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Abbreviations and Notation

LPA(I,R) :
o L*((I,R) :
W™P(I,R) :
Wy (L R) :
(D) :

Vu:

Au:

ou :

resp :

a.e .

Fractional ordinary differential equation

Fractional Partial differential equation IVP : Initial value problem
Boundary value problem

Gamma function

Beta function

Mittag-Leffler function

Right-fractional Riemann-Liouville integral
Grunwald-Letnikov fractional derivative

Right-fractional Riemann-Liouville derivative
Right-fractional Caputo derivative

Right-fractional Caputo derivative

Integer part of a real number

Denoted by

Space of continuous functions on I

Space of n— time continuously differentiable functions on I
Space of absolutely continuous functions on I

Space of bounded continuous functions on [

space of Lebesgue integrable functions on I

space of measurable functions u with [ul’ belongs to L!(I, R)
Weighted L¥— space with weighted function

space of measurable functions essentially bounded on I
(m, p)— Sobolev space

(s, p)— Riemann-Liouville fractional Sobolev space

Space of distributions

Gradiant of u

Laplacian of u

Boundary of u

respectively R — L Riemann-Liouville

almost everywhere



Introduction

nat if n = 1?. It was the question raised in the year 1695 by Marquis de L'Hopital
W (1661-1704) to Gottfried Wilhelm Leibniz (1646-1716), the response was "This is an
apparent paradox from which one day, useful consequences will be drawn "

The subject of fractional differential equations has grown in popularity and relevance over
the last three decades or more, owing mostly to its proved applications in a wide range
of seemingly disparate and diverse fields of science and engineering including fluid flow,
economics, electrical networks, and etc. (see [25])..

It does, in fact, give some potentially valuable methods for solving differential and integral
equations, as well as their usefulness in the modeling of a wide range of physical events
involving very rapid and very small changes.

Furthermore, the fractional integral and fractional derivatives appear in the theory of control
of dynamic systems, when the controlled system and -or- the controller is described by
fractional differential equation.

While, the fractional Brownian motion was first introduced within a Hilbert space fra-
mework by Kolmogorov in 1940 in [73], where it was called Wiener Helix. It was further
studied by Yaglom in [131]]. The name fractional Brownian motion is due to Mandelbrot and
Van Ness, who in 1968 provided in [85] a stochastic integral representation of this process
in terms of a standard Brownian motion.

On the other hand, It is well known that the Gronwall-Bellman inequality [1}[10] and their
generalizations can provide explicit bounds for solutions to differential and integral equa-
tions as well as difference equations.Many authors have researched various inequalities
and investigated the boundedness, global existence, uniqueness, stability, and continuous
dependence on the initial value and parameters of solutions to differential equations, inte-
gral equations see [2,6,20]. However, we notice that the existing results in the literature are
inadequate for researching the qualitative and quantitative properties of solutions to some
fractional integral equations see [11} 14} 22,33, 134] . As far as the existence of such a theory
is concerned, the foundations of the subject were laid by Liouville in a paper from 1832. The
autodidact Oliver Heaviside introduce the practical use of fractional differential operators
in electrical transmission line analysis circa 1890. Many authors have established a variety
of inequalities for those fractional integral and derivative operators,for some of which have
turned out to be useful in analyzing solutions of certain fractional integral and differential
equations, for example, we refer the reader to [11} 20} 33} 34] and the references therein.
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The main objective of the present thesis is to, gives in the first part a new Bihari’s inequality
with singular kernel and give a simple proof of the fractional Gronwall lemma. And in
the second part,studied the Existence and uniqueness solutions for nonlinear fractional
stochastic differential systems with nonlocal conditions of functional type.

So, for our purpose this thesis consist of five chapters.

In chapter 1 We present some definitions and property about the Fractional integrals and
fractional derivatives,an introduction to the theory of specials functions as the Gamma
function, Beta function and the Mittag-Leffler function are given.These function play a most
important role in the study of fractional derivatives and fractional differential equations.

In Chapter 2 some results about the stochastic calculus and stochastic system theory are
presented.

Chapter 3 we introduced the principal results about the fixed point theory, the theorem
of non linear alternative of Leray-Shauder and others theorems are given. In addition the
theory of Cysemi group and HIlle-Yosida theorem are given.

The chapters 4 and 5 are consecrated to presents our results
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Chapitre

Fractional Integrals and Fractional
Derivatives

This chapter contains definitions and properties from such topics of Analysis as functio-
nal spaces, special functions, and some properties of fractional integrals and fractional
derivatives of different types.

1.1. Banach Spaces of Continuous Functions

A topological space X is locally compact if, for every x € X, there is an open set U C X
containing x such that U is compact. Assuming X is locally compact, let Cy(X) denote the
set of all functions f : X — C that are continuous and bounded. Thus, for every f € Cy(X)
means that there is an R > 0 such that |f(x)| < R forall x € X

Theorem 1.1.1. If X is a locally compact space, then C,(X) is a Banach space, where the vector
space operations are given by the usual pointwise operations, and where the norm of f € Cyp(X) is
defined by

IfIl = sup |f(x)I- (111

xeX

Proof. It is elementary that Cy(X) is a vector space and that defines a norm on Cyp(X).
Thus, it remains only to show that every Cauchy sequence in Cyp(X) is convergent in Cyp(X) Let
{fiheenw € Co(X) denote a Cauchy sequence. For each x € X,

[fu®) = fu(x)| < sup i) = fu )| = || = £ -

Since { fi}yen is @ Cauchy sequence in Cy(X), { fi(x) e s @ Cauchy sequence in C for each x € X.
Because C is complete, likrn fi(x) exists for every x € X. Therefore,

define f : X —» Cby f(x) = li]£n fi(x), for each x € X. We aim to show.

(i) that f is continuous and bounded, and
(i) that {fi},n converges to f in Cy(X).
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Let € > 0. Because { fi},o is a Cauchy sequence, there exists N, € IN such that || fn— fm” < & for
all n,m > N,. Assume that n > N.. Choose any x € X; thus,

[f(x) = £u@)] < [f@) = fin@)] + [ fun(®) = fu(®)|
< |f(x) - fm(x)| + ”fm - fn” .
As the inequalities above are true for all m € IN
|f0) = fu] < inf (|fG) = fu)| + [ fo = ful])
<0+e.

This right-hand side of the inequality above is independent of the choice of x € X. Hence, if n > N,
is fixed, then f — f, is a bounded function X — C and

sup |f() - )] < e.

Since f is uniformly within € of a continuous function, f is continuous at each x € X. Furthermore,
since the sum of bounded functions is bounded, f, + (f — fu) = f is bounded. This proves that
f € Co(X). Finally, since f € Cyp(X) satisfies || f- an < ¢ for all n > N, the Cauchy sequence
{ficheeny converges in Cy(X) to f € Cp(X).

1.2. Banach Spaces of p-Integrable Functions

Proposition 1.2.1. Suppose that (X, X, p) is a measure space, and that p > 1. If
LNX X, u)={f: X — C| fisp-integrable }. (1.2.1)
then LP(X, X, u) is a complex vector space. Furthermore, if p : LP(X, 2, u) — R is given by

1/p
P(f)=( L Ifl”d/u) : (1.2.2)

Forall f € LP(X, X, u), then p is a semi-norm on LV (X, Z, u).

Proof. It is clear that af € LF(X, L, u), foreverya € Cand f € LP(X, X, ). If f,g € LI(X, X, 1),
then f + g € LP(X, L, u), by Minkowski’s inequalityﬂ Hence, LP(X, L, u) is a vector space To verify
that p is a semi-norm, the only nontrivial fact to confirm is the triangle inequality holds. To this end,
Minkowski’s inequality yields :

p(f+8) = ( fx If + gl’”du)w

Up Up (1.2.3)
<[ o) o{ fisrer

= p(f) + p(8)-

Hence, p is a semi-norm.

1. If 1 < p < oo, then
lle +2llp < Hlually + ol

10
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Let Q = [a,b](—o0 < a < b < ) be a finite or infinite interval of the real axis R = (—o0, c0).
We denote by L,(a,b)(1 < p < o) the set of those Lebesgue complex-valued measurable
functions f on Q for which ||f||, < co, where

b 1/p
ANl = (f If(t)lpdt) (1<p<). (1.2.4)
And
lIfllc = ess suph [f (). (1.2.5)

Here ess sup | f(x)| is the essential maximum of the function |f(x)| [see, for example, Nikol'skii
[99], pp- 12 —13)].

We also need the weighted L? -space with the power weight. Such a space, which we denote
by X(a,b)(c € R;1 < p < o), consists of those complex valued Lebesgue measurable
functions f on (a, b) for which ||f ||X§ < 0o, with

b 1/p
Ifllxe = (f [FG %) (1<p<oo). (1.2.6)
And
lIfllxe = ess supb [x | f(x)]. (1.2.7)

In particular, when ¢ = 1/p, the space X! (a, b) coincides with the L,(a, b) -space :

X’lg/p(a, b) = Ly(a,b) Let now [a,b](=c0 < a < b < o0) be a finite interval and let AC[a, b] be
the space of functions f which are absolutely continuous on [a, D]. It is known that AC[a, b]
coincides with the space of primitives of Lebesgue summable functions :

f(x) € AC[a,b] & f(x) = ¢ + f ) Bt (p(t) € L(a, b)). (1.2.8)

And therefore an absolutely continuous function f(x) and has a derivative f'(x) = @(x)
almost everywhere on [a, b]. Thus (1.2.7) yields

o(H) = f'(t)and c = f(a). (1.2.9)

Forn e N :={1,2,3,---} we denote by AC"[a, b] the space of complex-valued functions f(x)
which have continuous derivatives up to order n — 1 on [a, b] such that f""~V(x) € AC[a, b] :

AC"[a,b] = {f : [a,b] - Cand (D""'f) (x)} € AC[a, b] (D = %). (1.2.10)

C being the set of complex numbers. In particular, AC![a, b] = AC[a, b]. This space is charac-
terized by the following assertion [see Samko et al. ([120, Lemma 2.4]).

1.3. Special Functions

We presents in this section some definition about special function like Gamma function,
Beta function . . . ect.

11
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1.3.1. Gamma Function

Undoubtedly, the Euler’s gamma function I'(z), is one of the basic functions of the fractional
calculus is which generalizes the factorial n! and allows n! to take also non-integer and even
complex values.

We will recall in this section some results on the gamma function which are important for
other parts of this work.

Definition 1.3.1. The gamma function I'(z) is defined by the integral

I'(z) = f ) et dt. (1.3.1)
0

Theorem 1.3.2. Function I'(p) is convergent for p > 0.

Proof. The integral can be written as :
1 00
I'(p) = f e xPldx + f e ldx = I + . (1.3.2)
0 1

1 . . . . .
Where I = fo e~*xP~Ldx is convergent. Since e™ is decreasing on the interval [0,1],

from x =0, we have :
1 1 1
f e ldx < f P ldx = =, (1.3.3)
0 0 p

00 . .
Moreover, I, = fl e~*xP~Ldx is also convergent. We obtain :
1 —x/2 -1 PR
l1<x=2d"e*<e ox " <é ‘:’x_/251' (1.3.4)
e

. p-1
Because lim, o 27 = 0, we have :

f e X xP 1 dx Sf e 2dx = 2712,
1 1

The integral (1.3.1)) is convergent for p > 0 and divergent for p < 0.

1.3.2. Some Properties of the Gamma Function

One of the basic properties of the gamma function is that it satisfies the following functional
equation :
T'(z+1) =zI(2). (1.3.5)
Which can be easily proved by integrating by parts :
00 =
— —tyz 30 _ | _,—tsz
1"(z+1)—‘[0 e tdt—[ e t]t_
Obviously, I'(1) = 1, and using (1.3.5) we obtain forz =1,2,3,...:
re)=1-rq)=1=1!
re)=2-r@=2-1=2!
T4)=3-T(3)=3-2!=3!

U4z f et ldt = 2T (2). (1.3.6)
0

In+1)=n-Tn)=n-n-1)! =nl.

12
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The second integral defines an entire function of the complex variable z. Indeed, let us write
P(z) = f et ldt = f e Dlog®~t gy (1.3.7)
1 1

The function e~D 18"~ js a continuous function of zand ¢ for arbitrary zand t > 1. Moreover,
ift > 1 (and therefore log(t) > 0), then it is an entire function of z. Let us consider an arbitrary
bounded closed domain D in the complex plane (z = x + iy) and denote xy = max,ep Re(z).
Then we have : tz—1 (z-1)log(t)—t (x=1)log(t)—t| | iy log(£)
—lyZ— — zZ— (0} — — X— O = 11 10
e 71| = [ D10s0] = [ebmioB @7t [ oz

— |e(x—1)log(t)—t|| < e(xg—l)log(t)—t — E_ttxO_l.

This means that the integral converges uniformly in D and, therefore, the function
@(z) is regular in D and differentiation under the integral in is allowed. Because
the domain D has been chosen arbitrarily, we conclude that the function ¢(z) has the
above properties in the whole complex plane. Therefore, ¢(z) is an entire function allowing
differentiation under the integral. Bringing together the above considerations, we see that.

— . (_1)k 1 Oo—tz—l
F(z)—Z el M dt

0

>~
Il

_1)k
k!

—_

[\18

+ entire function, .

=

+

>~
Il
N

0

and, indeed, I'(z) has only simple poles at the points z = —n,n =
0,1,2,...

1.3.3. Limit Representation of the Gamma Function

The gamna function can be represented also by the limit

. n'n*
@ = ,}gﬁ, z2(z+1)...(z+n) (138)

Where we initially suppose Re(z) > 0 To prove (1.3.8), let us introduce an auxiliary function

fu(z) = fo ' (1 - %)n #1dt.

. . . _ t . . . . .
Performing the substitution 7 = ;> and then repeating integration by parts we obtain;
1
fu(2) = nzf (1-1)"t* ldr
0

n* 1
= —nf (1-1)"'%dt
z Jo

n*n!
zZ(z+1)...z+n-1) J,
n*n!
Zz+1)...z+n-1)(z+n)

1
Tz+n—1d,.[

13
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Taking into account the well-known limit

t n
lim (1 - —) =e.
n—00 n

We may expect that

n—oo

lim fu(z) = lim (1—5) Fldt = f e, (1.3.9)
n—oo 0 n 0

Which ends the proof of the limit representation (1.3.8) of the gamma function, if the
interchange of the limit and the integral in (1.3.9) is justified. To do this, let us estimate the
difference

A= f et — £u(2)
0

= f [e‘t—(l—f) ]tz‘ldt+ f et ldt.
0 n n

Let us take an arbitrary € > 0. Because of the convergence of the integral (1.3.9) there exists
an N such that for n > N we have

f gt
n

Fixing now N and considering n > N we can write A as a sum of three integrals :

A= (fN+fn) [e‘f - (1 - %)n]tz‘ldt+ foo e~ ldt. (1.3.10)
0 N n

A= (fN+f) [e_t - (1 - %)n]tz‘ldt+ foo et ldt. (1.3.11)
0 N n

The last term is less then 5. For the second integral we have :

=l [l e

* —tgx—1 €
< e Tl < <.
it 3

Where, as above, x = Re(z). For the estimation of the first integral in (1.3.11) we need the
following auxiliary inequality :

< f e 'l < E, (x = Re(2)).
n 3

_t t n t2
0<e —(1—;) <3 O<t<n. (1.3.12)

Which follows from the relationships

n t n
1—c’(1—3) :feT(l—E) Lir. (1.3.13)
n 0 nl n

t n t 2
0< f & (1 - %) %m < f ET%dT :efzt—n. (1.3.14)
0 0

And

14
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(Relationship (1.3.14) can be verified by differentiating both sides.) Using the auxiliary
inequality (1.3.12) we obtain for large # and fixed N :

N £\" 1 N €
f [e’t - (1 - —) ]t“dt <= f P < =, (1.3.15)
0 n 2n Jg 3

Taking into account inequalities (1.3.10),(1.3.12) and (1.3.15) and the arbitrariness of ¢ we
conclude that the interchange of the limit and the integral in (1.3.9) is justified.

This definitely completes the proof of the formula (1.3.8) for the limit representation of the
gamma function for Re(z) > 0.

With the help of (1.3.11) the condition Re(z) > 0 can be weakened to z # 0,-1,-2, ... in the
following manner. If —m < Re(z) < —m + 1, where m is a positive integer, then,

B I'(z +m)

1H(Z)_z(z+1)...(z+m—1)
_ 1 1 nZ+mn]
Czz+1)...(z+m— 1)11—>00(Z+m) (z+m+n)
3 1 i (n —m)**™(n — m)!
Tz2@z+1)...(z+m—=1) o z+m)z+m+1)...(z+n)

= lim !
Cnsez(z+1)...(z+n)

Therefore, the limit representation (1.3.1) holds for all z excluding
z#+0,-1,-2,...

1.3.4. Mittag-Leffler Functions

The exponentials function, ¢Z. plays a crucial role in the theory of integer-order. differential
equations . Its one-parameter generalizations, the function which is denoted by

Was introduced by G.M.Mittag-Leffler[89]], and studied also by A.Wiman [?] We present
some properties as; [E1(z) = ¢* and E»(z) = cosh(/z)

The two parameter function of the Mittag-Leffler type, which plays a very important role
in the fractional calculus. was in fact introduced by Agarwal [4].

Definition 1.3.3. A two-parameter function of the Mittag-Leffler type is defined by the series
expansion [[42]]

Eop(z) = Z F(ak " ﬁ) (@>0,8>0). (1.3.17)
It follows from the definition [[.3.3] that

El,l(Z) = kZ:OA m = kzzo‘ F =e. (1318)

15



Fractional Integrals and Fractional Derivatives 2021-2022

And
2k+1

_ sinhz
E2a@) = Z r(zz +2) - Z Qk+1) -z (13.19)

The hyperbolic functions of order #n , which are generalizations of the hyperbolic sine and
cosine, can also be expressed in terms of the Mittag-Leffler function[42] :

nk+r 1

h(z,n) = Z T ZE,E") (r=1,2,...,n). (1.3.20)
Eis(2) = ; r(kzi 3) ki k+2) lz g k+v2) -2 _z1 —. (1:321)
Eqp = Zm%l {ez ¥ i—l;} (1.3.22)
k=0
2 = ; 1"(%:—1) = cosh(z). (1.3.23)

The trigonometric function of order n denoted by k.(z, 1), which are the generalization of
the sine and the cosine function

LMj+z=1

ki(z, 1) = Z T = 21, (~2"). (1.3.24)

1.4. Riemann-Liouville Fractional Integrals and Fractional De-
rivatives.

Lemma 1.4.1. Let I be the operator integral defined by following formula

If(x) = fs f(s)ds (1.4.1)
0
then the The following formula is true for any n € N
_ -1
I"f(x) = (x )1)' £(s)ds. (14.2)

Proof. By recurrence;
Assume that (1.4.2) is true for n = k and proof it forn =k +1 forn =k

(x S)k 1

f@= |

S (6)ds.

16
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SO
() = (ka(x))
o)1
= i (J(Ck Si)' f(s)ds

Y _ Q\k-1
_ f f ({k Si); F(s)dsdy.

Changing the order of integration and using 0 < y < x,0 < 's < y we get

. _ *(y 9! B (y—s)!
M f(x) = fo B =~ f(s)dyds = ff(s)f = ~———dyds

9 (-9
[ rof=ta= [ 5 o

thus ([.4.2) is trus for n = k + 1 so it is trus forn € N

Let us consider some of the starting points for a discussion of classical fractional calculus.
One development begins with a generalization of repeated integration. In the same manner.

Lemma 1.4.2. Consider a locally integmble Real valued function f : ] — R whose domain of
definition | = [a,b] C R is an interval with —co < a < b < oo. Integrating n times gives the

fundamental formula
nw= [ f [ s

— oty [ -y

Wherea < x < band n € IN. This formula may be proved by induction. It reduces n—fold integration
to a single convolution integral. The subscript a+ indicates that the integration has a as its lower
limit. An analogous formula holds with lower limit x and upper limit a. In that case the subscript a
- will be used.

(1.4.3)

Definition 1.4.3 (Riemann-Liouville fractional integrals). Let —co < a < x < b < oo. The
Riemann-Liouville fractional integrals Iy, f, I} of order a € C,R(a) > 0 is defined for functions
f:la,b] > Cby

500 = 15 [ -0 e (144)

(12 f) ) = (I f) () = ﬁ fx (t — x)*"Lf(1)dt. (14.5)

Respectively. Here I'(@) is the Gamma function . These integrals are called the left-sided
and the right-sided fractional integrals. When a = n € N, the definitions (1.4.4) and (1.4.5)
coincide with the nth integrals defined in (1.4.3).

L A function f:]=1a,b] c Ris called locally integrable if it is integrable on all compact
subsets K C |.
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Definition 1.4.4 (Riemann-Liouville fractional Derivatives). The Riemann-Liouville fractional
derivatives Dy, y and D} _y of order a € C(R(«) > 0) are defined by

Dz.y (i) (I+"y) (x)

Hdt
- I'(n- a) (dx) f (x y(t))a T =[R@)]+1,x>a). (1.4.6)

And
d n
iy = (d—) (B=y) )
Hdt
- T(n T(n—a) (dx) f (t - i ))a (= [R@)]+1,x <b). (1.4.7)

Respectively, where [R(a)] means the integral part of a.

Property 1.4.1. (a) when a =n e,
then
(D% y) @) = (DY_y) (x) = y(x); (DL ) (¥) = ¥ (x).

and

(D5) (@) = 1"y € N)

where (y™x) is the usual derivative of y(x) of order n.
(b) When 0 < R(a) < 1, then

Y y(hdt

(Dzy) () F(l ) dx W(o <R(@) <1,x>a). (1.4.8)
(t)dt

(Dy) (0 = F(l 3 dx om0 <R@ <Lx<b) (1.4.9)

(c) When a € RY,
then (1.4.6) and (1.4.7) take the following forms,

ay' r 1)dt
(Dgyy) (x) = r(nl—a)(ﬂ) f %(nz[a]+l,x>a) (1.4.10)
And
a\" * f)dt
(Dgy)(x):ﬁ(—a)f%(nz[alﬂ,xd). (1.4.11)

While and are given by

y(Hd
(Diy) (x) = F(l 3 dx e _)t)ta O<a<l1x>a). (1.4.12)
And ,
-1 d t)dt
(D¥_y) () = T }a) - f (ty (_)x)a O0<a<1,x<b). (1.4.13)
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(d) If R(e) = 0,(a # 0) then (1.4.6) and (1.4.7) yield the Fractional derivatives of purely

imaginary order

. * dt

(Dle )(x) = ﬁ% (f_ﬂt)i (0 € R, x > a). (1.4.14)
o y(t)dt .

(D y) () = r(1 16) - f i )19(9 eR',x <b). (1.4.15)

1.4.1. Basic Properties of RL Fractional Integrals
Property 1.4.2. The Riemann-Liouville integral operator of order a is a linear operator. That means ;
I*[af(x) + bg(x)] = al® f(x) + bI* g(x)

Proof. Using the definition ofI* , we get

b
laf(x) + bg(x)] = @) f # S)_z 1gis)
_ T _af©) _bg(s)
- (a)[f x —s)1- a f (x_s)la ]
= al*(f(x)) + bI*(g(x)).
Property 1.4.3. If R(a) > 0 and § € C(R(B) > 0), then
r
(2t =) ") (x) = %(x — a)f**Y(R(a) > 0). (1.4.16)
r
(Dit =) () = = ( ﬁ(f )a) (x — )" (R(a) = 0). (1.4.17)
o a -1 r(ﬁ) +a-1
(I -0 () = T b — )P R(a) > 0). (1.4.18)
r
(Dt =) () = = ( ﬁ(f )a)(b — 2P (R(a) 2 0). (1.4.19)
In particular, when § = 1 and R(a) > 0 we have,
a b—x)2
(D%, 1) (x —(x1 f)a) and (Dj_1) (x) = (r a f)a) (0 < R(@) < 1). (1.4.20)

What mean that, the RL-Fractional derivatives of a constant, are in general not equal to zero.
In the other hand, and for j = 1,2, ..., [R(a)] + 1

D2, (t —x)*7) (x) = 0,(D% (b — t)* /) (x) = 0. (1.4.21)
< ) ) =0,(D; )
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Property 1.4.4 (Integration by parts). [69] The following results
b b
[ rwassenas= [ swlifw)a fgelen.
a a
is called the property of "integration by parts” for fractional integrals.
Proof. Putting for f,g € L(a,b) and using the Dirichlet’s Formulaﬂwe get
b 1 b X )
L = fu (I5 ) ()dx = @ ja‘ f(x)jﬂ‘ Q(H)(x — 1)*dtdx
1 b (b :
= m j; {ft‘ flx)(x—1t) dx} g(H)dt
b b
— _ _ na-1
= fa {F(a) ft fx)(x—1t) dx} g(Hdt.
b
Changing t by x we obtain,I; = f g(x) (Ig“ﬁ f) (x)dx
a
Lemma 1.4.5 (Semigroup property). Let ¢ be integrable real valued function
¢ : R — R then the Fractional integrals obey the following semigroup property :
Il¢ =170 = 150
Lro=1"p=01 ¢
Proof.
© "
||l = f J6)
[ £)] [rw)
3 f f (s)ds
Iﬂ(Of (x— y)l T Jy (y—9)e =
= dsd
r(a)f(ﬁ AN 2 G s
dy
- o ), L e o
Denote now
Ax s)—f( ! ay (1.4.22)
SN R VRIS -

and putting y —s = t then dy = dt ,we gate

X—S dt
Ax,s) = S —
(x,9) f(; (=5 fyi=api P

3. Let g continuous function, and let u, v > 0 then

f £ ¢ ¢
fo FEE - e fo (& - 0" 1 g(E, x)dx = fo dx f (= P& - 1" T g(E, W)
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and by a change of variable, t = (x — s)u and dt = (x — s)du, we have

B (x —s)du
Alx,s) = f (x—s)l @(1 — u)l- “( s)'F
T - s>1—<a+ﬁ> fo (1- u)”“ul‘ﬁ
1
= Gogrentad
_ T@ry
- T(a+p)’
Now we can write
. i _ 1 L(@)I'(B)

(x =)oy —s)iF  (x—s5)1-@) [(a+p)’
Then

f 1 INGCHING))
T(@TPB) Jo (x —5)=@*h) T(a + )

1 Y feds
F(OK + ﬁ) j(; (x — S)l—(oﬁ—ﬁ) =1 f(X)

e [Iﬁ f(x)] f(s)ds

Lemma 1.4.6. [120]
(a) The fractional integral operator Iy, and Ij/ , whith R(a) >0
are bounded in LP(a,b)(1 < p < o)

g flly < Kl fll, and |II;_fll, < KIIfl,- (1.4.23)
Where K = &= a;rlz(:)‘
() If0 <a <1land 0 <p < 1, then the operator I$, and I, are bounded from L7 (a,b) into
Li(a, b), where q = p(1 — ap).
(c) If R(e) > 0 and f(x) € LP(a,b) 1 < p < oo, then
(DEISf) (%) = f(x), and (Dg_l;’_ f) (x) = f(x) where (R(cx) > 0). (1.4.24)

Hold almost everywhere.

1.5. Caputo Fractional Derivatives

In this section the definitions and some properties of the Caputo fractional derivatives are
presented[69]. Let [a, b] be a finite interval of the real line IR, and let

(Dg: [y(OD(x) = (Dg, y)(x) and (Dy_[y(5)]) = (Dj_()(x)

be the Riemann-Liouville fractional derivatives of order & € C(R(«) > 0) defined by
and (L.4.7), respectively. The fractional derivatives (‘Dg, y)(x) and (‘D} y)(x) of order a €
CR(a) 2 0 on [a, D] are defined by;
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Definition 1.5.1. Let « >0, n = [a]. The Caputo derivative operator of order « is defined as

0110 = s [ (18] o

For a = 0, we introduce the notation :

“DY f(t) = D (1.

Theorem 1.5.2. Fort > 0,a € R,n—-1 < a < n,n € N, and a function f(t) which obey the
conditions of Taylorﬁ theorem, the following representation is valid :

— (k)
Di0) =050+ T e
=0

Proof. Proof In order to simplify our presentation, we consider a = 0. Because f(t) can be expanded
in Taylor series we can write

v_r
) = ; reen/ O+ Ri,

where :

t £(n) t— )1 1 ¢
= f f (Z,z(_ 1)]'/) dy = ) fo f(")(]/)(t _ y)”‘ldy _ I"f(”),

If we apply the operator D* we obtain successively :

(k
[Z rer /O + Rua

Def(#)

= f(k)(O) + DR,

k—a
= me(k)(o)ﬂn AU

k—a
_ (k) a

Definition 1.5.3 (The Caputo Fractional Derivative in the Origin). For a function f(t), for
which f(t) =0, if t <0, it can be defined :

1 t
DO = s [ (=0

where R(a) = n.

Property 1.5.1. If C is a constant, then :

oDiC =0,
and the Riemann-Liouville Fractional Derivatives of C is :
Cx™@
DiIC=——,a=1,2,...
T ra—a @

4. B.Taylor (1685-1731).
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In what follows we note the Caputo derivative in the origin, simply, using the notation
D* f(x).
Theorem 1.5.4. Ifn—1 < a <n, wheren € N, and o € IR, then :
1. limysy Daf(t) = f(n)(t)/
2. limgm1 DYf(E) = fOD() = f@7D(0).
Proof. In the formula

L (SO
Ti=a) Jy =y

we will use the integration by parts, obtaining :

Df(t) =

t t
f u(W)o' (Pdy = u(yoy)], - f W' (y)o(y)dy,
0 0

u(y) = f), V(@) =@t-y" "
W' (y) = f), o(y) = —(t-y)"

[ f(n ( _y)n a

-

It results :
Def(t) =

F(n a)

y)naf(nﬂ)(y)dy] .
Using the property of I' function
Tn—a+1)=n-a)l(n-a),

it results :
1

DO = et

t
(n) 0 (n+1) —y)q ,
[f O+ fo FEDE - 1) y]

t
moﬂf(t){f(")(on fo f<”“)<y)dy] FO0) + FOw)l, = 0.

lim DUf() = [f<”><0>+ fo f(””)(y)(t—y)dy]
FOO+ = nfOW), = £ - 0.

Example 1.5.5. Let us calculate the FD for « > 0,n—1 < a < n, B > n— 1 of the function f(t) = t#
using the definitions, for the case : Riemann-Liouville, and Caputo in the origin,using the definition.

Solution. 1. For the Riemann-Liouville derivative, we can write :

ayf 1 d" ' B n—a—1
I = D% _F(n a)dt” u(t—u) du.

and we take :
u=uovt, du=tdo.
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It follows :
- - ﬁ _ n—-a-1
I T (n ) dt" f(vt) [(1—20)f] tdv
_ ;_ _ \—a—1_Bm—a+f
= Th—aar fo(l v) Pt do
1 ! NP
— o\ pL n—a+p
I Toi—a) j; (1-0) v dt"t do.
but

ﬂ A TA+1) .,
arm T T(A-n+1) 7
1
B(p,q) = f P11 - )T ldo,
0
so that it results :
1 TITnh—-a+p+1)
I'n-a) I'(~a+p+1)
1
f (1-o)"*fdo=Bn—a,p+1)=
0

TB+1)
T(—a+p+1)

1=

1
atp f (1-o)"vPdu
0

I'n—-a)'(g+1)
I'n-a+p+1)

D =1= th=e.

2. In this case we apply the definition of the Caputo derivative of t# :

Lo ()

Tn—a) Jy (t—u)x1-p

r(18+ 1) -n n—a—
I= T = a)f WPt — u)" .

[=D%F =

I(6 -
We use the change of variable u = vt, resulting after calculations :
du = tdv,
T(B+1) !

=

IT(n—a)l(-n+1) Jo O (Gl 2

Finally, we obtain :

_ T(+1)
T Tn-a)(B-n+1)

rg+1)

77 pa
Ir-a+1)

B-n+1,n-a)=

Example 1.5.6. Find the Riemann-Liouville Fractional Integral and Fractional Derivative of

f(t) = (t-a).

Solution. For the Fractional Integral we apply the Riemann-Liouville definition :

¢
I= I} f(t) = % j‘; (t = u)* Y (u — a)Pdu.
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The following change of variable

u—a
:’(),
t—a
du = (t — a)do,

allows to calculate :

_ a\a+p
I—tL a) f(l v)“lvﬁdv—( F()) B(a,p+1),

I'(a)
__TB+1) ot
" Ta+prnt "

For the Fractional Derivatives we apply the Riemann-Liouville definition :
o p d n—a B
Df =Dt —a)’ = ——al"™*(t - a)",

and finally :

rg+1)

B T(+1)
Df‘r@+n a+ 1) d

(_)mna_r@—a+n

(t — a)f.
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Chapitre

Stochastic Calculus

This chapter are focused on the Itd lemma for that we presente some definitions about
Probability theory and others proprieties are given

2.1. Functions Calculus

2.1.1. Continuous and Differentiable Functions

Definition 2.1.1. A function g is called continuous at the point t = t, if the increment of g over
small intervals is small,

Ag(t) = g(t) — g(ty) — Oas At =t -ty — 0.

If g is continuous at every point of its domain of definition, it is simply called continuous. g is called
differentiable at the point t = t, if at that point

- Ag(t)
Ag ~ CAtor AltH—I}OT =C

this constant C is denoted by ¢ (o). If ¢ is differentiable at every point of its domain, it is called
differentiable. An important application of the derivative is a theorem on finite increments.

2.1.2. Right and Left-Continuous Functions

Definition 2.1.2. A function g is called continuous at the point t = t if
lim g(f) = g(to),
t—sty

it is called right-continuous (left-continuous) at ty if the values of the function g(t) approach g(to)
when t approaches ty from the right (left)

lim g(t) = g(to), (lim g(t) = g(to).)
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If g is continuous it is, clearly, both right and left-continuous. The left-continuous version
of g, denoted by g(t-), is defined by taking left limit at each point,

gt-) = lgp 8(s).

From the definitions we have, g is left-continuous if g(f) = g(t—). The concept of g(t+) is
defined similarly,

g(t+) = lgp 3(s)-

If g is a right-continuous function then g(t+) = g(t) for any t, so that g+ = g.

2.1.3. Variation of a Function

If g is a function of real variable, its variation over the interval [g, b] is defined as;

Ve(la, b)) = sup2|g £ - g(t)), @.1.1)

i=1

Clearly, (by the triangle inequality) the sums in (2.1.1) increase as new points are added to
the partitions. Therefore variation of g is

Ve(la, b)) = lim 3" Ig(t) - g(t)), (212)
! i=1

where 6, = maxi<i<u(t; — ti-1). If V([a, b)) is finite then ¢ is said to be a function of finite
variation on [a, b]. If g is a function of t > 0, then the variation function of g as a function of
t is defined by

Vo(t) = V([0 t]).

Clearly, V,(t) is a non-decreasing function of .

Proof.
gy = lim Z(g(t,H) g (21.3)
< hm maxlg(tlﬂ g(t”)lZlg(tHl)—g(t?)l (2.1.4)
< 611r_)n0max|g(tl+1) g(t?)IVg(t). (2.1.5)

Since g is continuous, it is uniformly continuous on [0, t], hence lims, 0 max; |g(t?, ) — g(t!)| = 0,
and the result follows.

2.1.4. Riemann Integral

Definition 2.1.3 (Riemann Integral). The Riemann Integral of f continue over interval [a, b] is
defined as the limit of Riemann sums;

f f(hdt = lim Z FENE -t (2.1.6)
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where the t! represent partitions of the interval,

a=ty <t/ <---<th=b0o= {Qg(t;“ — ), and t!, < EF <7

It is feasible to demonstrate that the Riemann Integral is well defined for continuous func-
tions and that it may be extended to functions that are discontinuous at a finite number of
points by breaking up the interval.

Theorem 2.1.4 (The fundamental theorem of calculus)). If f is differentiable on [a,b] and f is
Riemann integrable on [a, b] then

b
) - fla@) = f £ ()ds.

2.1.5. Stieltjes Integral

The Stieltjes Integral is an integral of the form fu f(t)dg(t), where g is a finite variation
function. Because a function of finite variation is the difference of two rising functions,
defining the integral with regard to monotone functions suffices.

Stieltjes Integral with respect to Monotone Functions

Definition 2.1.5. The Stieltjes Integral of f with respect to a monotone function g over an interval
(a, b] is defined as

b b n
| sas= [ st = im 3 s - sz 217)

with the quantities in the formulation being the same as for the Riemann Integral above.
This integral is a generalization of the Riemann Integral, which may be recovered by taking
g(t) = t. The Riemann-Stieltjes integral is another name for this integral.

Definition 2.1.6 (Change of Variables). Let f have a continuous derivative (f € C') and g be of
finite variation and continuous, then

¢ 3()
1) - fg0) = | £ (g(s)dg(s) = ().
sy~ s = [ Fsonise = [ f
If g is of finite variation has jumps, and is right-continuous then
t
fg) - g0 = [ £ (sts-nige) 19
Y (F6) - fg6s) - £ (86-)AgE)), (2.19)

O<s<t

where 6g(s) = g(s) — g(s—) denotes the jump of g at s. This is known in stochastic calculus as Itd’s
formula.
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Example 2.1.7. Take f(x) = x2, then we obtain

t
0 -0 =2 [ g6z + Y (096

s<t

Remark 2.1.1. Note that for a continuous f and finite variation g on [0, t] the approximating sums

converge as 6 = max; (t7+1 - t:’) -0,

; Fs () (s (t) -5 () - fo gz,

Theorem 2.1.8 (Lebesgue). A finite variation function g on [a, b] is differentiable almost everyw-
here on [a, b].

2.2. Measure Theory

In this section, we will recall some definitions and results from measure theory. Our purpose
here is to provide an introduction for readers who have not seen these concepts before and
to review that material for those who have.

2.2.1. Probability Spaces

Definition 2.2.1 (c—algebra). Consider a set Q. a o—algebra A of subsets of Q) is a collection A
of subsets of Q) satisfying the following conditions :

(a) DeA

(b) If B € A then its complement B is also in A

(c) If By, By, ... is a countable collection of sets in A then their union U> | By, is in A

There are two extreme examples of sigma-algebras :
— The collection {0, ()} is a sigma-algebra of subsets of Q2
— the set P(Q) of all subsets of () is a sigma-algebra
Any o—algebra A of subsets of (1 lies between these two extremes :

{0,QQ) c A c PX).

Definition 2.2.2 (Mesure). A measure is a nonnegative countably additive set function; that is, a
function p : A — R with

(i) w(A) = (@) =0 forall A€ A, and

(ii) if (Ai)ier € A is a countable sequence of disjoint sets, then

W(UierAy) = Z 1(A;)
iel

If u(Q) = 1, we call u a probability measure. In this thesis, probability measures are usually
denoted by IP. The next result gives some consequences of the definition of a measure.

Theorem 2.2.3. Let u be a measure on (€, A)
(i) Monotonicity. If A C B then u(A) < u(B).
(ii) Subadditivity. If A C U,, Ay, then u(A) <Y, u(Am).
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(iii) Continuity from below. If A; T A (i.e., Ay C Ay C -+ -and U;A; = A) then u(A;) T u(A).
(iv) Continuity from above. If A; | A (i.e., A1 D Ay O -+~ and N;A; = A), with p(A1) < oo then
p(Ai) L p(A).

Property 2.2.1. If Aisa o—algebra, and A, is a sequence in A, then the fol lowing properties follow
immediately by checking the axioms :

1. NA, €A
2. limsup, A, := N5 U™ Ay e A

S e |t A+
3. liminf, A, := U’ NS AgeA

4. if A, B are algebras, then A N B is an algebra.

Definition 2.2.4. For any set C of subsets of Q, we can define o(C), the smallest c—algebra A
which contains C. The c—algebra A is the intersection of all c—algebras which contain C. It is again
a o—algebra.

Definition 2.2.5. (E,O) is a topological space, where O is the set of open sets in E. then o(O) is
called the Borel o—algebra of the topological space. If A C B, then A is called a sub-algebra of B. a
set B in B is also called a Borel set.

Remark 2.2.1. One sometimes defines the Borel c—algebra as the c—algebra generated by the set of
compact sets C of a topological space. Compact sets in a topological space are sets for which every
open cover has a finite subcover. In Euclidean spaces R", where compact sets coincide with the sets
which are both bounded and closed, the Borel c—algebra generated by the compact sets is the same as
the one generated by open sets. The two definitions agree for a large class of topological spaces like
"locally compact separable metric spaces”.

Remark 2.2.2. Often, the Borel c—algebra is enlarged to the o—algebra of all Lebesgue measurable
sets, which includes all sets B which are a subset of a Borel set A of measure 0. The smallest c—algebra
B which contains all these sets is called the completion of B. The completion of the Borel 6—algebra is
the o—algebra of all Lebesgue measurable sets. It is in general strictly larger than the Borel c—algebra.

Definition 2.2.6. A probability space is a triple (Q2, ,P) where Q) is a set of "outcomes,” F is a set
of "events,” and P : F — [0, 1] is a function that assigns probabilities to events. We assume that
is a o—field (or o—algebra), i.e., a (nonempty) collection of subsets of () that satisfy

(i) ifAeF then A° € ¥, and

(ii) if A; € ¥ is a countable sequence of sets then U;A; € F.

Definition 2.2.7. A map X from a measure space (Q2, A) to an other measure space (A, B) is called
measurable, if X"1(B) € A for all B € B. The set X~}(B) consists of all points x € A for which
X(x) € B. This pull back set X~1(B) is defined even if X is non-invertible. For example, for X(x) = x*
on (R, B) one has X7 1([1,4]) = [1,2] U [-2, -1].

Definition 2.2.8. function X : QO — R is called a random variable, if it is a measurable map from
(Q, A) to (R, B), where Bis the Borel c—algebra of R. Denote by C the set of all real random variables.
The set C is an algebra under addition and multiplication : one can add and multiply random variables
and gets new random variables. More generally, one can consider random variables taking values in
a second measurable space (E, B). If E = RY, then the random variable X is called a random vector.
For a ran dom vector X = (X3, ..., X4), each component X; is a random variable.
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2.2.2. Convergence of Random Variables

In order to formulate the strong law of large numbers, we need some other notions of
convergence.

Definition 2.2.9. sequence of random variables X,, converges in probability to a random variable
X, if
P[|IX, —X|> ] — O forall e > 0.

Definition 2.2.10. sequence of random variables X,, converges almost every where or almost surely
to a random variable X, if P [X,, — X] = 1.

Definition 2.2.11. sequence of L¥ random variables X,, converges in L to a random variable X, if
1X; = X|l, — 0 for n — oo.

Definition 2.2.12. sequence of random variables X,, converges fast in probability, or completely to
a random variable X, if

Y PIIX, - XI| > €] < o forall & > 0.

We have so four notions of convergence of random variables X, — X, if the random
variables are defined on the same probability space (QQ, A, IP). we will gives now the two
equivalent but weaker notions convergence in distribution and weak convergence, which
not necessarily assume X, and X to be defined on the same probability space.

Definition 2.2.13. sequence of random variables X,, converges in distribution to a random variable
X,, if Fx, (x) — Fx(x) for all points x, where Fx is continuous.

Definition 2.2.14. sequence of random variables X,, converges in law to a random variable X, if the
laws u, of X, converge weakly to the law u of X.

Remark 2.2.3. [72]] In other words, X,, converges weakly to X if for every continuous function f
on R of compact support, one has

f FEpn(x) — f F@u.

Property 2.2.2. Given a sequence random variables X, € L. The following is equivalent :
(a) X, converges in probability to X and {X, }nen is uniformly integrable.
(b) X, converges in L' to X.

Theorem 2.2.15 (Dominated convergence theorem). Suppose {f,}, is a sequence of measurable
functions on a measure space (Q, F, ) such that

fx) = lim f,(x), pae xeQ.
n—o00
If there is an integrable function g, i.e. fQ g dy < oo, such that

(fn(x)| <g(x), foruae xe€QandforallneN.

limffndy:ffdy.
n—oo Q Q

then f is integrable and
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Theorem 2.2.16 (Bounded convergence theorem). Let {f,}, be a sequence of uniformly bounded
and measurable functions on a bounded measure space (QQ, ¥, 1) such that

flx) = }}ij?ofn(x), pae x€Q.

limffndy:ffdy.
n—oo Q Q

2.3. Stochastic Processes

Then, f is integrable and

In order to study stochastic calculus, we must first understand stochastic processes. In this
section, we define stochastic processes in general and give definitions of some of the most
important processes.

Definition 2.3.1 (A stochastic process). X isa family {X; : t € T} of random variables which map
the sample space ) into the state space S € R.

We can observe stochastic processes in two manners : by studying fixed realizations of the
process, or by studying the distributional properties of the process.

Definition 2.3.2. The realization (or sample path) of X at w for a fixed w € Q is the collection
{X¢(w) : t € T} of members of S.

Definition 2.3.3. Lett = (f1,ty,. .., t,) beavector witheacht; € T. Then the vector (X;,, X4,, ..., Xt,)
has the joint distribution function F, : R" — [0, 1] defined by

Ft(X) = ]P(th <xi, th < Xxy,. ..,Xt” < xn) .

Letting t range over all finite-length vectors of members of T, the collection {Fy} is called the collection
of finite-dimensional distributions (fdds) of X.

A specificclass of stochastic processes,witch have a particular interest, is Gaussian processes.

Definition 2.3.4. A real-valued, meaning that S = R, continuous-time, meaning that T = [0, c0),
stochastic process X is called a Gaussian process if each finite-dimensional vector (Xy,, Xy,, ..., X4,)
has the multivariate normal distribution N (u(t), E(t)) for mean vector u(t) and covariance matrix
X(t) which may depend on t.

Definition 2.3.5 (Filtrations and adapted processes). A filtration ¥ = (F+); = 0 of a probability
space (Q, F,P)is a family of c—algebras F; indexed by t € [0, o], all contained in F, satisfying

1. ifs <t then s C F; , and

2. Foo = 0(Up0Fy).

A stochastic process (X;)i»0 defined on (€); 7; IP) is said to be adapted to the filtration ¥ if for
each t > 0 the random variable (or random vector, if the stochastic process is vector-valued)
X; is measurable relative to ;.
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2.3.1. The Normal Distribution

The normal distribution is the most important one in all of probability and statistics. Many
numerical populations have distributions that can be fit very closely by an appropriate
normal curve.

Definition 2.3.6. A continuous random wvariable X is said to have a normal distribution with
parameters i and o (or y and o%), where —co < i < +00 and o > 0 if the pdfﬂofX is

1 —=p?
e 22 —00 <X < +00, (2.3.1)

flp,0)=

oV2n
Definition 2.3.7 (The Standard Normal Distribution). The normal distribution with parameter
values u = 0 and o = 1 is called the standard normal distribution. A random variable having a

standard normal distribution is called a standard normal random variable and will be denoted by Z.
The pdf of Z is

2
€7 —00<z< 400, (2.3.2)

f(z0,1) = N

Definition 2.3.8 (The Multivariate Gaussian Distribution). A vector-valued random variable
X = [X1/X2/ X3/ e /XH]T

is said to have a multivariate normal (or Gaussian) distribution with mean u € R" and covariance
matrix L € S} +E]if its probability density function is given by

ple u, L) = exp (—1/2(x - p)TZ‘l(x - p)) .

1
@n) T2
We write this as X ~ N(u, X).

Definition 2.3.9. A random vector (X, ..., X,) is called a Gaussian random vector if there exists an
nxm matrix A, and an n-dimensional vector b such that XT = AY +b, where Y is an m-dimensional
vector with independent standard normal entries.

2.4. Brownian Motion

The Brownian Motion (called Wiener process) is a stochastic process that will be important
for our study of stochastic calculus and the applications of stochastic calculus.

Definition 2.4.1. A Brownian motion (Wiener process) B = {B; : t > 0} is a real-valued Gaussian
process such that :
1. For any n,X; = By, — Bs; where 1 < j < n are independent variables whenever the intervals

(s js t]] are disjoint (B has independent increments).

1. pdf : Probability distribution function
2. Recall from the section notes on linear algebra that S’} is the space of symmetric positive definite n X n
matrices, defined as

St ={AeR™:A=AT and x" Ax > 0 for all x € R" such that x # 0}
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2. Byt — Bs ~ N(O, azt) Vs, t > 0, where 02 is a positive constant.

3. The sample paths of B are continuous. A Wiener process B is called standard if By = 0 and
o? =1

A standard d-dimensional Wiener process is a vector-valued stochastic process
1 p@ d
B, = (B",B?,...,BY)

whose components BE') are independent, standard one-dimensional Wiener processes.

2.4.1. Properties

In this section, we begin to prove some basic properties of Brownian motions that will
become invaluable as we start delving into more complex proofs.

Lemma 2.4.2 (Scaling invariance). Suppose (B:):o is a standard Brownian motion and let a > 0.
Then, the process X; = %Buzt is also a standard Brownian motion.

Proof. Continuity of the paths, independence and stationarity of the increments remain unchanged
under the rescaling. Considering By, — By, we have

E(X(t+h)-X(#) = E (%B(az(t +h) - %B(azt))

= ZE(B@t +ah) - B@),

and we can deduce that E (X(t + h) — X(t)) = 0as the same way we proof that Var(X(t+h)—X(t)) = h

Var (X(t + 1) — X(t))

Var(%B(uz(t +h) - %B(azt))

%(azh) = h

Because the function t — B(t) is almost surely continuous, the function
L, o
Is the composition of (almost surely) continuous functions and is therefore almost surely continuous.

thus X(t) is also a standard Brownian motion.

Theorem 2.4.3 (Time inversion). Suppose B; is a standard Brownian motion. Then, the process

defined by X;,
_ 0 ift =0
Xt_{tBl/t ift >0°

is a standard Brownian motion.
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Proof. The increments of this process having an expected value of zero is immediate. To see that the

other properties are satisfied, note that for Brownian motions, we have

Cov [By, Bi4s] = E[B;By1s] = E[B; (Beys — By + By)]

-E [Bf] +E[Biss] E[B: — Bs] = .

Then, for X; we get
Cov [Xy, Xpss] = Cov By, (t + 5)B1jess)|
t
= H(t +5) Cov [Biyy, Byyss| = (t+ s =t

Thus,
Cov [X;, Xips — Xi] = Cov [ Xy, Xpys] = Var [X¢] =t -t =0

Var [Xi4s — Xi] = Var [Xpys] + Var [X;] — 2 Cov [Xiys, Xi]
=(+s)+t—-2t=s.

This shows that the increments have the right variance. Independence of increments holds due to X;

and Xi4s having zero covariance and being normal variables.

Lastly, we need to demonstrate continuity. When t > 0, this is clear. Now, recall that the distribution
of X; over the rationals is the same as the distribution for a Brownian Motion. This implies that for

teQ,

lim X; = 0.
t—0

Thus, completing the proof.

Corollary 2.4.4. Let {B;};»q be a Brownian motion with admissible filtration {F;}»o, and let T be
a stopping time for this filtration. Let {B}}., be a second Brownian motion on the same probability

space that is independent of the stopping field {F+}.. Then the spliced process.

B - By for t<rt
"7\ B:+B;_, for t>t°

is also a Brownian motion.

Corollary 2.4.5 (Law of large numbers). Almost surely,

Proof. Let {X(t) : t > 0} be as defined in Theorem [2.4.3|. Using this theorem, we see that

lim B/t = lim X(1/#) = X(0) = 0.

Lemma 2.4.6. Let {B;};»q be a Wiener process and {Gi}»o a filtration of the probability space on
which the Wiener process is defined. The filtration is said to be admissible for the Wiener process if

(a) The Wiener process is adapted to the filtration, and

(b) for every t > 0, the process {Bi+s — Bt)sx is independent of the o— algebra G;.
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2.4.2. Markov Process

Definition 2.4.7. Given a measurable space (S, B) called state space, where S is a set and B is a
o—algebra on S. A function P : S X 8 — R is called a transition probability function if P(x,.) is a
probability measure on (S, B) for all x € S and if for every B € B,

the map s —> P(s, B) is B—measurable. Define P'(x, B) = P(x, B) and inductively the measures

P"(x,B) = f P"(y, B)P(x, dy),

where we write f P(x, dy) for the integration on S with respect to the measure P(x, .).

Definition 2.4.8. Given a probability space (2, A, IP) with a filtration A, of c—algebras. An
A, —adapted process X, with values in S is called a discrete time Markov process if there exists a
transition probability function P such that

P (X, € B\Ay) (w) = P"*(Xx € B).

Definition 2.4.9. If the state space S is a discrete space, a finite or countable set, then the Markov
process is called a Markov chain, A Markov chain is called a denumerable Markov chain, if the state
space S is countable, a finite Markov chain, if the state space is finite.

Remark 2.4.1. It follows from the definition of a Markov process that Xn satisfies the elementary
Markov property : forn >k :,

P[X, € B\Xy,..., X] = P[X, € B\X;].

This means that the probability distribution of X,, is determined by know ing the probability distri-
bution of X,,—;. The future depends only on the present and not on the past.

Theorem 2.4.10 (Markov processes exist). For any state space (S, B) and any transition proba-
bility function P, there exists a corresponding Markov process X.

2.4.3. The Strong Markov Property

In this section, we begin to discuss multi-dimensional Brownian motion. Let us start with
this definition.

Definition 2.4.11. If By, ..., By are all independent Brownian motions started in x1, ..., xg, then
the random process By given by
Bt = (B1/~--/Bd)'

is called a d-dimensional Brownian motion started in (xi,...,x5). If B; starts at the origin it is
termed a standard d-dimensional Brownian motion.

Theorem 2.4.12 (Markov Property). Let {B; : t > 0} is a Brownian motion started in x € R%,
Then the process {Bs — Bs : t,s > 0} is a Brownian motion started at the origin and is independent
of (B : 0 <t <s).

Proof. Properties[I|and [B|follow from the cancellation of the B(s) terms and the fact that {B(t)so)
is a Brownian motion. Because the map t — (B(t + s) — B(s)) is the composition of (almost surely)
continuous functions, the map t — (B(t + s)B(s)) is continuous.
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Finally, {B(t + s) — B(s)}s0 is a standard Brownian motion since B(0 + s) — B(s) = 0. Recall that
two stochastic processes {X(t)i=0} and {Y(#)i=0} are said to be independent if for any sets of times
ti,to, ...ty = 0 and s1,s3,...,8, = 0 the vectors (X(t1),...,X(t,)) and (Y(s1),...,Y(sy)) are
independent. Let t1,...,t, > 0ands > s1,...,s, > 0. Because Brownian motion has independent
increments, it follows that (B(t1+s)—B(s), ..., B(t,+s)—B(s)) and (B(s1), . . ., B(s)) are independent
random vectors.

Definition 2.4.13. The germ c-algebra is defined as F*(0), where

7O =76,

s>t
and {770 it 0} is the o-algebra generated by {By : 0 < s < t}.
Definition 2.4.14. The tail -algebra, T~ of a Brownian motion is defined as
7 =6,
£20
where G(t) is the o algebra generated by {B, : s > t}.
Theorem 2.4.15. For all s > 0, the random process {By.s — Bs : t > 0} is independent of 7 *(s).

Proof. By continuity B(t + s) — B(s) = lim,—,« B(s,, + t) — B(s,,) for a strictly decreasing sequence
{sn : n € N} converging to s. By Theorem forany tq,...,t, =0, the vector

(B(t1 +s) — B(s),...,B(ty +s) — B(s)) = lfle(B(tl +5;) = B(s)),...,B(tn +sj) — B(sj)). (2.4.1)
] (&)

is independent of 7 *(s), and so is the process B(t +s) — B(s) : t > 0.

Definition 2.4.16. A nonnegative random variable T (possibly taking the value +oo ) is a stopping
time with respect to a filtration ()5 if for every t > 0 the event {t < t} € F;. The stopping time
T is proper if T < oo on Q. The stopping field F. associated with a stopping time t is the c-algebra
consisting of all events B C Fo, such that BN {t < t} € F; for every t > 0.

Theorem 2.4.17 (Strong Markov property). For every almost surely finite stopping time T, the
process {Br.¢ — Br : t > 0} is a standard Brownian motion independent of ¥ *(T).

Proof. Let T be a stopping time. We can then define
T, =(m+1)27", where m/2" <T < (m +1)/2".

This can be thought of as a discrete approximation which stops at the first dyadic rational next to the
original. Keeping in mind that this definition implies that T, is also as stopping time, we then define
the following :
Bi(t) = Biik/2n — Byjor and By = {By(t) : t > 0}
B*(i’) = BH—T,, - BT,, and B, = {B*(t) t> 0}

Now, take E € ¥ (T,,) and the event {B. € A}. We have

(e8]

P ({B. eA}ﬂE) = Z]P({Bk eA}ﬂEﬂ{Tn = k/2").

k=1
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Note, however, that E(\{T, = k/2"} € F* (k/2"), which by Theorem is independent of
{By € A}. Thus, we have

P ({B. eA}ﬂE) = i]l’{Bk eA}]P(Eﬂ (T, = k/2").
k=0

Now, using the Markov property [2.4.17we see that for all k € IN,IP{B € A} = P{By € A}. This
yields

i]P{Bk e AP (E ﬂ (T, =k/2"}) = P{B € A}iP(E ﬂ (T = k/2"})
k=0 k=0

= P{B € AJP(E).

Thus, B, is independent of every E and hence independent of ¥+ (T),). Now, recall that the sequence
T, is a uniformly decreasing sequence that converges to T, hence ¥+ (T,,) € F*(T) is independent of
the Brownian motion (Bs.t, — Br, ). Then, the random process (Bt — Br), defined by the increments

Botter — By = lim (Bs+t+T,, - Bt+T,,) ’
n—oo

is independent, N(0,s), and almost surely continuous. Thus, it is a Brownian motion and inde-

pendent of F*(T).
2.5.1t6 Integral

+00

we define the stochastic integral f 1(s)dBs, as the mean square limit of Riemann-Stieltjes
sums. 0

We first define the integral for a simpler set of stochastic processes, random step functions,
as a Riemann-Stieltjes sum. We then show that, for stochastic processes (s) satisfying
certain conditions, the process can be expressed as the limit of a sequence of random step

functions. We define the It6 integral to be the mean square limit of the sequence of integrals
of the random step functions.

Definition 2.5.1. Denote by {F}}; the filtration generated by the one-dimensional Brownian motion
B; and by B the Borel o-algebra on [0, o). Let V = V(v, w) be the class of functions

f:[0,00)xQ — R.

Such that
(i) (t,w) = f(t,w)is B X F measurable.
(ii) f(t, w) is F; adapted.
(iii) E[[)"(f(t, ) dt] < oo,

Definition 2.5.2 (Elementary function). A function ¢ € V is called elementary if it has the form
ot @) =) (@), )0

]

- Note that since ¢ € V each function e; must be ﬂj—measurable - For elementary functions
¢(t, w) we define the integral as :

fzu ¢(t, w)dBy(w) = Z ej(a)) [Bt/.H - Bt]] (w).

=0
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Lemma 2.5.3 (The It0 isometry). If ¢(t, w) is bounded and elementary then

[(f o “’>d3f<w>)] [ [ vy dt]

Proof. Let ABj = By,,, — By,. Then

0 ifi#j
E [eiejABiABj] - { E [812.] (fj+1 - fj) ifi=j"

using independence of e;e;AB; and ABj if i < j. Thus

<[ o]

ZIE [eiejABiAB|
ZIE (11 1)
IE[ fv ¢? dt].

We now use the It6 isometry to extend the definition from elementary functions to functions

on V.

Lemma 2.5.4. Let g € V be bounded and g(-, w) continuous for each w. Then there exist elementary
functions ¢, € V such that

]E[fw(g—(j)n)z dt]—>0 asmn — oo,

Proof. Define pu(t,w) =Y. ¢ (t]-,a)) I [tj,t,-+1)(t)~ Then ¢y, is elementary since g € V, and, for each
w

fz:w(g—q)n)z dt -0 asn— oo,

since g(-, w) is continuous for each w. Hence E [fvw (g - cj)n)2 dt] — 0as n — oo by bounded

convergence

Lemma 2.5.5. Let h € V be bounded. Then there exist bounded functions g, € V such that g,(-, w)
is continuous for all w and n, and

]E[f (h—gu) dt]—>0 asmn — oo,
4

Proof. Suppose |h(t, w)| < M for all (t, w). For each n let Y, be a non-negative, continuous function
on R such that;

(i) Yu(x)=0forx <-1/nand x>0

(i) [T pu(r)dx = 1.
Let us define

t
gu(t, ) = f V(s — Hh(s, w)ds.
0
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Clearly, g,(-, w) is continuous for each w and | a(t, a))) < M. Since h € 'V, g,(t, ) is Fr-measurable
for all t. Moreover,

f (h(s, w) = guls, a)))2 ds — 0asn — oo, for each w,
By bounded convergence we get
W
E [f (h(s, w) — guls, a)))2 ds] -0, asn— oo.

Lemma 2.5.6. Let f € V. There exists a sequence of bounded functions {h,} C V such that

w
IE[f (f = hy)? dt] —0 asn— oo.
Proof. Let us define

-n if f(t, w) < —n
ha(t, w)={ f(t,w) if —n<f(t,w)<n..
n if f(t,w) >n
Then hy, is bounded for each n € IN and

f (f(s, ) = hys, w))* ds —> 0asn — oo, for each w.
The result then follows by dominated convergencd?.2.15)
- We can now complete the definition of the Ito integral
f f(t, w)dB{(w), for feV.
-If f € V by Lemmas to[2.5.6|we can choose elementary functions ¢, € V such that
v 2
]E[f (f—(pn) dt]ﬁo asn — oo
- We can then define
w T
1@ = [ ftwdBi@) = lim [ 9ult0)dBw)
v n—oo S
- The limit above exists as an element of L?(P) since

{ f Pult, a))dBt(w)} :

is a Cauchy sequence in L?(P) by the It6 Isometry.
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2.5.1. The Itd Integral

Definition 2.5.7 (The It6 integral). Let f € V(v, w). Then the It0 integral of f (from v to w ) is
defined by

f ) f(t,@)dBi(@) = lim f i Ot w)dBy(w)  limit in LA(P), 2.5.1)

where {q‘)n} is a sequence of elementary functions such that

E[fw (f (t, w) — dult, a))) ] asn — oo, (2.5.2)

Note that :

— such a sequence {qb,,} exists by Lemmas to W .

— the limit in exists and does not depend on the choice of {c{)n}, as long as W
holds.

Corollary 2.5.8 (The It6 isometry).

[(f f(t, w)dB; (a))) ] [f (f(t, w) ))? dt] forall f e V(v,w) (2.5.3)
Corollary 2.5.9. If f(t,w) € V(v,w), fu(t, w) € V(t,w) forn =1,2,...and

IE[fw (fult, w) —f(t,a)))z dt] -0 asn— oo,

then
f fu(t, w)dBi(w) — f ft, w)dBy(w) in L*(P)as n — oo.

Example 2.5.10. Assume By = 0. Then

t
1 1
fo B, dB, = EB? - zt.

To prove this we consider the sequence of elementary functions

(Pn(t/ a)) = Z Bj(a))l[ti,tﬁl)(t)/
j

where B; = By Then

fosrofz
zzf (s— 1)) ds

_Z ]+1—t —>OIZSAt]'—>O.

t/+1

(-5 o
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By the previous corollary, we get that

BdB—hmf ,,dB—hm B;AB,;.
[ 05, = i}

We now note that

A(B}) =B, - B} = (Bj+1—B]-)2+ZBj(B]+1—B) (AB)+ZBjABj,

B2 = Zj" A(B) = Z]" (AB)" +2 Z]‘ B;AB;.
R

and therefore

that is

I\JIP—‘

ZBAB _—B

2
Noting that Z]» (AB]-) — tin L*(P) as At; — 0, we obtain the result.

2.5.2. The Itd0 Lemma

Let f : R — R be an infinitely differentiable function. If we consider a sample path of a
Wiener process Bi(w), we have the following Taylor expansion, writing dB; = B4 — B; :

f(By +dBy) — f(By) = f (By)dB; + f“ (dBt)2

2ms

Then, because (dB;) dt as dt — 0, third and higher order terms have negligible contri-
bution to the Taylor expansion, so we have :

fEr-f@)= [ rmoasey [ 1@

where fv “ f’" (By) dBy is an It0 integral, and fv “ f” (B;) dx is a Riemann integral, and equality
is in the mean square sense.

If we let f : R? > R have infinite partial derivatives, the Taylor expansion yields :
ft+dt,Bea) — f(t,By) =f1 (t, By)dt + f>(t, B) dB;
+ % [fu (t, By) (@t)* + 2f1a (t, By) dtdB; + fo (t, By) (dB;)
Because (dB,)* =5 dt as dt — 0, we have the following :

1. The contribution of third and higher order terms to the Taylor expansion are negligible.

2. The contribution of the dtdB; term is negligible. Therefore, we have :

F(t,B)~ f(s,By) = f [0 B+ 2 fo B + f £, (x, B) dB..

where again fv v f> (x,By)dB; is an Itd integral, and fv v [ f1(x,By) + % fa(x, Bx)] dx is a
Riemann integral, and equality is in the mean square sense.
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2.5.3. [td Processes

There are a subset of stochastic processes, called It6 processes, which can be represented as
the solution to a stochastic differential equation (SDE).

Definition 2.5.11. A stochastic process X; is an Itd process if it is a solution to the stochastic
differential equation :

t t
Xi=Xo + f p (s, Xs)ds + f o (s, Xs)dBs.
0 0

where 1 and o are stochastic processes, fot (s, Xs)ds is a Riemann integral, and j; o (s, Xs)dBs is
an 1to integral. We abbreviate this SDE to :

dX = u(t, X)dt + o(t, X)dW,

We state without proof the following facts :
1. So long as weak conditions on y, 0, and Xj are satisfied, the SDE

dX = p(t, X)dt + o(t, X)dB

has a unique solution which has continuous sample paths.

2. If X is an It6 process, the processes p and o are uniquely determined :
pi(t, X)dt + o1(t, X)dW = dX = p(t, X)dt + o2(t, X)dW = 1 = pp and o1 = 0s.

We will now extend the Itd6 Lemma to stochastic processes that are functions of Itd processes.
ajustification for the formula rather than a rigorous proof. Suppose X; is an Itd process with

dX, = u(t,X,)dt + o (t, X;) dB;.
Let f : R?> - R have infinite partial derivatives. Then a Taylor expansion for
fE+dt, Xoa) — (8 Xe)
yields :
f+dt, Xewar) — f (4, Xe) =f1 (£, Xp) dt + fo (X)) dX;
+ % [fir (&, X0) @07 + 212 (¢, X)) dtd X, + foo (8, X0) (dX0)]

=fi(t, X)) dt + pufo (t, Xy) dt + of2 (t, X;) dB;

+ % [02f22 (t, X4) (dBt)z] .

Then we have the following extension of the It6 Lemma :
t o2
fX) = f(s,X) = f [ﬁ (v Xy) + o (v, X) + - fom (3 Xy)] dy

t
+fof2(y,Xy)dBy.
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2.5.4. Geometric Brownian motion

Let u,0 € Rwith ¢ > 0. Consider the SDE :
dXt = Xt ([,ldt + O'dBt) .

where W; is a standard Wiener process. The unique solution to this SDE is given by :
X; = f(t,By) = Xoelt-2)toBe,

and X; is called a geometric Brownian motion. The geometric Brownian motion of this form
is clearly an It6 process with

u (s, Xs) = uX; and o (s, Xs) = 0X;.

where p (s, X;) and o (s, X;) are stochastic processes determining the It6 process, and y and
o are constant parameters of the geometric Brownian motion.

Definition 2.5.12 (Stochastic variables). A random (or stochastic) variable X(w), w € Q is a real
valued function defined on the sample space ). In the following we omit the parameter w whenever
no confusion is possible.

Definition 2.5.13 (Probability of an event). The probability of an event equals the number of
elementary outcomes divided by the total number of all elementary outcomes, provided that all cases
are equally likely.

Definition 2.5.14 (Probability distribution function and probability density). In the conti-
nuous case, the probability distribution function (PDF)Fx(x) of a vectorial stochastic variable
X = (Xq,...,Xy) is defined by the monotonically increasing real function

Fx(xl,...,xn)zlP(X1le,...,Xnan). (254)
where we used the convention that the variable itself is written in upper case letters, whereas the
actual values that this variable assumes are denoted by lower case letters.

The probability density px (x1, ..., xn) (PD) of the random variable is then defined by

Fx(xl,...,xn):f f px(u1, ..., u,)duy - - - duy. (2.5.5)

and this leads to
T on, - Px W x).

Note that we can express (2.5.4) and (2.5.5) alternatively if we put
IP (x11 xS X1 Sxxu/---/xnl < Xy £ x2)
= 12...f "2"'PX(X1,~.-,xn)dx1"'dxn-

X11 Xn1

The conditions to be imposed on the PD are given by the positiveness and the normalization condition

Py (x1,...,x,) > 0; f---fpx(xl,...,xn)dxl'--dxn:l.

In the latter equation we used the convention that integrals without explicitly given limits refer to
integrals extending from the lower boundary —oo to the upper boundary oo. In a continuous phase
space the PD may contain Dirac delta functions

P) = Y qs(x - k) + P); - q(k) = Plx = k.
k
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where q(k) represents the probability that the variable x of the discrete set equals the integer
value k. We also dropped the index X in the latter formula. We can interpret it to correspond
to a PD of a set of discrete states of probabilities q(k) that are embedded in a continuous
phase space S. The normalization condition (1.4) yields now

p(x)dx = 1.
Zk:CIkJrj;P(x)x
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Chapitre

Fixed Point Theorems &
Cop—semigroup

In this chapter we present some definitions and theorem of fixed point and others properties
of the semi-group theory are presented.

3.1. Generalized Metric and Banach Spaces

In this section we define vector metric spaces and generalized Banach spaces and prove
some properties. If, x, y € R", x = (x1,...,x4), ¥ = (Yy1,..., Yu), by x < y we mean x; < y; for
alli=1,...,n. Also |x| = (|x1l, ..., |x4]) and max(x, y) = max(max(x1, y1), ..., max(x,, y,)). If
ceR,thenx < cmeansx; <cforeachi=1,...,n.ForxeR", (x);=x;,i=1,...,n.

Definition 3.1.1. Let X be a nonempty set. By a vector-valued metric on X we mean a map
d : X x X — R" with he following properties :

(i) d(u,v) >0 forallu,ve X, ifdu,v) =0thenu =0

(ii) d(u,v) = d(v,u) forall u,v € X

(iii) d(u,v) < d(u, w) + d(w, ) for all u,v,w € X.
Note that for anyi € {1,...,n} (d(u,v)); = di(u,v) is a metric space in X.

We call the pair (X, d) generalized metric space .For r = (r1,72,...,1,) € R} ,we will denote
>y B(xo,7) = {x € X : d(x,x) < r}.
the open ball centrad in xy with radius r and
B(xo, 1) = {x € X : d(xo,x) < 1}.
the closed ball centered in xy with radius r.

Definition 3.1.2. Let E be a vector space on IK = R or C. By a vector-valued norm on E we mean a
map || - || : E — R with the following properties :
(i) x|l = 0 for all x € E; if ||x]| = O then x = 0.
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(ii) ||Ax|| = |Alllx|| for all x € E and A € K.
(iii) |lx + yl| < llx|l + llyll for all x, y € E.

The pair (E, || - ||) is called a generalized normed space. If the generalized metric generated
by |-l (i.e d(x, y) = |lx — yll) is complete then the space (E, || - ||) is called a generalized Banach

space, where
Il = ylh
llx — yl| =[ ]
Il = ylln

Notice that || - || is a generalized Banach space on E if and only if || - ||;, i = 1,...,n are norms
on E. In the following, we are interested by giving some fixed point theorems with related
notions :

Definition 3.1.3. Let E and F two Banach spaces and A be an application defined on E in F. We say
that A is completely continuous if it is continuous and transforms any bounded of E into a relatively
compact set in F.A is called compact if A(E) is relatively compact in F.

3.2. Fixed Point Theorems

Theorem 3.2.1 ([50]). [Banach contraction principle]Let E be a Banach space. If A : E — Eisa
contraction, then A has a unique fixed point in E.

Theorem 3.2.2 (Schauder’s fixed point theorem). Let M be a closed convex subset of a Banach
space E. If A : M — M is continuous and the set A(M) is compact, then A has a fixed point in M.

Theorem 3.2.3. [50][Non linear Alternative of Leray-Shauder type for contractive maps] Suppose
U is an open subset of Banach space X,0 € Uand N : U — X a contraction with N(U) bounded. Then
either
1. N has a fixed point in U
Or

2. There exist A € (0;1) and u € U with u = AN(u)
Theorem 3.2.4 (Perov). [[112] Let (X;d) be a complete generalized metric space and T : X — X a
generalized contraction with Lipschitz matrix M : Then T has a unique .fixed point x* and for each

x € X we have
d(TF(x); x*) < MF(I = M) 'd(x; T(x)); k € N

Theorem 3.2.5. [[112]Let (X, d) be a complete generalized metric space withd : X X X — R" and
let N : X — X be such that
d(N(x), N(y)) < Md(x, y)-

For all x,y € X and some square matrix M of nonnegative numbers. If the matrix M is convergent
to zero, that is M* — 0 as k — oo, then N has a unique fixed point x. € X

d(N*(x0), x.) < M1 = M) d(N(xo), x0).
For every xo € Xand k > 1.

Lemma 3.2.6. If A € M;;x,(R*) is a matrix with p(A) < 1; then p(A + B) < 1 for every matrix
B € M;s»(R*) whose elements are small enough.
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The role of matrices with spectral radius less than one in the study of semilinear operator
systems was pointed out in [113], also in connection with other abstract principles from
nonlinear functional analysis.

Theorem 3.2.7 (Schauder). Let X be a Banach space, D C X a nonempty closed bounded convex
set and T : D — Da completely continuous operator (i.e., T is continuous and T(D) is relatively
compact). Then T has at least one fixed point.

Theorem 3.2.8 (Leray-Schauder). Let (X;|.|x) be a Banach space, R > 0 and
T :Bx(0;R) —» X

a completely continuous operator. If lulx < R for every solution u of the equation u = AT(u) and
any A € (0;1); then T has at least one fixed point.

Theorem 3.2.9 (Krasnosel’skii, M.A. (1955)). [75] Let M be a closed, convex, bounded and
nonempty subset of a Banach space X. Let A1 and A; be two operators such that
a) Aix + Ay e M forallx,y € M;
b) Ay is a completely continuous operator (continuous, and compact, that is, it maps bounded
sets into relatively compact sets);
¢) Ay is a contraction mapping.
Then there exists z € M such that z = A1z + Ajz.

3.3. Semigroup Theory

Definition 3.3.1. Let X be a (real or complex) Banach space. A one-parameter semigroup on X is
a function T : [0,1) — L(X) (where L(X) denotes the space of bounded linear operators in X, with
domain all of X), satisfying,
(i) T(t+s)=T®)I(s), forallt,s > 0.
If additionally
(ii) tlir& Tt)x =xforallx € X,

then T is called a Co—semigroup (on X) (also a strongly continuous semigroup). If T is defined on
R instead of [0,1), and (i) holds for all t,s € R, then T is called a one-parameter group, and if
additionally (ii) holds, then T is called a Co—group.

Remark 3.3.1. (a) Property (i) implies that for t,s > O the operatiors T(t), T(s) commute also,
n
it b, by 20, then T| Yt | =TT, T().
j=1

(b) Preperty (i) implies that T(0) = T(0)? is a projection.
(c) If T is a Co—semigroup, then T(0)x = lim;_o, T(t)T(0)x = tli%q T(t)x = x forall x € X, ie.,

T(0) =1
Lemma 3.3.2. [564] Let A € L(X), and define
T =et=)" Ay forteR. (3.3.1)

=

Then T is Co—semigroup.
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Lemma 3.3.3 ([54]]). Let T be a one-parameter semigroup on X, and assume that there exists6 > 0

such that M := sup ||T(t)|| < oo. Then there exists w € IR such that
0<t<d

IT(H)I < Me™ forall t >0

Proposition 3.3.4 ([54]]). Let T be a semi-group on X
(a) Then there exist M > 0 and w € R such that

IT(H)]| < Me™ for all t > 0.

(b) Forall x € X the function t € [0, c0) = T(t)x is continuous. In other words, the function T
is strongly continuous.
(c) If T is Co—group on X, then there exist M > 0 and w € R such that

IT(t)| < Me“" forall t € R.
For all x € X the function R 3 t — T(t)x € X is continuous.
Lemma 3.3.5 ([54])). Let T be a one-parameter semigroup on X. Assume that

sup [|[T(H)| < o0
0<t<1

and that there exists a dense subset D of X such that lim;_,g_. T(t)x = x. Then T is a Co—semigroup.

This lemma is an immediate consequence of the following fundamental fact of functional
analysis, which we insert here, also for further reference.

Theorem 3.3.6 ([54]). Let X,Y be Banach spaces over the same field, and let a,b € R,a < b.
(a) Let f : [a,b] — X be continuous, and let A € L(X,Y). Then

A f b f(hdt = f bAf(t)dt.

(b) (Hille’s theorem) Let A be a closed operator from X to Y. Let f : [a,b] — X be continuous,
f(t) € dom(A) for all t € [a,b], and t — Af(t) € Y continuous. Then fab f()dt € dom(A),

and , ,
Af f(t)dt:f Af(t)dt.

3.3.1. The Generator of a Cy—semigroup

Let X, Y be two vector spaces over the same field K € R, C. For a linear relation in X X Y, i.e.,
a subspace A € X X Y, we define the domain of A,

dom(A) := {x € X; there exists y € Y such that (x, y) € A}.
the range of A,

ran(A) := {y € Y; there exists x € X such that (x,y) € A}.
and the kernel (or null space) of A4,

ker(A) := {x € X; (x,0) € A}.
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Definition 3.3.7 ([54]). Let X be a Banach space. For a Co_semigroup T we define the generator
(also called the infinitesimal generator) A, an operator in X, by

A= {(x, NeXxXXy= hlir& WY (T(h)x - x) exists.}.

Theorem 3.3.8 ([54]]). Let T be a Co_semigroup on X, with generator A. Then :
(a) For x € dom(A) one has T(t)x € dom(A) forallt > 0, the function t — T(t)x is conti-
nuously differentiable on [0, 1), and

ST = AT() = T(OAX( <0).

(b) Forall x € X,t > 0 one has fot T(s)xds € dom(A),

t
A fo T(s)xds = T(t)x — x.

(c) dom(A) is dense in X, and A is a closed operator.

3.4. Hille-Yosida Theorem

Let E be a Banach space and let A : dom(A) € E — E be an unbounded linear operator. One

says that A is m-accretive if dom(A) = E and for every A > 0, [ + AA is bijective from D(A)
into E with [[(I + AA) |z < 1.

Theorem 3.4.1. Hille-yosidal23|] Let A be m-accretive. Then given any uy € dom(A) there exists
a unique function
u € CL([0, +00); E) N C([0, +0); dom(A)).

Such that

(3.4.1)

%Au =0 on[0;+c0)
u(0) = ug

Moreover
du

dt
The map uy — u(t) extended by continuity to all of E is denoted by Sa(t). It is a continuous

semigroup of contractions on E. Conversely, given any continuous semigroup of contractions S(t),
there exists a unique m-accretive operator A such that S(t) = Sa(t)¥t > 0.

lu@®ll < l|u0l| and () = lAu(®l < [|Au|[Vt = 0.

3.4.1. The Exponential Formula

There are numerous iteration techniques for solving (3.4.1). Let us mention a basic method

Theorem 3.4.2. [54)] Assume that A is m-accretive. Then for every uy € D(A) the solution u of
(3.4.1) is given by the "exponential formula”

u(t) = lim [(1 + %A)_l] . (3.42)
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Consider, in a Banach space E, the problem

@t + Au(t) = f(t) on]0,T]
{ : N (3.4.3)

The following holds.

Theorem 3.4.3 ([54]). Assume that A is m-accretive. Then for every uy € dom(A) and every
f € CY([0, T; E) there exists a unique solution u of (3.£.3) with

u € CY([0, T]; E) N C([0, T]; dom(A)).
Moreover, u is given by the formula

¢
u(t) = Sa(Huy + j; Sa(t —s)f(s)ds, (3.4.4)

where SA(t) is the semigroup.
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Chapitre

Fractional Bihari Inequalities and
Applications

The Gronwall-Bellman and the Bihari inequalities provide excellent tools in the qualitative
theory of differential equations (see [14, (104} 114, [115]]). There are many generalizations in
the literature both linear and nonlinear cases [5} 6} 105} [106} 117]. Bihari’s inequality [22] is
perhaps the most important generalization of the Gronwall-Bellman inequality.

Fractional differential equations have now proved to be valuable tools modeling many real
world phenomena (like physics and chemistry [45,182}/84}96]). Moreover, there has also been
a major theoretical development in fractional differential equations; see the monographs of
Abbas et al. [1]], Kilbas et al. [68], Podlubny [109] and Samko et al. [119].

One main advantage of the fractional Gronwall lemma is in the study of qualitative proper-
ties of solutions of fractional differential equations, integral equations with singular kernels
and impulsive fractional differential equations.

In 1981, Henry [53] established the following Gronwall-like nonlinear integral inequality :

If

t
u(t) < w(t) + af o(s) ds, forevery te€][0,b],
o (E=s)

for some function w and constants a > 0 and 0 < y < 1, then there exists a constant K = K(y)
such that

w(s)
(t—s)

Ye et al. [136] studied the following fractional integral inequality :

¢
o(t) < w(t) + Kaf ds, forevery te][0,b].
0

Let v : [0,b) — [0, o) be a real function,supposed nonnegative and locally integrable on
0 <t < b. and w(-) be a nonnegative, locally integrable function on [0, b) (some b < +o0), and
let a(t) be a nonnegative, nondecreasing continuous function defined on 0 <t < b, a(t) <M
(constant).
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Assume y > 0 such that

o(t) < w(t) +a(t)f - )1 Vds.
Then ,
o(t) < w(t) + f ¢(s)w(s)ds, foreveryte[0,b),
0

where

@Ore) .
Z Tomy ¢ 9"

Researchers have developed many useful and recent integral inequalities based on the above
inequalities, primarily motivated by their uses in various branches of fractional differential
equations (see [2} 13136} 143} 153} 183} (126} 136] and the references therein).

However, in certain situations, such as some classes of fractional differential equations
or fractional integral equations, where the right sides have nonlinear growth, it will be
desirable to explore some new Bihari inequalities in order to obtain some estimates. In
this paper, we discuss a class of integral inequalities with singular kernels. Mathematical
analysis techniques, combined with Young’s and Holder’s inequalities, are used to obtain
explicit estimates. Finally, to illustrate the applications of our results some examples are
given.

4.1. The Bihari Fractional Inequality

First, we present a nonlinear version of Gronwall’s lemma for singular kernels.

Theorem 4.1.1. Let0 < a < landk, k > 0. Suppose f is a nonnegative function, which is integrable
(or locally integrable) on I = [0, b], and i : [0, 0c0) — [0, 00) is a nondecreasing continuous function.
If u(t) is a continuous function on I satisfying

¢ ¢

u(t) <k+ f Fs)P(u(s))ds + I_cf (t = )" u(s)ds,
0 0

o (KT (a)b®)"

F(n +1) } f f (S)ds\]

) S @@y
Y= ¢<> =t Zr(mﬂ)

then
u(t)y < wt [\I’(k*) +|1+

where

and W™ is the inverse function of W, and for every t € [0, b],

f f(s)ds € Dom(¥7Y), tel0,b],

k ba‘rl
w<k>+[1+z<r{;a+l>)

with Dom(W™1) denoting the domain of W1,
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Proof. Let us consider

¢
u(t) =k+ j(; fs)p(u(s))ds, te][0,b].

Then
v'(t) = fOPu(), v(0) =
and ,
u(t) < o(t) + f (t = 5)* u(s)ds.
0
Hence
ut) < o)+ f (krr((“;;n — )"y (s)ds
< o)+ f (krr((a;; — )" Lo (t)ds.
Therefore
(KT (a)b*)"
u(t) < [1+ (r(n(zl f)lv(t).
=
We set
= (T ()b
w(t) = [1 + (r (n(z)+ 1)) }v(t).
=1
Since 1 is a nondecreasing function, we obtain
v'(t)
) < f(y), tel0,b]

By integrating both sides of the above inequality from 0 to t, we get

t 'U/(S) t
< ds.
f ([ (kr e n] ] < fo f(s)ds

na + 1)

Then, we obtain

w(t)d_z (kr(a)b“)”
fw(O) Y(2) _[ < T(nar +1) f f(s)ds.

_ (kT(a b*)"
u(t)s‘lfli\y(k*)+[1 T +1) }ff( )dJ

Thus, it follows that

Remark 4.1.1.
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e Fora — 1and f = 0, we obtain the classical result that

t
u(t) <k+k f u(s)ds
0

implies that _
u(t) < ket.

o If f =0and a € (0,1) we obtain the Henry [53] inequality.

e Ifk = 0, we obtain the classical Bihari [22] inequality.

Next, we present a version of the fractional Bihari inequality on a bounded interval.

Theorem 4.1.2. Let u : [0,b] — [0, o) be a continuous function and ¢ : [0, co) — [0, 00) be a non-
negative non-decreasing continuous function such that 1(0) = 0. Assume that there are constants

k>0,7<’20,0<a<1andp(1—%)=l,q>%suchthat

t
u(t) <k+k f (t — 5)* ' (u(s))ds.
0

Then, for every t € [0, b] we have

u(t) < d7 (q>(1'<) + %) (4.1.1)
where _
Z du B kbp(a—l)+1
= —du, k=k+ —-——
) fk @y -+ D)
and

D(k) + s € Dom(®d7).
Proof. Using Young's inequality, we have
(1= (o) < (= 4 QO s €100

This implies that

Ly apange L [ g
u(t) < k+P£(t s) ds+q£(¢(u(s))) ds.

Since g > L and p(l - %) =1, hence p < 7=, s0 p(a — 1) + 1 > 0. We obtain immediately

ﬂ]&p(w—l)ﬂ

M(t) < k+ m

1 t
Z q
ta fo(#)(u(S))) ds

and

kppa=1+1

B S FE)

f
+% fo (W(u(s)))ds.
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Putting
%bp(a—1)+1

=k pip(a—1)+1)

t
+%i}wmmw&

it is obvious that

wﬂ=%wmmﬂ 0(0) =

Since u(t) < v(t) and 1 is a nondecreasing function, we get that

wﬂséwwmw,temmy

By integrating the above inequality over 0 to t, we write

f v(s) s < E
W)~

f”(t) dz t
P W@y T q

o(t)
@wm=if(£;q o) +

We then have

This means that

Therefore
o(t) < &1 (@(l}) + s) te[0,b],

which gives us the desired estimate (4.1.2)).

By the same argument of the above theorem, we can easily prove the following corollary.

Corollary 4.1.3. Let u : Ry — [0, 00) be a continuous function and 1 : [0,00) — [0, 00) be a
non-negative non-decreasing continuous function such that 1(0) = 0. Assume there are constants

k>0,%20,O<a<11mdp(1—£1])=1,q>%suchthat

u(t) <k+k fo t(t — )13 (u(s))ds.

Then, for every t € [0, b] we have

u(t) < d7 (cp(l%) + 2) (4.1.2)
where .
Cdu kpre 1
@= 1 pw™ T e
and

D(k) + 2 € Dom(®71).

By using Holder’s inequality, we give a natural generalization of the above inequality.

56



Fractional Bihari Inequalities and Applications 2021-2022

Theorem 4.1.4. Let k > Q0 and u, f : [0, 00) — (0, o0) be continuous functions and
Y : [0, 00) — [0, 00), be continuous, nondecreasing and (0) = 0. If

t
u(t) <k + fo (£ = 1= F(s)pu(s))ds

then

1 2P+ t 7

z dx 1 1
Y(z) = , > 29K, 1--]=1, —.
(2) qu S z> P( q) 9>

where

For ¢ > 27k1,

u(t) < [\If_l (\I/(c) + (;:jqiﬂ—:)_i):i))ﬁl fo‘t f”’(s)ds)] t € [0,b]. (4.1.4)

Proof. Applying Holder’s inequality, we obtain

u(t) <k+ ( f t(t — s)’”(“‘l)ds)p ( f t f"(s)ljﬂ(u(s))ds)q .
0 0

For every t € [0, b], we obtain

1

(a—1)+1 t q
u(t) <k+ h (L f”(s)lpq(u(s))ds) .

Then
R papla—1)+q t i p
ul(t) < + m]{; ()P (u(s))ds.
Hence 1
u(t) <21k + ZqM ft FAs)Y (u(s))ds 5
= (pla—-1)+ 1)y J, '
Define the function
2qpapa=-1)+q t
o(t) = 27k9 + Pa-DEy fo FIs)(u(s))ds, te[0,b].
Then

2qpapla=1)+q

V() = qu(t)l,l’q(”(t))'

From the definitions of Y and v, it follows that

a(o(t) o 40
—r = Vel = ———
at 97 (o)

bIP@=DH £ (g (u(t))
(plac—1) + 194 (o))
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Because v is a nondecreasing function, we can get

AW (v(t)) quq”(a‘l)“’fq(t)
dt (p(oc 1)+1)y°

Integrating this from 0 to t and using W(v(0)) = W(27k7) = 0,
w 29 pap(a=1)+q g
oy < 2 [ o
As a result, since W is strictly decreasing,we have
5 <@ 2qppla=1+g i FeTo,b
<P-
< v (2L [ ), teno

which concludes the proof of theorem.

We now consider more classes of functions in developing a new Gronwall-Bellman-Bihari
type fractional integral inequality on bounded or unbounded intervals.

Definition 4.1.5. A function y : [0, 00) — [0, o) is said to belong to the class H if
H1) Y(z) is continuous, nondecreasing for z > 0 and positive for every z > 0.
Hy) There exists a continuous function ¢ : [0,00) — [0, 00) (called a “multiplier function”)
such that

P(yz) < ¢()Y(z), foreveryz >0,y > 0.
For examples about this class of functions we suggest [34].

Now we give the first of our main results of this part.

Theorem 4.1.6. Letu, f : [0, 00) — [0, 00) be two continuous functions and 1p € H, with correspon-
ding multiplier function 1 on [0, c0), and h(t) > 0 be a monotonic, nondecreasing and continuous
function on [0, 00). If

t
u(t) < h(t) + f (t —s)* L f(s)Y(u(s))ds, t € [0,b],
0

then

_ , L[ d(h(s) f(s)
where : . . S

u , a—1)+

vo= | p(l - 5) Sl DD
" PUE)FE)
’ 5 S -1
W(k') + qfo( ) ) ds € Dom(W™), te]l0,b].

Proof. According to the hypothesis, we have

t
u(t) < h(t) + f (t —s)* L f(s)Y(u(s))ds, t € [0,b].
0
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Then

% < 1+f(t— )“1h()1/)( u(s))ds

a1 QL) f(5) [ u(s)
< 1+f(t s)* ! o) ¢(h(s))ds.

A

From Young's inequality, we get

% < 1+f<t s)“lf()wu»d
- cz)(h(s))f(s))q( (u(s)))q
) _ gypla-1)+1 ol 27
1+pf0(t s) ds+qf0( 70 11 70 ds.
This implies that
u(t) ppla-1)+1 (q[) h(s))f(s)) ( (@))‘7
W = T ppa-naD T fo e )\ V)
e 1 SOV [ ()
”“*“p(p(a—l)ﬂ)*ﬁfo ( ) )(‘b(@)) >
(SO [ (u® D
”(t"( 0] )(‘”(W)) 0=k

Since v is a nondecreasing function, then

h
ot < (LSO oy

IA

Define

It follows that

By integration from 0 to t, we obtain

O dz 1 (M) f (S))q
— <= ds.
fv@) a1l ( o ) ”
Consequently, it follows that

, P(h(s))f(s)
o(t) < W~ ( (k') + qjo‘(—h(s) )ds), t €[0,b].

Hence qb(h()f
_ , s
u(t) < h(t)W (\If(k) q fo ( - )ds), Le (0,1

Corollary 4.1.7. Let k > 0 and f, g : [0,00) — (0, 00) be continuous functions and € H, with
corresponding multiplier function V¥ on [0, o). If

t t
u(t) <k+ f(; Fs)P(u(s))ds + ](; (t- s)”"lg(s)t,b(u(s))ds,
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then
0 [\IJ 1( 20 pAPla=1)+1) ft e )]q 0,51 @15
ult) < |V | ——mm— s)ds t €10,0b], 1.
(pla-1)+1)7 Jo
where .
\P(Z):f dx , 222‘7k‘7, E](l—l):l, q>l
211 (PR p a
For ¢ > 27i1,
29 p(pla=1)+1) t 7
u(t) < [\P_l (‘I’(c) + f fq(s)ds)] t €[0,b]. (4.1.6)
0

(pla=1)+ 1)

Proof. For every t € [0, b] we have

t t
ul) < k+ fo )0 (u(E)ds + fo (t = 9 g(&)p(u(s))ds
t t
_ _o\ar a1 a1
= K+ fo (= 5)17(E - 5" Fs)p(u(s))ds + fo (t 9 g(s)p(us))ds
f f
< k blfa _ a1 d _ a1 d
< k+ fo (t = Y FOp(u(©)ds + fo (t 9 g(s)p(us))ds
Then ,
u(t)§k+f(t—s)“‘lL(s)t/)(u(s))ds, te0,b],
0
where

L(t) = b f(t) + g(t), te][0,b].

From Theorem4.1.6| we obtain

u(t) <kt (\If(k’) + qbqu(qk) fo t U(s)ds), te[0,b],

and this concludes the proof of corollary.

Using Holder’s inequality, we establish a simple proof of the fractional Gronwall inequality.

Theorem4.1.8. Letu, g : [0, 00) — [0, 00) be two continuous functions and h(t) > 0 be a monotonic,

nondecreasing and continuous function on [0, c0). If

£
u(t) < h(t) + g(t) f (t—s)*lu(s)ds, te[0,b],
0

then

(fot m(s)ds)%

u(t) < h(t)|1+ g.(t) -
1-(1-m(s))r

7 te [0/ OO),

where

t q pla=1)+1 1 1
m(t) = exp —j{; g.(s)ds|, g =gt 7 ,p 1—5 =1, g> 2

4.1.7)
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Proof. By Holder’s inequality, we obtain

u(t) < h(t) + g(t) ( fo t(t - S)W—l)ds)p ( fo t Lﬂ(s)ds)q )

Since h is a monotonic, nondecreasing and positive function, we have

0 [a-oread ([/(29) )
o = <1 +g(t)( (t—s) ds o \ne) ds| .
Using a Pachpatte inequality [104], the result follows from (&.1.7).

Now, we give a nonlinear version of the above inequality on an unbounded interval.

Theorem 4.1.9. Let u, fi1, f,8 : [0,00) — [0, 00) be continuous functions and ¢ € H, with
corresponding multiplier function ¢ on [0, c0), and h(t) > 0 be a monotonic, nondecreasing and

continuous function on | = [0, co) and % e L7(JRy). If

t t
u(t) < h(t) + gt fo (t = )* tu(s)ds + jo‘ f1(8) f2(s)(u(s))ds,

then, for t € ],

s 1\
m(r)dr)’
u(t) < h(HW W1 +k) + = f (AEM)) | ¢ 1+g*(s)(f0—)l ds|,
1— (1 —m(s))r
where .
d q
ha(t) = h(t) 1+g*(t)m S te],
1-(1-m(t)e
* d t pla=1)+1
wnifaéﬁmm=w4i£ﬂ@ﬂ,gw=ﬂmU te),
and

1A ( 1)
7 s 1-- :1/ =
plnly P\" 75 7

Proof. From Young’s inequality, we obtain that,

u(t) t a-115) is)
Wy 1+8<f)fo(t_s) O f(h(s))ds

1 ' q q
+W£A@wwmwh

k=

er—*

This implies

u(t) . 1A
0} < 1+g(t)f(t—s) 1h() o

3 [

Lr
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Let
u(s)\\’
o) =1+ ; g f FACIIONE (#’(E)) ds.
Hence 0 f
, u(t 1
v (h) = (fz(t)qb(h(t)) ( (h(t))) W0 =1+k k= |7
and
u(t) PREVSLIO)
R v(t)+g(t)f0(t ATt
By Theorem4.1.§|
u(t (b )" |
<o()|1 t—
o) <o(f) +g() EpT——
Since 1 is nondecreasing and has corresponding multiplier function ¢,
(b))
q m(s)ds
(1,0(%)) <|y|o®|1 + g(h ————
1-@1-m(t)s
Then
t Y
U’(t) 1 (j(; m(s)ds)
Z h H=2__" 7
Ty < 7 (ROSHD) [o|1+g Ce———

Integration from 0 to t yields

q
S (fp m(r)
) GO S f (Boto) [(P[“g*(s)l—(l_m(s»; *

Finally, we have

= =

o(t) < W1
1—-(1—-m(s))s

. N
d q
W(l+k) + ; f (fZ(s)qb(h(s))) [¢>[1 +g*(s)M]] dsl'

4.1.1. Fractional Cauchy Problems

In this section, we assume the usual definitions of [*h(t), D*h(t) and *D*h(t) for, respectively,
the Riemann-Liouville fractional integral, Riemann-Liouville fractional derivative and Ca-
puto fractional derivative.

For b > 0and «a € (0, 1], in this part, we consider the following Caputo fractional differential
equation :

fty®), te[0,b],
a.

{ D) (4.18)

¥(0)
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where f: R, x R" — R" is a continuous function and a € R". We will now establish the
first result of this section.

Theorem 4.1.10. Letg > Cl—y and p(1- %) = 1.Assume there exists 1 : [0, 00) — [0, 00) a continuous,
nondecreasing function and 1(0) = 0 such that

If(tx) = f(E, Il < P(lx = yl), forallx,y € R". (4.1.9)
If
fooL—oo for every x > 0 (4.1.10)
o WMy ' h
then the problem has unique solution on [0, ).
In addition, if

< o0
()7
then for each b < be, the problem (4.1.8)) has unique solution on [0, b].

Proof. For every b > 0, we consider the following Cauchy problem

‘Dryt) = fty®), tel0,b],
4.1.11
{ y©0) = a. ( )
Step 1: Uniqueness of a solution. For this, suppose there exist two solutions x and y of (.1.11).
Then
t
x(t)=a+ l_(l ) (t —s)* ' f(s,x(s))ds, te][0,b]
and t
yit) =a+ 1_(1 ) t—9)" f(s, y(s))ds, te[0,b].

It follows from (#.1.9) that

IA

1 t
() = (@Il T@ fo (t = 8)* (s, () = f(s,x(5))llds

IA

1 ' a—1
i fo (t — 511 (x(s) — y()ds
Thus, for each € > 0, we obtain
IO~ <€+ s [ 0= 006 - v
Theorem [4.1.4} implies that

(a 1)+1
i —von < v (ZE [ o),

and from the condition {.1.10) we have that
x(t) = y(t), forallte]0,b].
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Step 2 : Existence of the solution. Indeed, since f is a continuous function, then it is easy to
prove that the operator N : C([0, b], R") — C([0, b], R") defined by

MWWW+——fGﬂVV@WWstGMH

is completely continuous.
e A priori bounds on solutions.

Let y = yN(y) for some 0 < y < 1. This implies by (&1.9),

_ a1
WoN < s s [ =9 st vl
a-1 a-1
<+ s [ = avonds o [ -9t o
Hence
PIFCOle 1 (T .
ol <+ 1+ P 4 [y

From Theorem we have

24qpapla=1)+2q )] H

-1 7
o <[ (w0 + B

where

* dx
W@‘ﬁquf

249 papla=1)+2q )]3 .
C@)(pa-1)+1)7)]

={y € C([0, 6], R") : [lyllec <M +1},

and consider the operator N : u— C([0, b], R™). From the choice of U, there is no y € dU such that
y = yN(y) for some y € (0, 1). As a consequence of the nonlinear alternative of Leray-Schauder type
[50, 1371, we deduce that N has a fixed point y in U which is a solution of the problem ({.1.11). We
can conclude that for every b > 0 the Problem has unique solution on [0, b).

Then

Iyl < [‘I"l (‘I’(l_c) +
Set

Now, we show that the problem has unique solution defined on [0, 00).

Let
beo = sup{b € R, : the problem (@.1.8) has unique solution on [0, b)}.

Ifbs, < o0, then for b, = be + 1, we introduce similarly that the fractional Cauchy problem

DYy(f) fty), tetelo,b]
{ 7(0) , (4.1.12)

has unique solution defined on [0,b.], therefore b. = be + 1 < b which is contradiction. This
concludes the proof of the existence of a global solution of the problem onR;.
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As a consequence of above theorem we have :

Corollary 4.1.11. Let f : Ry X R" — R” be a continuous function and f(-,0) = 0. Assume that
there exists K > 0 such that

lft,x) = ft, Il <Kllx—yll, forall x,yeR", teR,. (4.1.13)
Then the problem has a unique solution on R,.
Proof. From the condition (4.1.13), we have
lft, )l <Kllx|l, forallxeR" teR,.
Let ¢ : Ry — [0, 00) be defined by
P(x) =Kx, x€eR,.

It is clear that 1(x) is a continuous, nondecreasing function, (0) = 0, and

f “ dxr T dr 1
- = = 09, 6] > -,
o YN Jo VKr a
From Theorem the problem {@.1.8) has unique solution defined on R..

4.1.2. Stochastic Fractional Differential Equations

Stochastic differential equations play a retrograde role in various applied fields, including
physics, biology and engineering problems; see for instance the monographs of Arnold [10],
Han and Kloeden [52], Oksendal, [103], Pardoux and Rascanu [107], Tsokos and Padgett
[125] and Sobczyk [123]. However few publications treat stochastic differential differential
equations involving fractional derivatives. The most of these papers have attempted to
prove the nature and uniqueness of solutions under Lipschitz and linear growth condi-
tions. The existence and uniqueness of solutions, for some classes of stochastic differential
equations with integer and fractional order derivative, by employing the fixed point theory
have been discussed in [20, 30} 133, 136, 138, [118, [124], 127, (132}, 1135, [134] and the references
therein.

In this subsection, we relax the Lipschitz and linear growth conditions for the existence and
uniqueness of solutions for fractional stochastic differential equations of the type,

d
{ Doy(h) = ft,y(0) + YO A, teR, a1
y(O) =Y € LZ(Q/ 7:0/ ]P)/

where % <a<1, f,g: Ry x R" = R" are continuous and W(t) = (W (t), Wa(2), ..., W.(t)T
is an m-dimensional Brownian motion defined on the complete probability space

(Q, F, {Fili=0,P) with a filtration F = {F;};»0 satisfying the usual conditions (i.e., right
continuous and ¥y containing all IP-null sets).

For each t € R, L*(Q, 3, P) denotes the space of all £;-measurable, mean square integrable
functions x = (x1, ..., %) : Q —» R™ with

m

2 2

llos = EIB, 161 = Y bl
i=1
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Definition 4.1.12. A process y : Ry X R™ — IR™ is said to be F—adpted if for every t € R,, we
have y(t) € L*(Q, 73, P).

Let (QQ, F, 1, IP) be a complete probability space furnished with a complete family of right
continuous increasing o-algebras {F,t € [0,b]} satisfying F; C F. Let L%(Q, F, F:,P) be a
space of all square random variables with values in R”, that are measurable with respect to
{F:,t €[0,b]}. Let ]\7[2([0, b], R™) denote the class of R"-valued stochastic processes

{&(t) : t €[0,b]} which are F-adapted and have finite second moments, that is,

Illg, = sup (EIEE)P)? < co.
te[0,0]

It is easy to verify that M, furnished with the norm topology as defined above, is a Banach
space. White noise is usually regarded as informal time derivative W’(t) of Brownian motion
or Wiener process W(t). In Itd’s theory of stochastic integration an integral with respect to
W’ (t) is rewritten as one with respect to dW(t), that is,

b b
f Y(HAW() = f YW (H)dt.

The It6 integral fu ’ P (H)dW(t) is defined for any process y(t) which satisfies the conditions,
(1) ¢ isnonanticipating,
(2) Almost all sample paths of i belong to L%([a, b]). Moreover, fa ’ Y(HAW() € LA(Q) if
and only if 1 € L*([a,b] x Q). In fact the following equality holds

b 2 b
f P(BAW() =E f [u(t)*dt.

Definition 4.1.13. An F—adpted process y : R, x Q — R™ is called a solution of with
initial condition y(0) = vy if the following integral stochastic equation holds for all t € [0, co),

E

y(t)=y0+$ fo (t—s)*! f(s,y(s))ds+% j; (t — )71 (s, y(5))dW(s).

Theorem 4.1.14. Let f, g : [0,b] x R™ — R™ be continuous functions. Assume that there exist a
continuous nondecreasing function 1 : Ry — (0, o0) and K > 0 such that

b
Ellf(t,x) - f(t, I < K(Ellx - yI?), Vx,y€R", fo l1£(s, 0)|Pds < oo, (4.1.15)

Elig(t, x) - g(t, I < Ky(Ellx - ylP), ¥ x,y € R", (4.1.16)
and
xd—z—oo forallx >0 (4.1.17)
o Y@ 7 ' -
Consequently, the following fractional stochastic differential equation,
dW(t
{ ‘Dry(t) = f(t, y(h) + 8(t, y(t))%, t €[0,0], (4.1.18)
y(0) = yo € LX(Q, %o, IP),

has a unique solution on [0, b].
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Proof. We define the operator S : ]\712([0, b], R™) — ]\’/\12([0, b], R™) by
Sy(t) = yo + ﬁ fo (t —8)" 1 £(s, y(s))ds + ﬁ fo (t — )" g(s, y(s))dW(s), t € [0, D].

Step 1: First, we show that the operator S is well-defined.
Let y € M([0, b], R™), then

t 2
ISy®IF < 3||yo||2+r2fa) H fo (£ =) F(s, y(s))ds
3 t 2
* e fo (=) (s, YENAW()
t 2
< Bl + s H [ =910 w6 = s 0
6 ' W 2
* B fo (t=5)""" f(s,0)ds
6 t 2
+ () fo (t =) (g(s, y(s)) — &(5,0))dW(s)
t 2
6 a—1
+ m j;(t—s) g(s,0)dW(s)|| -
Then
6 t 2
ElISy®I? < 31E||y0||2+rz(a)]E|| fo (£ =81 (f(5, y(6)) = £(5, 0)ds
t 2
+ %]E fo(t—s)“_lf(s,O)ds
t 2
* mE L e v - s 0w
t 2
+ %]E L(t—s)“‘lg(s,O)dW(s) .
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Combining the Holder inequality and It6 isometry, we obtain

6h2a-1 t
al*(a)

6h2a-1
: o0 s 0)||2ds+r2( [ omigts von - g6 o

ElSyIF < 3Elyoll + ——

A

]E(Ilf (5, y(s)) = f(s, 0)II*)ds

I2(a) fo (£ =9)**llg(s, 0)IPds

IA

3Ellyol* +

6b2a t
al2(q) f K¢(]E(||]/(S)||2)ds

qu 1

! o0 f O + s [ -9 Ko oI

’ W fo (t =57 2llg(s, 0)lPds.

Therefore
602K eh2a-1
ISPl < 3Byl + J5oslivify) + S5 Ol
61’)2“1( 6b2a
Qa - 1)r2(0()¢(||3/||§712) + m“g(v ][

This implies that, the operator S is well-defined.
Clearly, the fixed points of operator S are solutions of problem (4.1.18).

Step 2 : S is continuous.

Let (Yu)nen be a sequence such that y, — yin M. Then, fort € [0, b], by the dominated convergence
theorem, we have

Blisy(®) - Sy < g )]E” f (t = 9" I£(s, ya(5) — £, (s
v ]| [ o lsts o - gt vomaweo
2p2a-1 t )
< m Ellf(s, yn(s)) = f(s, y(s)l"ds
_ o\2a-2 2
o i [ =Bl o) - 6, v s
Then
2b2aK
IISyn—SyHizz < m#’(llyn vz )
2p2e-1K

y”iﬁz) — 0, asn — oo.

2a (@ YW

Thus S is continuous on Mz([O, b], R™).
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Step 3 : S maps bounded sets into bounded sets in MZ([O, b], R™).
Indeed, it is enough to show that for any q > 0, there exists | > 0 such that for each
y € B, =y € My([0,bL R") - IyliZ, <),

one has IISyII2 <lI.
Lety € B,, then foreach t € [0, b], we have

t t 2
E o+ s [ <t—st>‘*'1f<s,y(s>>ds+%a)2 [ =915, vonanes
E o]l + =5 f (= 5" £(s, y(s)s|
v ] [[o-otsts vonawe|

IE Hyg”l + (2a3—1§l)7;2(a) ‘f(j) + (Za—%;liz(a) “f ( O)Hiz
a0 + a0l =1

E|lsy|[

IA

+ IA

Therefore, we obtain
ISy, <1
2

Step 4 : The map S is equicontinuous.

Let 11,72 € [0,b], 71 < 12 and y € B,, we have

Tq 2
E|Sy(t2) = Sy(t)I? < ——E f [(t1 = 8)*' = (12 = s)* IIf (5, y(s))llds
() 0
T2 b
+ % i (T2 —5)*2ds fo E||f(s, y(s))IPPds
8 o a-1 a-172 2
i G EE R CE i s TV

8 2
* Wf (v2 = 9)* ZEllg(s, y(E)Ids.

Combining Young's inequality, Holder’s inequality and Itd’s isometry, we obtain

bK 2
ElISy(t2) - Sy(r)I < BOKYO) 176 Ol (f (11 =)™ = (12 = 5)*")ds

= I (a)
8(bKY(r) + 11 £, O)IIZ,) o
+ () f( $)%*2ds
8(K ,0)|I2
+ ( lp(r)r:((l)lg( i f (11 = 9)*7! = (12 — 8)*7)2ds
N 8(K¢(r)+||g( 0||2)f (T — 5224,
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Since for every a > a > 0, we have (a — @)* < a® — a%, then we obtain

8(bKy(r) + I, O)IIZ,) (ﬁ Gy . (1 — 1)\
I2(a)
8(bKY(r) + 11 £, 0)IIZ,)
Qa - DI (a)
8(Kip(r) + lIg(-, O)lIZ) fﬁ((ﬁ 22 _ (1, — )2

ElISy(t2) - Sy(r)IF <

a o o

Ty — )201—1

I*(a)
8(K SOl%) [ .
( eb<r>r+2(|Lg)< ) f (6 — o2,
Therefore
3 8(LKY(r) + 11 £, 0)I2,) (2 —1)*
. I%(a) (?_? a )

8(bKY(r) + £, 0)IIZ,)

- Ca— D@ 2T
8(Ky(r) + 1Ig(, O)II%) L20-1
(Qa — DI2(a) 1
BP0 +IZCOR) oy

2a — D2 (a) 2o

201

+ (1 —1)* = 19)

The right-hand side tends to zero as 1, — 1 — 0. Then S(B,) is equicontinuous. As a consequernce
of Steps 1 to 3 together with the Arzela-Ascoli we can conclude that

S : Ma([0,b], R™) — Ma([0,b], R™),
is completely continuous.
Step 5 : A priori bounds on solutions.

Let y = yS(y) for some 0 <y < 1. Then,

t t
y<t>=y(yo+$ fo (t—s)“*f(s,y<s>>ds+$ fo <t—s>“1g<s,y(s)>dW<s)).

This implies, for each t € |, that

Elly(®]?

IA

¢ 2
2, Y _ o1
SElyol + Frn )IEH IREER

2

rz( )

+ H f (t - 51" g(s, y(S)AW(S)
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Using the Holder inequality and It6 isometry together, we obtain

20 t
Bl < 3Bl + 5t fo EIlfs, y(s)IPds
t
+ % fo (t — P 2Ellg(s, y(&))|Pds
20 t
< SR + G [ KV EIGIR:
6b> '
+ m Kl|f(s,0)|[*ds
b= <t P KBNS + (t 22 g(s, O)IP)d.
r()

Thus, we obtain
t f
Ely®I? < Ko+ Ky fo W(EIlY6)IP)ds + K fo (t - s W(Elly(s)IP))ds. (4.1.19)

From corollary[4.1.7) there exists a constant M such that

Elly®)I° <M, t €[0,b].

Thus
lyllg, < VM.
Let )
U = {y € Mx([0,b] R"); llyllg, < VM +1]

The operator S : U —> My([0,b], R") is completely continuous.Then by the choice of U there no
y € dU such U = S(U)for some y € (0,1). As a consequence of the nonlinear alternative of Leray-
Schauder typdb.2.6} we deduce that S has a fixed point y in U which is a solution of the problen{d.1.11|
.And we can conclude that for every b > 0 the problem[4.1.14 has a unique solution.

Step 6 : Now we show that the problem (4.1.18)), has a unique solution.
Let x and y be two solutions of @1.18), then

t
x(t) = yo + — f( )t f(s,x(s))ds + — (t - s)“‘lg(s, x(s))dW(s), te€]0,b],

F()

and

t t
y(t)=y0+ﬁ fo (t—s)“’lf(s,y(s))ds+ﬁ fo (t— )" g(s,x(s))ds, t€[0,b].
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Then

A

Ellx(t) - y()IF < r( )]EH f (t = 9™ f(s,x(5)) — (5, y(s))]ds”

F(a) ' f (t—5)*'[g(s, x(s)) - g(s,y(s))]dw(s)”2

2a—-1 t
(zx%—l)r(f EIlf(s, x(s)) = (s, y(s))IPds

_ _ o\2a-2 _ 2
F(a)fo(t s)**Elg(s, x(s)) - 8(s, y(s)II*ds

2b2a—1
(2a — DI (a)

t
% fo (£ = 9> D2Y(Elx(s) — y(o)IP)ds.

t
f (= )>724(t = 5) 2D P(Ellx(s) — y(s)IP)ds
0

Therefore

t
Elx(®) - y)F < K fo (t = P T Y(EI(S) - y()P)ds

where
2 2b

" T@  Qa-Dr@’

B=2a-1

For each € > 0 we have
t
Ellx(t) - y®OIF < e+ Kf (t = )P " Y(Bllx(s) — y(s)IIP)ds.
0
Theorem implies that

ppla=1)+1
Ellx(t) - y(®)I* < W™ ( D41 f fi(s ds)
and from the condition we conclude that
Ellx(t) - y(t)? =0, forall t € [0,b].
The uniqueness is proved.

With a very similar proof as in Theorem 3.1 we can establish the next result.

Theorem 4.1.15. Assume there exists i : [0, 00) — [0, 00) be a continuous function, nondecreasing
and Y(0) = 0 such that

E|(lf(t,x) = f(t, I < P(Ellx - yl?), Yx,y € R" (4.1.20)
and
Ellg(t, x) - g(t, y)I* < Y(Ellx - yl*), Vx,yeR" (4.1.21)
If
f (ll)(dﬁ =oo, foreveryx >0, (4.1.22)
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then the problem has unique solution on [0, o).
If
f © dx
= ———— <
o W(V0)
then the for each b < be, the problem has unique solution on [0, b].

4.1.3. Random fractional problem

In this part, we prove the existence of solutions to the following fractional differential
equations with random effect :

{ ‘D%(t, w) = f(t, x(t, w), w) + g(t, x(t, w),w), 0 < a < 1, t €[0,b], (4.1.23)

x(ol a)) = XO(CU), w € Qr

where f,¢:[0,0] x R" x R" x QO — R™, (QQ, A) is a measurable space and xp : QO — R" is a
random variable. Random fractional differential equations, seem to be a natural extensions
of deterministic ones. For quantitative and qualitative results, we cite [15,165,/80,/81}122}[129]
and the references therein.

Definition 4.1.16. The random variable x : Q — C([0,b], R) is said to be a solution of problem

if
1 t a-1
x(t,w) = xp(w)+ Wj(;(t—s) f(5,x(s, w), w)ds
t
+$f0(t—s)“‘lg(s,x(s,w),w)ds, t e [0,b].

For every 7 > 0, we define

Il = sup [lx(®)ll
‘ ref0,6] Ea(TtY)

where E,(-) is the Mittag-Leffler function such that

for all x € C([0, b], R™),

Ea(t) = ; m forallt e R.

For more details about Mittag-Leffler functions, see [35]. We observe that for every
x € (C([0, b], R™) we have

Ixlle < Mllx|l;, M := sup E(tt%)
te[0,b]

and
[Ixlle < {lx]oo-

Thus, the norms || - ||l and || - || are equivalent. Hence (C([0, b], R™), || - |I;) is a Banach space.

Proposition 4.1.17. For any o € (0,1) and © > 0, the following inequality holds :

T

¢
a—1 a a
mfo(,f_s) E.(ts%)ds < Eo(Tt%).

73



Fractional Bihari Inequalities and Applications 2021-2022

Proof. Let 0 < t < 1. We consider first the linear problem
‘D(t) = tx(t), teR,. (4.1.24)

From [35, Theorem 7.2 and Remark 7.1], the function x(t) = E(tt) is solution of and for
any t € R, we have

¢
ay _ T _ a1 a
E(tt*) =1+ ) fo (t = )" Eq(1s%)ds.
This yields the proof of proposition.

We introduce the following hypotheses.
(H1) For every w € Q, the functions f(-,-, ) and g(-, -, w) are continuous and
w = f(,,w), w = g(,, w) are measurable.
(H>) There exists a measurable function y : Q — R, and ¢ € H such that

If(t x, y, @)l < y(@)(llxll),

forallt €[0,b], w € Qand x, y € R™.
(H3) There exists random variable p; : Q — R, such that

lig(t, x, ) — g(t, x, )|l < pr(w)llx = x| x,x€R", weQ.

Now, we establish the existence of a solution of problem (4.1.23) by using the Krasnosel’skii
random fixed point theorem type in a Banach space.

Theorem 4.1.18. [[49,159]] Let E be a separable Banach space. Suppose that T and B are two random
operators from () X E into E such that

(A1) T be a completely continuous random operator.

(Az) B be a continuous random operator.

If
M= {x : Q — E is measurable | M(w)T(w, x) + A(w)B (ﬁ,w) = x} ,

is bounded for all measurable A : QO — R with 0 < Mw) < 1 on Q. Then the random equation
x=T(w,x)+B(w,x), x€E,
has at least one random solution.
Let N, : C([0, b], R™) — C([0, b], R™) be an operator defined by
No(x, y) = Go(x) + Kyp(x),  x,€ C([0,b], R™),
where

t
Gy(x) = ﬁfO(t—s)"“lf(s,x(s,w),a))ds+x0(a)), t€[0,b]

and

Ko(x) = ﬁ fo (t — )" g(s, x(s, ), w)ds, te€[0,b].

Lemma 4.1.19. Under assumption (H3). The operator K,, is contraction on C([0, b], R™).
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Proof. Indeed let (x(-, w),x(-, w)) € C([0, b], R™) x C([0, b], R™). Then

1Ko (x()) = Ko (x(0))II

t t
0 ﬁ L‘ (t _ S)L‘(*l (3(5, X(S, w), a)) — g(S,Ff(S, CU)/ CU)) ds

t
J)fmww—Wme%ﬂum%
Let T > 1. Then,
Pl( w)

1Ko (x(8) = Ko (x(0))I] < f (t =) Ea(tp1(@)s)dsln(:, @) = %, )llepy @)

By Proposition we obtain

1Ko (x(£)) = Ko (x(D)I] <

19%@Qm@m—ﬂmwmwffﬂaﬂ

Together, we have

1 —
“Kw(x) - Km@”’[m(w) < ;”x - 3E”Tp](m)/ f07" all X, X € C([OI b]/ ]Rm)

We conclude that K, is a contraction.

Lemma 4.1.20. Under assumption (Hy). The operator G, : C([0,b], R™) — C([0,b],R™) is
completely continuous.

Proof. The proof will be given in several steps.
— Step 1. G,, is continuous.
Let x,(-, w) be a sequence such that x,,(-, w) — x(-,w) € C([0,b], R™) as n — oo. Then

IGo(n(-, @) = Go(x(, )lleo - < I 2u(, @) = £ x(, @)oo

o4
Ia+1)
Since f is a continuous function, thus

”Gw(xn('/ a))) - Gm(x('r w))”oo — 0asn — oo.

— Step 2. G, maps bounded sets into bounded sets in C([0, b], R™).
Indeed, it suffices to show that for any q > 0 there exists a positive constant [ such that for
each x(-,w) € By = {x € C([0, b], R) : [|x(:, w)lle < q}, we have

”G(u(x('/ CL))”oo S l

In that direction, for each t € [0, b], we get

1 t
IGuts Nl = @)+ s [ (=5 s 16 s
b
< @+ S [ st xs i
So, from (H),
IGulatsaDlle < Iaa(@l + e ()=
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— Step 3. G, maps bounded sets into equicontinuous sets of C([0, b], R™).
Let B, be a bounded set in C([0, b], R™) X C([0,b],R™) as in Step 2. Let r1,12 € J,11 < 12
and u € By. Thus we have

162 ) = Gutatr, ol = 2R [yt

71
+f (11 — )% = (r, — 5)* ds|.
0

Hence

49(9)y1(w)

1Gaxtra, @) = G, )l < —Fr=s

(r2 =)™

The right-hand term tends to zero as |r, — r1| — 0. As a consequence of Steps 1 to 3
together with the Arzela-Ascoli, we conclude that G, maps B, into a precompact set in
C([0, b], IR) x C([0, D], R).

Lemma 4.1.21. Assume that (Hy) — (H3) hold. Then the set

x(-, w)

Mw)

Alw) = {X(vw) € C([0,b], R™) : x(:, ) = M@)Go(x(-, w)) + A(w)Kw( ),/\(w) € (0, 1)}

is bounded.

Proof. Let x € A(w). Then x(,w) = A@)Gao(x(, @) + M@)Ky ($2). Thus, for t € [0,b], we
have

t

llx(t, )l < IIxo(w)Il+$ 0(t—S)“‘lllf(s,X(S,w),w)llds

1 ' a—1
+mﬂ(t—s) lIg(s, x(s, w), w)|lds

@)l + —— [ (@)t = sy w(llx(s, w)lds

<
- I'(a) 0
N f = 9 U (@), w)lids + —— f - 9 (s, 0, )l
@ Jo / @ Jo o
Hence
@)l < c(w)+$ fo (t = 5 pa (@)lix(s, @)lds
7/1(5‘)) ' a—1
+ F(O() jo\(t_s) ll)(”x(slw)n)dsr
where

ba“g(’/ 0/ w)”w
Ta+1)
By Theorem there exists K(a, w) > 0 such that

() = |lxo(w)Il + +1.

llx(t, w)ll < K(a, w), foreach t € [0, b].
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Consequently - Ko
Xl < K, ).

This shows that A(w) is bounded.

We are now in the position to prove our main existence result for (4.1.23).

Theorem 4.1.22. Assume that the following conditions (H)— (H3) hold. Then the problem
has at least on random solution.

Proof. Let N : C([0,b], R™) x QO — C([0, b], R™),
x - G(x, w) + K(x, w)
where

1

G(x,w) = % j:(t —5)* 1 (s, x(s, w))ds + xo(w)

and

K(x,w) = ﬁfot(t—s)l_"g(s,x(s,w),a))ds.

First we show that N is a random operator on C([0, b], R™). Since f and g are Carathédory functions,
then v — f(t,x, w) and w — g(t,x, w) are measurable maps. Further, the integral is a limit of a
finite sum of measurable functions, and therefore, the maps

w — G(x(t, w), w), w = K(x(t, w), w)

are measurable. As a result, N is a random operator on C([0, b], R™) x Q into C([0, b], R™).
Now we show that all the conditions of Theorem [4.1.18)are satisfied.

We observe that from Lemmas and the operator N is a contraction and K is completely
continuous. It is clear by Lemma4.1.21|that the set

x(-, w)
Mw)

is bounded. As a consequence of Theorem [4.1.18} we deduce that N has at least one random fixed
point, which is a solution to the problem (4.1.23))

Alw) = {x(-, w) € C([0,b, R™) : x(-, w) = Mw)Gy(x(-, w)) + /\(a))Kw( ),/\(w) € (0, 1)}

Remark 4.1.2. Many researchers have established existence of a unique solution for fractional
differential equations with, or without, impulses for Cauchy-Lipschitz problems with some restrictive
conditions on the Lipschitz constant. But via application of Proposition[.1.17} we can establish those
results without the restrictive conditions. For example, in the problem when f = 0, Lemma

yields a unique solution of (4.1.23).

4.1.4. Rs Solutions Sets

In this part, we recall some elementary concepts and definitions from geometric topology.
For more information about this section, we recommend [37, 48|, [78]]. In what follows (X, d)
and (Y, d’) stand for two metric spaces. Denote by P(X) = {Y C E: Y # 0}. Let E be a Banach
space and P, 4(E) = {Y € P(E): Y convex, closed}.
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Definition 4.1.23. Let A € P(X). The set A is said a contractible space if there exists a continuous
homotopy H : A X [0,1] — A and xy € A such that

(a) H(x,0) = x, for every x € A,

(b) H(x,1) = xo, for every x € A,
i.e. if the identity map is homotopic to a constant map (A is homotopically equivalent to a point).

Note that if A € P, (X), then A is contractible, but the class of contractible sets is much
larger than the class of closed convex sets.

Definition 4.1.24. A compact nonempty space X is called an Rs—set if there exists a decreasing
sequence of compact nonempty contractible spaces {X,} | such that

X=ﬁxn.

n=1

The next result deals with the topological structure of the solution set of some nonlinear
functional equations is due to Aronszajn and developed by Browder and Gupta in [24] (see
also [9) Th. 1.2]).

Theorem 4.1.25. Let (X, d) be a metric space, (E, || - ||) a Banach space and F : X — E a proper map,
i.e., F is continuous and for every compact K C E, the set F~Y(K) is compact. Assume further that
foreach € > 0, a proper map F, : X — E is given, and the following two conditions are satisfied :
(a) |IFe(x) — F()|l < €, for every x € X,
(b) for every € > 0 and u € E in a neighborhood of the origin such that |lul| < ¢, the equation
F.(x) = u has exactly one solution x,.
Then the set S = F~1(0) is an Rs—set.

Lemma 4.1.26. Let E be a Banach space, C C E be a nonempty closed bounded subset of E and
F : C — E be a completely continuous map, then G = Id — F is a proper map.

Under classical Lipschitz and linear growth conditions the solutions set of ordinary and
fractional differential equations has been studied by many authors; see, for example, the
monographs and papers [31} 37, 140,51} 55] and the references therein.

In the following, we will study the existence, compactness and Rs properties of solutions
sets of the fractional problem (4.1.8) on a compact interval [0, b]. Denote the solution sets of

the problem (4.1.8) by
S(f,a) = {y € C([0, b], R™) : y is a solution of the problem @.1.8)}.

Theorem 4.1.27. Assume that f is Carathédory function and satisfies the following condition :
(H1) There exists g € L([0, b], Ry) such that

ILf ¢t 0l < g®)(lxll), forallx e R, t €[0,b]

where 1 : [0,00) — (0, 00) is a continuous, increasing function, P(0) = 0 and q > L with
p(L-7)=1
Then the solution set S(f,a) is an Rs—set.
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Proof. Let N : C([0, b], R") — C([0, b], R") be defined by

t
WMawmﬂhM%wwmﬂw.

Thus Fix N = S(f,a) and we show that S(f,a) # 0. In particlar, we shall show that N satisfies the
assumptions of the nonlinear alternative of Leray-Schauder type. The proof will be given in several
steps.

Step 1: N is continuous.

Let {y} be a sequence such that y,, — y in C([0, b], R"). Then

IN(y)(#®) = N @l

IA

t
fo (t =) (s, ym(s)) = 5, y(s))lds

L f _ o\yla-1) );( b _ q
Srwu“” *KPW%@fwwm

1
q

This implies
bp(a—l)+l
(pla = 1) + DI'(a)

By (H) and since f is a Carathéodory function, the Lebesgue dominated convergence theorem
implies

IN(Wm) = NWllw <

1fCrym) = FC yCDla

IN(ym) = N(W)llo = 0 as m — oo.

Step 2 : N maps bounded sets into bounded sets in C([0, b], R").

Indeed, it suffices to show that there exists a positive constant € such that for each
y € B, ={y € C([0,b], R") : Iyl <7},

one has IN()ll < .

Let y € B,. Then for each t € [0, b], we have

Ny#) =a+ =— (t = 5)*7 f(s, y(s))ds.

1"( )
By (H1) we have for each t € [0, b]

nmwmu<wm+——thsfﬂWsy)Ms
_nn+ﬂlet 99 g(s)ds.

From Holder’s inequality, we get

PP ()1 T i
e N
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Then for each y € B, we have

YP(rbPaDFL b -
(pa—-1)+ 1)F(a)) lIgllrs == €

IN(Wlleo < lall +(

Step 3 : N maps bounded set into equicontinuous sets of C([0, b], R").

Let 11,72 € [0,D], 71 < 7o and B, be a bounded set of C([0,b],IR") as in Step 2. Let y € B, and
t € [0, b]. We have

A

ING)(2) - NIl < ﬁ f e — 81— (o1 — 9% IfG, (e

f (t2 — 5 (s, y(e))lds

r( )
< fo e =5 = (0 = GO s
i ). (SO
< % | 1 (T2 = 8)* 7! = (11 — 5)* ! |g(s)ds

Y(r) f © -1
— —s)* ds.
T @ J.. (T2 —5)" " g(s)ds
Since g € L*([0,b], R,), then g € L1. Using Holder's inequality, we obtain

ING)(2) - NI < % f (ra = 9% = (11 — ) Pdslglie

}b((;( f (r2 =9 )||g||m

( ) a a a
e (- ) = o gl

¢(T) a—1+% )

+m”g”u(5 - 11)

As 1y — 11 the right-hand side of the above inequality tends to zero. Then N(B,) is equicontinuous.
As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem we can conclude that
N : C([0,b], R") — C([0, b], R") is completely continuous.

Then

IN(y)(72) = N(y)(T)ll - <

Step 4 : A priori bounds on solutions.

Let y = yN(y) for some 0 < y < 1. This implies

ly®ll - < ||ﬂ||+—f(f—5)“ £, y(s))lds

|
=
+

_ _ a1
I(a) fo(t ) 8P (Ily(s)Ids.
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Therefore

lIglle=
()

t
ly®ll < lall +1+ fo(t—S)“_lyb(lly(S)ll)dS-

From Theorem4.1.2} we have

Iyl < @' (CD(I_() + %) te[0,b],

where —
* dx - lIgllLbP e+
D(z) = —— k=al|+1, k=k+ ————.
& Lkwmq el ppa—T)+1)
Hence
Iyl < ! (cp(iz) N S) =M
Set

U :={y € C([0,b], R") : [[yllo < M +1},

and consider the operator N : U — C([0,b], R™). From the choice of U, there is no y € dU such that
y = yN(y) for some y € (0, 1). As a consequence of the nonlinear alternative of Leray-Schauder type
[50, 371, we deduce that N has a fixed point y in U which is a solution of the problem (4.1.8).

Now, we prove that S(f,a) is compact. Let {y}m=1 be a sequence in S(f,a), then

f) = 1 tt a-l d >1,tel0,b
yM)—a+i?5M£(—ﬂ) £65) Yo(s))ds, m =1, t € [0,].

As in Steps 3 and 4 we can easily prove that there exists M > 0 such that
Ymlleo <M, forallm>1,

and the set {y,, : m > 1} is equicontinuous in C([0, b], R"). Hence by the Arzela-Ascoli Theorem we
conclude that there exists a subsequence of {y,, : m > 1} converging to y in C([0, b], R"). Using that
fact that f is Carathédory we can prove that

1

¢
— _ a1
yit)=a+ @) L (t—5)"""f(s,y(s))ds, t € [0,D].

Thus S(f, c) is compact. Define
— ftx), i Ikl <M,
flt,x) = - —
FEIE), i Inl =M.

Since f is Carathédory, the function fis Carathédory and is also bounded. So there exists M, > 0
such that _
If¢t, )l <M., forall xeR", ae.te[0,Db] (4.1.25)

Consider the following modified problem :

{fwwﬂ=.%mm,m.mmﬂ,
y(0) =a.
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We can easily prove that S(f,a) = S(ﬁa) = FixN, where N: C([0,b],R") — C([0,b],R") is as
defined by

Nn® =a+ - [ t—s17
N0 =+ g5 [ =9 sy, ot

By the inequality (£.1.25), we deduce that there exists R > 0 such that
INWlle < R.
Then N is uniformly bounded. As in Steps 2 and 3, we can prove that
N+ C([0,b], R) - C([0,b], R"),

is compact which allows us to define the compact perturbation of the identity E(y) =y- N (y) which
is a proper map. From the compactness of N, we can easily prove that all conditions of Theorem
are met. Therefore the solution set S(f,a) = G™1(0) is an Ry set, hence an acyclic space.

Theorem 4.1.28. Assume that f is a Carathédory function and satisfies the following condition :
(H1) There exists g € Ly (R, Ry) such that

£ 0l < gOy(lixll),  forall x € R, t € [0,b]
where P : [0, 00) — (0, 00) is a continuous, increasing function, (0) = 0 and g > % with
1-1)=1.
p(1-7)
Then the problem (4.1.8) has at least one solution.

4.1.5. Fractional Differential Inclusions on Banach lattices

Multivalued analysis and differential inclusions have been investigated by many authors
from different points of view. A comprehensive overview of this theory can be found in
[11} 149,156,157, 74, 67] among others.

In 2009, Michta and ]. Motyl [86], introduced a new class of multivalued maps in Banach
lattices, a class they called “upper separated.” The notion of an upper separated multifunc-
tion function F is necessary and sufficient for proving the existence of a convex selection of
F. The deterministic and stochastic differential inclusions have been considered by Michta
and Motyl in [87, 91,192,193, 194, 95].

The aim of this section is to give the existence of some classes of fractional differential
inclusions in Euclidean spaces satisfying the property of an order complete Banach lattice.
More precisely, we will consider the following problem,

{ ‘Dex(t) € F(t,x(t), ae tel0,b],

X0 = xeR™ (4.1.26)

where F: [0,b] X R" — P, ,(R™) is a multifunction.

First, we recall some notations, and basic definitions from multivalued analysis and Banach
lattices which will be used in the sequel.

Let X be a Banach space and (Y, <) be a Banach lattice space generated by a positive cone
K. We use the notation x < yif x—y € K*. We denote the space of linear bounded operators
by B(X, Y).
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Definition 4.1.29. The Banach lattice space (Y, <) is called complete, if every nonempty majorized
set of Y has a supremum in Y.

o Aset A C Y is called order bounded, if there exist a,b € Y such that

Aclabl={yeY:a<t<b}
o Aset Aof Y is called order convex (or full) if for every x, y € A we have [x,y] C A.

We adjoin to Y the greatest element +co and the lowest element —co. We extend the space
Y in a natural way Y = Y U {+00, —o0}. Now we define an extended function g : X — Y.
Let Dom(g) = {x € X : g(x) # +oo} and we define the epigraph of g by

Epi(g) = {(x,y) e XX Y : g(x) < y}.

Definition 4.1.30. A function g : X — Y is called order convex if for every x, % € X and A € [0,1]
we have
gAx + (1 - A)x) < Ag(x) + (1 — A)g(%).

The function g is locally order Lipshitz if for all xo € X there exist an open neighbourhood U, and
a € K* such hat
lg(x) — g(X)| < allx — x| forall x, % € Uy,.

— A multifunction G : X — P(Y) is called upper semi-continuous (u.s.c. for short) if the
set
GI{(V)={xeX: G(x)c V)

is open for any open set Vin Y.
— G is called lower semi-continuous (L.s.c. for short) on X if the set

Gl (V)={xeX, Gx)NV # 0
is open for any open set V in Y.

Definition 4.1.31. We say that the multifunction F : X — P(Y) is majorized in neighborhood of
xo if there exist an open Uy, and y € Y such that for every x € Uy, we have

a<y foranya € F(x).

Let V, W : X — Y be two functions defined by
V(x) =supla : a € F(x)}

and
W(x) =inf{b : b € F(x)}.

We denote by []f(c) the metric projection of ¢ € Y onto the set F(x) and we define

| TV (X)) if x € Dom(V),

V(x) = { o +00 if x ¢ Dom(V),

e Me(W@)  if x € Dom(W)
X X if x € Dom ,
Wi(x) = { o —00 if x ¢ Dom(‘W).
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Definition 4.1.32. Let F : X — P(Y) be a multivalued map.

We say that F is upper separated if for all x € X and & > O there exists a hyperplane H(x, €) strongly
separating a point (x, W(x) — x) from the set Epi(‘V).

The term “separated” is in the following sense : for every x € X and all ¢ € K*\{0} there exist
A€ B(X,Y),acRandne K\{0} such that for any y € DomV and each b € K+ we have
A@) = Ay) + (W) - V(y) —e —b) - n e K*.

For more information about Banach lattice we refer the reader to [8,[108, ?,[121].

Let (QQ, F, u) be a complete o—finite measurable space, B(X) be the Borel o—algebra of X
and ¥ ® B(X) be a product c—-algebra of Q x X.

Definition 4.1.33. A multi-valued map F : Q — P(Y) is said to be measurable provided for every
open U C Y, the set FL(U) € F.

Definition 4.1.34. A multifunction F is called a Carathéodory function if
(a) the multifunction t — F(t,x) is measurable for each x € X;
(b) fora.e. t € Q, the map x — F(t,x) is continuous.

The space IR™, is equipped with the Euclidean norm and the following canonical order :
— It x,y e R", x = (xi,..., %), ¥ = (Y1,..., Ym), by x < y we mean x; < y; for all
i=1,...,m. We define the positive cone by

Ktr={xeR":x;20,i=1,...,m}.
Then (R™, <) is a complete Banach lattice with order unite = (1,...,1).

Theorem 4.1.35. [90,191] Let F : QXX — Py o(IR™) be a multivalued map. Suppose the following
conditions hold :

1) Fis a Carathédory map.

2) For every w € Q, the multifunction F(w, -) is upper separated.
Then there exists a single-valued function f: QX X — M such that

a) fisF ® B(X)—measurable.

b) For any (w, x) € Q X X we have
f(t,x) € F(t,x).

¢) Forall w € Q), f(w, ) is order-convex.

Proposition 4.1.36. [91]] Let (QQ, F, 1) be a complete measurable space, (X, || - ||) be a separable
Banach space and F : Q x X — P(R™) be a multivalued map. Assume that there exist h : QO — R,
a measurable function and ¢ : R, — R, a continuous nondecreasing function such that

IF(@, ¥)llp = suplllell : © € F(ew, %)} < h)p(Ixll) forallw € Q, x € R™.
Then every Carathédory order convex selection of F is continuous.

We introduce the following conditions
(Hy) Fisa Carathédory multifunction.
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(Hs) Forallt € [0,b], the multifunction F(t, -) is upper separated.
(Hs) There exist € H and f € L7([0, b], R,) such that

IF(t x)llp = supllloll - v € F(t, )} < f(Oy(lxl) for all x € R™.

Theorem 4.1.37. Assume that the conditions (Hy) — (Hs) are satisfied. Then the problem (4.1.26)),
has at least one solution.

Proof. Let Q =[0,b], ¥ = B([0, b]) be a Borel c—algebra and X = Y = R™. The hypotheses (H.)
and (Hs) imply that F satisfies the conditions of Theorem 4.1.35\and Proposition (4.1.36| Then there
exists a Carathédory function f : [0,b] X R" — R such that

f(t,x) e F(t,x) forany (t,x) € [0,b] x R™.
We consider the following problem
{ ‘D%(t) = f(t,x(t), ae tel0,b],

x(0) = xeR™

(4.1.27)
We define the operator L : C([0,b], R™) — C([0, b], R™) by
_ 1 t a-1
L(x(t)) = xo + @ fo (t=5)"""f(s,x(s))ds, te][0,b]

Step 1: L is continuous.

Let (x,)nen be a sequence such that x, — x in C([0, b], R™). Then, for t € [0,b], we have by the
Lebesgue dominated convergence theorem

IL(en(£)) = Lx(®))I]

sl [ =566 - st womia]

IA

1 t a—-1 _
mfo (£ =) f (5 x0(6)) = fls,2(S)lMds

L ' _ (a—1) );( ! B )
() (f(;(t syPeNds j(;nf(s,xn(s)) f(s,x(s))7ds | .

bp(a—l)Jrl

S Ga-nrnr@C

IN

Then

IL(xn) = L(x)lleo X0 () = fC,x()ls = 0, asn — oo.

This implies that L is continuous on C([0, b], R™).
Step 2 : L maps bounded sets into bounded sets in C([0, b], R™).

Indeed, it is enough to show that for any q > 0, there exists | > 0 such that for each
ye B, ={xeC(0,b],R"): lxllo <},

one has ||L(x)||e < L
Let x € B,, then for each t € [0, b], we have
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@O = [lvo+ 5 ¢ = 51 fs, x()ds
< llvoll + g (£ = 5) 1G5, x(5)) s
< B3 1fs)ds)”
Therefore, we obtain
bp(a—1)+1
L) vo

e < o= T pra /i

Step 3 : The map L is equicontinuous.

Let 11,72 € [0,D], 71 < 12 and y € B,, we have
IL(x(z) - La(r)l - < ﬁ fo e — 81— (ra— 9% 1, () s
+ % fn (12 — s)”(“‘l)”dSIIﬂhq.
Therefore

IL(x(72)) = Lx(z0))Il

IA

PONflls { " Y
W( fo (T =9 — (12 —5) 1)*’ds)

" % f (12 = Y@V dsl fl

< —IP(?JL{)”U (fo (11 - 70 = (1, - S>”(“_”)ds) |
. % f (2 = Vi il

IP(T)Hf_HLq pla—=1)+1 _ pla=1)+1 _ _ pla—1)+1 }l’
: T(@){pla—-1)+1 (% E (2= )

P)IIAls
F(@){fpla-1)+1
The right-hand side tends to zero as T, — 11 — 0. Then L(B,) is equicontinuous. As a consequence

of Steps 1 to 3 together with the Arzela-Ascoli theorem, we can conclude that
L : C([0, b], R™)) — C([0, b], R™) is completely continuous.

(T2 -7 )p(a—1)+1 .

Step 4 : A priori bounds on solutions.

Let x = yL(x) for some 0 < y < 1. Then,

1 [ .
x(t) =y |xo + m L (t=1s) 1f(s, x(s))ds] t € [0,b].

This implies, for each t € [0, b],

1 (" .
O < Tl + fo (t = sy IG5, x(s))lds.
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Thus, we obtain
1 ¢
IO < ol + s [ =9 gl
’ I(a) Jo i
From Theorem there exists a constant M such that
llxtlleo < M.

Let
U :={x € C([0,b], R™) : |Ix]jco < M + 1},

and consider the operator L : U — C([0,b], R™). From the choice of U, there is no y € U such
that x = yL(x) for some y € (0,1). As a consequence of the Leray-Schauder nonlinear alternative,
we deduce that L has a fixed point y in U which is a solution of problem .
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Chapitre

Fractional Stochastic Differential
Systems with Nonlocal Conditions

5.1. Introduction

The more realistic way to describe many scientific phenomena, such as in economics,
finance, chemistry, physics, and biology, is to use differential equations involving fractional
derivatives in time. In 1940, Kolmogorov [73] introduced fractional Brownian motion within
a Hilbert space framework where it was called a Wiener Helix. In 1968, Mandelbrot and
Van Ness used the term fractional Brownian motion after introducing a stochastic integral
description of this process in terms of a standard Brownian motion.

The nature, uniqueness, and asymptotic behavior of mild solutions to stochastic delay
evolution equations with fractional Brownian motion have only been studied in a few
papers. Ciu and Yan [33] used Sadovskii’s fixed point theorem to explore the presence
of a mild solution to neutral stochastic integro-differential equations with infinite delay.
Sakthivel et al. [116]] proved the existence of a mild solution to a nonlocal fractional stochastic
differential equation, and more recently Jingyun et al. [66] gave sufficient condition for the
existence and uniqueness of mild solutions to a system with nonlocal fractional stochastic
Brownian motion and Hurst index H > 1/2.

The purpose of this paper is examine the existence and uniqueness of a mild solution to the
system of fractional differential equations driven by Brownian motion

Dix(t) = [Arx(t) + f1(s, x(s), y(s))]ds + al(t)dB’?l, 1/2<qg<1,]=10,b],
Dy(t) = [Aay(t) + f2(s,x(5), y(s))lds + o*()dB}",

x(0) = alx, y],

y(0) = Blx, yl,

(5.1.1)

where °D7 denotes the Caputo fractional derivative of order g € (%, 1] with the lower limit 0.
We assume that a probability space (Q, 7, IP) together with a normal filtration {F;}c[o ;) are
given. The stochastic process {X(f)}sc[o,5) takes values in the real separable Hilbert space W.
We take A to be the infinitesimal generator of a strongly continuous semigroup {S(t) : t > 0}
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in W. Here, fori = 1,2, Bf{ = {BH” t):te ]} is a fractional Brownian motion (fBm) with

Hurst index H; € (%, 1) on a real separable Hilbert space V. We will need the following
spaces
L(V,W) ={g:V — W|gis abounded linear operator};

L*(Q, Fp; W) := {f : Q = W] f is a F-measurable square integrable random variable} ;

C(J, LX(Q, Fp; W)) := {X : | = LX(Q, Fp, W) | is a continuous
mapping from | into LX(Q, Fp; W)}

such that sup E [IIX(t)Hz] < o0;
te]

C:= {X IxQ—-W|XeC (], L*(Q, T W)) is an F;-adapted stochastic process}.
For X € C, define a norm by [|X]lc = (sup]E [IIX(t)IIZ]J . It is clear that (C, || - ||c) is a Banach
te]

space.

Here, for each i = 1,2, the linear operator —A; : D(A;) € C; — C; generates a strongly
continuous semigroup of contractions {S,(t) : t > 0} on the Banach space (C;, || - lIc,). We let
f1:10,T]: X4xXa = X;and o' : [0, T] — X, i = 1,2, be given functions. It will be convenient
to write the constraints in the equivalent form of nonlocal conditions, namely,

X(O) = a[x, ]/]/ ]/(0) = ﬁ[x/ ]/]

As mentioned above, the main purpose of this paper is to study the existence of mild
solutions to the above described system.

5.2. Some Mathematical Preliminaries

Definition 5.2.1. Let X be a nonempty set. By a vector-valued metric on X we mean a map
d: X x X — R" satisfying :

(i) d(u,v) >0 forallu,ve X, and ifd(u,v) =0, then u =v;

(ii) d(u,v) =d(v,u) forallu,veX;

(i) d(u,v) < d(u, w) + d(w, v) for all u, v, w € X.

Note that for any i € {1,--- ,n}, (d(u,v)); = di(u,v) is a metric space on X.
We call the pair (X, d) a generalized metric space. For r = (r1,1,--- ,1r,) € RY,

B(xo,7) = {x € X : d(xp, x) < r}

denotes the open ball centered at x with radius 7, and by B(xo, r) its closure.

Definition 5.2.2. A square matrix of real numbers is said to be convergent to zero if its spectral
radius p(M) is strictly less than 1. This means that all the eigenvalues of M are in the open unit disc
|Al < 1 for every A € C with det(M — Al) = 0, where I denotes the identity matrix in Mys,(R).

Theorem 5.2.3. ([112]) Let M € M,x,(R+). The following assertions are equivalent :
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(i) M is convergent to zero;
(ii) M* - 0ask — oo;
(iii) The matrix (I — M) is nonsingular and

I-M)'=I+M+M+...+M+.
(iv) The matrix (I — M) is nonsingular and (I — M)~ has nonnegative elements.

Definition 5.2.4. Let (X,d) be a generalized metric space. An operator N : X — X is said to be
contractive if there exists a convergent to zero matrix M such that

d(N(x),N(y)) < Md(x,y) forall x, y € X.

For n = 1, this reduces to the classical Banach contraction fixed point result.

5.2.1. Fixed point theorems

The following fixed point theorems are the tools to be used in our proofs.

Theorem 5.2.5. (Perov [112]) Let (X, d) be a complete generalized metric space with
d:XxX—R"

and let N : X — X satisfy
d(N(x),N(y)) < Md(x, y)

forall x, y € X and some square matrix M of nonnegative numbers. If the matrix M is convergent
to zero, then N has a unique fixed point x. € X and

d(N*(x0), x.) < ME(I = M)~'d(N(x0), x0)
forevery xo € X and k > 1.

The role of matrices with spectral radius less than one in the study of semilinear operator
systems as well as their connection to other abstract principles from nonlinear functional
analysis was pointed out in [113]].

Theorem 5.2.6. (Leray-Schauder Theorem) Let (X, | - |x) be a Banach space, R > 0,
EX(O/R) = {X €X: |x|X < R}r

and _
T:Bx(O,R) —» X

be a completely continuous operator. If |u|x < R for every solution u of the equation u = AT(u) and
any A € (0,1), then T has at least one fixed point.

5.2.2. Fractional Brownian motion

We first give the definition of a one-dimensional fBm.
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Definition 5.2.7. A one-dimensional fBm, Bf = {BH(t) : t € ]}, of Hurst index H € (0,1) is a
continuous and centered Gaussian process with covariance function

RM(t,5) = E[B(1)B(5)] = %(RH +2 |t -sPT), tse] (5.2.1)

1
Remark 5.2.1. (i) IfH = %, then B; is a standard Brownian motion.
(ii) For % <H«<1, B? can be represented over a finite interval as

f
BE@®) = | KH(t, s)dW(s),
® fo (t,9) dW(s)

where W = {W(t) : t € ]} is a Wiener process,

¢
KH(tIS) =CH (H - %)Sé_Hf (u - s)H—%uH—% du,
S

and cy is a constant depending on H.

Notice that if H = 1, the process B; is a standard Brownian motion, but if H # 1, then it does
not have independent increments. From (5.2.1), it follows that E[B; - B]* = |t — s]*. As a
consequence, the process B has A-Holder continuous paths for all A € (0, H).

For what follows it will be convenient to have the following definition.

Definition 5.2.8. Let (Q, 7, IP) be a probability space, (E, A) be a measurable spaceand X : O — E
be a random variable. The law of X is the probability measure ux : A — R, defined by

ux(A) = P(X71(A)), AeA

From (5.2.T) we see that a standard fBm BH has the following properties :
1. B(0) = 0 and E[Bf] = 0 for all t > 0.

2. BH has homogeneous increments, i.e., B(t + s) — BY(s) has the same law as B*(t) for
s, t>0.

3. BH is a Gaussian process and E[(B7())*] = t*,t > 0, for all H € (0, 1).
4. BH has continuous trajectories.

In the remainder of this paper we will assume that H € (3, 1).

Denote by ¢ the linear space of step functions on J of the form

-1

o)=Y aili,p(®),

i=1

=

where 0 =t <t, <--- <t, =b,n e€N,a; €R. Welet H be the closure of ¢ with respect to
the scalar product (Ijo g, [jos))# = RF(t, s). The Wiener integral of ¢ € ¢ with respect to B is
given by
b n—1
[ o050 = Y (B0 - 570)
0 -

i=1
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Moreover, the mapping
b
6 [ owas e
0

is an isometry between ¢ and the linear space span{B(t) : t € J} viewed as a subspace of
L*(Q)). This mapping can be extended to an isometry between H and the first Wiener chaos
of the fBm

spant V(B 1 t e J).

The image of an element & € H by this isometry is also called the Wiener integral of h with
respect to BI.

For any 1 € [0, b], consider the linear operator K : ¢ — L?[0, b] given by

T H
(ko)or= [ o T3

The operator K] induces an isometry between ¢ and L2[0, b] that can be extended to H.

We have the following relation between the Wiener integral with respect to the fBm B and
the It6 integral with respect to the Wiener process :

b b
f h(s)dBH(s) = f (K;h)(s) dW(s), heH,iffK;h e L2[0,0].
0 0
For t € [0,b], [, h(s) dB"(s) is defined by

f h(s) dB(s) := f h(s)Ijo,1(s) dBM (s).

0 0

Moreover, we have
t t
f h(s)dB (s) = f (K;h)(s)dW(s), t € [0,b], iy, € H, provided K;h € L*[0, b].
0 0

Define L?H[O, b] by
L2,[0,b] = {h € H : K;h € L*[0, b]}.
For H > 1, we have that (see [10])

L#[0,b] € L2,[0,b]. (5.2.2)

Next, we define the infinite dimensional fBm and give the definition of the corresponding
stochastic integral.

Let Q € L(V, W) be a non-negative self-adjoint trace class operator defined by Qe, = A,e,
with

trQ = ZA" < 00,
n=1

where A, > 0,n=1,2,..., are real numbers and {e,}, n = 1,2, ... is a complete orthonormal
basis for V. Define the V-valued Q-cylindrical fBm on (Q, 3, P) with covariance operator

Qby

B(t) = ) QteBl(H) = ), VAseuBll (1),
n=1

n=1
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where B! are real, independent, one-dimensional fBm. Define the space L%(V, Y) by

L%(V, W) ={&:V - W|¢&is a Q-Hilbert-Schmidt operator}.

Note that £ € L(V, W) is called a Q-Hilbert-Schmidt operator if

€1 Zn\/_ Eeall? < co.

The space L o(V, W) equipped with the inner product

& Ouyum = )_(Een, Cen

n=1
is a separable Hilbert space.

Definition 5.2.9 ([?],[?]). Let A : [0,b] — L? o(V, W) satisfy

(o)

2

n=1

K* AQ en” (5.2.3)

20wy <

Then its stochastic integral with respect to the fBm BY is defined as

fo A(s)dBH(s) = Z f A(s)Qle, dBH(s)
2 f AQle,))(s)dW(s), te[0,b].

Remark 5.2.2. Notice that if

Yolagied,y opm < (5.2.4)

n=1

then (5.2.3) follows immediately from (5.2.2).

Lemma 5.2.10. ([?], [?]) If
A:[0,b] » L%(V, W)

satisfies (5.2.4), then for any 0 < s <t <,

2

E f A(t)dBH (1)

S

0o t
< Ch(t—syt Z f ”A(T)Q%e”“ig(v,w) dz
n=1"vS

0
LO(V,W)

where Cy is a constant depending on the Hurst index H. If, in addition, Z;OI]HA(t)Q%en”
uniformly convergent for t € [0, b], then

is
0
LYV, W)

2

t t
E LA(T)dBH(T) SCH(t—S)ZH_l£||A(T))‘ig(VW)dT

0
Ly (VW)
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We now give some basic definitions and properties from the fractional calculus. Here, I'(-)
is the Gamma function and [g] is the integer part of g

Definition 5.2.11. ([12]]) The fractional integral of the function f : [0, 00) — R of order q with
lower limit O is defined as

_ 1 (" fe
ST Jo (=)t

provided that the right side is point-wise defined on [0, 00).

Ig+f(t) ds, t>0,9>0,

Definition 5.2.12. ([12]) The Riemann-Liouville’s derivative of the function f : [0,00) — R of
order q with lower limit 0 is given by

Lqu(t) — 1 dn t L

T T(n-q) dt" Jy (t—s)q+1—nds’ £>0,n=[ql+1.

Definition 5.2.13. ([12]) The Caputo derivative of the function f : [0,00) — R of order q with
lower limit O is defined as

tk
'f(k)(O)], t>0,n=[q]+1.

=

n—-1
“DIf(t) = LW[f(t) -y
k=0

Moreover, if f® € C[0, ), then

1 S ARIO)
T(n—q) Jo (t—s)y+in

‘DIf(t) = ds, n=[q]+1

Next, we define what is meant by a mild solution to system (5.1.1). To do this, we need the
following concepts.

Definition 5.2.14. A filtration ¥ = ()0 of a probability space (QO, F, IP)is a family of c—algebras
F+, indexed by t € [0, co] and all belonging to F, satisfying

1. ifs < t then Fs C F, and

2. Foo = 0(Ur0Fp)-

Definition 5.2.15. A stochastic process (X;)is0 defined on (QQ, F,1P) is said to be adapted to the
filtration ¥ if for each t > 0, the random variable X; is measurable relative to F.

Here is our definition of a mild solution.

Definition 5.2.16. A real-valued stochastic process u = (x,y) € C x C is said to be a solution of
(5.1.T) with respect to the probability space (Q, F,IP) if :

1) x(0) = a[x, y] and y(0) = Blx, yl,

2) u(t) is Fi-adapted forall t € | = (0,b];

3) u(t) is right continuous and has a limit from the left at all t € |;
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4) u(t) satisfies

t
x(t) = Sy(t)alx, y] + ](; (t- s)q‘qu(t - s)f1 (s, x(s), y(s)) d(s)
+ft(t - s)q_qu(t —5)o'(s)dBHi(s), te],
0

t
y(t) = Sa(HBlx, yl + fo (t = 8)T Tyt = 8)f2(5, x(5), y(5))d(s)

+ f (t = sT'T,(t - 5))0(s)dB™(s), t €],
0

where . -
Sy(H) = f £(0)S(H10) d6, T, =g f 0£,(0)S(+10)do,
0 0
{S(t) : t > 0} is our strongly continuous semigroup in W,

&0 = Lo Va (07 20,

= T 1
2,0 = L Y (e D g, 0 0,09,
n=1 :

and &, is a probability density function defined on (0, oo) such that

£(0)>0 for 0€(0,0), and féq(e)d(?:l.
0

Lemma 5.2.17. ([60]) The following properties are satisfied :
(i) S4(t) and T,(t) are bounded linear operators for each fixed t > 0. In particular, there is a
constant M > 0 such that

gM
I'(g+1)

|ISq(Hx|| < Milxll and || T,(t)x]| < lIxll, forxeX;

(i1) {S4(t) : t = O} and {T,(t) : t > O} are strongly continuous;
(iii) if for every t > 0, S(t) is compact, then Sy(t) and T,(t) are also compact operators.

This system can be viewed as a fixed point problem in C([0, T], X;) x C([0, T], X;) for the
nonlinear operator

T:(Tl,T2)2CXC—>CXC (525)
defined by
Ti(x,y) = SyHalx,y] + ](; (t- s)q‘qu(t - s)fl(s, x(s), y(s))ds
t
+ f (t = 8)T Tyt — s)o' (s)dB™ (s),
0 t
To(x,y) = SuBBlxyl+ fo (t = YTyt = ) f3(s, X(5), y(s))ds
t
+ f (t = 5)7"'T,(t — 5)0°(s)dB™(s).
0

95



Fractional Stochastic Differential Systems with Nonlocal Conditions 2021-2022

5.3. Existence and Uniqueness Results

Webegin by introducing the following conditions that will be use to obtain our first existence
result.

(H1) There exist nonnegative numbers a; and b; for i € {1, 2} such that

£t (), y(s)) = £1(t, X(5), y(s))I* < anE[(|x = XI)*] + b1 E[(ly = y1)*],
IF2(t x(5), y(s)) = f2(t,%(5), YOIP < aE[(Ix = X)*] + bE[(ly - 91)*],

forallx,y,x, ye Randt € J.
(Hz) There exist positive constants A; and B; for i = 1,2 such that

lalx, y] - aff, FIIP < Asllx - FP + Bally - 71,
IBLx, y1 - BEE, F1IP < Aallx = P + Bally - P,

forallx, y,x,y € R.

Here is our first existence and uniqueness result. Its proof is based on Perov’s fixed point
theorem.

Theorem 5.3.1. Assume that conditions (H1)—(Ha) are satisfied and the matrix
b29-1 qu 1
\/ T@ren” \/ Bi + morarD ]

b29-1 qu 1
\/A2 + Toren® \/BZ + Torarn?

converges to zero. Then the problem (5.1.1) has a unique solution.

M=MV2

Démonstration. We will show that the hypotheses of Perov’s fixed point theorem are satis-
fied. Now

[

&1 = E[IIT: (x(t), (1)) = T (), YEDIF]
< 2E[|S,(t) (alx, y] - al%, 7))

t
+2E fo (= YTyt = 5) (£, %6, y(5)) — £1(5,(5), Fs))) s

2}
and using Lemma Fubini’s stochastic theorem, Holder’s inequality, and conditions
(H1)-(H>), we obtain

g1 < 2M2]E[||a[x, yl - a[iy]nzl

(gM)? rt - ﬂ

MG fo RO RIRCECTO)

< ZMZ]E[”(X[X, y] - a[}[?]”2]

. j

’ Z%E fo |If(s, x(5), y(s)) = £1(s, E(s),?(s))||2 de
(gM)*p*11

(g +1))229 - 1)

< 2M? (Ayllx - %2 + Bully - yI2) + 2 (axllx = XI2 + blly - GI2).
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Hence,
21,291
E1 = BT (), y(8) - TGO, FO)IP] < (2M2A1 + %al) e - B2
2MPpH-

2 -2
* (2M Bt rares - 1)“) Iy = yle.

Similarly, we have

2M2b2q71

= = ElITa(x(t), y() - 2500, Je)IP] < (2M2Az * TR =™

=112
) [lx — ]I
2M2p2-1

* (ZMZBZ TR @ =1

bz) ly - VIl
Therefore,

ITCx, y) - TR Ylic = (l:fr]}z((%,yy))—_ ;;((;g))#cc )

p29-1 b29-1 —
< 2M? (Al taret Pt mre bl] (”x ~ e ) (53.)
A+ morEn® B+ e te) I — Yl

SO

ITCe,y) ~ TG, Pl < M(”x - fllc)_

ly =yl
From Perov’s fixed point theorem (Theorem[5.2.5/above) the mapping T has a unique fixed
point (x, y) € C X C that is a unique solution of problem (5.1.T). ]

We will now give an existence result based on the nonlinear alternative of Leray-Schauder
type. We need the following conditions to obtain our result.

(H3) The functions f! and f? are L'—Carathédory functions.

(Hys) There are constants Ay, By, Ky, Ay, B,, and K; such that

llalx, ]/]”2 < Aﬂlxllé + Bl”]/”é + Ky,
IBLx, y1IP < Asllxl + Ballyl2 + K,

for all x, y € C[0, b]. )
(Hs) There exist functions p, g, h, , 4, h € L' ([0, b], R*) such that

17 x| < po) il + 9 |y +

and ) L
172 & )" < B I + 0 ||y + Ay
foreacht € Jand x, y € C[0, b].
(Hg) The functions ¢ : | — L%(V, Y), i = 1,2, are measurable and there exist constants
& > 0fori=1,2such that:

@ sup [l" &)y ) < &
0<s<b Q
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o0
.. ;1
(i) ) 10°Q% enllig ) < o0

n=1

(iii) Z ||aiQ% &nllw is uniformly convergent for t € [0, b].
n=1

Theorem 5.3.2. Assume that (H3)—(Hg) hold and

M. = max(3M2(A; + By)) < 1,i = 1,2. (5.3.2)
Then problem has at least one solution on J.
Démonstration. It is easy to see that the fixed points of the operator T given in (5.2.5) are

solutions to (5.1.1). In order to apply Theorem we first show that T is completely
continuous. The proof will be given in several steps.

Step 1. T = (T4, T») is continuous. Let (x,, y,) be a sequence such that (x,, y,) = (x,y) € CxC
as n — oo. Then,

E[IIT1(x (), y()) = T1 @ PIF]
¢
E [ Sq(Oalxn, ya] + fo (t- s)‘HTq(t - s)f1 (S, x4(5), yn(s))d(s)

¢
+ f Sqa(H)(t - s)q_qu(t —5)ol(s)dBH(s) - Sq(Haz [x, y]
0

!

f
- fo (t = YT, (¢ = 5)£(5, 6), Ts))d(s)

t
- f Sy(B)(t — 8)T T, (t — s)a (s)dB" (s)
0

Thus,

E[IIT1 (xn (£), ¥ (£)) = Ta (B, y(1)IF]
<2E [”Sq(t) (@l Y] — alF - y])||2]

+21E[

|

I < E[A1llx, — XI* + Billy, — ¥IP1, (5.3.3)

t
fo (£ =8 Tyt = ) (£ (5, 20(8), 1a(6)) = f1(5,X(5), Y(s)) ) ds

=11 +I,.

Applying condition (H>),

and by the Lebesgue dominated convergence theorem, Iy — 0 as n — oo since (X, Yn) —
(x, ). Now using Lemma and Holder’s inequality,

2M2qu 1
r(q)Z(zq 1) [f “f (5, %n(8), () = f1(5, X, A’)Hds (5.3.4)
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Since f! is an L;—Carathédory function, by the Lebesgue dominated convergence theorem,
I, — 0 again since (x,, ¥,) — (¥, y). Similarly,

E[IIT2(xn(£),ya(£)) = T2 (8, v()IP]
<2E [”Sq(t)ﬁ[x”, Yl - 5[97,37]”2]

+21E[

2
]ds

t
[ =919 (76 209, 1) = 15 70, )

=T +h

and againz — 0 for i =1,2. Therefore, T is continuous.

Step 2. T maps bounded sets into bounded sets in C X C. It suffices to show that for any K > 0,
there exists a positive constant | = (I3, I;) such that, for

(xv,y) € Bk ={(x,y) €eCXC:lxlle < K, llylle < K},

we have
IT(x, ylle < L. (5.3.5)

Now for eacht € |,

t
Sy (0l 1+ [ (=97, (065, 36), v
|
t
‘ [ =91 =976 560, s

|

E[| T (x(t), yt)|1 = E [

t
+ f (t =)' T,(t - 5)a'(s)dB" (s)
0

< 3E[||S,()alx, v1|1

+3IE[

|
+31E[ f (t = 5)T T (t - s)o' (s)dB" (s)
0

=1+ o+ 3,
where

j1 = BE[lIS,(Halx, y1I?]
< 3MA(A X2 + Billyllz + K1) = Iy
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by (Hs). Using Holder’s inequality, Lemma and condition (Hs), we see that
t
[ =910 - 976,29, )0
0

T
, 2

3M? t 2 ¢
< (r(q))z (f(; (t - S)q—lds) E [L ||f1(sl x(s), y(S))dSHz]

3M2p2-1 t
= T@re - [ fo (p)llxllc + g(s)llylic + h(s)) ds]

< 3MPE* (Kllpll + Kliglle + 1Al -7
= — 121,
(@) (29 - 1)

and for j3, we use Lemma and condition (Hg) to obtain

j2=3]E[

|
< 3CytAH f |[(t = )T Ty (¢t - S)U(S)Hi‘)Q(VW) ds
; ,

3CHM2 52 b2H+2q+2
T@)>*2g-1)

¢
j3 = 3E [Hfo (t— s)q_qu(t —5)a!(s)dBH(s)

=T,

Therefore, .
IT1% = ENT1(x(t), yONP] < hy + D1 + 131 = 1.

Similarly, we have

ITol = EIIT2x(®), y(O)P] < ha + Lo + Is2 = I,

where
ho = 3MA(AlIxI3 + Ballyli3 + K2),
gst%%%m@m+mmp+Mm)
(T(@)229 - 1) '
and
l~ ~ 3Cy M2 C2b2H+2q+2
2T T@r2g-1)
Hence, holds.

Step 3. T maps bounded sets into equicontinuous sets of C X C. Let Bx be abounded setin CxC
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as in Step 2. Let rq, 1, € J withry <1, and u = (x, y) € Bk. Then,

@1 := E[IIT1(x(r2), y(r2) = T1(x(r), y(ro)IP]
< 3E(5,r2) - 5, )al 1| |

+3]E[

fo 2(’2 = 8)1 71 Ty(r2 = ) f1(5,X(5), y(s))ds

|

- fo (11— 8T (1 — )5, x(9), y()(S)

f (ra — s)q_qu(rz —s5)a'(s)dBH(s)

0

2]

By the strong continuity of S,(t), we see that lim (S,,(rz) - Sq(rl)) (alx,y]) =0. Also, using
12—

Lemma and condition (H,), we have

+3]EH

- f " (r1 = 8)T 1 Ty(r1 — s)a* (s)dB" (s)
0

= k1 +k2 +k3.

ELI(Sy(r2) = Sq(rialx, ylIF] < (Sy(r2) = Sy(r1)) (Axllxdl2 + Ballylz + Kq ) (5.3.6)

By the Lebesgue dominated convergence theorem,
. 2
Jim Ky = 3E[[[(S4(r2) = Sy(r1)alx, y1[[ 1= 0.
Now

ky < 6 H

fo 1(72 = 8)1 Ty (r2 = 5) f1(5,%(5), y(s))ds

|

+ f ’ (r2 = )17 Ty(r2 = 5)f' (5, x(5), y(s))ds

- fo (1= ST — )6, x(5), y()ds

11 2
< 6]E{ f [(r2 = )1 Ty (r2 — ) = (r1 — )7 Ty (r1 — 9)I (5, x(5), y(5))ds ]
0
) 2
+E [ f (rr — s)q‘qu(rz - s)fl(s,x(s), y(s))dBH(s) ]

< k21 + k22.
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Using Lemma[5.2.17) Fubini’s stochastic theorem, Holder’s inequality, and condition (Hs),
ko1 < 6E [(f [(r2 = 8)Ty(r2 —5) — (r1 — 5)1~ 'T, 4(r1 —s)ld ) } [f LF1(s, x(s), y(s))IPPds
2
<6 (f [(r — s)"_qu(rz —-s)—(rn — s)"_qu(rl - s)]ds)
0

X E [ fo POl + g@llle + h(s))zds]

< 6M2[Kipllin + Kligll: + (5]l ]
- I2(q)(q - 2)?

Clearly, the right hand side of the above inequality tends to zero as r, — r{. Hence,

lim ky; = 0. Similarly,
1) 2
f (r2 = )7 Ty(r2 — 5)f (s, x(s), y(s))ds }

12 2 12
< 6( f (2 — $Y1VT, (s - s)ds) E [ f 1166, XG5, y(S)))IIZdS]

By Lemma and condition (Hs),
OMD*1 S [Klplle: + Kllgllys + Illp:]

_ -2 g2
[(ry = )T} +rg —r’i ].

kxn < 6]E[

2-1
2 < @ -1 (2 =)™
SO rlll)l;l k22 =0.
Finally,
ks < 3E [' fﬁ(rz - s)‘i‘qu(rz —5)o!(s)dBH(s)
0
- [ - 9m0a -9 e
0
1) 2
+ f (rp — s)q‘qu(rz —5)o!(s)dBH(s) ],
= ka1 + ks
and
71 2
ks = 6]E[ f ((7’2 —8)1 Ty (ry = 5) = (r1 = 5)1 ' Ty (r1 — S)) a'(s)dB"(s) ]
0

+6]E[

12 2
f (ry — s)q‘qu(rz —5)o'(s)dBH(s) ] .
Using (Hs) and Lemma

k31 < 6CHt2H_1£ Il [(7’2 —s)7! - s)1” 110 (S)”LO (VW)

- 6CHt2H 152M2
- T(@)*2q9-1)

2-1 1 20-1
[q +(r2—r1)241—r2q ]

102



Fractional Stochastic Differential Systems with Nonlocal Conditions 2021-2022

Hence, lim k3; = 0. Similarly,
ro—r11

ks < 6E[

|

12
f (2 = )11 = T(r2 — )0 (5)dB"(s)

< 6CHt2H_1 CzMz(i’z - 7’1)2(7_1
I2(q)(29 - 1)

-0

asr, — r1,s0 lim kz» = 0. Thus,
T—r

lim E [IT(x(r2), y(r2)) = Tx(rs, yra)IF| =

Therefore, the function ¢t — T(x(t), y(t)) is continuous on [0,b], so by the Arzela-Ascoli
theorem, T : Bx — C X C is completely continuous.
2]

Step 4. Solutions are a priori bounded. For t € |, we have

E[llx()I] < 3E[lIS,()alx, ylIF] + E [Hfo (t = )11 Ty(t = 5) £ (5, x(5), y(s))ds

|
+M f (PSENE)IP] + g&ENly(s)I] + () l)d
I2(g)(29 - 1) p(s)E[llx(s q()Ellly(s) s)lds

3M2C t2H+2b 1({;1
()29 - 1)
by (Hs), (Hs), and (Hs)(i).
Similarly,

t
+3E (t =)' T,(t - s)o" (s)dB"(s)
0

< BMP[ALE[||x(8)IP] + BiE[lly()I] + K]

Ellly(®IP] < 3MAAElOIR] + BNy IR + Ki]
§ M f OB+ g EllyE)IR] + s
2@)2q-1) Jo
3M2CHt2H+2b—1é2
I2(g)(29 - 1)

Therefore,
. t
E[llx(®)IP] + E[lly®IF] < M + f(; y(OELx©)IP] + E[llys)IP)ds,

where —

—  3M? Cub? 27 1(&y + &) | P ([l + [IRll)

M=1-m (Kl S 7 R R ST TCY R
and

3M2p?91

70 = om0 1y ) PO+ IO+ 7O +70).
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Hence, by Gronwall’s inequality, there exists M > 0 such that
E[llx()I*] + Ellly(®)I*] < M, forall t € [0,].
Set
U:={(x,y) €CxC:llle < VM+1,lyllc < VM + 1},

and consider the operator T : U — C x C. From the choice of U, there is no (x, y) € dU such
that (x, y) = AT(x, y) for some A € (0,1). As a consequence of Theorem T has a fixed
point (x, ¥) in U that in turn is a solution of the problem (5.1.1). m]

We conclude this paper with an example of our results.

Example 5.3.3. Consider the partial neutral stochastic functional differential system

du(t, &) + Fu(t, &) = F(t,u(t, &), 0(t, &) +o() L=, te[0,b], 0<&<T,

dar
do(t, &) + Z50(t, &) = G(t, u(t, &), 0(t, &) + o() -, te0,b] 0<E<T,
u(t,0) = u(t,m) =0, t € [0,b], (53.7)
U(t, 0) = U(t, n) =0, te [0/ b]/
uw(©,&) = [ k(& y)x(t, y)dy, 0<ésm,
0(0,&) = [, v"k(E, 2)y(t, x)dx, 0<&<m,

where BH denotes a fractional Brownian motion, and G, F : [0,b]] x RX R — R and
k:[0,b] X [0, 1] = R are continuous functions. Let

x(D)(&) = u(t, &), y(t)(&) =v(t, &), <e€l0,n],
[ x(®), y())(&) = F(t,u(t, &),0(t, &),  &€[0,7],
gt x(t), y())(&) = G(t, u(t, &), v(t, &), & €[0,7]

for all t € J. Take K = H = L*([0, 7t]) and define the operator A by Au = u” with domain
DA)={ueH :u',u" € H and u(0) = u(n) = 0}.

Then, it is well known that

Az = —Ze’”zt (z,en)en, z€H,
n=1
and A is the infinitesimal generator of an analytic semigroup {S(t)};-0 on H given by

(s8]

S(Hu = Zefnzt (u,e,)e,, ueH,

n=1

and e,(u) = (2/nm)?sin(nu), n = 1,2,---, is the orthogonal set of eigenvectors of A. The
analytic semigroup {S(t)}~0, t € ], is compact, and there exists a constant M > 1 such that
IS(H)II? < M. Thus, problem (5.3.7) can be written in the abstract form

dx(t) = [Aix(t) + f(t, x, y))dt + o' ()dBH(t), te]:=[0,Tl,
dy(t) = [Aay(t) + g(t, x, y)ldt + a*()dB"(t), te]:=[0,T],
x(0) = alx, ],
y(0) = Blx, yl.
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We now take
to

1+ u?+0?

flt,u,0) =

which are clearly are continuous functions and note that

m and g(t, u, U) =

|f(t, u,0)I* < blul* and |g(t, u, v)I* < blv].
Hence, conditions (H3), (Hs), and (Hg) hold. If we assume that there exist
a(u,v) = f k(& y)u(t, y)dy and B(u,v) = f k(&, x)v(t, x)dx
0 0

satisfying condition (H,), then we can apply Theorem to see that the problem (5.3.7)
has a unique solution on [0, b] X [0, 7t].
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