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Introduction

This thesis deals with the existence and multiplicity of solutions to the class of

the following elliptic nonlocal problems

m p—2 |u|p*72

. wlP—2 .
—M (u) (le (‘le”pa Vu> + u‘x“p'(aﬂ)u) = LprutAf(z) in RY

(P)aﬁ,p,N
ue Wit (R™)

WithM(u):<a||u||§ju+b>,N23,1<p<N,a>0,bZO,0§a<(N—p)/p,
a<pf<a+l, —co<pu<i:=[N-(a+1)p)/p", f#£0, >0 is a parameter,

p* =pN/[N —p(1l+ a — ()] is the critical Caffarelli-Kohn-Nirenberg exponent and

y |Vu|p_ lul?
HuHa,u T /RN < |z|Pe ’u|x’p(a+1) dr

The problem (P),. g, is related to the following well known Caffarelli-Kohn-Nirenberg

inequality [16]

x 1/p*
p
</ '“Lﬂ’”) < Coppullully, forallue G (®Y), (1)
R

N |z

for some positive constant Cy, 5 n-
If 8 =11in (1), then p* = p, Cy3,pn = 1/f and we have the following weighted

Hardy inequality

p 1 p
/ Ldgz: < —/ [Vl dz, for all u € Cg° (RY).
R R

N |x|p(oc+1) T 0 Jry x|

5



We shall work with the space W% := Wa? (RY) for —oo < pu < i endowed with the

norm |[.[[,, , which is equivalent to the norm ||.|, ,, that is, we have the continuous

a,0?
embedding of W, in L (]RN, |£E|7p*ﬁ>; where LP" (RN, |x|7p*”8> is the weighted

L (]RN ) space equipped with the norm

|u|p* 1/p*
HuHLP*(RNJx‘*P*@) = (/RN - p*ﬁd:U> .

We also use W* to denote the dual space of W .

This class of elliptic equations is called nonlocal because of the presence of the
integral over the entire domain R, which implies that the equation in (P), s, N is
no longer a pointwise identity. It is also called non-degenerate if a > 0 and b > 0,
while it is named degenerate if @ = 0 and b > 0.

In the regular case (o« = =p=0), (P)oopn is the elliptic version related to
the stationary analog of the Kirchhoff equation introduced by Kirchhoff [31] as an
extension of the classical D’Alembert wave equation for free vibrations of elastic
strings. Kirchhoff’s model takes into account the changes in length of the strings
produced by transverse vibrations.

It is pointed out that regular nonlocal problems model several physical and also
biological systems, so for their various motivations, it calls attention of many re-
searchers.

The problem (P), s, ~ has variational form. So, we should find solutions as critical
points of the associated energy. In recent decades, a great attention was devoted to
this approach, we precise that the presence of the critical Caffarelli-Kohn-Nirenberg

exponent or the unboundedness of the domain are among the reasons to lack the



compactness. Thus we cannot use the standard variational argument directly.

Here, we quote various results which we obtained.

The first chapter is devoted to the basic definitions and useful inequalities which
we use frequently in this thesis.

In chapter two, we investigate the following elliptic problem with Hardy term and

critical Sobolev exponent:

— <a||u||g +b) Au+ui =uS+ Af(zr) inR3
(Ploozs " =

u € Woli
Let V. solution of

Ve 5 . o3
; = Vo in R\ {0},

AV, + 1

]

The main results of this chapiter are given in the following theorems.

Theorem 2.1 Let a > 0,b >0, up < 1/4 and f € W*\ {0}. Then there exists
a constant A; > 0 such that problem (P)go23 has at least one solution for any
A€ (0,A).

Theorem 2.2Leta > 0,0 >0, 1 < 1/4and f € W*\ {0} such that [, f (z) Vodz #
0. Then there exists a constant Ay > 0 with Ay < A; such that problem (P)g .23 has
at least two solutions for any A\ € (0, \y) .

To prove the existence of two distinct critical points of the associated energy
functional, we first minimize the functional in a neighborhood of zero and use the
Ekeland variational principle to find the first critical point which achieves a local
minimum. Moreover, the level of this local minimum is negative. Next around the
zero point, using the Mountain Pass Theorem we also obtain a critical point whose

level is positive.



In chapter three, we generalize the results of the previous problem, more pre-
cisely, we study the existence of multiple solutions for the following elliptic Kirchhoff

equation

. u u wlP” 2 .
—(allull, +b) (div (5t ) + gt ) = g+ Af (@) i RY

u € Wii (RN)

(Papan

with the following assumptions.

(Hf) feW\{0} and fyx f () Vida 0.

N 2

(H1) 3§N§4,6—a:1—z,0<a<(5u) ,b>0.

(H2) N:3,6—a<i,&>0,b:O.

(H3) N=3,8—a=0,a>0,b>0.

The main result in this chapter is the following.

Theorem 3.1 Suppose that f satisfies (H f) and assume that one of the hypothe-
ses (Hi) holds for i = 1,3, then, there exists a constant )\, > 0 such that the problem
(P)a,s2.n has at least two nontrivial solutions in W2 for any X € ]0, A.[.

The last chapter is centered on a singular elliptic quasilinear problem, we study the
existence, the nonexistence and multiplicity of solutions for the following Kirchhoff

type problem:

- - <a [ulls,,, + b) <div <‘V|;‘||:;2 Vu) + MJ;‘(]:ZUU) = |‘“xlr;;2u + Af(z) inRY

7) a,B,p,N ,
ue Wir (RY)

When )\ = 0, we show that the nonexistence of solutions for the above problem are

related to N, «, (3, a, and b. When A > 0, by using Ekeland’s variational principle and

the Mountain Pass Theorem, we show the existence of a first solution with negative

energy and the existence of a second solution with positive energy.



Chapter 1

Preliminaries

In this chapter, we will introduce and state without proofs some important materials

needed in the proof of our results (see [4], [13],[16], [24]).

1.1 Ciritical point and critical value

Let X be a Banach space, X* the dual of X and [ : X — R.

Definition 1.1 A function I is called Fréchet differentiable at v € X if there exists

a bounded linear operator A € X* such that

lim 11 (u+v) =1 (u) — (A, v)] _o
o]l x—0 vl x

If there exists a such operator A, it is unique, so we write I' (u) = A and call it the
Fréchet derivative of I at u. A function I that is Fréchet differentiable for any point

of X is said to be O if the function I' is continuous.
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Definition 1.2 We call that uw € X is a critical point of I if I' (u) = 0, otherwise u
18 called a reqular point.

Let ¢ € R, we say that ¢ is a critical value of I if there exists a critical point u in

X such that I (u) = ¢, otherwise c is called regular.

1.2 Palais-Smale sequence, Palais-Smale condition

The notion of critical point can be defined as a local minima, but in general it needs
that a certain compactness property holds, for example I (u) = exp (—u), the value
¢ = 0 is never attained. For this we will require the so called Palais-Smale condition

to be satisfied by I. For this, we introduce the following definitions.

Definition 1.3 We call a sequence (u,) € X a Palais-Smale sequence on X if

I(u,) — ¢ and ||I'(uy,)]

x+ — 0 as n — +oo0.

We can now with the help of the above definition define the Palais-Smale condition.

Definition 1.4 Let c € R. We say that I satisfies the Palais-Smale condition at level
¢ ((PS). for short), if any Palais-Smale sequence contains a convergent subsequence

mn X.

Let us observe that if I € C1(X, R) satisfies the Palais-Smale condition, any point
of accumulation u of a Palais-Smale sequence u,,, is a critical point of /. We have

implicitly I'(z) = 0 and I(u) = c.
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1.3 Mountain Pass Theorem and Ekeland’s varia-
tional principle

A powerful tool for proving the existence of a critical point of a functional, is given

by the following theorem.

Theorem 1.5 [24] Let (V,d) be a complete metric space, and I : V — (—00, 4]
a lower semicontinuous functional, not identically equal to +oo (I # +o0) which is

bounded from below (infy I > —o0). Then, for alle > 0, there exists v. € V such that

. - oy
inf I(y) <I(v.) < inf I(y) +e,

I(v.) <I(y)+ed(v,7.), Yy €V, such that vy # ..

Corollary 1.6 [24] If V is a Banach space and I € C*(V,R) is bounded from below,

then there exists a minimizing sequence (u,) for I in'V such that
I(u,) — ir‘}fI and I'(u,) — 0 in V* as n — +o0.

Remark 1.7 The Theorem 1.5 and the Corollary 1.6 show the possibility of finding

minimizing sequences under certain conditions on the functional.

Theorem 1.8 [4] Let [ € C*(X,R) satisfying (PS) condition. Assume that

(1) 1(0) =0,

(2) there exists two numbers p and « such that I(u) > « for every u € X with
lullx = p,

(3) there exists v € X such that I(v) < o and ||v|| > p.



12

Define

then

c:=inf max I(u) >«
vel' uer([0,1])

18 a critical value.

Remark 1.9 The Mountain Pass Theorem of Ambrosetti and Rabinowitz has been

frequently applied in order to establish the existence of critical points for functionals.

1.4 Useful inequalities and Sobolev embedding

Theorem 1.10 (Sobolev-Gagliardo-Nirenberg)

Let 1 <p < N, Sobolev embedding gives
wh? (RY) — L¥ (RV)

1 1
where — = N Moreover there exists a constant C' = C(p, N) such that

p

D

[ull » < CNIVullppgny, Vu e WP (RY).
Corollary 1.11 Let1 < p < N, then
W (RY) — L (RY), Vg € [p,p’]

with continuous embedding.

Theorem 1.12 [13] Let m > 1 and 1 < p < oo. We have



m
p

1
Corollary 1.13 If — — % =0, then W™P (]RN) — L1 (]RN) , Vg € [p,+oo,
p

Zf];_ﬁ<0> then W™ (RN) — L*> (RV),

with continuous embedding.

1.4.1 Some integral inequalities

if s v 0, then W™ (RY) — L (R") where E

D=

13

We will give here some important integral inequalities. These inequalities play an

important role in applied mathematics and also, they are very useful in our next

chapters.

Theorem 1.14 [13] Let ¢ and ¢’ such that 1 < q, ¢ < oo and é + ? =1.1If fe L1

and g € LY, then

foettand [irgan< ([ |f|qu)‘lz ([ 1al” i)

Lemma 1.15 [13] Let 0 < s < 1. Then

el g < Mullge llullz”

1 s 1-s
valid for v € L4 with1§t§r§q7—:¥+
r q

Theorem 1.16 [16] (Caffarelli- Kohn-Nirenberg inequality)

1
Py

- 1/p* p 1/p
(/ v |ZL—*ﬁdx> < Cag (/ . ‘Z\—u'dx) for allw e Cg° (RY), (1)
R R

for some positive constant C, 3.
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P p
} and we have the
)P

:[m

=l =

If B=a+11in (1), thenp* =p, Cop =

following weighted Hardy inequality

p 1 p
[u / Vel dx, for allu e Cg° (]RN) :
R

B Jan |2

———~ ax
/RN |$|p(a+1) ]

1.4.2 Some algebraic inequalities

Since our study is based on some known algebraic inequalities, we want to recall few

of them here.
Lemma 1.17 [13] For all a, b € RT, we have

1
ab < Ta?® + —b*
4t

where T 1s any positive constant.

Lemma 1.18 [13] For all a, b € R", the following inequality holds

al  be
ab < —+—
P q

1 1
where — + — = 1.
b q

1.5 Modes of convergence

Definition 1.19 [13] If (z,) is a sequence in X, then x,, converges weakly to  if

(f,zn) = (f,2) asn — +oo forall f € X*,

we write, T, — T.



Definition 1.20 [13] Let (u,) be a sequence in X.

Then u,, converges strongly to u in X if and only if

Jm =l =0,

15



16



Chapter 2

Elliptic Kirchhoff problem with

Sobolev exponent

2.1 Introduction

In this chapter, we are concerned with the existence and multiplicity of solutions to
the following Kirchhoff problem with the critical Sobolev exponent

. v (1) [ ] <o ar ) e
ue H,®)

where M (t) = at + b, a and b are two positive constants, A is a positive parameter,

2
u
Jull = [ (19—l ) o
s B

is the norm in H,, (R®) and f belongs to H, ' (R?), (H," (R?) is the dual of H, (R?)).

—00 < p < 1/4,

Such problems are frequently called nonlocal because the function M contains an

17
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integral over the domain R® which implies that the equation in (P;) is no longer a
pointwise identity.

The original one-dimensional Kirchhoff equation was first introduced by Kirchhoff
[31] in 1883, he take into account the changes in length of the strings produced by
transverse vibrations.

The problem (P;) is also related to the stationary analogue of the following evo-
lutionary higher order problem which can been considered as an extension of the
classical D’Alembert wave equation for free vibrations of elastic strings :

( U — (a/ |Vu|2das+b) Au=h(x,u), inQx(0,T),
Q

u=0 on 082 x (0,7,

\ u(z,0) =g (z), u(x,0) =uy (x).

where 2 C RY is an open bounded domain (N > 1), T is a positive constant, wuq,
uy are given functions. In such problems, u denotes the displacement, h (x,u) the
external force, b is the initial tension and a is related to the intrinsic properties of the
strings (such as Young’s modulus).

It is well known that the Kirchhoff type problem has mechanical and biological
motivations, for example when an elastic string with fixed ends is subjected to trans-
verse vibrations. They also serve as model in biological systems where u describes
a process depending on the average of itself as population density. The presence of
the nonlocal term makes the theorical study of these problems so difficult, then they
have attracted the attention of many researchers in particular after the work of Lions
[33], where a functional analysis approach was proposed to attack them.

In recent years, the existence and multiplicity of solutions for stationary problems
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of Kirchhoff type were also investigated in some papers, via variational methods like
the Ekeland variational principle and the Mountain Pass Theorem. Some interesting
results in bounded domains can be found in ([5],[7],[9], [12], [34]).

In the regular case and in the unbounded domain R”, some earlier classical in-

vestigations of the following Kirchhoff equations

(Pvg) {—M (/}R |Vu|2dx) Au+V (x)u=g(z,u), in R3

have been done, where N > 3, M(t) = at + b, a > 0, b is a positive constants,
V e C(RY,R) and g € C (R x R,R) is subcritical and satisfies sufficient condi-
tions to ensure the boundedness of any Palais-Smale or Cerami sequence. Such prob-

lems become more complicated since the Sobolev embedding (H L(RY), ||HM> —

1
(Lp (RY), Hp) is not compact for all p € [2,2,(N)], where ||u|| = (/ |Vu|2dx)
RN

is the standard norm in H' (R") , |u|, = </RN | dx) " is the norm in L? (RY) and
2,(N) is the critical Sobolev exponent.

To overcome the lack of compactness of the Sobolev embedding, many authors
imposed some conditions on the potential function V (z) for example in [41], Wu
used the following assumption:

() inf V (z) > ¢ > 0 and for all d > 0, meas {x € RV : V (z) <d <1} < oo to
show the existence of nontrivial solutions to (Py,). On the other hand, Chena and
Li in [21] studied (Py,,) where g(z,u) = h(x,u) + k(z), h satisfies the Ambrosetti-
Rabinowitz type condition, k& € L? (R?) and V verifies (x). They proved the existence

of multiple solutions by using Ekeland’s variational principle and the Mountain Pass

Theorem. Recently, Li and al. [17] studied (Py,) where V = 0, they proved the
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existence of a constant ag > 0 such that (Py,) admits a positive solution for all
a € (0,ap).

However, from the results mentioned above, there are very few existence results
for singular nonlocal type problems (when p > 0) in particular for those who contain
singularity in the diverge operator. This is a more difficult and interesting situation
comparing with the regular case (when p = 0). Moreover, the main difficulties in
such problem appear in the fact that for nonlocal problems with critical exponent, to
overcome the lack of compactness, we need to determine a good level of the Palais-
Smale and have to verify that the critical value is contained in the range of this
level.

Let V. solution of

Ve V2 in R*\ {0} .

a2 e

AV, + p

The main results of this chapter are given in the following theorems.

Theorem 2.1 Leta>0,b>0, u<1/4, and f € H,* (R*)\ {0}. Then there exists

a constant Ay > 0 such that problem (P1) has at least one solution for any A € (0, Ay).

Theorem 2.2 Let a > 0, b > 0, p < 1/4, and f € H, ' (R*)\ {0} such that
fR3 f(z)Vedr # 0. Then there exists a constant Ay > 0 with Ay < Ay such that

problem (Py) has at least two solutions for any A € (0, Az) .

Here we give a brief sketch of the way how we get two distinct critical points of
the energy functional. First, we minimize the functional in a neighborhood of zero

and use the Ekeland variational principle to find the first critical point which achieves
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a local minimum. Moreover, the level of this local minimum is negative. Next around
the zero point, using the Mountain Pass Theorem we also obtain a critical point whose

level is positive.

2.2 Auxiliary results

To start this section, we need to introduce the following notations.
.||, denotes the norm in H,* (R?), B, is the ball centred at 0 and of radius p,
and o, (1) denotes o, (1) — 0 as n — +o0.

Define the constant

2
S, = inf{/ (|Vu|2—,uu—2> dz: uwe H, (R, / uﬁdle},
R3 |{L‘| R3

It is well known that the embedding H, (R*) — L% (R?) is continuous but not compact

and S, is achieved by a family of functions

122 (5 — )]

Vs(x) = T
RRRVERERVE

,€>0,

see [40]. Moreover, there holds

Ve VP2 in R*\ {0},

a2 e

AV, + 1

and

N

2
Wz = [ viar=(s,)
R3
Since our approach is variational, we define the energy functional associated to the

problem (P;) by:

a b 1
I\(u) = 1 HuHi t3 HuHi - 6/ uSdx — )\/Rgf (z)u dz, foral ue H,(R?).

RB
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It is clear that I, is well defined in H, (R*) and belongs to C* (H, (R?),R).

u € H, (R?) is said to be a weak solution of problem (P;) if it satisfies

<a||u||i—|—b> /R3 <Vqu—,uﬂ> dx—/R3 (uPv — \f (z)v)de =0, Yve H,(R?).

[

In order to prove our main results, we give the following lemmas.

Lemma 2.3 Let (u,) C H, (R?) be a Palais-Smale sequence of I, for some ¢ € R.
Then

Uy — u in H, (R3),

for some u with I§ (u) = 0.
Proof. We have
c+ o, (1) =1, (u,) and o, (1) = (I} (un) , un) ,
then

1
¢+ o0y (1) = Iy (un) — 6 (I3 (un) , un)
1. .4 1. ., 5
= agg lully + b3l =G [ 1 @) uade

a 4 b 2 5
> 15 lunlly + 3 lually = A Il Ml
Hence (u,,) is bounded in H,, (R?*). Up to a subsequence if necessary, we obtain

unéuinH#(R:)’),
T3
Up, — u a.e. in R?,

Uy — win L8 (R?’).
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and

f(@)updr — [ f(z)udx
R3

RS

thus (I} (u,),¢) = 0 for all ¢ € C5° (R?), which means that I} (u) = 0.

This completes the proof of Lemma 2.3. =

Lemma 2.4 Let f € W*\ {0} Then there exist positive numbers §1, pyand Ay such
that for all A € 10, \;[ we have
() Ix (u) = 61 > 0, with |[ul, = pi,

(i) L, = -2 (A1)

Proof. Let u € H, (R*)\ {0} and p = ||lul|,. We have by the definition of .S,

-MWZZﬁ+gf—E%jf—AWMA
> %p“ + gp2 — %pﬁ — (A% ||f||*> (Aip) ,
by the elementary inequality
2 B?
ABs5ty

we have that

a (S,)" b 1/.s 2 1 /.1 \2
D) = G0t =20 4 2t = - (ARAIL) =5 (Vo)
a , b—A SO 1/ 2
e e S R ST
a (S)_3 1 3 2
>_4_N’—6__ < 2‘
> p c—p 2<>\4 ||f||*> , forall A < b

Now, we consider the function
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It is easy to see that

U (p) >0 forall p < p,

1 6 3
J— — >
I;lzagclll (p) =V (p) = 73 (Su)a”>0

with

N | —

L= [a (Su)?)}

wln

1
So, for [|ul|, = p; and A < ( ) (SM)4 a’®, we have

2P
(A1)

W ()~ 5 (A1)

N | —

In(u) = ¥ (py) —

N | —

1‘1’ (p1) +

Vv

vV
I
<
>

Therefore,
1 /.8 2
B = =5 (AL for full, < o,

and then we can choose 91, p; and A; such that

the conclusion holds. m

Lemma 2.5 Let (u,) C H, (R?) be a (PS), sequence of I, for some ¢ € R such that

u, = u in H, (R?), then

either u, — u orc > Iy (u) + C.,
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where

Proof. By the proof of Lemma 2.3 we have (u,,) is a bounded sequence in H,, (R?).
Furthermore, if we write v,, = u,, — u, we derive that v, — 0 in H (R?). Then by

Brezis-Lieb Lemma [14] we have

lunlly, = Noall, + lull; +0n (1),
(2.1)
/ugdx:/ vgdx—ir/ ubdz + o, (1).
R3 R3 RS
By (2.1), we obtain
4
0n (1) = alvally, +0llvnlly, + 2a [lvall, ull, — /Rgvf;dff (2.2)
and
1 b 1
e+ 0 (1) = Ia) + ag [onll + 5 ol + 5 ol = g [ ot
Therefore,
0, (1) = Ly(u) +a- loall, + ’ loall?, + 2 ol Jull, (2.3)
‘ 12 3 6

Using the hypothesis that (v,) is bounded in H, (R?), there exists [ > 0 such that

[vall,, — 1 > 0, then by (2.2) and the Sobolev inequality we obtain

2> S [02+at)]"?.

Therefore,

S7318 —bi? — al* > 0,
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this implies that

S aS3 4+ v/a25% + 4bS3

l2
- 2

From the above inequality and (2.3), we conclude

a b
> T iy LR
C = 1) (’LL) + 12 + 3

© (a5 + (02 (50" + (5%

ZIA(U)JF@

This finishes the proof of Lemma 2.5. =

2.3 Proof of the main results

2.3.1 Existence of the first solution

First, by Lemma 2.4 we can define
¢ =inf {1, (u), ue B, (0)}.

For ¢ > 0 we have

b 16
I(t®) = 6t ], + o |l E/Rs ¥ o=t [ [(x)®de

Since f # 0, we can choose ® € Cg° (R*\ {0}) such that [, f () ® dz > 0. Hence,

for a fixed A €]0, A, there exists ¢y > 0 small enough such that ||t,®||, < p; and

[,\(t(b) <0 forte ]O,to[
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Hence, ¢; < I,(0) = 0. Using the Ekeland’s variational principle, for the complete
metric space B, (0) with respect to the norm of H, (R*), we obtain the result that
there exists a Palais-Smale sequence u,, € B, (0) at level ¢;, and from Lemma 2.3 we
have u, — u; in H, (R?) for some u; with [lu1]], < p;.

Now, we shall show that u, — u; in H, (R®). Assume u, - u; in H, (R?), then

it follows from Lemma 2.5 that

012])\(U)+C*
ch+0*

> C1,

which is a contradiction. Thus u; is a critical point of I i.e. u; is a solution of (P;)

with negative energy.

2.3.2 Existence of the Second Solution
The existence of the second solution follows immediately from the following lemma.
Lemma 2.6 Let Ay > 0 such that
1 3 2
C—3 (m HfH*> >0 forall A€ (0,)).
Then there exists z. € H,, (R®) and \* € ]0, \s] such that
sup I)(tz:) < Cy + ¢y for all X € (0,\").

t>0

Proof. Let 2. (x) = £V, (z) such that

/Rsf(x)zg(a:)d:v>0.
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We have

at* 4 bt? 5 18 6
B(t) = S e+ 5 el = § [ o= [ f (@)

R3
We put

at* 4 bt? 5 18 6
b = el + T el = 5 [ 20

From the definition of S, we have

[SI)

el = [ st = (5,)

Then

and
W(t) = (S,)t (—t4 +a(S,)F e+ b) .

Thus, the function h (t) attains its maximum at

a(S,)% + (a2 (S,)° + 4b)"?

2

te =
By the above estimates on h (t), we deduce that

max h (t) = C..

t>0

Then we have

sup I\(tz.) < Cy — At | f(2) zedz.
t>0 R3

There exists t; € (0, 1) small enough such that

—c1 — Aty | f(2)zedz <0,
R3



this implies that

c > — Aty f (LU) stI.
R3
On the other hand, using Lemma 2.4 we see that

3 2
0> — ()\Z ||f||*> for all A € (0, \).

N | —

We choose Ay such that for any A € (0, A2) we have
1 /.3 2
CoterzCo—5 (ML) >0,

then
1 /.3 2
>3 (A1)
this implies that

A< A= IflLE (2C)7,

and we choose A3 such that for any A € (0, A3) we have

1 3 2
M [ F(@)dn < =5 (ARSI

this implies that
2
A< s =4|f* (tl/ f(x) zadx) :
R3
Taking

A =min (A1, A2, A3),

then we deduce that

sup I)(tz:) < c1 + C, for all A € (0, \,).
>0

This concludes the proof of Lemma 2.6. m

29
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Note that 7,(0) = 0 and the fact that
tlirgo I (tz.) = —o0
then I,(7T'z.) < 0 for T' large enough, also from Lemma 2.4, we know that
I, (U>|aB,,1 > 01 >0 for all A € (0, \).

Then, by the Mountain Pass Theorem, there exists a Palais-Smale sequence (u,,) at

level co, such that
Iy (un) — co and I} (u,) — 0 as n — +00

with

o= ;2?%3’1‘] (v (1)),

where
I'={yeC([0,1],H,(R%),v(0)=0,v(1) =Tz}

Using Lemma 2.3 we have (u,) has a subsequence, still denoted by (u,), such that
u, — uz in H, (R?), for some uy € H, (R?). Furthermore, we know by Lemma 2.6
that

suply(tz.) < Cy + ¢1, for all A € (0, \,),
0

then from Lemma 2.5 we deduce that w, — uz in H, (R®). Thus we obtain a critical

point usy of I satisfying I (u2) > 0, which achieves the proof of Theorem 2.2.



Chapter 3

Elliptic Kirchhoff problem with

Caffarelli-Kohn-Nirenberg

exponent

3.1 Introduction and main result

In this chapter, we study the existence of multiple solutions for the following elliptic

Kirchhoff equation

) (a lull?, + b) (div (g;;) +u|l,|25~;+1)) = W ufAf (1) mRY
2

with N >3,a>0,0>0,0<a< (N—-2)/2,a<f<a+l,—co<pu<p:=
|:<N—2(Oé—|—1)) 2N

2
5 } , f#Z 0, A\ > 0 is a parameter, p* = N_2(+a—p) is the

31
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critical Caffarelli-Kohn-Nirenberg exponent and

2 2

2 |Vu] Uu
= — dzx.
||U||OW /]RN ( 22 M‘x|2(a+1)> T

The problem (P,) is related to the following well known Caffarelli-Kohn-Nirenberg

inequality

N\ va )
([ ) <o ([ W) mauecr@). oo

for some positive constant Cl, 3.

If 5 =a+11in (3.1), then p* = 2, C, 3 = 1/7i and we have the following weighted

Hardy inequality

u? 1 |Vu|2 -
/R —a+1)d$ < :/R & dz, for all u € Cg° (RY).

| A ey |

We shall work with the space W2 := W, (RY) for —oo < p < 1 endowed with the
norm |[.[[,, , which is equivalent to the norm ||.|, ,, that is, we have the continuous
embedding of W, in L (]RN, \x|_p*5); where LP° (RN, |x|_p*5> is the weighted
LP" (RN) space. We use W* to denote the dual space of W32,

In the non-degenerate case (a > 0) with non singular terms (o« = = p = 0), the
problem (P,) is related to the stationary problem of a model introduced by Kirchhoff
[31].

For the degenerate case, much interest has grown on problems involving critical
exponents, starting from the celebrated paper by Brézis and Nirenberg [15]. After

that many authors were dedicated to investigate all kinds of elliptic equations with
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critical Sobolev, Hardy-Sobolev or Caffarelli-Kohn-Nirenberg exponents in bounded
or unbounded domain, (see [1],[3],[7],[8],[11],[17]). For A = 0 and b = 1, Kang in

[29] proved that the problem

p*—2

—div (&) — I “ = [ win RY,

Ed PRSI

has radial ground state solution U, in Wi:i, and the best constant

2
Wali\{0} ( [ 222 dw) P

|x‘p*ﬁ

is achieved by a family of functions

Moreover, it holds

V| P
VA2, = / |z = (5,077

N |z

Recently, the solvability or multiplicity of the Kirchhoff type equation with critical
exponent has attracted the attention of many authors, via variational methods like
the Ekeland variational principle and the Mountain Pass Theorem. See for example
(4], [13], [16], [20], [31]).

To state our result, we make the following assumptions.

(HP) f€W\{0} and fyx f () Vidar # 0.

(H1) 3§N§4,ﬁ—a:1—g,0<a<(Su)_z,b>0.

(H2) N:3,ﬁ—a<i,a>0,b20.

(H3) N=3,8—a=0,a>0,b>0.

The main result in this chapter is the following theorem.
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Theorem 3.1 Suppose that f satisfies (Hf) and assume that one of the hypotheses
(Hi) holds for i = 1,3, then, there exists a constant \, > 0 such that the problem

(P2) has at least two solutions in W2 for any X € 10, \.[.

3.2 Auxiliary results

The energy functional I} : Wii — R, corresponding to the problem (Ps) is given by

p*

lu
N ’m‘P*ﬂ

a 4 b 2 1
B = §lull 5l — =

de — X[ f(z)udz, Vue Woléi
p* RN ’

Notice that I, is well defined in W7 and belongs to C* (W22 R). We say that

;[

u € W2\ {0} is a weak solution of (P), if for any v € W2, there holds

2 VuVu uv |u|P"~2uv
<a ully,. + b) /RN ( o ’U’m‘Q(aJrl) dx — AT T A (z)v ) de =0.

To prove our main results, we need the following lemmas.

Lemma 3.2 Let f € W*\ {0} and suppose that one of the hypotheses (Hi) holds for
i =1,3. Then there exists positive numbers §;, pyand Ay such that for all X € 10, ;|
we have

() In(u) 2 61> 0, with |[ull,, = p1,

(it) for allu € B, (0) we have

o 2
((g) 2 )\||fH*> if (H1) is satisfied,

4

a

<(§>_41 A HfH*) ' if (H2) or (H3) is satisfied.
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Proof. Let u € W2\ {0} and p = ||ul|,, , . Under the hypotheses (H2) or (H3),

we have by the definition of S,

a4, b (Su) e

I > — - A\
au) > 27 +2p - 1£1l, o,

b
> 4y () Mpﬂ ((%)41M|f||*) ((g)ip).

By the elementary inequality

A5 Bt 1 1
AB<——|—7 forall A >0, B >0, s>0andt>Osuchthat——|-¥:1
s
we have
* 4
a (S)7? 3 (ra\TF 51 frant \*
R (ONUARRI(O
* 4
a, (S . 3 (ra\F s
> _pt - ZE —— (—) A
> gt =2 =2 ((5)7 A,

with

So, for ||ull, , = po and

3 *
p*—4 2" \ ¥ rq = _
AS( = @)M) (5)" eI
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we have
3 /(/a\T 3
B 2 ko) -5 ((3) 7 A111L)
4
3 1 3 (/aNT 3
> = z _ = .
> T+ g = 5 ((5)7 A1)
p*—4 2 /a pf:;
> pr-4 | — .
~ 16p* (Sk) <2)
Therefore,

3 T s
> _ 2 < py-
Bz =3 ((3) A1) for lul, < g4

Now, under the condition (H1) and by the definition of S, we have

b, a, (S)77? .
L(u) > =p* 4+ —p* — o — X |Ifl. o,
A(u) 2p G pe ||f|| p
b, (S b b2
> 22 W v
> 5p p " — (2) ML <2> p
-1 2
b (S )72 gL b = 1
> 22 W _ = _ =

b (S - /2 1 b 71 i
p— 2_ p—

- b (S,)"/?
h, :_2_ M
(p) = 7p p o
and note that
p*
R P B L
— — — >
max h (p) = h(po) o {254 0
with
1



So, for ||ull, , = po and

2p*
we have
, P 1
I > — — = — A
= T2 oS, S1(5) A,
p* ‘p*
pr—21[b |72 pr=21b, |p-—2
> * Su « | oFH
4p | 4p 2
1{/b\? :
2
—5((5) A||f||*>
S P2 (hg N
— A4pr 2 #
Therefore,

1 2
1 b\ 2 -
In(u) > ) <(§> A HfH*> , for lully, < po-

Then we can choose 91, p;and Ay such that

P2 <95 >p . if (H1) is satisfied,
51 -

*—4 2p* 552* . . .
b (Sy)r =1 (ﬁ) Y if (H2) or (H3) is satisfied,

p*—1

2

(p :2(&)?*3)2 (g) IFICY i (H1) is satisfied,

* o % E;:l
b 4(5@5‘44) (“) “NFICEif (H2) or (H3) is satisfied.

37
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Lemma 3.3 Let f € W*\ {0} and (u,) C W," be a Palais-Smale sequence for Iy at

level ¢, then
: 1,2
Uy, — uw in Wy

for some w € Wi with I} (u) = 0.

Proof. Let (u,) C W,? be a Palais-Smale sequence for I such that

I (u,) — c and I} (u,) — 0.

We have

¢+ on (1) = Iy (un) and 0, (1) = (I (un) , tn) ,

that is

c+%a»—hwm—£aawm»w>

pr—4, 4 pr—2 0 pr—-1

=l ull e+ 0 el = N @
pr—4, 4 pr—2 0 pr—1

> L full 4 2 = AP A1 el

Then (u,,) is bounded in Wéi Up to a subsequence if necessary, we obtain
Uy = win Wy?2 and in L? (RN, || P B) , Up — u a. e. in RY

and

RN RN

Then

(I5 (uy) , ®) = 0 for all ® € Cg° (RY) ,

thus I} (u) = 0. This completes the proof of Lemma 3.3. =
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Now, we prove an important lemma which ensures the local compactness of the

Palais-Smale sequence for I,.

Let
( b2

— if (H1) is satisfied,

4 [(S,U«) - a]

_ _ N
Ci = 40+ a4Nﬁ) N (a (Su)z) Hte=H=N - if (H2) is satisfied,
L2y ézl if (H3) is satisfied
| 487" 6 ’
with

21 =a( —|—\/a2 )° +4b(S,)°

Lemma 3.4 Let f € W*\ {0} and (u,) C W2 be a Palais-Smale sequence for I
for some ¢ € RT such that u, — w in W,. If one of the hypothesis (Hi), i =1,3
occurs, then

either u, — u orc > I, (u) + C..

Proof. By the proof of Lemma 3.3, the sequence (uy) is bounded in W2 and as
f e W\ {0} we have

Nf () updr — f (z) udz. (3.2)

RN

Furthermore, if we write v, = u,, — u, we derive that v,, — 0 in Woléi Then by using

the Brezis-Lieb result [14] we have

2 2 2
”uﬂHa,p, = H/UTLHQ,H + HuHa”u + On (1) ’

|vnp / |
= d
/ / rE T g |7

Combining (3.2) and (3.3), we get

*Bda:—i-on (1).

* *

p*—4 4 pr—2 2 p*—4 2 2
cto, (1) =1I(u)+a e anl\a,ﬁb2—pk|!vn|!a,u+a 2 vally,, el (3:4)
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and

1 . ]l 4 b 2 2 2 2 |Un|p*d 3 5
071( ) - < A (U) ,U> +a||vn||a,u + ||Un||a,,u + a”UnHa,,u ||u||o¢,/4 - p*b’ Z. ( : )

RN|5E

Assume that [[v,[l,, — [ > 0, then by (3.5) and the Caffarelli-Kohn-Nirenberg
inequality we obtain

2> 8, (02 +al)?"

this implies that

*

(S,)" T 17" —al* —bl% > 0.
Therefore,

(S0 F 172 —al? — b >0.
Now, we consider the functions ¢ : Rt — R, given by

p*

gy)=(S) Ty > —ay’ —b.

If (H1) is satisfied, we get

that is,

>0if y? > ———.
g(y) =2 0ify 2 G

From the above inequality and (3.4), we conclude that

CZI)\(U)—{_E((S)?—Q_G)
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If (H2) is satisfied, we get

2(1+4(a—B))

g (y) = y2 ((SM)_l—Q(?l—ﬁ) y 2 — a) 7

that is,
s\ Tl
9(y) 2 0if y* > (a(8,) 77 |
and then
41+a—-p)—-3 S
o2 Iy + R a7
= I (u) + C.

that is,
a(S,)? +1/a2(S,)° +4b(S,)?
g(y) > 0if 2 > —- \/ 2M :
Thus
c>1 (u)—l——z2—|—9z
A 4871 T 6™

This finishes the proof of Lemma 3.4. m

3.3 Proof of the main result

3.3.1 Existence of the first solution

Proposition 3.5 Let f € W*\ {0} and assume that one of the hypotheses (Hi) holds

fori=1,3. Forall A €0, \[, there exists a solution u; of (Ps) with negative energy.
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Proof. By Lemma 3.2, we can define
¢ =inf {1, (u), ue B, (0)}.

For ¢ > 0 we have

a b L. |lo|P”
Bte) = Sl + 52 1ol — o [ g [ o pan

By (Hf) we can choose ¢ € W_2 such that f (z) ¢dz > 0. Then, for a fixed
RN

A €10, N[, there exists ¢y > 0 such that ||to¢||a,, < p; and
I)\<tg0) <0 forte ]O,to[

Hence, ¢; < I,(0) = 0. Using the Ekeland’s variational principle, for the complete
metric space B, (0) with respect to the norm of W2, we obtain the result that there

exists a Palais-Smale sequence (u,) € B, (0) at level ¢1, and from Lemma 3.3 we

: 1,2
have u,, — uy in W,

' for some uy with [w[, , < py-

Now, we shall show that u, — uy in W2, Assume that u, - u; in W%, then, it

follows from Lemma 3.4 that
c1 > Iy (ur) + G,

201+C*

> C1,

which is a contradiction. Thus wu; is a critical point of I, i.e. wu; is a solution of
(Ps). As I, (0) = 0 and I, (u1) < O then, u; # 0. Thus u; is a solution of (Py) with

negative energy. m
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3.3.2 Existence of a Mountain Pass type solution

Now, we proof the existence of the second solution.

Proposition 3.6 Suppose that [ satisfies (H f) and assume that one of the hypothe-
ses (Hi) holds fori =1,3. Then there exists A, > 0 such that the problem (P,) has a

solution us with positive energy.
We need the following lemma.

Lemma 3.7 Suppose that [ satisfies (Hf) and assume that one of the hypotheses

(Hi) holds for i =1,3. Then there exists A\, > 0 such that

sup I (tVZ) < Cy +¢1, for all A € 10, \[.

>0
Proof. We have

p

b 1 . V. :
BV = SVl o+ 32 VIR, - o [ e [ f @) via.

* RN‘ZC p*B

put

a b . A%
hit) = —t* V.|| —t2€2——tp/5—d
(t) 1 VeIl + 5 IVells.,. - . T

R |q; p*B

From the definition of S, we have

*

2 [Vel? N
||Vv€||0‘7ﬂ - /RN |xTP*Bd$ = (SM)Q(H-&—B) .

Then

and
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Thus, the function h (t) attains its maximum at

(

Lz if (H1) is satisfied,
1—a(S,)
ty = R
0 [a (SM)2<1+°¢—5>] if (H2) is satisfied,
% (a (Su)% +1/a2(S,)° + 4b> if (H3) is satisfied.
(

The above estimate on h (t) yields that

max h (t) = C..

>0
Then we have

sup L(tV.) < Cy = Mt [ f(z) Voda.
RN

t>0

Using Lemma 3.2 we see that

771 2
—1 <<9) )\||f||*) if (H1) is satisfied,
2 2
C1 >

4
3/ra\7T 3 : .
- (<§> )\||f||*> if (H2) or (H3) is satisfied,

for all A €]0, Aq].

Let Ay > 0 such that

p

p—-1 <9> "SI if (H1) is satisfied,
Cy > P :

_2p
p

for any A € ]0, Ag[, we choose A3 such that for any A € |0, A3[ we have

2

—% <(g) Al fH*) if (H1) is satisfied
=Xty [ f(z)Vide <

RY 3 (ra\7T 3
3 (ra : : <
1 ((2) )\HfH*> if (H2) or (H3) is satisfied,

N



45
this implies that
b £ / f(x) Vda if (H1) is satisfied,
RN

3
g”f”;4 (%h/ f(x) Vadx) if (H2) or (H3) is satisfied.
RN

)\* = min ()\1, )\2, )\3) .

Thus for any A € |0, A.[ we obtain

sup I (tV:) < Cy + ¢4.
>0

This concludes the proof of Lemma 3.7. m

Proof of Proposition 3.6. We know by Lemma 3.2 and the fact that
thm [,\ (t‘/;) = —0Q,

that I, satisfies the geometrical conditions of the Mountain Pass Theorem. Then,

there exists a Palais-Smale sequence (u,,) at level cq, such that
Iy (up) — cg and I} (u,) — 0 as n — 400

with

= inf I t
¢; = inf mox A(v (1)),

where for T large enough
L={yeC([0,1],W),7(0)=0~(1)=TV.}.

Using Lemma 3.4 we have (u,) has a subsequence, still denoted by (u,), such that

U, — U in W22, for some uy € W2 as ¢; > 0 then uy # 0. Thus the existence
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of the solution with energy positive follows immediately from the preceding lemma
which achieves the proof of Proposition 3.6. =
Proof of Theorem 3.1. It follows immediately from the combination of Propo-

sition 3.5 and Proposition 3.6. m



Chapter 4

Quasilinear elliptic Kirchhoff

problem with
Caffarelli-Kohn-Nirenberg

exponent

4.1 Introduction and main results

In this chapter, we explore the existence and the multiplicity of nontrivial solutions

for the following quasilinear nonlocal elliptic equation

|u[P~2 _ w2

P) — (a Julls, + b) (div (‘T;L";ZQVu) + MW—QH)U> = LprutAf(z) in RY
3

ueWyh
with N >3, 1 <p<N,a>00>00<a< (N=p/p a<p<a-+
l,—co < p<p:=[N-=(a+1)p)/p’, f#0,X>0is a parameter and p, =

47
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pN/ [N —p(1+ a — ()] is the critical Caffarelli-Kohn-Nirenberg exponent and

P Vul”  Juf”
HUHOGM T /]RN ( ’m‘pa ’u‘x|p(a+1) dz.

Also, we use W* to denote the dual space of Wolé:ﬁ.

For the degenerate case, much interest has grown on problems involving criti-
cal exponents, many authors investigated all kinds of elliptic equations with critical
Sobolev or Caffarelli-Kohn-Nirenberg exponents in bounded or unbounded domain.

For a = A =0 and b = 1, Kang in [29] proved that the problem

v p—2 p—2 Px—2
—div <¢VU,> — [ i U= [u win RY

™ | P+

has radial ground state solution U, in Walzﬁ, and the best constant

p
S,i= inf e, -
Walf\{0} ( Sy 22 dx)” P

‘x‘p*ﬁ

is achieved by a family of functions

Moreover, it holds

Px

Vz
‘/;p = |8 d = S Px—pP
Volz = [ e = ()

It is worth to point out that Kang in [29] established an existence result however

in this work, we also prove a nonexistence results under some conditions on certain

parameters.
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The mathematical interest in equation (Ps) lies in the fact that it involves non-
local singular and quasilinear operator and also critical singular nonlinearities so, it
becomes difficult to apply variational methods directly moreover we never have com-
pact embedding in the unbounded domain R™. To deal with all these difficulties, we
attempt to use Mountain Pass Theorem as well as the Ekeland’s variational principle
to explore the existence of two distinct solutions.

To state our results, we make the following assumptions.

(HO) feW*\{0} and [,y f () Vedx # 0.

N
(H1) 3§N§2p,ﬁ—a:1—2—,sz,a>(SM)_2.
p

N
(H2) 3§N§2p,ﬁ—a:1—2—,a2(Su)_2,b>0.
p

N p*—p _ 2p—p
H3) N>3,—ac¢ 0,1ﬂ}1——,1{,a> S,) 7P, b> .
(13) o |-y L5, -

N _
(H4) 3<N <2 f-a=1-,0<a<(5,) > b>0.
p
N
(H5)3§N<2p,@—a<1—2—,a>0,b:0.
P

3 2N

3

4 3N
(HT) 3gNg—p,ﬁ—a_1—5,a>o,b_2(§)2<sﬂ)2.

4 3N 3
(HS) 3§N§gp,ﬁ—a—l—@,a>0,b>2<g) (S,).

4 3N a% 2
(H9) 3§N§gp,ﬁ—azl—g,a>0,0<b<2<§) (S,)°.
5 4N

The main results in this chapter are the following theorems.

Theorem 4.1 Assume that one of the hypotheses (Hi) holds for 1 < i < 3. Then

problem (Ps3) has no solutions for A = 0.
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Theorem 4.2 Suppose that [ satisfies (HO) and assume that one of the hypotheses
(H1) holds for 4 <i < 10, then, there exists a constant A\, > 0 such that the problem

(Ps) has at least two solutions in Wi for any X € |0, \.[.

4.2 Preliminaries

The energy functional I : Wi:ﬁ — R, corresponding to the problem (Ps) is given by

Jul”

BRI " TIPS S B U G o
B = gl + 2l = = [ e[ f@udn, e W

Notice that Iy is well defined in W_% and belongs to C* (W%, R). We say that

Q0

u € War\ {0} is a weak solution of (Ps), if for any v € W, there holds

p*—2

» |Vu|P2VuVo |u|P~2uw |ulP" ~2uw B
<a ullg,, + b) /RN < o — u|$’p(a+1) dx— AT T A (x)v ) de=0.

To prove our main results, we need the following lemmas.

Lemma 4.3 Let f € W*\ {0} and suppose that one of the hypotheses (Hi) holds
for 4 < i < 10. Then there exists positive numbers 61, pyand Ay such that for all
A €10, A\i[ we have

() L (w) > 8, > 0, with Jull,., = py.

(ii) For allu € B, (0) we have

b2

_?% ((g) " HfH*) i (HA) s satisfied.

2p — 1 (g)‘ M w1 if one of (Hi) is satisfied
2p 2 *

with 5 <1 < 10.




o1

Proof. Let u € W, 2\ {0} and p = |ul,,, . Under one of hypotheses (Hi) with

5 <14 <10, we have by the definition of S,

b S —p*/p .
L) > %fu]—)pp—%pp AL o
S —p*/p . % ﬁ
> o= B (57 A ((5) 7).

By the elementary inequality

s t

A 1 1
AB§_+T forallA>0,B>O,s>0andt>OsuChthat——|—¥:1
s s

we have that

a (S )7p*/p . 2p—1 a\ -1 ] s 7
> g VTR — b S b
D) 2 g =2 =T ((5) T AL ((5)70)

2p 5 .
2p
> = S () )
Now, we consider the function
b= Lo (S
(P) = 4—pp — pe o°

with

So, for ||ull, , = po and

i PN S =
as (T 2s) ()
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we have
2717
B = hiw) - 2 (5 2”Al|fH> ,
o — 1 1 -1 (/a\5 e
> h ~h (-) A ,
2 T ki g ((5)7 1)
—% a\
S,)7 (—) .
Therefore,

2p

] T ||U .
)\ u 2 * ) O S p()

Now, under the condition (H4) and the definition of S, we have

b a S\ PP
LR C RV T T
D 2p D

b, (ST b\ 7 b\
Dy B —((5) AHfH*> (3) 7

P

b (Su)—p*/p . op-1 (§>‘p1 pj_l (é)’l’ P
e (2 AHfH*) p(g p

P

b (S“)—p*/p *_p—l (é)_pl)\ p—1
o — S = (2 I71.)

I)\(U)

v

v

\Y
|
=
!

v
|
=
|

p)=—p"— I
(v) 2p p*
notice that .
p
~ ~ p* —p b p* —p
h =h = - >0
mah () = o) = E 2L 25, |70 >
with
1
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So, for ||ull, , = po and

p* pT_l pr—1
P —p - b\ p* — -1
—L(5,) )7
we have
L -1 %1
p*_p b p*_p p—l b\ 7 P
I > =S -—l5) A
G = L2l —((3) " A1,
p* p*
1p* — b P —p —1p* — b *
. 1p p{_su] p—1p p[_su}p p
p pp* |2 p  pp* |2
p—1 b\ 7 o
= (= A
= ((2) HfH*)
pp (b T
> =S :
- <2 “)
Therefore,

p

=1 p—1
p—1 b\ » ~
I(u) > T (<§> A ||f||*> , for flull,,, < po.



o4

then we can choose 01, p;and A; such that

( p*
*_ (b \7p
pp2p*p (55‘“) if (H4) is satisfied,
01 = P —2p : )pff;p (2) 2 if one of (Hi) is satisfied
4p?p* . 2
rp with 5 < i < 10,
\
( (b i p*lfp
3 (Su)p*/p if (H4) is satisfied,
pr = @ 1 if one of (H1) is satisfied

with 5 < i < 10,

p—1 p*—1

(p P (Sﬂ)pfip> ’ (g) IFIC if (HA4) is satisfied,

AN =
1 ot Pl if one of (Hi) is satisfied

pT—2p N A Y =T
S *_2 <_)

for 5 <1 <10.

Lemma 4.4 Let f € W*\ {0} and (u,) C W, be a Palais-Smale sequence for Iy at
level ¢, then

Uy — U N Wolé:ﬁ
for some uw € WEE with I (u) = 0.

a,

Proof. Let (u,) C Wi;ﬁ be a Palais-Smale sequence for I, such that
I (u,) — c and I (u,) — 0.

We have

¢+ 0, (1) = I (un) and o, (1) = {1} (un) , n)
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that is

cton(l) = IA(un)—%(I;(un),un)

2p 2p
= a —|—b
o [ullay Pl [

PF=2p, 2
at = |lul2,
pp*

x) uydz,

-1
> p

Then (u,,) is bounded in Wi;ﬁ. Up to a subsequence if necessary, we obtain
Uup — uin Wy and in L” (RN, \x|_p*ﬁ) , Up — u a. e. in RY
and
/szf () updr — szf (x) udz.

Then

(I5 (uy) , ®) = 0 for all ® € Cg° (RY) ,

thus I} (u) = 0. This completes the proof of Lemma 4.4. m

Now, we prove an important lemma which ensures the local compactness of the

Palais-Smale sequence for 1.



o6

Let

with

1 b?

2_19 <Su>_2 —a

2p(1+a_6) - N (a(S“)2)W

2pN

—zk+4+@zk+4, k=0ork=1ork=2

if (H4) is satisfied,

if (H5) is satisfied,

if (H6) is satisfied,

if (H7) is satisfied,

if (H8) is satisfied,

if (H9) is satisfied,

if (H10) is satisfied,

3
a
Vil
cosf = §b 5 and sinf = <3
2(5)° (Su) 2(

W=

a? a* 4
wi= |53 (S)"° = % (S)% + @bg (5"

[ 2 a* 4 1
w2 = |53 (S)" + % (S)% + @bg (5"
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Lemma 4.5 Let f € W*\ {0} and (u,) C W' be a Palais-Smale sequence for Iy
for some c € R such that u, — u in W) . If one of the hypotheses (Hi), 4 <1 < 10
occurs, then

either u, — u or c > I, (u) + C.

Proof. By the proof of Lemma 4.4 the sequence (uy) is bounded in W, and as

f e W\ {0} we have

RNf () updr — f (z) udz. (4.2)

RN

Furthermore, if we write v,, = u,, — u; we derive that v,, — 0 in Wi;ﬁ. Then by using

the Brezis-Lieb result [14] we have

lunlle,,, = llvalls,, + lullz, +on (1),
[ [vnl?” Jul” )
U, |P U, [P ulP
2L dx = ) d n (1) .
Joclirnta= [ powate it oot
Combining (4.2) and (4.3), we get
pt—2p 2 pr—p
c+o,(1) = Li(u)+a ol + b va|? 4.4
(1) (u) S Va2, v [vnlls,,. (4.4)
p*—2p
+a——vallt,, lull?,,,
and
2 ‘Un "
on (1) = (I} (U)7U)+a|\vn||a’,’u+banHZ,u+2aanHZ,uHUH}ZY,“—/RN—‘xp*ﬁdfC- (4.5)

Assume that [[v,l[l,, — [ > 0, then by (4.5) and the Caffarelli-Kohn-Nirenberg
inequality we obtain

> S, (bl + al®?)"""

this implies that

(S,)" 7 17" —al® —blP > 0.
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Therefore,

(S,) 7 P —alP — b > 0.

Now, we consider the functions g : Rt — R, given by

*
p

g(y) = (S.) 7y P —ay’ —b,

If (H4) is satisfied, we get

that is,

b
>0if y? > ——5 .
g9(y) > 2 5T,

From the above inequality and (4.4), we conclude that

If (H5) is satisfied, we get

p(2p(1+a—B)—N)

9(y) =y ((SM)_N*P&Q*M y NoOressT — a) :

that is,

N-p(l+a—p)

g(y)>0if y? > (a(&ﬂm>m ‘
and then

2p(1+a—-pB)—N

oy (a8

C Z ])\<U)+




If (H6) is satisfied, we get

that is,
a(S,)%+1/a2(S,)° +4b(S,)"
9(y) = 0ify* > \/ 2” «
Thus
a b
C Z A(U)—ng%—i-?)—pzl

If (H7) or (H8) or (H9) is satisfied, we get

g(y) = (S) "y —ay” — b,

and we have to distinguish three cases:

3
2

Case 1: b=2(%) (S,)%.

N|=

If y» > 2(%) (S,)%, then ¢ (y) > 0. So, by (4.4) we conclude

a 3b
c > I)\(U)+4—Z§+4—p22
= ])\ (u)—I—C*,

[SI[3Y

Case 2: b > 2 (%) (S,)%.

Since g (y) > 0 for y? > 23, we get by (4.4)

a 3b
c > Li(u)+ 4—pz§+4—ng

99
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Case 3: b <2 (%) (Su)2 :
In this case, g (y) > 0 for y? > zx4, k € {0,1,2}.
Since cos @ and sin @ are positive, we have 6 € [2K7T, g +2Kn|, K € Z.

Note that for 6 € [6K7r, 5+ 6K7r] , K € 7, we have

0+ 2m 0 + 4w

cosg >0, cos < 0 and cos 3 < 0,
for 0 € [2(1+3K)7r,g+2(1+3K)7r},KGZ, we have
4 2
Cosezﬂ>0, COS§<0and Cose—gﬂ<0,

and for 6 € [2(2+3K)7T,g+2(2+3K)7r],KEZ, we have

9227T 0, cos(9+47r<0and cose+47r

CoS < 0.

N}

0
(S,)? cos 3 if§ € [6Km, %+ 6K,

if0e[2(2+3K)m 5 +2(2+3K)7],

[N}

Ned
hej
AV
(\&}
P e
él)
5
(@)
@)
wn
D
|t
(N}
3

ifge 2(14+3K)m 2 +2(1+3K)n],

Ve

for K € Z.

From the above inequality and (4.4), we conclude

a 3b
c > I, (u) + 4—p2£+4 + %Zk+4, ke {0, 1,2}

If (H10) is satisfied, we have

g(y) = (S.) "y —ay? —b.



61

Then ¢ (y) > 0 for y* > y7. From the above inequality and (4.4), we conclude

4b
> 1 — i —
A R

This finishes the proof of Lemma 4.5. m

4.3 Nonexistence Result

Proof of Theorem 4.1. Suppose that (H1) is satisfied and that « € W#\{0} is

a solution of the problem (Ps). Then

Jul”

el = [ Lo (4.6)

Asa > (S,)”* and /RN |LZL|Li*ﬁdy < (5,)7? ||u||of’u , we have by (4.6)

-2 2 2
(S) " Nulls, < allulll,

*

p

IN

(S) ™" Il

o0

which leads to a contradiction.

Suppose now that (H2) is satisfied and that v € W, "\ {0} is a solution of (Ps). Then

*

2p P |ul?
a HuHa,u + b Hu||a7u = RNWdy-

From this last equality and because a > (SM)*2 , b> 0 and the fact that

Juf”

[ oy < (507 u

N|ZL’

p*
oGl
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we get

(S) Ml < allull?, +bllul?,,

a,u

IA

-2 2
(SM) ||u||ofy,7

which is a contradiction.

In the same way as above, we suppose that under the condition (H3) we have the

existence of a solution u € W, \{0}, that is,

o Jull?, + ol = |
RN

*

jul”
|I p*IB y7

and then we get

Jul?

/RNWdy < (Su) ‘ aﬂ
< ()7l )
. D* p( (Su)_7 HUH2p —2p)P*pP 2p <H H2p p) L
- P =D (Su)*% 2, + Qpr ||U|\i,u

which leads to a contradiction. m
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4.4 Existence Result
4.4.1 Existence of a first solution

Proposition 4.6 Let f € W*\ {0} and assume that one of the hypotheses (Hi) holds
for 4 < i < 10. For all A € |0, \[, there exists a solution uy of (P3) with negative

energy.

Proof. By Lemma 4.3, we can define
¢ =inf {1, (u), ue B, (0)}.
For t > 0 we have

p*

p*ﬁdy — At szf (x) pdz.

[
N ‘SL‘

a

2p

b -
B(te) = ot + 2ol - oot [

By (HO0) we can choose ¢ € W!2 such that f(x)pdx > 0. Then, for a fixed
RN

oG

A €10, A\i[, there exists ¢ty > 0 such that ||to¢||a,, < p; and
I\(ty) <0 fort €]0,to[.

Hence, ¢; < I,(0) = 0. Using the Ekeland’s variational principle, for the complete
metric space Em (0) with respect to the norm of Woll:ﬁ, we obtain the result that there

exists a Palais-Smale sequence u,, € B,, (0) at level ¢;, and from Lemma 4.4 we have

U, — uy in Wb for some uy with |Jug[a,. < p;-
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Now, we shall show that u, — u; in WP, Assume that u, - wu; in W%, then, it

follows from Lemma 4.5 that
c > I (w)+C.
Z C1 + C*

> Cq,

which is a contradiction. Thus w; is a critical point of I, i.e. wu; is a solution of
(P3). As I, (0) = 0 and I, (u1) < O then, u; # 0. Thus u; is a solution of (P3) with

negative energy. m

4.4.2 Existence of a second solution

Now, we proof the existence of a Mountain Pass type solution.

Proposition 4.7 Suppose that f satisfies (H0) and assume that one of the hypotheses
(Hi) holds for 4 < i < 10. Then there exists A« € |0, 1| such that the problem (Ps)

has a solution us with positive energy.
We need the following lemma.

Lemma 4.8 Suppose that f satisfies (HO) and assume that one of the hypotheses

(Hi) holds for 4 <i < 10. Then there exists A\, > 0 such that

sup I (tV:) < Cy + 1, for all X € )0, A\ .

>0

Proof. We have

*

[VelP
p*B

b 1 £
DV = 5 VA, + o Vil = o [ ety =t [ f @)V,

N|.I‘
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put

*

a p

ht) =5

b 1 . V.
oA, + 2o v, - o Ve
’ P ’ p

RN ‘:U p*B

dy.

From the definition of S, we have

*

’V P __N
H‘/EHZ““ = /IRLN ‘xep*ﬁdy = (Su)p(1+a—@) )

Then

h(t) = ﬁt%(s )ﬁ +étp(5 )Wﬁ—m B ltp* (S )m
2p . D i p* H )

and

/ _ 4p—1 A p*—p D e
B (t) = 71 (S,) e (—t + at? (8,) 7D +b>.

Thus, the function h (t) attains its maximum at

( 1
b P
—_— if (H4) is satisfied,
1—a(S,)
. N_p(1ta—g)
[a (Su)p4(1+a—7>} 202 (1+a-B)—N if (Hb5) is satisfied,
to = 9
3 (a (S#)% +4/a2(S,)° + 4b) if (H6) is satisfied,
]_ 1 2 2 1 ;
T )5 (23\/5 + \/—2§w +25a(S,)° w2>] if (H10) is satisfied.
\ 2 nw 4

In the other hand, if (H7) or (H8) or (H9) is satisfied, the function h (t) attains its

maximum at

-
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with § = \/b2 —4 (%)3 (SM)4, and if b < 2 <%> ’ (S,)?, the function h (t) attains its

maximum at

(2(9)* (swicoss)” iroe [6Km 2 +6Kx],

to = (2 (%)%(Su)%cose*f”) if 0 € :(4+6K)7r,g+(4—|—6K)7r],

(2" (S eos52)" o€ [246K)m 5+ 2+ 617,
for K € Z.

The above estimate on h (t) yields

max h (t) = C..

>0
Then we have

sup L\(tV2) < C. — Mt | f (x) Vida,
RN

>0

On the other hand, using Lemma 4.3 we see that for all A € ]0, A\q]

YA P
N (<§> /\||f\|*) if (H4) is satisfied
b

2p

2 — 1 ((a 51 i -1 if one of (Hi) is satisfied
— i B Y f )
)" M.

with i = 5, 10.

Let Ay > 0 such that

/ P

1 /b\ 7
pp (<§> )\Hfﬂ*) if (H4) is satisfied

9 —1 [ /a\s wri if one of (Hi) is satisfied
(5) 7 M.

=

2
\ b with i = 5,10,




for any A € ]0, o[, we choose A3 such that for any A

((g)%m*)

p—1

—)\tl/ f(z) Vide <
RN 2p —1

this implies that

a 2p—1
S (2 1 v )
RN

Taking

)\* = min ()\1, )\2, )\3) .

Thus for any A € |0, A.[ we obtain

sup I\ (tVz) < Oy + 1.
>0

This concludes the proof of Lemma 4.8. m

L ((3)7 )"

€10, A3[ we have

D
p—1

if (H4) is satisfied

2 if (Hi) is satisfied

with i = 5, 10,

5 IFIL” <% / f(2) V;da:) if (H4) is satisfied
]RN

if one of (H1) is satisfied

with i = 5, 10.

Proof of Proposition 4.7. We know by Lemma 4.3 and the fact that

tlim I (tV.) = — 0,

67

that I, satisfies the geometrical conditions of the Mountain Pass Theorem. Then,

there exists a Palais-Smale sequence (u,,) at level cq, such that

Iy (up) — co and I (u,) — 0 as

with

= inf I t
¢; = inf mox A (1)),

n — +00
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where for 7' large enough
P ={yeC(0,1],Wh),v(0)=0~(1)=TV.}.

Using Lemma 4.5 we have that (u,) has a subsequence, still denoted by (u,), such
that u,, — uy in Waljﬁ, for some uy € Wi:z, as ¢ > 0 then uy # 0.

Thus the existence of the solution with energy positive follows immediately from
the preceding lemma which achieves the proof of Proposition 4.7. =

Proof of Theorem 4.2. It follows immediately from the combination of Propo-

sition 4.6 and Proposition 4.7. m
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