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1 Introduction

1.1 About wave models with and without damping terms

Let us briefly repeat some statements about energy estimates and L? — L7 decay estimates on
the conjugate line for some wave models with and without dissipation.

1.1.1 Free wave equation

The Cauchy problem to the homogeneous linear wave equation

up(t, x) — Au(t,z) =0, (t,x) € (0,00) x R™,
(1.1.1)
uw(0,2) = up(x), u(0,2) =:ui(x), x € R",

where ug,u; € C§° was well studied by many authors. One of the most cited results is the
a-priori estimate along the conjugate line

1

_n=1¢1_1
(et ), Vaults Nle < COA+H 570 (Juol yrvgr + [l o) (1.1.2)

for % + % =1withl<p<2and N, = n(% - %) There exist different approaches in order
to prove the estimate (1.1.2). In a paper by von Wahl one can find calculations with exact
solution representations for the free wave equation to the space dimension n = 3, [VW71].
Another ansatz is achieved for instance by Strichartz, Brenner and Pecher in [[38], [5], [29]].
They applied Fourier integral operators and the method of stationary phase. The classical
definition of energy for the linear wave equation is stated by

Ew[u](t) = =

Deductively, the inequality (1.1.2) comprises the estimate Eyw [u](t) < C(|luollg + [luillz2)
for all times ¢. However, this estimate is weaker than the energy conservation Ey[u](t) =
Ew[u](0) which is a consequence of Eyy[u)'(t) = 0 for all times ¢.

1.1.2 Wave models with external damping

A further problem of interest is the Cauchy problem for the dissipative wave equation with
external damping

up(t, x) — Au(t,z) + we(t, z) =0, (t,z) € (0,00) x R™,
(1.1.4)
u(0,2) = ug(x), u(0,2)=:ui(x), x e R",
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where ug, u1 € C§°. Matsumura proved in [21] that the dissipation has an improving influence
on the L? — L7 decay estimate, that is,

_nel_ 1y 1
(g (2, ), Varult, NIz < CL+8) 72072 ((Jug|| vyt + [Jua || ooy ) (1.1.5)

for space dimension n > 2 with parameters p, ¢ lying on the conjugate line, i.e. = + = =1

and 1 < p < 2 together with N, = n(% - %)

S
Q=

1.1.3 Structural damped wave models

Let us consider the Cauchy problem for the dissipative wave equation with structural damp-
ing

Utt(tv 3}) - Au(t,:v) + M(_A)Jut(tam) =0, (ta 1’) € (07 OO) x R™,
(1.1.6)
uw(0,2) = ug(x), u(0,2) =:ui(x), &€ (0,1], r € R,

where ug € H' and u; € L?. Lu-Reissig proved in [20] for space dimensions n > 2 the L? — L?
estimates

|(ue(t,-), Vault, )l < C((l +t)_2*16||u0\|H1 + |lu||g2) for & € (0,1/2], (1.1.7)

[ (we(t, ), Vau(t, )|z < C((1 +t)_2(11—5> luoll g + |lurllp2) for & € [1/2,1]. (1.1.8)

Remark 1.1.1. The last estimates show that in general we have no decay estimate for the
classical wave type energy. If u; = 0, then we have energy decay.

1.2 Cauchy problem for wave models with time-dependent
coefficients

1.2.1 Wave models with time-dependent propagation speed

The aim of many papers is to study the Cauchy problem of the linear wave equation

{ ug(t, ) — a?(t) Au(t, z) = 0, (t,x) € (0,00) x R™,
(1.2.1)

w(0,z) =:ug(x), we(0,2) =: uy(x), x e R,

where ug, u; € C§°. Then, using suitable assumptions about the smooth, positive and bounded
coefficient a = a(t), the a-priori estimate

_n—1¢1_ 1
| (ue(t, ), Vault, )|z < C(A+1)*°7 2 G q)(|yu0\|Lp,Np+1 + Nl ll oy ) (1.2.2)

holds with real value sy > 0 and % —I—% =1wthl<p<2and N, = n(}l7 - %) There is
a connection between the oscillating behavior of a(t) and the loss of decay, i.e. the size of
so > 0 describes how the decay rate differs from the classical one stated in (1.1.2). This was
compiled in a series of papers by Reissig/Yagdijian in 1999/2000 [31], [32], [33], [34], [35],
and continued by Reissig/Smith in 2005 [30]. The latter also proved that for some coefficients
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a(t) there does not exist a real number sy such that (1.2.2) is satisfied, that is, an infinite
loss of decay appears. Furthermore, we are interested in estimates for an appropriate energy
Eyy[u] to the solutions of (1.2.1) which is defined as

Burlul(t) == 5 (et Wiacan) + o0 Tult, ) g ) (1.2.3)

For reasons of the time-dependent speed of propagation we cannot expect energy con-
servation. However, there are results about generalized energy conservation. In case of
the wave equation we can speak about generalized energy conservation if the estimates
Ew[u](t) = Ew[u](0) hold true for all times ¢ > 0. Initial work has been done by Reissig/Smith
in 2005, [30] for oscillating coefficients belonging to C2. Later, the benefit of higher regularity
or even Gevrey regularity were discussed in papers of Hirosawa in order to prove generalized
energy conservation, [14], [Hir10].

1.2.2 Wave models with time-dependent external dissipation

Let us provide an insight into the field of study of wave equations with time-dependent external
dissipation

u(t, ) — Au(t, z) + b(t)u(t, z) = 0, (t,x) € (0,00) x R™,
(1.2.4)
uw(0,2) = up(x), u(0,2) =:ui(x), x € R™,

where ug,u; € C5°. We mention some statements about special classes of equations (1.2.4)
and explanations about the influence of the dissipation term b(¢)u; on asymptotic properties
for the solutions. If we choose b(t) = u(1 + )~ with a constant g > 0, that is, we are
interested in scale-invariant cases, we derive the LP — L7 decay estimates as follows:

fon=ll_1y_p a1 1y
[ unt, ), Vout, Nllze < O+ )™ T G778 T (g s + [t oy )
(1.2.5)
where we assume again %—l—% =1and 1 < p < 2together with an integer N, = n(}lJ - %) This

result has been proven by Wirth by applying the theory of special functions and exact solution
representations in the extended phase space, [41]. Thus, it appears that the parameter
influences the decay rate wherefore we call this dissipation term critical. In subsequent papers
Wirth differentiated between effective and non-effective terms of dissipation.

The results basically were that the coefficient b(t) in non-effective dissipation terms decays
faster than this critical term b(t) = u(1 + ¢)~1. This implies a decay in the LP? — L9 estimate
close to that of the free wave equation (1.1.2), [42]. Moreover, if b = b(t) belongs to L' we
can even prove that the solutions behave asymptotically like the solutions to a related Cauchy
problem of the free wave equation with respect to their energies, [43]. This is a result about
scattering behavior.

In addition, damped wave equations with effective dissipation were studied in [44]. They
are mainly characterized by tb(t) — oo as t tends to infinity and 1/b ¢ L!. Under suitable
conditions for b = b(t) the effective dissipation terms imply decay rates close to the one for
the free damped wave equation stated in (1.1.5).
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1.2.3 Structural damped wave models with time-dependent dissipation

Let us consider the Cauchy problem for dissipative wave equations with a time-dependent
structural damping

utt(tﬁ l’) - Au(t,:v) + M(l + t)i’y(_A)éut(twfn) =0, (tv .27) € (07 OO) x R™,
(1.2.6)
w(0,z) = ug(x), w(0,2) =ru1(z), &€(0,1], v>0, zeR"

where vy € H' and u; € L?. Lu-Reissig proved in [20] L? — L? estimates which read as
follows:

I(ue(t, ), Vault, )2 < C((1+1) =505 gl + lurllz2) for 8 €(0,1/2], v € (0,1 - 20),
ue(t, ), Vaut, Dz < C((1+8) 75 ol + luall2) for 8 € (0,1/2], 5 € [1 —24,1),
I(ue(t, ), Vault, )2 < C((ogle + 1) 72 |luoll 1 + [l [l12) for 5 € (0,1/2], v =1,

et ), Vault, )l g2 < C((L+ )75 [fuoll g + [uallg2) for &€ [1/2,1], 7 € (0,1),
u(t, ), Vault, )22 < C((ogle+ )73 ol g + un | z2) for & € [1/2,1], v =1.

for space dimension n > 2.

1.3 Some more information about the thesis

1.3.1 Some more explanations about the historical background

We consider the following Cauchy problem for structural damped o-evolution models with
o > 1 and with a monotonous and positive function b = b(t) in the dissipation term :

ug(t, ) + (=A)%u(t, z) + b(t)(=A)’uy(t, z) = 0, (t,x) € (0,00) x R™,
(1.3.1)
uw(0,2) = ug(x), u(0,2) =:ui(x), §€(0,0], x € R",

where (ug,u1) are initial data taken from the energy space ug € H? and u; € L?. We use the
notations

ou 9%u "L 52
Utza, Utt:ﬁa —A=— @a 532(351,1‘27“' ,fL’n)-
=1 ""J

In this thesis we are interested among other things in estimates for higher order energies of
solutions to the Cauchy problem for structural damped o-evolution models. The damping
term is a special time-dependent case of a family of damping operators which are introduced
in Chen and Russell (1982)[6]. Theoretical arguments and empirical studies motivated them
to consider such damping operators describing strong or structural damping effects. LP — L4
decay estimates are studied in the case 6 = 0 and ¢ = 1 (classical damped wave model with
time-dependent external dissipation) in Wirth (2006, 2007)[42], [43] and [44]. In these pa-
pers the cases of non-effective or effective dissipation are discussed. LP? — L7 decay estimates
for the case b(t) = 1 and § = o0 = 1 which corresponds to a visco-elastic model in Shibata
(2000)[37] or to a wave model with internal damping in Guenther and Lee (1996) are studied
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in Shibata (2000) [37]. The case § € (0, 1] of a mixed problem for a bounded domain in R™
has been studied in Chen and Trigiani (1989,1990) [7], [8]. Here properties of the solutions
are obtained from the properties of the corresponding semigroup to the abstract differential
equation with structural damping.

1.4 Obijectives of this thesis

The main aim of this thesis is to give contributions to the qualitative behavior of solutions to
structural damped o-evolution models. Of special interest is the influence on the damping
term itself on qualitative properties as parabolic effect, decay estimates for energies of higher
order, respectively, smoothing effect and finally on L? — L7 decay estimates on the conjugate
line and away from this line. To be more concrete, we investigate for ¢ > 1 the Cauchy
problem for the model

ug(t, ) + (=A)%u(t, z) + b(t)(=A)°uy(t, z) = 0, (t,z) € (0,00) x R™,
(1.4.1)
u(0,2) = ug(x), u(0,2)=:ui(x), € (0,0, x € R™,

in the case of Schwartz or Sobolev data. The main tasks are the followings:

e to develop a WKB analysis to derive representation formulas basing on Fourier multipli-
ers for the solutions,

e to propose a classification of time-dependent dissipations to describe different proper-
ties of solutions,

e to explain the parabolic effect and smoothing properties by using the obtained repre-
sentation formulas,

e to discuss the optimality of obtained results,
e to derive LP — L7 estimates on the conjugate line,

e to derive LP — L9 estimates away from the conjugate line, in particular, L! — L! estimates
are of interest.

Energy decay estimates for variable coefficient damped dissipation terms are available from
the literature under several assumptions. We refer only to some of the most cited references,
the concrete relation to our results will be given later throughout the main part of the thesis.
The main question is under which conditions the energy decays, that is, it tends to zero. So
the main objective of this thesis is the derivation of the more general L? — L? estimates for
solutions. These estimates rely on more structural properties of representations of solutions
than estimates in the L?-scale and can not be deduced by the same methods as the above
mentioned results. Our approach is based on the one hand on explicit representations in a
special case and on the other hand on asymptotic representations combined with an extensive
phase plane analysis under more general assumptions, mostly adapted from the treatment of
problems in WKB analysis. For completeness we mention the book of K. Yagdjian, [45], and
the consideration of wave equations with increasing speed of propagation by M. Reissig and
K. Yagdjian, [33], [34] and [35], for the combination with dissipation and mass terms [Rei01]
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and [15]. The method we used is based on the Fourier transform and Fourier multiplier
representations (also called WKB representations) of solutions, therefore we consider only
purely time-dependent dissipation terms. The consideration of time and spatial dependencies
in the coefficient in the language of pseudo-differential and Fourier integral operators yields
essential difficulties in connection with the time asymptotics and is therefore not considered in
these thesis.

1.4.1 Content of this thesis

The schedule is as follows:  In Chapter 2 we study the simplest case of time-independent
dissipation. It turns out that even this example provides us with a lot of ideas and gives
some feeling for the more general results proven later. In Chapters 3 and 4 we study the
case of strictly decreasing or strictly increasing dissipations, respectively. In different cases we
propose a different WKB-analysis. The main tools to develop a suitable WKB-analysis are
definition of zones, symbol classes, to carry out diagonalization procedure, to estimate the
fundamental solution and to glue the representations in different zones together. This will
give us estimates for energies of higher order. In Chapter 5 we will discuss another property
of solutions to structural damped o-evolution models, the smoothing effect. The optimality
of our results will be shown in Chapter 6 by studying scale invariant models. This allows
to transform the equations to ordinary differential equations. By discussing these equations
the optimality of our results can be shown. In Chapter 7 we derive L' — L estimates and
interpolation techniques gives immediately the desired P — L9 estimates on the conjugate
line. For applications to nonlinear problems such estimates away from the conjugate line are
important. Finally, in Chapter 8 we discuss L' — L! estimates. Some concluding remarks and
open problems complete the thesis.
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2 Time-independent dissipation

In this Chapter we study the decay rate of the energies of higher order for solution to the
Cauchy problem for structural damped o-evolution models. We consider the special case of
(1.3.1) for 0 > 1 and b = b(t) is a constant positive function. We set b = i > 0 and devote to
the model

{ we (t, ) 4+ (—A)7u(t, 2) + p(—A)u(t, x) = 0, (t,x) € (0,00) x R™,
(2.0.1)
u(0,2) =:up(x), u(0,2) =:ui(x), o>1, and §€(0,0].

Introducing the partial Fourier transform F,_,¢(u)(t, &) =: u(t, ) after partial Fourier transfor-
mation of (2.0.1) we get

{ Qg (t, €) + €77 a(t, €) + pl€| P (t,€) = 0,
(2.0.2)
(0,8) =: g(&), w(0,&) =:11(§), o>1, and J€(0,0].
Here the characteristic equation is
(Eg): N4 plgP A+ g =o. (2.0.3)

Hence the characteristic roots are

I VTl e il
2 9

)Z—Ma%— AE — 41E (2.0.4)

A1(€) 5

A2(€

We have the following explicit representation of the solution:

a(t, &) = A1 exp(Aagt) — Ao exp()qt)ao(g) n exp(Ait) — exp(Aat) .

)\1 — )\2 )\1 — )\2 ul(é) If )\1 75 )\2,

a(t,€) = exp(at) (1= Mt)io(€) + tan (€) ) if Ay = Xo.

Division of the extended phase space into zones

In this case we have a very simple division of the extended phase space. This we feel in the
division of the extended phase space {(¢,¢) € [0,00) x R"} into the following zones, where ¢
is here and in the following a small positive constant:

hyperbolic zone  Zpy,(e) = {(£,€) : gm%—a <1-¢},
reduced zone  Zyea(e) := {(t,€) 1—¢< g|g|25—0 <1+e),

elliptic zone  Zuy(e) i= {(t,€) %yg\%—ff >1+e¢}.
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We introduce separation lines. By [¢|x = (W)ﬁ, k = 1,2, we denote the separa-
tion line between the elliptic zone and the reduced zone (k = 1), and between the reduced
zone and the hyperbolic zone (k = 2). For the further calculations we use the following
properties of A\; and \:

Lemma 2.0.1. It holds
in the hyperbolic zone :

o mmemE ST M©N(6) = g,

o () =X2(8), M@= M) =8,

in the elliptic zone :
©  mEmmE ST M@ = g

o X8 =M€ =<0, [A(E] < [AA)];

* — #|€|26 < A€ < _%|£’2§7 _%‘820_25 <M < _i|€|25—26’
in the reduced zone :

° Cr < RA2E) <R () <Oy <0,
e O3 < M(9] < [A(9)] < Cu
2.1 Time-independent dissipation — § = /2

In this section we study the special case of (2.0.1) for 6 = /2

ug + (—A)u + u(—A)“/Qut =0,
(2.1.1)
u(0,2) = up(z), wu(0,2)="ui(x), o>1
After partial Fourier transformation we have
Ay + €270+ pl€] 7t =0,  @(0,€) =ao(€), w(0,€) = (), o>1 (2.1.2)

We have
(Bt N+ plél”A+ |7 =0.
Then the discriminant p2[€]27 — 4]¢|%7 = [£]%7 (u? — 4).

2.1.1 Treatment in the case i < 2

Proposition 2.1.1. The following estimates hold for i € (0,2) :
&0t €)| S exp (= Clel"t) (1617 ao(€)] + €14l (€)]) for 18] > o,
€1k, )] S exp (= Clele) (117 lao ()] + Il War(©)]) ) for 18] = 0.
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2.1 Time-independent dissipation — § = o /2

) < 0 hence, A\, A2 € C. By using the properties of A,

Proof. In this case we have |¢[7(
and A2 from Lemma 2.0.1 and using the representation of solution we have

18]
£|1Plat, €| gmax{|)\1exp (Aat)], [ A2 exp ()\175)|}‘)\’ €l - ’| io(€)|

18|
+ max{\ exp (Ait)], |exp ()\Qt)‘} MF‘_ | |1 (6)]

Az 1 )
S =gl € exp (a0 (©)] + 1€l P exp () i (€)1
Consequently, we derived for |3| > o the a-priori estimates

&1agt, )l exp (- Clel7t) (161 a0 ()] + €17 an €)]).

In the same way we conclude for |3| > 0 the a-priori estimates

X B o (A M|
it ) S esp (= Flele) (55 e ao@)] + = el ©)])
< exp (= €187 (€177 a0 (©)] + €M €)1) ).

All desired estimates are proved.

2.1.2 Treatment in the case = 2

Proposition 2.1.2. The following estimates hold for i = 2

E1Pa(t, €)| < exp (= ClE17t) (1€¥ a0 (€)] + 1€ a1 (€)])  for |B] > o
€11 a (¢, )| < exp (= ClEt) (1617 |0 (€)] + |€]PMan (€)])  for |B] > 0.

Proof. In this case we have (u? — 4)|¢[?? = 0. Therefore, let us use the representation of

solution
a(t, €) = exp(Ait) (1 = Mt)io(€) + ta (€)),
(€

ay(t,€) = exp(Mit) (— Mtio(€) + (14 Ait)a (€)).

By using the properties of A\; and A\, from Lemma 2.0.1 we have

1P fat, €)] < exp (— CIE[7E) (1 + [Alt)[€]P o (€)] + tl€]P [y (€)])

Consequently, we derived for |3| > o the a-priori estimates

€17 a(t, )] S exp (= Clel7t) (1617 a0 (€)] + €77 aa (€)]).

In the same way we conclude for |3| > 0 the a-priori estimates
€1 (2, €)] S exp (= CIEI7E) (|MalPtl€] o (€)] + (1 + M f)]€]Pan (€)])

S exp (= C1E17t) (1€ a0 ()] + 1€ a1 (€)]),

here C is used as a universal constant. All desired estimates are proved
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2.1.3 Treatment in the case p > 2

Proposition 2.1.3. The following estimates hold for j1 € (2, 00) :

et )1 S exp (= Clel”t) (161 ao(©)] + €17l (€)]) for 18] = o,
[€17an(t,€)] < exp (= CIEIE) (1€ a0 ()] + €1 as (§)])  for 18] = 0.

Proof. In this case we have [£]27 (12 —4) > 0. We arrive at A1, Ao € R. By using the properties
of A1 and X3 from Lemma 2.0.1 and using the representation of solution we have

[

1£]18l|a(t, €)] < max {]/\1! exp (A2t), |A2| exp (Alt)} = Ao 40 (£)]

mlﬁ\

|)\1 _ )\2| |ﬂl(€)|

b
A1 — A2

+ max { exp (Alt) , €Xp ()\gt) }

| Az

ST =l 1€]1P! exp (Art) @ (8.

1€]1P1 exp (Avt) liio ()] +
Consequently, we derived for |3| > o the a-priori estimates

617 a(t, €)1 < exp (= C1elt) (161 () + I 1=l (€)1
In the same way we conclude for |3| > 0 the a-priori estimates

A A
61,1 2 exp () ao(€)] + 1 2 61 ex ()i )

Sexp (= ClE17t) 1€]P1T7 exp (= Cl¢17t) o (€)] + [€]P exp (= Cl€|7t) [ (€)].

All desired estimates are proved. O

2.1.4 Energy estimates

The statement for € (0,2), © = 2 and u € (2,00) are same. We distinguish between small
frequencies {0 < |¢| < 1} and large frequencies {|¢| > 1}.

For small frequencies we may use the estimates as before. They imply a potential type decay.
This we will show in the following statement.

Corollary 2.1.4. The following estimates hold for the small frequencies 0 < [¢| < 1:

€11t O S L+ fao(©)] + (1+07 7 laa(©)] for 18> o,
1P (8, )] < (1 + t)—w;g i (€)] + (1 + t)_@\lh(é | for [B]>0.

For large frequencies we may use the estimates as before, too. They imply an exponential
type decay. This we will show in the following statement.

Corollary 2.1.5. The following estimates hold for all large frequencies || > 1 :

€[Pa(t,€)| < exp(—C)(I€]PMao (€)] + [€]P1=7 a1 (€)])  for [8] > o,
€110 a (1, €)| < exp(—Ct) (1€]PF7 Jag(€)] + € an (€)])  for |B] > 0.
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2.1.5 Conclusion

Taking into consideration all the estimates from this section we arrive at the estimates for the
energies of higher order ||VAu(t,-)|| ;2 and for || VPu(t,-)| 2 in the case § = /2.

Theorem 2.1.6. The solution u = u(t, ) to (2.1.1) with § = § satisfies the following estimates

_ol8l _olbl=o
IVPu(t, e S (L+ 62 ol s + L+ )72 llutlFs -, for [8] >0,

_olBlteo 518l
IV u(t, 72 S L+ 8720 uoll3oie + L+ 8720 Jullzps  for 8] >0.

2.2 Time-independent dissipation — § € (0,0/2)

In this section we study the other cases 6 # §. Firstly we study the case 6 € (0,0/2), 0 > 1
that is, the model :

ug 4+ (—A)u + p(—A)°u =0,
(2.2.1)
uw(0,z) =: up(x), w(0,2) =:1ui(z), &€ (0,0/2).

After partial Fourier transformation we have

Qe + €270+ ple|Pa, =0, @(0,€) =: 1o(€), @(0,€) =@ (&), € (0,0/2). (2.2.2)

2.2.1 Division of the extended phase space

If we consider the set M, := {(t,€) : |£| < po}, where py is sufficiently small, then this part is
completely contained in the elliptic zone. The characteristic roots are real, so from the point
of WKB analysis the model is elliptic, a property which determines the notation of this zone.
If we consider the set M,,, := {(¢,€) : |¢| > p1}, where p; is sufficiently large, then this part
is completely contained in the hyperbolic zone. The characteristic roots are complex, so from
the point of WKB analysis the model is hyperbolic, a property which determines the notation
of this zone. In the reduced zone around the separation line between elliptic and hyperbolic
region the model has no special type.

2.2.2 Treatment in the hyperbolic zone

Proposition 2.2.1. The following estimates hold for the large frequencies |¢| > p1, where p;
is sufficiently large :

€1 at, €)1 < exp (- Clee) (1Mo ()] + €177 lar(©)]) for 18] >0,
€17 (8, )] < exp (= CIEH) (1€ a0 (€)] + €]ar (€)])  for |5] = 0.
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Proof. Applying the definition of the hyperbolic zone we have p2|¢[* — 4|¢|?7 < C(e) < 0.
We arrive at A\, \s € C. By using the properties of A\; and Ay from Lemma 2.0.1 and the
representation of the solution we get

m\ﬁl

67 at, )] < max { Al exp (Aat)], Pell exp (Mt} Ny g0
18]
+max{|exp (A1t)], |exp (>\Qt>|}|)\l£|)\2’ a1(8)|
_ Rl i ; _ L e ;
< 1 P e (u) i @)+ = rl6lPexp () i €).

Consequently, we derived for |3| > 0 the a-priori estimates
&1 at, )] S exp (— ClePe) (1Mo )] + €177 )] ).

In the same way we conclude for |3| > 0 the a-priori estimates

A 181
Pl S max e Our)l Lesp ()|} 228 i)
A A1) ], A Aot ‘§|Iﬁ\ 7
Fmax {allexp ()l Pallexp () 5=l (€)
A o |1€]18] A l1€118l
S lexp (a0l 5228 0@+ fexp (u) 2 i)
S exp (= Cle?t) (1617 ito ()] + lel i (€)1).
In this way the proposition is proved. O

2.2.3 Treatment in the elliptic zone

Proposition 2.2.2. The following estimates hold for the small frequencies || < po, where pg
is sufficiently small :

et )1 S exp (= CleP7=2t) (161 ao(€)] + ¢/ 2l (€)]) for 18] = 25,
‘£||5\|fat(t’§)‘ 5 exp ( _ C|£‘20725t> (|§“5|+20726’,&0(§)‘
+max {exp (= ClEP204) 72 exp (= Cle0) e Han ()] for 18] 2 0.

Proof. Applying the definition of elliptic zone we have p2|€[* — 4|¢[2* > C(e) > 0. We arrive
at A1, Ao € R. By using the properties of A\; and Ay from Lemma 2.0.1 and the representation
of the solution implies

18
1Ba(t, €)] < max {\)\1\ exp (Aat), | A2| exp (A1t) }’)\F’_M’ﬁo(ﬁ)’
18
+ max { exp (Ait), exp ()\2t)}|)\l€|_)\2‘|ﬂ1(f)’
Pallel™ g

S e () (J37 2 11006 + 5 >yl (©)1)
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Consequently, we derived for |3| > 2§ the a-priori estimates

€17t €)1 S exp (= CleP7=20) (IgPlao(€)] + €72 a (€)1).

In the same way we conclude for |3| > 0 the a-priori estimates

8
Pt S max {exp (t).exo () } TS Ll
e
+ max {|/\1] exp (M), [Aa] exp (Aat) }myul(g)\
A1\ 18]
S e () S o)
e
+ max {|)\1| exp (Mt), [ Aol exp (Aat) |}m|u1(5)\

S exp (= ClePT=2t) (1l 22 o (©)]
+ max { exp ( - C’|§]2”*25t) |§U6|+2U*45, exp ( — C’|§]26t) |€||6|}|ﬂ1(§)\.

In this way the proposition is proved. O

2.2.4 Treatment in the reduced zone

Proposition 2.2.3. The following estimates hold for all frequencies p; < |£| < po, where pg or
p1 Is sufficiently small or large, respectively :

a(t,&)| < exp (— Ct) (|ao(&)] + |a1(8)]),
(¢, 8)| S exp (= Ct) (|t (&)| + |a1(E)])-

Proof. In the reduced zone we have 0 < C; < |£] < (5. By using the following properties of
A1 and Ay from Lemma 2.0.1 and the representation of the solution we get:

a(t,6)] < lexp(Aat) — Mgt exp(Mit)|[io(€)] + | exp(Aat) || (€))]
S [A2l(1 +t) exp(—=C)[io(§)] + texp(—Ct)[ a1 (£)]-
Consequently,
|a(t, &) S exp (= Ct) (|ao(€)] + lar(6)])-

In the same way we conclude the a-priori estimates

@t < IMidat exp(Ast)|[ao(€)] + | exp(Ait) — Aot exp(Aat)| |1 (€)]
S [A2| (1 +1) exp(=Ct)ao(§)] + [X2|(1 + t) exp(=Ct)[ a1 (§)]-

Consequently,

[ (t, €)| S exp (= Ct) ([to(€)| + a1 (8)]).-

In this way the proposition is proved. O
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2.2.5 Energy estimates

We distinguish between small frequencies {0 < |£| < po} and large frequencies {|¢| > p1}. For
large frequencies we may use the estimates from Proposition 2.2.1. They imply an exponential
type decay. This we will show in the following statement.

Corollary 2.2.4. For large frequencies |£| > p; the following estimates hold for all t € [0, 00) :

€[1Pa(t, €)] < exp(—C) (1] P a0 ()] + [€]P=71an (€)]) for [8] >0
€[1P|a(t, )] < exp(—=Ct) (|€]1PH ag (€)] + |€]ar (€)])  for |B] > 0.

For small frequencies we may use the estimates from Proposition 2.2.2. They imply a potential
type decay. This we will show in the following statement.

Corollary 2.2.5. For small frequencies 0 < |£| < pg the following estimates hold for all
te0,00):

18] |B] =26

a1 S 077D o)) + 1L+ 0750 [i(©)] for 18] > 25
1P a8, ) < (1+8)~ Ry |u0( )|+(1+t)‘ﬁ‘2?553>46|a1( O+ (1+1t)” %| 1(8)]

for |B] > 0.

2.2.6 Conclusion

Taking into consideration all the estimates from this section we arrive at the estimates for the
energies of higher order ||[VAu(t,-)|| ;2 and for ||VAu(t, )| 2 in the case § € (0,0/2).

Theorem 2.2.6. The solution v = u(t,z) to (2.2.1) satisfies in the case 6 € (0,0/2) the
following estimates :
IVPu(t, )72 S (L+1) "= 6||UOHHW T lurll3ps-  for B8] > o,

LIEE _1os20-us _Jol,
IV us(t, 72 S (1 +1)7 ||U0\|H\m+a + (1) Huall351 for 18] > 0.

Remark 2.2.1. If we set formally 6 = o /2 in the estimates from Theorem 2.2.6, then we get
the estimates from Theorem 2.1.6.

2.3 Time-independent dissipation — § € (0/2, 0]

In this section we study the special case of (2.0.1) for § € (¢/2,0], 0 > 1 that is, the model :

{ ug 4+ (—A)u + p(—A)°u; =0,
(2.3.1)
u(0,2) = ug(x), u(0,2)=ui(x), 6¢€(c/2,0].

After partial Fourier transformation we have

dn + €770+ plé)Pa =0, 4(0,€) =:1ig(€), @(0,€) = w(§), J€ (0/2,0]
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2.3.1 Division of the extended phase space

We divide the extended phase space into the same zones as in Section 2.2.1. But there
appears a big difference. If we consider the set M, := {(¢,€) : [¢| < po}, where pyg is
sufficiently small, then this part is completely contained in the hyperbolic zone. And if we
consider the set M, = {(t,£) : |{| > pi}, where p; is sufficiently large, then this part is
completely contained in the elliptic zone. For this reason we have now a ‘converse division’
in comparison with that one from Section 2.2.1.

2.3.2 Treatment in the hyperbolic zone

Proposition 2.3.1. The following estimates hold for small frequencies || < po, where py is
sufficiently small :

€1a(t, )1 S exp (= Clel*t) (11 ao(©)] + 1177 an(©))  for 18] = o,
€17 (2, €)| S exp (= CIEPE) (167 |ao(&)] + € an (€)])  for 18] > 0.

Proof. The proof is the same as the proof to Proposition 2.2.1. O

2.3.3 Treatment in the elliptic zone

Proposition 2.3.2. The following estimates hold for large frequencies || > p1, where p; is
sufficiently large :

€17t )] S exp (= CleP720) (Il lao ()| + €17 2lan (€)]) for |8 =0,
161181 (£, €)| < exp ( _ C|§]2"‘25t) (|§‘IBI+2U—25|€LO(€)‘
+max{exp ( - C|£\2”‘25t)!£|‘5|+2”_4‘5,exp (- Clﬁ\%t)lé\‘ﬁ'}\ﬂl(é)l for 8] > 0.

Proof. The proof is the same as the proof to Proposition 2.2.2. O

2.3.4 Treatment in the reduced zone

Proposition 2.3.3. The following estimates hold for all frequencies p1 < €| < pg, where pg or
p1 is sufficiently small or large, respectively :

a(t,&)| S exp (= Ct) (|ao(€)| + |a1(§)]),
i (t,€)| S exp (= Ct) (|t (&)] + |ar(€)]).

Proof. The proof coincides with the proof of Proposition 2.2.3. O
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2.3.5 Energy estimates

We distinguish between small frequencies {0 < |£| < po} and large frequencies {|¢| > p1}. For
large frequencies we may use the estimates from Proposition 2.3.2. They imply an exponential
type decay. This we will show in the following statement.

Corollary 2.3.4. For large frequencies |£| > p the following estimates hold for all t € [0, 00) :

€117l a(t, €)2de < exp(—Ct) (1€]Plao ()] + €17 F |ai (£)])  for || > 26,

11180 (8, €)| < exp(—Ct) (|€]PH27Blag ()| + |€Par(€)])  for || > 0.

For small frequencies we may use the estimates from Proposition 2.3.1. They imply a potential
type decay. This we will show in the following statement.

Corollary 2.3.5. For small frequencies 0 < |{| < po the following estimates hold for all
t€]0,00) :

€18 a(t, €)] < (1+ )5 Jag(€) + (L + ) "5 as(€)| for 8] > o,
1Blte

11t )] S (14675 Jao(©)] + (1+ 0 H |as(©)] for |8] > 0.

2.3.6 Conclusion

Taking into consideration all the estimates from the previous sections we arrive at the estimates
for the energies of higher order ||[VAu(t, )| ;2 and ||[VPu(t, )| 2 in the case § € (0/2,0].

Theorem 2.3.6. The solution u = u(t,z) to (2.3.1) satisfies in the case § € (c/2,0] the
following estimates :

_1sl 18l=o
IVPu(t, )72 S (L4875 lluollfpe + (1 +1)

181
IV Pu(t, )2 S (L+1) s ||uo|er +(1+1)
IVPu(t, )12 S (144

for |B] > 26,
for |B| € o, 26],

\B\—U

(L4075 HU1||12q|m for | 5] = 0.

Remark 2.3.1. The statements of the Theorems 2.1.6, 2.2.6 and 2.3.6 tell us that we have the
parabolic effect for § € (0,0]. In general the classical “elastic energy” and classical “kinetic
energy ” which are related to the Cauchy problem (2.0.1) have no decay (only if u; = 0),
but higher order energies have a decay. The decay rate increases with the order of energy.
Moreover, the decay comes from the small frequencies.

Remark 2.3.2. If we set formally 6 = o/2 in the estimates from Theorem 2.3.6, then we get
the estimates from Theorem 2.1.6.

Remark 2.3.3. If we set formally o = 1 in the estimates for Theorems 2.1.6, 2.2.6 and 2.3.6,
then we get the estimates from Theorem 2.1 in [20].
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3 Time-dependent strictly decreasing
dissipation

After the study of the time-independent case b(t) = p in model (1.3.1) we will study in Sections
3 and 4 time-dependent structural dissipations b(t)(—A)%u;. We divide our considerations
into the cases

1. in Chapter 3: b(t) is strictly decreasing, that is, /(t) < 0 for ¢ > 0,
2. in Chapter 4: b(t) is strictly increasing, that is, ¥'(t) > 0 for ¢ > 0.

In this section we study the decay rate of the energies of higher order for solution to the
Cauchy problem for structural damped o-evolution models. We consider the special case of
(1.3.1), that is, the model :

u(t, ) + (—A)%u(t, x) + b(t)(—A)‘Sut(t,:c) =0, (t,z) € (0,00) x R™, 5.0
uw(0,z) = up(x), w(0,2) =tui(z), o>1, and §e€(0,0]. -

where b = b(t) is a positive decreasing function

3.1 Obijectives and strategies

We will study the L? — L? decay estimates for the energy of the solution u(t, -) for structural
damped o—evolution models (3.0.1). As in the previous chapters we assume for the Cauchy
data ug € H?(R™) and u; € L?(R"). We are interested to understand the decay of the energy
of the solution u(t, ). Let us explain our strategy. It is divided into the following steps:

e In the first step we use the partial Fourier transformation to reduce the partial differential
equation to an ordinary differential equation for 4(t, £) parameterized by &.

e At first we want to consider the case 6 = o/2 to understand the difficulties and we will
cope with in the cases 0 € (0,0/2) and § € (0/2,0).

e We will divide the extended phase space into important zones, the hyperbolic, elliptic
zone, reduced and pseudo-differential zone.

e Firstly we restrict our considerations to the hyperbolic or reduced zone, we use the
“dissipative transformation”. Then we will infroduce an appropriate micro-energy to get
for it a system of first order, in the hyperbolic zone after one step of diagonalization.
The remainder becomes integrable. Here the remainder can be studied by the matrizant
representation. Then we derive a representation of the fundamental solution.
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e We restrict our considerations to the elliptic zone. We use another micro-energy there to
get again a system of first order. This system should be diagonalized twice. We explain
the matrix representation of the fundamental solution which entries can be estimated in
a very effective (two steps) way.

e By using the gluing procedure we get the estimates for the elastic and the kinetic energy
for small and large frequencies.

e By using the Plancherel theorem we obtain L? — L? estimates. Here we get two types
of decay estimates, a “potential type decay” for small frequencies and an “exponential
type decay” for large frequencies under additional regularity assumptions for the data.

3.2 Time-dependent strictly decreasing dissipation — ¢ = §

In this section we study the special case of (3.0.1) for § = /2, that is, the model
ust + (—A)7u + b(t)(—A) Tu; = 0,
(3.2.1)
w(0,z) =:ug(z), u(0,2) =:u1(x), o>1.

This model corresponds to the non-constant distributed resistance of typical semiconductors
[2]. In this section we assume the following conditions for b = b(t):

(A1) positivity :  b(t) > 0 and there exists a positive constant T, such that b(t) < 2 for all
t > 1T,

(A2) decreasing behavior :  V/(t) < 0forallt >0,

(A3) non-integrability : [ b()dr = oo.

3.2.1 Division of the extended phase space into zones

After partial Fourier transformation 4(t,&) = Fy_¢(u)(t,€) in (3.2.1) we obtain the Cauchy
problem

Qg + €770+ ()€ 7a = 0, a(0,€) =h0(€),  w(0,€) =@ (), o>1.

We define in the extended phase space [0, 00) x RE by the aid of the solution to this equation

the elastic type energy [€]1?](t, €)| of order |3| > ¢ and the kinetic type energy |€]!8!|a(t, €)|
of order |3] > 0.

In this case we have a very simple division of the extended phase space {(¢,£) € [0, 00) x R{ }.
We divide it into the following zones, where ¢ is sufficiently small:

hyperbolic zone  Zj,,(c) = {(t,ﬁ) —=<1- e},

remaining zone  Zyem () = {(t,f) 11—-e< —}
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We denote the separating line t = ¢y between the hyperbolic zone and the remaining zone.

We mention, that the remaining zone Z,...,,(¢) = [0,to] x R™ appears if there exists a positive

constant ty satisfying 1 — ¢ = @ (see Figure 10.1 in the Appendix).

3.2.2 Treatment in the remaining zone

Proposition 3.2.1. The Cauchy problem (3.2.1) is L? well-posed in the following sense :
To every data uy € HW,\B\ > o and u; € HPI=7 there exists a unique solution u €
C([0,00), HIB) N C1(]0, 00), HPI=7).  The solution depends continuously on the data. For
the energy of higher order

EVI)(t) = [lult M3pe + luelt, V301
with |3| > o we have the estimate
EVI[u)(8) < O@) (lluoll3pis + lualFpier— ) (3.2.2)

where the function C' = C(t) is bounded on every compact interval [0, T].

Proof. Due to our assumption we consider in the phase space the Cauchy problem
Qg + €270+ b(t)|E| 7 = 0, @(0,€) = (), @ (0,€) = a1(€) (3.2.3)

with g € L2814, € L*I81=7 Here we use L*IPl := F(HAl), that is, the Fourier image of
HIPI. Firstly, we restrict ourselves to the set of large frequencies {|¢| > M}. We define the
energy

2B[a)(t, €) = @u(t, €)° + |€[*7a(t, €)%,
Straight-forward calculations give

A Ela](t,£) <0, hence, E[i](t, &) < E[a](0,E).
For small frequencies {|¢| < M} we define the energy
2E[a)(t,€) = (1, ) +a(t, €)%
Straight-forward calculations give
dBli)(t,§) < CE[a](t,€),  hence,  Elil(t,§) < C()E[a)(0,¢).

Both estimates together yield the unique existence and continuous dependence on the data of
the solution 4 satisfying

@€ L®([0,00), L*Py  and 4, € L([0, 00), L¥IA1=9).
Moreover, we prove
i€ C([0,00), L) and @y € C([0,00), L*77).
Firstly, we prove @ € C(]0, T, L*>!Pl) for all T > 0. By the definition of C([0, 7], L*I?!) we have

to show for all ¢, t2 € [0, T the relation limyg, ¢, [|G(t1, ) — @(t2, )| 2.8 = 0. We have

laty, ) = lta, )72 = /R {MPa(tr, &) — alte, ) de

3

- / (€2 a(ty, ) — alta, €) e + / (€211, €) — s, €)2dE.
Br(0)

B2\ BR(0)
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By using the continuity of Lebesgue measure we conclude for the second term
[ (@ lae.e) - it )P
R2\BR(0)

< / (€2, €)Pde + / (€290t €) 2de < (R, T)
R2\Br(0)

B2\ BR(0)

with (R, T) — 0 for R — oc. This follows for ¢ € [0, T] from the energy estimate
Bla)(t,€) < Ela](0,€), hence, [¢[*7|a(t, &) < |ai(€)[* + [¢[*7]ao(€)[*.

Hence,

/ (©)29a(t, €)2de < / (€28}t €) [2de + / (€)291-27 a4, (¢)Pde < £(R,T).
R{\BR(0) RE\BR(0)

B2\ BR(0)

Taking into account that the coefficients in (3.2.3) are continuous we get the uniform continuity
of (&)Ifla(t, €) on the compact set [0, 7] x Br(0). So

lim (©)2Plfa(t1,€) — a(te, €)|*dE = 0.
t1—to BR(O)

Summarizing, we conclude immediately & € C([0,00), L>/?l). In same way we can prove
iy € C([0,00), L>IP1=9). This gives the desired statement about the well-posedness. O

3.2.3 Treatment in the hyperbolic zone

Proposition 3.2.2. The following estimates hold for all t € [ty, o) :

o t
a1 S exp (~ 55 [ 06ar) (16110010, + 1617 “la(t0,O)) for 151>

to

o t
17t )] S exp (4 | btryar) (107 ao, )1+ € “laatto, €)) for 5] > .

to

Proof. Applying the diagonalization procedure (see in Appendix Section 10.1.1) we get after
the first step of diagonalization that the entries of the second matrix Ri(t) are uniformly
integrable over the hyperbolic zone. For this reason R (t) belongs to Lj,.(Zpy(¢)). We can

loc

write VD (t,€) = By (t,5,6)V 1 (s,€), where Ei(t, s,£) is the fundamental solution, that is the
solution of the system
DiEy(t,5,6) = (D(t,£)+Ri(t)) Ei(t, 5,), Ei(s,s,&) =1Ia, forall t > s and (s,€) € Zpyp(e).

First, we get the fundamental solution E; = E4(t, s,£) of the diagonal part of this system,

DEq4(t,s,&) = D(t, &) Eq(t,s,£), Eq(s,s,&) =1, forall t > s and (s,8) € Zpyp(e).

~(exo (i JL p(r,€)ar ) "
Ealt,s,6) = ( 0 eXp(ifstp(T’g)dT)) |

That is,
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Then the following estimate holds:
|Ea(t,s,8)[| <C forall t>s and (s,§) € Zpyp(e).

Now we set Fi(t,s,£) = Eq4(t,s,£)Q(t, s,£). We have to find the solution Q(¢,s,&) to the
system

Dy (Ed(ta Saé)Q(ta Své-)) = (D(taé) + Rl(t))Ed(ta S,é)Q(t, Saf)a Q(57 5,5) = Iy,
forall t>s and (s,£) € Zpyp(e). Hence, we have to study the system
DtQ(tv Sag) = P(t,S,f)Q(t, 876)7 Q(S,S,g) = I2> ‘FOI’ all ¢ >s and (576) € Zhyp(€>a

where
P(t,5,€) = By (t,5,)Ru(t) Ea(t, 5,€).
Applying the Peano-Baker formula from Proposition 10.1.10 (see Appendix) we get

t
1Q(t, 5,)] < exp(/ [Ri(®)lldr) <C forall t>s and (5,€) € Zny(e).
Hence,

1E1(t, 5,8l = [|1Ea(t, s, Q5. 8)| < C forall t>s and (s,8) € Znyp(e).

Finally, we obtain the following estimate for the transformed micro-energy V() (¢, €). In the
hyperbolic zone for all t > ¢ :

‘V(l)(t,fﬂ 5 C|V(1)(t0,f)|, ‘ ( (t 5) ) ‘ < C‘ < thf)U(tmg)) ‘ forall +> to,

Dtv(t § Dtv(t()?g)
respectively, with a constant C' which is independent of ¢t € [ty, 00). After backward transfor-
mation i(t, &) = exp ( |§| fo ) (t,€) we have

ot 10 olt,
< (Dfu)(t(f)g)> = exp ( — ‘ﬂ/o b(T)dT) < 2;2?5 1) <p(]g§))(tft§)£)> .

Using the relation

10 at. o ot
(1) (5200 oo (15 o) (55050)

we are able to estimate

(e 3) (5207 e (- ‘2'”/ bde);(pgggt;fg;@)\
con (- ['sirr)en (4 [° e 1) (o)

< exp ( - ’62‘0/15: b(T)dT)‘ (il;%éfg ) ( (%;u)( (t07) )) ‘

The equivalence p(t, &) ~ [£]7 in Zpy,(e) gives the next a-priori estimates for all ¢ € [tg, c0) :

| <g:5((tt§))) <o (- ’62|U /tt b(r)ar) ('g;f‘é?,’ff) :
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Consequently, we derived for |3| > o the a-priori estimates

11t €)] < exp (1 | wtar) (161t )1+ 1617 (10,1 )

In the same way we conclude for |3| > 0 the a-priori estimates

o t
et € S exo (= L [ smrar) (1619 latto, )1+ 61710, 8.

to

All desired estimates are proved. O

3.2.4 Gluing procedure

Now we have to glue the estimates from the Propositions 3.2.1 and 3.2.2. If we consider the
set M. := {|¢| > € > 0}, then it is clear that an “exponential type decay” for the higher order
energies follows from Proposition 3.2.2 under the usual regularity assumptions for the data
from the Cauchy problem for the o-evolution model . Thus the interesting case is to glue all
estimates for small frequencies, let us say for {|¢| < e}, where ¢ is sufficiently small.case 1:

t < tgln this case we apply Proposition 3.2.1. case 2: t € [ty, co]Now we have to glue the

estimates from Propositions 3.2.1 and 3.2.2, in fact, we also use Proposition 7.4.1. We have
the following statement:

Corollary 3.2.3. The following estimates hold for all t € [tg, 00) :

o t

17 atr, €)1 < exp / o(r)dr ) (161 (€)] + g7~ ar(€)]) for 8] > o,
o t

17t €)1 < exp () | wevar) (1617 o) + k1P ©)1) for 18] > 0.

3.2.5 Energy estimates

Using (3.2.1) we can restrict ourselves to ¢t > max{2ty, 1}. From Proposition 3.2.2 we con-
clude the following result:

Corollary 3.2.4. The following estimates hold for t € [ty, o] :

€]1Blact, )] < (1 4 /Ot b(r)d7->_l°||ao(§)| + (1 + /Ot b(r)df)_m”olﬂl(f)\ for |B| > o,

_ 1B+

€t €)1 S (1+ /Otbmdf) " o)+ (1+ /Otbmdr)‘”ml(s) for (8] > 0.

3.2.6 Conclusion

We obtain the following statement from Corollary 3.2.4 :



a
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Theorem 3.2.5. Let us consider the Cauchy problem (3.2.1), where b = b(t) satisfies the
assumptions (A1) to (A3). Then the solution u = u(t,x) satisfies in the case 6 = o/2 the
following estimates for the energies of higher order :

9 t _2u 9 t _2|B|*‘7 9
IVutt, e S (14 [ bar) ol + (14 [ wear) 7l
0 0
for 18] > o.
t _9lBlteo t _QU
IV ) 5 (4 [ 0ar) ™ ol + (14 [ #edr) " e
for |5] > 0.

Remark 3.2.1. If we set formally 0 = 1 and b(t) = (1 +t)~7, v € (0,1] in the estimates from
Theorem 3.2.5, then we get the estimates from Theorem 3.18 in [20].

3.2.7 Some other examples

Typical examples for coefficients b = b(t) are

bn(t) = p(1+1)"7(log(e + 1)) " - - - (logl" (el 4-£)) ™™ with nonnegative

W, vi, i=1,---n, and v € (0,1). Here we use, log[o](x) =z ¢e%=1 and

log"*!)(z) = loglog") (), e} = ",

Example 3.2.1. If we choose b = by(t) in this way b(t) = (1 4+t)~7, v € (0,1]. Then b = b(t)
satisfies the assumptions of Theorem 3.2.5. Consequently, the following estimates for the
energies of higher order hold :

v € (0,1):
2|8 A= —2(|B|—0) 1=
IVOu(t, )22 S (148 ol 2 + (14 6) 7 g |12, for 18] > o,

1

—2(|B|+0) =2 —2|8|i=2
IVPus(t )32 < (1+8) 2 g )2 + (1 4+ 8) 2 | for 18] > 0,
vy=1:

_ol8l _
IVPu(t, )32 < (log(e+1)) " 7 [Juoll% s + (log(e +1))

_9lB
IV7ur(t,)][72 < (log(e +1))

18]

—o
7 HU1||?{|6|70 for |B] > o,

e 12 —ll o
7 uollgis40 + (log(e+t)) 7 Nlu1 5y s for [B] > 0.

Example 3.2.2. We choose b(t) = (1+t) "7 (log(e+t)) = with v € (0,1]. Then b = b(t) satisfies
the assumptions of Theorem 3.2.5. Consequently, the following estimates for the energies of
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higher order hold :
v € (0,1):
_olal
I9%u(t, )22 S ((1+ 8 (ogle +)71) 7 uolZs
_2‘5‘_0
+((1+ )7 og(e + 1) lerllfo-e for 18] > o
_olBlte

IVPun(t, )32 S ((1+ 0" ogle+0)7) 7 Jluolda

_ol8l
+(+ 0 ogle+ 1)) 7 e for 18] >0,
vy=1:
2 2] (12 -2 -2l
IV%u(t, )22 < (108 (e +1)) " uollZys + (1og e +6) 7 funlZs
for 8] = o,
_olBlteo _9lBl
I9%us(t, )22 S (108 +6) 7 fuoles + (Tog e +6)) 7 url s
for |B] > 0.

Example 3.2.3. We choose b(t) = (14 )" (log(e + t)) " (logl? (e + )= with v € (0, 1]
and 2 € (0,1). Then b = b(t) satisfies the assumptions of Theorem 3.2.5. Consequently, the
following estimates for the energies of higher order hold :

v€(0,1):
_9olBl

IV%u(t, )22 S (141! Gog(e + )™ (1og (e +)72) 7 uol%s

72|ﬁ|_0
+((1+ ' oge + 1) og (@ + ) 72) 7wl for |82 o,
_glBlte
199wt )32 S ((1+6)' (og(e + ) log (e +6)72) 7 JluolZpsiso
18]

+((1+t)1*'7(1og(e+t>)*1(1og[2}(em +t))’72> 7 |3 for |8 > 0.

vy=1:
, - _9lBla=79) ,
IV%u(t, )3 < (tog (e + 1) ol 310

_oUBl=0)(1=75)

+(rog e +) T il for 18] = o,
_oUBl+e)(1=y9)
IVPuc(t, )3 S (loge® +6) 7 uolZareo
_olBla—y2)

+(log®el +)) T Tl for 18] = 0.
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3.3 Time-dependent strictly decreasing dissipation — § € (0,0/2)

In this section we study cases ¢ # o /2. We consider the special case of (3.0.1) for ¢ € (0,0/2),
that is, the model

{ g + (=A)7u + b(t)(=A) u, =0,
(3.3.1)
w(0,2) = up(x), u(0,2) ="ui(x), o>1, §e€(0,0/2).

After partial Fourier transformation we obtain the Cauchy problem

Ay + €)%+ ()| = 0,  @(0,€) =a0(€), w(0,&) = (), € (0,0/2), o>1

We pose the following conditions to the coefficient function b = b(t) :
(A1) positivity :  b(t) > 0forall t >0,

(A2) decreasing behavior : b (t) < 0 forall t >0,

(A3) non-integrability : [ b(T)dT = oo,

(A4) higher order derivatives : it holds [dFb(t)| < C’kb(t)(%ﬂ)k for k=1,2,

(A5) useful inequalities : there exist positive constants Cy, Cy, Co which are independent of ¢
such that

V() <C 1 < 02@ with A(t) =1+ /t b(r)dr,
0

Co b(t) — 1+t = A1)

(A6) additional classification: b e S, fora € (1, %} , where we introduce the family {S, },
of classes

Sq i= {b = b(t) : limsup(1 4+ t)A1(t)"® < oo, lim (1+t)A(t) P =00 forall g <a

t—o00 t—o0

3.3.1 Division of the extended phase space into zones

From the point of WKB analysis the model (3.2.1) is hyperbolic like. But now the model is
hyperbolic-elliptic like. We introduce the following regions :

the hyperbolic region: Rpyp = {(t,{) : b(;)]f\%_" < 1},
the elliptic region: Ry = {(t,f) : b(2t>|£|25_‘7 > 1}.

Moreover, we introduce zones. This we feel in the division of the extended phase space
{(t,€) € [0,00) x R} info the following zones with A(t) = 1+ fg b(s)ds, where ¢ is sufficiently

3
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small and N is sufficiently large:

hyperbolic zone  Z,,,(e) = {(t,ﬁ) : b(zt)]f\%” <1- 5},

reduced zone Zred(€) = {(t,g) l—e< b(2t>|§|25_" <1+ s},
elliptic zone Zen(e,N) = {(t,{) : b(;)|§|2‘5‘7 >14¢ and A1) > N},

pseudo-differential zone Z,4(, N) = {(t,f) : b(;)\ﬂ%_" >14¢ and A@)E* < N}.

We introduce separation lines. By ¢, = tx(]¢]),k = 0,1,2, we denote the separation line
between the pseudo-differential zone and the elliptic zone (k = 0), between the elliptic zone
and the reduced zone (k = 1), and between the reduced zone and the hyperbolic zone
(k = 2) (see Figure 10.2 in the Appendix).

Lemma 3.3.1. If limsup,_,, (1 + t)A(t)”2 = oo, then the elliptic zone is a compact set. If
lim sup,_, ., (14 t)A(t)~25 = 0, then the elliptic zone is not a compact set. Here & € (0, 3)-

Proof. By using the definition of the separating line between the pseudo-differential and el-
liptic zone we have

N 1
28 o - 26
A(t)|£‘ - Na hencea |£| - <A(t))
Analogously, from the separating line between the elliptic and reduced zone we have
b(t) 1260 _ _ (b)) N7
7’5\ =1+e,  hence, [{= <m) :

In order that the elliptic zone has really its own meaning one should guarantee

(N);é < (2(5(’5) ))2“ b)) 5 > 20 FE)

A(t) 1+4+¢ - Nz‘;g"

After integration we conclude

o 1 o 1
AOF 214 705 pence, A@E > 20ED 4y,
ON 25 ON 5
Then we get for large t the inequality
20—0o
- ON 23
1+A(t) 28 < ————.
(+)()2_0'(1+6)
In this way the lemma is proved. O

We divide the further considerations into the following cases:

case 1: limsup, (1 + t)A(t)‘ﬁ =0,
case 2: limsup, . (1 +t)A(t)"2 = oo. In the case 1 we divide the extended phase space

into the hyperbolic zone Zj,,(¢), the reduced zone Z,.4(¢), the elliptic zone Z.;; (e, N), and the
pseudo-differential zone Z,4(e, V). In the case 2 we have only the hyperbolic zone Z,,,(¢),
the reduced zone Z,.4(¢), and the pseudo-differential zone Z,4(e, N). The elliptic zone is a
compact set in case 2.
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"’

Remark 3.3.1. In our considerations we omit the “critical case”
limsup(1 + t)A(t)"2 € (0,00).

t—o00

Let us devote to the first case.

3.3.2 Treatment in the hyperbolic zone

Proposition 3.3.2. The following estimates hold for all t € [t2(|£]), 00), where ta(|£]) = O for
large frequencies :

€17t €)] S exp ((— '5'25 / *bryar) (161 atealleD. €)1+ 1617 an(ea(1€1). )]
for 131> o1 2(1€D

€17 (2, €)] S exp (— 'ff / b)) (165 €, + 1€ arle(1€1). )
for 131> 0. 21§D

Proof. Applying the diagonalization procedure (see in Appendix Section 10.1.1) we get after
the first step of diagonalization that the entries of the second matrix R4 (t,£) are uniformly
integrable over the hyperbolic zone. For this reason they belong to L},.(Zpy(c)). We can
write VD (t,€) = Ey(t,s,6)V () (s,€), where Ey(t, s,€) is the fundamental solution, that is the
solution of the system

DyEq(t,5,€) = (D(t,£)+R1(t,€)) Er(t, s,€), Ei(s,s,&) = Iz forall t > s and (s,£) € Zpyp(e).

First we take the fundamental solution E; = Ey4(t, s,€) of the diagonal part of this system,
that is,

DEq4(t,s,&) = D(t,§)Eq(t,s,€), FEa(s,s,§) =1, forall t>s and (s,£) € Zpyp(e).

We have

_ fexp (i fst p(r,€)dr) 0
Eq4(t,s,§) = ( 0 exp ( —ifstp(Taf)dT)> '

Then the following estimate holds:
|Eq(t,s,)]| <C forall t>s and (s,§) € Zpyp(e).

Now we introduce Ei(t,s,§) = Eq4(t, s,£)Q(t, s,£). We have to find the solution Q(t,s,§) to
the system

Dy (Ed(tasvf)Q(tv 575)) = (D(t,f) +Rl(tvg))Ed(t7875)@@7576)7 Q(S,S,g) = I,

forallt > s and (s,£) € Zpyp(e). By using the above system for Ej it is equivalent to the
system

DiQ(t,5,8) = P(t,5,§)Q(t,5,8), Qs,s,§) =1, forall t>s and (s,§) € Znyp(e),

where
P(t,s,§) := Eq(s,t,)R1(t,§) Eq(t, s,&).
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Applying the Peano-Baker formula from Proposition 10.1.10 (see Appendix) we get

t
1Q(t, 5,6)| §exp</ IRi(r.)lldr) <C forall t>5 and (s,€) € Zyp(e).

Hence,
1Bt s, )Nl = [ Ea(t, s, OIQE s, )| < C forall t>s and (s,€) € Zpyy(e),

holds. Finally, we obtain the following estimate for the transformed micro-energy V() (¢, £) in
the hyperbolic zone for all t > s and (¢,£) € Zpy,(e)

vorers vl | (560 < ()

uniformly for all ¢ > s and (¢,£) € Zy,(e). From the backward transformation we use the
same strategy as before in the Section 3.2.3 to get

25 t
1ae.9)1 S exp (- 5= [ smrar) (167091 + 1617 -7lacts. o))

for |8] > o,
25t
(e, €)1 S exo (= 1= [ v6ear) (16171t )1 + 161 (s, 9))
for |B] > 0.
In the following statement we set s = t3(|¢]). Then all desired estimates are proved. O

Corollary 3.3.3. We have the following representation of solution in hyperbolic zone for all
t > sand (s,8) € Zpyp(e) :

( ol 0) <p<t,§>a<t,g>> _
i 1)\ Dealt,€) (3.3.2)
20 b

exp ( — % fst (T)dT)MEd(t,s,ﬁ)Q(t,s,g)M_l <p(gt§l)(i(,?)f)> .

3.3.3 Treatment in the reduced zone

Proposition 3.3.4. The following estimates hold for all t € [t1(|£]), t2(|¢])] :

e

a9l S esp (- [ o, ) (11 aer 16D, 1 + It €D: €)1

for 18] = o,
26 t
61,0 S e (=55 [ otmar) (171D, 91 + et 1D, )
for |B| > 0.

Proof. In the reduced zone we have |¢| < C and |£]7 ~ @E\%. We study directly

(I ’f|20ﬂ + b(t)|§‘26ﬂt =0.
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Applying the transformation

26
i, =ex (- 5 [bar)cee
transfers the above equation into

v'(t)

2
& D)ot = 0.

valt,€) + (Ig27 — =7 1€l -

We have that the term with ¥'(t) is a negligible term, this means, |V/(t)| = O(c2b?(t)|£]?°) as
t — oo. Indeed, by using assumption (A5) we have

ver v 1t o b(t)
SROIEF b0 O ~ FADLOIEP — A )I&!%

<C(e,N) as t— oo.
In this zone we can estimate
b*(t) b*(t)
2 45 2 45
— I\ < g2\ .
162 = 2161 < 2 2e]
Thus we define the micro-energy

V() = (2 JePu(t,€), Dir, ) forall 1> ti(el) and (1,€) € Zyau(e),
vialie. &) = (200 euin e, . Dot e ©))

where V (t1(]£]), €) is known from the elliptic zone Z.; (¢, N). We get the following system of
first order:

Dyb(t) b(t 1€£]29
V(¢ &) = (s?glb% e 3w @le? ) V(t,€). (3-3-3)
To estimate the entries of this matrix we will use
1 V()] = 0E* (1)),
2. |lef - E21ep| < 252 e,

2 /
S el e A

PPN + B < 2eb(o)lel.

3.  consequently, 50 (7126
57\£|

Thus, we can estimate the norm of the coefficient matrix by 2eb(t)|£|? for sufficiently large .
Summarizing the following statement holds:

Lemma 3.3.5. The fundamental solution E = E(t, s, &) to (3.3.3) is estimated by

|B(t, 5, )] < exp (2]¢] /t b(rydr) forall t>s and (£€),(5,€) € Zreale),

S

where t1(|¢|) a sufficiently large.
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From the backward transformation and the equivalence @K\% ~ [€]7 in Z,eq(e) we conclude
the next a-priori estimates for all ¢t > s and (¢,£),(s,€) € Zyea(e) :

26

110,91 5 exp (22~ DB [ wiryar) (16191a(6,)1 + 161 a5, 001,
26

€17an(t. )] < exp (22 - 1>'5'2 [ i) (111G, €0 + €1, ).

In the following statement we set s = ¢1(|{]). Then these estimates imply the statements of the
proposition. O

3.3.4 Treatment in the elliptic zone

Proposition 3.3.6. The following estimates hold for all t € [to(|£]), t1(|€])] :

t 20—26 |B]—28
6191 s exp (— 0 [ EEar) (117at0(6D. 01+ 46 elantotied. o))

(7 b(to([€]))
for 8| > o,
€1y (1, 6| <eXp(—C’/t 5|2U_26d7>1(’§Iﬁ|+20_25’ﬁ(t0(!§\) o)
e to(e))  b(T) b(t) ’
L w (=g [ )
oy oD O1) +ep (g [ stryar) il ol O)
for || > 0.

Proof. The proof is divided into several steps. step 1: A straight-forward estimate for the
fundamental solution

Proposition 3.3.7. The fundamental solution E satisfies for all t > s and (t,€),(s,&) €
Zeu(e, N) the following estimate :

(BN (t,5,€)] |EY(t,s,8)| \€|2" 25 1 TOREE
(Eﬂ(t,s,sn |E22(t, s5>|><eXp b(t)|¢[20-7 @ ’

where the constant C'is independent of (s, ), (t,€) € Zey(e, N).

Proof. The characteristic roots of the matrix A(t, &) are

it = PO+ COEORTIRE

In the further calculations we use the following properties of A1 (¢, &) and (¢, €):
Lemma 3.3.8. It holds

1. %)\1(75,5) + S)‘Z(tag) = b(t)|§|26/ S)‘l(tag)g)‘Z(taé) = |§’20/
2. ALt €) =2 SXa(t,6) 20, [M(E, )] = [Aa(t, €],

8. MR <IN SHOIE,  le 0 < Shalt,) < gl
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Applying the diagonalization procedure (see in Appendix Section 10.1.1) we get after second
step of diagonalization that the entries of the matrix Ry(¢, £) are uniformly integrable over the
elliptic zone. For this reason the matrix Ra(t, §) belongs to L},.(Zeu(e, N)). Hence, we can
find the solution UMW (¢, &) =: Ny (t, ) UP(t,€), where UR)(t,€) is the solution to the system

(Dy — D(t,€) — FO(t,€) — Ra(t,€)) U (t,€) = 0.

We can write U (t,£) = FEs(t, s, &)U (s,€), where Fs(t, s, &) is the fundamental solution,
that is, the solution of the system

DyEs(t,5,€) = (D(t,€) + FO(t,€) + Ra(t,€)) Ba(t, 5,€), Bals,s,€) = I,

forall ¢t >s and (t,€),(s,§) € Zai(e, N). First we estimate Eq = E4(t, s,£) as the funda-
mental solution of the diagonal part of this system, that is,

DtEd(t,S,f) ( (t 5) +‘F (t é))Ed(t737§)7 Ed(s737£) = IQ?
forall t>s and (t,€),(s,€) € Zeu(e, N). Thus

By (69,6 = exp (/: _%<1 + bz(T;)‘/g(;?S’gf;ﬂzo) (\/bQ(T)wM —4[¢)7 + b(T)!f\Z‘;) dr),

Eff”(t, £6) = exp ( [ 500+ ) (Rl — e - wrie ar),

Dt 5,6) = BV (t,5,€) = 0.

Lemma 3.3.9. We have the following estimate in the elliptic zone for all t > s

and (tag)a (575) € Zell(5>N) :

20—26
|1Ea(t, s,€)|| S exp ( / |§! dr

with a positive C(e, N) which is independent of (s,&) (t,&) € Ze”(e, N).

Proof. The estimate for E; will be determined by the estimate of Eéw) (t,s,&). By applying the
definition of elliptic zone and Lemma 3.3.8 we get the following estimates

‘§|20—25

%(\/62@‘5’46 — 4[¢27 — b(t)\§|26> T )
DR(O)IE[* — 41?7 ~ b (1) €],
Ol S v(t) V) 1 b(t) 1
and — B2(0)[E — Al < OGRS < - ot) D)€ < NOLOIEE < Cy.

The constant Cy is small if NV is large. The desired statement follows immediately. O

The fundamental solution By = Fs(t, s, &) satisfies

(Dt - D(tvé) - ‘F(l)(t7€) - RQ(t7£))E2(t)87§) = 07 E2(3787£) = -[2
forall t>s and (t,€),(s,&) € Zey(e, N). Thus we have

on(exp (- z‘/:( (r.8) + FO(7.8)) dr ) Ealt,5.6))

= jexp ( —1 /St (D(T, )+ ]—'(1)(7, §))dT)R2(t,§)E2(t, s5,€),
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and, consequently
Balt:5.) = (i [ (Pr.9) + 701, )i B, 5.0
-f—i/:exp (i/et( (r,€) + FO(r 5))dT>R2(0,§)E2(9,5,§)d9

The statement of Lemma 3.3.9, in particular the structure of E((in)(t,s,g), motivates us to
introduce the weight

/ 26
0t = 5 (14 ) (VRO e - oole?).

Let us define

Q(t,s,§) :=exp ( — /: w(T,f)dT)Eg(t, s,&).

Then we get
t
Q(t, 5,€) = exp ( / (iD(r, &) + iF D (r,€) — w(r, f)I)dr)
t t
+/ exp(/e (iD(r.€) +iF D (7,) = w(r, O)1)dr ) Ra(6,)Q(0, 5, €)d
Furthermore,

H(t,s,&) = exp (/: (iD(T,f) + if(l)(T, €) —w(r, f)])dT)
t y 26
= diag (exn (5 [ (/e i+ o HOE i) ),

Hence, the matrix H is uniformly bounded for (s,&), (t,€) € Ze(e, N). Taking account of
Ra(t, &) € So{—20,—1,2} the matrix Q = Q(t, s,£) which is given by the matrizant represen-
tation, for k = 1 we set tg = t.

t1

0 t
Q(t,5,€) = H(t,5,6) + > (i / H(t,t1,&)Rao(t1,€) | H(t, b2, &) Rat2, )
k=1 S S

lk—1
H(t, tp—1,)Ra(ty—1,&)dty, - - - dtadty

s

is uniformly bounded in Z; (e, N). From the last consideration we may conclude
(11) (12) t|e20—26
|E%21) (t7 S, §)| ‘E%QQ) (t7 S, g)‘ 5 exp ( o C/ |£| dT) <1 1>
|E2 (t787£)| ‘EQ (tasaé)‘ s b(T) L1

forallt > s and (t,€),(s,€) € Za(e, N). From U (t,&) = N (£, M, UL, €) the

backward transformation gives the representation

E(ta S, 5) = M(tv g)Nl(ta £)E2(t7 S, g)Nfl(& g)M_1(57 g)

Now we are only interested for t > s and (¢,&),(s,&) € Zeu(e, N). Due to Lemma 3.3.9 and
the uniform bounded behavior of Q and N the statement of Proposition 3.3.7 follows if we
take into consideration the estimate of the norm

[ar(t,¢) G 1) M (s,€)] of the matrix M () G D M~1(s,€).
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Using |A1(t, €)| ~ b(t)[€]%, | Aa(t, &)] ~ t) , and |det M (t,&)| ~ b(t)|€|?°=, then the defi-
nition of Z.; (e, N), the fact that b is decreosmg and s < t yield

MO () 1) MOV
M0 () 1) 0007 5 e
MO () 1) MO0 SOl
Mo () 1) M0 5 50

These estimates give the desired statement. O

N

L,

2/\

A
‘9\

S

Remark 3.3.2. Using Proposition 3.3.7 we obtain reasonable estimates for |E'!| and |E'2|.
The estimate for |E?2| is only reasonable for decreasing coefficients b(t). The estimate for
| E2Y| is not optimal because the upper bound for | E?!| is not bounded in the elliptic zone. This
contradicts the damping character of our model. For this reason we need a refined estimate
which we present in the next step.

Step 2: A refined estimate for the fundamental solution

Lemma 3.3.10. The fundamental solution E satisfies forallt > s and (t,€),(s,&) € Zeu(e, N)
the following estimate :

Bt s,0)| [B(ts ,5>\>< o [l 1 Ol
<|E21<us,s>\ B ) <o ( / i) e S
+exp(—|525/ b(r)dr ) <8 g’)

where the constant C'is independent of (s,£), (t,€) € Zey(e, N).

Proof. If ®,(t,s,£),k = 1,2, solves the equation @y + b(t)|£[2®; + [£]27® = 0 with initial
values @y (s, s,&) = 01, O Pr(s, s,&) = da, we have

€7 a(t, €) Dy(t,5,8) il€]7Pa(t, 8, €)\ [€|7au(s, €)
Dyt €) %(tf) iD®s(t,s,€) | \ Dyals,€)
Hence, it follows from Proposition 3.3.7

20— 25
[D1(t,8,8)] < eXP K'

20— 26
|q)2(t75a£) |€‘

= b(s)y

20 20
0101 (t,5,6)] < bO)IE esxp (— C / '5’

dT) .

T),

s (t,5,6)] < Z((“) exp —c/

|§’20' 26
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38

Let \I’k(tasag) = 8t©k(t757£)7 k= ]-727 then 8t\11k + b(t)|§‘25\11k = _|§’2g@k/ \Ilk(S,S,g) =

09r. Standard calculations lead to

Ui (t,s,€) = —|¢[* /St@l(T,s,f)eXp<— ]f\zé/Ttb(H)dQ)dT,
alt5.6) = s (162 [ 00)a8) 16 [ st e (162 [ bioran)ar

Using the estimates for |®1(¢, s,£)| and |®5(t, s, &)| we have

t T 20—26 t
Wy (1, 5,€)] < Clé]” / exp (~C / ‘5'1)(9) a6 — ¢[* / b(6)dt ) .

S

att 5, )] < o (~ 6 [ bw)de)

20—26 20— 25 t
+01|§|b(5) / ’ﬂ —y§|25/ b(9)d9)d7-.

If we are able to derive the desired estimate for |¥y (¢, s,£)|, then we conclude immediately
the desired estimate |Wa(t, s,£)|. Applying partial integration we get

Wt 5,6)] < Crlé exp (- C/: ‘ﬂ;:e_)%de) (/t exp (- C[ |£|1)259_)26d9)
<exp (~ 16 [ b0)d0)ar)

< C1|§|2U_256Xp(—0/: ’6’1)2(;)25(19)(/:6(17)exp<—0/; ‘g’bz)%de)
<0 exp (— |¢f? /Tt b(6)do) dr)

< Cl\§|202§exp<—C/t |§’20_26d9>( 17) /texp< c/
xexp(—ra%/ 0a0)[ [ o (=16 [ bioran)
<o (s [ o (— 0 [T a0 yar).

’£|20' 20

d0)

Using with a universal constant C' < 1 the estimate

T

exp (- c/: |5|;:9)25 ) < exp (= Cléf? /t b(0)do),
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here we use the definition of the elliptic zone, gives

]\I/l(t,s,f)]§01\§!2“_256Xp<—0 s tg2o—20 )(b(lt r p(—C/ts !5\;(;—)25(19>

0
>wm(—m%/%@w) + [ (1 [ ooras
)

20—26 T 20—26
xexp 0/ €l da)( ((T) <l ( ) )dr)

< C1/€]*7 % exp c/ ’5‘20 25d9) ((lt) 55 O ( —Clef® /t b(e)de)

+ /: exp ( - C\§|25/T b(a)de) ( - zl));((:)) n |£|2<(f )25>d7'>
< C1IE[27 P exp ( - c/t ’5‘20%&)) (b(lt) + /t exp ( — ¢l /tb(e)de)

/(+ 20—-26
(=i * )

Here we used that b = b(t) is decreasing and s < t. Now we consider the part

O(t,s, &) = /: exp < - ClgP” /tb(e)d9> ( - 2;((:.)) + K[EZ;)Q(S)CZT'

T

Using again partial integration we get

O(t,s, &) = —-C! /: - exp ( —Clg® /: 5(9)619) (b3(b7/_()7’2‘25 - |§z)’§z¢;6)d7

) t b (r E[P40N
—_C 1 exp ( _ 0‘6’26/7_ b(@)d@) <b3(7_()|€)’25 B ‘ b|3(7') ) s
‘§|20745

_C_l/:exp(_Cm%/:b(e)de)af(—b3(b;<)2|2§+ e )dT.

We study the first and second term, respectively. Notice that

b (r) c c 1 C
< _

PP = AObOED = Nb(t)’ b (€2 = b(r)’

the first part can be estimated by & Ok As for the second part, namely, for

t t b (1 3(V(1))? 3V (1
v (=t [ 08) (= s + s ~ o)

after taking into consideration assumption (A5) we may conclude

16" (1) 1 1 1 b2 (1) 1 b(T)
PR = PO 0+ - R R - CHnAGRED A)
B 1 Vir) _ ., V(1)
= ORI o) = V)

and, together with the estimates

B2 v (7)€
POEE = TNRG) b
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this term will be dominated by the left-hand side. Finally, we derived the following desired
estimates for |W(, s, &) and |E?L(t, s, £)|, respectively:

20—20 20—26

‘€|20' 20 |€|2a 20
!Ezl(ts,&)lSWeXp ‘C/s 0 da).

The estimates for |Uy(t, s,£)| and |E?2(t, s, €)| follow immediately. They read as follows:

a9)

t ’§|20'—25

[Wa(t,,€)| = |[E2(t,5,6)| S exp ( — C/

20—46 20—26
|b€(‘t) exp / ‘€| d9

Summarizing all desired estimates are proved. O

Remark 3.3.3. We are able to derive a refined estimate for the fundamental solution because
we use in the proof to Lemma 3.3.10 only the estimate for E'', E'2 from Proposition 3.3.7.
Both estimates are optimal with our analytical tools.

This finishes the proof to Proposition 3.3.6. O

Corollary 3.3.11. We have the following representation of solution in the elliptic zone for all
t > sand (t,£), (s,§) € Zeu(e,N) :

<\g:( t; 5) — exp ([ w(s, €)ds)

N I
M(tyf)Nl(uf)Q(t, Své)Nl (Svf)M (S7§) <Dtﬁ(8,§)> ?
where w(t,¢) = 3 (1+ gy ) (VOIE™ — 216P7 - b()|¢?).
3.3.5 Treatment in the pseudo-differential zone
Proposition 3.3.12. The following estimates hold for all t € [0,to(|¢])] :
t _181 t _181
el ae, )l < (1 +/0 b(r)dr) * Jao(€)] + (1 +/0 b(r)dr) (1 + )] (€)
for 8| > o,
t _ 1Bl4+20 t
19,6 < (1+ /0 b(rydr) (L Dlio(©)] +exp (— [¢ /0 b(r)dr ) €17 i €)|
for |3 > 0.

Proof. Let us introduce the micro-energy U = U(t, &)

Ut &) = ( o ﬁ(t,g),Dtﬁ(t,g))T forall t>0 and (t,€) € Zya(e, N).

A5 (1)
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Then the transformed equation can be written for all ¢t € (0,%0(|¢])] in the form of the system

of first order
A23 (1)

pue=| o MO |uwe, U = (V(0,), Dia(0,6))" .

=

lﬂ%jz\\/%(t) ib(t)\f]%

Thus the solution U = U(t, &) can be represented as U(t,&) = £(t,s,£)U(s, &), where E(t, 5,§)
is the fundamental solution, that is, the solution to the system

()
A26 (t) - N
%

N
0E(ts, &) =| aBw W et,5,6), Es,5,6) =1 (3.3.5)

P)
5
. QO'AL

Z|§\ N% ) —b(t)‘ﬂ%

forallt > s and (t,£) € Zpa(e, N). In the following statement we set s = 0.

Lemma 3.3.13. The entries E¥(,0,&), k,1 = 1,2, of the fundamental solution £(t, 0, £) satisfy
the following system of Volterra integral equations :

11 _ 1 - N ! 21
EMN(t,0,¢) = O +ZA(t)5'5/o £(7,0,8)dr,
E21(t,0,¢) = i /t N (7, A (T)25 EM(7,0,€)dr
e N)\Q(t,f) 0 Y D )
12 I N ! 22
£20.9 =inoe [ %m0

£2(1,0.6) = 5+ i 147 /tx% EA(r) 5 E2(r,0,€)dr
o )‘Q(tvé) N)‘Q(tvf) 0 ’ Y 7

where \2(t, &) = exp (€[ [ b(s)ds).
Proof. The statements follow by direct calculations. O

Now let us estimate the modulus |EFL(t,0,€)], k,1 = 1,2, of the entries of £(¢,0, €).
Lemma 3.3.14. We have the following estimates for all t € [0, to(|¢])] :

<|811(t,0,§)| |512(t,0,§)|>< AT (1) (1+ 1A% (t)
£216,0,9)] 1e21,0,91) ~ \(1+0A750) exp (¢ Jrp(r)dr) )

Proof. We have

1
AT, €)

t T
A@)FEM(2,0,6) =1 — |¢|* /0 /0 N2(s,)A(5) 3 EM (5,0,€)dsdr,

hence,
A(s, &

AT, ¢

ADFEN(1,0,6) <1+ ¢ /0 t /0 ' §|A<s>z°a5“<s,o,s>|dsdr
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If we denote o(t,&) = A(t)25EML(t,0,€), then we conclude from the about system

t T
P16 =1 /0 /O €27 (s, ) dsdr.

t T
!w(t,é)\su/o/o €127 |p(s, €)|dsdr.

Applying Lemma 10.1.6 from the Appendix to

hence,

t T
oL, )] < 1+ [ / / (s, 6)|dsdr,

where
t T
o(t, &) = ASs (H)EN(£,0,€), it follows |A%(t)511(t,o,g)|gexp(// |§|2"dsdr).
0 JO

Applying Lemma 3.3.1 gives

[
| [ ieasir < cigira a2 < O
0 JO

So we may conclude that
EM(t,0,8)] < CA(t) %,

Now we consider

21 ’§|20 N(7,€) Z o1l
E4(t,0,¢) = N/ /\2( 3 A(T)26E(1,0,8)dT
By using the estimate for |E1(¢,0, £)| we have
21 e o 011 20 c
260,91 < 5 [ INGFE 0,07 < Cle (0 +4) < Lo

In this way we obtained
[£24(2,0,6)] < C(L+H)A(t)75.

The representations for £!? and £%2 imply

E22(t,0,¢) = AQ& 3 Af':z / / N (1,6)E%%(s,0, &) dsdr.

Hence,
X087 (10, =1 - g [ / T N(r,€)E%(5,0,€)dsdr
\§|2°'/ / X, 5 s,£)E%2(s,0, &) dsdr.

As in the previous step we estimate as follows :

(1, )€ (1,0,6)] < 1+ [¢* / / N2(s,€)E%2(s, 0, €) | dsdr.
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So we see that after setting ¢(t, &) = M\2(t,£)E%(t,0,&) we are able to apply Lemma 10.1.6
from the Appendix. In the same way as we did it for £1(¢,0,¢) it follows immediately
IN2(t,6)E2(t,0,€)| < C, thus

1E2(t,0,¢)| <

)\2(015,5) < Cexp(f €% /Otb(f)df).

In a similar way we also get

8l

[€12(t,0,6)] < C(L+HA(t) 2

This completes the proof. O

Now let us come back to
U(t€) = £(1,0,0)U(0,€) forall ¢ € [0, to(I])]. 3.3.6)

Because of |£]7]u(t,&)| < A(i\)[% |a(t, &)| by using the definition of the pseudo-differential zone

we conclude for the elastic energy and the kinetic energy of higher order the estimates from
(3.3.6) and Lemma 3.3.14. The following statements can be concluded:

€17 la(t, ) < NA() ™5 [a(t, §)| < £ (t,0,)[|Nio ()] + [€2(¢,0,€)]141(£)((3.3.7)
< COA(t) ™5 [iag(§)] + CA(E) ™% (1 + 1)] @ (€)]- (3.3.8)

For the kinetic energy we may conclude
(£, €)| < [E21(£,0,8)[| N (§)] + |E22(¢, 0, )]0 (€))] (3.3.9)
t
SCAO T+ Dlin(@)] +e (— € [ brar) i@l (3310

This completes the proof of the Proposition 3.3.12. O

3.3.6 Gluing procedure

Now we have to glue the estimates from the Propositions 3.3.2, 3.3.4, 3.3.6 and 3.3.12. If
we consider the set M), := {{ : |{] > p}, then it is clear that an exponential type decay for the
higher order energies follows from Proposition 3.3.2 under the usual regularity assumption
for the data from the Cauchy problem for o-evolution models. Thus the interesting case is
to glue all estimates for small frequencies, let us say for {£ : || < p}, where p is sufficiently
small. In this case all the zones restricted to small frequencies are unbounded.

Lemma 3.3.15. The terms with phase functions have no meaning in the pseudo-differential
zone, that is, it holds

Proof. By applying the definition of ¢y(|£|) we conclude

(i€ to(lé))
\gy%/O b(r)dr < 15\25(1+/0 b(r)dr) < N.
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After taking into consideration assumption (A5) we have for the second term

tole) 1 to(l€l) 1 4 7
520—26/ — dr<C f 20—25/ dr.
d 0 b() d 0 A(r)

Taking account of the condition 1 + ¢t < C'A(t)® from our assumption (A6) and the definition
of Zyq(e, N) we get

to(l€) 1 to(I€]) to(€1)
’€|2026/ — dr 5 §|2cr25/ A(T)aildT S ‘€|2026/ |§|72§(a71)d7_
0 b(7) 0 0

SIEPT2 (L4 to(I€])) S IEP7 At (€)™ S I€~ 4 S 1.

This we wanted to prove. O

Due to this statement it is allowed to extend the integrals in the phases from Proposition
3.3.6 Now we have to glue the estimates from Proposition 3.3.12 for t = t(|¢|) and from
Proposition 3.3.6. Therefore we need the following statement.

Lemma 3.3.16. Let b € S, with a € (1, 55]. Then the following estimate holds for the sepa-
rating line to(|¢|) between the elliptic zone and the pseudo-differential zone :

1

a— 1 26— 2604

Proof. Applying assumption (A5) we may conclude

L _den(e) o1 B
B (ED) ~ Alo(el)” " baogay < (4 lED)AL(ED)

Using the classification for b € S, from (A6) we get

o 25260,

This gives the desired statement. O

Using this lemma we conclude as follows:

Corollary 3.3.17. The following estimates hold for all t € [to(|€]), t1(|€])] :

t 20—20
a6 S e (= € [ T =ar) (161101 + 16125 @) or 1512
\5!'%@ 3]
\fIQ" 25 18| +20—25 18| +20—25—25a| 1
S exp ( i (€ ()| + [¢ i (€)1

+exp(—|s\25 /0 b(T)dT) 61172725 (6] 4 ¢l an (€)]) - or [8] > 0.

Proof. Let us begin to estimate |¢|I8l|a(t, £)|. The statement of Proposition 3.3.6 implies
t ’5‘20726 ‘§| Bl—26

184, < ex - C
Mol sexe (-0 | S bltol€])

dr ) (161 attolg)). )] + e(to(l€]).©)]).
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Using the estimates for |¢]/®l]a(to(|€]), €)| and |i(to(|€]), €)| from Proposition 3.3.12 we have

20—26
€/t )] S exp ( ~C / . e dT)( (to(1€D) ™% [0 (€)] + Alto(I€]) ™=

\B\+

“ (L + to(€])
(to(\ﬂ))

Taking account of 1 + #4(|£]) < A(to(|€]))™ from (Aé) we get

Alto(l€D)

|8]—26
<1+t (§)] + 0()] + 15[ (€)]).

b(to(I€1))

t ’5‘20726

&Mt )| S exp (- C ar) (AltoI€N) ™ o €)] + Alto(I¢)~ 5 2 (€)|

to(lel)  b(T)
At~ 5 e e
S G+ ey )

The statement of Lemma 3.3.16 implies

t |§|20—26

et )| S exp (- C ar) (AltolI€) ™ o €)] + Alto([€))~ 5 +2]aa €)|

to(lel)  b(T)

|B]+20—26

+A(to(l€]) B T ao ()] + A(to(lﬁl))a_l|€I'B'_2‘§\ﬂ1(€)l)-

After using the definition of ¢y(|¢]) and Lemma 3.3.15 we conclude

20—28
it e (- € [ ELZZar) (1 aote)) + k17 asce)

172740 g ()] 4 |«s|'ﬂ' 25a|u1<s>|).

Summarizing we have shown

20—26
€17, €)1 < e ( / LT ar) (1l 1aot@) | + 1172 i €)).

In the same way, the statement of Proposition 3.3.6 implies

N t ‘§|20—25 1 s
1Pt ) 5 exp (~ € Wwile) b(T) dr) i (€172 lateo(l€)) )
Mﬂ ex . 20 ! dr |B|ﬂ
+ b(to(€])) | t(to(lél),é)\) + p( Clg| /to(|£|) b(t)d )|§| |a (to (1€]), €)).

The estimates for [£]181]a(to(|€]), €)| and |y (to(|€]), €)| from Proposition 3.3.12 yield

t ‘5’20725 18]+20—25

df)b(lt)(moasn) G

\B\Jr

18114 -
Mol e (-C [

FAo(IED)F (Lt i (0)] + D

e[l s [
gay 1) +ew (e /to(|£|)

el (€)1).

" (1+ to(J€))
to(‘fD)

b(r)dr ) (Alto(I€)~

|0 (§)]

55 (14 to(€])) o (€)|
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Taking account of 1 + to(|¢]) < A(to([€]))™ we get

|£’20—26 18]420—26

|5||B|Wt(tv§)|§e"p(_c/t o b dT)b(lﬂ<A(to(f|)) 2w ug(§)]
)~

Alto(g))~ "2
b(to(€])) b(to(1€]))

+exp - [¢* /M b(r)dr) (Alto(1€1) =5 2 ao(€)| + I Wi () ).

“+a ’§|\ﬁ\+2a—4é

[io(§)] +

|ﬂ|+20 25+

+Ato(l€])) “Jin (€)] + i1 (€)!)

The statement of Lemma 3.3.16 implies

t |£‘20—25 \5|+2ff 28

~ 1 28
|§]|5|\ut(t,§)|§exp(—0 e dT)@(A(tO(KD) i (&)

|B8]+20—26

FAto(IEN) B (€)] + Alto(1€)))
+A(to (D) g2 (6) )

+eXp(— §|25/t

to(I€])

\5|+;1:57745 +20-1 |ﬁ0 (5) |

b(r)dr ) (Adto(1€D) ™5+ lao(€)| + ¢ [ar €)]).

By using the definition of ¢y(|¢]) and Lemma 3.3.15 we may conclude

’€|20' 25
€18 (¢, €)] S exp

(m'ﬁ'”g Bliig &) + [¢]ITH+27=20-20 gy (¢

el -t >|+|§|'5'+2" 23252 (¢) )

e (=162 [ bir)ar) (1619427250 (©) + 61 (€)).

Summarizing we have shown the inequality

’€|20' 20

) b(lt) (Ie17+27= 20 g ¢)] + [¢]PH+2—20 =200y g

+exp (- [ /0 b<¢>d7) (lglor2o=25 g (€)] + ¢ Wi (6)1)-

This completes the proof. O

i (1,)] < exp (— € /

Taking account of the Propositions 3.3.2 and 3.3.4 we obtain the following statement :

Corollary 3.3.18. The following estimates hold for all t € [t;(|£]), o0) :

et )] S exp (- ‘i'f / b)) (161 ates (€D, €)1+ 117 el (€1, 1)
for 18] > o, (€D

&k, )] S exo ((~ ‘i'f / b)) (16 €D, + €1l (€1, 1)
or 151> 0. 105)

Finally, we have to glue the estimates from Corollary 3.3.17 for t = ¢1(|¢|) and Corollary
3.3.18.
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Corollary 3.3.19. The following estimates hold for all t € [t1(]]), o0) :

) ‘§|20725

|§’|/Blm(t’£)| < exp ( _ (j’/{fl(|§| o) d’]’) exp ( — ’Efé /tlt(§|) b(T)d7'> (’f“ﬁlmo(ﬁ)’

181250 Pt (eIl o200 1Bl0 5
el 7=22ay )) + exp (- =, /0 (ryar ) (I¢ a0 €)] + I[P @ (€)1

for [8] > o,

) |€|20—26

t1([¢] 26t
1618 |a (2, €)] < exp ( _ C/O o) dT) exp ( — ‘€4|1 /t @ b(T)d7'> (\fllﬁ\wmo(ﬁ)‘

1Bl+o—25a; P i) (el 202601 1811
+el @)l +exp (= S [ amar) (i a0(€)] + 1€l (€)))
for |3 > 0.

Proof. Let us begin to estimate |¢|1?l]4(t, €)|. The statement of Corollary 3.3.18 implies

26 ot
1) < exp (51 / o ) (€11, )1+ €17t (2D, 1)

Using the estimates for |£[1P!|a(t1(|€]), €)] and | (t1(|€]), €)| from Corollary 3.3.17 we have

184 < ex _@ t b(rdr)exp ([ = C tl(m)wd 18114
it S exp (S [ sir)esp (— 0 [T ) (6 iote)

sty (17T a1+ 161752 1))
26 t
+exp (= 2 [Cotmyar) (167 2=lan©)] + 17 1in ().

+g ]P0 4 ()] +

By using the definition of ¢1(|¢]) we may conclude

) |§|20—25

€18t €)] < exp < _ C/Otlﬂé o dT) exp ( — ’gfé /t:(ﬂ) b(T)dT> <’f“’8‘|ﬁo(§)’

1
el )) +exp (1 /0 (ryar) (Je1PH 2 )] + €19 an ©)).

In the same way, the statement of Corollary 3.3.18 implies

20 t
61, ) S o (=55 [ otmar) (11D, 91 + €17t (1D, 1)

The estimates for |£]/8l)a(t1(1€]), €)] and |a(t1(|€]), €)| from Corollary 3.3.17 yield

b€l |g20-20 2t
€1y (£, €)| gexp(—c/o |€L(7) ar) exp (- ‘i/t(ﬂ) b(r)dr ) (Il o ¢)|
1

e 6727 a0 )] + 16117127220 i g)] ) )
26
+o (=L [Cbrar) (16174225 1a©) + 61 (€)).

+g[1F ey (€)] +
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Applying the definition of ¢1(|£]) gives

|£|20—25 |£’26 t o
i) e (= [ o) (i )

B1+0-25a 4 o (= E [ yimyar) (120250 4 811
+el n©)) +exp (= S [ orar) (e a0(€)] + 1€ (©)]).

Bl ta (I€)
it €)) S exo (=€ [

This completes the proof. O

3.3.7 Energy estimate
For large frequencies we may use the estimates from Proposition 3.3.2. They imply an expo-
nential type decay. This we will show in the following statement.

Corollary 3.3.20. For large frequencies |£| > p the following estimates hold for all t € [0, o)

€lNa(t, )] < exp (— CA+t)=) (|€]ao(€)] + []P1=7]an (£)

) for |B]>0,
€181 g, €)| S exp (= C(1+6)) (1€ (6)] + 1€ an ()]

) for |8 > 0.

Proof. We use fg b(r)dr ~ 1+ f(f b()dr for large t. So, we get for large time ¢ the estimate

€17a(t,€)| < exp (= CA®) (11 a0 (€)] + €171 |a1 (€)]).-
The inequality 1 4+ ¢ < A(t)® from our condition (A6) gives
€t &) S exp (= CL+0)=) (1€ Miao()] + [t (9)])-

In the same way, we derive

€12y (t, €)] < exp (— CA(L)) (1] a0 (€)] + [€]PMa (€)])
Sexp (= C(1+ 1)) (1€ ao(€)] + €] (€))).

Both estimates yield the exponential type decay. O

So we restrict ourselves to small frequencies. To derive the corresponding energy estimates
from Corollary 3.3.19 we shall estimate the term

t(lEh) q 25t
S(t [€]) = ]f\rexp<—Co\§]20_26/0 %df) exp(—@/t(mbmdf).

This term explains the competition of influences from different phase functions.

Lemma 3.3.21. If the constant Cy is sufficiently small, then

! b1 ~3oT3s
< r _ 20—-20 - < 20—25
5,16 < e {1l exo (= ol [ osar) b (14 [ gosar) for >0,
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Proof. First we show that the first partial derivative Ji¢.S,(t,[£]) is negative for || < e,. For
this reason we calculate

95016 = 5,101 (1 — Cotao 20> [ L ar
—CulePe e digtle) - TP [ :(m b(r)dr + lePb( (1)) (€))
< (1 161) (g + (F1E000106D) = Cole2 2 s—mrs i (€ )

From
(01 (161)) = 201 + I €272 s = sl

and after choosing the constant Cy sufficiently small we see, that the term |£[29b(¢1(|¢])) dom-

inates the term Cdé]QU—Qém. Atfter differentiation we get

digt1(IEDY (t (1€ IE~7 + (26 — o) €[~ b(t1 (1€])) = O,

o — 20)b(t 20—0-1
st - I

respectively. Using the assumption —% < C% from (A5) implies

(o — 20)A(ta (IEN)IE* 7"
Co(tr(IEN)IEPo=7

digit1(1€]) < —

The increasing behavior of the function A(t) and the definitions of ¢y (|¢|) and t1(|¢]) give

dgti(€]) < 5 (0 — 20)6% -7 Alto(JE]) < — 5o — 20)Vle] 1.

Moreover, for a fixed r the term % is dominated by the negative term

1 1 _
1If\%b(tl(lfl))dmtl(Ifl) < - gl —20)N[¢] '
if we choose N large enough. In order to complete the proof it is sufficient to study small
frequencies with || < e,.. For [£| > &, we have an exponential type decay from the hyperbolic

zone. Let us now fix ¢ > 0. Then the above term takes its maximum for the |§\ satisfying
t =t1(/¢]). For t = t1(|¢|) the second integral vanishes in S,(¢, |£|). Consequently,

o, ras fHLED
5,161 < 5.1 00 ) = 16" exp (1™ [ car)

< max (e (i [ L)} s (1 [ phar) T

In this way the lemma is proved. O

By Corollary 3.3.19, Lemma 3.3.21 and Proposition 3.3.12 we obtain the following result:
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Corollary 3.3.22. The following estimates hold for small || and for all t € [0, 00) :

Pl &) s (1+ /0 tb(lﬂd) =5 (&)l + (1+ / *df) o)
—I—(1+/Otb(7)dr>_6+g’;26a 1+/Otb ()] for 18] o,
Pl (14 [ gar) el + (14 [ )T la

|B]+20—26c 181

+(1+/Otb(r)dr> g \ao<£)!+(1+/0tb(r>d7) Play(€)| for 18] > 0.

3.3.8 Conclusion

Taking into consideration Corollary 3.3.20 with the exponential type decay estimate for large
frequencies, Proposition 3.3.12, Corollary 3.3.17 and Corollary 3.3.22 for small frequencies
we may conclude the following statement. Here on the one hand one has to pay attention
that the estimates from Proposition 3.3.12 are dominated by the estimates of the Corollaries
3.3.17 and 3.3.22.

Theorem 3.3.23. Let us consider the Cauchy problem (3.3.1), where the coefficient b = b(t)
satisfies the conditions (A1) to (A6). Additionally, limsup, , (1 + t)A(t)"25 = 0. Then the
solution u = u(t, x) satisfies in the case ¢ € (0,0/2) the following estimates for the energies of
higher order :

8 ) t 1 _ 18I t _ I1Bl+o—26c )
. < - 7
19 7u(t, )13 S max { (1+ /0 ) (i /0 b(r)dr ) Jeaoll e
|Bl=0o t [B]=26c
) 1 T o=5 2
_— >
+ max 1+/ b(t)dr ) ,<1+/0 o )dT) }HulHH‘m_(, for |B| > o,

_|BlH+20—26c

ot s e[+ ') 0 L) Yt

|B]|+o—26c

e { (1 [oar) (14 [ psar) T Yl for 18120

Remark 3.3.4. The estimates for the energies of higher order show the parabolic effect for
the solutions to the Cauchy problem (3.3.1). The maximum of two decay functions in the
estimates explcins that we have in general no decay behavior of the classical elastic energy
[VPu(t, )||2, for | 8] = o and of the classical kinetic energy ||us(t,-)[|2..

Remark 3.3.5. If we set formally o = 1 and b(t) = (1 +¢)~7, v € (0,1 — 24) in the estimates

from Theorem 3.3.23, then o = ﬁ, and we get the estimates from Theorem 3.1 in [20].
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3.3.9 Some examples

Typical examples for coefficients b = b(t) are
bu(t) = p(1+1) 7 (logle+1)) " - - (log["}(e[n} +1))" "™, with nonnegative

7= 25). We use, log[o](x) =z e%=1 and

4 i, i=1,- - -, and v € (0,

log"*1)(z) = loglog" (), e} = ",

9=20), then b = b(t) satisfies the

g

Example 3.3.1. If we choose b(t) = (1+1t)77, v € (0,
assumptions of Theorem 3.3.23. Consequently, the following estimates for the energies of

higher order hold :

_ 18147 (18— =Y (18] 28 1ty
IVPut, Y72 S (T+8) " = JluollZ +(1+t)ma><{ (181-0) 52~ (18| M)H}llullliﬂm—a
for |B] > o,
_ + 1+ _ 1_7'7’, + _ 25 14~
||V5ut(t,-)||%2 < (1+t) (18] a)”*‘SHU()||§{|B|+U+(1+t)max{ 181 =51, —(18]+o 177)075}”“1”?{%

for |8 > 0.

Example 3.3.2. We choose b(t) = (1+t) 7 (log(e+t)) ", with v € (0, 2=2) and nonnegative
~v1. Then b = b(t) satisfies the assumptions of Theorem 3.3.23. Consequently, the following

estimates for the energies of higher order hold :

IVPu(t, )7 <
18l 7\5\+07%
max{((l+t)1+7(log(e+t))%) 076, ((1+t)1—7(log(e+t))_%> ° }HUOH?{IBI
1BI- 2 _Bl=o
rmax { (1+ 0 (logle+0)™) 7 (140! (logle +0) )T Ml
for |B| > o,
IV ur(t, |7 S
_IBl+o _lsi+2o- 25
max{((l+t)1+7(10g(e+t))71> = <(1+t)1*7(10g(e+t))_71> ° }HUOH%HB\
7\ﬁ\+07% 18
(A0 (ogle+0) )T HiulZs

+ max { ((1 + t)1+7(log(e + t))%)
for |B] > 0.

Now let us devote to the second case limsup, . (1 + t)A(t)~25 = co.In this case we divide

the extended phase space only into the hyperbolic zone Zj,,(¢), the reduced zone Z,.4(¢)
and the pseudo-differential zone Z,4(¢, N) (see Figure 10.3 in the Appendix).
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3.3.10 Treatment in the hyperbolic zone

Proposition 3.3.24. The following estimates hold for all ¢ € [t2(|¢]), o0), where t2(|£]) = O for
large frequencies :

2t
6191 o (= 67 [ veyir) (166D, 01 + 167 e, €))
for |B| > o,
2t
1. S e (= 5 [ otrar) (617 la(D, 91 + 170D, )
for |5 > 0.
Proof. The proof is the same as the proof to Proposition 3.3.2. O

3.3.11 Treatment in the reduced zone

Proposition 3.3.25. The following estimates hold for all t € [t1(|£]), t2(|€])] :

2t
6191 e (~ 7 [ veyir) (16D, 01 + 167 ). )
for |B| > o,
2t
1.0 S e (= 55 [ ot (617 1,91 + 7t 1D, )
for |5 > 0.
Proof. The proof is the same as the proof to Proposition 3.3.4. O

3.3.12 Treatment in the pseudo-differential zone

Now let us discuss the behavior of the solution in the pseudo-differential zone

Zuule.N) = {(.6): 2157 > 11 ¢ and AIE < N,

The separating line between the reduced zone and the elliptic zone from Section 3.3.1 is
defined by @m%_" = 1+ . The separating line between the pseudo-differential zone and
the exterior of the pseudo-differential zone is defined by A(#)|¢|?* = N. If limsup;_, (1 +
t)A(t)~25 = oo, then for large time t > C >> 1 the elliptic zone Z;(e, N) is contained in the
pseudo-differential zone Z,4(¢, N). For this reason it is allowed to continue the integrals in
the phases from Propositions 3.3.24 and 3.3.25 because due to Lemma 3.3.15 phases have
no meaning in this zone. Moreover, the phase coming from the reduced zone dominates that
one coming from the hyperbolic zone.
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Proposition 3.3.26. The following estimates hold for all t € [0,t1(|¢])] :
25t
1.9l S e (= 5 [ omar) (16110 + 16177 lan(@)]) for 1512 o

26 t
1,01 S exp (~ 1 [ otryar) (1697 ao(@)] + 1M @) for 18120,

Proof. We introduce the micro-energy

U(t,€) = (1€]7a(t, €), Dyar(t,€)) " forall ¢ [0, (J€])].

We obtain from (3.3.1) the system of first order

DU(t,€) = A(t,§)U(t,€),

_ (0 9
A(t,€) == <|§’U ib(t)\g]%)' (3.3.11)

1
U e
OIGEEG !

here we use the first condition in the definition of the pseudo-differential zone. Hence,

where

We have

1A Ol < b(1)le* S b(t)El”,

to(€]) to(€])
/0 JA(r.€)ldr < / b(r)|E[Pdr < (6P At ((€]) = N.

We can write U(t,&) = E(t,0,8)U(0,¢), where E(t, s,€) is the fundamental solution, that is,
the solution of the system

DtE(ta S:E) = A(t7§)E(t737’5>7 E(S,S,{) = IQ? t>s and (t,f) € Zpd(ng)'
Then we get

to(€1)
B sl <en( [ A elar) <.

Finally, we obtain the following estimate for the transformed micro-energy U(t,&) in the
pseudo-differential zone for all ¢ € [0,¢1(|¢])] :

veolscrool |5 <ol (S| for te e,

respectively, with a constant C' which is independent of ¢ € [0, y(|£])]. Consequently, by using
the fact, that phases have due to Lemma 3.3.15 no meaning in the pseudo-differential zone
we derived for | 3| > o the a-priori estimates

20 t
1o S e (= B [ btnyar) (16 au(©)] + 167 a0,

In the same way we conclude for |3| > 0 the a-priori estimates

20 t
1,1 S exo (— 1 [ btryar) (1P lao(@) + 611 ).

All desired estimates are proved. O
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3.3.13 Energy estimates

Using the Propositions 3.3.24 to 3.3.26 we obtain the following result :

Corollary 3.3.27. The following estimates hold for small frequencies || and for all t € [0, o0) :

18] [B]—c

€18, &) < (1+/()tb(r)d7)_%|ﬁg(f)’+ (1+/(]tb(7')d7'>_ “ag(€)| for |8 >,

[Bl+o _ 18]

|£|Bl|at(t7§)\§<1+/Otb(7-)d7) & |a0(5)\+(1+/0tb(7)d7) Flay()] for (] >0.

For large frequencies we may use the estimates from Proposition 3.3.24 because t2(|£]) = 0.
We will show in the following statement that in this part of the extended phase space we
conclude an exponential type decay.

Corollary 3.3.28. The following estimates hold for large frequencies and for all t € [0, 00) :

e at, )] S exp (= CA®) (1€ Mao(€)| + 1617l (€)]) for 18] =0,
&P an(t, €)1 S exp (= CA®) (1€ ao(©)] + g WNan (€)]) for 18] = 0.

3.3.14 Conclusion

Applying the Corollaries 3.3.27 and 3.3.28 we obtain the following result.

Theorem 3.3.29. Let us consider the Cauchy problem (3.3.1) under the assumption
limg 00 (1 + t)A(t) "2 = oo, where the coefficient b = b(t) satisfies additionally the conditions
(A1) to (A5). Then the solution uw = wu(t,z) satisfies in the case § € (0,0/2) the following
estimates for the energies of higher order :

t _@ ) t _ \5\(;0 )
IVute e S (14 [ bar) ol + (14 [ wmar) "l
0 0
for || = o,
) t _1Bl+e ) t _@ )
IVt s < (14 [ o) ol + (14 [ br)dr)” ualin
for |8 > 0.
Remark 3.3.6. If we set formally 6 = § in the estimates from Theorem 3.3.29, then we get

the estimates from Theorem 3.2.5.

Remark 3.3.7. If we set formally o =1 and b(t) = (1 +¢)77, ~ € [1 — 24, 1] in the estimates
from Theorem 3.3.29, then we get the estimates from Theorem 3.2 in [20].

3.3.15 Some examples

Example 3.3.3. We choose for example b(t) = (1 +t)~7 with v € ["‘TQ‘S, 1]. Then b = b(t)
satisfies the assumptions of Theorem 3.3.29. Consequently, the following estimates for the
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energies of higher order hold :

o — 20
v € [ ,1) :
_ 18— _UBl=) (1=
IVPu(t,)||7. < (1+1) ||U0||§m\ +(1+1) ° ||U1qu\m—a for |B] > o,
5 _ (Bl+o)(1—7) ) _ 18- )
HV w(t, )7 S (1+1) o wollzpsiee + (L4+8) " 5 fuallfs for |8l >0.
=1:
5 ) _lal 8l )
||V ut, )72 S (logle+1)) ™~ % Jluoll5s + (logle +1) 7 [lual3s- for |8 >0,

_IBlte _8l
IV7ur(t, )72 < (logle+1) ™5 lluoll e + (logle +1) ™7 [lur|Fps for |8 > 0.

Example 3.3.4. We choose b(t) = (1 + t)~7(log(e + t))_l(log[z](em + t))_l with ~ €
["_725,1]. Then b = b(t) satisfies the assumptions of Theorem 3.3.29. Consequently, the
following estimates for the energies of higher order hold :

o— 26
o

’)/E[ ,1):

I9°u(t, )32 S (1417 (og(e +1) ™ (log® (e + 1))~ )‘5uuoHHw

+((1+t)1—v(1og(e+t))*1(1og[21( 2 4))” 1)_ = [uill 31— for || >0,
_ 1Bl+e
197t )12 S ((1+0)' (log(e +1) ™ (o (e +6) ™) lluollfaro

181
5

—I—((l + )77 (log(e +t))_1(log[2](e[2] + t))_l) Hu1||§{‘3‘ for |B] > 0.

vy=1:
7‘% 7“3‘% 2
IV%u(t )2 S (1og (e +1)) ™ ol + (log® e +6) 7
for |B| > o,
. _18l+e ) _I%\
192wt )22 S (1085 +6) T HuollZparo + (108 (e +) 7l
for |8 > 0.

3.4 Time-dependent strictly decreasing dissipation — § € (¢0/2, 0]
In this section we consider for o > 1 the model

{ Ut + (—A)UU + b(t)(—A)%t =0,
(3.4.1)

w(0,2) = ug(z), wu(0,2) =:ui(x), o>1, §€ (/2,0

After partial Fourier transformation we obtain the Cauchy problem

Qe + €270+ b@®) [P0 = 0, a(0,€) =a0(€), w(0,€) =a1(£), J€ (a/2,0]
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3.4.1 Division of the extended phase space

We divide the extended phase space into the same zones as in Section 3.2.1. But there is a big
difference in the geometry and localization of these zones. If we consider the most interesting
part {(t,€) : |&] < po}, where py is sufficiently small, then this part is completely contained in
the hyperbolic zone, in other words, if a point (¢, £) belongs to one of the other three zones we
have |£| > po with a suitable positive py. Moreover, the pseudo-differential zone degenerates
to a compact set of the extended phase space. For this reason we have only to study the
behavior of solutions in the hyperbolic zone, the reduced zone and the elliptic zone. The
separating curves t1(|€|) and t2(|€|) are defined as in Section 3.2.1 (see Figure 10.4 in the
Appendix).

3.4.2 Treatment in the hyperbolic zone

Proposition 3.4.1. The following estimates hold for all t € [t2(|¢]), 00), where t2(|£]) = 0 for
small frequencies :

Bl N 18114 181-04
&Mt ©) S exp (- = /M o(r)dr ) (1M ata(1€)), )] + €717 (t2(1¢)), €)1
for |B| > o,
26 t
e 0 s e (= [ veir) (1670, 01 + el )
for || > 0.
Proof. The proof is the same as the proof to Proposition 3.3.2. O

3.4.3 Treatment in the reduced zone

Proposition 3.4.2. The following estimates hold for all t € [t1(|¢]), t2(]€])] :

& at, )] S exp (- ‘ﬂ% / by (161 ater (€D, €)1+ 117 el (€1, 1)
for ||, 1(€)

€191, )] S exp (= L / Cbrar) (16 €D, + €1l (€1, 1)
for |80 1(1€D)

Proof. The proof is the same as the proof to Proposition 3.3.4. O
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3.4.4 Treatment in the elliptic zone
Proposition 3.4.3. The following estimates hold for all t € [0, ¢1(|¢])]

20— 2(5

it S e (- € [ ELZar) (1 aofe)) + i1 an@)) for 1912 0
20’ 26

e, )) < oo (-~ [ L ’f‘ ) (11 ao©)] + 16117 s 1)

26
rew (-5 [ b(r)df)m'ﬁ'ml(m for 18] 0.

Proof. The proof is the same as the proof to Proposition 3.3.6. But here we apply the definition
of the elliptic zone to estimate some terms to above. This is reasonable because the difference
of regularity of the data is already given in Proposition 3.4.1. O

3.4.5 Gluing procedure

For large frequencies we have to glue the statements from the Propositions 3.4.1, 3.4.2 and
3.4.3. We are able to extend the estimates from Zj,,,(¢) in Proposition 3.4.1 to Z,.4(¢) in
Proposition 3.4.2. For this reason we obtain for t > ¢1(|¢]) the following statement :

Corollary 3.4.4. The following estimates hold for all t € [t1(|¢]), 00) :

4ot S oo (= 55 [ airrar) (1ot e 0+ 16177l D). )
or 18130, 1(1€D)

&k, )] S exp 'i'f / b)) (16 €D, + €1l (€1, 1)
o bo 1 (€D

Finally, we have to glue the estimates from Corollary 3.4.4 and the estimates from Proposition
3.4.3 for t = t1(|£)).

Corollary 3.4.5. The following estimates hold for all t € [t1(|£]), c0) :

1811 e ez (M0 1
i o) S e (— 55 [ vrar) esp (- clePr | dr)

br)
8114 Bl-o|; LTS AR Yy R
(16170 + €177 1an(©)1) +exp (= 5= [ wir)ar) el 7l (o)
for |81 >0,
Bl . - ﬁ t . B t1(1€l) |§|20—25
il S ep (~ 5 [ o) e (o [T Ear)

20 t
(16171 + 61 an @) + exp (~ 1 [otryar) (o)
for |3| > 0.



58 3 Time-dependent strictly decreasing dissipation

Proof. Let us begin to estimate |¢|!%l|a(t, €)|. The statement of Corollary 3.4.4 implies

26 ot
€17a(e,€)] < exp (1 / o, ) (€17, )1+ €17t (2D, 1)

Using the estimates for |£[12!|a(t1(|€]), €)] and | (t1(|€]), €)| from Proposition 3.4.3 we have

184 < _@ ' b(r)d —-C nlieh |£|20_26d 1814
€7t S exp (5 [ i) e (=0 [ R (il o)

26 t
el lan(@)1) + exp (- - [otrar) el o)

In the same way, we conclude

185 < ex _@ ' b(r)d <o — C neh ’5‘2072661
i1 S exp (S [ o) e (e [T Eear)

20 t
(17l ©)] + 161 an(©)]) + exp (1 [ biryar) (o)

This completes the proof. O

For small frequencies we may use the estimates from Proposition 3.4.1 because t2(|£|) = 0.

Corollary 3.4.6. The following estimates hold for small frequencies and for all t € [0, 00) :
25 gt
1.9l S e (- 5 [ smiar) (16110l + 6177 an(@)]) for 1512 o

26 t
11 S exp (= 55 [ werrar) (1174 lao(@) + 117 for 181 2 .

3.4.6 Energy estimates

To derive the corresponding energy estimates from Corollary 3.4.5 for large frequencies we
have to estimate the term

t

t1(l¢)
exp ( - C/O b(lT)dT) exp ( -4 /t1(5|) b(T)dT).

This term explains in this part of the extended phase space the competition of influences from
different phase functions.

Lemma 3.4.7. To a given positive constant C' we can find a sufficiently small positive constant
C such that it holds for large time t

. ( B C/Otl(SD b(17-)d7> exp < — /:(KD b(T)dT) Sexp (= CiA(1)).

Proof. Using the decreasing behavior of b = b(t) implies for large time ¢
1
b(t)

t(leh) 1 t1(1€])
< —C1b(t), hence, —C'/ ——dr < —Cl/ b(r)dr.
0 0

¢ b(r)
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By applying the definition of A = A(t) we get

C nie 1 dr < C A d C t b(r)dr = C1(A A
_ /0 iy < O = (e, and - 1/tl(|w (r)dr = C1(A(t1(€]) — AH))-

In this way the lemma is proved. O

From Corollary 3.4.5 and Lemma 3.4.7 we obtain for large frequencies the following state-
ment about “an exponential type decay” for large frequencies.

Corollary 3.4.8. The following estimates hold for all t € [0, 00) :

& at, €)1 S exp (— CAW®) (1€ Mao(€)] + 1617l (€)]) for 18>0,
&1t €)1 S exp (= CA®) (1€ ao(©)] + g Nan ()]) for |8l > 0.

For small frequencies we may use the estimates from Corollary 3.4.6.

3.4.7 Conclusion

By Corollaries 3.4.8 and 3.4.6 we have the following result.

Theorem 3.4.9. Let us consider the Cauchy problem (3.4.1), where the coefficient b = b(t)
satisfies the conditions (A1) to (A5). Then the solution uw = w(t,x) satisfies in the case § €
(c/2, 0] the following estimates for the energies of higher order :

t _\% t _\/3\5—0
IVu(t ) S (14 [ oar) ol + (14 [ 6mar) 5 B
for |B] > o,
6 t 7% 2
9t e (1 [ oar) " ool + (14 [ o) sl
for |B| > 0.

Remark 3.4.1. If we set formally 6 = o/2 in the estimates from Theorem 3.4.9, then we get
the estimates from Theorem 3.2.5.

Remark 3.4.2. If we set formally 0 =1 and b(t) = (1 +t)~7, v € (0, 1], in the estimates from
Theorem 3.4.9, then we get the estimates from Theorem 4.1 in [20].

3.4.8 Some examples

Example 3.4.1. Let us choose b(t) = (1 +t)~7 with ~ € (0,1]. Then b = b(t) satisfies the
assumptions of Theorem 3.4.9. Consequently, the following estimates of the energy of higher
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order hold :
v € (0,1):
18l0-) _(Bl=) 1)
IVPut, e S (1 +6)" 5 JluolZs + (1+1) ’ lur||3p151-0  for 8] > o,
(18l +0)(1=7) 181(1-)
VPt B S (0407 7 Juolpsee + (147 7 utlBy for 18] = 0.
7 < HIBl+o I8l >
vy=1:
B 2 —1a 2 —lBlce 2
IVPu(t, )72 S (log(e 4+1t)) ™ % [Juoll; s + (log(e + 1)) willyg-o  for [B] > o,

|B|+o

- _lal
IVPue(t,)II72 S (log(e +1))™ % luollFse + (logle +1)) ™% llurllys  for || = 0.

Example 3.4.2. Let us choose b(t) = (1 + t)~7(log(e +t))" " with v € (0,1] and 11 €
(0,1). Then b = b(t) satisfies the assumptions of Theorem 3.4.9. Consequently, the following
estimates of the energy of higher order hold :

v e (0,1):

181
5

IVt )32 S (@ +0' 7 (logle+ 1) ™) fluols
|1Bl=c

A+ (ogle+0) ") T il for 18120,

_1Bl+e
_ — 8
199t )32 S ((1+ 0 (logle +6) ™) * JluollZo1e

181
)

+((1+t)1—7(1og(e+t))‘“) lur|2 for 18] > 0.

vy=1:
_18l0=m1) _UBl=9)(1=m)
IV7u(t, )2 < (logle +6) * lluollZys + (Togle+6) 7 Junlda
for |B| > o,
_UBlHa)(1=n1) _181(A=1)
IVPurt, )2 S (logte+0) 7 uolZaro + (loge+0) Tl

for |8 > 0.
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4 Time-dependent strictly increasing
dissipation

In this section we devote to increasing coefficients in the structural damped o evolution model.
We study the model

we (t, ) 4+ (—A)7u(t, z) + b(t)(—A)uy(t,z) = 0, (t,x) € (0,00) x R™,
(4.0.1)
uw(0,z) = up(x), w(0,2) =ru1(z), o>1, and §€(0,0).

For increasing coefficients b = b(t). In Section 4.2 we shall consider the most technical
case 0 € (0/2,0) which corresponds in some sense to the case 6 € (0,0/2) for strictly de-
creasing b(t). In Sections 4.3 and 4.4 we only sketch the considerations to study the cases
6 € (0,0/2) and § = o/2, respectively. The assumption that b = b(t) is strictly increasing
implies limsup,_, (1 + t)A(t)~! = 0. For the further approach we introduce a classification
of admissible coefficients b = b(t) (see condition (B6) below).

4.1 Obijectives and strategies

We will study L? — L? decay estimates for the energy of the solution u(t,-) for structural
damped o—evolution models (4.0.1). As in the previous chapters we assume for the Cauchy
data ug € H°(R™) and u; € L?*(R"™). We are interested to understand the type of decay
(decay function and decay rate) of the energy of solution w(t, ). Let us explain our strategy. It

is divided into the following steps:

e In the first step we use the partial Fourier transformation to reduce the partial differential
equation to an ordinary differential equation for (t, ) parameterized by &.

e At first we want to consider the case § € (0/2,0) which corresponds in some sense to
the case ¢ € (0,0/2) for strictly decreasing b(t).

e We will divide the extended phase space into important zones, the hyperbolic, elliptic,
reduced and pseudo-differential zone.

e If our considerations can be restricted to the hyperbolic or reduced zone, we use the
“dissipative transformation”, and then we will introduce an appropriate micro-energy to
get for it a system of first order, in the hyperbolic zone after one step of diagonalization.
The remainder becomes integrable. Here the remainder can be studied by the matrizant
representation. Then we derive a representation of the fundamental solution.

e If our considerations can be restricted to the elliptic zone, then we use another micro-
energy to get again a system of first order. This system should be diagonalized twice.
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Then the remainder becomes integrable. We explain the matrix representation of the
fundamental solution which entries can be estimated in a very effective (two steps) way.

e By using a gluing procedure we get the estimates for the elastic and the kinetic energy
for small and large frequencies.

e By using the Plancherel theorem we obtain L? — L? estimates. Here we get two types
of decay estimates, a “potential type decay” for small frequencies and an “exponential
type decay” for large frequencies under additional regularity assumptions for the data.

4.2 Time-dependent strictly increasing dissipation- 6§ € (0/2,0)

Let us devote to the model

e + (=A)7u + b(t)(=A) u; = 0,
(4.2.1)
w(0,z) = ug(x), w(0,2) =1u1(z), &€ (c/2,0), o>1.

After partial Fourier transformation we obtain the Cauchy problem

st + [€27 0+ b(t)|E]* 8 = 0, 4(0,€) = 0(€), w(0,6) = (§) o>1, d€(0/2,0)(4.2.2)
In the further considerations we assume the following assumptions to the coefficient function
b=0b(t):
(B1) positivity = b(t) > 0 forall t >0,

(B2) increasing behavior :  b'(t) > 0 forall t >0,

(B3) non-integrability : [ TlT)dT = 00,

(B4) higher order derivatives : it holds |dfb(t)| < C’kb(t)(%ﬂ)k for k=1,2,
(B5) useful inequalities : there exist positive constants Cy, C'y, Cy which are independent of ¢
such that
b(t) (¢ 1 b(t

)
o) = O = a

with A(t) =1+ /t b(T)dr,
0

(B6) additional classification : b € S, for n € (0, &|, where we introduce the family {S,},
of classes

Sy = {b = b(t) : limsup(1 4+ t)A(t)™" < oo, tllrélo(l +t)A(t) P = oo forall g < 17}.

t—o00

4.2.1 Division of the extended phase space

We use zones which are already introduced in Section 3.3.1. But now the geometry and
localization of these zones differs from those in Sections 3.3.1. On the one hand, all zones
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in general appear for small frequencies. On the other hand, large frequencies lie only in
the elliptic zone. The separation lines differ to that ones from Section 3.3.1. We denote the
separation line between the elliptic and the pseudo-differential zone by ¢ty = to(|£]), between
the pseudo-differential and the reduced zone by t; = t1(|£|), and between the reduced and
the hyperbolic zone by t2 = t2(|]).

Lemma 4.2.1. If limsup,_,. (1 + t)A(t)"25 = 0, then the pseudo-differential zone is no com-
pact set. If limsup, . (1 + t)A(t)"2 = oo, then the pseudo-differential zone is a compact
set.

Proof. The proof coincides with the proof of Lemma 3.3.1. O

We divide the further considerations into the following two cases:

case 1: limsup, . (14 t)A(t)"2 =0,

case 2: limsup, . (1 +t)A(t)"2 = co.

Let us devote to the first case. In this case we divide the extended phase space into the hy-
perbolic zone Z,,(¢), the reduced zone Z,.4(¢), the elliptic zone Z; (e, N), and the pseudo-
differential zone Z4(e, N). Applying Lemma 4.2.1 the hyperbolic zone Zj,,,(¢) and the re-
duced zone Z,.4(¢) are contained in the pseudo-differential region (see Figure 10.5 in the
Appendix), where we introduce the pseudo-differential region by

Rpa(N) = {(t,€) : A(t)|€]*° < N}.

4.2.2 Treatment in the elliptic zone

Proposition 4.2.2. The following estimates hold for all t € [ty(|£]), o), where to(|¢]) = O for
large frequencies :

t |£|20’—2(5 |€’|,3|—2(5

ar) (1€ atto(€D), €)1 + 5 2 It (€D, €)1

‘5|a ex —
&19a(t,6)] S exp (- C b(to (<))

for |B| > o,

€l"an(t. O] S exp (—C

to(lel)  b(T)

t ‘§|20—25 |€U6|+20’—25
to(le)  b(T) dT>( b(to(|£]))

t

[a(to([€]), €
‘é’||ﬁ‘+20’—4(5

e auColil). €)) +exp (16 [

dr ) €84, : r > 0.
b2 (to([<1)) to(|§\)b( )d )|§\ [t (to([€]), €)] for |8 =0

Proof. step 1: A straight-forward estimate for the fundamental solution

Proposition 4.2.3. The fundamental solution E satisfies for all t > s and (t,€),(s,&) €
Ze(e, N) the following estimate :

1 1
t | ¢120—26 b(s)[E[20—<
)Sexp(C/ |€L() dT) )
s T .
b(1)|¢|* "

|EY(t,5,6)] |EY(t,s,8)
|E*(t,5,8) |E*(t,s,8)

where the constant C'is independent of (s, &), (t,€) € Zey(e, N).
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Proof. The proof coincides with the proof to Proposition 3.3.7. O

Remark 4.2.1. From Proposition 4.2.3 we obtain reasonable estimates for |E''| and |E'2|.
We can not be satisfied with the estimates for |E?!| and |E??| because the upper bounds are
not uniformly bounded in the elliptic zone. For this reason we need a refined estimate which
we present in the next step.

step 2: A refined estimate for the fundamental solution

Lemma 4.2.4. The fundamental solution E satisfies for all t > s and (,£),(s,£) € Zey(e, N)
the following estimates :

1
|EY(t,5,8)] ]Em(t,s,{)\> < /t €[22 1 OIS
e -C d
<|E21(t,5,§) ’E22(t737§)‘ ~ Xp( s b(T) T) b(s)|£1‘25—0 b2(5)|§1\45—2“
¢ 0 0
+ exp ( — |§|25/ b(T)dT) (0 1) ,

where the constant C'is independent of (s, &), (t,€) € Zey(e, N).

Proof. The proof is the same as the proof to Lemma 3.3.10. There is only one difference. In
the proof to Lemma 3.3.10 we used the decreasing behavior of b(¢) and s < ¢ to estimate

1 1 t 1
0 i) O (- 0|g|25/8 b(6)d0) < ok

But now we can only estimate

L1 e [ < 1

RO ( Clel / b(@)d@) S b
For this reason the refined estimate for the entries of E differs to the estimate for the entries
from Lemma 3.3.10. O

Remark 4.2.2. We are able to derive a refined estimate for the fundamental solution because
we use in the proof to Lemma 4.2.4 only the estimate for E'Y, E'2 from Proposition 4.2.3.
Both estimates are optimal with our analytical tools.

This completes the proof to Proposition 4.2.2. O

4.2.3 Treatment in the pseudo-differential region

Proposition 4.2.5. The following estimates hold for all t € [0,to(|¢])] :

_ 18] 161

a9 < (1+ [ brar) i)l + (1+ [ bar) @+ 0j©) for 181> o
181420

a0 S (1+ /0 b(rydr) (L Dlio(©)] +exp (— (¢ /O b(r)dr ) €17 i €)|
for |B| > 0.

Proof. The proof is the same as the proof to Proposition 3.3.12. O
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4.2.4 Gluing procedure

We have to glue the estimates from the Propositions 4.2.2 and 4.2.5. We distinguish between
small frequencies and large frequencies.

For large frequencies we have the estimate from Proposition 4.2.2 because ty(|¢|) = 0. For
small frequencies we glue the statements from the Proposition 4.2.2 with the Proposition 4.2.5
for t = to(|£]). Therefore we need the following statements.

Lemma 4.2.6. Let b € S,. Then the following estimate holds for the separating line ty(|])
between the elliptic zone and the pseudo-differential zone :

1 1 |¢26-2
(o (€]) S A(to(I€])" I3 .

Proof. Applying assumption (B5) we may conclude

1 1+to(lé) 1

n S -1
(e = Ae))” ™ ey < (L ol€N)Alto(lD)

Using the condition (B6) with € (0, 35] we get

1 1 25-26
(o (€]) S A(to(€1)" ~ [€] .

This gives the desired statement. O

Lemma 4.2.7. In the pseudo-differential zone the terms with phase functions have no mean-
ing, that is, it holds

to(I¢]) to(|€]) |£’20—25
|§|25/ b(t)dr < N, and / dr < C.
0 0 b(T)

Proof. By applying the definition of pseudo-differential zone we conclude

to(|€])
Q%A b(r)dr < Alto(€D)IE[® = N,

Applying the definition of pseudo-differential zone we have

/to(IE) |€’20—25d " /to(€|) 1 J " /to(€|) (o)
T < |€I° ——d7r < |€)° e)dr.
0 b(7) B 0 b(r)|E[P—o " = 0

Using the condition (B6) with 7 € (0, 35] and the definition of #o(|¢]) we get

to([€]) |§|2cr—26 0
/ dr < C(e)[€7 (1 +to([E])) < C(e)le” 7 < C.
0 b(7)

In this way the lemma is proved. O

Using this lemma we conclude as follows:
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Corollary 4.2.8. The following estimates hold for all t € [to(|¢]), 00) :

t 20—26
4 it S e (- Ldr)(!é\‘ﬂ'mo@r+|§r'ﬁ'*25"\a1<s>|) for 18] > o.
‘§|20' 26
&1 as(1,€)] S exp ( / ) (Iel1H 2720 (6)] + ¢ 1727~ (¢) )

texp ([ /0 b<7>df)(|sr'ﬁ'+2"—25"|ao<s>\+rf\*5'|a1<s>|) for 18] > 0.

Proof. Let us begin to estimate |¢[1l|4(t, €)|. The statement of Proposition 4.2.2 implies
t |€|20'—25 |§’|,3|—25
to(lel)  0(7) b(to(€]))

Using the estimates for [€[181|a(to(|€]), €)] and [€]1P1|as(to(|€]), €)| from Proposition 4.2.5 we
have

&P fa(t, &) S exp (—C ar) (Il atto(l€]), €)1 + @n(tollg]), )1).

t |§|20—25 %

6 7a(t. ) < exp (~ €

dr) (A(tougnr%wo( Ol + Alto([€)

IBH

to(lg)  b(7)
Ato(l€])~

(1 +to(I€])) MG
(to(m)) 80(€)|+ e @ (6)])-

Here we recall Lemma 4.2.7 that phase functions bring no essential contribution to estimates
in the pseudo-differential zone. Taking account of 1 + #o(|£]) < A(to(|€]))" we get

x (1 + to([€])) a1 (E)] +

t 20—26
ol e (- [ df) (Attoll€h) Flao©)] + Atto(le)~ 5+
A Altof r»sm “3'” S Jgei-2

Finally, the definition of t(|¢|) and Lemma 4.2.6 imply

t 20—28
&1t )] S exp (— € /0 %dr) (1€ 1ao(&)| + 17=21a (&)
e 17249 g4 (6)] + g2y (€)]).

We conclude immediately

t 20—26
&t ) S exp (- C /0 ’f‘b(ﬂdf) (1g™1ao(€)] + e =27ay (6)] ).

In the same way we can show the inequality

20— 25
i) S exp (— € [ L) (1617 2o + k171700 )

e (16 [ b<7>dr) (|§r'ﬁ'+2”*25"mo<§>\ +leMlan(©)]).

This completes the proof. O
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4.2.5 Energy estimates

Corollary 4.2.8 and Proposition 4.2.5 imply the desired estimates for the energies in the
extended phase space. For small frequencies we have the following statement :

Corollary 4.2.9. The following estimates hold for all t € [0, 0) :

! 225 D=
a0 < (1+ [ giar) T @1+ (14 [ sar) T o)
for |B] = o,
toq —Bl420-26n 1 =
1PN (t, )] < (1+/0 @(h) [t (&)] + (1+/0 %dT) a1 (€]

_ 1Bl+20—26n Bl

+(1+/Otb(7-)dr) * |@0(§)|—|—<1—|—/(;tb(7')d7')%|a1(§)| for |8 = 0.

For large frequencies we may use the estimates from Proposition 4.2.2, because ty(|£]) = 0.
These statements imply an “exponential type decay”. This we will show in the following
statement.

Corollary 4.2.10. The following estimates hold for all ¢ € [0, c0) :
7 a(t.&)| S exp (€ / ar ) (11 ao(©)] + €172l (€)]) for 18] >0,
.ol e (-0 [ %df) (11722 ]ag ) +1¢]1°H+27—5 )i £))

t
resp (=€ [ umar) M@ for 151> o0

4.2.6 Conclusion

Taking into consideration all these estimates and the fact, that the statements from Corollaries
4.2.9 and 4.2.10 determine the decay estimates and regularity of the data we may conclude
the following result.

Theorem 4.2.11. The solution u = u(t,x) to (4.2.1) with b = b(t) satisfies the following (B1)
to (B6) and limsup,_,..(1 + t)A(t)"25 = 0. Then the solution satisfies the following estimates
for the energies of higher order in the case 6 € (c/2,0) :

_181=26n
IVPu(t, )72 S 1+/ 7617 HUoIIH|m+ 1+/ idT T Nl p1-2s

for |B| > 29,

18] _1B]=26n

ﬁ 2 < ! 1 o8 2 t 1 o—0 2
IVPult i S (1+ [ gosdm) ol + (1 | gedr) T al;
for |B] € [0, 24],

_ |B]4+20—26n

t ]- o—4§ 2
IVt ) 5 (1 [ 5r) [
|B|+20 —48n 18]

+max{(1+/0tb(1T)dT)— 7= ,(1+/Otb(7)d7)_‘5}||u1u§w for |8 > 0.
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Remark 4.2.3. If we set formally 0 = 1 and b(t) = (1 +¢)?, v € [2§ — 1, 1] in the estimates
from Theorem 4.2.11, then we get the estimates from Theorem 4.2 in [36].

4.2.7 Some examples

Typical examples for coefficients b = b(t) are

bn(t) = u(1+1) (log(e + 1)) ™ - - - (log"l (el +-4)) ™™, with nonnegative

20 — o

Wy Vi, 1 =1,-- - mn, and vy € [ ,1]. We use, log[o](x) =z ¢e%=1 and

log!"™(z) = loglog" (z), el ™! = e,
Example 4.2.1. Let us choose b(t) = (1 + )7 with v € [260—_03 1]. Then b = b(t) satisfies

the assumptions of Theorem 4.2.11. Consequently, the following estimates for the energies of
higher order hold :

25 —
ve| - 71):

1920t )22 < (1467 ol 2 + (1 4+0) 0T |2 s for 18] 2 26,
IV9u(t, )22 S (1+18)” ‘Bl"5||U0||H|ﬂ|+(1+t)_(lﬁl_%)‘l’%}||u1|!%2 for |8] € [0,23),
IVPu(t, )32 < (142) "2 ms ”ﬂ!ua\lzww

(1 RS 2 for (52 0.
vy=1:
IV u(t, )3 S (logle + 1) 7 uoly + (logle+8) " Junlas for 1] > 26,
IV%u(t, )12 < (log<e+t>)‘%||uo||§m T (log(e +£)) o |2 for 18] € [o,26],
I9%uu(t, )22 < (logle + )™ 75 [uol 2520

|B|+20—26

+max {(log(e +1) 7 =7, (1+8) 725 HjurllZy for |5/ >0,

Example 4.2.2. Let us choose b(t) = (1 + t)"log(e + t) with ~ € [2‘%", 1]. Then b = b(t)
satisfies the assumptions of Theorem 4.2.11. Consequently, the following estimates for the
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energies of higher order hold :

20 — o

g

’76[ ,1):

_ —1 P
IV%u(t, )2 S ((1+0' (logle +1) ™) ™ luollZys
18-
(40 (logle+0) )T rlBy e for 18] =26,
18]

I9%u(t, )2 S ((1+ 9 (logle +1) ™) ™ luollZys

(0 (ogle+0) ) Tl for |8 € [o,2),

_\/3\+20—1%
I9%ur(t, )22 S (467 (ogle+0) 1) 7 fuollZoriaras
El 181+20— 14
R _ -1\~ =5
+max { (1+ 67 (log(e +1)) ) *, (1467 (log(e +1) ") T Ml
for |5] > 0.
vy=1:
8 2 21 (612] 4 1))~ 725 |[gn |2 21002 4 1)) 5 ([ |2
IVPu(t, )72 S (log® (e + 1))~ 7= |luoll 38 + (log! (e + 1))~ =5 [Jun |52
for |5| > 296,
_ 181 _18l=¢
IVPu(t, )lI72 S (logl (el + 1)) 775 luo I3, + (logP (P + 1)) ™ 7= fJu[|3
for |B| € [o,24],
8 2 21 (el2) 4 1)) |2
IV ur(t, )72 S (log® (e +16)) ™ o= [luoll G151 2020

_|Bl+20—-26

+ max { ( log? (el + ) 7 ((L+t)*log(e +1)) 3

Ml for 18> 0.

Let us devote to the second case limsup, .. (1 +t)A(t) "2 = cc.

In this case by using Lemma 4.2.1 the hyperbolic zone Z},,,(¢) and the reduced zone Z,.4(¢)
are not contained in the pseudo-differential region. The pseudo-differential zone is only a
compact set. Consequently we divide the extended phase space into the hyperbolic zone
Zhyp(€), the reduced zone Z,.q(¢), and the elliptic zone Z; (e, N) (see Figure 10.6 in the
Appendix).

4.2.8 Treatment in the hyperbolic and reduced zone

The treatment in the hyperbolic and reduced zone is the same as in the Sections 3.3.2 and
3.3.3 respectively. We are able to extend the estimates from Zj,,,(¢) to Z,cq(e). For this
reason, we obtain for t < ¢1(|£|), where t1 = t1(]€|) is the separating line between the reduced
and the elliptic zone the following a-priori estimates :
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Proposition 4.2.12. The following estimates hold for all t € [0,¢1(|¢])] :

20 t
a0 S e (= £ [ omyar) (1e1lao(e)] + 167 lar(©)l) for 18]

20 t
61,1 S exp (= 1 [ btryar) (614 lao(@) + 1611 ) for 1520

4.2.9 Treatment in the elliptic zone

Proposition 4.2.13. The following estimates hold for all ¢ € [t1(|¢]), o0), where t1(|£]) = 0 for
large frequencies :

&Mt ©)| S exp (- C tf(ﬂ) ’ff{;)%) (Ie/ e (lel), €)1 + %mt(tlua),m)
for |8 = o,
ol sen (- o [ TS (0TS .o
+%mt<tlua>,@\) +oxp (— ¢? /:(m b(r)dr ) € (t1(1€)), )| for || > 0.
Proof. The proof is the same as the proof to Proposition 4.2.2. O

4.2.10 Gluing procedure

For large frequencies we may use the estimate from Proposition 4.2.13 because of ¢1(|¢]) = 0.
We glue for small frequencies the estimates from Propositions 4.2.12 for ¢ = t1(|¢]) with the
estimates from Proposition 4.2.13.

Corollary 4.2.14. The following estimates hold for all t € [t1(]€]), 00) :

arYesp (82 [ o) (1ot

t |€|20'—25

18114, < —-C
i ol Sexe (=€ s

el A= lin(€)]) for (8] = 0,

t ‘£|20—26

€l"an(t. O] S exp (—C

ar) exp (- K2 / ymar) (117 oo

n(e)  o(7)
e (€)1) + exp ((— I¢* /O b(r)dr ) (16177 Lo ()] + €17 (€)]) for 18] = 0.

Proof. Let us begin to estimate |¢|/%!|i(t, £)|. The statement of Proposition 4.2.13 implies

t ’5‘20726 |€’|,6’|726

ar) (1¢/atea(€D), €)1 + 52—l (€], )1)-

184, ex —
&1t 6)| S exp (- C bt (€1)

(e b(T)
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By using the definition of ¢1(|{|) we may conclude

’§|20—26
7)

&M, ©) S exp (- C / o ar) (167 a(ta(1€D), )1+ €17 lae(tr(1€]), )] ).

Using the estimates for [£[18]a(t1(|€]), €)] and [€]181|as (1 (|€]), €)| from Propositions 4.2.12 we
have

t |€‘20—25

25 rta(l€])
6191 e (— 0 [ EEar) e (<2 [T simar) (19 ot
= i ()] + 1€ a0 (&) + €11 (6)1)-

We conclude immediately

t |§‘20—25

) |§|26 t1(€l) .
€181 |a(t, €)] < exp ( _C o b0 dr) exp ( I /0 b(T)dT> <‘f||f3\’uo(§)’
el ()]

In the same way, we have the following statement

t ’6‘20725

1811 _ [g® pileh Blbols
il sep (0 [ Ermar)en (<5 [T bmar) (1 i)

e (€)1) + exp ((— J¢f? /0 b(r)dr ) (1617 it (€)] + I (6)1)-

This completes the proof. O

4.2.11 Energy estimates

For small frequencies we have to understand the interplay between the two phase functions
in the function

t ‘5’20726

dT) exp ( — €)% /Otlﬂg) b(T)dT).

Lemma 4.2.15. To a given positive constant C' there exists a positive and, in general, small
constant Cy such that for large t it holds

Si(t, |€]) = [€]" exp ( Y, ey b(7)

5616 < max (I exo (= Cule [ i) s (14 /Otbmm)* for >0,

£eR

Proof. Here we follow ideas from the proof to Lemma 3.3.21. To estimate the term S,.(¢, |¢])
it is important that the first partial derivative dj¢| S (¢, [£]) is negative for || < ¢,.. This follows
from

‘5’2072571 ‘5’20725

0 Sv(t, 16 = 5 (1, €)1 = (20 — 20) /tl(lg)zmd”czwa))
t1(I€1)

—25C [¢[*1 /0 b(r)dr — C1[€[*b(t1(|€]))djgta (€])

djeta([€])

|§|20'725

Sy(t:160) (1) + (= CrléPbiea(€D) + C o Jdta(€D)

€l
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and from
’5‘20725

sy = 0T

‘20 26 e %W dominates the

€1b(t(I€]) = 2(1 + )¢,

If we choose the constant C; sufficiently small, then the term C'|¢
term C1|€|2°b(t1(|€])). Moreover, after differentiation we get

digit1(IEDY (EL(IEN)IE*™ + (20 — o) €~ bt (I€]) =

—(20 — o)b(t 2—0—1
denle) = = e

respectively. Using the assumption b((t)) < CQAt) from (B5) yields

(20 — o)At (IED)IE* 7"
bt (€1))[€1*0~7 '

The increasing behavior of the function A(¢) and the definitions of ¢ (|¢|) and t1(|¢]) give
digitr (€]) < —Ca(26 — 0)[¢* 77 Alto(€])) < —Ca(26 — o) N[ 717

Moreover, for a fixed r the term bl

diet1([€]) < —

§| is dominated by the negative term

I£\25b(t1(!€|))d\g|t1(Ifl) ~C(20 — o)N|g| ™

if we choose N large enough. In order to complete the proof it is sufficient to study small
frequencies with [{] < &,. For [{| > &, we have an “exponential type decay” from the elliptic
zone. Let us now fix t > 0. Then the above term takes its maximum for the |¢| satisfying
t = t1(|&]). For t = t1(|€|) the first integral vanishes in S,.(¢, |£|). Consequently,

- - - t1(€])
(416D < (18D [6) = & exp (= 0l [ b(ryar)

< max {lg" exp (- CleP? /Otb(f)df)} <(1+ /Ot b(T)dT)_%.

In this way the lemma is proved. O

Using Lemma 4.2.15 we get the following statement.

Corollary 4.2.16. The following estimates hold for all t € [0, 00) :

|§|5||zl(t,§)|,§<1+/Otb(7)dr>_£s| (>!+(1+/tb(f)df)_ﬁzgdﬁl(f)l) for 16| 2 o,
_1Blte

raﬂ'mt(t,s)\s(1+/Otb“>d7) ) ’ﬂo@‘*(”/Otb“)dT)_”’ﬁl@‘ for 151 20.

For large frequencies we may use the estimates from Proposition 4.2.13 because of ¢1(|¢]) =
0. These estimates imply an “exponential type decay”.

Corollary 4.2.17. The following estimates hold for all t € [0, 00) :
&t )| S exp (- C© / —dT ) (161 a0(©)] + P2 far(©)]) for 18] = 0,
a1, €)| S exp (— € / (—Tdr) (11184225 g €)] + [€]I8H+2 =}y (¢)])

tesp c/ r)dr )€ Plin(€)] for |8] > 0.
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4.2.12 Conclusion

Taking into consideration all these estimates and the fact, that the statements from Proposition
4.2.12, Corollaries 4.2.16 and 4.2.17 determine the decay estimates and regularity of the
data, respectively, we may conclude the following result:

Theorem 4.2.18. Let us consider the Cauchy problem for the structural damped o evolu-
tion model (4.2.1), where the coefficient b = b(t) satisfies the conditions (B1) to (B6) and
lim sup,_, (1 + t)A(t)~25 = oo and where § € (0/2, 7). Then the solution to (4.0.1) satisfies
the following estimates for the energies of higher order :

Hvﬁu(t, )H%2 < max { (1 + /Ot b(T)dT>_§,eXp ( _ C/Ot b(17_)d7-> }HUOH?mm
IVutt, 15 S max{ (1+ [ brar) "o (— € [ i) Yol

[Bl=c

—i—max{(l—l—/otb(r)dv')_ ’ ,exp(—C/Ot —dT)}\ulﬂLg for |B] € [, 26],
IVt ) S max{ (1+ [ t b<7>d7)‘6‘5”,exp(—c / b(l) ™) Hlolarsa0-2s

18]

t _ o0
—I-max{(l—l-/o b(T)dT) ’ , €XP C/ |\U1||H\m for |8] > 0.

Remark 4.2.4. If we set formally o = 1 and b(t) = (1 +t)7, v € (0,20 — 1), in the estimates
from Theorem 4.2.18, then we get the estimates from Theorem 4.1 in [36].

4.2.13 Some examples

Example 4.2.3. Let us choose b(t) = (1 +t)Y with ~ € (0,222). Then b = b(t) satisfies
the assumptions of Theorem 4.2.18. Consequently, the following estimates for the energies of
higher order hold :

[B1(A+7) UBl=0)(1+7)

IVPut, )7 S (1+¢)" @ ol 31 + (1 + ) ° lur||161-25  for 8] > 26,
5 ) 181G+ ) _ Bl=)()
IVPult, )72 S (1 +8) " 7 Jluollzpes + (1+1) ”U1HL2 for || € [o,24],
5 _ (Bl+o)(1+7) ) 18104
IVPu(t, )17 S (1+1) ° luoll3i120—2s + (1 +1) HU1||H|B\ for [B] > 0.

Example 4.2.4. Let us choose b(t) = (1 + t)?(log(e +t))” " with v € (0,2>2) and non-
negative v1. Then b = b(t) satisfies the assumptions of Theorem 4.2.18. Consequently, the
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following estimates for the energies of higher order hold :

_l1al
[V7u(t, )2 S ((1+0™ (logle +) )7 luolFs
|B\L;U
(0" (logle+H) ") T Junlds, for 18] > 25,

181
I97u(t, )32 5 ((1+ 6 (log(e + ) ) " uoll e

+((1+ ) (tog(e + 1)) “) ks for 181 € f0,20),

_1Bl+e
Ve, )12 S (0407 logle + ) ™) o arsar o
18]

(1467 (logle+6) )7 ]l for 18> 0.

4.3 Time-dependent strictly increasing dissipation-§ € (0,0/2)

We consider with o > 1 the Cauchy problem for the o- evolution model

Ut + (—A)"u + b(t)(—A)‘Sut = 0,
(4.3.1)
u(0,z) = ug(z), uw(0,2)=:ui(x) o>1, 0€(0,0/2).

After partial Fourier transformation we obtain the Cauchy problem
g + €770+ b(0)IE 0 =0, a(0,€) = a0(€), @(0,€) =ar(), 0 € (0,0/2).

We choose the assumptions (B1) to (B6) for the time-dependent coefficient function b = b(¢)
as in the Section 4.2.

Division of the extended phase space into zones

We divide the extended phase space into the same zone as in Section 4.2.1. But there is big
difference in the localization of these zones. Now the separating lines satisfy t2(|¢]) < t1(/¢])
for large frequencies. Small frequencies belong only to the elliptic region (see Figure 10.7 in
the Appendix).

Treatment in the hyperbolic and reduced zone

The treatment in the hyperbolic and reduced zone is the same as in the Sections 3.3.2 and
3.3.3, respectively. We are able to extend the estimate from Zj,,(¢) to Z,cq(c). For this
reason we obtain for ¢ < ¢1(|£]), where t1 = t1(|€]) is the separating line between the reduced
and the elliptic zone the following a-priori estimates:
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Proposition 4.3.1. The following estimates hold for all t € [0,t1(|¢])] :

26 t
a1 S e (= - [ otmyar) (1e1ao(e)] + 1617 lar(©)l) for 1810,

26 t
11 S exp (= 5= [ acryar) (1174 lan@)] + 1)) for 1512 0.

Treatment in the elliptic zone

If we choose the constant IV in the definition of the pseudo-differential zone sufficiently large,
then we have to care for two cases. The first one is t > t1(|¢|) for large frequencies, the
second one is t > to(|¢]) for small frequencies.

Proposition 4.3.2. The following estimates hold for all t € [ty(|¢]), o0) where to(|€]) = t1(|€])
for large frequencies :

t ’5‘20726 |§’|,6’|726

B ) (1607 alto(1€1), )| + 52—l (to(]), )

184, ex —
Mol sexp(-C | S blto([€D)

for |B| > o,

o s e <o o [ P (g fe1v2-sa
it ) S exp - € ey b It bitalen) U ey

b(r)d ) 16 a(to(1€1). )| for 18] = 0.

’£|\5\+20—46

t

><|at(to(|£\),£>|) T exp ( B |£|25/t(5|)

Proof. The proofs are the same as the proof to Proposition 4.2.2. O

Treatment in the pseudo-differential zone

Proposition 4.3.3. The following estimate hold for all t € [0,to(|€])] :

t _151 t _18
‘B| ~ 26 | A 20 ~
a1 s (14 [ ) Flaa@)+ (1+ [ oar) o)
for |5| > o,
t _1Bl+20 t
18114 2 7 —|gl?0 1814
i€ < (14 [ omar) 1+ 0l +exo (=16 [ bryar)iel o)
for || > 0.
Proof. The proof is analogous to the proof to Proposition 3.3.12. O

Gluing procedure

For small frequencies we glue the estimates from the Proposition 4.3.2 with the estimates from
Proposition 4.3.3 for t = ty(|¢|). Therefore we need the following statements.
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Lemma 4.3.4. Let us assume b € S,,. Then the following estimate holds for the separating line
to(|€]) between the elliptic zone and the pseudo-differential zone :

1 1 |¢26-25
b0 (ED) S Alto([€1)" I I

Proof. The proof coincides with the proof of Lemma 4.2.6. O

Lemma 4.3.5. In the pseudo-differential zone the terms with phase functions have no mean-
ing, that is, it holds

to(l€]) to(1€]) ’5‘20725
€| / b(r)dr <N,  and / dr < C.
0 0 b(T)

Proof. The proof coincides with the proof of Lemma 4.2.7. O

Using these lemmas we conclude as follows:

Corollary 4.3.6. The following estimates hold for all t € [to(|€]), 00) :
t ’€|20'—25

1ot o) S exp (—C

t|¢e120—26
\§||5‘|at(t,§)| < exp ( — C/O %df) (’§|\ﬂ|+za—26n|@0(£)| + |£|IBI+2U—46n|a1(£),)

ar) (161 ]ao(€)] + €17 ar (©)]) for |8 > o,

t
texp (- [ /0 b(r)dr) (11727 ag ()| + Ig | ar(§)]) for 18] > 0.

Proof. Let us begin to estimate |¢|1l]4(t, €)|. The statement of Proposition 4.3.2 implies

t ’§|20—26 . \ﬁ|a |§’|,8|—26
e 50 ) (a0 01+ 3o

Using the estimates for |¢|181|a(to(|€]), €)| and |€]181=20 |4 (to(|€]), €)| from Proposition 4.3.3 we
have

&P fa(t, &) S exp (- C @n(to(l€]), €)1)-

|§|20' 26
b(7)
A(to(I€]))”

18]
26

el at, )| S exp (- C / o ar) (Alto(I€)~ % [a0(€)| + Alto(l€])~ %

|8|+20
725

1+ tO(’f‘)) |a0(£)| + ’5“5|726

b(to(\ﬂ)) b(to([€]))
Taking account of 1 + #4(|£]) < A(to(€]))" we get
t |§’20725

(1+ to(l€l)) x lan ()] + @(6)])

~ dh ~5 n
it sexp (=0 [ Bpemdr) (Ato(e)™ 5 an(€)| + Adto(lg)

Alto(J€))~ "5

b(to(€]))

The statement of Lemma 4.3.4 implies

x| a1 (§)] +

no |£|1B1=20
30(6)| + ey 116

t |€|2a—26

€l a(t, )] < exp (€

toe)  b(7) dT)( Alto(€1)™ 2 o (€)] + Alto(JE) 5 7
\5\+ o 25

x| (E)] + Ato([€]))™ 2 g (€ )|"’A(t0(|§|))n_1|f’|ﬁ|_26|ﬂl(£)|>-



4.3 Time-dependent strictly increasing dissipation-§ € (0,0/2) 77

The definition of ¢y(]¢]) and Lemma 4.3.5 yield

E < ’5|2U 2 (168 EET
&191a(t, )] < exp ( ) (Il Pio (€)1 + 1¢)1#1 =2 (&),
g2 “wuo( )|+ \sr'ﬁ' 25"\u1<5>\).

Hence, we may conclude immediately

20—20
it S e (- € [ ELZar) (1aoge)) + i1,

In the same way one can show the inequality

‘5‘20 25

€18 (2, €)] S exp

texp (- gl / b(r)dT) (\51'6'””*25"|ao<s>r +lellin©)]).

This completes the proof. O

) (€112 72 ig(€) + €]+~ () )

For large frequencies we have to glue the estimates from Proposition 4.3.1 for ¢t = ¢1(|¢]) and
Proposition 4.3.2 for to(|¢]) = t1(]€]).

Corollary 4.3.7. The following estimates hold for all t € [t1(|¢]), 00) :

e (= B [ umyar) (1 ince)

t ’5‘20726

18114 t, < e
e a(t, )] < exp ( e

el =i ()l) for 18120,
t ’€|20—26

8115 _ g2 frteD BHa|;
i1 oo (0 [ Emar)en (<5 [T bmar) (617 i)

e (6)1) + exp (- I¢]* /0 b(r)dr ) (16177 Lo ()| + 1€17an (€)]) for 18] = 0.

Proof. Let us begin to estimate |¢|I8l|a(t, £)|. The statement of Proposition 4.3.2 for to(|¢]) =
t(I¢]) implies

¢ 7120
b(r(I€D)

t ’5‘20726

1Mo Sexp (=€ Spes—dr) (IeMate (€D, )1 + an(t1(1€D), €)1 )

Applying the definition of b(¢1(|¢|)) we may conclude

t 20—26
&M, ©)l S exp (- C / o %ch) (Ig1 ™t (1€, €)1 + €171~ lan(t (1D, €)1 )

Using the estimates for |£]11|a(t1(|€]), €)| and for |¢]/P1=7 |, (t1(|€]), €)| from Proposition 4.3.1
we have

t |£‘20—26

28 rta(l€)
6191 e (—0 [ KT ar) e (<2 [T smar) (1 ot
eI ar (€)] + 1€ Maao (&) + 16171 i (£)1).
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We conclude immediately

t ’5‘20’725

ney () dr) exp (- \555 /0“(5' b(r)dr) (1€ lo(€)

ek, )| S exp (- C

el (€)])

In the same way we are able to derive the estimate

Yoo (55 [ veyar) (1617l

e (6)1) + exp ((— J¢f? / b(r)dr ) (1617 it (€)] + I (6)1)-

t ’§‘20726

Bllay(t,€)] Sexp ( —C
Mol sew(-C | F

This completes the proof. O

Energy estimate

For large frequencies we have to estimate the term

exp ( ’i‘fé /Ot1 e b(T)dT) exp ( — Cl¢[r* /tt(|g|) (17_)dT).

This term explains in this part of the extended phase space the competition of influences from
different phase functions.

Lemma 4.3.8. To a given positive constant C' we can find a sufficiently small positive constant
Cy such that for large t it holds

t

t1(1€)) t
exp < — /0 b(T)dT) exp < -C . b(lq_)dr) < exp ( -4 /0 b(lT)dT)'

Proof. Using the increasing behavior of b = b(t) implies for large time ¢ the following rela-

tions:
) ol SN I
—b(t) < —Cy—— — < - ——dr.
(t) < 1b(t)’ ence, /0 (r)dr < 1/0 o) T
In this way the lemma is proved. O

From Corollary 4.3.7 and Lemma 4.3.8 we obtain for large frequencies the following state-
ments explaining an “exponential type decay”.

Corollary 4.3.9. The following estimates hold for all t € [0, c0) :
bl
&, o)] S exp (- / 5 4r) (16170 €)1 + 16177l (@)l ) for 1812 0,

€1 an(t, )| S exp (- € / ar) (1€ ao(€)] + I lan )]) for |8 > 0.

For small frequencies we conclude immediately from Corollary 4.3.6 and Proposition 4.3.3
the following statement.
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Corollary 4.3.10. The following estimates hold for all t € [0, 0) :

1 et E=
€[Pa(, &) < <1+/0 ﬁd) G )|+(1+/ = dT) i (&)] for 18] >0,

B

. t 1 _\5\+ff—2577 X 1

a0 < (1+ [ gmr) T @)+ (14 [ g
%

_|Bl+20—26n _
1+/b dar) T ()|+(1+/ ndr) 7€) for 18>0

_ 18[+20—45n

T ()]

Conclusion

Taking into consideration all these estimates and the fact, that the statements from Corollaries
4.3.9 and 4.3.10 determine the regularity of the data and decay estimates for the solutions
respectively, we have proved the main result about the behavior of || VPul|2, and || VFAu |2,

Theorem 4.3.11. Let us consider the Cauchy problem (4.3.1) with 6 € (0, %), where the time-
dependent coefficient b = b(t) € S,, satisfies the conditions (B1) to (B6). Then the solution
u = u(t, x) satisfies the following estimates for the energies of higher order :

5 t 1 |ﬁ| t 1 7|f3|—72657l )
IV2u(t, )3 5 (1+ /0 sd) ol + (14 /0 ) Ml
for |B| > o,
t dr _IBH—2z—25n
B 1 wh o0 2
IVl s (14 | 55) A

t o1 ,\/3\+2S46n t ,\% )
+max{<1+/0 ﬁm) ,(1+/0 b(rydr) " el for 18> 0.

Remark 4.3.1. If we set formally o = 1 and b(t) = (1 +t)7, v € (0,1], in the estimates from
Theorem 4.3.11, then we get the estimates from Theorem 2.1 in [36].

Some examples

Example 4.3.1. Let us choose b(t) = (1 + t)” with ~ € (0,1]. Then b = b(t) satisfies the
assumptions of Theorem 4.3.11. Consequently, the following estimates for the energies of
higher order hold :

€(0,1):
_ _ 2§ \1—
IVPu(t, )|[2. < (1+1) 115 6uuouHﬂ|+(1+t) P50 |20 for 18] > 0,

2
[VPun(t, )22 S (1+1¢) 2o a-énuonima
max { 8] 147, (1] +20—

-
+(1 +t) T ”_6}”1‘1“1%1\5\ for |B| > 0.
vy=1:
8 2 — & 2 —Bl=e 2
IVPu(t, )72 < (log(e +1)) 73 [luollzye + (logle+ 1)) =% [[uallzyp-a for [B] >,
_ 1Bl4+20-6
IVou(t, )72 S (logle +1) " 7= [|uoll% 140

|B|+20—26

+max {(logle +8) " 75, (14725 Mua|Zy, for |5 >0,
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Example 4.3.2. Let us choose b(t) = (1 +t)” log(e + t) logl? (el + t) with ~ € (0,1]. Then
b = b(t) satisfies the assumptions of Theorem 4.3.11. Consequently, the following estimates
for the energies of higher order hold :

v E (0,1):

IV7ult, )72 S ((1 +4)' 77 (log(e + 1))~ (log (! +t))_1) ol
_1Bl-%%
(@0 (ogle+ ) (togP 4+ 0) )T fualFan for 1812 0,

26
_1Bl420- 135

197t )Ee < (140" (logle +1) 7 (1og (e +0) ™) 7 fuolFar
\

5

+max{((1 + )7 log(e 4 t) log? (el —i—t)) ,
|B|+207%
_ -1 121/.12] -1\~ o5 2
(1467 (tog(e + 1) ™ (tog (el + ) 7") b2 for 18] > 0.
vy=1:
_ 181 _8l=c
IVPult, 172 S (logPH (el + ) 7o luolFps + (log® (e + )™= Jua 3510
for |B| > o,

_ 1814205
192u(t, )22 < (10 (e + )75 ol o

_|Bl+20—-26

+ max { ( log®l(ell + £) L ((1+ )2 log(e + t) log? (e + t))
for || > 0.

181
= Ml 12

4.4 Time-dependent strictly increasing dissipation- 6 = ¢ /2

In this section we study the Cauchy problem (4.0.1) for 6 = /2 and b(t) strictly increasing,
that is, the model

{ e + (—A)7u + b(t)(—A)7?u; = 0,
(4.4.1)

u(0,2) = up(z), w(0,2) =ui(z), o>1.

This model corresponds to the non-constant distributed resistance of typical semiconductors
[2]. In this section we assume the following conditions for b = b(t):

(B1) positivity :  b(t) > 0 and there exists a positive constant T, such that b(¢) > 2 for all
t > 1T,

(B2) increasing behavior :  b'(t) > 0 forall t >0,

(B3) non-integrability : [ TlT)dT = 00,

(B4) higher order derivatives : it holds [dfb(t)| < Ckb(t)(l%rt)k fork=1,2,
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(B5) useful inequalities : there exist positive constants Cy, C, Cy which are independent of ¢
such that

b Y oo L oo MO G A =1+ / (),
0

CZA(t) = b(t) — 1+t = TAQR)

(B6é) additional classification : b € S, for n € (0,1], where we introduce the family {S,},
of classes

Sy = {b = b(t) : limsup(1l +¢)A(t)™" < oo, tliglo(l +t)A(t) P = oo forall g < 17}.

t—o00

After partial Fourier transformation 4(t,&) = Fy_¢e(u)(t,§) in (4.4.1) we obtain the Cauchy
problem

e+ €270+ b() €70 = 0, 4(0,€) =a0(€), @(0,€) =w(é), o>1

Division of the extended phase space into zones

In this case we have a very simple division of the extended phase space {(¢,¢) € [0,00) x R"}.
We divide it into the following zones with A(t) =1 + fg b(T)dr, where ¢ is small:

remaining zone  Zyem(e) = {(t,g) : ? <1+ 5},
elliptic zone  Zg (e, N) = {(t,f) : b(;) >1+4+¢e and A(t)|£]7 > N},
pseudo-differential zone  Z,4(e, N) = {(t,{) : b(;) >14+¢ and A(t)[¢]7 < N}.

We introduce separating lines. We denote the separating lines ¢; between the elliptic zone and
the remaining zone and (|¢|) between the pseudo-differential zone and the elliptic zone. We
mention, that Z,..,,(¢) = [0, 1] x R™ if there exists a positive constant ¢; satisfying 1+¢ = b(gl).
It turns out that it is enough to study the behavior of solutions for large times. For this reason
we may restrict ourselves to the pseudo-differential and to the elliptic zone (see Figure 10.8

in the Appendix).

Treatment in the remaining zone

Proposition 4.4.1. The Cauchy problem (4.4.1) is well-posed, that is, to every data uy €
HPl and w; € HIPI=7, |3| > o, there are exists a unique solution u € C([0,00), H”l) with
u; € C([0,00), HB1=7). The solution depends continuously on the data. For the energy of
higher order

B u)(8) = [lu(t, ) |25 + et g

with |8| > o we have the estimate

EVI)(t) < Ct) (luoll 2o + lunll2 - )- (4.4.2)

Proof. The proof is the same as the proof to Proposition 3.2.1. O
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Treatment in the pseudo-differential zone

Proposition 4.4.2. The following estimates hold for all t € [t1,t0(|¢])] :

] t 18]

" Ja(t, &)l + (1+

a1 < (1+ | brar) b(r)dr) 7 (L+ Dlin(t,€)]

for |B| > o,

t1

_1Bl+20

€1t < (1+ [ ar) T 1+ a6

t1

t
e (= g7 [ br)ar) el an(en, O] for 18] 0,

t1

Proof. The proof is the same as the proof to Proposition 3.3.12. O

Treatment in the elliptic zone

Proposition 4.4.3. The following estimates hold for all t € [ty(|¢]), o), where to(|¢]) = t1 for
large frequencies :

g1~

t e
K 4) (e1actaich. o) + oy e (to1€D-)1)

to(lel) O(7)

6l M. )| < exp (~C

for |B| > o,

6 aa(r. O] S exp (— €

Lo ¢[1BH+e .
oD b<7>d7) <b(fo(|§|)) B2 (to(1€]))

<ie(to([€1), 1) +exp ( — ¢l / 1y YD) tal€D- O for 1] 2 0.

[a(to(I€]), )1 +

Proof. The proof is the same as the proof to Proposition 4.2.2. O

Gluing procedure

For small frequencies we glue the estimates from the Propositions 4.4.2 and 4.4.3 by taking
into consideration that phase functions have no meaning in the pseudo-differential region.

Corollary 4.4.4. The following estimates hold for all t € [t1,00) :
ate. o) S e (— ¢ [ ELar) (1ghjate, 01 + 17, )) for 1812 0
a9l S e (— 0 [ £ '5’ ) (161812 ager, )] + I P22 (1, €)1

+exp(—|sro / b(r)df)(|5r'ﬁ'+20*°'”m<t1,f>|+|sr'ﬁ'mt<t1,f>r) for || = 0.

Proof. The proof coincides with the proof to Corollary 4.3.6. O
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Energy estimate

For large frequencies we have Proposition 4.4.3. The statements imply an “exponential type
decay”. Taking account of the integrals in the phases can be continued up to t = 0 we
conclude the following result :

Corollary 4.4.5. The following estimates hold for all t € [0, 00) :
ek, )] < exp c/ dr) (161 a(ts, €)1 + I fan(t1, ©)l) for || >0,
&1 an (8, )] S exp ( c/ ar) (1617 k1, &) + 6] Pfan(t1, 1) for |8 > 0.

For small frequencies we have Corollary 4.4.4. We obtain the following result :

Corollary 4.4.6. The following estimates hold for all t € [0, c0) :

t 18] t [Bl=on
8114 B R BRI P
a1 s (14 | o) a0+ (1+ [ gsdr)” 7 e
for |B| > o,
‘B| . t 1 ,W% . t 1 W%m .
a0 < (14 [ gosar) .o+ (1+ [ goar) in(t1,€)]
_18l+20—0n t |£
+(1+/Otb(7)d7) ’ |ﬂ(t1,§)|+<1+/0 b(r)dr) 7 it €)] for 18] 0.

Conclusion

Taking into consideration all these estimates and the fact, that the statements from Corollaries
4.4.5 and 4.4.6 determine the decay estimates and regularity of the data, respectively, after
applying Proposition 4.4.1 we conclude estimates for the energies of higher order HVBUH%Q
and || VA2,

Theorem 4.4.7. Let us consider the Cauchy problem (4.4.1) with 6 = §, where the time-
dependent coefficient b = b(t) € S, satisfies the conditions (B1) to (B6). Then the solution
u = u(t, x) satisfies the following estimates for the energies of higher order :

t 1 _2@ t 1 _QM
Pult, )2 < (1 ——d 7 |uol)? 1 / —d ’ 2
IVutt ) S (14 [ gosar) ol + (14 [ gosar) T T Tl
for 18] > o.
t 1 _ \B\+2oofan
IVt )% 5 (1+ [ 5r) ol 2

+ max { (1 + /Ot b(lT)dT> _QWHZJU”, (1 + /Ot b(T)dT>_

g

Remark 4.4.1. If we set formally 6 = § in the estimates from Theorems 4.2.11 and 4.3.11,
then we get the estimates from Theorem 4.4.7.

2181 )
bl for 1812

e

Remark 4.4.2. If we set formally o = 1 and b(t) = (1 +t)7, v € (0, 1], in the estimates from
Theorem 4.4.7, then we get the estimates from Theorem 3.1 in [36].
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Some examples

Example 4.4.1. Let us choose b(t) = (1 +t)Y with ~ € (0,1]. Then b = b(t) satisfies the
assumptions of Theorem 4.4.7. Consequently, the following estimates for the energies of

higher order hold :
€(0,1):
IV Pu(t, ')||%2§(14—75)_2'5‘1%”“0||§m|+(1+t) W |2, For |82 0,
199t B S (1) 2755 g 2,
(1 R S e for (]2 00
vy=1:
I97u(t, )32 < (logle + 1))~ Juoll % + (log(e + 1)
IVPu(t, )2 < (logle + 1)~ =

_olBlte |
+max { (log(e +6) > 7, (L4077 a2, for |8 >0,

2|Bl=c

Hul\ﬁ{\mw for 8| > o,

Example 4.4.2. Let us choose b(t) = (1 + )7 log(e + t) logPl (el + ¢) with ~ € (0,1]. Then
b = b(t) satisfies the assumptions of Theorem 4.4.7. Consequently, the following estimates for
the energies of higher order hold :

€ (0,1) :

_ 1\ 2
IV%u(t, )22 S (1487 (log(e +1) " (1og® (e +) ™) 7 fluolZs
L1

+((+ 0 (logle + 1) " (logB (e +6)7) T T ulZ, for 18],

|81 +20 - 1%~
- SN\ T2
I99u(t, )22 S (141 (log(e + 1) ™ (log? (e + 1)) ) o 21

_ol8l

+ max { ((1 + 1) 7 log(e + t) log? (el +- t)) 7
) ) |8]+20— 1+'v
((L+ 0 (togle +) 7 (log (e +0) ) 7 HjuilZys for [8]> 0.

vy=1:

_olBl _2l8l=c
V%t e < (log® (el +6) 77 [luoll s + (log® (el +4)) ™ [Jual |51

for |5| > o,

_2181+3

IVPur(t )72 S (logPl(el + 1)) luoll 1+

1Bl+o _4l81
max { (logP (e + 1)) ™75 (1 + 1) loa(e + 1) g (€ + 1) ™7 Y2

for || > 0.
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5 Smoothing properties

In Chapters 2, 3 and 4 we used representation formulas for the solutions to structural damped
o-evolution models to prove estimates for the energies of higher order. In this way we ex-
plained the parabolic effect. After the study of decay estimates for energies of higher order for
solutions to structural damped o—evolution models with dissipation terms b(t)(—A)%u;, where
b = b(t) is a monotonous positive function satisfying [ b(7)dr = oo or [ WlT)dT = oo we will
study in this section another property of solutions to model (1.3.1), the so-called smoothing
effect. The model of interest is

wge (t, ) 4+ (—A)7u(t, z) + b(t)(—A)ouy(t,z) = 0, (t,x) € (0,00) x R™,
(5.0.1)
uw(0,z) = up(x), w(0,2) =ru1(z), &€ (0,0), and o> 1.

Thus, applying the partial Fourier transformation and the “dissipative” transformation leads
to the following Cauchy problem:

vtt(t7§) + m(t,f)v(t,f) =0, ’U(O,f) = Uo(f), ’Ut((),f) =0 (5)7 b€ (Oa U)a (502)

with mass term

2 /
m(t,€) =l ~ Do - T0yeps 5.0.3

For the behaviour of the solutions to this ordinary differential equation the sign of the coeffi-
cient m = m(t, &) is important. We divide our considerations into the cases

1. b(t) is strictly decreasing, that is, b'(t) < 0 for t > 0,

2. b(t) is strictly increasing, that is, b/(t) > 0 for t > 0.

5.1 Objectives and strategies

We will study the regularity of the solution (¢, -) for structural damped o—evolution models
(5.0.1). As in the previous chapters we assume for the Cauchy data uwy € H?(R"™) and
u; € L*(R™). We are interested to understand to which Gevrey space I'**(R™) our solution
u(t, ) belongs to. The study of regularity properties for u(t,-) for t > 0 allows to restrict our
considerations to large frequencies in the extended phase space. Let us explain our strategy.

It is divided into the following steps:

e We use the partial Fourier transformation and the “dissipative” transformation to re-
duce the partial differential equation into an ordinary differential equation for 4(t, &)
parameterised by the frequency parameter &.
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e The natural starting point is to rewrite the second order equation as a system for the
micro-energy (|¢|74, Dy@)” or a modified one and to use a diagonalization technique
to simplify the structure and to estimate its fundamental solution.

e To study the Cauchy problem for the ordinary differential equation we will divide the
extended phase space into two important zones, the hyperbolic and the elliptic zone,
the reduced zone brings no new contribution.

e If our considerations can be restricted to the hyperbolic zone, then we will intfroduce an
appropriate micro-energy to get for it a system of first order after one step of diagonal-
ization. The remainder becomes integrable. Here the remainder can be studied by the
matrizant representation. Then we derive a representation of the fundamental solution.

e If our considerations can be restricted to the elliptic zone, then we use another micro-
energy to get again a system of first order. This system should be diagonalized twice.
Then the remainder becomes integrable. We explain the matrix representation of the
fundamental solution which entries can be estimated in a very effective (two steps) way.

e We restrict our considerations to {£ : |¢| > M}, where M = M (t) is large and is allowed
to depend on the time variable. This allows us to work completely either in Zj,,(¢) or

in Zell(e)'

e We make statements about the smoothing effect for u(t, -) by using the representation
formula in the zone of interest for every fixed time t.

5.2 Gevrey space regularity

We devote to definitions of the Gevrey space regularity and qualitative properties such as the
regularity of a function which we will define in the following.

Definition 5.2.1. A given function u : R™ — R belongs to the Gevrey space I'“*(R") if and
only if there exist positive real constants a and s such that F,_¢(u)(€) exp (a(@é) € L2(R™).
Here F,_,¢(u) denotes the Fourier transform of u. We write u € T'**(R"™). By I'*(R") we denote

the inductive limit of all spaces I'**(R"), that is, I'*(R") := [J,- o T'**(R™).

More precisely, we can define the regularity of Gevrey-Sobolev spaces.

Definition 5.2.2. A given function u : R™ — R belongs to the Gevrey-Sobolev space I'***(R")

if and only if there exist positive constants a, s and a real constant p € R such that F,,_,¢(u)(€)(£)” exp (a(é)i) €
L*(R"™). We write u € T%**(R"). By I'’(R™) we denote the inductive limit of all spaces
[%%P(R™), that is, T*P(R™) := {J 0 T**?(R").

Remark 5.2.1. If u € T%*P(R™) we can modify the constant a such that u € T'%*(R").
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5.3 Smoothing effect for decreasing coefficients in the dissipation

In this section we study the special case of (5.0.1) if b = b(t) is a decreasing positive function
in the model

{ ugt + (—A)%u + b(t)(—A)°us = 0,
(5.3.1)
uw(0,z) =:up(x), w(0,2)=:ui(z), 0€(0,0], o>1.

5.3.1 Treatment in the case ¢ € (0,0/2]

In this section we study the special case of (5.3.1) for § € (0,0/2]. Applying the partial Fourier
transformation and the “dissipative” transformation to (5.3.1) leads to a Cauchy problem with
micro-local mass term m(t, &) = |¢|?° — @]5\45 - @]f\%, where the sign of the coefficient
m = m(t,§) is positive for large frequencies. For this reason we can completely work in
Zhyp(€) (see also Figure 10.1, 10.2 or 10.3 in the Appendix). To derive the representation
of solution for large frequencies we only need the following properties for the coefficient

b=>b(t):
(A1) positivity :  b(t) > 0 forall t >0,
(A2) decreasing : ¥ (t) < 0forallt > 0.

By the treatment in the hyperbolic zone from Section 3.3.2 we get the following representation
of the solution
p(t,§)v(t, 5)) (p(o, £)v(0, £)>
=1T(t,0 5.3.2
(MGeie) =reoo ("Gi0e"): 5352

where we introduce T'(¢,0, &) := M E4(t,0,€)Q(t,0,&)M 1. The matrices E; = E4(t,0,&), Q =
Q(t,0,¢) and M are defined in Section 3.3.2. So, we can write

p(t, E)u(t, &) = TH(1,0,€)p(0, )vo(€) +T'2(,0,€) Drv (0, £). (5.3.3)
By the backward “dissipative” transformation we have
€% X
Xp | —— b(7)d
exp (K [ wmar)at. it
= (1(4.0.6p(0.8) - 172(.0.9 "X 1) 0, €) — iT72(2.0.€)4 0. ).

Using this representation and the equivalence p(t,&) ~ |£|7 in Zp,, () the solution 4@ = u(t, §)
satisfies the following estimate for large frequencies:

26 ! 2\0 |5 2 Mo~ 9 ) 9
/£|>Mexp (lé! /O b(T>dT)(1+!€\ )7Na(t, €)| d€§/|£>M(1+!£\ )7 | ()] d§+/ |1 (€)[2dE.

|§|>M
By Definition 5.2.2 we can conclude immediately the following statement:

Theorem 5.3.1. Let us consider the Cauchy problem (5.3.1) in the case § € (0,0/2], where
b = b(t) satisfies the assumptions (A1) and (A2). For the data we assume uy € H° and u; € L.

Then the solution u(t, -) belongs for all t > 0 to the Gevrey-Sobolev space F“(t)’%"’(R”), where
a(t) := %fot b(T)dr.
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5.3.2 Treatment in the case ¢ € (0/2, 0]

In this section we study the special case of (5.3.1) for 6 € (¢/2, ). Using the same procedure
we get that the mass term m = m(t, £) is negative for large frequencies. For this reason for
every fixed time t we restrict our considerations to {¢ : [{| > M (t)} with M (t) large, such
that we work completely in Z;(¢) (see also the Figure 10.4 in the Appendix). To derive the
representation of solution we need the following properties for the coefficient b = b(t):

(A1) positivity = b(t) > 0 forall t >0,
(A2) decreasing behavior : ¥ (t) < 0forall t >0,

(A4) higher order derivatives : it holds |dfb(t)| < Cib(t)(; )k for k=1,2,

T+
(A5) useful inequalities : there exist positive constants Cy, C1, Co which are independent of ¢
such that

Coz(é)) < —bbl((f)) <0 141—15 < 022((?) with A(t) =1 _1-/0 b(r)dr

By the treatment in the elliptic zone from Section 3.3.4 we get with a suitable weight function
w = v(t, &) the representation

€7a(t, €)Y _ ! 1€]74(0, )
(Dtu(t’£)> — exp (/O w(r, 5)dT)G(t,o,g) <Dm(07€)> , (5.3.4)
where
G(tvovf) = M(tué-)Nl(tvé-)Q(t 0 5) (0 g) (075)

The matrices M(t,€), Q = Q(t,0,&),N1(t,£) and the weight function w = w(t, £) are defined
in Section 3.3.4. Here, we can write

exp ((— /0 w(r, €)dr ) €|7a(t,€) = GM (1,0,8)[€|a0 () + G™(1,0,€) Dyi(0,€).  (5.3.5)

Using the proof to Lemma 3.3.9 we have the equivalence w(t, &) ~ — |£I§E’T‘)25 in Z(e), and,

the solution @ = (¢, ) satisfies the following estimate for large frequencies:
[ e (2t [ an)a eyl s [ i) luo©)Pds
&> (t) &> (2)

U d€.
+ /|£ NG

By Definition 5.2.2 we can conclude immediately the following statement:

Theorem 5.3.2. Let us consider the Cauchy problem (5.3.1) in the case 6 € (0/2,0), where
b = b(t) satisfies the assumptions (A1), (A2), (A4) and (A5). For the data we assume ug € H?

and u; € L2 Then the solution u(t,-) belongs for all t > 0 to the Gevrey space Iz (R™).
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5.4 Smoothing effect for increasing coefficients in the dissipation

In this section we study the special case of (5.0.1) if b = b(t) is a increasing positive function
in the model

{ Ut + (—A)UU + b(t)(—A)‘sut = O,
(5.4.1)
uw(0,2) = ug(x), u(0,2) =:ui(xz), d€(0,0), o>1.

5.4.1 Treatment in the case ¢ € (0,0/2]

In this section we study the special case of (5.4.1) for 6 € (0,0/2]. Analogous to the previous
subsections we get that the coefficient m = m(t, £) is positive for large frequencies. For every
fixed time t we restrict our considerations to {¢ : |£| > M}, where M = M (t) is large, such
that we work completely in Z,,,(¢) (see also the Figure 10.7 in the Appendix). To derive the
representation of solution we need the following properties for the coefficient b = b(t):

(B1) positivity - b(t) > 0 forall t >0,
(B2) increasing behavior :  V/(t) > 0 forall t > 0.

In the same way as in Section 5.3.1 we get the following estimate for large frequencies:

t
[ e (16 [ bnar) (e iePrlaoPds S [ @l lao)Pds
|€1=M (t) 0 |€1>M (¢)

# [ uOOPAES [ (HIER a0 + fia(0.€) )
lg1=M(t) Rn
By Definition 5.2.2 we can conclude immediately the following statement:

Theorem 5.4.1. Let us consider the Cauchy problem (5.4.1) in the case § € (0,0/2), where
b = b(t) satisfies the assumptions (B1) and (B2). For the data we assume ug € H° and u; € L2,
Then the solution u(t, ) belongs for all t > 0 to the Gevrey space F%(R”).

5.4.2 Treatment in the case ¢ € (0/2,0)

In this section we study the special case of (5.4.1) for § € (¢/2,0). By the same technique we
get that the coefficient m = m(t, &) is negative for large frequencies. For this reason we can
completely work in Z;(¢) (see also the Figure 10.5, 10.6 or 10.8 in the Appendix). To derive
the representation of solution we need the following properties for the coefficient b = b(t):
(B1) positivity = b(t) > 0 forall ¢t >0,

(B2) increasing behavior:  V/'(t) > 0forall t >0,

(B4) higher order derivatives : it holds |dfb(t)| < C’kb(t)(l%rt)k for k=1,2,
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(B5) useful inequalities : there exist positive constant Cy, C1, Cy which are independent of ¢
such that

IN

Coz((tt)) < IZ)/((tt)) 011_11_ < Oy A<(tt)) with  A(t) = 14_/0 b(r)dr

In the same way as in Section 5.3.2 we get the following estimate for large frequencies:

20—26 ti . 214 ) ,
Aleexp(215| [ i)+ i) d“/@ (1 + 1€ () Pde

N 2
+ /|£ LGS

By Definition 5.2.2 we can conclude immediately the following statement:

Theorem 5.4.2. Let us consider the Cauchy problem (5.4.1) in the case 6 € (0/2,0), where
b = b(t) satisfies the assumptions (B1), (B2), (B4) and (B5). For the data we assume ug € H?
and u; € L% Then the so/unon u(t,-) belongs for all t > 0 to the Gevrey-Sobolev space

(02725 7(R™), where a(t fo b(lT) dr.

Remark 5.4.1. To derive estimates for the energies of higher order we assumed that b or 1/b
are non-integrable. But to explain smoothing property we do not exclude integrable b or 1/b.
For such integrable functions we have no parabolic effect (see the main results of Chapters 3
and 4), but we have Gevrey-Sobolev smoothing property. In the last cases the time-dependent
parameter a(t) tends to a finite limit in the suitable Gevrey-Sobolev spaces.
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6 Optimality — Scale invariant models

The question for the optimality of the results from Chapters 2 to 5 remained open up to
now. In this chapter we devote to give an answer. For this reason we consider scale invariant
models.

6.1 Scale invariant models

In this chapter we focus our considerations to scale-invariant models. It turns out that this
class of models provides us with a lot of ideas and gives some feeling for optimality of the
general results given in Chapters 3 and 4. We are concerned with the following structural
damped o—evolution models :

ug(t, ) + (=A)7u(t, z) + p(1 + )7 (=A)0uy(t, z) = 0, (t,x) € (0,00) x R",
(6.1.1)
uw(0,z) =: uo(x), w(0,2) =1ui(z), 06¢€(0,0), c>1, and ~eER.

The coefficient i is a positive real number. This Cauchy problem is of particular interest for
several reasons. At first this equation has more symmetries than other problems with time-
dependent dissipation. Let u = u(¢,x) be a solution to the equation from (6.1.1). If we
introduce the change of variables according to

u(l+t",2%) := u(AN1 +t), Nx),

then we try to find a parameter p such that the function w(1 + t*,2*) := u(A(1 + t), \Pz) is a
solution as well. For those parameters the equation from (6.1.1) becomes scale-invariant. As
we will see later this implies that we can compute explicit representations of solutions in terms
of known special functions.

Definition 6.1.1. The energy of higher order for solutions to (6.1.1) is defined for m > o by

E(t) = 3 [VPurlt, ey + S IV 1DI7u(t, )2 - (6.1.2)
|Bl=m |Bl=m

6.2 Objectives and strategies

The main objective in this chapter is the proof of the optimality of the energies estimates. These
estimates rely on more structural properties of representations of solutions than estimates in
the L?—scale and can not be deduced by the same methods as the above mentioned results.
Let us explain our strategy. It is divided into the following steps:



92 6 Optimality — Scale invariant models

e First we find scale invariant models.

e Then we transform these models to ordinary differential equations. So, the asymptotic
properties of solutions to these models are of interest.

e If our considerations can be restricted to the hyperbolic zone, then we prove the opti-
mality of these estimates by applying scattering theory.

e If our considerations can be restricted to the elliptic zone, then we prove the optimal-
ity of these estimates by using asymptotic theory for solutions to ordinary differential
equations.

e The obtained asymptotic estimates for solutions to ordinary differential equations are
transferred to solutions to the scale-invariant cases for (6.1.1).

6.3 Reduction to ordinary differential equations

Definition 6.3.1. The differential equation from (6.1.1) becomes scale-invariant if there exist
real parameters 6, v and p such that u(1 + t,z) and u(l 4+ t*,2*) := w(\(1 + t), \Pz) are
solutions to the equation from (6.1.1) as well for A # 0.

Suppose that u = u(t, x) is a solution of the equation from (6.1.1), that is, it solves
e (t,2) + (=A)7u(t, ) + p(l+ )7 (=A) ug(t, ) = 0.

Then we ask for which § and v we can find a p such that u(1 + t*, 2*) := w(A(1 + t), \Px) is @
solution as well. Some straight-forward calculations imply

(0F + (=22)7 + p(1+ ) (=A2) 0 )u(l + t*,z%)
= (N202 + NP7 (= Ay )7 + AP (14 %)Y (= A )20 )u(1 + t*, 2%).

Hence, u(1 4 t*, z*) is a solution of the equation from (6.1.1) if

{2]90:2, 26 — o

0+ 1 — =2, Hence, we get the coherence ~ = —

Corollary 6.3.1. The following models (6.1.1) become scale-invariant :

ug(t, ) + (—A)u(t, x) + p(l + t)g%a(—A)‘sut(t,:v) =0, (t,z) € (0,00) x R™,
(6.3.1)

w(0,z) =:ug(z), u(0,2) =:u1(x), § € (0,0), o > 1.

Applying the partial Fourier transformation a(t, &) = F,—¢(u)(t, &) to Cauchy problem (6.3.1)
we obtain

N N 20—o0 N N N R

Qg + (€70 + plgP(L+8) "7 ar =0,  4(0,€) :=o(§), @(0,€) := (). (6.3.2)
In the following we shall restrict ourselves to solutions @ which are constant on manifolds
described through the equation 7 = (1 + t)|¢|?. For this reason we propose the transforma-
tions

=4 DE,  alt,€) = o((1+t)[¢°). (6.3.3)
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Applying these transformations to (6.3.2) we get the Cauchy problem

26

f}TT(T) + 6(7) + ,UTT_U@T(T) =0, ?.NI(’I") = 60(7")7 'D'r(r) = ’51(7“), r= |£|U > 0.

Corollary 6.3.2. Applying the transformations (6.3.3) the Cauchy problem

20

gt + (€770 + pléP (14077 @ =0, @(0,€) :=o([€]7),  (0,€) = (I€]")

is equivalent to the following Cauchy problem with data at 7 = r = |£|7 :

Urr(T) + /“'2%0777(7') +9(r) =0, T €][r00),
(6.3.4)

¥

(r) :==0o(r), 0.(r):=701(r), 6€(0,0), o> 1.

6.4 Estimates for energies of higher order - Optimality

6.4.1 Treatment in the case ¢ € (0,0/2]

In this section we study the special case of (6.3.1) for § € (0,0/2], o > 1. The corresponding
Cauchy problem is

20—o

Orr(T) + 7 o O(7)+0(1) =0, o(r):=700(r), o:.(r):=01(r), d€(0,0/2]. (6.4.1)

To get appropriate estimates we can choose N large such that N > (2//;)&. We divide our
considerations into two cases : N > r or N <.

1. In the case N > r we divide the domain of 7 into two zones Z; := {7 : 7 > N} and
Zy:={r: r<7 <N}

2. Inthe case N < r we divide the domain of admissible 7 in one zone Z; := {7 : 7 > r}.

Let us devote to the second case.
Treatment in Z;. We investigate the “dissipative” transformed problem

2 — —20
Urr(T) + (1= M*TM;%) o(T) — MT%UQ v(r) =0, T € [r,00),
4 20
—_—
=:a?(T) :=b(T) (642)
v(r) = exp (%r%)ﬁo(r), vr(r) = %rwga exp (%r o )vo(r) + exp (ET o )171(7'),

where v(7) := exp (4 [, s%%ads)f;(ﬂ is the “dissipative” transformation and v(7) solves the
Cauchy problem (6.3.4) for § € (0,0/2]. By applying the diagonalization procedure (see in
Appendix Section 10.1.1) we get after first step of diagonalization that the entries of the matrix
R1(7) are uniformly integrable. For this reason the matrix R (7) belongs to L}, .(Z1). We can

write VD (1) = E1(1,5)V 1 (s), where E|(1,5) = Ey(t, s)Q(r, 5) is the fundamental solution,
that is the solution to the system

d-Ei(1,8) = (D(1) + R(7)) Ei(7,8), Ei(s,s) =1 forall s,7>r. (6.4.3)
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First we take the fundamental solution E; = E4(, s) of the “diagonal part”, that is,
d.Ey(1,8) = D(1)E4(1,8), Eq4(s,s) =1y forall s,7>r. (6.4.4)
Then the following estimate holds:
|Eq(T,s)]| <C forall s,7>r.
The matrix Q(T, s) satisfies
d:Q(7,s) = Pi(1,9)Q(7,s), Q(s,s) =1y forall s,7>r,

where Py (7, 5) := E; (1, s)R(7)E4(r, s). Applying the Peano-Baker formula from Proposition
10.1.10 (see Appendix) we get

|@ﬁﬁW<@m(/\Rhmm><C forall s,7> 7.

Hence,
|E1(7, 8)|| = [|Ea(T,8)Q(7,s)|| < C forall s,7>r.
In Z; we get
V(r)=E(r,r)V(r) forall 7>r, (6.4.5)
where
E(7,r) == NE4(r,)Q(r,r)N™" forall 7>r. (6.4.6)

From the backward transformation o(7) ;== exp (— 4 [ s75 ds)v(r) we have

o) S exp (= 57 =) (1w(r)] + [o1(r)]),

[o-(7)] S exp (- %(T = —7r)) ([Bo(r)] + [71(r)]).-

Let us consider the first case.
Treatment in Z;. The same approach leads to the estimates

o(r) S exp (= 5(r ) (170(N)] + [ (V).

o ()| S exp (= S(r7 = NT)) ([50(N)] + [ (V)]).

28
o

25 25
o o

- N

- T
Treatment in Z,. Here we introduce the micro-energy V(1) := <17(T), 6T(T)> . It satisfies the

system of first order

&Vﬁ%:<0 Eﬁ>Vux %WNz(%ﬁO?

-1 —pur -
. 0 1 . .
For bounded 7 the matrix A(7) = (1 25_g> is integrable, A(7) € L'(Z,). Due to this
—ur e
fact we obtain
‘?”)‘gcﬂ @“)]fm r<r1<N. (6.4.7)
07(T) 01(r)

Summarizing we arrived at the following statement:

Proposition 6.4.1. The following estimate holds of the Cauchy problem (6.4.1) forT > r > 0:
i [ LN N
B Sexp (=5 —r=) ([oo(r)] + [1(r)]),

26 28

oo ()] S exp (= 577 =) (J5o(r)] + [5:(7)]).

28
o
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Scattering results

Our goal is to show that the behavior of the solution v(7) of (6.4.2) with Cauchy data (vg, v1)
coincides asymptotically with the behavior of the solution for some reference system with re-
lated data (v, 1) in a special sense. We will use that the energy of the solution for those
reference system is constant. The operator relating the data (vg,v1) to (v}, v1) will be de-
noted as Mfiller wave operator following the conventions from the scattering theory for wave
equations. Now we define another reference system

_ B 0 a(T)\ & — 5
vT<T>—(_a(T) )vm, V() =V for 7>m (6.4.8)

Using the same procedure as before after a single step of diagonalization we get
V(r)=E(r,5)V(s) forall s,7>r, (6.4.9)
where
E(1,8) := NEg(r,s) N~ forall s, 7> (6.4.10)

The matrix-valued functions N and E; = Ey4(T, s) coincide with those from above. We con-
struct an operator mapping the Cauchy data V(r) = (a(r)v(r),v,(r))T from (22) to the
Cauchy data V(r) = (a(r)v(r), v-(r))T to the reference system (6.4.8). For this reason we
intfroduce

Wi (r) = lim E~Y(r,r)E(r,r) = lim NEy(r,7)E(7,r)N L.

T—00 T—00

Taking account of
NEy(r,7)Ey(1,r )Nt = NQ(r,r)N 1

brings
Wi(r):=N lim Q(r,r)N 1.

T—00

To prove the existence of W (r) as an operator from L(R?,R?) we show that {Q(74,7)}x is @
Cauchy sequence for all sequences {7} with 7, — co. Let us fix a constant R large enough
and 7,7 > R. We obtain

1Q(r,7) — Q(7,7)|| = HZ/ (t1,7)Jk(T1,7)dT1 — / P(ry,7r)Jg (11,7 )dTlH

_Hz/ (1)1, )| < exp ( /||R ldr) < <(R)

uniformly for all 7, 7/ > R. Consequently, the Mfiller wave operator W, (r) = N lim, ., Q(7,7)N 1
exists in L(R?,R?). To complete the scattering we examine the behavior of V' and V' by taking
the limit

Jim V() = V(7)|| = lim HE(T nV(r) = E(r,n)V(r)]

= hm INEy (7,7 )NV (r) = NEy(r,7)N W (r)V ()]

= lim [N Ea(r,r)Q(r, )NV (r) = NEq(r,r) lim Eg(r,7)Ey(r', )NV (1)
(

= hm INEq(r,r)L(r,r )NV (r)]]
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with
L(7,r) = Q(r,r) — lim Ey(r,7)E1(7', 7).

T/ —00
Due to the existence of W, (r) we arrive at lim;_, £(7,7) = 0 uniformly. By Definition 6.1.1
we can conclude immediately the following statement :

Theorem 6.4.2. Let us consider the Cauchy problem (6.3.1) in the case § € (0,0/2]. Then the
solution uw = u(t, x) satisfies the following estimates for the energies of higher order :

_92 m-+to

E™[u](t) S (140725 [uolFpmro ey + (14 8) 7 ur |3 -

Remark 6.4.1. This result coincides with the estimates for E™[u](t) in the case of decreasing
dissipation from Theorem 3.3.29. Furthermore, we can see that for the scale-invariant models
the decay function for E™[u|(t) is independent of the parameters p, 4.

6.4.2 Treatment in the case 6 € (0/2,0)

In this section we study the special case (6.3.1) for 0 € (0/2,0). The corresponding Cauchy
problem is
V7 (T) +/LT2%U®T(T) +9(1) =0, o(r):=70(r), 0:(r):=0(r), 6€(c/2,0), 0>1.
(6.4.11)
We proceed as in the other case. So we investigate the “dissipative” transformed problem

2 — —20
Vrr(T) — (%7’46;20 —1)v(r) - H(zga 0)7'2602 v(T) =0, T € [r,00),
[ — ~
=:a2(7) =b(7) (6.4.12)

20—0o - 28
no po =

v(r) = exp (Tgr?)ﬁo(r), vr(r) =45r"7 exp (4—57“%5)1)0(7“) + exp (E )171(7*)

where v(7) :=exp (§ [¢ s%%qu)ﬁ(ﬂ is the “dissipative” transformation and (1) solves the
Cauchy problem (6.3.4) for § € (0/2,0). By applying the diagonalization procedure (see in
Appendix Section 10.1.1) we get after second step of diagonalization that the entries of the
matrix R2(7) are uniformly integrable. For this reason the matrix Ro(7) belongs to Lj,.(Z1).
For large 7 gives that Ro(7) is integrable. So, the remainder Ro(7) is a “better remain-
der” than the non-integrable R;(7). Here, we can write V() (1) = EQ(T,T)VO(Q)(T), where
Ex(1,5) = Eq4(T,8)Q(7, s) is the fundamental solution, that is, the solution to

dr Bo(7,8) = (D(1) + FO(7) + Ra(7)) Ba(7,5), Ea(s,s) =1 forall s,7>r. (6.4.13)

First we take the fundamental solution E; = Ey(7, s) of the “diagonal part”, that is, to

d-Eq(7,s) = (D(1) + f(l)(T))Ed(T, s), FEq(s,s)=1Iy forall s,7>r. (6.4.14)
Thus
Ec(ln)(T, r) = exp (/T ( —a(s) + W)ds,
Ec(lzz) (1,7) = exp (/TT (a(s) + aT(;)az;)b(S))ds,
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We have to find the solution Q(7,r) to

dr (Ea(,7)Q(7,7)) = (D(r) + FI(7) + Ra(7)) Eg(r,7)Q(r,7), Q(r,r) =1,

or, equivalently, to
dTQ<T7 ’f') = Ed(T, T)R2 (T)Ed(7—7 T)Q(Ta T): Q(T, T) =1

To rewrite this system for @ = Q(7,r) as an integral equation for E5(7,7) we integrate over
[r, 7] and apply the ansatz to substitute Q(7,r). Hence, we have

Es(7,1) = Eq(1,7) + /T Ei(r, s)Ra(s)Ea(s,r)ds.

We see that Ey(7,r) is not bounded. For this reason we suggest to multiply Ey4(7,r) by a
weight-function exp ( -7 w(s)ds) in order to recalculate an integral equation for

T

Eél)(T,T) = Fs(7,7) exp ( B / w(S)dS)’ where w(7) = a(r) + W

As a result we have to consider

EV (r,r) = EN(r,r) + / ED (r, s)yRo(s) BN (s,7)ds, BV (r,r) = I

with

Ec(ll)(T, r) := diag (exp (/TT ( —a(s)+ CLT(;)Q(_S)b(S) - w(s))ds),

exp (/TT (a(s) + CLT(;)Qz;)b(S) — w(s))ds)).

Applying Gronwall’s inequality we obtain ||E§1)(T,T’)|| < C. This estimate implies
V)l < Cyexp ([ sV () (6.4.15)

hence,

| (a(;)(”T ()T)> < Cyewn ( / “w(s)ds), (a(zz"gg;”) | forall >

From the backward transformation v(7) = exp (%723)6(7) we have
a0 gy (1228 [ ai, V) (@@0) (6.4.16)
vr (7) = exp 457 s 1 or (1) . 4.
Using the estimate (6.4.15) gives
1 0\ /a(r)o(r) T ar(s)+b(s) p 20-0 UO o6
. < ST\ T I\) B2 — 2
‘ <m250 1> < - (1) ) ‘ ~ &P (/T (a(s) T a0 2° )ds 15" )

2a(7)
d (a@@()r)) "
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At this point we use the asymptotic equivalence

P20 l 2040 ar(s) — b(s) 1
a(s) 55 MS , and 20(5) s,
and we get
1 0 a(T)o(T) T 22 T1 2540 U o8 a(r)v(r)
o < (=) ° - - _ 20
‘(“E;Z) 1) < b7 (7) > ~ (7“> eXp< /r i d8> (=55 ( vr(r) >‘

After integration and using (6.4.16) we may conclude

(e ) () o g )| ()

Q

2a(T) v
This yields
- < - o —25:—25 B —250+20 5 _
O e 1 =) (@)lao ()] + 13 ().
In the same way we derive
< o g 725;20 B 726;20' N -
or(n Ol S e (= s (7 =) (o) o) + 151 (7)]).

In the case » < N we can use the latter estimate in order to obtain together with

[<on| (30) |

Summarizing we arrived at the following statement:

Proposition 6.4.3. The following estimates hold :

aPE S e (= o gs (777 =) ) )|+ ),

g —26+20 —26+20
or(r ) S exp (-~ 16

e ) o)l + ).

Proof of the optimality

In this section we want to prove the optimality of the estimate (6.4.15). To do so we shall
show that at least one component of V()(7) can not be estimated to below better than

exp (f: w(s)ds). Let us devote to the system

Vi(r) = (D(r) + FO(r) + Ra(r) )V ().

Here we denote by 74 (7) with k,1 = 1,2, the entries of Ro(7) from the last section and we
denote by p1(7), ¢2(7) appearing in the matrix

D) + 77+ Rafr) o= (227 7).
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We shall examine the behavior of the components of the fundamental solution E(7,7) as
solution to

_ (ei(T) ria(T) _
dTE(TaT)_<r21(T) (p2(7)>E(7',7”), E(r,r)=1 forall 7>r.

We have the following representations for its entries E* (7, r), k,1 = 1,2:

E'(r,r) = exp (/ p1(s)ds) + /TT ri2(s)E?(s, 1) exp (/ p1(0)d0)ds,  (6.4.17)

E2(r,r) = /T r12(s)E*(s,7) exp (/T @1(9)d9>ds, (6.4.18)
B2 (r,7) = / "o ()M (s, 1) exp( / ' g02(9)d9)d5, (6.4.19)

E®2(7,r) = exp </TT (pg(S)dS) + /TT ro1(s)E'% (s, 1) exp </T 4p2(0)d0> ds. (6.4.20)

S

Substituting the representations into each other we can establish integral equations for each
component. Let us begin with the component E?!.
E?Y(7,7) : To understand the behavior of this component in correspondence with

exp (/TT Lpg(s)ds) = exp (/TT w(s) + 7“22(3)d3> < Cn exp (/rTw(s)ds>

we investigate
o0 (= [ @) B = [ B e (— [ a0)as)is.

Using the representation for E1!(7,r) from formula (6.4.17) we get

exo (= [ oa000) B ) = [Trayen ([ (0160) - pal)ab) s

:=q21(T,T) =a(r,r)

0

+ /TT /TS r21(8)712(0) exp (/95 (1(p) = @2(P))dp> exp ( _/ <P2(p)dp) E2(6, r) dods.

T

=q21(0,r)

Here we introduced the notations
wn(rr) = e (= [ a(0)a8) B (o),
and a7, r) = /TT r91(5) exp (/TS (¢1(0) — @2(9))6&9) ds.
With this we get an integral equation for go1 (7, 7) :
wn(rr) =a(r)+ [ [ @@ en ([ (0100 - ao)dp)a (6, r)dods

Introducing the notation

(5.1 = raa(s) [ ra@exp ([ (er(o) = ealo) o)t
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leads to .
qo1(1,7) = a(r,r) +/ B(s,7)q21(s,r)ds.

Hence, we can write

r ()| < lam. )]+ [ 13060 a5 s,

Taking into consideration |a(7,7)| < N-% and 1B(s,r)| < N-F g2 uniformly for all large

constants N the application of Gronwall’s lemma brings

lgo1(T,7)] < Cn, hence, ]EQI(T, r)| < Cnexp (/ w(s)ds),

where the constant Cy tends to 0 for NV to co. So we are not able to prove that this compo-

nent behaves better than exp ( [7 w(s)ds). We may derive same estimates for |[E!(7,7)| and
|E12(7,7)|, where Cy has the above behavior.

E?%(7,r) : Only for this component we can show that it does not behave better than Cy exp ( [T w(s)ds)
with a constant C'y which tends to 1 for N to co. Our starting point is the integral equation

qo2(1,7) = a(r,r) + /Tﬁ(s, r)q22(s, r)ds,

where .
qoa(T, 1) := exp ( —/ @2(0)d0)E22(T, ), a(r,r) =1,
and

85,1 = raa(s) [ @ exo ([ (e1(0) -~ walo)do) o

We use the following representation of gao(7, 7). For n =1 we set 79 = 7:
o0 T T1 Tn—1
QQz(T,?”)—l—i-Z/ ﬁ(ﬂﬁ)/ 5(71772)"'/ B(Tn—1,Tn)dTy - - - dT1.
n:1 T T T

This representation allows to prove |ga2(7,7)| > 3 for a suitable choice of N. We begin with

© T T Tn—1
walrn) 2 1= 3| [ sn) [ sem) e [ s, dn
n=1 T T T
and show that
T T1 Tn—1 1
[ st [T Bt [T B dn| < g nz
Summarizing we have shown
1 T
22
>
|E““(7,7)| > 2exp</r w(s)ds).

Hence, this component does note behave better than the weight term exp ([T w(s)ds). Finally,
if N is large enough and if we choose data

V) = (0, V2 ) with V2] 2 2V )
for a suitable small £ we can estimate
V()| > iexp (/ w(s)ds )V ()], [V(7)] = Coexp (/ w(s)ds )|V (7))

respectively, where C is a positive constant. By Definition 6.1.1 we can conclude immediately
the following statement:
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Theorem 6.4.4. Let us consider the Cauchy problem (6.3.1) in the case 6 € (c/2,0). Then
the solution u = u(t, ) satisfies the following estimates for the energies of higher order :

m _om+o _o(m
E™[u)(t) S (14 8)7277 o Fpmta gy + (14 ) 720t | Fpm -

Remark 6.4.2. This result coincides with the estimates for E™[u|(t) in the case of increasing
dissipation from Theorem 4.2.18. Furthermore, we can see that for the scale-invariant models
the decay function for E™[u](t) is independent of the parameters i, 4.
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7 LP — L7 estimates on the conjugate line

In this chapter we are interested in LP — L7 decay estimates on the conjugate line. It turns out
that this class of models provides us with a lot of ideas and gives some feeling for expected
results from the results of Chapters 3 and 4. We are concerned with the following structural
damped o—evolution models :

ug(t, ) + (=A)7u(t, z) + b(t)(—A)u(t, z) = 0, (t,x) € (0,00) x R™,
(7.0.1)
w(0,z) = up(x), w(0,2) =1u1(x), o>1, §e(0,0),

where b = b(¢) is a strictly monotonous and positive function.

7.1 Obijectives and strategies

The main objective in this chapter is the derivation of L? — L7 decay estimates for the higher
order energies on the conjugate line. These estimates rely on more structural properties of
representations of solutions and can not be deduced by the same methods as the above
mentioned results from Chapters 3 and 4. Let us explain our strategy. It is divided into the
following steps:

e In the first step we use the partial Fourier transformation to reduce the partial differential
equation to an ordinary differential equation for (t, ) parameterized by &.

e We divide the extended phase space [0, c0) xR™ into zones to find a WKB- representation
for the solution of (7.0.1) in all zones.

e By using techniques for Fourier multipliers we obtain L' — L> estimates. In the Fourier
multipliers appear characteristic functions x 4 of sets A from the extended phase space.
We get two type of decay estimates, a “potential type decay” for small frequencies and
an “exponential type decay” for large frequencies under additional regularity assump-
tions for the data.

e By using the Plancherel theorem we obtain L? — L? estimates. Here we can use the
results from Chapters 3 and 4. We get also two types of decay estimates, a “potential
type decay” for small frequencies and an “exponential type decay” for large frequencies
under additional regularity assumptions for the data.

e The general statement follows by an interpolation argument. We apply the Riesz-Thorin
interpolation theorem to interpolate the L! — L* and L? — L? estimates.
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7.2 L? — L7 estimates for decreasing dissipation

Let us consider the special case of (7.0.1), that is, the model

{ ug(t, ) + (=A)7u(t, ) + b(t)(—A)us(t, z) = 0, (t,x) € (0,00) x R™,
(7.2.1)
w(0,z) =:ug(z), w(0,2) =1u1(x), o>1, §€(0,0),

where b = b(t) is a strictly decreasing and positive function.

Lemma 7.2.1. The following estimate holds for |3| > 0 and for large time t :

[B] _ n

e (<16 [“srar), < (2 [ i)
Proof. The proof follows from
it exp (~ 167 [ otmar)|,, 5 [ i1 exp (i [ oirrar) i

t S i LT
S(/o b(T)dT) 0 /0 172; 1exp(—77)d17

after setting n = €% [ b(7)dr with diy = 28|¢[20=1( [ b(7)dr)d|€]. O

Remark 7.2.1. If we estimate | exp ( — @ fg b(7)dr) €181 11, then this brings a coefficient

like
18]

(/Ot b(T)dT)—ﬁ—Z%.

This coefficient becomes singular for t — +0. For this reason we will often distinguish in the
further considerations between the two cases t € (0,1] and t € [1, c0).

7.2.1 Treatment in the case § € (0,0/2)

In this section we study the special case of (7.2.1) for § € (0,0/2), that is, the model

{ Ut + (—A)UU + b(t)(—A)‘Sut = 0,
(7.2.2)
w(0,z) =:up(z), u(0,2) =1ui(x), o>1, §€(0,0/2),

To derive a suitable WKB representation for the solution of (7.2.2) we divide the extended
phase space [0,00) x R into the same zones as before in Section 3.3.1. The part of the
extended phase space containing only large frequencies belongs completely to the hyperbolic
zone. By applying Lemma 3.3.1 the part of the extended phase space containing only small
frequencies is divided into the following zones:

case 1: If limsup, . (1+t)A(t)~2% = 0, then this part of the extended phase space is divided
intfo the pseudo-differential zone , the elliptic zone , the reduced zone and the hyperbolic
zone.

case 2: If limsup, .. (14 t)A(t)"2 = oo, then this part of the extended phase space is
divided into the pseudo-differential zone, the reduced zone and the hyperbolic zone.

Let us devote to the first case:
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L' — L estimates

Large frequencies. For {(¢,&) : || > C1} with Cy sufficiently large this part of the extended
phase space belongs to the hyperbolic zone.

Proposition 7.2.2. The following estimates hold for large frequencies :

t
/R €1t ) xeizcyydé S exp (- € /0 b(r)dr ) (ol srms + il o smar )

for m>n, |B]>o,

t
/R |§||B‘|ﬁt(t,f)|X{\g|zcl}df < exp ( - C/o b(T)dT) <||U0||H|ﬁ|+o'+m,1 + HU1||H\BH—m,1)

for m>mn, |B]>0.

Proof. From Proposition 3.3.2 we have

€18t &) eqe=cny S exo (= B fy b(r)dr ) (1170 )] + €197 a (©)]) for 18] > o,
€180 (1, ) xeiscny S exp (= 5 5 br)ar) (1618 lao (&) + 1P ar (€)]) for 18] = 0.

Elastic energy. Taking account of Remark 7.2.1 we distinguish between the two cases small
and large times.

Small times. If we would estimate the L' norm of [¢|I%l exp ( - @fg b(T)dT), then this

becomes singular for ¢ — +0. For this reason we assume additional regularity for the given
Cauchy data to conclude

[ tePat e)xezcnde

€
1

(L+1¢)?

[Bl+m

|B|=o+m
< (s [0+ 16 5 a0©)] + sup [0+ 1) F @) [

£€Rn

de.

3
Applying the L! — L> property of Fourier multipliers and m > n we arrive for t € (0,1] at the
inequality
/ €11 a(t, ) Ixqe=cnydE S Nuollgisrrma + l[uall gisi-osma for m > n. (7.2.3)
Rn
3
Large times. We can apply two different strategies. First we estimate

t
| 61a.Olxqascnde S lioll= | 161 e (e | biryar) e

3

il [ 161977 exp (162 [ oiryar)a
3

Applying Lemma 7.2.1 gives

|8 [Bl=c _ n

t _1Pl_n t —
/Rn |§\5l|@(t7€)|X{|5201}d5§(H‘/O b(rydr) \|u0|yL1+(1+/0 b(rydr) T i,

3
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This implies a “potential type decay” for large times without assuming additional regularity
for the data. The second strategy is to use the additional regularity from small times. In this
way we may derive From Proposition 3.3.2 we derive

|B]+m

t
|16, lxgesends S exp (=€ [ wrar) ( sup |1+ 675 a0(6)
Rn 0

geRn

2 \/J‘I*ngmA 1 d
+£selg>n\(1+!§\ ) u1(§)|> /R? bE €.

Applying a L' — L> property of Fourier multipliers and m > n we have

t
|16t €)xgerscn e S exp (=€ [ b)) (luallgorsns + oo
R" 0
for m > n.

This implies a “exponential type decay”. This implies an “exponential type decay”.

Kinetic energy. As for the elastic energy we distinguish between the two cases small and large
times.
Small times. Under additional regularity assumptions for the data we conclude as follows:

/Rn €171 e (£, €)X (1g) >0y €

3
1

(L+1¢2)%

[Bl+o+m [Bl+m

S(SS;RQLKHIHZ) : @0(5)‘+£S€11H£L‘(1+|§\2) 2 ﬂl(ﬁ)‘)/R

de.
¢

Applying the L' — L™ property of Fourier multipliers and m > n we have

/IR 1PN (¢, ©) x>0y € S Hluoll giorvosma + lutll gisrems for m > n.
3

Large times. Here we use

t
et Oxgesends < ol | 1677 e (g | biar)ae

3
sl 161" e (16 ["biryir)ac

Applying Lemma 7.2.1 and the L' — L> property of Fourier multipliers we get

7‘5‘+0'7n @7

t n t _ n
|16t hqesende < (14 [ bnar) ol (14 btriar) " o
Rg 0 0

This gives a “potential type decay”. The second strategy

|1Bl+o+m
2

! 2
61t bz < e (= € [Tbryar) (s (01041685 o)

N SR
+ gup |0+ 161 “1(5>’>/Rg A+ 1gmE

Applying a L' — L* property of Fourier multipliers and m > n we arrive at

t
et O xqezcnde = exp (= € [ bryar) (juol oo + o)
R" 0

for m > n.

This gives a “exponential type decay” and completes the proof. O
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Small frequencies. We feel small frequencies in several zones separated by the lines to(|¢]),
t1(|€]) and t2(|£]). For this reason we distinguish three case.

Treatment in the case ¢t € (0,#y(|£|)] In the following statement there appears the parameter
a which appears in condition (Aé) from Section 3.3.1.

Proposition 7.2.3. The following estimates hold for small frequencies in the case t € (0, to(|¢])]

J,

g
3

t —5 %
€113, Ol prongeizen (.94 5 (15 [ ) ™ gl

‘ﬁ‘*25f¥7 n

t _ n
+(1+/ brydr) T il for |82 o,
0

_|Bl+20—-26a  n

¢ 28 28
/ €171 (£, €)X (paynle| <oy (£, €)dE S (1 +/ b(T)dT) l|uoll 1
RE 0

3
18]

t _1Bl _n
+(1+/b(7)dr) 22l for 18] > 0.
0

Proof. Here we work completely in the pseudo-differential zone, see Section 3.3.5. By tak-
ing info consideration the phase function —|¢|? fg b(7)dr have non meaning in the pseudo-
differential zone and using the formulas (3.3.7) and (3.3.9) we have From

Elastic energy. Using the estimates (3.3.7) and taking into consideration Remark 7.2.1 we
distinguish between the two cases for small and large times.

Small times. In this case we have compact set, then we conclude immediately the following
estimate:

[ 61O i< 8. )8 5 ol + s
3

Large times. For large times it follows from (3.3.7) :

/Rn 1PN a(t, €)X tpayrgie|<cny (L, €)dE

3
3 /IR e (— e /O bryar) e (1+ /0 beydr) gl

o e (< “b(r)ar)de (1+ [ o) o

Applying Lemma 7.2.1 and a L' — L™ property of Fourier multipliers gives

Bl _n

t
/]R et ©) I gaynge<on (. S (1+ /O b(r)dr) o
3
_|B\*25a n

t
+<1+/b(7)dr) T g .
0

This brings a “potential type decay”.
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Kinetic energy.
Small times. As for the elastic energy we get

/Rn 1PN (¢, €)X pay el <y (8 €)dE < Juollpr + JJua 21
3

Large times. For large times it follows from (3.3.9) :

/Rn 1P a(t, €)X tpayniie|<cn) (t, €)dE

3
: /? ISIW“Q‘SO‘ o ( ~ el /ot b(T)dT>d€<1 T /Ot b(T)dT>_% [ o]| Lo
+/Rn |5|IB| exp ( _ |£‘25 /Of b(T)dr)dg 1 || oo -
3

Applying Lemma 7.2.1 and the L' — L> property of Fourier multipliers gives

_1Bl+20=26a _ n

t
/Rn 1PN a(t, €)X payniiel<cny (t €)dE < (1 +/0 b(T)dT> ’ *Nluol| 1

3

t _1Bl_n
+(1 +/ b(T)dT) * ua o
0
This yields a “potential type decay”. In this way the proposition is proved. O

Treatment in the case ¢ € [to(|€]), t1(]€])]

Proposition 7.2.4. The following estimates hold for small frequencies in the case t € [to(|€]), t1(|€])]

18]

t n
R 1 ~55—35 " 35-35
/Rn 1Pt €)X enupayniie|<cay ( €)dE S (1+/0 7b(¢)dT> 2202 ol
¢

n

tq - s
+(1+/ —dT) |lui |z for |B| > o,
o b(1)

el Olxnmngessn . )d¢
3
_ 1Bl4a _1B8l1+20-28a _ n

gmax{(l—i—/otb(lﬂd7> 20_26_M:L2(§,(1+/[]tb(7)d7> o ﬁ}HuOHLl

_1Bl+0—26a 18]

emax{ (1+ t o) (e o) I e for 181 2 0

Proof. Elastic energy.
Small times. In this case we work in a compact set, then we conclude

/]R” ‘g“/j"ﬁ(tvé—)‘X{ellUpd}ﬁ{mSCz}(tag)dg S luwollpr + [Jul
¢

Large times. By taking into consideration the gluing procedure between the pseudo-differential
zone and the elliptic zone from Corollary 3.3.17, the decreasing behavior of b = b(t) and the
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definition of the elliptic zone we have

/ |£‘B||a(t7§)|X{ellUpd}ﬂ{£|§CQ}(t7€)d§rg/
an

£ R

t
1
_|_/ f\ﬁ\*Z&anp o §2025/ A7) de ||| oo
[ 1 (=i [ iar)ac o

t
18 _jepew [ L ;
Jelewp (7 | ) e ol

Applying Lemma 7.2.1 and the L' — L> property of Fourier multipliers we arrive at
pplying property

18]

t n
. 1 T 2e—25  20-25
/Rn 1PN a(t, €)X feuupayniie|<cay (8 €)dE < <1+/0 7b(r)d7) T |
€
t =
1 — .
(14 [ 55) o

This brings a “potential type decay”.Kinetic energy. Here we use again the estimates from

Corollary 3.3.17.
Small times. As before we have

/Rn €171 e (£, €)X gettupaynile| <oy (8 €)dE S Nluollpr + Jlua | zr
3

Large times. From Corollary 3.3.17, the decreasing behavior of b = b(t) and the definition of
the elliptic zone we have it follows

t
/Rn 11181 (£, €) X gettupaynile| <o (8 €)dE < maX{/Rn |€]18IF20 =200 oxpy < - |§!25/0 b(r)dT)dg,
3

¢
t
1
|,8\+o‘ o 20—26 7d d ~ o
/ Je e (~1e | 5 de} ol
t
smax{ [ el exp (16 [ b(rar)de
R} 0
t
1
|B|+o—26c | ¢]20—20 — dr\d ~ .
i 1 exp (= g2 [ smsar)achinls
Applying Lemma 7.2.1 and the L' — L* property of Fourier multipliers we get

/R" €121 e (£, €)X gettupaynile| <o (E: €)dE
3

t _2|B|+2T5_2 = t _W%%m_g%
< + max { (1 +/ b—dr) 72 (1 +/ b(T)dT) }||UOHL1
0 b(7) 0
b1 _‘Bl;aé?séa_2 ) t _@_%
max { (1 —|—/ b—dT) o o (1 +/ b(T)dT) } llui|rr-
0 b(7) 0
This implies a “potential type decay”. In this way the proposition is proved. O

Treatment in the case ¢ € [t1(|¢]), o0)
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Proposition 7.2.5. The following estimates hold for small frequencies in the case t € [t1(|]), o0)

/Rn 1Pt €)X (redunypyni el <cay (t €)dE

| _ |B|+o—26c n

< max { (1 + /Ot b(lq_)d7'>_2£26_%i%, (1 + /Ot b(T)dT) 2 _%}HuoHp

_B|=20c n 1Bl—0 _n

—|—max{(1—|—/0tb(1T)dT) 2o _M,(1+/Otb(T)dT>_ * ﬁ}Hul”Ll for 18] > o,

/]R" |€’|/B| ‘at (ta 5) ’X{redUhyp}ﬁ{\ﬂSC’z}(t: E)dé

1Bl+o n _1Bl4+20—-26a _ n

§max{(1+/0t b(lT)dT>_2”26_2°26,<1+/0tb(7)dr) z ﬁ}||u0HL1

_1Bl+o—26a _ 18]

e { (14 [ ar) T (0 [Cotnar) T o for (9120

Proof. We use the gluing procedure between the pseudo-differential zone, the elliptic zone,
the reduced zone, and the hyperbolic zone, as proposed in Section 3.3.6 (see Corollary
3.3.19 for t € [t1(|¢]), ) :

Elastic energy.

Small times. As in the other cases we derive

/Rn PN a(t, €)X fredunypynilel<cay (t €)dE < Nluollpr + Jlua 21
¢
Large times. From Corollary 3.3.19 it follows

P O raroton ()6 S

3

sup
geRn

PNLESE |§25/’5 B 20—25/t1(§|)1 R
()" exp (= 5 [ dmdr) e (= 1efe [ pesdr) | lole

+o0—28c 25 rt )
/R et faren™s exp (= 1 [Cotryar)|, ol

lp=2goem g s [P0 1N
+ sup |(1+ [€]? 2 exp —/ b(r)dr ) exp | — |€|*° ——dt )| ||t1]| oo
sup [(1+1¢P) (=25, o b exo (=16l [ cosar)
1 18l=c €120t X
X —— _de+ L+ [€]P) T exp —/deT U1llp~ for m >n.
/Rg TraE o) (=5 [ o), vile

Applying Lemma 7.2.1, Lemma 3.3.21, m > n and a L' — L™ property of Fourier multipliers
the last inequality implies

€10 €) a6

€
El _1Bl4o=28a _n

5max{(1+/0tb(17)d7)_2‘"”_2"ﬁ”,(1+/Otb(7)d7) T ol

_ 18]=26« n [Bl=0 _ n

s+ ) 1 L)
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This gives a “potential type decay”.
Kinetic energy.
Small times. By the same arguments as before we get

[ I ) rearotnn (4918 = ol + s

Large times. We use again Corollary 3.3.19 we have

161 0t ) o (8. €106 <
sup

¢
|Bl+o+m 1|28 [t oeos [PUED 1
(14632 exp( — / b(T)dr ) exp [ — [£]*7 / ——dr
fER" ‘ ) < 4 t1(|f‘) ) ( ‘ ’ 0 b(T) ) ’

<ol | : At o e (- i / by ol
+ sup

18|40 —25a+m |£|25 t 92 t1(|€]) 1
1+ [€)? 2 exp —/ b(T)dr )exp | — [£]*° / —dt

e [ a6 e (< 5 [aiar)| ot
3

for m > n.

Applying Lemma 7.2.1, Lemma 3.3.21, m > n and the L' — L™ property of Fourier multipliers
the last inequality implies

6P e 8. )¢
3
|1Bl+o n _|B|+20—26a _ n

< max{(l + /Ot b(lT)dT)%%M, (1 + /Ot b(T)dT) » ﬁ} |luol| 71

t 1 _\Bl;a;§6a_2 n25 t _‘;j_%
+ max { (1 +/ —dr) T (1 +/ b(T)dT) } 1.
0o b(7) 0
This brings a “potential type decay” and the proposition is proved. O

Conclusion By the statements from Propositions 7.2.2 to 7.2.5 we obtain the desired L' —
L estimates for the energies of higher order of solutions to the Cauchy problem (7.2.2).

Theorem 7.2.6. The following L' — L™ estimates hold for the energies of higher order of
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solutions to the Cauchy problem (7.2.2) :

IV u(t, )| o
lg1 _IBl+o—26a _ n

t 1 — 5 — 07_1 t n
< max { (1 + / —dT) o2 B (1 + / b(T)dT) % 26} l|woll g1814m.1
o b(7) 0

_1Bl=2%a  _n |Bl—0 _n

+ max { (1 + /Ot [,(17-)d7) oo BemE (1 + /Ot b(T)dT)_ 2 25} [t |l gr181-o+m.a

for m>n, |B]>o,
IV us(t, )| oo

_ ‘5‘4’0 n _‘5‘4’20*25(1_77,

< max { (1 + /Ot b(17_)d7> 26_26_m, (1 + /Ot b(T)dT) » 275} l1uoll gis1+o-+m.1

_1Bl+o—25c 18]

+ max { (1 + /Ot b(l’i')dT) 2o _anﬁ, (1 + /Ot b(T)dT)_T_%} 1wt || gri14ma

for m>n, |B]>0.

Remark 7.2.2. We want to pint out that in the above estimates the decay comes from the WKB
representations of solutions for small frequencies and large times, the regularity comes from
the large frequencies and from the small times.

Interpolation

To get the desired LP — L7 decay estimates on the conjugate line we apply the Riesz-Thorin
interpolation theorem between the L? — L? estimates from Theorem 3.3.23 in Section 3.3.5
and the L' — L™ estimates from Theorem 7.2.6.

Theorem 7.2.7. Let us consider the Cauchy problem (7.2.2), where b = b(t) satisfies the
following assumptions : (A1) to (A6) and limsup, (1 + t)A(t)"2 = 0. Then the energies of
higher order of the solutions u = u(t, x) satisfy the following LP — L4 decay estimates on the
conjugate line :

IVPult, )| a .

—gb l,l) _IPl+o—20a n (1 1
5max{<1—i—fg ﬁdT) 20—26 20-20'‘p g ,(]-‘l‘fgb(T)dT> 26 20\p q }HUOHHlﬁHNpm

C 1\ e ) ‘ 563
+ max { (1 + fo 5 dT) , <1 + fo b(T)dT) }||U1||H|ﬁ|7U+Np,p
for |8] > o,

IV (2, )l o

P q)
Hllwoll ot v

P q

+m“{@+ﬁﬁﬂﬁzﬂw%%%;%@+ﬁwﬂm)”25

)
bl o0
for 8] >0,

where p € [1,2], pg=p+qgand N, > n(% - 1).

Remark 7.2.3. We have seen in Chapter 3 that our model of interest (7.2.2) possesses the
parabolic effect. The last result shows, moreover, that this model is parabolic like from the
point of view of LP — L7 decay estimates on the conjugate line.

Following the same approach we are able to prove the following corresponding result to
Theorem 7.2.7 for the second case.
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Theorem 7.2.8. Let us consider the Cauchy problem (7.2.2), where b = b(t) satisfies the
following assumptions : (A1) to (Aé) and limsup,_,. (1 + t)A(t)"% = co. Then the energies
of higher order of the solution u = u(t, z) satisfy the following LP — L4 decay estimates on the
conjugate line :

t _pl—0_n
+(1+/ b(T)dT) TP allgii-oengs  for 18] 20,
0

t 1Bl4+o _n (1 1

t _ 1Pl n ,_l)
+(1+/ b(rydr) T un s, for (8] 0.
0

where p € [1,2], pg =p+q, and N, > n(% - %)

7.2.2 Treatment in the case 0 € (0/2,0)

Following the same approach we are able to prove the following corresponding result to
Theorem 7.2.7.

Theorem 7.2.9. Let us consider the Cauchy problem (7.2.1), where b = b(t) satisfies the
following assumptions : (A1) to (A5). Then the energies of higher order of the solution u =
u(t, x) satisfy in the case 0 € (0/2,0) the following LP — L7 decay estimates on the conjugate
line :

where p € [1,2], pg=p+q, and Np>n(%—%).

7.3 LP — L7 estimates for increasing dissipation

Let us consider the special case of (7.0.1), that is, the model

ug(t, ) + (=A)7u(t, z) + b(t)(—A)u(t, x) = 0, (t,x) € (0,00) x R™,
(7.3.1)
w(0,2) = ug(x), u(0,2)=:ui(x),, o>1, 0¢€(0,0),

where b = b(t) is a strictly increasing and positive function.
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7.3.1 Treatment in the case 0 € (0/2,0)

In this section we study the special case of (7.0.1) for 6 € (0/2,0), that is, the model

wgt + (—A)7u + b(t)(—A)%uy = 0,
(7.3.2)
u(0,z) = up(x), u(0,2) =:ui(x), &€ (c/2,0).

We divide again the extended phase space as proposed in Section 3.3.1. The geometry of
the zones is the same as in Section 4.3. The part of the extended phase space containing
large frequencies is completely contained in the elliptic zone. By taking account of Lemma
3.3.1 we distinguish for small frequencies our considerations into the following cases:

case 1: If limsup, . (14 t)A(t)"2% = 0, then this part of the extended phase space is
divided into the pseudo-differential region and the elliptic zone.

case 2: If limsup, . (1 + t)A(t)"2% = oo, then this part of the extended phase space
is divided into the hyperbolic zone, the reduced zone, and the elliptic zone. The pseudo-
differential zone is a compact set.

Let us devote to the first case :

L' — L estimates

Large frequencies. The part of the extended phase space {(¢,&) : |{| > C1} with C; suffi-
ciently large belongs to the elliptic zone.

Proposition 7.3.1. The following estimates hold for large frequencies

18]

D N
|5‘ ~ t d < 1 / d 20—-28 20-20 .
/ I Oz s (1 55%) () P

—26

t _ 18] __n

—l—(l—l—/ 7dT> foma0 2o llutll gg181-204ma  for m>mn, |B] > 24,
o b(7)

18]+20—26

t n
~ 1 T 20-25 20-25
/Rg ‘§|Iﬂ\|ut(t,5)|X{\§|201}d£ < (1 +/0 o) dT) l|wol| g7181+20 25 4m,1

[Bl+20—46 Bl _n

+ max { (1 + /Ot b(lT)dT)_ oo —TCL%, (1 + /Ot b(T)dT)_ﬁ_%} w1l r181+m.1

for m>mn, |B]>0.

Proof. In this case we already derived the representation of solution in Section 4.2.2. Follow-
ing Proposition 4.2.2

Elastic energy.

Small times. Here we need again more regularity for the Cauchy data. This additional regu-
larity allows to conclude

20— 25
[ IP1a Olxqescnds < / oo (¢ [0 (1ot

3

€12 ay (€)]) de

|81+
S (sup [(1+ 1)
£eER™

. 1 9 |ﬁ|—§5+mA 1 d
O]+ sup 1+ i) “”f)D/W( 3

1+ [¢2)%
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Applying the L! — L>° property of Fourier multipliers gives
pplying property

/Rn 1P a(t, ©)xqe>cydé S luoll gisrmn + [[wall gisi-264m1 for m > n.
3

Large times. From the Proposition 4.2.2 and for {|¢| > C4} it follows
|£|20 25
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Applying Lemma 7.2.1 and the L' — L™ property of Fourier multipliers we get
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So we have a “potential type decay”. If we would use the additional regularity of data from
considerations for small times, then we could even derive an “exponential type decay”.

Kinetic energy.
Small times. With the additional regularity for the Cauchy data we have
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Large times. From the Proposition 4.2.2 and for {|¢| > C1} we have
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Applying Lemma 7.2.1 and the L' — L* property of Fourier multipliers brings
pplying property
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This yields a “potential type decay”. If we would use the additional regularity of data from
considerations for small times, then we could even derive an “exponential type decay”. The
proposition is proved. O
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Small frequencies. For small frequencies we have only the separating line #y(|£|). For this
reason we distinguish two cases.

Treatment in the case ¢ € (0, #o(|¢])]

Proposition 7.3.2. The following estimate holds for small frequencies in the case t € (0,t0(|£])]
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Proof. Here we work completely in the pseudo-differential region, see Section 4.2.3. Applying
the same strategy as before from the proof of Proposition 7.2.3. By taking into consideration

the phase function —@ fot b(7)dr have non meaning in the pseudo-differential zone and the
formulas (3.3.7), (3.3.9). In this way the proposition is proved. O

Treatment in the case ¢ € [to(|¢]), 00)

Proposition 7.3.3. The following estimates hold for the solution to the Cauchy problem (7.3.2)
in the case t € [to(|€]), oo) for small frequencies :
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Proof. Here we use the gluing procedure between the pseudo-differential zone and the elliptic
zone as proposed in Section 4.2.4. Applying the same strategy as before from the proof of
Proposition 7.2.4. By using the Corollary 4.2.8 : In this way the proposition is proved. O

Conclusion The main result of this section follows from Propositions 7.3.1, 7.3.2 and 7.3.3.
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Theorem 7.3.4. The following L' — L> estimates hold for the energies of higher order of the
solutions to the Cauchy problem (7.3.2) :
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Proof. Taking into consideration all these estimates in the extended phase space we arrive
at the decay of the energies of higher order of solutions to the Cauchy problem (7.3.2).
We have “potential type decay” because the decay for large frequencies (“exponential type
decay”) is faster than the decay for small frequencies (“potential type decay”). By taking
into consideration the increasing behavior of b = b(t) we have that the decay in the pseudo-
differential is faster than the decay in the elliptic zone. In this way we may conclude that
the decay is coming from the elliptic zone from Proposition 7.3.3 and the regularity of the
data is coming for large frequencies from Proposition 7.3.1. In this way we have the desired
statements. 0

Interpolation

An interpolation argument between L' — L> estimates from Theorem 7.3.4 and the L? — L?
estimates from Theorem 4.2.11 implies the following result.

Theorem 7.3.5. Let us consider the Cauchy problem (7.3.1), where b = b(t) satisfies the
following assumptions : (B1) to (B6) and limsup, ,. (1 + t)A(t)"2 = 0. The parameter 1 is
defined in assumption (B6). Then the energies of higher order of the solution u = u(t, z) satisfy
the following LP — L7 decay estimates on the conjugate line :
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where p € [1,2], pg=p+qand N, > ”(zl) - %)

Following the same approach we are able to prove the following corresponding result to
Theorem 7.3.5 for the second case.
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Theorem 7.3.6. Let us consider the Cauchy problem (7.3.1), where b = b(t) satisfies the
following assumptions : (B1) to (B6) and limsup, .. (1 +t)A(t)”2 = oo. Then the energies of
higher order of the solution uw = u(t, z) satisfy the following LP — L% decay estimates on the
conjugate line, where C is a suitable positive constant.
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7.3.2 Treatment of the case ¢ € (0,0/2)

In this section we study the special case of (7.0.1) for 6 € (0,0/2) and b = b(t) is strictly
increasing, that is, the model

ug + (—A)7u + b(t)(—A)ou; = 0,
(7.3.3)
w(0,2) = up(x), u(0,2) ="ui(x), o>1, € (0,0/2).

We follow the definition of zones from Section 3.3.1. The geometry of these zones is the same
as in Section 4.3. The extended phase space is divided for small frequencies into the pseudo-
differential zone and the elliptic zone. For large frequencies the extended phase space is
divided into the hyperbolic zone, the reduced zone and the elliptic zone.

L' — L>° estimates

Large frequencies. Only the separating line t1(|£|) is of importance. For this reason we
distinguish between the two cases t € (0,¢1(|¢])] and ¢ € (0, 00).

Treatment in the case ¢ € (0,¢1(|¢])]
Proposition 7.3.7. The following estimates hold for large frequencies in the case t € (0,t1(|¢])]
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Proof. The proof is the same as the proof to Proposition 7.2.2. O

Treatment in the case ¢ € (0, 00)

Proposition 7.3.8. The following estimates hold for large frequencies in the case t € (0,00) :
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for m>n, |5]>0.

Proof. Elastic energy. From Corollary 4.3.9 under additional assumptions for the regularity
of the Cauchy data we get
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Applying the L' — L> property of Fourier multipliers and the increasing behavior of b(t) we
obtain for ¢t € (0, 00)
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These estimates imply an “exponential type decay”.

Kinetic energy. From Corollary 4.3.9 again we may conclude
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Applying the L' — L property of Fourier multipliers and the increasing behavior of b(t) we
get for ¢t € (0, 0)

t
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These estimates imply an “exponential type decay”. This completes the proof. O

Small frequencies. Only the separating line ¢y(|¢|) is of importance. For this reason we
distinguish between the two cases t € (0,y(|£])] and ¢ € (0, ).
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Treatment in the case ¢ € (0, ¢y(|¢])]

Proposition 7.3.9. The following estimates hold for small frequencies in the case t € (0, to(|¢])]
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Proof. The proof coincides with the proof of Proposition 7.3.2. O

Treatment in the case ¢ € (0, 00)

Proposition 7.3.10. The following estimates hold for small frequencies in the case t € (0, c0)
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Proof. The proof is the same as the proof to Proposition 7.2.4. By taking into consideration
the increasing behavior of b = b(t) and § € (0,0/2) we conclude that the decay in the
pseudo-differential is faster than the decay coming from the elliptic zone. O

Conclusion By using Propositions 7.3.8 and 7.3.10 we conclude the following result.

Theorem 7.3.11. The following L' — L™ estimates hold for the energies of higher order of
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the solutions to the Cauchy problem (7.3.3) :
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Interpolation

The Riesz-Thorin interpolation argument between the L' — L estimates from Theorem 7.3.11
and the L? — L? estimates from Theorem 4.3.11 yields the main result of this section.

Theorem 7.3.12. Let us consider the Cauchy problem (7.3.3), where b = b(t) satisfies the
following assumptions : (B1) to (B6), where n is defined in (B6é). Then the energies of higher
order of the solutions u = u(t, x) satisfy the following estimates :
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where p € [1,2], pg=p+gand N, > n(3 - 1).

7.4 Treatment of the case § = /2

7.4.1 Strictly increasing coefficient

In this section we study the special case of (7.0.1) for § = /2 and b = b(t) is strictly increasing,
that is, the model

u + (—A)7u + b(t)(—A)7?uy = 0,
(7.4.1)
u(0,2) = up(x), u(0,2)=:ui(x), o>1.

We define the zones as before in Section 4.4. The extended phase space is divided for small
frequencies into the remaining zone, the pseudo-differential zone and the elliptic zone. For
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large frequencies the extended phase space is divided into the remaining zone and the elliptic
zone.

Treatment in the remaining zone

Proposition 7.4.1. The following estimates hold for all t € [0, 4] :
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Proof. We introduce the energy 2E[u](t) := |£]?7a(t,&)? + @.(t, €)% Differentiation of the
energy E(u)(t) with respect to ¢ gives
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Together with (7.4.1) it follows
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Thus the energy is decreasing for increasing ¢. We conclude
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In this way we obtain the desired statement and we completed the proof of the proposition.
O

L' — L estimates

Large frequencies. For large frequencies we have the separating line t = t;. Hence we study
two cases ¢t € (0,t1] and t € [t1, 00).

Treatment in the case ¢ € (0, ¢4]

Proposition 7.4.2. The following estimates hold for large frequencies in the case t € (0,t1] :
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Proof. We use the estimates from Proposition 7.4.1.

Elastic energy. We have
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Applying the L! — L>° property of Fourier multipliers we get the inequality
/R €17at, €)x g1 d6 < Juollgisrena + Jurllgisi-oma for m>mn, |5 >0

Kinetic energy. We have
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Applying the L' — L> property of Fourier multipliers we get the inequality
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In this way the proposition is proved. O

Treatment in the case ¢ € [t1, c0)

Proposition 7.4.3. The following estimates hold for large frequencies in the case t € [t1,0) :
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Small frequencies. For small frequencies we have the separating lines ¢ = t1 and ty(|¢|). For
this reason we study the three cases ¢ € (0,t1], t € [t1,t0(|¢])] and ¢ € [to(|€]), 00).

Treatment in the case ¢ € (0, 11]

Proposition 7.4.4. The following estimates hold for small frequencies in the case t € (0,11] :
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Treatment in the case ¢ € [t1,to(|¢])]
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Proposition 7.4.5. The following estimates hold for small frequencies in the case t € [t1,t0(|¢])]
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Proof. The proof coincides with the proof of Proposition 7.3.2. O

Treatment in the case ¢ € [to(|¢]), o0)

Proposition 7.4.6. The following estimates hold for small frequencies in the case t € [ty(|£]), o0)
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Proof. The proof is the same as the proof to Proposition 7.2.4. O

Conclusion To formulate the main result of this section we summarize the statements from
Propositions 7.4.2 to 7.4.6.

Theorem 7.4.7. The following L' — L™ estimates hold for the energies of higher order for the
solutions to the Cauchy problem (7.4.1) :
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Interpolation

An interpolation argument between the L! — L™ estimates from Theorem 7.4.7 and the
L? — L? estimates from Theorem 4.4.7 implies the desired L? — L4 estimates on the conjugate
line.

Theorem 7.4.8. Let us consider the Cauchy problem (7.4.1), where b = b(t) satisfies the
following assumptions : (B1) to (B6). Then the energies of higher order for the solutions u =
u(t, x) satisfy the following LP — L7 decay estimates on the conjugate line :
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where p € [1,2], pg=p+qand N, >n(; - 2).

7.4.2 Strictly decreasing coefficient

Theorem 7.4.9. Let us consider the Cauchy problem (7.2.1), where b = b(t) satisfies the
following assumptions (A1) to (A3) : Then the energies of higher order of the solution u =
u(t, z) satisfy in the case § = o /2 the following LP — L? decay estimates on the conjugate line

t _1Bl=0_n 1_1

where p € [1,2], pg=p+ qand N, > n(% = %)
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8 I — L! estimates

In Chapter 5 we explained smoothing properties for structurally damped o-evolution models.
The main goal in this chapter is to derive L' — L' estimates for the elastic energy of the
solution to (8.0.1) in the following sense:

I1D[7ut, e < Co()lluollLr + Cr(#)[luall s

We are inferested to explain the behavior of the functions Cy(t) and C;(¢) for t — 0T and
t — co. We are concerned with the following structural damped o-evolution model :

we(t, ©) 4+ (—A)7u(t, z) + b(t)(—A) 2uy(t,z) = 0, (t,x) € (0,00) x R”,
(8.0.1)
u(0,2) = ug(x), u(0,2)=:ui(x), o>1,

where b = b(t) is a positive decreasing function with b(t) € (0,2).

8.1 Objectives and strategies

Let us explain our strategy. It is divided into the following steps:

e We restrict ourselves to a class of models which allows to restrict our considerations to
the hyperbolic zone.

e We use the main ideas from the previous chapters to derive estimates for the funda-
mental solution.

e The radial symmetry of the fundamental solution allows to apply the theory of modi-
fied Bessel functions. Our considerations will be divided into the cases that the radial
parameter r is small or r is large.

e To derive the desired estimates we estimate oscillating integrals and apply Young's in-
equality.

8.2 Special models with strictly decreasing coefficient in the
damping term

In this section we study (8.0.1) under the following conditions to the coefficient function b =

b(t):
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(A1) positivity = b(t) € (0,2) for all ¢ > 0,
(A2) strictly decreasing behavior : ' (t) < 0 for all t > 0.

Under these assumptions the extended phase space {(t, &) € [0,00) x R } consists only of the
hyperbolic zone.

8.2.1 Representation of solution in the extended phase space

Following the treatment in the hyperbolic zone from Section 3.2.1 we may conclude the
following representation of the solution:

p(LOu(E O L (p(0,6)0(0.€)
( Dy(t,€) )MEd<t,0,§)Q(t,o,§)M 1( oo ) 8.2.1)

where the matrices

B exp(f 55ds> 0 (1 1
Ed(f,o,f)( 00 exp(ifgp(s,f)ds))’ M_<1 1)

Qt0,6) = I —|—§:/t'P(t 0 )/tl‘P(t 0,6) /tk_l'P(t 0,€)dty - - - diodty (8.2.2)
77_2]{:101 177502%76 0 1L\, Y, k 2010140.4.

and

Here p(s, &) = |£]7 0,&) = Eq(0,tr, &) R(tr) Eq(tk, 0,&). Consequently, all
the terms and matrices be5|des do’rc and solution) depend on ¢ and \§| For this reason we
can write p =: p(s, [£|), Eq =: Eq(t,0,[¢]), P =: P(t,0,[¢]) and Q =: Q(t,0,]]). Straight-
forward calculations imply

0(t,€) = (R (&, [¢]) exp (iealéloT (D) + Pzt €]) exp (= iealéloT () ) B o €)
(e (t, €D exp (icalé|7r(8)) + haa(t, €]) exp (= icale]77(1)) ) v (©):

(8.2.3)

where all ﬁkl(t |¢]) depend on the entries of the matrix Q(t 0,¢]) for k,1 = 1,2 and 7(t) :=

fo /1 i(t, &) satisfies

the followmg represenfc’rlon

el7a(t,€) = exp (= erl¢l”A0) ( (R (& |gl) exp (iealélo (1) + has(t,1€]) exp (= iealé]oT (1)) )
X PO o (&) + (ar (8 J€]) ex (sealé]oT(1)) + haa(t,1€]) exp  — iealéloT(1)) ) Sl (€)
o+ (Baa (8, [€l) exp (ical€77(1)) + haa (2, €]) exp  — ical€l"r (1)) ) ey @1 (6) )

where A(t) fo s)ds. By using the explicit representation of p = p(t, |£|) for all ¢ > 0 we
get

ela(t, &) =
exp (= c1l€l7A()) (has (1 [€]) exp (ieal€loT (1) + haa(t, €] exp ( — icalélT (1) ) €]700(B.2.4)
exp (= ealelA) (har (1, ]6]) exp (icalé| () + haat, [€]) exp (= ieale]7r(8)) ) (€),

where hy;(t,|¢]) depend on the all entries of the matrix Q(t, 0, |£]) and b = b(t) for k,l =1, 2.
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8.2.2 [? estimates for model oscillating integrals

In this section we derive LP estimates for the oscillating integrals

Fl, ((exp (= all¢lA®) sin (calgl7r() b [ED)). (8.2.5)
F, ((exp (= erl€7A0) cos (ealé|7r() R, I€D)). (8.2.6)

where all (¢, |¢]) depend on the entries of the matrix Q(¢,0,[£|) and b(t). To derive L?
estimates we need the following statements.

Lemma 8.2.1. The following estimates hold for all t and small frequencies |€| :

8k

gy P 0 €D| £ @ IR forall k> 1. 8.2.7)

Proof. The matrix P := P(t,0,|¢]) is defined by P(¢,0, |£|) = E4(0,t, |€])R(t)Eq4(t, 0, |€]). By
Leibniz formula we get

k k k—j

0 0 aj

Taking into consideration the estimates ‘%Ed(t,o, €))| S 7(t)71€|°77 for small frequencies
we conclude the desired estimate. O

Lemma 8.2.2. The following estimates hold for all t and for large frequencies |¢] :

k

5l P60 D] S TOHIRONE ™ forall k> 1 8.2.8)

Proof. The proof follows the same strategy as in the proof to Lemma 8.2.1 by taking into
consideration that [¢| is large. O

Corollary 8.2.3. The solution Q = Q(t,0, |¢|) satisfies the following a-priori estimates :

o for small frequencies :

ok -
(WQ(t,o,m)‘gT(t)% Eoforall k>1, (8.2.9)

o for large frequencies :

\8§|th0|£|>\ r(t)f¢/F T forall k> 1. (8.2.10)

Proof. We use the explicit representation for Q@ = Q(t,0,|¢]) from (8.2.2). Moreover, we
use the estimates for ‘%P(t,& ]£|)‘ and take into consideration the cases |¢| large and

small. =
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To estimate F_! (exp (—c1l€|7A(¢)) sin (c2|€]77(¢)) h(t, |§])) in the LP norm we use the theory

E—a
of modified Bessel functions. Firstly, we will study the 3d case and then the 2d case. We will
explain how the higher-dimensional case can be reduced to one of these two basic cases.

Lemma 8.2.4. The following estimates hold in R3 :

[Pt (oxp (= calel”A®) sin (calélm(0) (e, €D))

T(t) \3 —31-1
< o
Lp RS) <A(t)1/a’) A(t) P Y
T(t) \3 —31-1
< o
p R3) ~ <A(t)1/g> A(t) LN

for p € [1,00] and t > 0. Here ¢ and ¢ are supposed to be positive constants.

|t (oxp (= cal¢l”A®) cos (calélr (D) R )

Proof. Using the radial symmetry of exp ( — ¢1[¢|7A(t)) sin (c2|£|77(£)) (¢, |€]) we have
Feb, (exp (= erlel”A®) sin (calel77() b ¢ )
= /OO exp (— c1r?A(t)) sin (cor?7(t)) h(t, r)erl/Q(r\:UDdr
0

where J 5(r|z|) is a modified Bessel function.
Our strategy is the following : In a first step we prove

’ n—m;(exp — c1|n|”) sin (Cﬂ?]\’:tg(t))h@ A(g’l/”»‘ = (A(Tlt()tl)/a)g<3:1>4 forall ze€R3.

In a second step we shall apply the change of variables n = fA(t)% and derive the represen-
tation

o : o 1 e
Fesu (o (= arlel"Aw) sin (el r) e, leD) = (t)sG(A (t);),

where

_ ’ oY w2117 () l
G(y) = /R3 exp (iyn) exp ( — c1]n|7) sin ( NG )h(t, A(t)l/‘f)dn'
So, from the first step we have

||G(.)||LP(R2) < (AT(t) )3 forall pel,00]

TG

and after backward transformation we may conclude
[P, (oxp (= erlel”A®) sin (calélr() At IED)) |
|t (exp (= ealelA) sin (calel () h(t. €D

L1(R3) S (A(t()) )3
7(

VA~ 20-p)
Lr(R3) ™ (A(t)l/tT) A(t) 2

for all p € [1, o], respectively. Let us devote how to show the basic estimate

‘ij(exp (= c1]¢]?) sin (Cﬂi’;;a))h(t A(‘S’ua))‘ < (A(Tt()tl)/">3<961>‘"

For |z| < 1 we have

‘ £%I<exp — ¢1]¢7) sin <62’i:t§(t>)h<t, A(gﬂo)

S [ e (—al)d <,
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Now let us restrict ourselves to {|z| > 1}. In this case we take account of the radial symmetry
and study the integral

/Ooo exp ( — c177) sin (CﬂAa(;(t) ) h(t, A(t§1/0)r2jl/2(r‘x|)d7'

Using the relation

1
Ji(rlz]) = = ——500J_1(rlz])

rlz[?

and the explicit representation J_1 (r|z|) := cos(r|z|) we arrive at
2

/Ooo exp (— 1r7) sin <62§\(7(2)(t))h<t, A(t: )r2J1/g(r|x!)dr

— |:1:1|2 /Ooo Oy (T exp (— c1r7) sin (027;(;(75 ) ( 1/U>> cos(r|z|)d
= |$1|2 /000(1 —c107%)exp (— ¢177) sin (CQT Tt )h( ) cos(r|z|)dr
+|$1’2 /OOO czUTJ(Xt();J exp ( —cr ) cos ( TA?Z)(t ) (t, ) cos(r|x|)dr

+|x1’2 /Oorexp(_qra) Sin(CﬂA(;(t));,h( X )cos( ) dr

To generate the decay rate (z)~* we will apply two more steps of partial integration. After the
second step of partial integration we obtain the sum of integrals

(I C0) ) p

[ o ()b

_’xl‘3 /Ooo o, (7“ exp ( B 017'0) sin (@X};’)(ﬂ);h(t’ A(t)1/0)> sin(r|x|)dr

A formal calculation gives

I = —|xl|3 /000 610’( —(oc+1)+ Cmr“)r“_l exp ( - C1TU) sin (CQZ\U(;(]S))h(t, A 7;1/0> sin(r|x|)dr

—|x1|3 /OOO cao(1 — cmr”)j\((?) r’texp (—c1r?) cos (622(;-)(t))h<t’ A(t)V/e ) sin(rlz|)dr
. |1:13 /0 (1 —c107%) exp ( — clr”) sin <C27“Aa(7t')(t)) h(t, Al 1/0> sin(r|z|)d

_ > 2 o o T(t) o—1 _ CQT T r i
‘$|3/0 c0” (1 —cpr )A(t)r exp (— 17 cos< NG )h( A(t)l/a)sm(ﬂac])dr
1 0 2 27(t)2 20—1 CQT’UT<t .
+7]w\3 /0 50 A(t)2r exp (— ¢177) sin ( NG h(t, 0L ) sin(r|x|)dr

e ) oy o (- eneos () Sn(i i) sclebr
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_|xl|3 /000(1 — clar”_l) exp ( —cir ) sin (CQTJ(;(t)>

)
Lo, cr?T(1)y 0
_|1:]3/0 CQUA(t)T eXP(_clT ) ( : A(t) )87

00 cor’T 2 r :
_lel?’/o rexp (= er) sin ZA(t)( ) gt ) i

Finally, after the third step of partial integration we have the integrals

r

;h(t W) sin(r|z|)dr
( 1/0) sin(r|z|)dr

I3 =

Iy = —ﬁ fooo 010( —(c—1)(c+1)+ (2c10% —cro + o+ 1)r7 — clar%)r"—Q
x exp (— c1r7) sin (CQZ(Z)(t)>h<t, W) cos(r|z|)dr
- ‘4 fo 010202( —o0—1+4cor )A((t)) 20=2 exp ( —cr ) cos (CQZ T)( ))h<t NG )1/(,) cos(r|z|)dr
ap

_Wfo cla(—a— 1+ cior° )7“‘7 lexp(—clrff) sin <02r :(t)>8r ( G 1/G> (r|x|)dr,
Iip = fﬁ fooo CQO'( —1—2¢10%r° + 02 2 2”) (())
x exp (— c1717) cos (C2TA(:)(t))h<t7At)1/o) s(r|z|)dr

+ﬁ & 30?(1 = cror?) ((i)) 20-2 exp (— ¢177) sin <czr[:’(z)(t))hgt, A(t§1/6§ cos(r|x|)dr
h

—ﬁ fooo coo(1 — cror?) ((?) o~lexp ( — clr") cos (022“(;('5))2

ha =~ i c1o(— 0 — 1+ cior®)rLexp (- err®)sin (<2772)
_ﬁ 2 ea0(1 — 0107"‘7)%7““_1 exp (= c177) cos (cz?/"\"(z)(t))%h( , A(tgl — ) cos(r|z|)dr
—ﬁ fooo(l —c101%) exp ( — clr") sin (522"(;@)) (96:2h< G )1/(,) co

w0
—~
=
8
= =
U
3

I =— |4 fo Co0 (0—1—01(20—1)7‘ —c101% + c3or? )%

X exp ( —cyr ) cos (CQZ(:)(”)h(t, A(t)l/(,> cos(r|x|)dr
+ﬁ fooo o3 (1 —er° /T\(t) 20-2 exp ( — clr") sin (627/“\0(:)@))110, A(tgl/v) cos(r|z|)dr

(t)?
7'(( ))ra Lexp (= e177) cos (czj\(tf)( )) h(t e )1/0) cos(r|x|)dr,

1 [> 2(1—
ER fo coo“ |1 —cqr? NG

oo — +ﬁ fooo 2o? (20 1 0107“”) 17\((?)2 1202 exp ( - clr") sin (czz"(:)(ﬂ)}b(t, W) cos(r|x|)dr
+ﬁ Joo 3o% % ()7 1302 oy, (—c1r7) cos (CQT(;@))h(t, A(t§1/0> cos(r|z|)dr

O
+ﬁ 2 Bo? /T\(( )) r2~Lexp (- ¢177) sin (czj\(:)(t)) %h(t, e ’)”1/0) cos(r|z|)dr,

Iz = —ﬁ JoS cao®(1 — clr”)%r”_l exp (— ¢177) cos (025\0(;@)) %h(t, G ;1/5) cos(r|z|)dr
+ﬁ 2 Go “Lexp (— ¢177) sin (@K’(;(ﬂ) %h(m 7A(t’)”1/0) cos(r|z|)dr

A()?
‘w|4 I czaA(( ))r exp (— ¢177) cos (@X(Z)(t))%hG, W) cos(r|z|)dr,

o2 (t)?

car?T(
exXp ( — C17“ COS ( NG

I3 = —ﬁ JoSewo(—(c—1)—r+ clar")r" 2exp (— ¢1r7) sin (CQT ut ) (tgl/g) cos(r|x|)dr
—ﬁ IS cao(1 — cror? )A -1 ) 1/g
cmﬂ"r(t))

_ﬁ fOOO(l —ci1or’” p(—clr )sin< O]

cos(r|x|)dr

2 r
Zon(t, A(t)l/g) cosrla
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I35 = —ﬁ IS c2o(o =1 —cior )A((?) 7 Lexp (- clr") cos (CQTAG(Z)(’&U %h(t, W) cos(r|z|)dr
+ﬁ I %O'ZX((?)ZT exp(—clr )(sm (CQT 7 ) h(t, NG ;1/0) cos(r|z|)dr
carT 7_

O) )8r2 (t’ A(t)l/o)COb(T\I‘DdT,

g

|l“\4 fo CQO’A((?)’I“ exp —c1r?

I35 = —ﬁ JoS (1 = cior7) exp (— 177 sin (CQT(Z)“))%}LG, W) cos(r|x|)dr
\xl4 fo CQGA(( ))rcr exp ( _ 617“") oS (021(;( )> 83:2}1 t, A(t)1/0> cos(r|x|)dr
. cor’T 3
_W Jo~ rexp (= c1r?) sin ( 2A(t)(t)) % (t’ A(t)Ta

Now we will estimate all these integrals. We divide them in fol -+-drand [ ---dr. By using
Corollary 8.2.3, p(t, &) ~ |£]7, all these integrals can be estimated by the following sum

!961\4 /01 <A(Tt()t1)/o)37“a_2 exp (= c1r”)dr + 19:1\4 / i (A(Tt()tl)/cr>3’"30_2 exp (= e1r?)dr.

Therefore we have

1 a N o T
|9U1’4/0 <A(t()t1)/g)37"a 2exp (—err?)dr S (A(t()tl)/o'>3|x1’4’
|xl’4 /1 (A(Tt()t1>/ o >3T30_2 exp (= err?)dr S <A(Tt()t1)/o)3\x1|4.

()
A(t)l/a

cos(r|x|)dr

3
Summarizing we have shown [|G(")[|Lr(®s) < ( ) . This completes the proof. O

Moreover, we can conclude :

Lemma 8.2.5. The following estimates hold in R? :

I (61 exp (— A 0) sin (clel O D) ey % (s ) A5 7307

where 0 > 1, p € [1,00) and t > 0. Here ¢y, c2 and a are supposed to be positive constants.

Proof. The proof is same as before in Lemma 8.2.4. O

Lemma 8.2.6. The following estimates hold in R? :

|7t (exp (~ alel ) sin (ealetrro)nce le))

T(t) \2 —2(1-1)
< g P
Lr(R2) ~ (A(t)l/a) A(t) )

where 0 > 1, p € [l,00] and t > 0. Here ¢; and ¢ are supposed to be positive constants.

Proof. Let us use a similar strategy to that in the proof to Lemma 8.2.4. We study the integral

/OOO exp (— ¢177) sin (CQZCT(Z)(t))h@, W)TJO(HZL‘DCIT

From the relation Jy(s) = 2.J1(s) 4 sdsJ1(s) it follows immediately
o o . (Car?T() r
/0 rexp(—ar )sm( NG )h(t, A(t)1/0>(2J1(r|m|) + ro, Ji(r|z]))dr

= - /OOO r20r(exp (—c177) sin <C2Xj(;(t))h<t, A(tgl/cr))‘]l(r’x')dr
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Straight-forward calculations lead to the sum of integrals
o ol o . [car?T(t) T
/0 cror”exp (— ¢177) sin ( A )h(t, A(t)l/") Ji(r|x))dr

- /OOO CQU/TX((?)TUH exp (— e1r7) cos (CQTAU(;)(t))h(t, A(t§1/0>J1 (rlz])dr

_ /OOO 2 exp ( — clra) sin (6210(;—)(25)>§Th<t, A(t)l/")Jl(T’der'

1
We only consider the case || > 1. All integrals [;° we divide into [)” +fiT In this way we
|z

have

/oi cror®lexp (—c1r?) sin (6220(;(t)>h<t’ A(tgl/ff)Jl (rl)dr

cor?T(t)

B /Ozl 02017;((?)TJ+1 exp ( _ 617“0) cos ( A )h(t, 1\(757;1/">J1(r|x‘)dr

_ /Oil r? exp ( — clr”) sin (Cﬂ%u))gh(t, r )Jl(r|1‘|)d7”

Ao Jar\" A
+ /loo cror”exp (= ¢qr7) sin (sz(;(t)>h<t, A(t;l/g)h(rfﬂ)dr
fo]
- /lil cza}é@r"“ exp (— 1r7) cos (CQTAU(;(t) h(t, A(tgl/">J1 (r|z|)dr
- /100 r?exp (— c1r7) sin (627;(;@) ) ;h(t, A(;;l/a><]1 (rlz])dr.

lz|

Using the boundedness of Ji(s) for s € [0,1] the first three integrals can be estimated by
(z)~(+9)_ To estimate the second three integrals we apply the following asymptotic formula

for Ji(s) for s € [1,00):
cos (s - ZW) + (’)<‘81|g>

[~

Jl(s) = Cl

Njw

S

Using the remainder gives

7o ey (SO i) (i < i

]

It remains to estimate the model integrals

1 o] T(t) o— o CQTUT(t) r
|[3/2 /|951| A(t)1/07° 1/2eXp(_C1r )sm( NG >h(t, A(t)l/a>cos(r\x|)dr
L [* 1) .- oo (€217 () vy
and ’$‘3/2 /1 A(t)l/ar 1/2 eXp(_ClT )Sln( QA(t) )h(t, A(t)””)Sln(r‘der'

[z

Here we proceed as in the proof to Lemma 8.2.4. We explain only the first integral (after
dividing again into two integrals)

L _ o\ . [Car’T r
]:1:|13/2 /1 A(t()tl)/g 72 exp (—c1r?)sin ( QA(t)(t)>h<t, A(t)l/o) cos(r|x|)dr

[z

i |x|13/2 /100 A(Tt()tl)/a 72 exp (= e1r7) sin (025\2;(t))h(t,

A(tgl/") cos(r|z|)dr.
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The first integral is equal to

1 Lor@) o o\ . [Car?T(t) r .
|z[5/2 /li A(t)l/g’l" 1/2exp(—61r )s1n< 2A(t) )h(t, W)&sm(ﬂmbdr

After partial integration the limit terms behave as A(Tt()tl)/d (x)~2+9) The new model integral

can be estimated as follows:

L[t N2, , 7(t)?
‘$|5/2 /li (A(t)1/0> r 3/2€Xp(_01’f' )dr,S W

The second integral is equal to

Lo [* 1) . oy wir (€277 T(1) r .
|x5/2/1 A(t)l/"r 1/2exp(—cl7“ )sm( 2A(t) )h(t, W)@rsm(ﬂmbdr

2
It can be estimated by <A(Tt§t1)/a> (z)~5/2. In the same way we treat the integral

1 ©or(t) o o\ . (C2r?T() r .
|z]3/2 /li A(t)1/g7" 1/2exp(—617“ )Sln< 2A(t) )h(t, A(t)1/0>51n(r|x|)dr

This completes the proof. O

Lemma 8.2.7. The following estimates hold in R? :

) Yy ys-20h),

Fz, (1617 exp (= cilé]7A 1)) sin (cal€] 77 (2)) (2, [€]) RS 1o
LP(R?) A(t)

where 0 > 1, p € [l,00) and t > 0. Here c1, co and a are supposed to be positive constants.

Proof. The proof is similar to the proofs in Lemmas 8.2.6 and 8.2.5. O

Finally, let us generalize the statements of Lemmas 8.2.4 and 8.2.6 to higher dimensions.

Lemma 8.2.8. The following estimates hold in R, n >4 :

n=2%k-+1:
| Fee (exp (= erlela®) sin (call () (. €D Do) <A(Tt()t1)/a)2A(t)‘Z<1—;>
n=2k:

H F;lw(exp (= cl€]7A®)) sin (ealé]77(8)) Al |§!>)

T(t) HTH —n(1-1)
< o )
Lp R") (A(t)l/o’) A(t) P 9

where 0 > 1, p € [l,00] and t > 0. Here ¢; and ¢ are supposed to be positive constants.

n

Proof. If n is odd, then we carry out steps of partial integration. In 251 steps we apply

the rule

n+1
2

1
S (rle]) = = ——5 0, Ju(rfz]).
rlal
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XE(rlf(r)) == Z%dﬂf( ryrl =2k for all r > 0. (8.2.11)
By using the same strategy as in the proof to Lemma 8.2.4 for real non-negative p we have
FE__1>$<exp (—c1¢]?) sin <C2T[E(1‘)£|U)h<t, J\@)))
= [T e (= ey sin () w ) Tlehar
. (’;1‘7)1_211 /Ooox”zl (7" exp (= 1r”) sin (CWAU(Z)@))}LG’ A(tgl/C,))Juz(T!w\)dr
Applying formula (8.2.11) we get
s T UNE N W P

The application of Leibniz formula implies the integral

n—1 n—1 ko . L .
(1) 2 oG ok ok o T rear?T(t)N O r
= 223 entar gy o0 (—enr) gz in (U3 ) (b gy rleben

Taking account of Faa di Bruno formula the last integral is equal to

k—j
380303 SIS S
IwI"
p=1

ijOzO

coer'T(t) TN e (o) o' T
X Zsm ( NG + l2>7“ arih<t’ A(t)l/a),]l/g(rﬂ)dr

=1
(—1) 21 oonT71 k n , 8k—i . CQTUT(t) 9t e ;
+ |z[n—1 /0 k_ogcnmr exp (—err )787”’“—1' sm( A )W (’A()l/g) 1/2(r|z|)dr
ngl k _j A
o . (car’T(t)\ o7 r
‘x|n 1 /0 ZZ Cn.k g7 a k— ]exp(_clr )Sll’l( A(t) )ﬁh(ta A(t)l/a)Jl/Z(T‘deT
k=0 j=0

where S 0 m; = p, S imi=k—jand X im; =1, Y "lim; = j —i. Among all
integrals the integrals

C

1 n—1
o o\ - C2""U’T(t) a 2 r
mnl/o (1+cr )exp(_cn“ )sm( A >8rn21h<t7 A(t)l/a)cos(r|x|)dr

and

¢ - n3te — o9 s cor?7(t) z r
!:rln‘l/l r exp (—ar )sm( A )8T,1;1h(t, A(t)1/0>h(t’ A(t)l/g)cos(r|x|)dr
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where ¢ is a universal constant, have a dominant influence on the final estimates. Following
the approach as in the proof to Lemma 8.2.4 (two steps more of partial integration and so

n+3
on) gives immediately [|G ()| Lr@n) S (%) ® . This completes the proof for odd n > 4.
Analogous to the odd case we can carry out § — 1 steps of partial integration. Following

the ideas for the odd case gives together with the approach from Lemma 8.2.6 immediately

n432
IG) ze@ny S (%) * . This completes the proof. O
Lemma 8.2.9. The following estimates hold in R™, n > 4:
n=2k+1:
|7, (1 exp (= calelmA®) sin (caelr@)nie. b)) |, 5 (558 ) ™ A 550D
E—x ) LP(RW‘) ~ A(t)l/cf )
n=2k:

n+2
) \ 2 —2_n(1-1)
S (A(ﬂl/a) A(t) P,

where 0 > 1, p € [l,00) and t > 0. Here ¢1, c2 and a are supposed to be positive constants.

| Pt (I6eexp (— alglA) sin (caléior(®) bt €]))

Lp(R"™)

Proof. The proof is similar to the proofs to Lemmas 8.2.8 and 8.2.5. O

8.2.3 L? — L% estimates for the energy of solutions to Cauchy problems

Theorem 8.2.10. Let us consider the Cauchy problem (8.0.1), where the coefficient b = b(t)
satisfies the conditions (A1), (A2). Then the solution u = u(t, x) satisfies the following LP — L?
estimates for k € N :

n=2k+1:
n+3 _1_nBr—2)+3r n+3 _ n(3r—2)+43r
D1 7u(t, e S 7(8) 2 AW 20 luollpa +7(8) 2 A() ™ 2o [Jua]lza,

n=2k:
n+2 1— n(3r—2)42r n+2 _ n(3r—2)+42r

D7t Miee S 7(8) 2 A@) 2o luollpa +7(t) = A)™ 2o [Jual| s,

where

Proof. By using the explicit representation of solution (8.2.4) and applying the properties of
Fourier multipliers we get

Fl (lemacg)) =
2

> F (181797 exp (= ealgl7A®) At Jg]) exp (=1 icalél (1)) ) « e, (-1(9)).

k=11=1

Taking account the L norm and applying Young's inequality we get

ID7ult, )L S

~
2

> Fet (1617 exp (= calélA®) (2, [¢l) exp (1) iealel77(0)) ) 2. )|

k=11=1

o un-tllze,
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wherel1 <g<p<ooand1+ % = % + %. Taking account the estimates from Lemmas 8.2.8
and 8.2.9 we get the desired results. In this way the Theorem is proved. O

In the same way we can prove for the kinetic energy the following result :

Theorem 8.2.11. Let us consider the Cauchy problem (8.0.1), where the coefficient b = b(t)
satisfies the conditions (A1) and (A2). Then the kinetic energy of solution u = u(t, x) satisfies
the following LP — LY estimates for k € N :

n=2k+1:

n+3 _1_nBr=2)+3r n43 _ n(3r—2)+3r
lue(t, Mee S 7)) AW 7o ol +7(#) 2 AT T Jura,
n=2k:

n4+2 n(3r—2)42r n4+2 n(3r—2)42r

lue(t, e < 7= AT 2o Jluollee + ()= AWG) T e Jlual|e,

where

1<q<p<oocmd1+ —l-l-l

T(t)/d behaves like the

Remark 8.2.1. From the assumptions (A1) and (A2) we conclude that oL

term tA(t)~1/7.

Remark 8.2.2. If we set formally o0 = 1 and b(t) = p, p € (0,2), in the estimates from
Theorem 8.2.10, then the approach from [NaReil2] brings the same result.

8.2.4 Some examples

Typical examples for b = b(t) are

bu(t) = (1 +1) 7" (log(e + 1)) ™ -+ (logl (el +)) 7™, e (0,2), 7€ (0,1),
and ~vi >0, for i=1,---,n,

where the functions logl" ™! e[+l gre defined in Section 3.2.7.

Example 8.2.1. If we choose b(t) = (1 +¢)~7, v € (0,1), then b = b(t) satisfies the assump-
tions of Theorem 8.2.10. The solution u = u(t, x) to (8.0.1) satisfies the LP — L? estimates for
keN:

n=2k+1:

n+3 _ 717”(3T*2>+3T n+3 _ _ n(3r—2)43r
ID7u(t, e St ((1+8)77 = 1) 7o uollpe +t72 (A+6)7=1)" 2 flug|| e,
n=2k:

1 n(3r—2)42r n(3r—2)42r

DIt Y S5 (L4677 =172 uollza +¢7% (1467 = 1) 77 ]|z,

where v € (0,1), 1§q§p§ooond1+%=%+$.
Example 8.2.2. If we choose b(t) = (1 +t)"7(log(e +t))~! with v € (0,1), then b = b(t)
satisfies the assumptions of Theorem 8.2.10. The solution uw = u(t,z) to (8.0.1) satisfies the
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LP — L9 estimates for k € N :

n=2k-+1:

Dl° <" (1 1=7(] -1_4 —1- nEr e
I1D17u(t, )||r St 2 ((1+1¢)' 7 (log(e +t)) ) [|wollLa

n+3 1— 1 _n(3r—=2)43r
+t 2 ((L+¢)' "(log(e+1t))~ " —1) e ug || e,

n =2k :

D|%u(t <" ((1+ )0 T A e
11 D[7ult, Mr < (1 +1)' 7 (log(e + 1)) ) [|wollLa

n+2 _ n(3r—2)+2r

+t 2 ((L+8)'"(logle + 1)) "' — 1) 2o |lug|| .

where v € (0,1), 1§q§p§oocnd1+%=%+%.

Example 8.2.3. If we choose b(t) = (1 +t)_7(log(e+t))_l(log[2} (e 1)) with v € (0, 1)
and 2 > 0, then b = b(t) satisfies the assumptions of Theorem 8.2.10. The solution u = u(t, x
to (8.0.1) satisfies the LP — L7 estimates for k € N :

~—

n=2k+1:

1— n(3r—2)43r

11 utt, e £ 5 (146 (logle + ) " (log (el +0) ™" = 1) 7" JJul s
nt3 1— -1 [2] /.12 =72 _W
+t 2 ((1 +1) W(log(e—i—t)) (log (e —i—t)) — 1) lluillza,
=2k :
n . B - 71771(37‘2—2)-&-27‘
IID1u(t,ller £ 75 (146! (log(e + 1) " (log™ (e +1) 77 — 1) 7 oz
nt2 1— -1 [2] /.12 =72 _%
+t 2 ((1 +1) 7(log(e+t)) (log (e —i—t)) — 1) lluillza,

where v € (0,1), 1§q§p§ooand1+%:%+%,
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9 Concluding remarks and open problems

In this chapter we give an overview about open problems in connection with the considerations
of this thesis. The list is not complete in any sense, it should only give some hints of possible
generalizations, applications and also parallel developments.

9.1 L? — L9 estimates on the conjugate line

In the future we are interested in linear Cauchy problems of the form

wg(t, ) + a®(8) (= A)u(t, z) 4+ b(t)(—=A)ous(t, ) = 0, (t,z) € (0,00) x R™, 911)
w(0,z) = up(x), w(0,2) =rui(z), &€ (0,0], o>1. -

In Chapters 2 to 7 we developed an approach for deriving estimates for higher order energies
and LP — L1 estimates on the conjugate line for a(t) = 1. In the future we are interested to
find an approach which allows to study above models with a(t) having a monotonic behavior.
Here the question for the influence of a(t) on the proposed approach from Chapters 2 to 7 is
of importance. The case 0 = 1 and § = 0 is studied in the thesis of Bui Tang Bao Ngoc [2] or
in the paper [4].

9.2 [P — L1 estimates away from the conjugate line

In Chapter 8 we prove L' — L! estimates and LP — L9 estimates away from the conjugate
line for solutions to (9.1.1) only in the case a(t) = 1, b(t) is a strictly decreasing function with
b(t) € (0,2) and 6 = /2. In a forthcoming project one should study at first the general strictly
decreasing case for b(t), then the case for strictly increasing b(t) and, finally, to generalize the
case § = 0 /2 to 0 € (0,0). Moreover, one can try to attack this issue also for special classes
of coefficients a(t).

9.3 Semi-linear models

Here we are interested in the semi-linear Cauchy problem

ug(t, ) + a®(t)(—A)%u(t, z) + b(t) (= A)u(t, z) = f(u), (t,z) € (0,00) x ]R”(,g 3
u(0,z) = up(x), w(0,2) =:wui(z), ¢€(0,0], o>1. -
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In a forthcoming project one should study the existence of a critical exponent for global
existence of small data solutions. An effective tool are LP — L7 estimates away from the
conjugate line. Precise estimates for the corresponding linear model allow to prove by fixed
point methods local (in time) solutions and global (in time) small data solutions as well. Here
f(u) = |ulP. Finally, the optimality of a critical exponent should be explained.
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10 Notation-Guide to the reader

10.0.1 Preliminaries
10.0.2 Frequently used function spaces

We collect some of the function spaces occurring in this thesis together with a short definition:
LP(R™) LP(R") = {u LR SR [y, u(z)Pde < oo}

where the function u are Lebesgue measurable and 1 < p < oo,

1

(e to denotes the L? norms |[u||1» = ( Jren |u(1:)|pd:c> P
L>(R™) L>®(R™) = {u : R" -5 R : esssup,epn [u(z)| < oo}
where the function u are Lebesgue measurable,
|- ||l |u|| Lo = esssup,cgn |u(x)| = inf {C’ > 0 : sup,eocrn |u(z)| > Csuch thatp(Q) = O},
H™P(R™) H™P(R) = {u e LP(R™) : 9%u € LP(R™)for alla € N with |a| < m}
where the function u are Lebesgue measurable, m € Nand 1 < p < oo,
H™(R") to denote H™(R") :=H™2(R")
1
-l lullis = Siatem ( Jo 102uz)Pdz) for all 1 < p < oo,
|+ | rm.oo ||u|| grm.e = MAX| | <y €58 SUDycRn }8§‘u(:c) ,
Ck(R™) space of k-times continuously differentiable functions,
C>(R™) inductive limit C°°(R") = N7, C*(R"),
S(R™) Schwartz space of rapidly decaying functions,

S(R™) = {f € C®(R") : 2°Df(z) € L® Va, B},

Fyse Fourier transformation Fy_¢[u](t,£) = [p. e~ Cu(t, z)dz,
Fg_lm inverse Fourier transformation F;ig[u] (t, @) = [pn €7u(t,€)dE,

L2118l to denote the image of H!! by Fourier Transforms,
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(-) which stands for (z) = /1 + |z|?,
| to denotes the absolute value,

-l to denotes the norms for a vector or a matrix,

Dy to denote —i9; t R,
A=A, to denotes the Laplace operator with respectto 2 € R™ : A, :=>"" | %22_,
85 to denote if B = (B1, B2, -, -, Bn)! € R, then a8 .= 8505 . 85,

where || := 1+ P2+ -+ Bn.
The matrix norm has to be distinguished from norms in certain function spaces or operator
norms. The corresponding space is used as index of this norm. Exceptions are the frequently
used Lebesgue and Bessel potential spaces, where we set
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10.0.3 Symbols used throughout the thesis

Some of the symbols are used in all chapters of the thesis and for convenience of the reader
we will collect them here. The following list can also be seen as a list of definitions for these
auxiliary functions. If the symbols are related to a particular chapter, we give also the corre-
sponding reference. Our aim is the investigation of the Cauchy problem with time-dependent
dissipation term b(t)(A)%u;. Related to it we use

V(t, &) micro-energy in the hyperbolic zone V (¢,£) = (p(t, £)v, DtU)T,
satisfies DV = A1 (t,£)V,
Eq(t,s,§) fundamental solution to D; — D(t,§) — R1(t,§),
Ei(t,s,€) fundamental solution to diagonal part D, — D(t,§),
U(t,€) micro-energy in the elliptic zone, U = (|¢|74, Dta)T,
satisfies DU = Ay(t,£)U,
Es(t,s,¢€) fundamental solution to D; — D(t, &) — FD(t,€) — Ra(t, £),
E;(t,s,€) fundamental solution to diagonal part D; — D(t, &) — FU(t,€),
U(t,¢) micro-energy in the pseudo-differential zone U(t, ) = (A(i\)f% i, Dta)T,

satisfies DU = As(t, &)U,

E(t,s,8) fundamental solution to D; — A(t, €),

Ri(t, &) the remainder matrix after k + 1 step of diagonalization procedure,
A(2) A(t) = [ b(r)dr,

A(t€) A(t,€) = exp (K7 [ b(r)ar ),

Zhyp(€) hyperbolic zone,

Rpyp(e) hyperbolic region,

Zred(€) reduced zone,

ta(|€]) separating line between reduced and hyperbolic zone is

solution to @]ﬂ%*" =1-¢

Zei(e,N) elliptic zone,
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t1(l€]) separating line between elliptic and reduced zone is
solution to @\ﬂ%_” =1+e¢,

Rey(e,N) elliptic region,
Zpa(e, N) pseudo-differential zone,

to(l€]) separating line between pseudo-differential and elliptic zone is
solution to A(1)|¢]?° = N,

R,4(N) pseudo-differential region,
Zrem (€) remaining zone,
to separating line between remaining and hyperbolic zone is

solution to b(t) = 2(1 — ¢),

t separating line between remaining and elliptic zone is
solution to b(t) = 2(1 + ¢),

Sk (t, ) Imaginary part of \g(¢,£),
RAk(t,€) Real part of A (¢, &),
E[v](t,¢) energy of v,

EPI[](t,€)  energy of higher order of v,

Se classification of b = (t) in the case of decreasing of b = b(t),
Sy classification of b = b(t) in the case of increasing of b = b(t),
a o € (1, 5],
n n € (0, 5],

Ei(t,s,8) fundamental solution to D; — D(t, ) — lg_l F@O(t,6) — Ri_1(t,8),

N

instead of < C, where C is a positive constant,

EF(t,5,¢)  the entries of matrix E(t,s,£) in line k and cologne 1,

diag R to denote the diagonal matrix with entries rj;,5 =1, - -, n,
dij to denote ¢;; =1for i=j, §;=0fori#j fori,jeN,

Br(xo) to denote the ball in R” of radius R with center 23 € R”,
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10.1 Basic tools

10.1.1 Diagonalization procedure
Representation of solution in the hyperbolic zone

In order to give a representation for solution to (3.0.1) in Zj,,(¢) we carry out one step of
diagonalisc’rion procedure. We denote by v(t, ) the “dissipative transformation” 4(¢,£) =

exp( |E‘ fo dT)v (t,€). In the extended phase space the Cauchy problem for the

damped o—evolution problem (3.0.1) is written as the following Cauchy problem :

v'(t)

b2
vt €) + (1627 — P\ jepy oge, ) - Y2 oge, ) =0,
——
=p2(t,€) =m(t,£) (] 0.1.1 )

’U(S,f) =: ’U()(f), Ut<37§) = 01(5)7

where p(t, &) ~ |£]|7 uniformly in the hyperbolic zone. Moreover, the Cauchy data

(@ =0 (K15 [ rar )i, ) and 1a© = e (157 [ oirrar) ("PiePae 94065, 0).

at time level ¢ = s.
We introduce the micro-energy V' =V (¢,£) in Zp,,(e) by

V(t,€) = (p(t,)v(t,€), Deo(t,€))" forall t>s and (s,£) € Znyp(e).

The corresponding first-order system of problem (10.1.1), with respect to the micro-energy
V, is stated as

o 0 p(taé) 1 Dtp(tvg) 0
V(t,§) = (p(t,f) 0 )V(t,£)+p(t’€> <m(t7 ) 0) V(t,8). (10.1.2)

We shall use the notations

— — 0 p(t,{) — e 1 Dtp(tag) 0
— A(€) = (p(m 5 ) R = R(1,¢) ._p(t’£)<m(t7® O).

Let us carry out the first step of diagonalization. We want to diagonalize the matrix A. Since
the eigenvalues of the first matrix are 7 = 71(¢,€) = —p(t,€) and 72 = 72(t, &) = p(t, &) we
introduce the corresponding matrix of eigenvectors M and its inverse matrix M ! as

(11 11 -1
M.—(_1 1), and M .—2<1 1).

Setting V() = V(U(¢,¢) := M~'V(t,€) forall ¢ > s and (t,£) € Zpyy(e) we obtain the
following system for V(1):

W, &) = MA@ M VO (4, 6) + MR, &M VI (1, €). (10.1.3)
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Straight-forward calculations imply
D(t.€) = M A oM = (PHE 0 ) ,

Dip(t,€) — m(t,€) Dup(t,€) — m(t, &)\ 014

Ra(t,€) = MTIR(,OM = ol
Dip(t,€) +m(t,€)  Dip(t, &) +m(t.)

The entries of the second matrix R1(t, £) are uniformly integrable over the hyperbolic zone.
Taking info consideration the monotonic behavior of the function p the function dyp(t, &) does
not change its sign and, therefore, for t > s and (s,&) € Zp,,(e)

/ Tpfﬁ ‘/ TpT, = g p(t,€)

(5,1
and p(t, &) ~ [£|? uniformly in the hyperbolic zone. Furthermore,
m(tvé) _ _atQ(tuf) @‘§|25
p(t:€) €27 — 2(t,€) 2
In the following we use that
I 9q(r,8)
’6‘20— - q2<7-7 é)

is uniformly bounded with respect to (s,&), (t,£) € Znyp(e). This and p(t,&) ~ [£]7 in the
hyperbolic zone allow to stop the diagonalization procedure after the first step.

q(t,§) =

t
< ;| / (. €)dr < C-

Representation of solution in the elliptic zone

In order to give a representation for the solution to (3.0.1) in Zg (e, N), we carry out a
diagonalisation procedure with suitable remainder at each step. The following definition of
symbol classes characterizes the necessary properties of the remainder.

Symbol classes in the elliptic zone

Definition 10.1.1. Let us define the following classes of symbols related to the properties of
b="0b(t) and Z.(e,N) :

Sei{ma, mo, mg} = {a(t,&) e C((0,T); C™(Zau(e, N))) :
1 ma+k
’at |§\ (t7£)| < Ck,p‘ﬂmlfpb(t)mg <7)

141
for all non-negative integers k, p such that k <1, p < m}

The further considerations are basing on the following properties of the symbol classes:

Lemma 10.1.1. The family of symbol classes Si’ﬁ”{ml, ma, m3} generates a hierarchy having
the following properties:
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° Si’l}n{ml,mg, ms} C Si’[ln{m1 +2kd,mg + k,ms — k} for k>0,

° Si’l}n{ml,mg + k,ms} C Sé’l?n{ml,mg,mg} for k>0,

k1, k2,
o S5PH{mi,my,ms} C S {my, ma,m3} for ky < ki, and ps < py,

o if ac Si’l?ln{ml, mg,mg,} and be Si’l?ln{kl, ko, /{33}, then ab e Sé’ﬁn{ml—l-kl,mg-i—kg,mg—f—
ks},

o ifac Sé’lgn{ml,mQ,mg}, then OfFa ¢ Siﬁk’m{ml,mz,mg +k} and 8|pﬂa € Si’ﬁ”fp{ml -

p,ma,ms} for k<l and p<m.

Diagonalization modulo S%7™{0,0,1}

After partial Fourier transformation the damped o—evolution problem (3.0.1) is written as the
following Cauchy problem at time level t = s :

{ gy (t,6) + |€27a(t,§) + b(1)|E[* 1 (¢, §) = 0,
(10.1.5)
(s, €), w(s,§), 0€(0,0), o>1
We introduce the micro-energy U = U(t, &) in the Zg;(e, N) by
U(tvé-) = (|§‘U@(t,£)’Dtﬂ(t’§))T forall ¢ > and (t>§)7 (576) € Zell(saN)'

The corresponding first-order system of problem (10.1.5), with respect to the micro-energy
U, is stated as

D09 = (o i) VO, UG, = (6710, Dials, ). (1016

We shall use the notation

B (0 €17
A= A(t,§) = (ma ib(t)§\26> '

Let us carry out the first step of diagonalization, we want to diagonalize the matrix A. Since
the eigenvalues of the first matrix A = A(t, £) are

Ak(tﬂg): ) k:1727

ib(t)[E]* + (=D i/ (1) €] * — 4]€*
2

we infroduce the corresponding matrix of eigenvectors M and its inverse matrix M ! as

pp— 1 1
M(t,€) := (Al(t,§)|§|_” )‘2(t75)|€’_0) 7

R Bt )
and M (t7§) : \/bz(t)|§|45_20 —4 <_)\1 (tag)‘ﬂia 1 .
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Setting UV = UM(t,¢) := M~'U(t, &) forall t>s and (t,&) € Zey(e, N) we obtain the
following system for U(1):

W(t,€) = M7t A EM(t,€) UV (¢, &) + M~V (t,€) DM (t,€) UD(£,€).(10.1.7)

Straight-forward calculations imply

. e 0
D) = M Ak oMo = (MG ) 1o-18)

1 a+t+b a—2>b
Ra(t) = M~H(t DM (L €) = —5 (10.1.9)

—a—b —a+bd

()€ b()V ()€
h = 1.

where e e iRl — ey OO

The system (10.1.7) has diagonal “principal” part D € S 7'{26,1,0} with remainder R; €
Séﬁ”{O, 0,1}. Thus, we have obtained in Z;(e, N) the dlogonollzchon of the system (10.1.6)
modulo remainder Ry € S47{0,0,1}.

Diagonalization modulo Siﬁl’m{—%, -1,2}

We carry out one more step of diagonalization procedure. Let

0 -
N =N, ¢) = <_ R21 TB”) € S {~20,-1,1}.
T2—T1

Now we set N7 = N (t, &) := I, + NV (t,€). This matrix is invertible since

IND (@, )] < AR ! 5 = % by the definition of elliptic zone Z(e, N).

We can choose a sufficiently large N such that [N (t,€) — I|| < 3 in Zey(e, N). Hence, the
matrix N1 (¢, ) is invertible.

Proposition 10.1.2. Let Ry := —N;! ((Dt — Rl)N(l) —l—N(l)}"(l)) . Then in Z. (s, N) we

:=B1)
have Rs € S 7'{—26,1,2} and the following identity holds :

(Di =D —R1)Ny =N (D — D — F —Ry),
where F) = diag R, and D, R are defined in (10.1.8).
Proof. The representation of R follows immediately from the observation fhcn‘ N D] =
Ry—FW, Byquing into consideration the matrices () € S* 07{0,0,1}, NV € S 7 {—26,-1,1}

and R; € Se” {0,0, 1} and using the propriety of symbol classes from Lemma 10. 1 1 we may
conclude Rs € Séulm{ 26, —1,2}. O
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Thus, we have obtained in Z; (e, N) the diagonalization of the system (10.1.6) modulo re-
mainder Ra € S5, {-25,-1,2}. Let U® = UR(1,¢) := N1, &)M~1(t,£)U (L, ), then
we obtain the following equivalent problem to (10.1.6) for U = U@ (t,¢) forall t >
s and (t,f),(s,ﬁ) S Zell(EaN) :

(Dy =D —FY —ROUPD =0,  UP(s,8) := N7 (5,6) M~ 1(5,6)U(s,£), (10.1.11)

where Ry € Séﬁl’m{—%, —1,2}. Thus, we have obtained in Z.j(¢, N) the diagonalization of
the system (10.1.6) modulo remainder R, € Siﬁl’m{—%, —1,2}.

Diagonalization modulo Siﬁk’m{—%é, —k,k+1}

We carry out k + 1 steps of the diagonalization procedure.

Proposition 10.1.3. For each k € N with k < [ let B%) = (D — Rl)N(k) + N Zﬁ:l F®) 4
ZI;;% N® Fk) Then the following identity holds in Z.;(, N) :

k
(D =D = Ri)Ni = Ni(Dy = D = 3 FO = Ry, (10.1.12)
p=1

where Ry := —N,;lB(k) and the matrix-valued functions for all p = 1,2, - -, k satisfy :
o NO) = N@) (¢, ¢) € S PT_2ps, —p, p},
o FO) = FO) (¢, ¢) € S P™{—2(p—1)5,—(p—1),p},
o Rpr1 = Rps1(1,€) € 85"~ {=2p8, —p,p + 1},

where the matrix Ny, := Z];:o N®, NO) .= [, is invertible and D, R, are defined in (10.1.8).

Proof. We apply the principle of induction. We see that the representation of the matrices B
and R; given in Proposition 10.1.2 also satisfy the matrix structure displayed in the claim of
Proposition 10.1.3. Let us assume that the statements of Proposition 10.1.3 hold true for an
integer j < k — 1. Thus, the matrices N'U) ¢ Siﬁj+1’m{—2j6, 3,5}, FO) ¢ Siﬁ”l’m{—Q(j —
1)6,—(j — 1), 4}, and the matrices B*#~Y and Rj_; satisfy the given structures. Then by
(10.1.12) we immediately get

k
BY = (D = D= Ri)Ny = Ny (D =D = 3 FW).

p=1

We seek representation for A, Fi in the form
k k
Ny = ZN(Q Fi = Z]:(p)‘
p=0 p=1

To do this, define inductively the matrix-valued function in the manner below :

NO =1, BO.=_Ry, Frt) .= _diagB®, NP .= ( 0 ﬂHTz).
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By using Vi, = N1 + N and the definition of B#—1) we get

k—1 k
B® = BE 4 (D, — D~ R)N® + 3 NP FE _ N B (Dt _D_ Z;(p))
p=0 p=1

— Bk 4 70 _p A9 4 s,

where § = DIN®W — RINK) 4 S NP FER) 4 NI S7F | F@), by the definition of F(*)
and V) we have
B 4 FB) _p, NB)] =

Therefor B() = S which lies in Siﬁk’m{—ka, 1,k+1} by the induction hypofhesis and the rules
of the symbolic calculus of Lemma 10.1.1. Setting Rj41 := =N 1B) this matrix belongs to

ShETL_9k§, —k, k + 1}. Finally, F®) ¢ S5 FH™ ok —1)6, —(k — 1), k} and
NG ¢ Si”kﬂ "{—2kd, —k,k}. So the claim is proved. Now we claim that Nj(t,£) =
> o N®)(t, ) is invertible; this is true because
= <D <5

[EleP(L+ )P = (A(1)g]7)" — NP

by the definition of Z.;(¢, N). Choose N in the definition of Z.;(e, N) so that
G 1
Np — 92p+1

The value of k shall be chosen later, but since it is fixed, this fixes N(t, ). Hence,

IN® (¢, €)]] <

for p=1,2,---m

NG (8, €) = 1| < Zl IN® (£, )] < Zl 57 < 5
p= p=

thus proving the invertibility oh A. In this way we completed the proof of the proposition. [

Now we set UMD = Ukl (¢ &) == N (LMY, OU(LE) forall t > s, (t,€) €
Zeu(e, N), and see that the system (10.1.6) for U is equivalent in Z;(e, N) to

(Dt D- Z]—' — Rt 1) Ukt 0, TR (s €) = NVt )M (t, 5)U (5,8)0.1.13)
Thus, we have obtained in Z; (e, N) the diagonalization of the system (10.1.6) modulo re-

mainder Ryi1 € Siﬁk’m{—%é, —k,k+ 1} . Consequently, we have obtained in Z; (e, N) the
diagonalization of the system (10.1.6) modulo remainder R, € Siﬁk’m{—%é, —k,k+1}.

10.1.2 Modified Bessel functions

Here we summarize some rules for modified Bessel functions. Let Ju = Ju(s) be the Bessel
function of order p € (—o0,0), and let J,,(s) := J,.(s)/s* when p is not a negative integer.

Lemma 10.1.4. Let f € LP(R™), p € [1,2], be a radial function. Then the Fourier transform
F(f) is also a radial function and it satisfies

F(f)(©) =c / gL rleDdr, gllal) = £(@).
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Lemma 10.1.5. Assume that p is not a negative integer. Then the following rules hold :
o Ju-i(rla]) = rdrdy(rlz]) + 2pdy(rlz]),

o Jypi(rlz]) = T|m|28 Ju(rlzl), for r##0, x#0,

o % rlz|) = /T cos(r|z|),

o we have for any p the relations
o | Ju(r]z))| < Cexp (n|Sul) for rlz| <1,

o Ju(rlz]) = C(r|:v|)*1/2*“ cos (r|x| 2““ ) + O((r|x!)*3/2*“) for r|z| > 1.

10.1.3 Further auxiliary lemmas

A useful tool for energy estimates is Gronwall’s inequality.

Lemma 10.1.6. (Gronwall’s inequality). Suppose that a < b and let g, h and f be non-
negative continuous functions defined on the interval [a, b]. Moreover, suppose that g is differ-
entiable on (a, b) with non-negative continuous derivative ¢'. If for all t € [a, b]

£(t) < g(t) + /0 h(r)f (r)dr,

then

7(6) < gltyexp ( - / th(T)dT) forall € a,b].

Let us consider the homogeneous linear system of ordinary differential equations

Lemma 10.1.7. (Liouville’s formula). Suppose that E = E(t, s) is a matrix-valued solution of
the system (10.1.14) on R... Then

det E(t,s) = det E(s, s) exp (z /t tr A(T)dT)

for 0 < s, t.

We define a notion of higher-order directional derivative of a smooth function and use it to
establish three simple formulae for the n* derivative of the composition of two functions

Lemma 10.1.8. (Francesco Faa di Bruno, who published it in 1857)[12] Let f,g € C"™(R)
then we have the following

oL@ ()
T 00) = 3 et (o) T (4 Oy

i=1

where the sum is over all nonnegative integer solutions of the Diophantine equation k :=
ki1+k2+--~+knandk¢1+2k‘2+---+nkn:n.
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10.1.4 The Peano-Baker formula

First order systems of ordinary differential equations

d
prih A(t)u, u(0) =ug € C"

are solved in terms of the fundamental solution E(t,s) as u(t) = E(t,0)up. The matrix
function E(t, s) is the solution to

%E(t, s) = A(t)E(t,s), E(s,s) = I, € C™".

It is well-known, that for a constant matrix this fundamental solution can be expressed in terms
of the matrix exponential,

E(t,s) = exp ((t — s)A), exp(A) =1+ Z %Ak’.
k=1""

For variable coefficients this representation is not valid any more. For the sake of complete-
ness, we give the representation used several times throughout our calculations.

Theorem 10.1.9. Let A € L} _(R,C™ ™). Then the fundamental solution E(t,s) to 8; — A(t)
is given by the Peano-Baker formula

o0 t t1 th—1
E(t, S) =1+ Z/ A(tl)/ A(tg) cee / A(tk)dtk - dtodty.
k:1 S S S

The proof follows by differentiating the series term by term. To prove the convergence of the
series and its formal derivative one uses the domination by the exponential series following
from Proposition 10.1.10.

Proposition 10.1.10. Assume A € L} (R). Then

loc

/:\A(m)}/:l ‘A(tz)‘.../:kl |A(tk)\dtk...dtlg;!(/:\A(T)\df)k forall  keN.

The proof follows by induction over k.

Corollary 10.1.11. Let A € L}, (R,C™ ™). Then the fundamental matrix E(t, s) satisfies

Bl <o ([ 14 dr).

In several applications we need not only estimates for the fundamental solution, but also
statements about its asymptotic behaviour and invertibility. It is convenient to use the Theorem
of Liouville in the following form.

Theorem 10.1.12. Let A € L}, (R,C™ ™). Then the fundamental solution E(t, s) satisfies

det E(t,s) = exp (/St tr A(T)dT).
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10.1.5 Remarks on Volterra integral equations

The estimate of Corollary 10.1.11 is in general not sharp, to obtain better estimates, we are
interested in solutions to the Volterra equation

(L) + /0 Kt 7, €)f(r, €)dr = (1, €), (10.1.15)

with kernel k = k(t,7,&) and right-hand side (¢, ), both depending on some parameter
e PCR".

Theorem 10.1.13. Assume ¢ € L®(Ry x P), k € L™(R% x P) and
t
/ |k 7, 8)l|pdr € L®(Ry x P).
0
Then, there exists a (unique) solution f(t,§) of (10.1.15) in L*(R; x P),
esssupyer, ccp | f(t,€)| < o0
Proof. Sketch of the proof. Uniqueness of the solution follows for small ¢ by the contraction

mapping principle. It remains to show the global bound on the solution. We may represent
the solutions to this integral equation by the Neumann series

69 =0(0.)+ (1) /O k(t,11,6) /0 k(t1, 1, €)

tp—1
: / k(th—1,tr, ) (tr, §)dty - - - dtadty
0

and use Proposition 10.1.10 to conclude

0 t t1
co = (1 k 5 U1, oo k T U2, o0
1.0 = ol (153 [ 00l [

tp—1
/ (-, thy ) Lot (tr, §)dty, - - - ditadty,
0

S g NI

For results under weaker assumptions on the integral kernel we refer to the treatment of G.
Gripenberg, S.-O. Londen and O. Staffans, [GLS90]. For the applications we may take also
domains for the parameter ¢ depending on both variables ¢ and 7 . In this case one can
trivially extent the kernel function k(¢,7,€) by zero to a larger common parameter domain
without changing the solution. This will be the case in most of the applications. Due to
its importance for the understanding of the results in pseudo-differential zone we give one
auxiliary application of this theorem. O

Theorem 10.1.14. Assume

A(t,€) € L™(P, Lj,o(Ry,C™™)), diagonal, RA(t, ) < a(t, &)1,
B(t, &) € (P, L' (Ry,C™™)).

Then the fundamental solution E(t,s,£) to 0, — A(t, &) — B(t, £) satisfies

IB(t5. 1 S o [ atrgyar).



156 10 Notation-Guide to the reader

Proof. Sketch of proof. In order to prove this, we consider the fundamental solution E4(t, s, )
to the system 9; — A(t, £) and conclude from

t
Ea(t,s,€) = exp (/ A(T,{)dT), QBT (t,5,6) = —E; (L5, €)A(L,€),
that

H(E N (t,5,8)E(t,s,€)) = By ' (t,5,€)B(t, ) E(t, 5,£).

Thus, we obtain the integral equation
E(t,s,&) =1+ Ey(t,s,£) /st E;N(1,5,8)B(1,€)E(7,5,€)dr
=TI+ /: E;'(t,7,€)B(1,6)E(r, 5, €)dr,
which can be transformed to
exp ( - /: alr, g)dT)E(t, 5,6) = exp ( - /St a(r, g)m)
+[ exp (/t (A(r,€) — a(T,f)I)dT>B(T,f)E(T,8,§)d’r.

Now the exponential term is bounded by a constant. Moreover, the assumptions on B(t,§),
in particular, the L! property can be used to conclude the boundedness of

exp<—f;a(7',f)d7‘)E(t,s,§) by Theorem 10.1.13. O



Figure10.3: Decreasing behavior of b = b(t),
0 € (0,0/2) and limsup,_, (1 + t)A(t)*% — 0.
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t ty —  ta2(f¢])
t1(I¢])
to(I€1)
Zhyp
o Zen
Zrem
0 €| 0 i
Figure10.1: Decreasing behavior of b = b(t) Figure10.2: Decreasing behavior of b = b(t),
and § = o/2. 6 € (0,0/2) and limsup,_, (1 4+ t)A(t)"2 = 0.
ty t2([€]) t t2([€1)
t1(I€])
to(I¢1)
t1(I¢])
Zet to([€])
0 €l 0 €l

Figure10.4: Decreasing behavior of b = b(t)
and § € (0/2,0).
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ty to(l€]) t ta(I€])
t1(l€])
to(I€])
Zel
Ryq
0 €l 0 €
Figure10.5: Increasing behavior of b = b(t), Figure10.6: Increasing behavior of b = b(t),

6 € (0/2,0) and limsup, . (1 +t)A(t)"2 = 0. § € (0/2,0) and limsup, . (1 +t)A(t)"% = occ.

ty t1(I€1) ty
to(I€])
7 ta(l€))
Zel
Z
pd £
Zhyp Zrem
0 iy 0 i
Figure10.7: Increasing behavior of b = b(t) Figure10.8: Increasing behavior of b = b(t)

and 6 € (0,0/2). and § =0 /2.
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