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Introduction

This thesis is devoted to discrete models describing the evolution of populations of
different kinds. We are particularly interested in cases of food chains and epidemio-
logical cases.

Most of works on mathematical modelling, of population dynamics considering con-
tinuous cases, when they represent numerically the data to obtain graphs describing
the states of their models, go through the discretization to do programs for numerical
simulations.Which motivate us to consider in our works discrete models in order to
see if there are significant differences between them and continuous ones.

The first model studied here is a case of predatory prey discrete model, in which
the prey is divided into juvenile and adult compartments, this choice is justified by
the difference in access to the prey, our goal is to give mathematical analysis of the
model and numerical simulations. More specifically, we consider the following system

of difference equations;

Ni(n+1) = Ny(n) exp {Bg<n><l ~ aa(n)Na(n) 3213 () = Gn)(1 1) Ns ()
nre)
1+ p1(n)h1N1(n) (1)
Na(n +1) = Na(n) exp {G(n)(l o (mNa(m) ;EZ; - +];22((Z))];§7v)2 ok dg(n)} ,
PNy () pa(m) N3 ()

Pn+1) = P(n)exp { L+pi(n)hiNi(n) 1+ pa(n)haNa(n) - D(n)} .
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Where N; and N, represent respectively the juvenile and adult prey, the predator is
represented by P, all the coefficients are positive, they are specified in chapter one.
We study the existence of periodic solutions, our results are illustrated by simulations
after doing theoretical study.

The second case concerns a discrete mathematical model for a food chain with the
existence of the delay effect, in our numerical study we adapt the numerical method
to the delay, to obtain representative simulations. The mathematical model studied
here is obtained from the work of Zhung [72], it is a system governed by difference
equations, more specifically we present the results of Zhung [72] of the following model

w(n+1) = w(n)explri(n) = di(n)us(n) — oripasiebl o],

wln+1) = uan) bt s — 72— dnus(n) — ot
us (n -+ 1) = Uus (n) eXp[a2(n)+b7:(3,f)(:3?i£z;iztg(n_o) — T3 (n) - d3 (n)U3(7’L)]7

2)
where all the coefficients are positive periodic sequences. the states uq, us and ug
represent respectively the the prey, the intermiate predator and the top predator
populations. More details on the model are given in chapter two.

Our goal here is to give our numerical simulations for this model, to compare with
those obtained by Zhung [72].

The third work is a discrete model case for an epidemiological model of HIV with
treatment, the model is describing the evolution of the HIV when the population is

under treatment. The model proposed here is the following

T,

max

Ln+1 - Ln + nlBTnVn - (CL + dl) Ln (3)
In-l—l = (1 _nl)In+ (1 _nl)ﬁTnVn_‘_aLn _dQIn
Vn+1 = (1 - 772) Vn + deIn - d3vn

i,
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where the coefficient are positive and representing the different kind of cells; 7;, nor-
mal, L, latent and I, infected one, V,, represents the virus at time n. The role of
each parameter is described in chapter three.

We study the existence of equilibria and their stability to obtain informations about
the behaviour of each population of the model, and we give numerical simulations to
illustrate our results.

The works cited above constitute the chapters of these theses, we conclude it by somes

prespectives.



Chapter 1

Periodic positive solutions of a discrete food chain

predator-prey model

1.1 Introduction

In the last five decades mathematical ecology was investigated by many researchers,
see [60] and [66], and the references cited therein. The stage structured population
has drawn the attention of many scholars, see [I], [20], [42] and [73], and the references
cited therein.

Abrams and Quince [I] have considered the stability analysis of the following stage

structured density-independent prey growth where the juvenile prey population is

vulnerable
le p1N1P
—— =B9sNy —diN; — g(1 —ayNy)N| — ————
dt 24V2 14V1 9( aq 1) 1 1+ p N,
dN.
—dtQ =GN, — dy Ny (1.1)
Q_p epiN1
dt |1+ phN;

where N7 and N, denote the population densities of juvenile and adult prey and P is
that of the predator. The parameters dq, ds and D are the per capita death rates of

juvenile prey, adult prey and predator respectively. Here the predation is limited to
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juvenile prey with p; as per capita capture rate of juveniles by the predator, A is the
corresponding handling time which includes the time spent for pursuing, capturing,
killing, eating as well as digestion of each captured prey item. The handling time
interval starts once the prey has been spotted, e is the conversion efficiency of ingested
juvenile prey into new predator individuals (see [I]). The authors found out that an
alternative equilibrium can emerge if the density-dependence on juvenile’s growth
rate and adult’s birth rate is assumed, they assumed also that competition occurs in

both prey stages for the following model

dN1 p1N1P

—— = By(1 — asN9)Ny —diNy — G(1 — a1 N1 )N — ———

7 2(1 — aaN2) Ny 1V1 (1 —ai1N1)Ny L+ pihN,’

dN-

TtQ = G(1 — oy N1)Ny — daNo, (1.2)
dP

“ _p ﬂ_D

dt 1—|—p1hN1

where o and as are the competition coefficients in both prey population stages.

Later in [42], the authors investigated the following model

dN, p1N1 P
—— = By(1 — asN9)Ny —diN;y — G(1 — a1 N1 )N, — ————
g7 2(1 — agN2) Ny — di N1 — G(1 — g N1 )Ny A
dN-
7: = G(1 — arNy)Ny — daNo, (1.3)
ar _ P N _ Dl
dt 1+ pihIVy
and
dN
d7tl = B2<1 — Oé2N2)N2 - d1N1 - G(l — OélNl)Nl,
dNy p2No P
C2 _ G(1— a1 N1 )Ny — doNoy — L2727
o (1 —a1N1)Ny — d2 N2 L+ poh Ny (1.4)

dpP p2N2
— =P|—-_ D
dt |:1 + pohNo :|
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They obtained sufficient conditions under which the existence of a stable limit cycle.
As their model incorporates non-periodic parameters.

Cushing [I4] has already pointed out that nature and environment require some times
the parameters to be periodic. One of the fundamental question in mathematical
ecology is the existence of positive periodic solution i.e. the existence of cycle.
Other interested works on discrete population models for prey-predator can be found
in the following papers [12], [41], [44] and [45].

Motivated by the work in [42], in this work we will discuss the existence of periodic
positive solution of the following discrete time system where the predation is limited

to both prey stages

Ng(n
Nl(n

~—

Ni(n+ 1) = Ny(n) exp {Bg<n><1 — s (n) Na(n)) <2 — di(n) — G(n) (1 — a1 (n) Ny (n)

ntrt )
1+ pi(n)hiNi(n) |~

~—

(L.5)

3

Moo+ 1) = Natw)exp { GO (1~ an(mpma ) 3 — 20—y

p1(n)Ni(n) n p2(n)Na2(n)
1 +p1(n)h1N1(n) 14 po n)thg(n)

) p2(n)P(n)
)

P(n+1) = P(n) exp{ D(n)}.

Next we give conditions to obtain the existence of positive periodic solution.

1.2 Existence of positive periodic solution

Let X, Z be Banach spaces,  C X a bounded open set with closure €, and
L:domL C X — Z.

L will be called Fredholm mapping with index zero if:
(i) L is linear and ImL is closed in Z.

(ii) ker L and coker L have a finite dimension and

dimker L = dimcokerL (= codim/mL)
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If L is a Fredholm mapping with index 0 and there exist continuous projectors
P:X—-X and Q:7Z— Z,

such that ImP = ker L, ImL = ker@Q = Im(I — Q), it follows that L jomrnkerp :
(I — P)X — ImL is invertible. We denote its inverse by Kp.

If 2 is an open bounded subset of X, the mapping N will be called L-compact on €2 if
the mapping QN : Q2 — Z is continuous, QN () is bounded and Kp(I — Q)N : 2 —

X is compact, i.e. it is continuous and Kp(I — Q)N () is relatively compact, where
Kp : ImL — domL Nker P is the inverse of the restriction Lp of L to domL Nker P,
sothat LKp=1and KpL=1—P.

Since () is isomorphic to ker L, then there exist an isomorphic J : Im() — ker L.

Lemma 1.2.1 (|16]). (Continuation theorem) Let L be a Fredholm mapping of index
zero and N be L-compact on ). Suppose

(a) for each A € (0,1), every solution x of Lv = ANx is such that x ¢ OS2,
(b) QNxz # 0 for each v € 02 Nker L and deg{ JQN, Q2 Nker L,0} # 0.
Then the operator equation Lxr = Nx has at least one solution lying in domL N Q

We will use the following notations

-1

€

I,=1{0,1,2,...,w—1}, f:l f(n),
w n=0
fh= min f(n), [ =max f(n),

where {f(n)} is an w-periodic sequence of real numbers defined for n € Z.
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Lemma 1.2.2 ([65]). Let f : Z — R be w-periodic, i.e., f(n+w) = f(n). Then for

any fived ny,ny € 1, and any n € Z, one has

f(n) > f(ny) Zlfkﬂ ()|
and
Fn) < Flns)+ 3 IF(k+ 1) — F(R)].

Theorem 1.2.1. Assume that the following conditions are satisfied

13~ pi(n)en I »
1 & 2
(a) max{R,S} < D, where R = — g T pr(n)ine S:;E

My =1n (L£9) + 24w

MQ =In <d1+G> + 2d2w
(b) deg{JQNu,QNR3 0} £ 0,u € 9.
Then system has at least one w-periodic solution.

Proof. Let I3 := {u = {u(n)} : u(n) € R® n € Z}.
For a = (aj,as,a3) € R3, define |a| := max{ay,as,as}. Let [“(C I3) denotes the

subset of all w periodic sequences equipped with usual supremum norm ||-||, it i.e.
|lul| = max lu(n)| for u={u(n):nez}el
nely

The space [“ is a finite dimensional Banach space.
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Let

Iy = {u =u(n) €l“: iu(n) = 0}

and

Y = {u=un)el’:uln)=heR’ nel}.

c

Then [§ and [ are both closed linear subspaces of {“. Moreover, [¥ = [§ & [¥ and
dim ¥ = 3. Put Ni(n) = e, Ny(n) = e“2( and P(n) = %),
The system (1.5)) can be reformulated as follows:

Auy(n) = ur(n +1) — u(n)
= BQ(n)(l — ag(n)e”ﬂn))e“?(n)*”l(") —d (n) — G(n)(l _ al(n>€u1(n)>

~ pi(n)ers™
% pr(n)hren )’

Aus(n) = us(n+ 1) — uz(n)

n)

pg(n)e“?’(

e 1— ur(n)\ gui(n)—uz(n) _
(n) (1 = ar(n)e™™) e T+ pa(n)net

) — dg(’ﬂ),

Auz(n) = uz(n+ 1) — uz(n)

n)ev(m) n)ev2(m)
— D(n) + pi(n) p2(n) _
1+ pr(n)nen® " 1+ py(n)hgeuz®

In order to implant our problem into framework of continuation theorem, let us first

define

¥ =X =7Z= {u(n) = (wi(n),u2(n),us(n))" € R u(n+w) = u(n)}
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and
lull = [ (ua(2), ua(n), s (n) | = max s (n)] + max fua(n)] + maxus(n)

for any v € X (or Z). Then X and Z are Banach spaces with the norm ||-||.
Let

w By(n)(1 — ag(n)e'2t)e =M= —dy (n) — G(n)(1 - ay(n)er ™) — 1 f;l(?(l,z)ehj(e:l(n)
v ~Dlm +p;1( ZZ;;LM() 1 +p;2(2;a;<:>()
and Lu = Au(n), where Au(n) = (Aui(n), Aus(n), Auz(n))t.
According to Lemma 2.1 in [65], we have ker L =R3 ImL={z€Z: wzjl z(n) = 0}
n=0

is closed in Z and dimker L = 3 = codim(ImL).

Therefore, L is a Fredholm mapping of index zero. Hence, there exist two continuous
w—1

1
projectors P : X — X and Q : Z — Z such that Px = —Zx(n),x € X, Qz =

W
n=0

w—1
1
— g z(n),z € Z, ImP = ker L and ImL = ker Q = Im(/ — Q).
w

n=0
Furthermore, the generalized inverse of L, K, : L — ker P N domL, is given by

w—1 w—1

Kp(z) =3 #(n) - éZ(w —n)2(n).

n=0 n=0
Then QN : X — Z and Kp(I — Q) : ImL — ker P NdomL, read



1.2 Existence of positive periodic solution

16

That is

w—1
1
" > Fi(n)
NE
QNu= | — Z Fy(n)
n=0
w—1
1
— ) F(n)
n=0
and
KP(I - Q)NU = (@1, ®,, CI)3)T
where
Fi(n) = By(n)(1—az(n)e*™)ew2(m)—u) _d (n) — G(n)(1 — ai(n)e*r™) —
_ ui(n ur(n)—uz(n p2(n)eu3(n)
Bn) = Gn)(1 = ag(m)en e () — L PG (),
_ pi(n)er™) pa(n)e> (™)
F3(n) - _l?(n) + 1 +p1 (nl)hleul(n) 1 +p2(n)h2€u2(n) andl
D(u(n)) = Z Au(n) — » Z(w —n)Au(n) — (Z - w2w> Z Au(n).
n=0 n=0 n=0
That is
= 1A no w41
;Fl(”) ;;(W—R)Fl(n) <;—7
! | no w41
Kol @Nu= | SR || 53w mre |+ (557
w—1 w—1
1 n w1
F — —n)F. - —
Som | |2 e-nrm| | (-2

n=0

1 (n)e“3(”)

T pu(hien )

Obviously, QN : X — Y and K,(I — Q)N : X — X are continuous with respect

to m and they are mapping bounded continuous functions to bounded continuous

functions. Since X is a finite dimensional Banach space, using the Ascoli-theorem,

we see that QN (Q) and K, (I — Q)N (Q) are relatively compact for any open bounded

set Q0 C X. Moreover, QN () is bounded. Then N is L-compact on {2 for any open
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bounded €2 € X.
Now we reach the position to search for an appropriate open bounded subset €2 for

the application of the continuation theorem, corresponding to the operator equation

Lu = ANu, A € (0,1).

We have
Auy(n) = AFi(n), (1.6)
Auy(n) = AFy(n), (1.7)
Auz(n) = AF3(n). (1.8)

Suppose that v = u(n) € X is an arbitrary solution of system (|1.6])-(1.8)) for certain
Ae (0,1).
Summing (1.6)-(1.8) from 0 to w — 1, we obtain

:Z:)Fl(n) —0,
:Z;:Fg(n) —0
That is
WZ:Hl(n) = wz:dl(n) — dyw, (1.9)
:Z:)HM) = :Z:)dz(n) = dyw, (1.10)

> Hy(n) = ipm) = Dw (1.11)



1.2 Existence of positive periodic solution 18
where
Hi(n) = Fi(n)+di(n),
Hg( = Fg(n) + dg TL),
Hi(n) = F3(n)+ D(n)
From ([1.6)-(L.11)), it follows that
w—1 w—1
Do lu(n+1) —w(n)] =AY [Fi(n)
n=0 n=0
w—1 w—1
<> di(n) + ) [Hi(n)],
n=0 n=0
w—1 w—1
D lus(n+1) —us(n)] = XY [Fa(n)|
n=0 n=0
- 1 (1.12)
<> dy(n) + ) [Ha(n)],
n=0 n=0
w—1 w—1
D lus(n+1) —ug(n)] =AY [Fy(n)|
n=0 n=0
w—1 w—1
<Y D(n)+_ |Hs(n)|,
n=0 n=0
That is
w—1
> fu(n+1) —w(n)| < 2dw, (1.13)
n=0
w—1
Z lug(n + 1) —uz(n)| < 2daw, (1.14)
n=0
w—1
> fus(n+1) —us(n)| < 2Dw. (1.15)
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Since u(n) = (uy(n),uz(n),usz(n))’ € X, there exist ¢;,n; € L, such that
ui(n;) = milnui(n), wi(G) = m%xuz(n) i=1,2,3. (1.16)
nely ne
From (1.9) and ([1.16)), we see that
d+G
up (1) < In < L ) . (1.17)
GOél
Using lemma [T.2.2] we obtain
w—1 d —I—G
ur(n) < ui(m) + Y Jur(n+1) —uy(n)] < In ( L ) + 2w =M,. (1.18)
=0 Ga1
From ((1.10)), (1.10) and (1.16)), we obtain
di+G
uz(mp) < In ( Lt ) . (1.19)
a1d2
Using lemma |1.2.2| and (1.19)), we get
- d, +G .
up(n) < up(nz) + > fua(n+1) — uz(n)| < In ( L ) + 2dyw = M. (1.20)
n=0 Q12
From (|1.11)) and (1.16]), we have
D-8
w(¢) > In ( - ) (1.21)
b1
Using lemma |1.2.2| and (1.21)), we get
ho g i
ur(n) > ui () Z|u1 (n41) —u(n)] > In —2dyw = M. (1.22)

D1
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From ([1.11)) and (1.16)), we see that
D—-R

Using lemma [1.2.2) and (1.23), we get

D

_ R> — 2wdy = M,. (1.24)
D2

us(n) < In <

From (|1.8)) one can obtain

|us(n)| < |us(0) Z k)| < lus(0)] + (w = 1)f*. (1.25)
k=0
Thus equation leads to
uz(Gs) > —[us(0)] — (w = 1)f*, (1.26)
() < Jus (0)] + (w — 1) (1.27)

It is easy to obtain the upper bound of u3(0) from either (1.9)) or (1.10), in contrast
the lower bound is obtained using both (1.9) and (1.11). From Lemma and
(1.26]), we obtain

ny(n) = us(Ga) Z|u3n+1_u3< )| = — lus(0)] — f*(w — 1) — (2D)w = Ms,

(1.28)
y(m) < us(m) + 3 s + 1) — ()] < fus(0)] + F*(eo — 1) + (2D} = M,
(1.29)

where f% = M 4 Mz,



1.2 Existence of positive periodic solution 21

From ([1.18)) and (1.22)) we have

glez%x\ul(n)] < max{| M|, |Ms|} := M.

From ([1.20) and (1.24) we have

glez%x\ug(n)] < max{|Ms|,|M,|} := Ms.

Thus from (1.28)) we have
glez%x\ug(n)] < max{|Ms|, | Ms|} = Ms.

We have M;, M;(i = 1,2,3,4,5,6) and (j = 1,2,3) are independent of A. Denote
M = M + My + Mz + My, where M, is taken sufficiently large such that the unique
solution of system (6)-(8) satisfies ||(uf, u3, u3)”|| < M.
Let

Q = {u(n) = (u1(n),uz(n),us(n))’ € X : |jul| < M}.

Clearly, €) satisfies condition @ of Lemma 2.1 . If u € 0Q\ker L, then u is a
constant with ||ul| = M

Hence, we have

g1(u1, uz, u3) w—1

(B_2_%eu2)eu27u1 _dl G+G(X16 1 ZM
2 1+ pi(n)hie™t
w—1
92(U17U27U3) _ éeul—uQ o mleuleul—uz d _ l Z %
1 —I—pQ( )h2€u2
1 w—1 p1( el eu2
g3(u1,u2,us) -D+ —_—
Z 1 +p1( h16“1 Z 1 —|—p2 h2€“2
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Taking J = ImQ — ker L, (u,v)T — (u,v)T. We have

(091 Og1 Ogu
3u1 8u2 au;g
deg{JQNu,Q2Nker L,0} = deg{JQNu, 2 NR? 0} = sign 092 992 0
Ou; Ouy Ous
dgz  dgz g3
L[ Ou; Ouy  Ous| J

In view of condition (b)) of Theorem (1.2.1)), we know that deg{JQNu, Q NR3 0} #
0. ]

Lemma 1.2.3. If p; (resp. py) is sufficiently small, then deg{JQNu, QNR3 0} # 0.

Proof. If p; is sufficiently small, then

1 _ _
ccldeg{JQNu,QNker L,0} ~ ( By(1 — ane™?)e™> ™ + Gage™)

w—1 w—1
pa(n)et? pa(n)e
X
(z e Y )

n:O

since JQN is continuous at 0, it follows that it is continuous at the neighborhood of
0, then deg{ JQNu,Q Nker L,0} # 0.
The same proof is adopted for p, sufficiently small. O

Corollary 1.2.1. If p; and py are constants then Theorem holds true, with

pre & pae™
——— and S =

D> R, S}, where R = d .
maX{ ’ }7 where 1 +p1h16M1 1+p2h2€M2
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1.3 Numerical simulations

In this section, we use some computer simulations to show the feasibility our previous

results. Let’s consider the following four periodic system

Nyn+1) = Ny(n)exp { (1:81+0.01sin () ) (1= (13+0.02¢08 () ) Na(m)) Na(n)

— (0:19+ 0.01sin () ) — (0.8+ 0.025n (1) )

. (1 +0.01sin(%-
- <1 N <0'5 OObcos <7>) NQ(m) I (1 +0.01 sin —n)) N [

No(n+1) = Na(n)exp { (0.8 +0.02sin (%)) (1 - (0.04 +0.01 cos (

(0.7 + 0.01 cos (%)) P(n)
g (2 +0.01sin (7;—")) (0.7 +0.01 cos (%)) Na(n)

_ (0.31 +0.01sin (%))}
) (1—|—0.0lsin< )) Ny
Pl = Pjes 1+(1+0015m< ))
(0.7 +0.01 cos ( ))

1+ (2 +0.01sin (%)) (0.7 +0.01 cos (7”)) Na(n)

~ (0344 0.02 cos (%)) b

+
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Figure 1.1: Juvenile prey curve for initial condition (N1(0), N2(0), P(0)) =
(0.30,0.64,0.80).
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Figure 1.2: Adult prey curve for initial condition (N;(0), N2(0),P(0)) =
(0.30,0.64,0.80).
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Figure 1.3:  Predator curve for initial condition (N;(0), No(0), P(0)) =
(0.30,0.64, 0.80).
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—— Juvenile prey —— Adult prey —— Predator
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n

Figure 1.4: Predator curve (black line), adult prey curve (blue line) and juvenile curve
(red line) for initial condition (N;(0), N2(0), P(0)) = (0.30, 0.64, 0.80).
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Figure 1.5: Phase portrait of trajectory from initial condition (N1(0), N2(0), P(0)) =
(0.30,0.64, 0.80).
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1.4 Concluding remarks

In this chapter we have considered a discrete predator-prey mathematical model de-
scribing the interaction between predator and two levels of prey population consti-
tuted by juveniles and adults. Our aim is to obtain periodic positive solution of the
model under study. We have obtained sufficient conditions to have positive periodic
solution of the stated model, our results are illustrated by numerical simulations. In

future work, we are planning to consider the case of delay and bifurcation analysis.



Chapter 2

Periodic solutions for a food chain system with

functional response

2.1 Introduction

In this chapter we present the main results obtained in [71], where the author con-
siders a discrete models for food chain system, which become an important area in
population dynamics. Many works have considered the problem of the behavior of
discrete models using results on difference equations, particularly some models have
been extensively studied in |15} 42] (5], 58, 60].

The mathematical model studied here is governed by difference equations, more specif-

ically we give the study of the following model

mi2(n)uz(n) ]

ur(n+1) = wui(n)exp[ri(n) —di(n)u(n) — LT (Y (W) T2 )

u2(n + 1) = UQ(TL) exp[a — Tfim,(:i_:luz — — TQ(TL) — dQ(TL)UQ(n) - — J:T;zsflniuginlﬁ _ L
1(n)+b1(n)ur (n—7)+uf(n—7) 2(n)+bz(n)uz(n)+uz(n)
us(n+1) = wus(n) eXp[a2(n)erTQ”(?;L?)(:Q)ZfE’;iL%(nig) —r3(n) — ds(n)us(n)],
(2.1)

where all the coefficients are positive periodic sequences.
To explore the periodic solutions of differential equation and difference equation mod-

els, coincidence degree theory is a common method. Inspired by the works of Stefan
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Hilger [27], to unify the continuous and discrete dynamic systems, we consider the

following dynamic system on time scales,

z mia(t)ey(®
xA(t) = N (t) - dl <t>e (t) - al(t)+b11(2t()e)m<t)+ezz(t> I
A _ mai (t)e* (=) mos(t)e(®)
Yy (t) - _TQ(t) + al(t)+bfel.£(2_7)+ezm(t—f) - dz(t)ey(t) - a2(t)+b22(3t()e)y(t)+62y(t)’ (2'2)
maa (t)ey(t=2) >
ZA<t) - _T3(t) + a2(t)+bz(iiéy)(f*ff)—i-er(f*O) - d3(t)e (t)a

where t € T and T is a time scale that is unbounded above, z2(t) is the delta
derivative of z at ¢, see [9]. All the coefficients are positive w—periodic functions.
Set uy(t) = e®®, uy(t) = e¥® | uz(t) = €*®, then (2.2) can be reduced to (2.1) when
T ="Z.

The aim of this chapter is to study the periodicity of three-species food chain system
on time scales.

There are several papers on periodicity in dynamic systems on time scales by using

the coincidence degree theory, see [7, 8, 50. [72].

2.2 Preliminaries

To reach the aim of this work, some useful lemma about time scales and the continu-
ation theorem of the coincidence degree theory are presented in this section, for more
details on time scales see |16 [64].

A time scale T is an arbitrary nonempty closed subset of real numbers R. We assume
that the time scale T is unbounded above and below. The following results are from

16, 64].

Lemma 2.2.1 ([64]). Let ty, to € I, andt € T. If g : T — R € C,q(T) is w-periodic,
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then

s <o) 3 [ eI

where the constant factor 1/2 is the best possible.

Some notations are indicated, to be used in this chapter.

Let T be w-periodic, that is, t € T implies t + w € T,

k=min{R*NT}, [I,=[kk+wNT, g¢*=infg(t),

teT

teT w

o ~ 1 1 k4w
g" =supg(t), g=— [ g(s)As=— i g(s)As,
Iy

where g € C,4(T) is an w-periodic real function, i.e., g(t +w) = g(t) for all ¢t € T.
The main tool used here is the Mawhin’s continuation theorem, it is stated in the

following lemma.

Lemma 2.2.2 ([I6]). Let L be a Fredholm mapping of index zero and N be L-compact
on Q. Suppose

(a) for each A € (0,1), every solution u of Lu = ANu is such that u ¢ OS2,

(b) QNu # 0 for each u € 9Q N ker L and the Brouwer degree deg{JQN,Q N
ker L, 0} # 0.

Then the operator equation Lu = Nu has at least one solution lying in Dom L N €.
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2.3 Main results

Theorem 2.3.1. If miel? > rM(adl + bYeM2 4 e2M2) holds, where

afrl milw
L2 =In o T
m b
32 1
and M .M M
M/ M by'r 2r
r' (o + ldfl + dli) mblw
MQ =1In T bL s
mia 1

then (2.2) has at least one w-periodic solution.

Proof. Let
X=Z= {(x, y,2)T € O(T,R?) : a(t+w) = 2(t), y(t+w) = y(t), 2(t+w) = 2(t),Vt € ’]I‘},

T T :
_ X 7).
I(z,y, 2)" || = max|z(t)] + max |y(t)] + max |2(8)], (z,9,2)" € X (orin Z)

Then X and Z are both Banach spaces when they are endowed with the above norm

|- 1I-
Let

where

T mia(t)ey®
N1 = nmM (t) — d1(t>€ ) — al(t)+b11(2t()e)z(t)+e2z(t)7

_ ma1 (¢)e*(t=7) y(t) mas(t)e*(®)
N2 - _TQ(t) + a1 (t)+byex(t—7) ye2x(t—7) - d2(t)e - az (t)+ba (£)ey® +e2y(®) )

maza (t)ey(t=2) p
N3 = —Tg(t) + a2(t)+b2(i;iy)(t*U)Jre?y(t*") — dg(t)e (t)7
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- et -
1 t)At
z A z z “/k z(t)
k4w
Ly:yA>Py=Qy=§/ t(t)At
k
A k+w
z z z z %/ () At
L k _

Obviously, ker L = R?, Im L = {(x,y,z)T eZ:x=y=z2=0,t¢€ T}, dimker L =
3 = codimIm L. Since Im L is closed in Z, then L is a Fredholm mapping of index
zero. It is easy to show that P and () are continuous projections such that Im P =
ker L and Im L = ker Q = Im(/ — Q). Furthermore, the generalized inverse (of L)
Kp :Im L — ker P N Dom L exists and is given by

-t 1 k+w t 7]
/ z(s)As — —/ / x(s)AsAt
z k W Jk k
t 1 k4w t
Kp |y| = /y(s)As——/ /y(s)AsAt
k W Jk k
p t 1 k4w t
/ z(s)As — —/ / z(s)AsAt
LJk W Jk k .

Thus
1 [hte , m (t)ey(t)
- t) —d (£)e"®) — - At
. w /k (Tl( ) 1( )e a1 (t) + by (t)ew(t) + e2w(t))
1 [htw mzl(t)e:c(t—r) m23(t)ez(t)
N = [= —ro(t — do(t)e?® — At
Q Y w /k ( rQ( ) + al(t) T blez(t*T) T 62‘,1/,(1577_) 2( )6 GQ(t) n b2(t)ey(t) I er(t))
2 1 [kt mas (t)eyt—)
= et — ds(t)e* M)At
w /k (=rs() + o T hatyera ¢ ezwtay ~ B
and

- 1 [ktw pt 1 [ktw )

IO iy v S
P g: S " s 1 kk+w Yy
/k ()As—/ / AsAt—(t—k—w/k (t—k)At) |

Clearly, QN and Kp(I — Q)N are continuous. According to the Arzela-Ascoli theo-
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rem, we can show that Kp(I —Q)N(2) is compact for any open bounded set Q@ C X
and QN (Q) is bounded. Thus, N is L-compact on €.

An appropriate open bounded subset €2 for the application of the continuation theo-
rem, Lemma should be found.

For the operator equation Lu = ANu, where A € (0,1), we have

z m ev(®)
UIA (t) = >\<T1 (t) - dl (t)e (t) - al(t)+bll(2t()2:c(t)+62x(t) )7
m ex(t—7) m (1)
u2A(t> - A(_TQ (t) + al(t)+bfelz(ft)77—)+621(t77—) - d2 (t)ey(t) - a2(t)+b22€t()te)y(t)+e2y(t) )7 (23)
ms ey(t—0o) -
ugA(t) - )\(_T?’(t) + az(t)+b2(ggl)(t—v)+e2y(t_‘7) - d3(t)€ (t))

Assume that (u1, ug, u3)” € X is a solution of system (2.3) for a certain A € (0,1).
Integrating (2.3) on both sides from k to k + w, we obtain

k+w mlz(t)ey(t)

z(t) _
ky e ai(t) + by (t)er® + €2x(t)}At " k
+w z(t) +w z(t—T)
y(t) ng(t)e _ / m21(t)e
L O (et e e T e M T | i brert ez
o g (DDA e mas (t)ev~) A
/k [T3(t)+ 3(t)€ ] t_/k ag(t)+b2(t)€y(t_o)+62y(t—0) t.
(2.4)
Since (z,y,2)" € X, there exist &, n; € L,, i = 1,2, 3, such that
( .
(&) = min{z(t)},  2(m) = max{z(t)},
y(&) = min{y(D)},  y(n2) = max{y()}, (2.5)
| #(&) = min{z()},  2(m) = max{z(t)}.
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From ([2.3)) and (2.4), we have

k4w
/ 22 ()| At < 27w,
k

k4w M
/ y>(0)1ar < 2"2Y ang
k

1

k+w M
/ A (0)]Ar < 282
: oL

2

By the first equations of (2.4) and (2.5]), we have

di(&1)e™®) < ri(&).

That is,
M

-
z(&) < In—+.
dy

From the second equation of (2.4), we have

Mol (n2)6x(n277—)
a1(12)

T2(n2) <

and
L L
rya
x(n) > x(ne—7)>1n 2Ml )
ma1

According to Lemma [2.2.1] we have

1 k+w ,,,.M
z(t) < x(&) + —/ |z (t)| At < In dLL + Mw = M; and
k 1

1 k4w ’I“LCLL
o) 2 alm) =5 [ 1220182 I i L

may
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From the first equations of (2.4) and (2.5)), we obtain

mM12 (§1>€y(§1)
a(&) + by (&)erE) + 22(6)

< r1(&) and

i (ol + 3 + )
y(&2) <y(&1) <In = L
mys
Then
M, M oMyl 2rM
1 [Fte r (e + L=+ =) M
v <y +y [ r@lat<n Fta) | mif
2 k miy b1
From the third equation of (2.4]), we have
mL(&’)ey(ﬁs—a) > 7,3(75)7
az(&3)
this reduces to
abrk
y(n2) > y(&3 — o) >1n e
32
Then
1 k4w aLrL me
s 2ym) —3 [ 0] a0z - T
k 32 1
According to the first equation of (2.4]), we have
> d e®\s3),
e P
Then
1 k4w mM me
2t) < (&) + 5 / 2201 < In o + =2 = M,
k 2 43 2
We have
L L
dg/f ) < M€ M

—ry.
adl + bhleMz 4 e2M2 73
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Then
mb el2 M
1 ktw a]w MS;]W 621\/1 - T3 M
z(t) > 2(n3) — —/ 122 ()| At > In 2212 SR _ mszw — L.

2 Jk ds bE

Therefore,
max [2(t)] < max{|M,], |L1[} == Ry,
te[k,k+w)

ter[il,%i(w] ‘y( ﬂ - max{\ 2|>’ 2|} 2 an

max [2(t)] < max{|Ms|, | Ls|} := R.
te(k,k+w]

That is Ry, Ry and R3 are independent of \.

Let R = Ry + Ry + R3 + Ry, where Ry is taken sufficiently large such that for the

equations

e - /WJ ma(De
L w/le a(t)+bi(t)e” + e ’

m23€z

1 et Moy (t) e’ - 1 rtw
—Tg + — At — dye’ — — At
2t w /,i ai(t) + by(t)er 4 e 2T /N as(t) + bo(t)ey + e
(t
(

1 K4w Mo 3
—7y + — At — dze” =0,
r?’%—w/,‘g as(t) + ba(t)ey + e 3¢

(2.6)

every solution (z*,y*, z*)T of (2.6) satisfies ||(z*,y*, 2*)T|| < R. Now, we define 2 =
{(z,y,2)" € X : ||(z,y,2)"|| < R}. Then it is clear that () satisfies the requirement
(a) of Lemma If (up,ug,u3z)’ € 00 Nker L = 0N NR3, then (x,y,2)" is a

constant vector in R? with ||(z,y, 2)T|| = |z| + |y| + |2] = R, so we have
x 0
QN |y| # |0

z 0
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Using the assumption of Theorem and the definition of topological degree, we
deduce that deg(JQN, QNker L, 0) # 0. That is (2 satisfies all requirements of Lemma
therefore, system (2.2) has at least one w-periodic solution in Dom LN Q. [

2.4 Numerical simulations

In this section, we give some numerical simulations to illustrate the theoretical results
obtained in section 2.3., the values of the parameters are:
r1(n) = 0.9 + 0.01 sin
n) = 0.04 + 0.01 cos &
r3(n) = 0.21 4 0.01 sin 7
) = 0.2+ 0.02 cos T

ra(

(

di(n

dy(n) = 0.04 + 0.01 cos =+
(
(
(

ds(n) = 0.23 + 0.02 cos T

ay(n) = 0.5+ 0.02sin T*

az(n) =1,

bi(n) = 0.04 + 0.01 cos Tt

ba(n) = 0.7(0.7 + 0.01 cos 7),
=1,

o=1,

myz(n) = 0.09 + 0.01 sin T

0
0.5+ 0.02sin 5

0.7 4+ 0.01 cos &+ and
0.01(1 4 0.01 cos 7”)

mao1

(n)
(n)
ma3(n)
(n)

n

3

32\
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Figure 2.1: Phase portrait for food chain system (2.1) of trajectory from initial con-
dition (uy(0),u2(0),u3(0)) = (2,0.6,1), (u1(n),us(n),us(n)) = (x(n),y(n), z(n)).

Figure 2.2: Phase portrait for food chain system (2.1) of trajectory from initial condi-
tion (u1(0),u2(0),u3(0)) = (2,0.6,1), (u1(n),uz(n),us(n)) = (z(n),y(n), z(n)). Here
we plot the last hundred points.
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Figure 2.3: Prey curve for initial condition (uq(0),u2(0),u3(0)) = (2,0.6,1), t = n
and uy(n) = z(n).
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Figure 2.4: Intermediate predator curve for initial condition (uy(0),us(0),u3(0)) =
(2,0.6,1), t = n and us(n) = y(n).
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Figure 2.5: Top predator curve for initial condition (u;(0), u2(0),u3(0)) = (2,0.6,1),
t =n and uz(n) = z(n).

2.5 Conclusion

In this chapter, we have presented the theoretical work of [71], it is a study of a three
species food chain model. The model unifies the food chain system with Monod-
Haldane functional response and time delay governed by dynamical equations on
time scales and their discrete analogues in form of difference equations. By the
mean of Mawhin’s continuation theorem of coincidence degree theory, the existence
of periodic solutions is proved under some sufficient conditions on the parameters of
the model. Moreover, we have given our simulations for this model which is the aim

of this chapter.



Chapter

On stability of a discrete HIV model with latent CD4+

cells incorporating ART

3.1 Introduction

Many of mathematical studies were dedicated to the analysis of HIV infection since its
first occurrence in 1981. HIV infection and is characterized by a severe reduction in
CD4+ T cells, which means an infected person develops a very weak immune system
and becomes vulnerable to contracting life-threatening infections. Treatment with
HIV medicines (called antiretroviral therapy or ART) is recommended for everyone
with HIV. ART are medications that treat HIV. The drugs do not kill or cure the
virus. However, when taken in combination they can prevent the growth of the virus.
When the virus is slowed down, so is HIV disease. When a virus is present in the
body but exists in a resting (latent) state without producing more virus, this state is
called Viral Latency. A latent viral infection usually does not cause any noticeable
symptoms [47] and can last a long period of time before becoming active and causing
symptoms. HIV is capable of viral latency, as seen in the reservoirs of latent HIV-
infected cells [5] that persist in a person’s body despite antiretroviral therapy (ART).
Resting CD4 cells (or other cells) that are infected with HIV but not actively pro-
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ducing HIV. Latent HIV reservoirs are established during the earliest stage of HIV
infection. Although antiretroviral therapy (ART) can reduce the level of HIV in the
blood to an undetectable level, latent reservoirs of HIV continue to survive. When
a latently infected cell is reactivated, the cell begins to produce HIV again. For this

reason, ART cannot cure HIV infection.

3.2 Discrete time HIV model

We consider the following model, witch is generalized from the model proposed in
[43] by including the fact that ART does not affect the latent cells and by using the
forward Euler method. The variables are described in Table [3.1] and the parameters
are defined in Table

1,
T =1T,+7rT, (1 7 ) — BTV,

Ln+1 - Ln + nlﬁf-rn‘/n - (CL + dl) Ln
[n+1 = (1 - 771) [n + (1 - 771) ﬂTnVn + aLn - dZIn

Vn+1 = (1 — 7’}2) Vn +pd2[n — d3Vn

Table 3.1: Variables in the model

Population Definition

Healthy CD4+ T-cells at the state n

Latently infected CD4-+ T-cells at the state n
Productively infected CD4+ T-cells at the state n
Free infectious virus at the state n

SSENE
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Table 3.2: Parameters in the model

Parameter Definition

r Logistic growth rate of healthy CD4+ T-cells

Trnaz Carrying capacity of healthy CD4+ T-cells

15} Infection rate of healthy CD4+ T-cells by free infectious virus

i Drug efficacy of ART on the productively infected CD4+ T-cells (0 < 7y < 1)
M2 Drug efficacy of ART on the free infectious virus (0 < 7o < 1)

) Fraction of infections leading to latently infected CD4+ T-cells

dq Death rate of latently infected CD4+ T-cells

do Death rate of productively infected CD4-+ T-cells

ds Clearance rate of free virus

a Activation rate from latently to productively infected CD4+ T-cells

P Average number of free virus released by a productively infected CD4+

L(n) ——aLm

1
e
& aL ()
h 4 ;
TOOTO e, T () (-n)BTMV(D) I(n) _palm)

nqln) u dal(n)

Figure 3.1: HIV model with logistic growth and latent infection incorporating ART

If ART is 100% successful, then n; = 1, = 1, and the system [3.1] reduces to
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max

T,
T =T,+7rT, <1 -7 ) —mpT,V,

Ln+1 - Ln + nlﬁTnVn - (CL + dl) Ln
[n+1 = I, +al, —dyI,

Vn—i—l = Vn - dSVn
3.3 Preliminary results

3.3.1 Jury Stability Test[40]

Assume that the characteristic equation is as follows,
P(2) = apz™ + a1 2"+ .. A ap_1z+ay

where ag > 0.

The Jury table is given by

Row 20 21 22 B N A
1 Ap  Gp_1 QAp—9 -.v o. ... QG
2 ao ay as . . . Qp
3 b1 bp_o ... ... ... bo
4 bo b A/ N
5 Cpn—2 Cp—2 e ce Co
6 Co C1 e ol Cp—9

2n—3  qo q1 qo
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where
Ap  Ap-1—k
b, = , k=0,1,2,...,n—1,
ag  Ak+1

bn—l bn—2—k

cp = , k=0,1,2,....,.n—2,
bo bit1
o = P3 P2k k=012
Po Pi+1

This system will be stable if:
1. |an| < ag
2. P(Z)|,=1>0
3. (=1)"P(Z)]:=-1 >0

4,
|bn—1| > [bo|

|cn—a| > |col

|g2| > |qol.
3.3.2 Global wel-posedness

Proposition 3.3.1. The system with initial conditions (Ty, Lo, Iy, Vo) has
unique bounded solution sequence {T,}, {L,}, {I,} and {V,,} in RY defined for all

n > 0.

Proof. Recall that a discrete time system wu,,1 — u, = F(u) on R’ is called quasi-

positive if the condition

u>0, uy =0= Fr(u) >0
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is valid for all k =0,1,...,m where F = (F}, Fs, ..., F,,).
Let F: R* — R* be given by F (T, L,, I,, V) = (F1, F», F3, F}) where

;

T,
Fl = TT?’L (1 - Tmax) - ﬁTnVna
= nl@TnVn - (a + dl) Ln7
Fy; = —771[n + (1 — m) BTnVn +al, — d2[n>

F4 = _772Vn +pd2[n - dBVn

\

For n > 0 and (T, L,, I,,V,) € R* it follows that F;, => 0 when T, = 0, Fy, =
mpT,V, > 0 when L, = 0, F3 = (1 —n) BTV, + al, > 0 when [, = 0 and
Fy = pdsI, > 0 when V,, = 0. Thus, there exists a unique nonnegative solution to

(3.1) in RY for n > 0. From the three equations we get with S, = P(T,,+L,+1,)+V,,

Sn—l—l - Sn pr (1 - TZZm) - pdan - pnlfn - (772 + d3)vn

pr—rp (#Tn +diL, + mfn> —m2Va

IN

< pr—min (ﬁ,thh,Th) Sh

From Lemma 2.2 in [46], for € > 0, there exists a number Ny € N such that any
solution sequence {S,} with initial value Sy > 0 satisfies S,, < M + ¢ for all n > Nj.
Hence we obtain the boundedness of the solutions. Thus the existence of a unique

nonnegative bounded solution is proved. O]

3.4 Existence and stability of steady states

Theorem 3.4.1. the the system has at least three equilibria:

o A trivial equilibrium point Ey = (0,0,0,0) which is biologically uninterested to
study.

e A disease free equilibrium E1 = (Tyhaz, 0,0,0)
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o An infected equilibrium point Ey = (T*, L*, I*,V*) which exists if and only if
T < Tyaw, where
e (s +m2)(d2 + 1) (di +a)
pda(a+ di(1 —m))B

T*
V*:f(1— )

/8 Tmax
T*
L* = L (1 — > T and
a + dl tmaw
fa+di(1—m)r (1= Z£=) T
I* _ max

(a+di)(m + dy)
Proof. If T,, =0 then L, =1, =V, =0.
If T,, = Tyax then L, =1, =V, = 0.
If T,, # 0 and T}, # Tpax, then for T* < T,,,, we obtain

T T
Ve = —(1-
5( Tmax)’

a+d1 Tma:p
T*
x  _  r(d=m)dita) _ %
I" = i) Tmax) T*and
T — (n2+d3)(a+d1)(n1+d2) )

pd2((1—m;)d1+a)B

Theorem 3.4.2. Let
T2 . (1—a—di)(1—n1—d2)(1—n2—d3)—1
T pd2B((1—d1)(1—m)—a) ’

T3% . (2—a—d1)(2—n1—d2)(2—n2—d3)
pd2(a—(2—d1)(1-m))B  ~’

T4* L —C14+4/ C%—4C()02

2C> ’

T5* L —Bi1+4/ B%*4BOB2

2By

1. The trivial equilibrium Ey is unstable.

a

2. The disease free equilibrium Ey is stable if and only if 0 <r <2, m > 1— —
and T% < Tee < min (T, T T4 T5).
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3. The infected equilibrium Ey is stable if and only if

(a) |as] < ag =1,

(b) F(1) >0 and (—1)*F(—=1) > 0, and

(c) |bs| > |bo| and |ca| > |co| where
a1 = —R— Dy — Dy — Dy,
ay = RDy + DyDs + (D + Ds)(R+ Dy) — pdy(1 — ) BT,
a3 = —RDy(Dy + D3) — DyD3(R + Dy) + pdaff(1 — m)(R + D)) T* —
pdafamT* + pdyB*(1 — i ) T*V,
ay = RDyDyDs—pdy3(1—m) RDyT* +pdoBan RT* —pdy 32 (1—ny ) Dy T*V*,

g Qo aq ai Qg4 Qg as as
b3 - ) b2 = 9 bl == , Vo = )
Qg a4 Qo as Qg Qa2 ap ai
bz by bz by bz by
Ccy = , € = , and cy =
by b3 by by by by

Proof. At point Ej, i = 0,2, the Jacobian matrix of system ({3.1) is given by

1+r(1—%)—5w 0 0 _BT,
Vi l—a—d 0 T;
J(Ez) _ mpB a 1 mo
(1 —m)BVi a L—m —dy (1—mn)BT;
0 0 pds 1—my —ds
Denote

R:1+r<1—TQL>—ﬁV§

max

Di=1—-a—d,
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D2:1—?71—d2, and
D3:1—7]2—d3.

1. In case of trivial equilibrium Fy = (0,0,0,0), the Jacobian matrix of system

(3.1) is given by

147 0 0 0
J(Ey) = 0 l1l—a—d 0 0
0 a 1 —m —dy 0

0 0 pds L —np —ds

The eigenvalues of J(Ey) are 1+7, 1 —a—d;, 1 —1m —dy and 1 — 19 — d3. Since
|1+ 7| > 1 then Ej is unstable.

2. In case of disease free equilibrium E; = (T},44,0,0,0), the Jacobian matrix of

system ((3.1) is given by

R 0 0 — BT maz

0 Dy O BT max

0 a Dy (1—mn)BThaw
0 0 pds Ds

where R=1—r.
The characteristic equation for system (3.1)) is given by

P(\) = (A= R)F(N),

where

F(X) = N 4+ A)0% 4 Ao\ + As, (3.3)

Al = _DI_D2_D37
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AQ = D1D2 -+ D1D3 + D2D3 — pd2(1 — nl)ﬁTmaw; and

Az = =D1 Dy D3 + pdo (D1 (1 — mi) — am) Ty

The eigenvalues of Jacobian matrix J(FE;) of system (3.1) are R and the roots
of F.

From the Jury criteria, if we can prove:

(a) |A3| = ’ — D1 D3y Ds +pd25(D1(1 - 77l) - C”71>Tmax\ <Ay=1,
(b) F(1) > 0and (=1)*F(—1) > 0, and

(C) |A§ — 1| > |A3A1 — A2| or —|A§ — 1| < A3A1 — AQ < |A§ — 1|
Then the norm of the three roots of (3.10) is less than one. Noting that

(a) Since 0 < a < 1,0 <d; < 1fori=1,3and < <1fork =12
then —1 < D; < 1 for i = 1,3 and we have |A3] < 1 if and only if
D1D2D3 —-1< pdgﬂ((l — dl)(l — ?71) — a)Tma:C < D1D2D3 + 1. That is

0< Tpaw < T it 0> 1~ 5%,

Taz > 0 it m=1- g% (3.4)
2% : a

0 <Tnae <T* if m <1— 725,

2% .__ (1—a—d1)(1—n1—d2)(1—m2—d3)—1
where T := pdaB((1—d0)(1—m1)—a)

(b) We have

F(1) = 1+A+ A+ 4
= (1 - Dl)(l - Dz)(l - D3) - de((l - D1)(1 - 771) + @nl)ﬁTmaa;
a+d1)(n1+dz2)(n2+ds
= pd?(dl(l - 77l) + a’)ﬁ <( :«12();?(?—771))(1(1?5 L — Tmax)
= pda(di(1 —m) + a)B(T* — Thaz) >0
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if and only if
Trnae < T (3.5)

F(-1) = —14A; —Ay+ A;
= —(14D1)(1+ D2)(1 + Ds) + pdao((1 + D1)(1 — m) — am) BLrnas
= 2-a—-d)2-—m —d2)(2—mp —d3)
—pda(a — (2 = di)(1 = m))fTnas <0
if and only if

Trae > T2 and > 1 —

(2 —dy)

3 . (2—a—d1)(2—m1—d2)(2—7n2—d3)
where T := pda(a—(2—d1)(1—-m))B

(c) Since —1 < A3 < 1 then

A2 = 1- a2
= 1—[=D1DyD3 + pdof((1 — di)(1 = m) — @) Traa)?
= 1= DiD3D3 + 2D, Dy D3pdy (1 — di)(1 = m1) — @) T
—p* 3B ((1 = di)(1 —m) — )’ T} s

and

A3A1 — Ay = (=D1DyDs + pdoB((1 — di)(1 — mi) — a)Tinaa) Ar
—D1Dy — D1 D3 — Dy D3 + pda(1 — 1) BT 0z
— DyDy(D? 1)+ D1 Ds(D2 — 1) + DyDy(D2 — 1)
+pdzB[((1 = di)(1 —m) — a)Ar + (1 = m)| Tnaa-

Then we have

AzA; — Ay < |AZ — 1| is equivalent to

P<Tmax) = 02T2 + Cleax + Co <0

max
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where

Cy = p*d33°((1 — dv)(1 —m) — a)* > 0,

C1 = pdo[(1 —m) + (A1 —2D1 D3 D3)((1 — dy)(1 — m) — a)] and

Co = DyD3(D? — 1) + Dy D3(D3 — 1) + D1 Do(D% — 1) — 1 + D?D2D3.
it’s obviously to see that Cy < 0 for 0 < D; < 1 (resp. —1 < D; < 0).
Suppose now that there exists 1 < k < 3 such that 0 < D, < 1 and
—1 < D; <0 (resp. =1 < Dy <0and0< D; < 1) for i # k so we can
write

Co = D;D)(1 + D;D,)D} — (1 — D;D,)(D; + D;)Dy — D;D; — 1,

j # k # 1 # j. Then, Cy < 0 if and only if 0 < D, <

(1-D; D)) (Dj+D)+vVA (1-D;D))(D;+D)—VA B
QZ)le,(liDle,) (resp. 2£)lel(1iDj;Dl) < D < 0) where A =

(1 =Dy Dy)*(Dy 4 D2)*+4D, Dy(14 Dy Dy)?. Since U=D; D)(DADI+VA

2Dle(1+Dle)
(ves (1-D;D;)(Dj+D;)—VA
p' 2Dle(1+Dle)

0<Dj<land0< D;<1)then Chy <O0for0<Dp<1l —-1<D; <0
and =1 < D; < 0 (resp. =1 <D, <0,0<Dj <land0< D; <1).

< —1)for -1 < Dj <0and —1 < D; <0 (resp.

Therefore,
AsA; — Ay < |A3 — 1| if and only if T}, < T (3.7)

where

pie . —Ci+ VCE—1GC,
- T .

2

The inequality —|A2 — 1| < A3A; — Ay is equivalent to

P(Tmaac) = B2T2 + Bleax + BO <0

max

where

By = pd33*(1 — dy)(1 — ) — a)? > 0,
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By = —pdsB[(1 — 1) + (A1 + 2D1 Dy D3) (1 — dy)(1 — 1) — a)] and
B(] = —(]_ — D1D2>(1 — Dng)(]_ — D2D3) < 0.

Therefore,
AsA; — Ay < |A2 — 1| if and only if T}, < T° (3.8)
where
o —Bi+ VB —4B,By
' 2B,
Noting that
IRl <1&0<r<2. (3.9)

From (3.4)-(3.9)), the eigenvalues of jacobian matrix J(E}) are less than 1 if and

0nlyif0<r<2,7yl>1—2fd1 and

T% < Tae < min (T%,T%, T, T°) .
3. In case of infected equilibrium E, = (7%, L*, I*,V*), the Jacobian matrix of
system ((3.1)) is given by

where

Rzl—i—r(l— 2T*)—5v*.

Tmal

The characteristic equation for system (3.1)) is given by

P(/\) = )\4—|—CL1)\3+&2>\2 +a3)\+a4, (310)
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4= —R— Dy — Dy — Dy—,

ay = RDy + Dy D3 + (D + Ds)(R + Dy) — pdy(1 — ) BT,

a3 = —RD1(Dy+ D3) — Dy Ds(R+ Dy) +pdo (1 —m) (R+ D1 )T — pdo fam T +
pdy3*(1 — my)T*V* and

ay = RD1DyD3 — pdy3(1 — m) RDT* + pdaBam RT* — pda32(1 — 1) D, T*V*.
The eigenvalues of Jacobian matrix J(E,) of system are the roots of P.

From the Jury criteria, if we can prove:

(a) |CL4| < ag = 1,

(b) F(1) >0 and (—1)*F(-1) > 0, and

(c) |bs| > |bo| and |co| > |co| where

Gy Qo ay aq Gy Qg as ag
b3 - , U — ) bl - ) bO - )
ag Qy ap das apg Qs apg ap
bz bo by by by be
Cy = , €1 = , and ¢y =
bo b3 bo by bo b

Then the norm of the three roots of (3.10) is less than one. Noting that

3.5 Numerical simulation

In this section, we carry out numerical simulations to explore the cell and viral dy-
namics of system and to show how antiretroviral therapy impact the T-cell count

and viral load.



3.5 Numerical simulation

54

Table 3.3: List of parameters [74]

Parameter Unit Datal Data2 Data3
r day* 0.1 0.03 0.1
Trax pul=! 1500 1500 1500
5 pltday=t  107* 1074 1074
i 0.7 0.4 0.3
7o 0.8 0.5 0.4
m 0.02 0.001 0.5
dy day* 0.04  0.004 0.2
do day™* 1 1 0.8
ds day™* 20 3 15
a day™* 0.1 0.01 0.3
P Virons/Cell 1000 200 500
2000 T T T T T T
—&—T-Cells
s Lgtent Cells
1800 - —+#— Infected Cells ||
1800

1400
1200
1000
800

600
A

e
400 b=k

0 &0 100 160 200

250

300

360

400

Figure 3.2: For the parameters see the Datal values of Table with the initial
conditions (7p, Lo, I, Vo = 200.0396,4.2248,21.3308,1066.5411). see [74] for more

details.
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1500

T T T T T
—&—T-Cells
coowLatent Cells
—#— Infected Cells
o Yirons

1000

500

0 50 100 180 200 240 300 380 400

Figure 3.3: For the parameters see the Data2 values of Table with the initial
conditions (7o, Lo, Iy, Vo = 200.0396, 4.2248, 21.3308, 1066.5411)
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—=—T-Cells
e atent Cells
—#—Infected Cells
o Mirons
B>
D%
a 50 100 180 200 250 300 350 400

Figure 3.4: For the parameters see the Data3 values of Table with the initial
conditions (7o, Lo, Iy, Vo = 200.0396, 4.2248, 21.3308, 1066.5411)

With the increase of the combination drug therapy, the number of the healthy CD4+
T-cells becomes larger , while the number of the latently infected CD4+4 T-cells,

productively infected CD4+ T-cells and infectious virons become smaller and vanish.
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Bifurcation diagram for CD4 Cells Bifurcation diagram for Latent Cells

1500 : 8
E=y ; e
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ko 1000 // 8
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Bifurcation diagram for “irons Bifurcation diagram for CD4+
300

b Z
& =
3 5 200
= =
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3 £ 1o g
o o .
(= L=
= =N

Figure 3.5: Bifurcation Diagram of system [3.1] using Datal of table|3.3[and the initial
condition (Tg, Lo, 1y, Vo = 200.0396, 4.2248, 21.3308, 1066.5411) with respect to r

This diagram shows that the system undergoes a chaotic behavior during the
therapy when the drug concentration n; < 0.8, we reach high level of treatment and
the virons are eradicated when n; >= 0.8 and 7, = 0.7.

Now we examine the effect of the logistic growth parameter r on the progression of

system [3.1] cc
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Bifurcation diagram for CD4 Cells
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Figure 3.6: Bifurcation Diagram of system using Datal of table and p = 80

with respect to r and (Ty, Lo, Io, Vo = 200.0396, 4.2248,21.3308, 1066.5411)
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Bifurcation diagram for CD4 Cells
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Bifurcation diagram for Latent Cells

6000

4000

2000

1500

1000
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Figure 3.7: Bifurcation Diagram of system using Data2 of table with respect
to r and (7o, Lo, 1o, Vo = 200.0396, 4.2248, 21.3308, 1066.5411)
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Bifurcation diagram for CD4 Cells Bifurcation diagram for Latent Cells
2000 1500 -

2 2
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c c
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Figure 3.8: Bifurcation Diagram of system using Datagd of table and p = 230
with respect to r and (Tp, Lo, Io, Vo = 200.0396, 4.2248 21.3308, 1066.5411)
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3.6 Conclusion

In this chapter we have developed a new discrete mathematical model for HIV diseases
with treatment. We have done mathematical analysis of the our model, we have
proved the well posedness of the model and the boundedness of the positive solutions.
We have studied the existence and the local stability of the steady states using the
Jury criteria. In fact we have proved that the model admits at most three steady
states, the trivial Ey and the free disease E; steady states which exist always, and the
endemic s steady states E* which exists for carrying capacity T}, less some threshold
T*. We have found thresholds for the local stability of each steady state cited above.
To illustrate our theoretical study, we have done some numerical simulations, we
have noted that for some cases we obtain periodic phenomena which predicts that
eventually there are bifurcations for some values of the parameters of the model. This

question will be considered in a future works.



Perspectives

The works of these theses have considered a difference equations for a discrete models
on population dynamics, our aims are to give theoretical and numercical analysis
of the models studied here, to deduce conclusions on the behaviors of the different
populations of the model under study.

First, we have considered a food chain model constituted by a system of three dif-
ference equations, representing a prey and a predator, with a prey separated into
juvenile and adult subpopulations due to the difference in the predation. We have
obtained a sufficient conditions for the existence of a positive periodic solutions, us-
ing continuation theorem based on the degree theory. We have treated the discrete
mathematical model numerically to find what is hiding under simulations can be
quite useful to explore the complete behavior of the model under study. Numerical
simulations require building algorithms to ensure that the curves are well established.
In the second chapter, we have presented the theoretical analysis of the work in [71],
and we have established numerical simulations to illustrate the theoretical results.
In last chapter, we have developed a discrete model for HIV with treatment, we hav
studied the existence of steady states and their stability, we have end this chapter by
numerical simulations to illustrate our theoretical results.

In the future, we plan to consider more realistic models for food chain and epidemi-

ological disecrete models by considering the cases of different kind of delay and the
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cases of structured discrete models containing space and age.
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