) G SF’(xTL7y7L) X SG’(xn?yn) SUCh that

([ ¢"(t)

(¢%® | el

, gi(t, f?’» yi') + Ti(@)]e"(0) — 91(0, 5, ¥g) ]+

() [ it o2+ )
92(t7tx?7 y?) + T2(t>[¢”(0) - 92<07 9087 %1)]4'

/TW—M&MWﬂwﬂwwws

\ 0

teJ

?

Now, it remains to show that there exist (v,%) € Sp 5 X S35, such that
( ~
p(t) )
2 tel
(o N
~ g1 (t7t2i:t7 gt) +1; (t) [(75(0) — 0 (07 9507 2pO)]—i_
h o~
( =t > = / Tl(t - 5)[14191(571'3793) + ’U(S)]dS
0

g2 <t7t§t7 gt) + T2 (t> [QZ(()) - 92(07 3’507 1;0)]+ ’
/zav—@wa&@@9+ﬁ@mh

\ 0

teJ

For simplify the formulas set
it =i ) + Ti(6)]e"(0) — 910,05, ¥5)]
( U)?(t) > _ +/0 Tl(t - S)Algl(sa xsays)ds
whl) ) 7| galtiatlaf) + T (0) - ga(0. . 05)
+ [ Tt = ) Aaga(s, a2
0

Y

a1(t, @y, ?J;t) + T1(t)[¢(0) — g1(0, o, TZO)]
<@@>: +Ayw_ggm@@@ms~
wy(t) Ga(t, Ty, ﬂtt) + T5(t)[1(0) — g2(0, ©(0), )]
+ATW—$&m@@@M&

and
(20 - (i) - (o).

52

)



3.1 Existence of mild solutions

Then, we have

I ( ﬁ;g ) I = [[(B7 — wi)(t) = (hy — @) (@) + |(hE — wi)(t) — (ha — @) (£)]).

It is clear that this last quantity tends to zero as n — +o00. Then we defined the linear
continuous operator I' : (L!(J, E))* = (C(J, E))? by

[(v, u)(t) = (T (v)(1), T2 (u)(1),

with

(T (0)(8), Ta(u) (1)) = (/Ot Ti(t — s)o(s)ds, /Ot Tyt — s)u(s), ds> |
Clearly

(C1(on)(8), Do (un) (2)) = (AT — wi (1)), (b — w5 (1))).
By the Lemma we have (I'1(Sp,gnyn)), [2(SG anyny)) has a closed graph, and

since

(R} — wi(t), (hy — wh (1)) — ((ha — @ (2)), (ha — Wa(t)))-

Then
((hy — @1)(t), (ha — @) (t)) € (T1(Sk@)s Ta(Se@p))s
( /0 Ty(t — )3 (s)ds, /O Tg(t—s)ﬂ(s),ds) € (Ty(Ske) Ta(Sa.c)) -
hence

(v(t),u(t)) € (Sk@p, Se.@n)
this implies that o
(hi,hy) € N(Z,7).
Consequently the multi-valued operator N has a closed graph.

Step 4: We show that the subset
By = {(z,y) € Q% : (x,y) € AN(x,y), for some X € (0,1)} is bounded. Let (z,y) €
B, hence for each t € [—r,b] we have

()
E ( »(t) ) tel
9i(t, ZEt;yt> + T1(t)[¢(0) — g1(0, o, ¥o)]+

( 58 ) N / Th(t = 5)[Argi(s, 25, ys) +v(s)]ds

A g?(to,tfl'ft, yt) + Tg(t)[’g[}(()) — 92(0’ 90077/}0)]‘{‘ > teJ

/ To(t — s)[Aaga(s, x5, ys) + u(s)]ds

\ 0
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System of differential inclusions with delay

By (Hi), (H) and (b) of the Remark [3.1] we have:
if t € I then

(@), y@ = lle@N + v < lelloo + 19 lloo-

If t € J then

lz (@)l

IN

lon(t. 22 )|+ ITOI2(0) — 9100, 0, o)
/O 1Tt — ) A |92 (5, s ) 1l + / 173t — 3)[[[o(s)]ds

ay (2] + 1) + dz + Malllellso + dr ([0 + [¥]1oc) + ]

| =gt + o)+ + 24 [ sl + s
&y (2l + l191) + do + Milllello + da (oo + [¥]1oc) + ]

C t
—2 b [dy (|l2]| + [lyl) + do] + M,y / pr(8)&(llzsl| + [lysl)ds
1-p 0

IN -+ IN +

+

In the same way we estimate y(t) as follows

N

O < llgatt, 2o )|+ IO 10(0) — g2(0, 0o, o)l
/0 1ot — ) Al g2(s, s ) 15 + / ITalt — s)[fus) | ds
da(lz]) + 1) + da + Mall[ ¢ + da( ]l + [lloc) + il

/0 ; fﬁs)ﬁds[d?,(nxu T llgl) + da] + My / pa()a(lzal] + sl )ds
da(lz]) + 1) + ds + Mall[ ¢ + da([@llo0 + [lloc) + il

O t
— b15[d3(|!I||+||yH)+d4]+M2/ pa(8)&allzsl + [lysl)ds.
1-0 0

IN +

IN -+

+

Set M = max(My, M), d = max(dy,ds), d = dy + dy,
p(t) = max{p;(t), p2(t);Vt € J} and £(t) = & () + &(t); VE € [0, +00) and by addition
we obtain

l@I -+ ly@l < 2d(lzll + lyell) + d + ML+ 2d)([elloo + [¥l10) + d]

Cs 1 - '
+ mb1 [2d(r|:csr|+!|ysH)+d]+M/0p(s)i(l\wslHHysH)ds-
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3.1 Existence of mild solutions

This implies that

M[(1 +2d) (| @lloc + %]l o) + d] + d25b1 7

e @l+ Iyl < a0 G
M t
T | et + wlas
o (L= DM+ 20) (ol + [¥]) + + AC0

1—pB+2d(B+ Cgbl=F —1)

(1-B)M t
e, PO+ s

We consider the function p : [—r,b] — R™ defined by

p(t) = sup{llz@)] + ly(@®)Il : ¢ € [=r, b]}.

Hence

6o + 1o o ver
(1=B)M[(1+2d)(ll¢]loo +]1%]l00) +d]+dCb" —F
u(t) < 1—B+2d(B+Csbl—P—T)

t
1-8)M
+ ey [ POl + s, ve

Let t* € [—r,b] such that u(t) = ||z(t*)] + |ly(t*)]], so we have

||90||oo + ‘|¢||00a o tel
(A=B)M[(1+2d) (||l oo | [l o0) +d]+dCsb" 7
p(t) < =3 +2d(5+Cb 7 =)

—B)M
e | P e

For every t € J we take the right-hand side as a function v(t), hence

(1 =AM + 2d)([|lloo + [[¥lloc) +d] + dCsb"7

v(0) = 1—pB+2d(B+ Cgbl=F —1) “

and

pu(t) < wv(t) for each, t € J.

Moreover we have

o (1-B)M
V) = T 2d(B+ Cob P = 1)

p)E(u(t)).

We use the growth of the function £ to obtain the following estimate
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System of differential inclusions with delay

implies

V) S T d(B Cb P = 1)

o) < UM P(OEw (1)),

V(b _ (- )M

E(v(t) — 1—B+2d(B+ Cab' P — 1)P(t)-

By passing to the integral we obtain

vy (1-B)M .
€() d
0 §7) = 1— B +2d(6+ Csbt—F — 1) /0 p(s)ds

(1-8)M k
S T Bt 2d(B+ P 1) /0 p(s)ds.

Using (3.1.1)) to have

So v(t) < +oo therefore, there exist a positive constant k such that v(t) < k, this

implies th

at

2]l + N[ylloo < max([[@llcc + [[#]loc: #)

that’s finished, so the subset B, is bounded. And therefore the multi-values operator
N satisfies all the conditions of Leray-Schauder nonlinear alternative, so he admits at
least one fixed point which is mild solution of problem ((3.0.1)). O

Theorem 3.1.2. Under the conditions of above theorem, the solution sets of (3.0.1),
18 compact.

Proof. Let S(p,1), be a solutions sets of the problem ({3.0.1)).

S(p, 1) is a compact set in Q2.

Let the sequence {(z

"y ) en C S(p, ), then there exist a sequence (vn,u,) €

SF,(In,y") X SG7($n7yn) Such that

~
N—

’N‘\/

( o ) tel
g1(t, 27, yit) + Ti(t)[p(0) — g1(0, w0, 10)]

+ Tl(t = 8)[A1g1(s, 25, y;) + va(s)]ds
92 t@?ﬁf) + T5(t)[1(0) — g2(0, 90, %0)] |’

’

[e=]

teJ

—~

+ / Ty(t — 5)[Asgs(s, 27, 47) + un(s)]ds
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3.1 Existence of mild solutions

Let Bg := {(2™,y") € S(¢,v),n € N}; then from earlier the Step 4 and (ii) in Step
2 of the proof of Theorem [3.1.1] we conclude that Bg is bounded and equicontinuous.
Then from the Arzeld -Ascoli theorem we can conclude that Bg is compact, so there
exist a subsequence (z, yy) C S(p,¥) with (z},y}') — (x,y). The other hand we have
the sequence (v, u,) is integrally bounded and F is reflexive. From the Dunford-Pettis
theorem [88] there exist a subsequence, still denoted (v, u*) which converges weakly
to an element (v(-),u(-)) € (L')% By Mazur’s Lemma [70] we obtain the existence of
(a?,c) > (0,0),i = 1,...,n such that ¥ ;a = 1 and X7 ;¢! = 1 and the sequence
of convex combinations (p,(+), 7,(:)) = (X% alv;(+), X clu;(+)) converge strongly to
(v,u) € (L')%. And since F and G takes convex values, using Lemma we obtain
that

v(t) € ﬂ {pn(t)},ae. t €J

n>1
c (eo{w(t), k>n}
n>1
c (el F(t.2), uf)}
n>1 k>n
= co(limsup F(t, 2, 7)),
k—o0
SO
v(t) € co(limsup F(t, zF,yF)), (3.1.2)
k—ro0
and

u(t) € ({m®}ae tet

n>1

c (eo{ux(t), k >n}

n>1

c Nao(lctt.ak. v

n>1 k>n

= co(limsup G(t, xf, yf))u

k—o0

this implies that

u(t) € co(limsup G(t, zF, yF)). (3.1.3)

k—o00

Since I’ and G are u.s.c. with compacts values, then by Lemma [1.1.12] we have

limsup F(t,z¥ yF) = F(t,x,,y,), for aet € J,

k—o0

o7



System of differential inclusions with delay

and
limsup G(t, 2%, yF) = G(t, ,y,), for aet € J.

k—o0

This with (3.1.2)) and (3.1.3)) implies that (v(¢),u(t)) € F(t,x¢,y:) x G(t,x¢,y;). Now,

it remains to show that (z,y) € S(¢,v). We consider the set

([ ()
( W(t) ) tel
n 91(t, 2o, ye) + T () [(0) — 91(0, o, ¥o)]+
z(t B t
< w(t) > o / Tl(t - 3)[14191(37%»%) + U(S)]ds | e

gull, 1, 11) + To]1(0) = 920, Vo) +
/0 Tyt — 5)[Aaga(s, 7e, ) + u(s)]ds

\

Using the Remark[3.1.1], with the Lebesgue dominated convergence theorem, we obtain

2" = 2|l < lgi(t, 2}, uf) — g1(t, 2, ut) |
t
T / 1Tt — $)Aulg(s, 2™ o) — gu(s, 2, )| ds
0
t
T / IT3(t — $)lll[oa(s) — v(s)l|ds
t Cﬁ
S ||gl(tvl‘?ay?) - 91(157%7?/1:)” +/ anl(saxgay?) - gl(s,xs,yS)HdS
=

+om / lon(s) — o(s)ds,

and

ly" = wleo < lga(ts 27, 57) = g2l 1) |

t
[T = ) Aallgn(s, a2 52) = g o) s
0

n / To(t — )l (5) — u(s)] s

t
n oon C n on
< ||92(t7‘rt7yt) - 92(@%;%)” +/ (t _Bs)ﬁ ||g2(8,l's,ys) - 92(87x$7y$)||d8
0

+ oM / lan(s) — u(s) |ds.

It’s clear that by the convergence of (vp,u,) to (v,u) the right-hand side tends to
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3.1 Existence of mild solutions

zero as n — oo, this implies that (z",y") — (z,w) as n — oo, therefore

( ([ ()
( o(t) )7 tel
" g1tz ) + T () [0(0) — g1(0, @0, 1h0)]+
x(t t
( y(t) ) =) / Ti(t — s)[A1g1(s, 75, ys) + v(s)]ds e

gz<t°,txt, v0) + To(D)[(0) — ga(0, 0o, o)+
/ To(t — s)[Aaga(s, x4, ys) + u(s)|ds

\ 0

So (z,y) € S(p, 1) and therefore S(p, 1)) is compact. O

For the next we will prove that S(¢p,v) is an Rs — set, hence an acyclic space.

Consider the first-order single-values problem:

(@) =gtz ) — Awe(t) = [tz m), tE€JT
G W) = gtz y0)) — Asy(t) = folt,ze,40), t€J (3.1.4)
z(t) = () and y(t) = (1), tel,

where f; : J x E x E — E are given functions.
Denote by Sy(p,1) the set of all solutions of problem (3.1.4). We will state and

prove an Aronszajn-type result for this problem, we need to add the following assump-

tions:

(c1) fi: I xC(I,FE)x C(I,E) — E are Carathéodory functions.

(c2) There exists functions p; € L'(J,RT), and continuous nondecreasing functions

& :[0,00) — (0, 00) such that

Ifi(t,x, )| < pe®)& (||| + |yl]) for a.e. t € J and each x € E, i =1.2

with

(1—-B)M ' T dy
1— B+ 2d(B + Csbl=58 — 1) /0 pls)ds < / £(v)

Then, our result is given by

Theorem 3.1.3. Assume that assumptions (c1), (c2) and (Hy) — (Hs) hold. Then the
set S¢(p, ) is an Rs — set, hence an acyclic space.
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System of differential inclusions with delay

Proof. We will Transform the problem into a fixed point problem. Consider the
operator K : Q? — Q2 defined by :K(z,y) = (K, K), with

( zgg ) , tel
91(7f e, ye) + T1(t)[9(0) — 910, 00, o)]+
(Rl ) =3 | [ 5= 9ot e + s nn vl
(0, 200) + TOWO) - 0,00 v+ [ 1€
|\ [ Bt = 9o ) + ol

The fixed point set of K noted FizK = S¢(p,1). From Theorem [3.1.1) we know
that S¢(¢,1) is nonempty and by (c2) combined with the Step 4 in Theorem 3.1.1}

there exist M > 0 such that For every (x,y) € Se(p, ).
[zlloo + lylloc < M. (3.1.5)

Define the functions f; and g; with i = 1.2, by
~ if 1#]loo + lylloo < M
fz(t7x7y> = T . =

fZ(t M My) if 2lloo + lYlloe > M,

and
gi(t, z,y), if [|2)loc + |Yllee < M

gl(t7x7y) = x . T
{gz(t He ) if el + lylleo > M.

22l 2[ly]l

Since f; is L-Carathéodory, the functions ﬁ is Carathéodory and is integrably bounded
by (ca). So there exists h; € L'(J,R") such that

1fi(t, 2, 9)|| < hilt) with i =1.2. (3.1.6)
Consider the modified problem
%(‘T(t) - §1<t7 T, yt)) - Alx(t> (t T,y yt) teJ
() = Golt, w,m0)) — Asy(t) = folt,zim),  teT (3.1.7)
w(t) = ¢(t) and y(t) = (1), tel

S, ) = FizK, where K : Q2 — Q2 is defined
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3.2 Example

by K(z,y) = (Ki(z,y), Ks(z,y)) with
( ( o(t) ) el
P @50 (t e, y¢) + T1(t)[(0) — 91(0, o, ¥o)]+
"y t — t S S, T S, T S
( [?2(.’[’,y)(t) > - / ( )[Algl( 87y8) +f1( says)]d te T
gz(t zy,ys) + Ta(t)[1(0) — G2(0, o, Yo)]+ |’
[ B it ) + ol

By the inequalities (3.1.6)) and (3.1.5), we deduce that
1K1 (@)oo < dilll@illoo + lwilloo) + do + Ml @lloo + di(|2lloo + [Pllc) + da]
t
+ / IT3(t = 5) Aull[[di([[2s]loo + [1Yslloc + da]ds + My[ha] s
0

1-p

— — Cb —
d1M+d2+M1[||¢||w+d1M+d2]+15 (di M + do) + My ||hal| 11,

IN

and
1Kz, Y)llo < ds(lzelloo + [[¥elloo) + da + Ma[||th]] oo + d3(||@lloo + [[2]o) + da]
t
+ / | To(t — s) Aal[da([|7s]|co + |Yslloo) + da]ds + Mal[ha 11
0

Cgbl_ﬁ

— (dsM + dy) + M| hal|11.

< dsM + dy + Ms[||¥)]|se + dsM + dy] +

Let M = max(My, M), d = max(dy,ds), d = dy + d,
|R(t)]|zr = ||h1]lr + [|h2]lz: and by addition we obtain
Cgbl_ﬁ

=5 (2dM + d)

1K (2, 9) oo + | Ko (2, 0)lloe < 2dM +d + M[(1+2d)M +d] +
+ M|t := R.

Then K is uniformly bounded. We can show that K : Q2 = 02 is compact_which
allows us to define the compact perturbation of the identity B(z,y) = (z,y) — K(z,y)
which is a proper map. From the compactness of K and Lemma , we can easily
prove that all conditions of Theorem [1.2.3| are satisfied. Therefore the solutions set

S, ¥) = ~1(0,0) is an Rs — set, hence an acyclic space by Lemma [1.2.2 O

3.2 Example

Now, we introduce an example to which Theorem [3.1.1] can be applied.
Let B an open of R" (n > 1), with smooth boundary 0B, be a measurable space. We
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System of differential inclusions with delay

consider the differential inclusion system

Luy(x) + Au € Mi(t,ut —1,z),v(t —1,2), teJ:=[0,T]
Gux) +Av e My(t,u(t — 1,2),0(t - 1,2)), teJ (3.2.1)
u(x) = () and v(z) = Yu(2), tel:=[-1,0].

Set E = L?*(B) which is a separable Banach space, and let us define A : D(A) C
L*(B) — L*(B) by Au = —Au, Yu € D(A), where

D(A) ={ue L*(B):u € H}(B),Au € L*(B)}

which is dense in L?(B), so from Hille-Yosida’s theorem the operator A genered a
strongly continuous semi-group, and satisfies (b) in the remark [3.1.1]
Let M; : [0,b] x C(I,E) x C(I,E) — P(E) be are multivalued maps defined by

M;(t,u(t —1),0(t — 1)) = {h; € E: hi(x) € m;(t,u(t — 1),v(t — 1)), a.e.(u,v) € B},
where m; : J x R? — P(R) are defined by

mi(t,u(t — 1), v(t — 1)) = [(m):(t, u(t — 1), v(t — 1)), (ma2);(t, u(t — 1),v(t — 1))],
and (mq);, (ma); : J X R Xx R — R can be defined as:

(my)i(t,u(t —1),0v(t—1)) = lim  infm,(t, o, 0")
(w' ") = (u,v)
and
(mo)i(t,u(t —1),v(t—1)) = lim  supmy(t,u',v'),

(w' ") = (u,v)

with ¢ = 1.2 where m; : J x R x R — R satisfies:

(H,) There exist continuous functions a;,b; € L(J, R*), with a;/b; is a monotone
function, such that
ma(t, u, v)| < ai(t)|ul + bi(t)|v],

T 1-8—2Cgb'—F
(Ha) lla()] + ()] < s

This allows us to show that the multivalued maps M; satisfies the hypotheses (H;), (Hs), (Hs).
Thus the conclusion follows from Theorem B.1.1]
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Chapter 4

Fractional calculus

This chapter will consist of three sections. In first section we cite some definitions
and results of fractional integral calculus within the meaning of Riemann-Liouville.
In second section we cite some definitions and results of fractional derivative calculus
exactly the Riemann-Liouville fractional derivative and Caputo fractional derivative
and its important properties. While in section we wish to establish some nonlinear
integral inequalities that can be used in the study of fractional differential equations
and inclusions. The proofs in this last section are based on Young’s and Holder’s
inequalities.

Before starting, we need to define the Euler Gamma and Béta functions which
plays a very important role in the theory of fractional calculus and we will proofed
their important properties.

Definition 4.0.1. The Euler Gamma function I'(z) is defined by following integral

['(2) :/ e 't dt.
0

Proposition 4.0.1. the following properties are holds.

(1) T(z+1) = 2I(z),

(2)T(1)=T(2) =1, T(3) = /7, and for each n € N*T'(3 +n) = IX?’XE’XQAX(%*D\/E
(8) I'(n+1)=nl, Vn eN,

(4) T'(z) is a monotonic and strictly decreasing function for 0 < z < 1.

Proof. The property (1) is the most important which can be proved by an integration
by parts. For 0 < a < b we have

b b
Z bZ
I'(z+1)= / et dt = [—tPe ) + z/ Tt = — — — + 2T (2).
a a e

If b - +o0 and @ — 0, then I'(z + 1) = 2I'(z). For the proof of (2) we have I'(1) =
f; e ldt = [—e)) =e @ —eb if b — +00 and a — 0 then ['(1) = 1, and using the
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Fractional calculus

property (1) to get that I'(2) = I'(1 +1) = 1 x I'(1) = 1, and for F(%), we have by

definition F fo _tt_%dt, for 0 < a < b < 400, using the change of variable
x = t2 then, dt = 2t3dz, so fab e ttadt = 2f\/ab e dz, and if a — 0,b — +o0, we
obtain F =2 f e dz. Now we will calculate the integral [ = 0+°° e dx, we
have

+o0 +o0 9. o
= / / e~ T ) dxdy.
0 0

By using polar coordinates we get

too r2 s
/ / "rdfdr = e

therefor I = ‘/TE, so['(3) =21 =
We now use property (1) Wlth the proof by induction we have for n =1,

1 1.1 1
F(§+1)—§F(§)—§ﬁ,
for n = 2,
1 1 3 3 1 1><3

1x3x...x(2n—1)

suppose that for all n > 3 the property F(% +n) = S

for n 4+ 1 we will have

ﬁ is true, therefore

1 1 1 Ix3x..x(2n—1)x[2(n+1)—1]

F(2 (2+n)F(2+n)— ST 3

We also use the proof by induction on (3), for n = 0 we have I'(0+1) =I'(1) = 1 = 0!,
suppose that for all n > 1 the property I'(n) = (n — 1)! is true and we will show that
['(n+1) = n!lis also, it is clear that I'(n 4+ 1) = nI'(n) = n(n — 1)! = n!, so (3) is true.
For the proof of (4) we take t1,t5 € (0,+00) such that ¢; < s, if 0 < 2 <1 then s =
1—22>0,s0t; <ty =1t°>t;° and we have also t; < ty = €' <ef2 = e > 772,
therefore e~ 1¢7° > e*tQt_ = e~1771 > e72¢Z7! and by passage to the integral we
know that thls last inequality remains true, i.e. that I'(2)(t1) > ['(2)(¢2), so the result
(4). O

Remark 4.0.1. (a) From property (1) and by induction we can easily deduce that for
alln € N*

+n+1)=

I'(z+n)
r(x+1)..(r+n—1)
this relation allows to define I'(z) for negative real x such that —n < x < —n+1 In this
case there forn = [a]+1 we have 0 < n—a < 1, which means that —n < —a < —n+1
and according to the above convention, we will have
I'(n—a)
—a(—a+1)..(—a+n-—1)

[(z) =

I(—a) =
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4.1 Fractional integral

(b) The Gamma function extended the factorial to real values, this by property (3), of
the same property we can deduce that it is extended the law of composition C? to real
values because for all n,p € N with p <n

- n! . n I'(n)
On = pln—p)!  pn—p)L(n)I(n—p)

Definition 4.0.2. The Béta function is defined by

1
B(p,q) :/ =11 — )77 dt, Re(p) >0, Re(q) > 0.
0

Proposition 4.0.2. (1) The Béta function is related to the Gamma function by the
following relation

L'(p)'(q)

Blp.q)= L(p+q)

, Re(p) >0, Re(q) >0,

(2) The Béta function is symmetric, i.e.

B(p,q) = B(q,p), Re(p) >0, Re(q) > 0.

4.1 Fractional integral

The integral of order 1 with lower limit @ € R for a function f € L'([a, +o0),R) is

defined by
t
~ [ rs)as

And the integral of order 1 with upper limit b € R for a function f € L'((—o0,b],R)

is defined by
b
= / f(s)ds
t
For a second primitive we will have

I, f(t) /(/f dT)dS and I f /(/f dT)dS

According to Fubini’s theorem we reduce this double integral to a simple integral as

follows \ Lo
—/ f(T)dT/ ds = ﬁ (s —7)f(r)dr,

/f czT/ ds—— b(s—T)f(T)dT.
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Fractional calculus

By a simple iteration to order n we obtain

I;L+f(t) =

ﬁ/ (t —s8)" 1 f(s)ds, and I}“ f(t) = - | /t (t —s)" "L f(s)ds.

Since I'(n) = (n — 1)1, ¥n € N*, we obtain

1 1

10 = g [ =9 ) and Bf) = s [yt s

We will use the fact that the Gamma function extends the factorial to real values to
have the notion of Riemann-Liouville fractional integral as the following.

Definition 4.1.1. The Riemann-Liouville fractional integral ]f+f and If,f of order
p € C with Re(B) > 0 are defined by

1 [ .
If+f(t):m/a(t—s)5 f(s)ds, t > s> a,

and

1 1
Ibﬁ_f(t)—m/t(s—t)ﬁ f(s)ds, t <s<b.

Provided the right-hand side is pointwise defined on [a, 00). For simplify the writing,
we will denote in the suite 17, by I°. Particular case I°f(t) = f(t), (i.e I° the identity
operator).

The Riemann-Liouville fractional integral has the following properties which play
an important role in the study of fractional equation.

Proposition 4.1.1.

[P f ()] = 17F2 f(t) = I°(I° f(t)), Re(B) >0, Re(a) > 0.
Proof. By definition we have

B 1 ' B—1

IPIIYf(t)] = —=—= t—s)""(I%f)(s)ds
) = 5 =N
1 t/s
= —— t— )" s —w)* 1 f(u)duds,
=

where f € C([a,b]). So from the Fubini’s theorem we will change the order of integra-
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4.2 Fractional derivative

tion, by the variable s = u + r(t — u), we obtain

e ) = / flu [ / t—s)ﬁ_l(s—u)"‘_lds] du

- F(ﬁ)}@ s ie= et [ =] a
= i 0 s

= T J, o s

- o [

= 17T,

[]

Definition 4.1.2. The fractional substantial integral of order v with lower limit O for
a function f € L'[0,+00) is defined as

IV f(t) = I‘(ly) /Ot(t — ) Le P £ (1) dr, v > 0.

The next properties can be referenced in [16], [73], [79]
Lemma 4.1.2. [7Y] Let f(t) be continuous on |a,0), and v > 0. Then for all t > a,

lin 2 (6) = F(0)
So we can put I? f(t) = f(t).

Lemma 4.1.3. Let f(t) be continuous on [a,o0), and p,v > 0. Then for all t > a,

LI f ()] = 1T f(t) = TY[IE ()

4.2 Fractional derivative

Definition 4.2.1. The Riemann-Liouville fractional derivative of order 5 with 0 <
n—1< 8 <n and lower limit a for a function f is given by

1 n t
—F(n_ﬁ)%/(t—s)”_ﬁ_lf(s)ds, t>a, 0<n—-1<p<n.

The particular case for § =0 and § = 1 we have

REDOf(t) = f(t) and "ED" f(t) = f(2),

LD f(1) =
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Definition 4.2.2. For 0 < f < 1 and t € (a,b) the Riemann-Liouville fractional
derivative of order B with lower limit a for a function f is given by

RIL B 1 d [*
“+fo(t)_ﬂ—ﬁ)dt/(t_s) P f(s)ds

We can reduce the case general where n — 1 < < n in this case particular, we pos
a=p—n+1, then 0 < a <1 and we obtain

t
BED]F) =1 DO =m0 s

Lemma 4.2.1. Let f € C([a b)) andn —1 < < n then f(t) € I%(|a, b)) if and only
if I"Pf € C([a,b]) and (LI Pf)y = 0; k= 0;1;2;...;m — 1.

Theorem 4.2.2. (1) If n—1 < 3 <mn, then,
RLDB(IPf(t) = f(t) for each function f € C([a,b]).

(2) Ifn—1< B <mn, and f € C"([a,b]) and moreover if f verified the condition of
Lemma then,
(F-D] (1)) = f(1).

If no
n—1 5 k=1 gn—k—1
PEDL0) = 50 = 3 gy e (O
=0
Then in particular: if 0 < 8 < 1 then
_ q)8-1
PERDLFO) = £0) — SR 0),
and for 8 =n we have
D f (1) Z t —a)*

Definition 4.2.3. The Caputo fractional derivative of order  with0 <n—1< 8 <n
for a function f is given by

;t—snﬁl s =, a.
WW%%A“ 0 (5)ds =, t >

ng f(t) is called also the Caputo fractional differential operator of order f.

D} f(t) =
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4.2 Fractional derivative

Remark 4.2.1. Forn =1 we have 0 < § < 1 and

. B 1 ¢ P
anf(t)_m/a (t—s)Pf (s)ds, t > a.

Definition 4.2.4. The Caputo fractional derivative of order f with0 <n—1< g <n
and lower limit a for a function f is given by

c B — ; ! _ \n—B—-1 g(n)
ar DY S (1) F(n—B)L<t s) [ (s)ds, t > a.

Definition 4.2.5. The Caputo fractional derivative of order § with0 <n—1< g <n
and upere limit b for a function f is given by

¢ DPf(t) = b /b(t — 5" (g)ds, t < b
U D= B) Uy ’ '

We use only ¢D? f(t) instead of °y D f(t) in the following properties.

Theorem 4.2.3. Forn—1< g <mn, if f € C"([a,b]) then the differential operator
cDPf(t) exist p. p on [a,b] and:
If B € N the Caputo fractional derivative can be presented by

ngf(t) = 1 5) /t(t — s)”*ﬁflf(")(s)ds = [”*ﬁf(") (t), t > a,

['(n—

and in the particulars cases: if n=114.e 0< <1, and f € C([a,b]) we have

DL = ey [ = s = 10, >

r(1-
if B=mn and f € C"([a,b]) then
DUF) =70, t>a

Letn—1< B <n,neN,fe€Rand f(t) a function such that thBf(t) exist. Then,
following properties hold.

Proposition 4.2.4.
lim (2D7f(1)) = f™(®),

and
Jim EDEF(®) = fo70 () = F7(0),

For A € R and functions f, g such that ngf(t) and ngg(t) exist, we have
DYNF() + g(1) = XD (1) + D g(b),
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Fractional calculus

1.e. the Caputo fractional differential operator is linear.
Fornym € N:n—1< f < n the composition DY f(t) with BED™f(t) is non-
commutative in general, i.e.

oD} ("FD™ f (1)) £ DD f (1))

Note that if the function f satisfied f0™(0) = 0 for m = 0,1,2,...,n — 1, then the
Riemann-Liouville and Caputo fractional derivatives coincides,
ie. “DPf(t) =L DPf(t). In general the Riemann-Liouville and Caputo fractional
derivatives do not coincide

The link between the Caputo fractional derivative and the Riemann-Liouville frac-
tional derivative is given by the following theorem

Theorem 4.2.5. Let Re() > 0 withn —1 < Re(fB) < n, n € N* and let f a function
such that DP f(t) and BED™ f(t) exists then,

c __RL m — fk(o) fo—
DY f(t) =" D™ f (1) —;mt g,

Proof. Using the Taylor limited development for the function f in ¢ = 0 we obtain

£, , £ F70(0)
f(t) = f<0)+ 1 t+ ol t2—|—...—|—mt + R,
_ = f(k)( ) k R
2y

with

t f(n) s -
R, :/o n _(1;!(15—5) ds,

we use the property of integration to order n to obtain

_ LTt - sy-Lgs — @
Rocs = g | 1000 = tas = 1),

We consider f(t) = t*, we have

p —L t — )P 1s%ds
B0 = i [ =97 s



4.2 Fractional derivative

let s = tr so we obtain
1
I°ft) = —/ t—tr)P "t (tr)>dr
0 = gz ) ¢

1 1
= —/ 711 — )P gy
0

1
= — [ getBplet=lg )8ty
i

B(a+ 1,ﬁ)ta+ﬁ
I'(B3)

with the relation B(a + 1,8) = % we obtain

8 _ [(a+1) a+8
IO =rarszn
And by definition we have
(L)

d" IMNa+1)
%(r(a+n—5+1)
_ F(Oz + 1) ﬁ(t()ﬁi’n*/@)

MNa+n—p+1)dn
(n+a—-Bn+a—-pF—-1)..(a—F+1)T(a+1)

RLDAf(1) =

toz—f—n—,B)

_ a—p
B (n—}—oz—@)(nvLoz—B—1)...(a—@+1)P(a—B—|—1)t ’
SO
RLpga _ (@) ag
D ==t

Using the linearity of the Riemann-Liouville operator we obtain

RLDﬁf(t) _ RL ﬁ Z f tk‘i‘Rnfl)
k=

,_.

n—

_ J®(0) k\RL B4k | RL 3
= t Dt +7 DPR,,_
Z; T(k+ !
n—1
_ DO(k+1) o s RL 1o (n)
= ;P(kJrl)F(k—BJrl)t D)
n—1
- ;P(k—ﬁJrl)t SRR A0
n—1
= S P

x>
[e=]
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Therefore

DA Ft) =RL DPf(t) — T &tk_ﬁ.

Note that if f*)(0) =0 for k =0,1,2,...,n — 1, we have
D] f(t) =" D™ ().
Remark 4.2.2. For f(t) = ¢ with ¢ a constant, we have
cDIf(t) =0, t > a.

Definition 4.2.6. The Caputo fractional substantial derivative D¥ with 0 < p <1 for
a function f is given by

DEf(t) = DIV f(t)], v = m — p, m is the smallest integer which exceeds p, where
IV f(t) is given by Deﬁnition B is a positive constant and

DI = (54 8™ = (D 4+ )" = (D+ H)(D+ B)-.(D + ).

Lemma 4.2.6. Let f(t) be (m-1)-time continuously differentiable on (a,0), such that
its m-times derivative be integrable on any finite subinterval of [a,o0) and v > 0. Then
for allt > a,

DI (0] = (1)

4.3 Nonlinear integral inequalities

In this section we will give one of our main results in this thesis, it is exactly some
generalizations of the nonlinear integral inequalities of Henry type.

Theorem 4.3.1. Let 0 < o < 1, ko, ki, ko > 0. Fori=1,2,....n, let f;; \i,vi,and g
be non-negative functions that are locally integrable on I = [0,T], and let 1; : [0, 00) —
[0,00) be nondecreasing continuous functions. If u(t) is a non-negative continuous
function on I satisfying:

) < btk [ =) gl () Yok [ (1= NS u(s))ds

u(t) < ot (qf(l;?) + /0 tm(s)ds) ,
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4.3 Nonlinear integral inequalities

1,1
where = + = =1
p+q s

= max n 1o, q Lo emel T (K? 4 kD)ynTrle—D+1
- <;;J%®M®%;;J&@ﬁ®)>’k_%+ p(pla—1)+1)

B b(y) = max{vi(y),i = n
W) = [ ) = mas{uf) = 12,0,

U1 is the inverse function of ¥ and for every t € [0,T],

k) + /tm(s)ds € Dom(¥™1),

where Dom(¥ 1) is the domain of U1

Proof. By Young’s inequality, we see that

Bt = )" g6 u(s) < (= 9+ 2 (s)gl5)uls)"

and
bt FONNAE) < S0t P 4 L))
then,
w0 S o (5 [y 2 [ ausiatornts)vas)
# 30(4 [e-apen +$ /Otw V()

therefore

) < g CEIE 52 ot

+ Z - [ ) atuts) s

Thus _

ut) < k2o [ teuras+ Yo [ ) ) as
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Setting
~ 1 1t
u(t) = k‘+25 (VZ(S)Q(S)U(S))quvLZ&/O (Ai(s) fi(s)) (¥i(u(s)))ds
we see that

n

V(1) = 3 LU0 + 30 OO AN W u(t), and o(0) = F:

=1

i

Il

_
IS

Since v; are nondecreasing functions and u(t) < v(t) we then obtain

(0= D OO + S LOORO @) ws)
V() < m(t)(v7(t) + (o (b)),
where
m(t) = max (Z é(*yi(zf)g(t))q7 Z E(Ai(t)fi(t))q> and ¥ (v) = max{¢](v),i = 1.2..n}.
Therefore,
V() < m(t), telo,T
R A

Integrating both sides of the above inequality from 0 to ¢, we obtain

/Ot vq(S)i(g(v(s))ds = /Otm(s)ds
/v:O()t) i jfl(:c) = /Otm(s)ds’

vy Fody v dy ~ v dy
)= [, w0t () /. xq+w<x>+/z o o 4 ()

since v(0) = k. Thus, it follows that
. t
k —|—/ m(s)ds
0

Then, we get




4.3 Nonlinear integral inequalities

o(t)) < B! (w(%) + /Otm(s)ds).

Since u(t) < v(t) we obtain

u(t)) < o <\p(%) + /0 tm(s)ds),

which prove the theorem. O

and hence

In the particular case where g(t) = 0, we have the following corollary to Theorem

431

Corollary 4.3.2. Let ko, ki > 0, g > é, and the functions f;, \i, ¥V, and u be as in
Theorem [/.3.1 If

)< ko +Zk1/ (t = 5)° fi(s) (s (u(s) s

then,
1 T ~1 [ . (s))9ds
u(t) < W <‘I’('€”;5/o (fils)Ai(s))*d > )
where
oy - IR N re nkPTele—D+1
W)= | 5 YW = maxdul) i = 1.2 mh k= kot p

U1 is the inverse function of ¥ and for every t € [0,T],

+Z / (fi(8)Xi(s))%ds € Dom(¥~1).

Proof. Proceedlng exactly as in the proof of theorem we again arrive at the
inequality 4.3.1] Define the function 1 by

O(z) = max{yI(z) :i =1,2,....n},
11 _
where s+, = 1. Then,

which implies that




Fractional calculus

Integrating both sides of the above inequality from 0 to ¢, we obtain

/“_y<z /fl Ai(s))ds.

v(t) < T < +Z /fz A st>.

In view of the fact that u(t) < v(t) this proves the corollary. O

Therefore

If « =1and f;(t) =1 for i = 1,2,...,n in Corollary |4.3.2] we have the following
version of the result of Agarwal et al.([5], Theorem 2.1).

Corollary 4.3.3. Let ko, ky > 0 and the functions \;,1;, and u be as in Theorem|4.3.1|.

If
) < k0+2k1/ Wi(u(s))ds
then .
u(t) < 0! (\Ifn(k:n_l) +/ )\n(s)ds),
where - 0 |
U, (2) = g %()’ 2>2>0 1=1,2,...,n

the constants k; are given by
ki = U7 Wi (ki) + (Xl ),

and Ty € I is the largest number such that

Ty o) dy
il ::/ Ai(s)ds §/ d
H HT 0 ( ) ki1 %’(y)

Forn =1, g =0, and f; = A\ = 1 in Theorem [4.3.1, we obtain the following
fractional Bihari type inequality on bounded intervals.

Corollary 4.3.4. Let ko, k1 > 0, g > é and the functions v and u be as in Theorem
such that

u(t) < ko + k:l/o (t — 5)* 1ep(u(s))ds.

Then, for every t € [0,T] we have

u(t) < o1 (cp(z%) + f) , (4.3.2)
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where p (1 — é) =1,

* dz _ kPTrla—+1
“”‘Awwaw =t @D+

and
ot
(k) + p € Dom(®™1), for everyt €[0,T).

If n =1 and A\;(t) = 1 in Corollary 4.3.2 then by using Hélder inequality, we give
the other generalization of above inequality.

Corollary 4.3.5. Let ko, k1 > 0, the functions f,v and u be as in Theorem
p(l—é) =1 cmdq>§. If

mwsm+méu—@a7@wwmﬁ,

then

u(t) < {qf (?q’“;T_qla o / (s )1 te0.7], (4.3.3)

Z dx 41a
‘1’<Z>—/WW’ S

Next, for convenience, we introduce a class of functions to be used to obtain new
fractional Bihari type inequalities.

where

Definition 4.3.1. A function v : [0, 00) — [0, 00) is said to belong to the class H if:

(Hy) v is continuous, nondecreasing and positive for every z > 0.

(Hy) There exist ¢ : [0,00) — [0,00) continuous function such that

W(yz) < ¢(y)(2), for every z >0, v > 0.

For additional details on this class of functions, see [32].
By using Young’s inequality we give a generalization of Theorem

Theorem 4.3.6. Let0 < a < 1, ¢ > é, and assume that for i =1,2,....,n, the func-
tions f, i, Vi, h and g are non-negative and locally integrable, f and g are increasing,
and (fg)/h is decreasing on I = [0,T]. Additionally, let v; € H, i = 1,2,...,n, with
corresponding multiplier functions ¢;. If u(t) is a non-negative continuous function on
I satisfying

u(t) < h(t) + Z/o (t—8)* 1 (gt)vi(s)u(s) + fF(E)Ni(s)Yi(u(s))) ds (4.3.4)

7



Fractional calculus

then

then

which implies that

% < 1+ Z/ (t — 8)0"1—g<8)%(8)u(3)d3

IN

—_

+

H~

I

03

Q
S

/\
D‘@
—~|—
VAR V)
\_/\/

o s, ).

Set z = YUY t4 see that this last inequality is equivalent to

h(t)
A1) < 1+Z / (t = )" g(s)(s)2(s)ds




4.3 Nonlinear integral inequalities

Only we replace f; by w in Theorem [4.3.1 we obtain

() < 0! (\y(’/;) + /0 tm(s)ds) |
i < hew ! () + [ mis)as).

which completes the proof.

Therefore,

]

Forn =1, g = 0, and f(t) = k we next have a another fractional Bihari type

inequality on a bounded interval.

Corollary 4.3.7. Let u,\ : [0,00) — [0,00) are two continuous functions and ¢ €
H with corresponding multiplier function ¢ on [0,00) and h(t) > 0 is a monotonic,
nondecreasing and continuous function on [0,00), and k > 0 be a constant with q > é

If
u(t) < h(t) + k/o (t — s)* ' A(s)(u(s))ds, t € [0,T],
then g L .
(t) < h(t)¥! (\If(k) +5/0 (¢( Ej();) (S)) ds) , te€]0,7T],
where
© du 1 _ kppla=1)+1

ver= [t ()= ey

and

x11(1%)+1/0 (%) ds € Dom(¥™), t€0,T].

Proof. From [4.3.5| we have

u(t) < h(t) + k:/o (t — 5)* I \(s)v(u(s))ds, t €[0,T),

the fact that h is nondecreasing, then

@ < ek - ge () e
< 1+k/0t(t— 5)°~ 1¢h28()3 s)qp(zg)ds.
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Applying Young’s inequality gives

This implies that

< () o ()

T () (o (12))

It follows that

Since v is nondecreasing function, then

Define

By integration from 0 to ¢, we obtain

/,—;(t) eE 3/ (%)d

Consequently, it follows that

v(t) < U1 (@(E)Jrl/ot (%)%), t€10,7].

u(t) < h(t)u-! <\11(/2) +1/0t <%&A(S)>qd5> CtelT),

which completes the proof. O

Hence

As another result in this same spirit, we have the following theorem.

Theorem 4.3.8. Let 0 < a < 1, ¢ > é and assume that u, \;, © = 1,2,...,n, and h
are non-negative functions, that are locally integrable on I = [0,T], and let ; € H
with corresponding multiplier functions ¢;, moreover assume that the function h is
nondecreasing and satisfies the condition
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(f[) for each t € I there exist a continuous function x such that h(z(t)) < ’:((:))
If
- ' _oa—1y . U(S) )
u(t) < h(u(t))+z /0 (t —s) )\Z(s)—@ 0 (u(s)))wl(u(s))ds, (4.3.6)
then .
) < [y (v@+ [ mos)|
where

nTp(a—l)—i—l
m(t) = max k; =1+ ,
) ( Z ) p(p(a—1)+1)
°dy ~ 2N
U(z) = ————— ¥(y) = max{yy] (y),i = 1.2..n}.
1y Y(y)
Proof. From and the fact that ¢; satisfies (Hs) and h is increasing, we obtain

u(t) o)) ()Y o
u() = ”Z/ M >h<u<s>>wl(h<u<s>>)d'

Set z = hZﬁf@)) to see that this last inequality is equivalent to

2(t) < 1+ Z/ 0 IN (8)2 ()i (2(s))ds
By Young’s inequality, we see that
) < 14 Z G [y [rauee) o

< 1+ p&zp(_a_ll;i 5+ anl ( /O t 2(s)Pds + % /0 t A?Q(s)wfz(z(s))) ds

i=1 q

1
p

this implies that

~ 1/ 1 [ e 2
2(t) < k+ —/zpqsds—i— —/Agswf’zs ds
(t) ;pqo (s) ;q20 ()9 (2(s))
Letting

= qu/zm ds+z /Xl ()0 (2(s))ds
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we define the functions m and @Z as follows

m(t) = max ( Z t ) and P(t) = max{z/)fQ(t), i=1,2,...,n}.

Thus, with the nondecreasing of v; we obtain

U/(t> — _qu —|— Z )\q ))
< mf(t) <qu(t) + ¢(U(t))> :
Hence
vt ).
vPa(t) + Y (v(t))

By integration from 0 to ¢, we obtain

w(t)
/v(O) :1:1"1+w /m
U(v(t)) < U(k) + /0 tm(s)ds
o(t) < U1 (q,@ + /0 tm(s)ds) |

Since ~4U- = z(¢) < v(t) and (H) holds, we finally obtain

h(u(t))
u) < ntuo) (v + [ s )is )
< v (v [ o).

WAt < x()T! (\I/(%)+/Otm(s)ds).
u) = [xov (v | tm(s)ds)]é

This completes the proof of the theorem. O

With v(0) = k we have

which implies that

Thus,
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Chapter 5

Fractional Differential Inclusions
with Delay

In this chapter we wish to apply some of the inequalities obtained in section of
chapter |4 and the new Leray-Schauder type fixed point theorem obtained in section
of chapter 1| in the convex case, and the Filippov theorem in the non-convex case
to proving the existence of solutions to the Cauchy problem for the fractional delay
differential inclusions

‘DPx(t) € F(t,z;), t€J,
{ 2(t) = (1) , tel, (5.0.1)
where: 0 < 8 <1, J := [0,T], I := [~r,0], r,T are strictly positive constants and

F:JxC(I,E) = Pepen(E) is a multivalued function.
For any function x defined on [—r,T| and any ¢t € J we denote by x; the element of
C(I, E) defined by

() =x(t+6), el

Let Q := C([-r,T], E). We begin by recalling the definition of the solution of the
problem (5.0.1)).

Definition 5.0.1. The function x € 2 is solution of the problem if there exists

one function v € Sg ., such that

£(t) = (1), tel
" 20 + 1 Jo(t—5) P w(s)ds , te .

5.1 Convex case

We will need to make use of the following assumptions in our results in this section.
(Hy) The multivalued map F'(t,-) has a strong measurable selection for x € C(I, E).

(Hy) The map F'(t,-) is upper hemicontinuous for almost all ¢ € J.
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(Hj3) There exists a function ¢» € H and f € L(J,R") with ¢ > % such that

1F(t2) |2 < F)d(]]loo)
for every t € J and x € C(I, E).

(H4) There exists g € L9(J,RT) such that for all bounded D C C(I, E), we have

a(F(t,D)) < g(t)sup a(D(0)), for a.et € J,

0o
where D(0) = {¢(0) : ¢ € D}.

In the following proposition we establish some properties of the selections functions
operator.

Proposition 5.1.1. If F is a reflexive space and the multifunction F satisfies
(Hy) — (Hj) for 1 < q < oo, then the selections functions operator
St C([-r,T)|,E) — LY([-r,T], E) given by

St(x) ={ve LUJ E):v(t) € F(t,x;)} aet € J

has nonempty conver weakly compact values and is a weakly upper semicontinuous
multivalued operator.

Proof. The convexity of ST follows immediately from the convexity of F. Let z €
C([—r,T), E), there exists a step sequence z,, converging uniformly to = in C'([—r, T, E).
By conditions (H;) and (Hj), there is a sequence v, of strong measurable selections of
F such that

vn(t) € F(t, (z,):) ae. t € J

and
[on@)[| < p(t)Y(p) ae. € J,
where
|Tnlloo < p for all n € N.
Hence,

vn € SE(xy) for all n € N,

and (v,) is bounded sequence in L9(J, F'). Since E is a reflexive space, by the duality
Theorem ([35] V.1.1), the space Li(J, F) is also reflexive. By the Eberlein-Smulian
Theorem (see Brezis [25]), there exists a subsequence, still denoted by vy, that converges
weakly to v € L9(J, E). Additionally, we have

v(t) € Np>1{vk(t) 1 k > n} C Nps1co{vk(t) : k > n}, ae. t e (5.1.1)
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5.1 Convex case

Since F'(t,-) is upper hemicontinuous,

limsup o(z*, F(t, (x,):)) < o(a*, F(t,x;)), for all x* € E*. (5.1.2)

n—oo

Since v, (t) € F(t, (z,):) a.e. t € J it follows that

v, (t) € coB (F(t, (Tn)t), %) ae.teJ (5.1.3)

By (5.1.1) - (5.1.3)), and applying the Lebesgue dominated convergence theorem, we
obtain

v(t) € F(t, ), ae. t € J.

Therefore, S%(x) # O and SE(x) € Pyep.eo(C([—1, T, E)).
Let {(2n,vn) }nen € Gr(S%) such that (x,) converges to x € C([—r,T], E). Then, for
each n € N, we have
vn(t) € (F(t, (zn)t), aet € J.

Applying a similar argument, we can prove that the Nemytskii operator is weakly upper
semicontinuous. O

Now consider the operator N : C([-r,T], E) — P(C([-r,T], E)) defined by

N(z)(t) = { heQ:h(t) = { §§3)>’+ R (e E - j‘) }  (5.1.4)
where v € S%(x). Notice that N can be written in the form
N(z) = L(z) + (KoS%)(x), z € C([-r,T], E), (5.1.5)
where L : C([—r,T),E) — C([—r,T], E) is defined by

t), tel,
L<x<t>>={ e

and K : LY(J,E) — C([-r,T], E) by
0, tel,
Ko(®) = { ﬁ [t — )~ u(s)ds , t € J.
Next, we establish an important property of the operator N(x) defined in ([5.1.4]).

Proposition 5.1.2. If conditions (Hy) — (Hy) hold, then the operator N is u.s.c. and
a-condensing.

Proof. We will divide the proof into several steps. we begin by showing that NV is u.s.c.
and has nonempty convex values.
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Fractional Differential Inclusions with Delay

Step 1: N(-) € P.,(E). Since L is single valued, K is a bounded linear operator, and
S% has nonempty convex values, for each x € C([—r,T], E) we have N(z) € P.,(E).

Step 2: N is u.s.c. We first show that N maps bounded sets into bounded subsets of
C([-r,T],E). Let B, :={x € C([-r,T|,E) : ||z||oc < p}. For x € B, and h € N(z),
there exists v € ST, such that

B o(t), tel,
h(t) = { 0(0) + 57 Jo (6 — )P u(s)ds | t e

Then, by (H3) and Holder’s inequality

[p@] - < ||<P(0)||+|Iﬁ/o(t—S)B‘lv@)dSII

< Mol + ﬁ / (= )% F()0 (|| ds

< el + ﬁ / (t = )P £ (5[]l c)ds

< lelle+ 151 ( / (- s)fﬁ-pds); Il

Hence,

T~ 1+ 74(p)

Il < llelle + 57

(nalrze

Next, we wish to show that N maps bounded sets into equicontinuous subsets of
C([-r,T],E). Let ty,t, € J witht; < t, and let B, be a bounded subset of C([—r,T], ).
If x € B,, then for each h € N(x), we have

— M ’ —5)9 7 f(s)ds M ! — )97 —(t1—5) 7Y f(s)ds
Ihtta) =01 < 555 [t plods {8 [l < a9 ()
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5.1 Convex case

From the Holder and Biernacki inequalities, it follows that

) Pe(p)(ts — 1)~
IA() = At < =0 5™ p+1) B IIfIILq
B[ (e = o a5) Wl
pU(p) (s — )"
= iy ur Ve
+ % / ((t1—s)pﬁ_p—(tz—s)pﬁ_p)d‘s)p”fHLq

I'(

po(p)(ts — 1)1
(pB—p+1I(B)

Y(p) (t’fﬁ L (g — gy )POPHL tgﬁpr) v

(pB8 —p+ 1L(B)

The left-hand side tends to zero as t, —t; — 0, so N(B,) is equicontinuous in
C([_TvT]vE)

Step 3: N is a condensing operator for a suitable measure of noncompactness . Given
a bounded subset D € Py([—r,T], E), let mod.(D) be the modulus of equicontinuity of
the set of functions D, i.e.,

e

IN

+

[ f1Iza-

d.(D) =1 ts) — x(ty)].
mod(D) = limsup max |z(t2) —z(t)|

It is well known (see, for example, ([57], example 2.1.2)) that mod.(D) defines a measure
of noncompactness in C([—r, T, E) that satisfies all of the properties in lemma [1.3.2)

except regularity. Given the Hausdorft’s measure of noncompactness x, let @ be the
real measure of noncompactness defined on bounded subset of C([—r,T], X) by

a@(D) = sup e "h @y (D(t)),
t€[0,T

where 7 > 0 chosen such that

277,3—1%—l
¢ = < 1. (5.1.6)

/qr(pB —p+ 1I(B)

Then we define the measure of noncompactness a on bounded subsets of C([—r,T], E)
by

a(D) = DeA(C([euT{T] E))(a(D), mod.(D)),
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where A(C([—r,T], E)) is the collection of all countable subsets of B. The measure of
noncompactness « is monotone, regular, and nonsingular (see ([57], example 2.1.4)). To
show that N is a-condensing, let B C C([—r,T], E) be a bounded set in C([—r, T}, E)
such that

a(B) < a(N(B)). (5.1.7)

To show that B is relatively compact, let {z,, : n € N} C B. From (.1.5)), each h,, in
N(z,) can be represented as

hy = L(xy,) + K(vy,), with v, € Sp,,). (5.1.8)
Moreover, ((5.1.7)) yields
a({h, :n e N}) > a({z, :n e N}). (5.1.9)

From condition (Hy), for a.e. t € J,

W({on(®) in €NY) < X(F(tza(D)}32)
(O (@)
f)

( OigEtX({<xS)n}$zO:1)

el IO g (ya({an}iy)-

IA A CIA

9
9

IN

Then )
X({vn(t) : n € N}) < e o 9" g (ym({z, 12 )). (5.1.10)
It is clair that s — (¢ — s)?g(s) € L9((0,)). Then, Lemma [1.3.§] implies
2

XK (v) () }o2,) < a({fcn}?ﬂ)m /0 (t — S)Bilg(g)eTfos g (r)dr g

< alfebimg ([ 6 swczs); ([ srtsperirom) s

2t~ 1+5

R N (TR TN E) </ g(s)erh gqmdr) K

({on ) et
(B —p + DL(B)

IN

eT fg g‘l(s)ds.

IN

Therefore,

a({zntniy) <a({hatyzy) = ilé?e_Tfé 91y ({h, ()12, < g a({z,}22,).(5.1.11)

Using (5.1.6)), we have
a({z.}r2,) =0. (5.1.12)
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5.1 Convex case

Moreover, a(z,) = 0 implies that x({z,(t)}) = 0 for a.e. t € [-r,T]. In turn, (5.1.10)
implies that
X{va(t)}) =0 for a.e. t € [—r,T].

Hence, implies that x({h,};>;) = 0. By an argument similar to the one we
used to prove that N maps bounded sets into equicontinuous sets, we can prove that
the set {h,} is equicontinuous, and so mod.(B) = 0. It follows that a({h,}5>,) = 0,
which by implies that @({z,}>2,) = 0. Thus, B is relatively compact. By
the Arzela-Ascoli theorem, N is completely continuous, from which we have that N is
a-condensing.

Step 4: N has a closed graph. Let {z,}n,eny € C([—7,T], E) be a sequence such that
{Zn}nen converges to z, h, € N(z,), and {h,},en converges to h. We need to show
that h € N(Z). So for each n € N there exist v, € Sk(x,) such that

ha(t) = L(za(t)) + K (va(t)), t € [—r,T].

Similar to the proof of proposition [5.1.1] we can conclude that there exists a sub-
sequence of v, converging weakly to v in L9 and satisfying

v(t) € F(t,zy), ae. t € J.
Since K is a continuous linear operator,
K(v,(t)) = K(v(t)) as n — oc.
On the other hand, the continuity of L implies that
L(z,(t)) — L(z(t) as n — oo.

Therefore,
hn(t) = L(z(t) + K(v(t)) as n — oo.

This implies
h=L(z)+ K(v) € N(Z).

Hence, the multivalued operator N has a closed graph. In view of Steps 1-4, the proof
of the proposition is complete. O

We are now ready to give our main existence result for problem ([5.0.1]).

Theorem 5.1.3. Assume that (Hy)- (Hy) hold. Then the problem has at least

one solution on [—r,T| moreover the solution set of this problem is compact.

Proof. 1t is clear that the solutions of ([5.0.1)) correspond to the set Fix N of fixed point
of the multivalued operator N defined in Proposition [5.1.2, By Propositions and
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Fractional Differential Inclusions with Delay

5.1.20 N(-) € Poywep(C([—r,T], E)) and it is u.s.c., admissible, and a-condensing. Let
x € C([-r,T], E) be such that

x € AN(x) for some 0 <\ < 1.
Then,

lz@1 < lllloo + ﬁ/o (t =) f(s)v([las])ds

Let pu(t) = sup_,<,<; [|z(s)||; then

i) < ol + 535 | (6= F0uls)s

From Corollary
ququq a—1)+1)
t) < |W™ 9 t T
T R e AL )} e 0.7),
where ; g
x
(- :/ A s gup
S ST
Hence,

1
- quQTq a—1)+1) q .
ol < ot (SR )] =

and so the set

M ={x e C([-r,T,E) :x € AN(z),A € (0,1)}

is bounded. As a consequence of Lemma [1.4.2] N has a fixed point z in C([—r,T], E)
that is a solution to problem (|5 . Finally, since FixN is bounded, by Lemma m
FixN is also compact. This proves the theorem. O

Remark 5.1.1. In all our results in Section[{.3 and in the main theorem in Section
(see condition Hs, we have asked that q > %3 It would be of interest to see what

maght be proved in the case where q < %

5.2 Non-convex case

In this case we use the Filippov’s theorem on a bounded interval.
Let ¢ € C(I,E),h € L'(J, E), and let y € Q be a solution of the following differential
problem with semi-linear equation

{ DPy(t)=h(t), teJ
y(t) =¥(t) tel.

We will consider the following assumptions
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5.2 Non-convex case

(A1) The multi-function F : J x C(I, E) — P(FE) has closed values, such that
(a) for all uw € E,t +— F(t,u) is measurable,
(b) the map v : t — d(h(t), F(t,y;)) is integrable.

(As) There exists a function g € LI(J,R"), and a strictly positive real p such that

Hy(F(t,w); F(t,0)) < g(0)]|u = v]o,

for all ¢ € J,and u,v € B(y, p), with B(y,, p) is the closed ball of C(I, E).
(A3) The function g satisfied the following condition,
TP(B—1)+1
P B)pp(F—1+1) + éHgHLq < 1 for every t € J.
We define the function £ by

= Lt—sﬁ_lss
€)=+ 5 | (1= s

For each t € J, with ¢ a strictly positive real.
We have the following result

Theorem 5.2.1. Assume that (Ay)- (As) hold. Moreover if
(1) < p.

Then, for all p € C(I, E) with ||¢ — |l <6,
the problem has at least one solution on [—r,T).

Proof. Let p € C(I, E) such that ||¢ — 9]|c < 0. We construct a sequence of function
(2™(t))nen which will show that it is converging to some solution of problem ([5.0.1])
on the interval [—r,T]. Let fo = h on J and z°(t) = y(¢) for all t € [—r,T], i.e.

o(4) U(t), tel
PO = 0l0) + i fy =97 ols)ds e

Then we defined the multi-valued map U; : J — P(FE), by

Since h and «y are measurable, Theorem tells us that the ball B(h(t),~(t)) is
measurable. Moreover F(t,x;, z;(w)) is measurable and U; is nonempty.Indeed, since
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Fractional Differential Inclusions with Delay

v = 0 is a measurable function, from lemma there exists a function u; which is a
measurable selection of F(¢,z?), and such that

| ui(t) = h(t) |< d(h(t), F(t,2})) == (1),
this implies that
| ua(t) = h(t) [< (1),

u(t) € B(h(t),7(t)) and ui(t) € F(t, 7).

therefore
ul(t) € Ul(t).

We deduce that the intersection multi-valued operator U;(t) is measurable. By the
Lemma |1.1.3] there exists a function ¢t — f;(¢) which a measurable selection for Uj.

Consider
l(t) _ ‘P(t)a t € I
CUTY w0) + 7 fot—s)P  f(s)ds , t e

Then for each ¢t € J we have

ot — 2% < ||so—w||oo+ﬁ / (t— % | fi(s) — fols) | ds,
1 ! -1 .
< b [ = s g0 <

Then Lemma [1.1.6] tells us that F(¢,z})) is measurable. The ball B(fi(t), g(t)||z' —
1%|&) is also measurable by Theorem [1.1.8] Moreover the operator U, defined by

Us(t) = F(t, ) N B(fi(t), 9(t)]l2" — 2°o0),

is measurable nonempty. Indeed, since f; is a measurable function, then by Lemma
we have the existence of a measurable selection uy of F'(¢,x}), such that

[uz(t) = Ai(t) | < d(fi(1), F(t 1))

< Hy(F(t, ), F(t,x;))
< g)fz! = 2%,
SO
us(t) € B(fi(t), g(t)l|z" — 2°||o) and us(t) € F(t,zy),
hence

UQ(t) € Uz(t).
Lemma yields a measurable selection fo(t) € Us(t). So,

| f2(8) = A1) 1< g(®)l|2" — 2°|cc-
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5.2 Non-convex case

We define now x? by

We obtain the following estimates:

lo? — ' < ﬁ@é@—@*wh@—ﬁ@n@
L t —sﬁ_l S azl—xo S
< | = et =t
1 TP(B—1)+1 1 . 0
< 5 (r—prm * gl ' =l
So
0% — 20 < ADED), (5.2.1)
where . ——_
Mﬂ:Iﬂ%(MMﬂ—D+¢)+?WMO'

Defining now also the operator Us by
Us(t) = F(t,z{) N B(f2(t), 9(t)[J2* — 2 [|oc).

Similarly with all the above we will have that: Us(t) is a measurable multi-valued
operator with nonempty values, so there exists a measurable selection f3(t) € Us(t).
This allows us to define

3(1) = o(t), tel
g ] »(0)+ ﬁ fot(t —5)P 1 f3(s)ds , t e J

For t € J we obtain the estimates:

| — 2] < ﬁ@é@—@“ﬂﬁ@—ﬁ@|%
L t —85_1 S x2—m1 S
< 5 | =9 e et~
L t —5571 s)ds x2—x1
N A CIOIEEE N
< AD)a® — 2o

We use ((5.2.1]) to have that
2% = 2%l < (A(£))?E(2). (5.2.2)
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The same manner be we define the operator U, by
Us(t) = F(t,27) 0 B(f3(t), g(t)[|l2° — 2?]|o0)-

Arguing as for U,, we can prove that U, is a measurable multi-valued operator with
nonempty values, so there exists a measurable selection fy(t) € Uy(t). Then we define

x} by
I4(t) _ (,D(t), tel
T 20 + 1 Jot—5) P fals)ds v e,

And we will obtain the estimate:

P a? L t —5)f! s) — f3(s S
ot = < g [ =9 L) = ule) |
L t — )77 g(s)[|ad — 22||ds
< 1 | =0 ol = a2
1

IN

t
—_— t—s)PLg(s)ds)|z® — 22|
(5 | (=9 ol 2|
< A — 2.
And using (5.2.2)) to have that
lz* = 2%l < (A())%€(2).
We repeat this processor for n = 1,2, 3,4, ..., we arrive at the following bound
o™ — 2"l < (ME)" € (). (5.2.3)

By induction, suppose that ((5.2.3]) holds for some n and check (5.2.3|) for n+ 1. Let
U,+1 defined by the following form

U1 = F(t,27) N B(fa(t), g(t)]|2" — 2" |o0)-

As in the above arguing U, ,; is a nonempty measurable, then has a measurable
selection f,,11(t) € U,41(t), this allows us to define for n € N

n+1 _ gp(t)’ tel
’ @_{wmwﬁﬁﬁ@—W“nﬂ®w,teJ

Therefore for each t € J, we have

Ja™t = < ﬁ%yéa—sWI\nH@»—n@Hds
L t — ) g(s)||z" — 2"t ||ds
< i | e = e
L t — 5% 1g(s)ds)||z" — 2™t
< G | =9 awa o
< ABla" - 2"
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5.2 Non-convex case

Using ((5.2.3) to have that
[l = 2™l < (A($))"E().

Consequently, (5.2.3]) holds true for all n € N. We deduce that (z}') is a Cauchy
sequence in the Banach space Q := C([—r,T], E), since Q is complete then (z}') is
converging to a limit function z(t) € 2. Moreover, from the definition of U, 1, we
have

| far1(t) = fu(t) [< g(®)]2" — 2" H|oo for each t € J.

Hence for almost every t € J, f,(t) is also a Cauchy sequence in the Banach space
E and then converging almost everywhere to some measurable function f(¢) € E. On
the other hand we have by definition of (z}'), for each t € J

Ea(t) — p(0) = = / (t — )% Fu(s)ds).

Using now,the fact that f, — f, with the Lebesgue dominated convergence theorem,
and passing to the limit as n — 400 we have

n—-+o0o n—-+o0o

lim (2,(t) — 0(0) = hm_féﬁ>é(t—sf_ﬁgﬁﬁ%h

£(t) — (0) = ﬁ / (t — )% f(s)ds,

this implies that

z(t) = v(0) + = /Ot(t — 5)?71f(s)ds, for eacht € J,

and z(t) = p(t), for every t € I so

o(t) = (1), tel
T PO + 1 ot =) f(s)ds , t e

With f € S, therefore x(t) is solution of the problem ((5.0.1)) on [—r, T7. ]
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Chapter 6

Fractional lattice system with delay

Main objective in this chapter, is to analyze the existence of solutions of fractional
differential equations with the Caputo fractional substantial derivative, for following
fractional lattice system with delay

Dg[ul(t) - gi(t> ul(t - U(t)))] - Aul(t) = Fl(tv Ut uitﬂ') ) t > 07 (6 0 1)
ui(t) = wit) tel, -
where:
X be a separable Hilbert space with norm || - || and inner product (-, -),

E(t, Uit uit,T) = —fi(t, Uit Ul(t — T(t, Uit O'))), Au,(t) = ui_l(t) + QU,Z(t> — /\uz(t)

ANeR O<a<l,ieZ,J=[0,T],1=][-h,0],

fi: JxC(I,X)x X — X, are given functions,

gi - J x X — X are given continuous functions in its two variables,

oI - X, 7:JxC(,X)x% — [0,h] and n : J — [0,h] are given continuous
functions.

With ¥ a parameter space with norm |- |y. For any function u; defined on [—h,T] and
any t € J we denote by u; the element of C'(I, X) defined by

Here u;(-) represents the history of the state from time ¢ — h, up to the present time ¢.

For simplify the calculus let C([—h,T], X) = Crand v = —n(t), and w = —7(t, us, 0),
hence v,w € [—h,0], then we obtain u(t — n(t)) = u(t + v) = w(v), and u(t —
T(t,ug,0)) = u(t + w) = w(w) this implies that, g;(¢t,u(t — n(t))) = g:(t,u(v)), and
fl(ta Ug, U(t - T(ta Ut, U))) = fl(ta Ug, Ut((.U))
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6.1 Existence of solutions

6.1 Existence of solutions

For this study, We consider the following delay differential equations with Caputo
fractional substantial tim derivative in the separable Hilbert space X.

Dglu(t) — g(t,w(v))] = f(t, u, wp(w) , t >0,
{ u(t) = gp(t)g, tel, (6.1.1)

where the nonlinear term f is weakly continuous in bounded sets.
Definition 6.1.1. A function u € Cr is called a solution of the initial value problem

if u(t) = @(t) fort € I with p € C(I,X), and, fort € J, u(t) satisfies the
integral equation

u(t) = [p(0) = g0, ()le™ + g(t, u(v)) + F—/o (=) e P f(r un up (7)) dr

Introduce the following hypotheses:

(Hy) The function f : J x C(I,X) x C(I,X) — X is continuous, and there exist
M; > 0 such that

1t u,v) = f(t,w0)|[x < Mi([lu =t + [lv—7]|)
for every t € J, u, w, v, v € C(1,X).

(Hy) The function f(¢,0,0) is L**& locally integrable, and there exists b > 0 such that

t
/ (t = )" Le 2| £(r,0,0)[dr < b, Vit >0,
0

(Hs3) (i) There exist constants 0 < d; < 1 and dy > 0 such that
llg(t,u)||x < di||u)l + da, for each t e J,ue C(I,X),

(ii) the subset {t — g(t,u) : u € B} is equicontinuous for all subset bounded B
of CT-

Our result is given by

Theorem 6.1.1. Assume that (Hy)- (Hs3) hold. Then the problem (6.1.1)) has at least
one solution on [—h,T|, moreover the solution set of this problem is bounded.
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Fractional lattice system with delay

Proof. Transform the problem (|6 into a fixed point problem. Consider the operator
Sy : Cp — Cp defined by

©(t), tel
Se(u)(t) = (so( ) —9(0,0(1)))e " + g(t, u(v))
+155 Jo ( t—r)“—le—mt—”f(r, U, up(Y))dr |t E .

Since X is a separable space, there exists a sequence such that the subset {ej, es, ..., €5, ... }
is dense in X, and by the Gram-Schmidt procedure, we can obtain an orthonormal
subset of X, still denoted by {ej,es,...,e,,...}. Taking X, = {ej,eq,...,e,}, and
P, : X — X, an orthonormal projector, defined as P,u = u,, and P,p = ¢,, we
can introduce the mapping S, , : Cr — Cr as, for any ¢, € C(I, X),

(t)? tel
1(0) 9(0, pn(v)))e _B“rg(t un(t +v))

Snp()n(t) = (
ity Jo (8 = 1) e P By f (1t e (3))dr €L

For any positive constant p, denote by
Ay = {0 € Cra(0) = 0.0 € 1and sup un(0)] < o}
teJ

Note that a fixed point of S, ,, is a solution of (6.1.1]).
We will show that S, , satisfies the assumptions of Leray-Schauder’s fixed point theo-
rem. The proof will be given in several steps.

Step 1: We will show that for any ¢,, € C'(I, X) the operator S, , maps the bounded
subset A, C Cp into another bounded set A, C Cp, i. e, for all p > 0, there exists a
positive constant p’ such that for each u, € A, we have sup,c; ||Sy ,un(t)|| < p'. Let
u, € A, be arbitrary. From the definition of S5,,, and the hypotheses (H;) — (Hj) we
have for all t € J,

1 t 1 Bl
[ Snpun ()] < (1+d1)!|90n|!oo+dlp+2d2+m/o (=) e P £ (ry v, U (7)) ||

by (H;) and (Hs) to see that

||f(7’, unmunr(V))H = ||f(7", Unr s UV) - f(r7 0, O) + f(T’ 0, O)H
’f(,r’ um’vuv) - f(T,0,0)H + ||f(7’,0,0>H

<

we replace in the above inequality and we obtain

b 2M1pTa ’
ot < (1 d) || onllae + dip + 2d =g, vt
[Snpun (@ < (14 di)llenllso + drp + F F) T P Ve
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6.1 Existence of solutions

Hence, S, , maps the bounded set A, into another bounded set A, .

Step 2: S, , is continuous on Cr.
Let uf € Cr be a sequence such that u* — u, in Cr as k — oo. We can prove that,
for any t € J, as k goes to oo,

[y — tntlloo = sup [Jugy (8 + 0) — un(t +0)|| < sup [|ug(t) — un(t)]| — 0.
oel teJ

Thus, for every t € J, we have

1S gt () = Sngun()]| < Ng(t, us,(v) = g(t, wn (V)]
b B [ e ) - (sl
I'(a) Jo "
< gt ugy(v) = gt une(v)) |
20M, |k /t ~1-B(t-r)
— u, t— ) "d
+ ]_—x(a/)”unt u t||CT 0( 7”) € S
2M T
< ot (0) = gt D) + gy ke = sl

Hence, by continuous of g in its two variables we have ||g(¢, u®,(v)) — g(t, un(v))]| — 0

as k — oo and since |[uf, — uy|lc, — 0, as k — oo, then we obtain
||Sn,¢ufl(t) — Snptn(t)|| = 0 as k — oo.

This proved that the operator .5, , is continuous on Cr.

Step 3: S, is completely continuous. Since X,, has a finite dimension n, it suffices
to prove that the family of continuous operators {S, ,u, : u, € A,} is uniformly
bounded and equicontinuous of Cr on J. As proved in Step 1, for any u, € A,, we
find ||.S,, oun(t)||c, < p', which implies that {S,, ,u, : u, € A,} is uniformly bounded.
On the other hand, for any t¢,t5 € J with t; < t5, we have

Hsnwun(tQ) - Sn,cpun(tlm < Q1+ Q2+ Qs+ Q4.
With
Q1 = llen(0) — g(0,0n(v))]l|e”" — e P"1]
< [+ dy)l|enll + 2d2]e_5t1(1 — e_’B(tT“)) — 0 as t; — to,
Q2 = |lg(ta, une, (V) — g(t1, une, () || — 0 by (ii) in (H3),
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@ = ﬁ/otl[(tl—m“eﬁ(“’“’—(ta—r)“16‘3“2’")]Hf(num,um(v))lldr
< ﬁ / " B (1 = ) (1 — e Bt (7)) — £ (7,0, 0)]dr
" ﬁ / " eIty — ) (ty — ) e (r,0,0) | dr
< ol (= ) 1)
. ﬁ / Y POy ) (1 — )P (1, 0,0 dr,

let L; > 0 a constant such that (¢, —7)*" < (ty—r)*"te P21 L L (ty— ) (¢, —7)* L.
Hence

[(tl — T)ail — (tg — T)aileiﬁ(witl)]673(“7” S L1 (tQ — tl)(tl — T)aileiﬁ(tlir)

this implies that

ﬁ /Otl e POty = )27 = (b — 1) e P £(r,0,0) | dr
< DLt [P gyt 0.0
< FL(lcg (t2 — t1).
Thus
Qs < f%%%ﬂﬁ+e%@%W@y4ﬁa—ﬁﬂ+%g%b—h)%Oash—wm

1 2
@ = g | 2= () i

t1

2M;p 1 [(ty— PRI gt SN
< —F(a+1)(t2—t1) +F(a)( RS ) (/t 1/ (r,0,0)] dr) .

This implies that

Q4—>()a3t1—>t2.

The conclusion that
||Sn#,un(t2) — Sn7(pun(t1)|| — 0 as tl — tQ.

Therefore {5, ,u, : u, € A,} is equicontinuous on J, and by consequently S, ,A, is
relatively compact in X,,.
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6.1 Existence of solutions

So from Step 1, Step 2, Step 3 and the Arzeld -Ascoli theorem, we obtain that
Sne : C([=h, T); X)) = C([—h,T]; X,,) is continuous and completely continuous.

Step 4: We proof that subset By = {u,, € Cr : u, = AN, (uy,), for some X € (0,1)} is
bounded.
Let u, € By Hence for each ¢t € [—h,T] we have,

)‘Qpn(t)’ tel
un(t) = § Men(0) = 90, 0a(®) + g(t, wni(v))
+ﬁ f() (t o T)aileiﬂ(tir)Pnf(n Unyr, Unr(W))dT) , teld

By (Hy)- (H3) we have the following estimates
lun@ < (14 di)l[@nllcy + dillun(t)]] + 2d;

L e s
= ma | ()

this implies that

1+ db)lellc, + 2ds 1 ' o
o < B i“f’lz? : +(1—d1)r(a)/0(t—7‘> e M| £(r,0,0)|dr
+ m/o (t —r)* e PE| (1, g, e (7)) = f(r,0,0)|dr
(1+di)lellc, + 2ds b
B 1—dy (1 —d)T(a)

2M, t -
i (1—-d)l(a+1) /0 (t =) Hun(r)|ldr.

By the Gronwall’s lemma we obtain

ftn (8o < [

(1+di)[lellc, + 2d2 b T T
1-— d1 (1 - dl)F(Oé)

Therefore B,, is bounded, so by nonlinear alternative of Leray-Schauder the oper-
ator S, , admits at least one fixed point u,, which is a local solution of the problem

B i C([—h,T]; X,.). .
Lemma 6.1.2. Under the assumptions of Theorem|0.1.1), for any ¢ € C(I,X), problem
(6.1.1) has at least one solution in C([—h,T]; X).

Proof. In Theorem [6.1.1] we have proved the existence of local solution of problem
(6.1.1) in C'([—h,T]; X,,). By taking the limit, we prove the existence of local solution
of problem (6.1.1)) in C([—h,T]; X). For this, we form the approximating equations:

D2 (un (t) — g(t, unt (V) = Pof (t, g, uns (7)), £>0
{ un(t) = son(tg) : ez (6.1.2)
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Similarly as in Theorem [6.1.1] there exists a local solution w, to problem (6.1.2]) on
[—h,T] such that there exists a positive constant b withe

sup [un(t)]] < b. (6.1.3)
te[—h,T|

Since X is a separable Hilbert space, from (6.1.3]) we can conclude that for any ¢ € [0, T1,
{un(t) }n>1 is weakly convergent to u(t) in X. Moreover for any t,,,t € I with ¢, — t,
we have when n, m go to oo,

[un (tm) — u(®)[| < [len(tm) = @(Em)ll + o (tm) — (@) = 0.

On the other hand, for any t,,,t € J with ¢,, — t, and any v € X*, we have as n, m
go to oo,

[(un(tm) = u(t), )| < [(un(tm) = wtm), v)| + [{u(tn) = u(t),v)] = 0.

Thus {uy¢}n>1 is weakly convergent to u; in C(1, X).
Now we prove that u(-) is a solution of (6.1.1]). For this we need to pass to the limit
in the following integral

en(t), tel
un(t) := ¢ #n(0) = 9(0, 0 ()) + g(t, i (1)) (6.1.4)
—i—ﬁ fo (t — 1) Le BETIP, F (1, Uy, Uy (7))dr , t € .

[0

Since the function f is Lipschitz continuous, then for any ¢ € J, we obtain

f(ta un,taun,t(,}/)) - f(tvuta ut(V))? weakly in X. (615)

Using the Riesz representation theorem, we obtain that for any v € X*, there exists a
unique w € X such that (u,v) = (u,w) for all u € X, and therefore

’<Pnf<t7 Unt; unt('y))a v) - <f(t> Unt, unt(’Y))? U>‘

|<Pnf(t7 Unt, unt(’y)) - f(t7 Unt, unt(’Y))? ’LU>|
= [t ung, une (7)), (Id = P )w)| < 20]|(Id = Po)wl]| = 0, n — oo,

SO

(P f (t, Uty Ung (7)), 0) — ([ (£, Unt, unt (7)), v)| = 0, as n — oco. (6.1.6)

Then by (6.1.5)) , (6.1.6) and Lebesgue’s dominated convergence theorem we obtain for
any v € X*,

< / (= 1) e B (1t e (7)), > S < / (= 1) e iy, () > |
0 0
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6.1 Existence of solutions

This with (6.1.4) imply that, for any v € X*,

(u(t),v) = ([u(0) — g(0,uo(v))]e™,v) + (g(t, ur(v)),v)
L t — ) e P F (e, r, v
+ o (fe=n ()i ).

which means that

ut) = [0(0) — g(0, uo(W))]e " + g(t, u (1)) + ﬁ / (= )P () )

for all t € J. O]

Theorem 6.1.3. (Global existence and uniqueness and continuous dependence on the
initial values of solutions of (6.1.1)) Assume that (Hy)- (Hs) hold, further if g is
L — Lipschitz. Then,

(i) for any ¢ € C(I,X), the problem has a unique global solution u(-,¢) on
[_haT]:

(i) the solution u(-, ) depends continuously on p, i.e.,

lim sup ||u(t, ¢) — v(t,¥)|| = 0.
P
Proof. Part 1: From Lemmal6.1.2 we know that has a local solution on [—h, T].
So we need to prove that the local solution is a global one. Namely, we prove that the
local solution will not blow up on any bounded interval. By a similar procedure as we
used in Step 4, we can prove that for any solution wu(t), we have for all ¢ > 0,

<1+d1)ng||Co +2d2 + b 2Mq t%

< T=dpr@+D
oo < 1—d, I—d)T(a)] "

which implies that the local solution u(t) will not blow up on any bounded interval[0, 7.
Then it is actually a global solution on [—h, c0).

Finally, we show that the global solution is unique. Let u(t),v(t) be solutions of
(6.1.1) with the same initial value ¢. Then for t € J,

[u(t) —v@) < [lg(t, w(v)) — gt v(v))]l
1 /t “1 —B(—
+ == (t - T)a € o r)| f(’l“, UT,UT(U)) - f(?“, UHUT(V)” dr.
@) | |
Replacing ¢ by ¢ + 6 in this last inequality, note that ||u(t + ) — v(t + 6)|| = 0 when
t+60 < 0with 8 € I. On the other hand, takingp =1+4+a«, g = 1+§, then by Holder s
inequality, we have, for t +6 > 0,

1

2M1Ta2 t+0 B , q

o= vl < Ll =+ 2t ([ e~ far)
0

103
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SO
» :
|mfwwm3k(/ quWrww—wwam),
0

o2
with £ = %, this implies that

t4-0
=l <0 [ e, = v
0

Thus .
PP Juy — vy||2, < k:qe_qﬁe/ eI ||luy, — v, || dr Yt € J.
0
By the Gronwall inequality, we obtain ||u; —v;||? = 0, which implies that ||u;—v;]lc = 0
for all ¢ € J. Thus the global solution is unique.

Part 2: Let ¢, ¢ € C(1,X). Since u(-,¢) and v(-,1) are solutions of (6.1.1)), the
conditions (H;) — (H3) implies that

lut, o) = v(t, )| < e [lp(0) = »(0)]l + Ll (v) — oW)Il] + Lllue(v, ¢) — ve(v, ¥)l|

oM, [* _ ya—1,—B(t-r) ' o
= f [ ) = )

Replacing t by t + 6 with ¢ + 60 € [—h,T], so in the last inequality, if t + 6 € I then,
Ju(t+0,0) —v(t +0,9)| = llp(t +0) = bt +0)[ < |l — ¢llc = 0 as o =,
it t + 60 € J then,

lu(t +0,0) vt +0,0)| < 1+ L)l — ¥l + Llw(, ) = vl ¥)ll

oM, [t
F(al) /0 (t+0—r) e PO (-, ) = v, (-, ) | odr

Takingp=1+a, ¢g=1+ é, then by Holder's inequality, we obtain

. t
B O A (o A e O R s
0

with k = 2(11ij:) and k as in the Part 1.

By the Gronwall lemma, we conclude that, for all ¢t € J,

lui(-0) — v ()% < (k)] — l|d e ke a0 0 as o — 4p,
which implies

b
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6.1 Existence of solutions

Now we will apply our abstract theory developed in the previous section to the
fractional lattice system (|6.0.1)).
Setting of the problem.

Let (2 = {v = (v;)iez : va < oo} be the separable Hilbert space with norm
, i€z
lv|| = (Z vf) and scalar product (w,v) = wai, and let (> = {v = (v)iez :
i€Z i€z
Sup;cz [vi] < oo} be the Banach space with norm ||v||e = sup;ey |vi|. Further, we use
the notation X = ¢, Cr = C([—h,T];¢?) and Cro = C([—h,T]; ), with the norms

[ullor = sup_[lu(®)]], and [[ulloy . = sup |lu(t)]-
te[—h,T] te[—h,T)

By simple calculus, we can verify that Cr C Cr o with ||ul|c, > |lulloy. forallu € Cr.

We consider the system ((6.0.1) on the phase space Cr. We assume the following
conditions:

(Cy) The operator f : [0,00)xC(I, X)xC(I,X) — X given by the rule (f (¢, u,v;)); =
filt,ui, uiy), @ € Z, is well defined, bounded and continuous.

(C3) There exists a constant Ly > 0 such that
1£ (0, 2) = (0, V)lIx < Lyl = Plloo + 16 = ¥ lloc)
for all o, 1, ¢,% € C(I,X) and t > 0.

(C3) The function f(¢,0,0) is L' locally integrable, and there exists b > 0 such that

t
/ (t — 1) 1e 5D £(r,0,0)ldr < b, Vi > 0.
0
We establish the existence of solution for problem ((6.0.1]). For this we rewrite it in
abstract form. We define the operator N : X — X by
(NU)Z = —Uj—1 — 2Ui, 1 € 7.

We also define the operator F' : [0,00) x C(I,X) x C(I,X) — X as F(t,u,v) =
—Nu(0) — f(t,u,v) — Au(0). Thus problem (6.0.1)) can be rewritten as

Dg(u(t) — g(t,u(v))) = F(t,us, ue(y)) , £t >0
{ u(t) = sO(t)g, er (6.1.7)

Theorem 6.1.4. Assume that (C1)- (C3) hold. Then for any p € C(I,X), the problem
(6.0.1) has a unique solution on [—h,c0).

105



Fractional lattice system with delay

Proof. We would like to mention that condition (C) holds if all the component func-
tions f;, © € Z, are globally Lipschitz with the same Lipschitz constant, while condition
(C3) holds provided that each component function f;, i € Z is Lipschitz continuous

2
with a constant Ly, and Ly = (Z L?) < 00. And condition (C3) holds if it holds

i€z
for each f; with constant L;, and b = ZLi < 00. With all this, it is not difficult
€7
to check that F(t,u;,us(7y)) satisfies (Hy) — (H3). Thus the conclusion follows from
Theorem [6.1.11 O
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Conclusion

The main objectives of this thesis were to investigate the existence of solutions for
some classes of differential inclusions and equations with delay. The topological and
geometrical structures of the solution sets are also presented. We have obtained some
generalizations for the fractional nonlinear integral of Gronwall-Bihari-Henry inequal-
ity, as well as the realization of a new version for the multi-valued Leray-Schauder type
fixed point theorem in strictly star-shaped sets.

We plan to extend the results presented in this thesis by considering impulsive
semilinear fractional differential equations and inclusions.
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