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Abstract

This thesis deals with interconnections between composition, structure and properties,
in materials like perovskites and alloys. Our investigation has been based on the bulk
materials such as SrTiO3, LaCoO3, BiCoO3, and inverse perovskites RRh3C. We have
presented a theoretical study of selected solids using ab inition methods based on the
density functional theory (DFT).
This thesis is subdivided into three major works. The first work is entitled “Defect in
Perovskite: SrTiO3−x”, the second work is entitled “Perovskite alloy: Bi1xLaxCoO3” and
the third work is entitled “Anti Perovskites : RRh3C”. The main results of the thesis are:

• In the first work, we have performed a detailed investigation of the structural and
electronic properties of single and double oxygen vacancy defects in bulk SrTiO3

using first principles LDA method. Removal of one oxygen atom from the lattice
reduces two Ti4+ to Ti3+ and replaces two octahedra with two square-pyramids.
The similarity of t2g orbitals (xy, xz, yz) in the defect wavefunction of all Ti atoms
of the supercell confirms the existence of an ionic conductivity in the SrTiO3x.
However, the contribution of deep eg (3z2 − r2) in defect wavefunction confirms
the electronic conductivity. SrTiO3 is thus considered a mixed electronic-ionic
conductor.

• In the second work, using the first-principles DFT method and LSDA+U calcula-
tions, we have performed a detailed investigation on the structural and magnetic
ground states of strongly correlated perovskites, BiCoO3, LaCoO3 and their alloys
Bi1−xLaxCoO3.
We have found that the structural stability of this alloy between tetragonal-AFM-C
and rhombohedral-NM undergoes a strongly discontinuous transition between a
Tetragonal-phase and a Rhombohedral-phase at x ≃ 0.345, this structural transition
is associated with a spin state transition from HS magnetic state to LS nonmagnetic
state.
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• In the last work, we have performed the first-principles DFT calculations for in-
termetallic antiperovskites (inverse perovskites) RRh3C (R = rare earth: La-Gd)
compounds.
From the calculated band structures, densities of states and valence charge densities,
the hybridization between d − t2g of Rh ion and p − px, py of C atom creates a
covalent bonding. Also, the d orbital (electron) of Rh creates the Rh-C bonding
with C atom, and other electrons participate to metallic bonding with rare earth
atoms. This particular result is absent in the conventional perovskites materials
which make the properties of antiperovskites different.

Keywords: density functional theory, electronic structure, LSDA+U, perovskite struc-
ture, phase transition, structural stability, magnetic structure.



Résumé

Cette thèse étude la relation entre la composition, la structure et les propriétés, dans
les matériaux pérovskites et leurs alliages. Notre recherche a été basée sur les composés
pérovskites parents SrTiO3, LaCoO3, BiCoO3 et les pérovskites inverse RRh3C (R: Terre
rare).
Nous avons présenté une étude théorique sur les matériaux solides choisis à l’aide d’une
méthode ab initio basée sur la théorie de la fonctionnelle de la densité (DFT).
Cette thèse est subdivisée en trois travaux majeurs. Le premier travail est intitulé
“Les défauts dans les pérovskites: SrTiO3−x”; le second travail est intitulé “L’alliage
pérovskite: Bi1−xLaxCoO3”; et le troisième travail est intitulé “Anti-pérovskites: RRh3C”.
Les principaux résultats de la thèse sont:

• Dans la première investigation, nous avons effectué une étude détaillée de propriétés
structurales et électroniques du composé en bulk SrTiO3; ainsi que les propriétés
de défauts lacunaires monoatomique et diatomique du SrTiO3−x en utilisant la
méthode de premier principe LDA. La suppression d’un atome d’oxygène dans la
maille conventionnelle fait réduire la valence de titane du Ti4+ à Ti3+ et remplace
deux octaèdres avec deux pyramides carrés. La similarité des orbitales t2g(xy, xz, yz)
de la fonction d’onde du défaut avec tous les atomes de Ti dans la supercellule
confirme l’existence d’une conductivité ionique dans le SrTiO3−x. Cependant, la
contribution des états profonds eg(3z2 − r2) dans la fonction d’onde du défaut
confirme la conductivité électronique. Le SrTiO3−x est donc considéré comme étant
un conducteur mixte “électronique-ionique”.

• Dans le second travail, en utilisant la méthode de premier principe DFT et le calcul
LSDA+U, nous avons effectué une investigation approfondie de l’état fondamental
structurale et magnétique des pérovskites fortement corrélés BiCoO3, LaCoO3 et
leurs alliages Bi1−xLaxCoO3.
Dans la stabilité structurale de l’alliage, nous avons trouvé une transition fortement
discontinue entre la phase quadratique et la phase rhomboédrique à x = 0, 345.
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Cette transition structurale est associée à une transition magnétique de l’état
magnétique HS à l’état non-magnétique LS.

• Dans le dernier travail, nous avons effectué un calcul DFT pour des composés
intermétalliques anti-pérovskites (perovskites inverses) RRh3C (R = terre rare:
La-Gd).
A travers le calcul de la structure de bande, la densité d’états et la densité de charge
de valence, nous avons trouvé qu’une liaison covalente a été crée par l’hybridation
entre l’orbitale t2g de l’atome Rh et les états p − px, py du carbon. En outre,
l’orbitale d de Rh (electron) créé avec l’atome C une liaison covalente Rh-C et
les autre électrons de cette orbitale participent à la liaison métallique avec les
atomes de terre rares. Ce caractère particulier est absent dans les pérovskites
conventionnelles, ce qui rend les propriétés des anti-pérovskites différentes.

Mots-clés: Théorie de la fonctionnelle de la densité, structure électronique, LSDA+U,
structure pérovskite, transition de phase, stabilité structurale, structure magnétique.
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Chapter 1

Introduction

Since its theoretical foundation in the mid-1960’s [13, 14], Density Functional Theory
(DFT) is being used in computational solid state physics to calculate structural, magnetic
and ground state properties of real materials from first principle1.
In this thesis we will use Density Functional Theory to study different perovskites mate-
rials. A short introduction for each subject is given here, a more elaborated one at the
beginning of the respective chapters.
The first study is devoted to oxygen vacancies in SrTiO3 with different concentrations by
means of first-principles simulations. These types of point defect represent very common
imperfections in ABO3-type perovskite oxides diversifying their chemistry and leading to
a broad range of possible technological applications.
Our first step was to examine basic properties of perfect SrTiO3 crystals. Afford signifi-
cant insight into the electronic properties and chemical bonding of SrTiO3 and give several
predictions about the perfect SrTiO3, we have examined these properties, especially
around the Fermi level, to clarify the picture of this system in the non-stoichiometric
cases.
We also investigated the electronic structure and nature of bonding around the oxygen
vacancies in the next step. We have used a supercell model to calculate the band structure,
the incorporation of one or two oxygen vacancies in supercell gives rise to variety of
unique density of state functions depending on the distribution of defects in the supercell.
Metallic behavior is thus predicted in every case.
SrTiO3 is one of the simplest perovskite, it’s a perfect ionic perovskite due to total filled
shell (this so called d0 perovskites).

1Reference text: Veerle Vanhoof’s thesis, “Density Functional Theory Studies for Transition Metals:
Small (Fe,Co)-clusters in fcc Ag, and the Spin Density Wave in bcc Chromium.”, Katholieke university
Leuven (2006).



2 Introduction

When we substitute the alkali metal (A-cation) with a large size atom such as rare earths;
and so, the B-cation by a magnetic atom such as transition metals, the situation becomes
complicated, and these complicated properties reveal to an exciting phenomena.
In our second study, we have investigated strongly correlated materials, BiCoO3 and
LaCoO3, where we have encountered new effects in perovskites.
In this part, we seek the origin of the giant tetragonal FE distortion in the ambient
phase of BiCoO3 and identify the nature of the La-substitution-induced spin-state transi-
tion, using local density approximation plus Hubbard U (LSDA+U ) calculations. Our
results show that the structural stability of this alloy between tetragonal-AFM-C and
rhombohedral-NM undergoes a strongly discontinuous transition between a Tetragonal-
phase and a Rhombohedral-phase at x ≃ 0.345, this structural transition is associated
with a spin state transition from HS magnetic state to LS nonmagnetic state, these tran-
sitions are mainly due to the changes in different effects such as, crystal field, Jahn-Teller,
and lone pair effects.
On the other hand, BO6 cluster plays a crucial role in perovskites, a change in this
environment structure, making the material totally different. One of these cases the
so-called inverse perovskite (anti-perovskite).
Intermetallic antiperovskites closely related to MgCNi3 are therefore subject to inves-
tigations, both in the search for new superconductors and in the pursuit of a better
understanding of the interplay between superconductivity and magnetism. It was sug-
gested that carbon-containing antiperovskites may be good candidates.
Systematic investigation of the synthesis and fundamental properties of nonoxide perovskite-
type compounds is necessary. The ternary carbides of rare-earth metal R-Rh-C system
have also received considerable attention in the superconductivity and magnetism field.
So, most interest is limited to the synthesization and structural analysis and the absence
in the literature of any information about the ab-initio electronic and magnetic structure
of these compounds has led us to study these new materials. And for comparison with
Ref. [12], the magnetic stability of RRh3C compounds for R = La, Ce, Pr, Nd, Pm, Sm,
Eu, and Gd is studied.
Otherwise, the choice of the method used in this thesis is based on some basis. The
“homogeneous electron gas” ansatz fails if one wants to describe strongly correlated
perovskites, e.g. consider transition metal oxides as LaCoO3, or BiCoO3. In those
compounds a strong coulomb repulsion in the incompletely screened d states exists,
which is neither included in LSDA nor in GGA. Thence a metallic behaviour is obtained,
while experiments verify Mott insulators. The inclusion of local Coulomb repulsion
remedies this discrepancy between theory and experiment. This method is known as the
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LSDA+U approach. This method, however, is strongly dependents on the choice of the
interaction parameters which sometimes have been evaluated using ab-initio (constrained)
calculations. Anyway, no general procedure is well established to calculate these effective
interaction parameters entering the theory and this situation is also reflected in the
LSDA+U-like approaches. In fact, the few method which have been proposed to extract
the effective electronic interactions from first principle (constrained) calculations [15], did
not give very reliable results, so that their value is usually determined by seeking a good
agreement of the calculated properties with the experimental results in a semiempirical
way.
This thesis is organized as follows:
Firstly, in chapter 2 some definitions and notations of crystallography are outlined. The
aim here is to introduce the models used for the study of the bulk of the materials
investigated during this thesis.
Chapter 3 is divided in two principle sections. In the first section we outline the basic
foundations of the ground-state density functional theory. We introduce the Hohenberg-
Kohn theorem and the Kohn-Sham equations and finally we describe superficially the
main approximations for the exchange-correlation functional. In the second section we
highlight in detail the main computational method FP-LAWP+lo used in our simulations
and the numerical parameters used during the whole thesis.
In chapter 4 a current knowledge of material perovskites properties is briefly presented.
Chapter 5 shows a detail investigation of the electronic structure and nature of bonding
around the oxygen vacancies in SrTiO3.
Chapter 6 is divided in three parts; at first, we have Studied in detail the electronic
structure and magnetic stability of each parent (BiCoO3 and LaCoO3). Secondly, we
have compared both materials in both structures (tetragonal and rhombohedric). Finally,
we have carried out a detailed study about Bi1−xLaxCoO3 alloy in both structures, in
order to identify a magneto-structural transition.
In the end, chapter 7 presents the results of a systematic study by means of the full-
potential linearized augmented planewave (FLAPW) method of newly synthesized non-
oxide antiperovskites RRh3C (R = rare earth: La-Gd) and discuss the trends in their
structural, electronic and magnetic properties depending on the rare earth cations.





Chapter 2

Backgrounds

2.1 Crystalline Solids
In the first part of this chapter1, some definitions and notations of crystallography are
outlined. The aim here is to introduce the models used for the study of the bulk of
the materials investigated during this thesis. It should be noted that this discussion is
limited to crystalline solids.

2.1.1 Crystal Lattices

A crystal lattice is a mathematical concept, which can be described as an infinite pattern
of points, each of which has the same surroundings in the same orientation. In 3-
dimensions, if any lattice point is chosen to be the origin, the position of any other lattice
point can be defined by the vector T⃗ such that:

T⃗ = ma⃗+ n⃗b+ pc⃗ (2.1)

where a⃗, b⃗ and c⃗ are vectors often known as basis vectors, which form a parallelepiped
that defines the unit cell of the lattice. These vectors describe the length of each side of
the unit cell (a0, b0 and c0) and, together with the angles between them, are collectively
known as the unit cell parameters. These angles are called α, β and γ, where α lies
between b⃗ and c⃗, β lies between a⃗ and c⃗ and γ lies between a⃗ and b⃗. The unit cell is not
a unique entity, it is chosen conveniently to reveal a crystal’s underlying symmetry. In
Equation 2.1, m, n and p are any rational numbers.
There are 14 possible lattices (in 3-dimensions) which are known as Bravais lattices (or
sometimes direct lattices). These have been illustrated in Figure 2.1.

1Reference text: Thesis of Mark Robert Michel, “Electronic Structure Study of Copper-containing
Perovskites”, University College London (2010)
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Figure 2.1: The Bravais lattices. - The a, b and c directions are as shown in the
Triclinic case. Image adapted from Ref [16].
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There are 7 different classes of a, b, c, α, β and γ that are needed to define all of the
Bravais lattices. These are labelled in Figure 2.1.
The Bravais lattices are further denoted by the number of lattice points contained in a
unit cell. The simplest is known as the primitive lattice and is denoted as P in Figure
2.1. This is the smallest type of unit cell and the only one which contains only one
lattice point. A unit cell that contains lattice points in the corner and in the center of
the cell (2 lattice points) is known as body-centered unit cell and is labelled I. A unit
cell containing lattice points in the center of each its faces (4 lattices points) is called
a face-centered unit cell and is labelled F. There are also unit cells containing a lattice
point on one of the face centers which is called A-face centered if the faces cut the a-axes,
B-face centered if the faces cut the b-axes and C-face centered if the faces cut the c-axes.

2.1.2 Crystal Structures

The Bravais lattices allow any crystal structure to be built by positioning one or more
atoms on each lattice point. The atom or atoms that sit on each lattice point are usually
called the basis or the motif. This is the smallest fragment of the crystal structure that,
when repeated, can create the whole structure. The motif, for example, could be an atom
or a molecule. Therefore, a crystal structure is formed of both a lattice and a basis. It is
important to note here the distinction between the crystal lattice and crystal structure.
A crystal lattice is simply a lattice of points in space formed by repeating units, a purely
mathematical concept. The crystal structure is formed by placing a basis down on each
point of a lattice. An identical arrangement and orientation of the basis is found at each
lattice point. Hence the crystal is formed by repeating the basis in space according to a
given Bravais lattice[17].
The axes used to describe the crystal structure are the same as those outlined so far.
The position of an atom within the unit cell can be described by fractional coordinates.
These provide a position which is a fraction (in each direction) of the unit cell lengths,
a0, b0 and c0. So for example if we have an Oxygen atom at position (1/2, 1/2, 1/2) it is
located halfway along the a axis, halfway along the b axis and halfway along the c axis,
i.e. it is located in the center of the unit cell[18].
So far, we have seen how a unit cell can be constructed from one of fourteen different
Bravais lattices by adding an atom or a set of atoms to each lattice point known as a
basis. An entire crystal structure can then be constructed by repeating this unit cell in
3-dimensions. Therefore, one can build a crystalline system by defining the unit cell type
(e.g. Tetragonal), the unit cell parameters (a0, b0, c0, α, β and γ) and the fractional
positions of all the unit cell atoms.



8 Backgrounds

We will now see how there are several symmetry operations available which lead to the
existence of a finite number of classes known as point and space groups.

2.1.3 Symmetry, Point Groups and Space Groups

A solid, such as a crystal structure, can be classified in terms of the collection of
symmetry elements that can be attributed to the given shape. Its internal symmetry can
be described by the combination of axes of rotation and mirror planes. It is a collection
of such symmetry operations, applied to a point in space (leaving one point fixed), that
is given the name of a point group. The various possible symmetry elements under
consideration are inversion center, reflection plane, rotation axis and rotation-inversion
axis. It should be noted that translation plays no part here since it does not leave
one point fixed. The combination of these symmetry elements leads to 32 possible
crystallographic point groups.
As aforementioned, one can place a basis of atoms or molecules on the points of a Bravais
lattice. It follows that adding these introduces more and more possible combinations
of symmetry operations. The number of possible Bravais lattices, together with the
various point groups, give a total of 230 different space groups. That is to say that
by considering the combinations of the 32 point groups, the screw axes (simultaneous
rotation and translation), glide planes (combination of a reflection and a translation in
a plane) and the different Bravais lattices we arrive at 230 space groups. We can then
attribute a particular real crystal to one of these space groups. Each group is represented
by a combination of numbers, letters and symbols which are chosen to represent the
symmetry elements of the structure[19].
The space group provides much information about a system including the type of unit
cell and all or some of the fractional coordinates of the atoms in the cell. To fully build
the crystal structure one must additionally known the type of atoms within the cell, the
unit cell parameters and the fractional coordinates of the atoms that are not fixed by
the space group symmetry.

2.1.4 Miller Indices

The facets and internal planes through a crystal lattice or structure can be described
by Miller Indices. If a unit cell of a crystal is defined by vectors a⃗, b⃗ and c⃗, then any
crystal plane that intercepts the axes proportional to a⃗/h, b⃗/k and c⃗/l respectively is
denoted by its Miller indices (hkl). These indices describe not just one plane, but all
parallel planes. The values of h, k and l are multiples of the unit cell lattice parameters,
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a0, b0 and c0. Therefore, the set of planes which lie parallel to the unit cell edge is given
the relevant h, k or l value zero. Some examples of these Miller indices are the 001, 110
and 111 planes which are illustrated in Figure 2.2. The 001 indices represent the set of
planes that lie parallel to the a-axes and b-axes and intersect the unit cell at position 1c.
Planes cutting the a-axes and b-axis at 1a and 1b are the 110 planes, and planes cutting
the a-axes, b-axes and c-axes at 1a 1b and 1c are called the 111 planes. Indices of higher
multiples of the axes exist, for example, the 122 planes will cut the unit cell edges at 1a,
1/2b and 1/2c.

Figure 2.2: Miller indices. - Examples of some Miller indices of lattice planes a) 001,
b) 110 and c) 111.

2.1.5 Reciprocal Lattice and Reciprocal Space

For each Bravais lattice, a corresponding reciprocal lattice may be postulated which
possesses the same symmetry. Where the Bravais lattice may be described as existing in
real space, the reciprocal lattice exists in reciprocal space. This idea was created in order
to simplify the process of describing the physical properties of many systems.
To derive the reciprocal lattice we define new lattice vectors a⃗∗, b⃗∗, c⃗∗ whose directions
are perpendicular to the end faces of the Bravais lattice unit cell. The lengths of these
new lattice vectors are the inverse of the perpendicular distance from the lattice origin to
the end faces of the Bravais lattice unit cell. The reciprocal lattice points are associated
with a set of planes described by the Miller indices (hkl). The position of the (hkl) spot in
the reciprocal lattice is related to the orientation of these planes and the spacing between
them, dhkl. In fact the lengths of the vectors of the reciprocal space can be written as:

a∗ = 1
d100

, b∗ = 1
d010

, c∗ = 1
d001

, (2.2)
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For example, the cubic, tetragonal and orthorhombic lattices are equivalent to:

a∗ = 1
a0
, b∗ = 1

b0
, c∗ = 1

c0
, (2.3)

For crystals possessing different symmetries the relationship between the Bravais and
reciprocal lattice is more complex. The important point to note is that the use of reciprocal
space allows the physical properties of many systems to be more easily described.
Just as the Bravais lattices have primitive cells, there is also a primitive cell of a given
reciprocal lattice. This is called the first Brillouin zone.

2.1.6 K-Points and the Brillouin Zone

In order to understand the concepts of the next chapter it is convenient to introduce the
concept of k-points here. There are an infinite number of k-points in the Brillouin zone.
Electronic structure calculations performed on crystalline solids require the evaluation of
integrals over the Brillouin zone, that cannot be performed analytically. This problem
is overcome by the fact that k-points that are sufficiently close together contain similar
information; we can therefore replace the integration with a summation over a finite
number of k-points. The amount of points required to obtain converged properties will
depend on the size and nature of the system. For example, metallic systems tend to
require more k-points (to capture the shape of the Fermi surface properly) than a large
band-gap insulator. A common recipe for choosing the number of k-points was that
developed by Monkhorst and Pack[20], which is particularly well suited for metallic
systems, but is applied more generally to all crystalline solids.

2.1.7 Modeling Solids and Bulk Calculations

We have now seen how a crystalline solid can be constructed by applying translational
and point symmetry operations to a finite number of atoms describing its unit cell.
During this thesis we have been interested in studying bulk materials. Let us now discuss
how this can be done in practice by making use of the concept of periodic boundary
conditions (PBC). For the majority of this thesis, calculations were performed on the
bulk properties of materials; an explicit description of each atom of a typical solid would
involve calculations on a large amount of atoms, of the order of Avogadro’s number
(∼ 6 × 1023). Calculations on this scale are clearly not computationally feasible. We also
have the issue of surface effects. Unless the chosen bulk size is adequately large (too large
to simulate) the ratio between the number of surface atoms and total number of atoms
would be large enough to cause surface effects to be more important than they should.
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These problems are overcome by the application of periodic boundary conditions (PBC)
which enable crystalline solids to be characterized in a more manageable way. In this way
a unit cell is chosen including the minimal number of atoms which contains the whole
symmetry of the system. This is used with the lattice vectors indicating the size of the
unit cell and the direction of replication to reproduce an infinite crystalline structure.
This cell is able to interact with an infinite lattice of identical image cells surrounding it
in each Cartesian direction. Any movement or action from an atom in the main cell is
replicated precisely by the equivalent atoms in the surrounding ‘image’ cells. Here we
have a situation where each particle interacts, not only with other particles in its cell
but with their images in nearby cells. This is advantageous as information about the
atoms in each cell do not need to be stored. It is only necessary to store information
on the molecules in the unit cell. If an atom were to leave the cell there would be an
equivalent atom entering from the opposite side. Therefore the entire solid is reproduced
by just repeating this unit cell in all Cartesian directions.

2.1.8 Magnetic Structures

Magnetic order in bulk materials can have a large effect on the crystal structure. Let
us therefore discuss magnetism and how it is incorporated into the crystallographic
structures discussed above.
It is possible to occupy positions of a crystal lattice with any element, some of which may
contain unpaired electrons. As a result of the spin on these atoms we are presented with
the phenomenon of magnetism where each atom has a magnetic dipole associated with
it. These dipoles can exist with different alignments such as paramagnetic, ferrimagnetic,
ferromagnetic (FM) or anti-ferromagnetic (AFM)[21]. Paramagnetic compounds have
magnetic dipoles which are completely unaligned in random directions. A ferromagnetic
structure is one that undergoes a phase transition from a high temperature phase that
does not have a macroscopic moment to a low temperature phase that has a spontaneous
magnetization. This spontaneous magnetization remains even in the absence of an
applied magnetic field. This is due the randomly aligned magnetic dipole moments of
the atoms in the paramagnetic high temperature phase tending to line up in the same
direction. This is shown in Figure 2.3 along with two other possible orderings, AFM and
ferrimagnetic. Ferromagnetism has been successfully rationalized by two theories, the
Curie-Weiss localized-moment theory[22] and the Stoner band theory of magnetism[23].
Weiss proposed that a molecular field” acts to align magnetic moments and we now
understand this to be the quantum mechanical exchange energy (see Chapter 3) which
causes electrons with parallel spins (and therefore with parallel magnetic moments)



12 Backgrounds

to have a lower energy than electrons with anti-parallel spins. It is below a cut-off
temperature known as the Curie temperature, Tc, that the molecular field of a material
is so strong that it remains magnetized even in the absence of an applied magnetic field
(the analogous cut-off for AFM materials is known as the Neel temperature, TN , i.e. the
temperature above which an AFM material becomes paramagnetic).
In an AFM structure the magnetic dipole moments of the atoms are ordered anti-parallel
to one another. This leads to a net zero magnetization and hence they are not as sought
after for technological applications. There can often be more than one type of AFM
arrangement available to a structure. For example, the magnetic dipoles can alternate in
direction along the 111, 110 or 001 planes. Ferrimagnets are similar to AFM materials in
that the dipoles align antiparallel. The difference is that in a Ferrimagnet some of the
dipole moments are larger than others so the material has a net overall magnetization;
hence these can be useful for device implementation.
When describing an AFM structure it is not always possible to use the same unit cell as
used for an isostructural paramagnetic or diamagnetic unit cell. For example if there are
three magnetic ions in a unit cell it is not possible to have an equal number of spin up
and down ions. Therefore a multiple cell must be created. In this example a double unit
cell is the best solution from a computational point of view where the cell is doubled
along one direction. This allows for three alpha and three beta spin and hence a proper
AFM magnetic structure. .

2.2 Physics and Chemistry of Solids

2.2.1 Introduction

Before we can hope to construct models of materials, we need to be able to understand
their chemistry. The second part of this chapter2 is intended to outline the three most
pertinent examples of phenomena in physical chemistry that will be relevant to our
modeling of material systems. The first is a set of laws from atomic physics, called
Hund’s rules which determine the electronic configuration of the ground state of atoms.
Since we will be working with crystalline materials, it is unreasonable to expect these
laws to survive. Surprisingly, most of them do, but the crystalline environment has its
own set of energy scales which compete with Hund’s rules. The energy of the crystal
field interaction is enough to beat some of the energy scales set by Hund’s rules. These

2Reference text: Thesis of M.I. Brammall, “Stoner Criteria in Transition Metal Oxides and Heavy
Fermions”, School of Physics and Astronomy, University of Birmingham (2011)
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Figure 2.3: Magnetic Structures. - Example of the possible ordering of dipoles in
magnetic structures. Image adapted from Ref. [24].
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are the crystal field levels, and divide our space of orbitals into a set of irreducible
representations of the symmetry group of the crystal. In most of the examples we look
at, the crystallographic point group will be the cubic group, usually written as Oh.
Since we will discuss mostly problems of orbital ordering, we will have occasion to refer
to the Jahn-Teller effect. This is an effect that lifts the degeneracy of electronic levels by
causing an orbital ordering to distort the crystal. Jahn and Teller demonstrated that a
non-linear molecule with degeneracy would distort to remove the degeneracy. Orbital
ordering is the typical mechanism for this lifting of degeneracy, and so the Jahn-Teller
effect is relevant to us.

2.2.2 Hund’s Rules

Hund’s rules are derived purely from phenomenological considerations[25]. They are
rules for determining the configuration of the spin and orbital angular momentum of
electrons in an atom possessing an incomplete degenerate outer shell. Some of the rules
survive when we consider molecules in a crystalline environment, and a discussion of this
will follow this section.
Hund’s rules form a hierarchy for determining the spin and orbital ground-state configu-
rations of the atoms. We list the rules in order here:

1. The total spin S should be maximal.

2. The orbital angular momentum L should be maximal, with constraints provided
by the first rule and Pauli exclusion.

3. The total angular momentum J should be |L − S| for less than half-filled shells,
and |L+ S| for more than half-filled shells.

We may be concerned about applying Hund’s rule to a solid where there is a lower degree
of symmetry than that of an atom in free space. However, some of Hund’s rules can
survive and be relevant in solids. This is due to the relatively high-energy scale for the
first rule, and the slightly lower energy scale for the second rule.
Even though the rules are empirical in nature, there is some justification on a theoretical
level for their existence, which we discuss here, along with some implications.

2.2.2.1 The First Rule

The largest relevant atomic physics energy arises from exchange. Due to the Pauli
principle, when two electrons have parallel spins they must have an antisymmetric spatial
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wavefunction, whereas when the electrons have an antisymmetric spin wavefunction then
they must have a symmetric spatial wavefunction. We express this by

Ψ(r1, r2, ...., rn) = Ψ(rσ(1), rσ(2), ...., rσ(n)) (2.4)

for the symmetric case and

Ψ(r1, r2, ...., rn) = sgn(σ)Ψ(rσ(1), rσ(2), ...., rσ(n)) (2.5)

where σ(i) is a permutation of the ith-coordinate, and sgn(σ) is the sign of the permutation,
with +1 corresponding to even permutations and -1 to odd permutations.
Since the electron-electron interaction takes the form∫

d3r1

∫
d3r2|ψ(r1, r2)|2

e2

|r1 − r2|
(2.6)

the wave function for parallel spins has a lower energy as it vanishes where the interaction
is maximal. This interaction leads to Hund’s first rule which is that the total spin of an
open shell is maximal.

2.2.2.2 The Second Rule

The next most important energy scale controls the choice of orbitals and competes
directly with the crystal-field energy scale in transition metals. The physical source of
the energy is again electrostatic. A classical explanation is that electrons orbiting an
atom are less likely to meet if the electrons orbit the atom in the same sense. Hund’s
second rule is thus that the orbital angular momentum is maximized, subject to the
restriction of Fermi statistics.
The second Hund’s rule aligning the orbital angular momentum is on a similar energy
scale to the spin energy but is a fraction of it. Subject to crystal-field splitting interfering
with Hund’s second rule, the orbital angular momentum is quenched in transition metals.
The rare earth elements, on the other hand, have such localized f-electrons that often
the third Hund’s rule is also observed.

2.2.2.3 The Third Rule

The third Hund’s rule originates from relativistic effects and is usually small. The effect
is to induce a coupling between an electron’s spin and its orbital angular momentum,
also called spin-orbit coupling. The result is that for the first half of the shell the total
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spin and total angular momentum are anti-parallel, whereas for the second half they are
parallel.

j = |l − s|, n < M

j = l + s, n > M (2.7)

For Ce the spin-orbit coupling energy is around 0.25 eV and for Yb the spin-orbit energy
is of the order of 1 eV. In comparison transition metals typically have spin-orbit couplings
of around 0.1 eV.
It is important to realize that the role of the crystal field in the rare-earths is not to
stabilize the cubic harmonics, but is more subtle. The spin-orbit effects win and so we
cannot separate the spin from the orbital angular momentum. It is the different rather
more complicated jz states which are split by the crystal field.

2.2.3 Crystal Field Theory

In a spherically symmetric atom, the orbitals within a given shell are energetically
degenerate, as discussed above. In a crystalline environment, we cannot expect this
degeneracy to be present. The breaking of this symmetry is the subject of crystal field
theory. It was developed in 1929 by Hans Bethe[26]. The basic idea is that electrons in
a crystalline environment are effected by the electrostatic field of the surrounding ions.
This electrostatic field is called the crystal field. The origin of the splitting originates from
the anisotropic charge distribution of the orbitals, and hence of the charge distribution.
For a simple example, consider a transition metal oxide with a perovskite crystal structure.
We restrict attention to the active L = 2 d-shell. In the x̂2 − ŷ2 and 3ẑ2 − r̂2 orbitals, the
orbitals will point directly at the oxygen anions, and therefore will experience a strong
coulombic repulsion. The x̂ŷ, ŷẑ, and ẑx̂ orbitals, however, point in between the oxygen
anions, and so will experience less coulomb repulsion. There is therefore an energetic
difference between these sets of orbitals, and we have lost the 5-fold orbital degeneracy.
We now have a set of three degenerate orbitals and a set of two degenerate orbitals with
a splitting between the two.
In this section, we will develop these ideas more concretely. The splitting of the levels is
determined by the representations of the group of symmetries of the crystal. The levels
are grouped according to irreducible representations of the point group of the crystal.
Group theory can only tell us the splittings of the orbitals, and not the energetics so we
are unable to determine the sequence of the levels. An alternative is to look at inelastic
neutron scattering data, and this is often used when using group theoretic methods
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become complicated. This happens quickly for f-electron systems.
There is a systematic nomenclature for labelling point groups which is used throughout
the literature, and that is Mulliken symbols. There is an account of the nomenclature
in the book [27] by for the reader who is curious of the meaning of these symbols. For
our purposes, there are only two irreducible representations of groups of interest. That
is the t2g and eg irreducible representations of the cubic group. The L = 2 d-orbitals
form a five dimensional vector space, while the order of the cubic group is 48. Since
the dimension of an irreducible representation of a finite group must divide the order of
the group, we find that the five dimensional d-orbital vector space decomposes into an
irreducible doublet representation and an irreducible triplet representation.
Take as an example LaMnO3. The crystal structure is perovskite. There is a octahedron
of oxygen atoms surrounding every manganese atom. The platonic dual to an octahedron
is a cube, and so the octahedral group is isomorphic to the cubic group, and hence their
irreducible representations will be isomorphic. The t2g and eg representations of these
groups are thus identical, and we can talk of the same orbitals in the representations.
The story does not end here. There are also weak and strong crystal field splittings. In
the weak case, the high-spin state is realized where, taking the case of cubic splittings
for d-orbitals, the t2g sector is half-filled first, then the eg sector is half-filled. This is
repeated for the next half.
For the strong-field case, the low-spin state is realized. Following the last example, the
t2g sector is completely filled, and then the eg sector is filled. For the 3d elements, the
former situation is realized up to cobalt, and the latter for the elements past cobalt.
Cobalt containing compounds are interesting, since both situations can be realized.

2.2.4 The Jahn-Teller Effect

If we consider a set of orbitals lying in a shell, say the d-orbitals, then we expect the
orbitals to be split by a crystal field, which depends on the symmetry of the crystalline
environment. In the case of d-orbitals in a cubic environment, we have splittings into
the t2g and eg representations. If we consider the motion of a hole in an otherwise filled
d-shell in a cubic environment, say Cu2+, then there will be a degeneracy in the orbital
ground state between the x̂2 − ŷ2 orbital and the 3ẑ2 − r̂2 orbital, providing there is no
further lifting of the degeneracy. However, Jahn and Teller [[28], [29]] formulated and
proved a theorem which describes when a further lifting of the degeneracy is energetically
favorable.
The problem of the lifting of the orbital degeneracy was first tackled by Landau with
phenomenological arguments. He argued that the ordering of orbitals will induce a
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distortion of the crystal, and this distortion of the crystal will cost an energy E1 ∝ α(δz)2,
for some energy scale α and distortion δd. This will induce a splitting between the 3ẑ2 − r̂2

and the x̂2 − ŷ2 orbital. It is then energetically favorable for two electrons to lie in the
3ẑ2 − r̂2 orbital than the x̂2 − ŷ2 orbital which gains an energy E2 ∝ βδd with some
separate energy scale β. The total energy associated with distorting the crystal and
repopulating the electronic levels is E1 +E2 = α(δd)2 −βδd and this energy is minimized
for a distortion of the order δd = β

2α .
Things were not as simple as this, however. The situation was complicated by molecules
with linear geometries and orbitally degenerate ground states, such as CO2, not showing
Jahn-Teller distortions. The splitting between the orbital levels in CO2 is ∝ (δd)2, and
therefore no Jahn-Teller distortion will occur.
The doubts thrown over the simple physical arguments provided by Landau were rigorously
resolved by Jahn and Teller, who used group and representation theoretic methods to
prove that the only molecules with an orbitally degenerate ground state that do not
distort to lift the degeneracy are those with a linear geometry. However, as with most
group theoretic methods employed in physics, it can only tell us the nature of the
splittings leading to the crystalline distortion. It cannot tell us the magnitude of such
effects.

2.2.5 Double Exchange

Double-exchange was first proposed by Zener [30]. We take as an example to illustrate
the double exchange mechanism, and one that will be especially important to us later,
the exchange between an Mn4+ and an Mn3+ ion mediated by an intermediate oxygen
atom. The situation is illustrated in Figure 2.4. .
Double-exchange tells us that electrons move most easily if electrons do not have to
reorient spins when moving between ions in order to avoid paying Hund’s rule energies.
Delocalization reduces the energy, and so this leads to ferromagnetic correlations between
neighboring ions. For us, it will be one of the most used exchange mechanisms, notably
when we discuss exchange in saturated ferromagnets.
In the case of a saturated ferromagnet, double exchange enables us to avoid describing
the spin degree of freedom in itinerant magnets. The spin is guaranteed to be of one
species only, and though the assignment of up or down to the z component of a spin is
arbitrary, it will be fixed and it will be polarized due to the large Hund’s rule penalty for
hopping, as an example, an electron in the eg sector on Mn3+ to the empty eg sector on
Mn4+. The only degree of freedom left for the electron is which eg orbital to hop into.
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Figure 2.4: Double Exchange - in an Mn-O-Mn chain.





Chapter 3

Methods & Concepts

3.1 Introduction

On the nanoscale, materials around us have surprisingly simple structures: The
standard model of solid state physics and chemistry only knows of two types of particles,
namely the nuclei making up the periodic table and the electrons. Only one kind of
interaction between them needs to be considered, namely the electrostatic interaction.
Even magnetic forces are important only in rare occasions. All other fundamental
particles and interactions are irrelevant for chemistry. The behavior of these particles
can be described by the Schrödinger equation (or better the relativistic Dirac equation),
which is easily written down. However, the attempt to solve this equation for any system
of interest fails miserably due to what Walter Kohn termed the exponential wall [31].
To obtain an impression of the powers of the exponential wall, imagine the wave function of
a N2 molecule, having two nuclei and fourteen electrons. For N particles, the Schrödinger
equation is a partial differential equation in 3N dimensions. Let us express the wave
function on a grid with about 100 points along each spatial direction and let us consider
two spin states for each electron. Such a wave function is represented by 214 1003×16 ≈
10100 complex numbers. A data server for this amount of data, made of current terabyte
hard disks, would occupy a volume with a diameter of 1010 light years! 1.
Treating the nuclei as classical particles turned out to be a good approximation, but
the quantum nature of the electrons cannot be ignored. A great simplification is to
describe electrons as noninteracting quasi particles. Instead of one wave function in 3N

1This chapter was inspired from following reference text: Eva Pavarini, Erik Koch, Dieter Vollhardt,
and Alexander Lichtenstein, “The LDA+DMFT approach to strongly correlated materials”, Lecture
Notes of the Autumn School 2011 Hands-on LDA+DMFT (Forschungszentrum Jülich GmbH), ISBN
978-3-89336-734-4
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dimensions, one only needs to describe N wave functions in three dimensions each, a
dramatic simplification from 10100 to 107 numbers
While the independent-particle model is very intuitive, and while it forms the basis of
most text books on solid-state physics, materials physics, and chemistry, the Coulomb
interaction between electrons is clearly not negligible.
Here, density-functional theory [13, 14] comes to our rescue: it provides a rigorous mapping
from interacting electrons onto a system of non-interacting electrons. Unfortunately,
the exact mapping is utterly complicated, and this is where all the complexity goes.
Luckily, there are simple approximations that are both intuitive and surprisingly accurate.
Furthermore, with the help of clever algorithms, density-functional calculations can be
performed on current computers for large systems with several hundred atoms in a unit
cell or a molecule. The microscopic insight gained from density functional calculations is
a major source of progress in solid state physics, chemistry, material science, and biology.
In the first part of this chapter, we will try to familiarize the novice reader with the
basics of density functional theory, provide some guidance into common approximations
and give an idea of the type of problems that can be studied with density functional
theory.
Beyond this chapter, I recommend the insightful review articles on density functional
theory by Jones and Gunnarsson [32], Baerends [33], von Barth [34], Perdew [35], Cohen
[36], and their collaborators.
Solving the one-particle Schrödinger equation, which results from density-functional
theory, for real materials is a considerable challenge. Several avenues have been developed
to their solution. This is the field of electronic structure methods, which will be discussed
in the second part of this chapter. This part is taken from earlier versions by Clemens
Först, Johannes Kästner and Peter E. Blöchl [37, 38].

3.2 Basic of density-functional theory
The dynamics of the electron wave function is governed by the Schrödinger equation
ih̄∂t|Ψ⟩ = Ĥ|Ψ⟩ with the N -particle Hamiltonian Ĥ.

Ĥ =
N∑
j=1

(
−h̄2

2me

∇⃗2
j + υext (r⃗j)

)
+ 1

2

N∑
j ̸=1

e2

4πϵ0 |r⃗i − r⃗j|
. (3.1)

With me we denote the electron mass, with ϵ0 the vacuum permittivity, e is the elementary
charge and h̄ is the Planck quantum divided by 2π. The Coulomb potentials of the nuclei
have been combined into an external potential υext (r⃗).
All N -electron wave functions Ψ(x⃗1, . . . , x⃗N ) obey the Pauli principle, that is they change
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their sign, when two of its particle coordinates are exchanged.
We use a notation that combines the position vector r⃗ ∈ R3 of an electron with its discrete
spin coordinate σ ∈ {↑, ↓} into a single vector x⃗ := (r⃗, σ). Similarly, we use the notation
of a four-dimensional integral

∫
d4x := ∑

σ

∫
d3r for the sum over spin indices and the

integral over the position. With the generalized symbol δ(x⃗ − x⃗′) := δσ,σ′δ(r⃗ − r⃗′) we
denote the product of Kronecker delta of the spin coordinates and Dirac’s delta function
for the positions. While, at first sight, it seems awkward to combine continuous and
discrete numbers, this notation is less error prone than the notation that treats the spin
coordinates as indices, where they can be confused with quantum numbers. During the
first reading, the novice can ignore the complexity of the spin coordinates, treating x⃗ like
a coordinate. During careful study, he will nevertheless have the complete and concise
expressions.

3.2.1 One-particle reduced density matrix and two-particle den-
sity

In order to obtain the ground state energy E = ⟨Ψ|Ĥ|Ψ⟩ we need to performed 2N

integrations in 3N dimensions each, i.e.

E =
∫
d4x1 . . .

∫
d4xNΨ∗ (x⃗1, . . . , x⃗N) ĤΨ (x⃗1, . . . , x⃗N) . (3.2)

However, only two different types of integrals occur in the expression for the energy, so
that most of these integrations can be performed beforehand leading to two quantities of
physical significance.

• One of these quantities is the one-particle reduced density matrix ρ(1)(x⃗, x⃗′), which
allows one to evaluate all expectation values of one-particle operators such as the
kinetic energy and the external potential,

ρ(1)(x⃗, x⃗′) := N
∫
d4x2 . . .

∫
d4xNΨ (x⃗, x⃗2, . . . , x⃗N) Ψ∗(x⃗′, x⃗2, . . . , x⃗N). (3.3)

• The other one is the two-particle density n(2)(r⃗, r⃗′), which allows to determine the
interaction between the electrons,

n(2)(r⃗, r⃗′) := N(N − 1)
∑
σ,σ′

∫
d4x3 . . .

∫
d4xN |Ψ(x⃗, x⃗′, x⃗3, . . . , x⃗N)|2. (3.4)

If it is confusing that there are two different quantities depending on two particle
coordinates, note that the one-particle reduced density matrix ρ(1) depends on two
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x⃗-arguments of the same particle, while the two-particle density n(2) depends on the
positions of two different particles.
With these quantities the total energy is

E =
∫
d4x′

∫
d4xδ(x⃗′ − x⃗)

(
−h̄2

2me

∇⃗2 + υext (r⃗)
)
ρ(1)(x⃗, x⃗′)

+1
2

∫
d3r

∫
d3r′ e

2n(2)(r⃗, r⃗′)
4πϵ0|r⃗ − r⃗′|

, (3.5)

where the gradient of the kinetic energy operates on the first argument r⃗ of the density
matrix.

3.2.2 One-particle reduced density matrix and natural orbitals

In order to make oneself familiar with the one-particle reduced density matrix, it is
convenient to diagonalize it. The eigenstates ϕn (r⃗) are called natural orbitals [39] and
the eigenvalues f̄n are their occupations. The index n labelling the natural orbitals may
stand for a set of quantum numbers.
The density matrix can be written in the forms

ρ(1)(x⃗, x⃗′) =
∑
n

f̄nϕn (x⃗)ϕ∗
n(x⃗′). (3.6)

The natural orbitals are orthonormal one-particle orbitals, i.e.∫
d4xϕ∗

m (x⃗)ϕn (x⃗) = δm,n. (3.7)

Due to the Pauli principle, occupations are non-negative and never larger than one [40].
The natural orbitals already point the way to the world of effectively non-interacting
electrons.
The one-particle density matrix provides us with the electron density

n(1) (n⃗) =
∑
σ

ρ(1) (x⃗, x⃗) =
∑
σ

∑
n

f̄nϕ
∗
n (x⃗)ϕn (x⃗) . (3.8)

With the natural orbitals, the total energy Eq.3.5 obtains the form

E =
∑
n

f̄n

∫
d4x ϕ∗

n (x⃗) −h̄2

2m ∇⃗2ϕn (x⃗) +
∫
d3r υext (r⃗)n(1) (r⃗)

+ 1
2

∫
d3r

∫
d3r′ e

2n(2)(r⃗, r⃗′)
4πϵ0|r⃗ − r⃗′|

. (3.9)
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3.2.3 Two-particle density and exchange-correlation hole

The physical meaning of the two-particle density n(2)(r⃗, r⃗′) is the following: For particles
that are completely uncorrelated, meaning that they do not even experience the Pauli
principle, the two particle density would be2 the product of one-particle densities, i.e.
n(2)(r⃗, r⃗′) = n(1)(r⃗)n(1)(r⃗′). If one particle is at position r⃗0,the density of the remaining
N − 1 particles is the conditional density

n(2) (r⃗0, r⃗)
n(1) (r⃗0)

.

The conditional density is the electron density seen by one of the electrons at r⃗0. This
observer electron obviously only sees the remaining N − 1 electrons.
It is convenient to express the two-particle density by the hole function h(r⃗, r⃗′), i.e.

n(2)(r⃗, r⃗′) = n(1)(r⃗)
[
n(1)(r⃗′) + h(r⃗, r⃗′)

]
. (3.10)

One electron at position r⃗ does not “see” the total electron density n(1) with N electrons,
but only the density of the N − 1 other electrons, because it does not see itself. The hole
function h (r⃗0, r⃗) is simply the difference of the total electron density and the electron
density seen by the observer electron at r⃗0.
The division of the two-particle density in Eq. 3.10 suggests that we split the electron-
electron interaction into the so-called Hartree energy

EH
def= 1

2

∫
d3r

∫
d3r′ e

2n(1) (r⃗)n(1)(r⃗′)
4πϵ0|r⃗ − r⃗′|

(3.11)

and the potential energy of exchange and correlation

Uxc
def=

∫
d3rn(1)(r⃗)1

2

∫
d3r′ e2h(r⃗, r⃗′)

4πϵ0|r⃗ − r⃗′|
. (3.12)

Keep in mind that Uxc is not the exchange correlation energy. The difference is a kinetic
energy correction that will be discussed later in Eq.3.19.
The hole function has a physical meaning: An electron sees the total density minus
the electrons accounted for by the hole. Thus each electron not only experiences the
electrostatic potential of the total electron density n(1)(r⃗), but also the attractive potential
of its own exchange correlation hole h(r⃗0, r⃗).
A few facts for this hole density are apparent:

2This is correct only up to a term that vanishes in the limit of infinite particle number.
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1. Because each electron of a N-electron system sees N − 1 other electrons, the hole
function integrates to exactly minus one electronic∫

d3rh(r⃗0, r⃗) = −1 (3.13)

irrespective of the position r⃗0 of the observing electron.

Figure 3.1: Exchange hole in silicon - The cross indicates the position of the observer
electron. The black spheres and the lines indicate the atomic positions and bonds in the
(110) plane. Reprinted figure with permission from Mark S. Hybertsen and Steven G.
Louie, Physical Review B 34, 5390 (1986). Copyright 1986 by the American Physical
Society.

2. The density of the remaining N − 1 electrons can not be larger than the total
electron density. This implies

h (r⃗0, r⃗) ≥ −n(1)(r⃗). (3.14)

3. Due to the Pauli principle, no other electron with the same spin as the observer
electron can be at the position r⃗0. Thus the on-top hole h (r⃗0, r⃗0) obeys the limits
[41].

−1
2n

(1)(r⃗0) ≥ h(r⃗0, r⃗0) ≥ −n(1)(r⃗0). (3.15)

4. Assuming locality, the hole function vanishes at large distances from the observer
electron at r⃗0, i.e.

h(r⃗0, r⃗) → 0 for |r⃗ − r⃗0| → ∞. (3.16)

With locality I mean that the density does not depend on the position or the
presence of an observer electron, if the latter is very far away.
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3.2.4 A selfmade functional

It is fairly simple to make our own density functional3: For a given density,we choose
a simple shape for the hole function, such as a spherical box. Then we scale the value
and the radius such that the hole function integrates to 1, and that its value is opposite
equal to the spin density at its center. The electrostatic potential of this hole density at
its center is the exchange-correlation energy for the observer electron. Our model has an
exchange correlation energy4 of

Uxc[n(1)] ≈ −1
2

∫
d3 r n(1)(r⃗)

3
4
e2

4πϵ0

3

√
2π
3

(
n(1)(r⃗)

) 1
3
 ∼

∫
d3r

(
n(1)(r⃗)

) 4
3

.(3.17)

Figure 3.2: Exchange correlation energy - Left: Scheme to demonstrate the construc-
tion of the exchange correlation energy from a simple model. Right: exchange correlation
energy per electron ϵxc as function of electron density from our model, Hartree-Fock
approximation and the exact result. The symbol “Na” indicates the density of Sodium.

The derivation is an elementary exercise. The resulting energy per electron ϵxc is
given on the right-hand side of Fig.3.2 indicated as “model” and compared with the
exact result indicated as “LSD” and the Hartree-Fock result indicated as “HF” for a
homogeneous electron gas.
The agreement with the correct result, which is surprisingly good for such a crude
model, provides an idea of how robust the density-functional theory is with respect
to approximations. While this model has been stripped to the bones, it demonstrates
the way physical insight enters the construction of density functionals. Modern density
functionals are far more sophisticated and exploit much more information [42], but the
basic method of construction is similar.

3A functional F [y] maps a function y(x) to a number F . It is a generalization of the function F (y⃗)
of a vector y⃗, where the vector index of y⃗ is turned into a continuous argument x.

4For this model we do not distinguish between the energy of exchange and correlation and its potential
energy contribution



28 Methods & Concepts

3.2.5 Kinetic energy

While the expression for the kinetic energy in Eq. 3.9 seems familiar, there is a catch
to it. In order to know the natural orbitals and the occupations we need access to the
many-particle wave function or at least to its reduced density matrix.
A good approximation for the kinetic energy of the interacting electrons is the kinetic
energy functional Ts[n(1)] of the ground state of non-interacting electrons with the same
density as the true system. It is defined by

Ts[n(1)] = min
{fn∈[0,1],|ψn⟩}

{∑
n

fn

∫
d4x ψ∗

n(x⃗)−h̄2∇⃗2

2m ψn (x⃗)

+
∫
d3r υeff (r⃗)

([∑
n

fn
∑
σ

ψ∗
n (x⃗)ψn(x⃗)

]
− n(1) (r⃗)

)

−
∑
n,m

Λm,n

(
⟨ψn|ψm⟩ − δn,m

)}
. (3.18)

Note that fn ̸= f̄n and that the so-called Kohn-Sham orbitals ψn(x⃗) differ5 from the
natural orbitals ϕn(x⃗). Natural orbitals and Kohn-Sham wave functions are fairly similar,
while the occupations fn of Kohn-Sham orbitals differ considerably from those f̄m of the
natural orbitals. The effective potential υeff (r⃗) is the Lagrange multiplier for the density
constraint. Λm,n is the Lagrange multiplier for the orthonormality. Diagonalization of Λ
yields a diagonal matrix with the one-particle energies on the diagonal.

This kinetic energy Ts[n(1)] is a unique functional of the density, which is the first sign
that we are approaching a density-functional theory. Also it is the introduction of this
kinetic energy, where we made for the first time a reference to a ground state. Density
functional theory as described here is inherently a ground-state theory.

Why does the true kinetic energy of the interacting system differ from that of the
non-interacting energy? Consider the hole function of a non-interacting electron gas.
When inserted into Eq. 3.12 for Uxc the potential energy of exchange and correlation, we
obtain a contribution to the total energy that is called exchange energy. The interaction
leads to a second energy contribution that is called correlation energy. Namely, when
the interaction is switched on, the wave function is deformed in such a way that the
Coulomb repulsion between the electrons is reduced. This makes the hole function more
compact. However, there is a price to pay when the wave functions adjust to reduce

5To be precise, Kohn-Sham orbitals are the natural orbitals for non-interacting electrons of a given
density.
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the Coulomb repulsion between the electrons, namely an increase of the kinetic energy:
Pushing electrons away from the neighborhood of the reference electrons requires that
work be performed against the kinetic pressure of the electron gas,which raises the kinetic
energy. Thus, the system has to find a compromise between minimizing the electrostatic
repulsion of the electrons and increasing its kinetic energy. As a result, the correlation
energy has a potential-energy contribution and a kinetic-energy contribution.

This tradeoff can be observed in Fig.3.2. The correct exchange correlation energy is close
to our model at low densities, while it becomes closer to the Hartree-Fock result at high
densities. This is consistent with the fact that the electron gas can easily be deformed at
low densities, while the deformation becomes increasingly costly at high densities due to
the larger pressure of the electron gas.

The difference between Ts and the true kinetic energy is combined with the potential
energy of exchange and correlation Uxc from Eq.3.12 into the exchange correlation energy
Exc, i.e.

Exc = Uxc +
∑
n

f̄n

∫
d4x ϕ∗

n(x⃗)−h̄2

2m ∇⃗2ϕn(x⃗) − Ts[n(1)]. (3.19)

Note, that the ϕn(x⃗) and the f̄n are natural orbitals and occupations of the interacting
electron gas, and that they differ from the Kohn-Sham orbitals6 ψn(x⃗) and occupations
fn.

3.2.6 Total energy

The total energy obtains the forms

E = min
|Φ⟩,{|ψn⟩,fn∈[0,1]}

{∑
n

fn

∫
d4x ψ∗

n(x⃗)−h̄2∇⃗2

2m ψn (x⃗)

+
∫
d3r υeff (r⃗)

([∑
n

fn
∑
σ

ψ∗
n (x⃗)ψn(x⃗)

]
− n(r⃗)

)
+
∫
d3r υext(r⃗)n(1)(r⃗)

+ 1
2

∫
d3r

∫
d3r′ e

2n(1)(r⃗)n(1)(r⃗′)
4πϵ0|r⃗ − r⃗′|

+ Exc −
∑
n,m

Λm,n

(
⟨ψn|ψm⟩ − δn,m

)}
. (3.20)

In order to evaluate the total energy with Eq.3.20, we still have to start from the many-
particle wave function |Φ⟩. Only the many-particle wave function allows us to evaluate

6They are however different from the natural orbitals of interacting electrons at the same density.
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the one-particle density n(1)(r⃗) and the exchange correlation energy Exc. Kohn-Sham
orbitals |ψn⟩ and occupations fn are obtained by an independent minimization for each
density.
If, however, we were able to express the exchange-correlation energy Exc as a functional
of the density alone, there would be no need for the many-particle wave function at all
and the terrors of the exponential wall would be banned. We could minimize Eq.3.20
with respect to the density, Kohn-Sham orbitals and their occupations.
Let us, for the time being, simply assume that Exc[n(1)] is a functional of the electron
density and explore the consequences of this assumption. Later, I will show that this
assumption is actually valid.
The minimization in Eq.3.20 with respect to the one-particle wave functions yields the
Kohn- Sham equations

[
−h̄2

2me

∇⃗2 + υeff (r⃗) − ϵn

]
ψn(x⃗) = 0 with

∫
d4xψm(x⃗)ψn(x⃗) = δm,n. (3.21)

The Kohn-Sham energies ϵn are the diagonal elements of the Lagrange multiplier Λ, when
the latter is forced to be diagonal.
The requirement that the derivative of the total energy Eq.3.20 with respect to the
density vanishes, yields an expression for the effective potentials

υeff (r⃗) = υext(r⃗) +
∫
d3r′ e

2n(1)(r⃗′)
4πϵ0|r⃗ − r⃗′|

+ δExc[n(1)]
δn(1)(r⃗) . (3.22)

Both equations, together with the density constraint

n(1)(r⃗) =
∑
n

fn
∑
σ

ψ∗
n(x⃗)ψn(x⃗), (3.23)

form a set of coupled equations, that determine the electron density and the total energy.
This set of coupled equations, Eqs.3.21, 3.22, and 3.23, is what is solved in the so-called
self-consistency loop. Once the set of self-consistent equations has been solved, we
obtain the electron density and we can evaluate the total energy. In practice, one often
makes the assumption that the non-interacting electrons in the effective potential closely
resemble the true interacting electrons, and extracts a wealth of other physical properties
from the Kohn-Sham wave functions |ψn⟩ and the Kohn-Sham energies ϵn. However,
there is little theoretical backing for this approach and, if it fails, one should not blame
density functional theory!
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Figure 3.3: Self-consistency cycle -

3.2.7 Is there a density functional?

The argument leading to the self-consistent equations, Eqs.3.21, 3.22, and 3.23, relied
entirely on the hope that exchange correlation functional can be expressed as a functional
of the electron density. In fact, this can easily be shown, if we restrict us to ground state
densities. The proof goes back to the seminal paper by Levy [43, 44].
Imagine that one could construct all fermionic many-particle wave functions. For each of
these wave functions, we can determine in a unique way the electron density

n(1)(r⃗) = N
∑
σ

∫
d3x2 . . .

∫
d3xN |Ψ(x⃗, x⃗2, . . . x⃗N)|2. (3.24)

Having the electron densities, we sort the wave functions according to their density. For
each density, I get a mug M [n(1)] that holds all wave functions with that density, which
is written on the label of the mug.
Now we turn to each mug M [n(1)] in sequence and determine for each the wave function
with the lowest energy. Because the external potential energy is the same for all wave
functions with the same density, we need to consider only the kinetic energy operator T̂



32 Methods & Concepts

and the operator Ŵ of the electron-electron interaction, and we do not need to consider
the external potential.

Figure 3.4: Functional proof - Illustration for Levy’s proof that there exists a density
functional.

F Ŵ [n(1)] = min
|ψ⟩∈M [n(1)]

⟨Ψ|T̂ + Ŵ |Ψ⟩ (3.25)

F Ŵ [n(1)] is the universal density functional. It is universal in the sense that it is an
intrinsic property of the electron gas and absolutely independent of the external potential.
Next, we repeat the same construction as that for a universal density functional, but
now we leave out the interaction Ŵ and consider only the kinetic energy T̂ .

F 0[n(1)] = min
|ψ⟩∈M [n(1)]

⟨Ψ|T̂ |Ψ⟩ (3.26)

The resulting functional F 0[n(1)] is nothing but the kinetic energy of non-interacting
electrons Ts[n(1)].
Now we can write down the total energy as functional of the density

E[n(1)] = F Ŵ [n(1)] +
∫
d3r υext(r⃗)n(1)(r⃗) (3.27)
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When we compare Eq.3.27 with Eq.3.20, we obtain an expression for the exchange
correlation energy.

Exc[n(1)] = F Ŵ [n(1)(r⃗)] − F 0[n(1)(r⃗)] − 1
2

∫
d3r

∫
d3r′ e

2n(1)(r⃗)n(1)(r⃗′)
4πϵ0|r⃗ − r⃗′|

(3.28)

This completes the proof that the exchange correlation energy is a functional of the
electron density. The latter was the assumption for the derivation of the set of self-
consistent equations, Eqs.3.21, 3.22, and 3.23 for the Kohn-Sham wave functions ψn(x⃗).

With this, I finish the description of the theoretical basis of density-functional theory.
We have seen that the total energy can rigorously be expressed as a functional of the
density or, in practice, as a functional of a set of one-particle wave functions, the Kohn-
Sham wave functions and their occupations. Density functional theory per se is not an
approximation and, in contrast to common belief, it is not a mean-field approximation.
Nevertheless, we need to introduce approximations to make density functional theory
work. This is because the exchange correlation energy Exc[n(1)] is not completely known.
These approximations will be discussed in the next section.

3.3 Jacob’s ladder of density functionals

The development of density functionals is driven by mathematical analysis of the exact
exchange correlation hole [35, 42], physical insight and numerical benchmark calculations
on real systems. The functionals evolved in steps from one functional form to another,
with several parametrizations at each level. Perdew pictured this development by Jacob’s
ladder leading up to heaven [35, 45]. In his analogy the different rungs of the ladder
represent the different levels of density functionals leading to the unreachable, ultimately
correct functional.

3.3.1 LDA, the big surprise

The first density functionals used in practice were based on the local-density approximation
(LDA). The hole function for an electron at position r⃗ has been approximated by the one
of a homogeneous electron gas with the same density as n(1)(r⃗). The exchange correlation
energy for the homogeneous electron gas has been obtained by quantum Monte Carlo
calculations [46] and analytic calculations [47]. The local density approximation has been
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generalized early to local spin-density approximation (LSD) [48].
Truly surprising was how well the theory worked for real systems. Atomic distances could
be determined within a few percent of the bond length and energy differences in solids
were surprisingly good.
This was unexpected, because the density in real materials is far from homogeneous.
Gunnarsson and Lundquist [49] explained this finding with sumrules that are obeyed by
the local density approximation: Firstly, the exchange correlation energy depends only
on the spherical average of the exchange correlation hole. Of the radial hole density only
the first moment contributes, while the second moment is fixed by the sum-rule that the
electron density of the hole integrates to −1. Thus we can use

∫
d3r

e2h(r⃗0, r⃗)
4πϵ0|r⃗ − r⃗0|

= − e2

4πϵ0

∫∞
0 dr r⟨h(r⃗0, r⃗′)⟩|r⃗′−r⃗0|=r∫∞

0 dr r2⟨h(r⃗0, r⃗′)⟩|r⃗′−r⃗0|=r
(3.29)

where the angular brackets imply the angular average of r⃗′ − r⃗0. This dependence on
the hole density is rather insensitive to small changes of the hole density. Even for an
atom, the spherically averaged exchange hole closely resembles that of the homogeneous
electron gas [32]. The main deficiency of the LDA was the strong overbinding with
bond energies in error by about one electron volt. On the one hand, this rendered LDA
useless for most applications in chemistry. On the other hand, the problem was hardly
visible in solid state physics where bonds are rarely broken, but rearranged so that errors
cancelled.

3.3.2 GGA, entering chemistry

Being concerned about the large density variations in real materials, one tried to include
the first terms of a Taylor expansion in the density gradients. These attempts failed
miserably. The culprit has been a violation of the basic sum rules as pointed out by
Perdew [50]. The cure was a cutoff for the gradient contributions at high gradients, which
lead to the class of generalized gradient approximations (GGA) [51].
Becke [52] provides an intuitive description for the workings of GGA’s, which I will
sketch here in a simplified manner: Becke uses an ansatz Exc =

∫
d3r A(n(r⃗))F (x(r⃗))

for the exchange-correlation energy where n(r⃗) is the local density and x = |∇⃗n|/n 4
3

is a dimensionless reduced gradient. Do not confuse this symbol with the combined
position-and-spin coordinate x⃗. The function A is simply the LDA expression and F (x)
is the so-called enhancement factor. The large-gradient limit of F (x) is obtained from
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a simple physical argument: Somewhat surprisingly, the reduced gradient is largest

Figure 3.5: Gradient correction - Left figure: reduced density gradient x = |∇⃗n|/n 4
3

of a silicon atom as function of distance from the nucleus demonstrating that the largest
reduced gradients occur in the exponential tails. Right figure: additional contribution
from the gradient correction (PBE versus PW91 LDA) of the exchange correlation energy
per electron. The figure demonstrates that the gradient correction stabilizes the tails of
the wave function. The covalent radius of silicon is at 1.11Å

not near the nucleus but in the exponentially decaying charge-density tails as shown in
Fig.3.5. For an electron that is far from an atom, the hole is on the atom, because a
hole can only be dug where electrons are. Thus the Coulomb interaction energy of the
electron with its hole is − e2

4πϵ0r , where r is the distance of the reference electron from
the atom. The enhancement factor can now be obtained by enforcing this behavior for
exponentially decaying densities.
As a result, the exchange and correlation energy per electron in the tail region of the
electron density falls of with the inverse distance in GGA, while it has a much faster,
exponential decay in the LDA. Thus, the the tail region is stabilized by GGA. This
contribution acts like a negative “surface energy”.
When a bond between two atoms is broken, the surface is increased. In GGA this
bond-breaking process is more favorable than in LDA, and, hence, the bond is weakened.
Thus the GGA cures the overbinding error of the LDA.
These gradient corrections greatly improved the bond energies and made density functional
theory useful also for chemists. The most widely distributed GGA functional is the
Perdew- Burke-Ernzerhof (PBE) functional [53].
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3.3.3 Meta GGA’s

The next level of density functionals are the so-called meta GGA’s [54–56] that include
not only the gradient of the density, but also the second derivatives of the density.
These functionals can be reformulated so that the additional parameter is the kinetic
energy density instead of the second density derivatives. Perdew recommends his TPSS
functional [57].

3.3.4 Hybrid functionals

Another generation of functionals are hybrid functionals [58, 59], which replace some of
the exchange energy by the exact exchange

EHF
X = −1

2
∑
m,n

f̄mf̄n

∫
d4x

∫
d4x′ e

2ψ∗
m(x⃗)ψn(x⃗)ψ∗

n(x⃗′)ψm(x⃗′)
4πϵ0|r⃗ − r⃗′|

(3.30)

where f̄n and the ψn(x⃗) are the Kohn-Sham occupations and wave functions, respectively.
The motivation for this approach goes back to the adiabatic connection formula [49, 60, 61]

Exc[n(r)] =
∫ 1

0
dλUλŴ

xc [n(r)] =
∫
d3r n(r)

∫ 1

0
dλ

1
2

∫
d3r′ hλ(r⃗, r⃗′)

4πϵ|r⃗ − r⃗′|
(3.31)

which expresses the exchange correlation energy as an integral of the potential energy
of exchange and correlation over the interaction strength. Here the interaction in the
Hamiltonian is scaled by a factor λ, leading to a λ-dependent universal functional
F λŴ [n(1)]. The interaction energy can be expressed by

F Ŵ [n] = F 0[n] +
∫ 1

0
dλ

d

dλ
F λŴ [n]

= Ts[n] + 1
2

∫
d3r′ e

2n(r⃗)n(r⃗′)
4πϵ0|r⃗ − r⃗′|

+
∫ 1

0
dλUλŴ

xc [n] (3.32)

which leads via Eq.3.28 to Eq.3.31. Using perturbation theory, the derivative of F λŴ [n]
simplifies to the expectation value of the interaction ⟨Ψ(λ)|Ŵ |Ψ(λ)⟩, which is the potential
energy of exchange and correlation evaluated for a many-particle wave function obtained
for the specified given interaction strength. The underlying idea of the hybrid functionals
is to interpolate the integrand between the end points. In the non-interacting limit, i.e.
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for λ = 0 the integrand UλŴ
xc is exactly given by the exact exchange energy of Eq.3.30.

For the full interaction, on the other hand, the LDA or GGA functionals are considered
correctly. Thus a linear interpolation would yields

Exc = 1
2(U0

xc + U Ŵ
xc ) = 1

2(EHF
X + U Ŵ

xc ) = EGGA
xc + 1

2(EHF
X − EGGA

X ) (3.33)

Depending on whether the λ-dependence is a straight line or whether it is convex, the
weight factor may be equal or smaller than 1

2 . Perdew [62] has given arguments that a
factor 1

4 would actually be better than a factor 1
2 .

Hybrid functionals perform substantially better than GGA functionals regarding binding
energies, band gaps and reaction energies. However, they are flawed for the description
of solids. The reason is that the exact exchange hole in a solid is very extended. These
long-range tails are screened away quickly when the interaction is turned on, because
they are cancelled by the correlation. Effectively, we should use a smaller mixing factor
for the long range part of the exchange hole. This can be taken into account, by cutting
off the long-range part of the interaction for the calculation of the Hartree-Fock exchange
[63]. This approach improves the results for band gaps while reducing the computational
effort [64].
The effective cancellation of the long-ranged contribution of exchange with a similar
contribution from correlation, which is also considered properly already in the LDA, is one
of the explanation for the superiority of the LDA over the Hartree-Fock approximation.
The most widely used hybrid functional is the B3LYP functional [65], which is, however,
obtained from a parameter fit to a database of simple molecules. The functional PBE0
[66, 67] is born out of the famous PBE GGA functional and is a widely distributed
parameter-free functional.

3.3.5 LDA+U and local hybrid functionals

Starting from a completely different context, Anisimov et. al. [68] introduced the
so-called LDA+U method, which, as described below, has some similarities to the hybrid
functionals above.
The main goal was to arrive at a proper description of transition metal oxides, which
tend to be Mott insulators, while GGA calculations predict them often to be metals.
The remedy was to add a correlation term7 [69] borrowed from the Hubbard model and

7The expression given here looks unusually simple. This is due to the notation of spin orbitals, which
takes care of the spin indices.
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to correct the resulting double counting of the interactions by Edc.

E = EGGA + 1
2
∑
R

∑
α,β,γ,δ,∈CR

Uα,β,γ,δ
(
ργ,αρδ,β − ρδ,αργ,β

)
− Edc (3.34)

Uα,β,γ,δ =
∫
d4x

∫
d4x′ e

2χ∗
α(x⃗)χ∗

β(x⃗′)χ∗
γ(x⃗)χδ(x⃗)

4πϵ0|r⃗ − r⃗′|
(3.35)

ρα,β = ⟨πα|ψn⟩fn⟨ψn|πβ⟩ (3.36)

where |χα⟩ are atomic tight-binding orbitals and |πα⟩ are their projector functions.8 The
additional energy is a Hartree-Fock exchange energy, that only considers the exchange
for specified sets of local orbitals. The exchange term does only consider a subset of
orbitals CR for each atom R and it ignores the contribution involving orbitals centered
on different atoms.
Novak et al. [70] made the connection to the hybrid functionals explicit and restricted
the exact exchange contribution of a hybrid functional to only a shell of orbitals. While
in the LDA+U method the bare Coulomb matrix elements are reduced by a screening
factor, in the hybrid functionals it is the mixing factor that effectively plays the same
role. Both LDA+U and the local hybrid method have in common that they radically
remove the contribution of off-site matrix elements of the interaction. Tran et al. [71]
applied this method to transition metal oxides and found results that are similar to those
of the full implementation of hybrid functionals.

3.3.6 Van der Waals interactions

One of the major difficulties for density functionals is the description of van der Waals
forces, because it is due to the quantum mechanical synchronization of charge fluctuations
on distinct molecules. I refer the reader to the work made in the group of Lundqvist
[72–74].

8Projector functions obey the biorthogonality conditional ⟨χα|πβ⟩ = δα,β . Within the sub-Hilbert
space of the tight-binding orbitals, i.e. for wave functions of the form |ψ⟩ =

∑
α |χα⟩cα, the projector

functions decompose the wave function into tight binding orbitals, i.e. |ψ⟩ =
∑

α |χα⟩⟨πα|ψ⟩. A similar
projection is used extensively in the projector augmented-wave method described later.
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3.4 Benchmarks, successes and failures

The development of density functionals has profited enormously from careful benchmark
studies. The precondition is a data set of test cases for which reliable and accurate
experimental data exist. The most famous data sets are the G1 and G2 databases [75–78]
that have been set up to benchmark quantum-chemistry codes. Becke [59, 79–82] set a
trend by using these large sets of test cases for systematic studies of density functionals.
In order to separate out the accuracy of the density functionals, it is vital to perform
these calculations on extremely accurate numerical methods. Becke used basis set free
calculations that were limited to small molecules, while being extremely accurate. Paier
et. al. [64, 83–85] have later performed careful comparisons of two methods, Gaussian
and the projector augmented-wave method, to single out the error of the electronic
structure method.
Overall, the available density functionals predict molecular structures very well. Bond
distances agree with the experiment often within one percent. Bond angles come out
within a few degrees. The quality of total energies depends strongly on the level of
functionals used. On the LDA level bonds are overestimated in the 1 eV range, on the
GGA level these errors are reduced to a about 0.3 eV, and hybrid functionals reduce the
error by another factor of 2. The ultimate goal is to reach chemical accuracy, which is
about 0.05 eV. Such an accuracy allows to predict reaction rates at room temperature
within a factor of 10.
Band gaps are predicted to be too small with LDA and GGA. The so-called band gap
problem has been one of the major issues during the development of density functionals.
Hybrid functionals clearly improve the situation. A problem is the description of materials
with strong electron correlations. For LDA and GGA many insulating transition metal
oxides are described as metals. This changes again for the hybrid functionals, which
turns them into antiferromagnetic insulators, which is a dramatic improvement.

3.5 Electronic structure methods

In this second part of this chapter, I will address the problem of how to solve the Kohn-
Sham equations and how to obtain the total energy and other observables. It is convenient
to use a slightly different notation: Instead of treating the nuclei via an external potential,
we combine all electrostatic interactions into a single double integral.
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This brings the total energy into the form

E
[
{ψn(r⃗)}, {R⃗R}

]
=
∑
n

fn⟨ψn|
ˆ⃗p 2

2me

|ψn⟩

+ 1
2

∫
d3r

∫
d3r′

e2
(
n(r⃗) + Z(r⃗)

)(
n(r⃗′) + Z(r⃗′)

)
4πϵ0|r⃗ − r⃗′|

+ Exc[n], (3.37)

where Z(r⃗) = −∑
R ZRδ

(
r⃗ − R⃗R

)
is the nuclear charge density expressed in electron

charges.
ZR is the atomic number of a nucleus at position R⃗R.
The electronic ground state is determined by minimizing the total energy functional
E[Ψn] of Eq.3.37 at a fixed ionic geometry. The one-particle wave functions have to be
orthogonal. This constraint is implemented with the method of Lagrange multipliers.
We obtain the ground-state wave functions from the extremum condition for

Y
[
{|ψn⟩},Λ

]
= E

[
{|ψn⟩}

]
−
∑
n,m

[
⟨ψn|ψm⟩ − δn,m

]
Λn,m (3.38)

with respect to the wave functions and the Lagrange multipliers Λn,m. The extremum
condition for the wave functions has the form

Ĥ|ψn⟩fn =
∑
m

|ψm⟩Λn,m, (3.39)

where Ĥ = 1
2me

ˆ⃗p2 + υ̂eff is the effective one-particle Hamilton operator.
The corresponding effective potential depends itself on the electron density via

υeff (r⃗) =
∫
d3r′

e2
(
n(r⃗′) + Z(r⃗′)

)
4πϵ0|r⃗ − r⃗′|

+ µxc(r⃗) , (3.40)

where µxc(r⃗) = δExc[n(r⃗)]
δn(r⃗) is the functional derivative of the exchange and correlation

functional.
After a unitary transformation that diagonalizes the matrix of Lagrange multipliers Λ,
we obtain the Kohn-Sham equations

Ĥ|ψn⟩ = |ψn⟩ϵn . (3.41)
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The one-particle energies ϵn are the eigenvalues of the matrix with the elements Λn,m(fn+
fm)/(2fnfm) [86].
The one-electron Schrödinger equations, namely the Kohn-Sham equations given in
Eq.3.21, still pose substantial numerical difficulties: (1) in the atomic region near the
nucleus, the kinetic energy of the electrons is large, resulting in rapid oscillations of
the wavefunction that require fine grids for an accurate numerical representation. On
the other hand, the large kinetic energy makes the Schrödinger equation stiff, so that a
change of the chemical environment has little effect on the shape of the wavefunction.
Therefore, the wavefunction in the atomic region can be represented well already by a
small basis set. (2) In the bonding region between the atoms the situation is opposite.
The kinetic energy is small and the wavefunction is smooth. However, the wavefunction
is flexible and responds strongly to the environment. This requires large and nearly
complete basis sets.
Combining these different requirements is non-trivial and various strategies have been
developed.

• The atomic point of view has been most appealing to quantum chemists. Basis
functions are chosen that resemble atomic orbitals. This choice exploits that the
wavefunction in the atomic region can be described by a few basis functions, while
the chemical bond is described by the overlapping tails of these atomic orbitals.
Most techniques in this class are a compromise of, on the one hand, a well adapted
basis set, where the basis functions are difficult to handle, and, on the other hand,
numerically convenient basis functions such as Gaussians, where the inadequacies
are compensated by larger basis sets.

• Pseudopotentials regard an atom as a perturbation of the free electron gas. The most
natural basis functions for the free electron gas are plane waves. Plane-wave basis
sets are in principle complete and suitable for sufficiently smooth wavefunctions.
The disadvantage of the comparably large basis sets required is offset by their
extreme numerical simplicity. Finite plane-wave expansions are, however, absolutely
inadequate to describe the strong oscillations of the wavefunctions near the nucleus.
In the pseudopotential approach the Pauli repulsion by the core electrons is therefore
described by an effective potential that expels the valence electrons from the core
region. The resulting wavefunctions are smooth and can be represented well by
plane waves. The price to pay is that all information on the charge density and
wavefunctions near the nucleus is lost.
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• Augmented-wave methods compose their basis functions from atom-like wave-
functions in the atomic regions and a set of functions, called envelope functions,
appropriate for the bonding in between. Space is divided accordingly into atom-
centered spheres, defining the atomic regions, and an interstitial region in between.
The partial solutions of the different regions are matched with value and derivative
at the interface between atomic and interstitial regions.

The projector augmented-wave method is an extension of augmented wave methods and
the pseudopotential approach, which combines their traditions into a unified electronic
structure method.
After describing the underlying ideas of the various approaches, let us briefly review the
history of augmented wave methods approach. We do not discuss the atomic-orbital
based methods and pseudopotential approach, because our focus is the APW method
and its ancestors.

3.5.1 The APW method

Although the pseudopotential method is extremely useful, there are reasons why alterna-
tives could be attractive. Is the introduction of the pseudopotential completely innocent?
What do you do if you are interested in information that is inherently contained in the
region near the nucleus (hyperfine fields for instance, or core level excitations)? Can
the basis set be made more efficient? Therefore, we will search for a basis set that
uses other functions than plane waves, and that does not require the introduction of a
pseudopotential. Such a basis set will have to be more efficient, but of course we do
not want it to be biased. Our first example of this will be the Augmented Plane Wave
(APW) basis set. Right from the beginning it has to be said that the APW-method itself
is of no practical use any more today. But for didactical reasons it is advantageous to
discuss APW first, before going to its successors, LAPW and APW+lo 9.
The ideas that lead to the APW basis set are very similar to what made us to introduce
the pseudopotential. In the region far away from the nuclei, the electrons are more or less
‘free’. Free electrons are described by plane waves10. Close to the nuclei, the electrons
behave quite as they were in a free atom, and they could be described more efficiently by

9Reference text: Stefaan Cottenier , “Density Functional Theory and the Family of (L)APW-methods:
a step-by-step introduction”, ISBN 978-90-807215-1-7

10Plane waves are eigenfunctions of a Hamiltonian with zero potential.
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atomic like functions. Space is therefore divided now in two regions: around each atom11

a sphere with radius Rα is drawn (call it Sα). Such a sphere is often called a muffin tin
sphere, the part of space occupied by the spheres is the muffin tin sphere. The remaining
space outside the spheres is called the interstitial region (call it I). One augmented plane
wave (APW) used in the expansion of ψn

k⃗
is defined as:

φk⃗
K⃗

(r⃗, E) =


1√
V
ei(k⃗+K⃗).r⃗ r⃗ ∈ I

∑
l,mA

α, k⃗+K⃗
lm uαl (r′, E)Y l

m(r̂′) r⃗ ∈ Sα

(3.42)

The symbols k⃗, K⃗ and r⃗ keep their usual meaning, V is the volume of the unit cell. Note
that the APW basis set is k⃗-dependent, as was the plane wave basis set. The position

Figure 3.6: APW method - Division of a unit cell in muffin tin regions and the
interstitial region, for a case with two atoms. The black dot is the origin of the axis
system (which may but need not to coincide with the nucleus of an atom).

inside the spheres is given with respect to the center of each sphere by r⃗′ = r⃗ − r⃗α (see
Fig.3.6). The length of r⃗′ is r′, and the angles θ′ and φ′ specifying the direction of r⃗′ in
spherical coordinates, are indicated as r̂′. The Y l

m are spherical harmonics. The Aα, k⃗+K⃗
lm

are yet undetermined parameters, as is E. The latter has the dimension of energy. The
11Mark the different atoms in the unit cell by a label α. This label is different for all atoms in the

unit cell, not just for all inequivalent atoms.
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uαl are solutions to the radial part of the Schrödinger equation for a free atom α, and
this at the energy E. For a true free atom, the boundary condition that uαl (r, E) should
vanish for r → ∞, limits the number of energies E for which a solution uαl can be found.
But as this boundary condition does not apply here, we can find a numerical solution
for any E. Hence, the uαl themselves do not correspond to something physical, but that
doesn’t harm: they are only part of a basis function, not of the searched eigenfunction
itself. And because they are close to how the actual eigenfunction will look like in that
region of the crystal, they will do their job as basis function very efficiently.
If an eigenfunction would be discontinuous, its kinetic energy would not be well-defined.
Such a situation can therefore never happen, and we have to require that the plane wave
outside the sphere matches the function inside the sphere over the complete surface of
the sphere (in value, not in slope). That seems a weird thing to do: a plane wave is
oscillating and has a unique direction built in, how can it match another function based
on spherical harmonics over the entire surface of a sphere? To see how this is possible, we
expand the plane wave in spherical harmonics about the origin of the sphere of atom α:

1√
V
ei(k⃗+K⃗).r⃗ = 4π√

V
ei(k⃗+K⃗).r⃗α

∑
l,m

iljl
(∣∣∣⃗k + K⃗

∣∣∣ |r⃗′|
)
Y l∗

m

( ˆ
k⃗ + K⃗

)
Y l
m (r̂′) (3.43)

jl(x) is the Bessel function of order l. Requiring this at the sphere boundary (where
r⃗′ = R⃗α, which defines R⃗α ) to be equal to the lm-part of Eq.3.42 easily yields:

Aα, k⃗+K⃗
lm = 4πilei(k⃗+K⃗).r⃗α

√
V uαl (R⃗α, E)

jl
(∣∣∣⃗k + K⃗

∣∣∣Rα

)
Y l∗

m

( ˆ
k⃗ + K⃗

)
(3.44)

This uniquely defines the Aα, k⃗+K⃗
lm , apart from the still undetermined E. In principle there

are an infinite number of terms in Eq.3.43, which would force us to use an infinite number
of Aα, k⃗+K⃗

lm in order to create the matching. In practice we will have to truncate at some
value lmax. What would be a reasonable choice? For a given lmax, Y lmax

m (θ, φ) can have at
most 2lmax nodes along a great circle (i.e. θ = 0 → 2π for any fixed φ) of the α-sphere (see
Fig.3.6). Converted into nodes per unit of length, this is 2lmax/(2πRα) = lmax/(πRα). If
a plane wave should match with this, there should be plane waves with at least a similar
number of nodes per unit of length available. The plane wave with the shortest period
2π/Kmax has 2/ (2π/Kmax) = Kmax/π nodes per unit of length. The cut-off for the
plane waves (Kmax) and for the angular functions (lmax) are of comparable quality if the
number of nodes per unit of length is identical. This yields the condition RαKmax = lmax.
This allows to determine a good lmax for a given Kmax. A finite value for lmax means
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Figure 3.7: In a) and b) - a great circle for some arbitrary value of φ is drawn. The
points on the circle for which a) Y l=2

m=2 or b) Y l=2
m=1 is zero, are indicated by white points.

In a) there are no other points on which Y l=2
m=2 is zero. In b) all other such points for

Y l=2
m=1 fall on a horizontal circle with θ = π/2 (point-dashed circle). In both cases, the

number of zeros along a great circle is at most 2.l. Remember: Y l=2
m=2 = 1

4

√
15
2π sin2 θe2iφ

and Y l=2
m=1 = −

√
15
8π sin θ cos θeiφ.

that for each APW the matching at the sphere boundaries will not be exact, but good
enough to work with. It is not useful to make lmax larger than the condition RαKmax

requires, as it would lead to unstable behavior at the sphere boundary (you can compare
this with fitting a polynomial of high order through a limited number of points: the fit
will be ‘perfect’, but not very meaningful). Therefore, it is also clear now that the muffin
tin radii for the different atoms should not be too different: if they were, a value for lmax
that is suitable for each atom would not exist.
Now you should be able to visualize the meaning of a single APW φk⃗

K⃗
(r⃗, E) of Eq.3.42:

it is an oscillating function that runs through the unit cell. Whenever it encounters
an atom on its path, the simple oscillating behavior is changed into something more
complex inside the muffin tin sphere of that atom. Nevertheless, the function values
inside and outside the sphere smoothly match, which is taken care of by a set of∑lmax
l=1 2lmax + 1 coefficients Aα, k⃗+K⃗

lm that is different for each atom (the atom determines
α , the APW under consideration determines k⃗ and K⃗, all l up to lmax are present, with
the corresponding values of m).
At first sight, it looks like we can now use the APW’s as a basis set, and proceed in the
same way as for the plane wave basis set in order to determine the coefficients cn,⃗k

K⃗
in

the expansion of the searched eigenfunction. However, this does not work. We did not
settle the parameter E yet. It turns out that in order to describe an eigenstate ψn

K⃗
(r⃗)

accurately with APW’s, one has to set E equal to the eigenvalue (or band energy) ϵn
K⃗

of
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Figure 3.8: A suggestive visualization of how the roots of the secular equation
are searched. - picture copied from reference [87].

that state. But this is exactly what we are trying to determine! We are hence forced to
start with a guessed value for ϵn

K⃗
and take this as E. Now we can determine the APW’s,

and construct the Hamiltonian matrix elements and overlap matrix (the APW’s are not
orthogonal). The secular equation is determined, and our guessed ϵn

K⃗
should be a root

of it. Usually it is not, hence we have to try a second guess. Due to this new E , the
APW’s have to be determined again, and similarly for all matrix elements. With the
help of root determination algorithms, this guessing continues until a root -say ϵn=1

K⃗
- is

found. And then the whole procedure starts over for ϵn=2
K⃗

, etc. (see Fig.3.8 and Fig.3.9).
In practice, Kmax ≈ 3.5 au−1 is needed for sufficient accuracy. This is less than the
typical value of 5.5 for plane waves and pseudopotentials. The basis set size can be
estimated to be about P = 131 for APW, compared to roughly P = 270 for plane waves.
The calculation time (mainly determined by matrix diagonalization) scales with the
third power of the basis set size, which would suggest APW to be 10 times faster than
pseudopotentials. However, with a plane wave basis set, P eigenvalues are found by a
single diagonalization, while with APW one diagonalization is needed for every eigenvalue.
This makes the APW method inherently slow, much slower than the pseudopotential
method.
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Figure 3.9: The APW scheme. - Flowchart of the APW method.
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3.5.2 The LAPW method

3.5.2.1 The regular LAPW method

The problem with the APW method was that the uαl (r′, E) have to be constructed at the
- yet unknown - eigenenergy E = ϵn

k⃗
of the searched eigenstate. It would be helpful if

we were able to recover uαl (r′, ϵn
k⃗
) on the fly from known quantities. That is exactly what

the Linearized Augmented Plane Wave method enables us to do. If we have calculated
uαl at some energy E0 , we could make a Taylor expansion to find it at energies not far
away from it:

uαl (r′, ϵn
k⃗
) = uαl (r′, E0) + (E0 − ϵn

k⃗
) ∂u

α
l (r′, E)
∂E

∣∣∣∣∣
E=E0︸ ︷︷ ︸

u̇α
l

(r′,E0)

+ O(E0 − ϵn
k⃗
)2 (3.45)

Substituting the first two terms of the expansion in the APW for a fixed E0 gives the
definition of an LAPW. This has a price: the energy difference (E0 − ϵn

k⃗
) is unknown,

and hence a yet undetermined Bα, k⃗+K⃗
lm has to be introduced:

φk⃗
K⃗

(r⃗) =


1√
V
ei(k⃗+K⃗).r⃗ r⃗ ∈ I

∑
l,m

(
Aα, k⃗+K⃗
lm uαl (r′, E0) +Bα, k⃗+K⃗

lm u̇αl (r′, E0)
)
Y l
m(r̂′) r⃗ ∈ Sα

(3.46)

In order to determine both Aα, k⃗+K⃗
lm and Bα, k⃗+K⃗

lm , we will require that the function in the
sphere matches the plane wave both in value and in slope at the sphere boundary. This
can be done by using an expression similar to Eq.3.43 and its radial derivative. This
results in a 2 × 2 system from which both coefficients can be solved.
Eq.3.46 is not the final definition of an LAPW yet. Imagine we want to describe an
eigenstate ψn

k⃗
that has predominantly p-character (l = 1) for atom α. This means that

in its expansion in LAPW’s, the Aα, k⃗+K⃗
(l=1)m are large. It is therefore advantageous to choose

E0 near the center of the p-band. In this way, the O(E0 − ϵn
k⃗
)2–term in Eq.3.45 will

remain small, and cutting after the linear term is certainly allowed. We can repeat this
argument for every physically important l (s-, p-, d- and f-states, i.e. up to l = 3) and for
every atom. As a result, we should not choose one universal E0, but a set of well-chosen
Eα

1,l up to l = 3 (the meaning of the index ‘1’ will become clear in subsection.3.5.2.2.
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For higher l , a fixed value can be kept. The final definition of an LAPW is then:

φk⃗
K⃗

(r⃗) =


1√
V
ei(k⃗+K⃗).r⃗ r⃗ ∈ I

∑
l,m

(
Aα, k⃗+K⃗
lm uαl (r′, Eα

1,l) +Bα, k⃗+K⃗
lm u̇αl (r′, Eα

1,l)
)
Y l
m(r̂′) r⃗ ∈ Sα

(3.47)

With the Eα
1,l being fixed, the basis functions can be calculated once and for all. The same

procedure as used for the plane wave basis set can now be applied. One diagonalization
will yield P different band energies for this k⃗.
The accuracy of a plane wave basis set was determined by Kmax. For the APW or
LAPW basis set, it is not incorrect to use the same criterion. However, a better quantity
to judge the accuracy here is the product Rmin

α Kmax between the smallest muffin tin
radius and Kmax. This can be understood as follows. If the smallest muffin tin radius
is increased, the closest point a plane wave can come to a nucleus moves farther away
from the nucleus. The part of the wave function that need not to be described with
plane waves any more, in general will have displayed the steepest behavior, steeper than
anywhere else in the interstitial region (it was closest to the nucleus). Less plane waves
are needed to describe the remaining, smoother parts of the wave function. Kmax can
be reduced, and a good rule of thumb is that the product Rmin

α Kmax should remain
constant in order to have comparable accuracy. Reducing Kmax means reducing the size
of the matrices, and because matrix diagonalization is very expensive, a larger Rmin

α can
significantly reduce the computation time. Rmin

α cannot be too large on the other hand,
as the spherical harmonics are not suited to describe the wave functions in the region far
away from the nuclei.
Compared to a plane wave basis set, the LAPW basis set can be much smaller. The
required Kmax turns out to be Kmax = 7.5↔9.0

Rmin
α

≈ 4au−1, depending on the desired
accuracy. This yields P ≈ 195 as basis set size, compared to P ≈ 270 for plane waves.
The calculation time (mainly determined by matrix diagonalization) scales with the third
power of the basis set size, which makes LAPW in this respect about 2 to 3 times faster
than plane waves. There are other aspects however that slow down LAPW12, such that
in the end it is comparable in speed with plane waves.

12The non-orthogonal basis set for instance.
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3.5.2.2 LAPW with Local Orbitals (LAPW+LO)

It was not explicitly stated so far which electron states are calculated with the LAPW
method. Does it make sense to calculate the 1s orbital of Fe in bcc-Fe? No, because
this electron is extremely well bound to the nucleus (-514 Ry), and will behave almost
exactly as if it were in a free Fe atom. Such a state is called a core state. The criterion
for a core state is that it does not participate directly in chemical bonding with other
atoms. Therefore, it must be contained entirely in the muffin tin sphere. States that
leak out of the muffin tin sphere, are called valence states. Valence states participate in
chemical bonds, and these states are treated by LAPW. Core states are treated as in
free atoms, but subject to the potential due to the valence states.
When applying this definition, it frequently happens that states with the same l but
a different principal quantum number n are both valence states. For instance, due to
hybridization, Fe in bcc-Fe will have a non-negligible amount of 4p-character in its valence
states that are about 0.2 Ry below the Fermi level. But the 3p-states that are 4.3 Ry
below the Fermi level are not entirely confined in the core too. Such low-lying valence
states are called semi-core states. It is not clear how EFe

1,(l=1) should be chosen: close
to 3p, close to 4p, at an intermediate value, ...? None of the choices is optimal. This
dilemma is solved by adding another type of basis function to the LAPW basis set, called
a local orbital (LO). A local orbital is defined as:

φlmα,LO(r⃗) =


0 r⃗ ̸∈ I

(
Aα,LOlm uαl (r′, Eα

1,l) +Bα,LO
lm u̇αl (r′, Eα

1,l) + Cα,LO
lm uαl (r′, Eα

2,l)
)
Y l
m(r̂′) r⃗ ∈ Sα

(3.48)

A local orbital is defined for a particular l and m, and for a particular atom α. A local
orbital is zero in the interstitial region and in the muffin tin spheres of other atoms,
hence its name local orbital. In the muffin tin sphere of atom α, the same uαl (r′, Eα

1,l)
and u̇αl (r′, Eα

1,l) as in the LAPW basis set are used, with as linearization energy Eα
1,l a

value suitable for the highest of the two valence states (4p in our example)13. The lower
valence state that is much more free-atom-like is sharply peaked at an energy Eα

2,l .
A single radial function uαl (r′, Eα

2,l) at that same energy will be sufficient to describe it.
Local orbitals are not connected to plane waves in the interstitial region, they have hence
no k⃗- or K⃗-dependence. The three coefficients Aα,LOlm , Bα,LO

lm and Cα,LO
lm are determined

by requiring that the LO is normalized, and has zero value and zero slope at the muffin

13Linearization energies for two atoms that are equivalent, are taken to be equal.
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tin boundary (= it does not leak out of the muffin tin sphere).
Adding local orbitals increases the LAPW basis set size. If for each atom local orbitals
for p- and d-states are added, the basis set increases with 3+5=8 functions per atom14in
the unit cell. This number is rather small compared to typical LAPW basis set sizes of a
few hundred functions. The slightly increased computational time is a small price to be
paid for the much better accuracy that local orbitals offer, and therefore they are always
used.

3.5.3 The APW+lo method

3.5.3.1 The ‘pure’APW+lo basis set

The problem with the APW method was the energy dependence of the basis set. This
energy dependence could be removed in the LAPW+LO method, at the cost of a
somewhat larger basis set size15. In the APW+lo method that will be described now, the
basis set will be energy independent and still have the same size as in the APW method.
In this sense, APW+lo combines the good features of APW and LAPW+LO.
The APW+lo basis set contains two kinds of functions. The first kind are APW’s, with
a set of fixed energies Eα

1,l:

φk⃗
K⃗

(r⃗) =


1√
V
ei(k⃗+K⃗).r⃗ r⃗ ∈ I

∑
l,mA

α, k⃗+K⃗
lm uαl (r′, Eα

1,l)Y l
m(r̂′) r⃗ ∈ Sα

(3.49)

We know from the discussion in Section.3.5.1 that with fixed energies this basis set does
not give a good description of the eigenfunctions. The basis set is therefore augmented
with a second type of functions. These are local orbitals, but another type as the one
used in connection with the LAPW method. We abbreviate them therefore as ‘lo’ instead

14Indeed, the more atoms in the unit cell, the more LO’s have to be added. In contrast to this, the
number of LAPW’s does not depend on the number of atoms in the unit cell, but - for a fixed Rmin

α Kmax

and cell symmetry - on the volume of the unit cell, independent on how many atoms appear in it (more
atoms mean just more sets of coefficients Aα, k⃗+K⃗

lm and Bα, k⃗+K⃗
lm ).

15Due to LAPW itself, and due to adding local orbitals.
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of as ‘LO’. Their definition is:

φlmα, lo(r⃗) =


0 r⃗ ̸∈ I

(
Aα,lolm uαl (r′, Eα

1,l) +Bα,lo
lm u̇αl (r′, Eα

1,l)
)
Y l
m(r̂′) r⃗ ∈ Sα

(3.50)

The same set of energies Eα
1,l is used as for the corresponding APW’s (although this is not

strictly needed). The two coefficients Aα,lolm and Bα,lo
lm are determined by normalization,

and by requiring that the local orbital has zero value at the muffin tin boundary (not
zero slope). Hence, both the APW and the local orbital are continuous at the sphere
boundary, but for both their first derivative is discontinuous.
For accurate results, the APW+lo basis set appears to require a size that is comparable
to the APW method (Kmax ≈ 3.5 au−1, P ≈ 130). This is less than in the LAPW+LO
method (Kmax ≈ 4 au−1, P ≈ 200). Nevertheless, P eigenvalues are obtained by a
single diagonalization, as in LAPW+LO.

3.5.3.2 Mixed LAPW/APW+lo basis sets

The reason why LAPW needs a higher Kmax than APW+lo can be traced back to a few
states that are hard for LAPW. They are:
• Valence d- and f-states.
• States in atoms that have a muffin tin sphere that is much smaller than others spheres
in the unit cell.
It is advantageous to treat those states with APW+lo, and keep using LAPW for all
other states. Why? Using APW+lo for a state means that per atom 2l + 1 local orbitals
are added to the basis set. This makes an APW+lo basis set for the same Rmin

α Kmax

considerably larger than the LAPW basis set. This is compensated by the fact that
a lower Rmin

α Kmax is needed for accurate results, but nevertheless, it is better to use
these extra basis functions only there where they are useful. Such an approach leads
to a mixed LAPW/APW+lo basis set: for all atoms α and values of l, equation.3.46 is
used. But for one or more atoms α0 (r ∈ Sα0) and one or more l0, equation.3.49 is used.
Corresponding φl0mα0 according to equation.3.50 are then added to the basis set. Such a
mixed basis set is the recommended choice in WIEN2k16.

16LAPW-code for electronic structure calculation.
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3.5.3.3 APW+lo with Local Orbitals (APW+lo+LO)

With APW+lo basis functions, the same problem with semi-core states appears as
described in subsection.3.5.2.2. It will be remediated in the same way: by adding Local
Orbitals (LO). The definition of a local orbital for APW+lo is:

φlmα,LO(r⃗) =


0 r⃗ ̸∈ I

(
Aα,LOlm uαl (r′, Eα

1,l) + Cα,LO
lm uαl (r′, Eα

2,l)
)
Y l
m(r̂′) r⃗ ∈ Sα

(3.51)

In contrast to the LO for LAPW, there is no derivative of uαl here. The two coefficients
Aα,LOlm and Cα,LO

lm are determined by the requirement that the LO is normalized, and has
zero value (not zero slope) at the sphere boundary.





Chapter 4

Literature note about Perovskites

4.1 Introduction

The mineral CaTiO3 was discovered in the Ural Mountains by geologist Gustav Rose in
1839 and given the name perovskite in honor of the eminent Russian mineralogist, Count
Lev Alexevich von Perovski1. The name perovskite is now used to refer to any member
of a very large family of compounds that has the formula ABC3 and for which the B ion
is surrounded by an octahedron of C ions. Perovskites (MgSiO3 and FeSiO3) are the
most abundant compounds in the Earth’s crust.
The compounds with the formula ABO3, with O = oxygen and B =a transition metal
ion, are a subclass of the transition metal oxides that belong to the perovskite family.
Table 4.1 provides a brief list of some well-studied ABO3 perovskites. Many of the
perovskites are cubic or nearly cubic, but they often undergo one or more structural
phase transitions, particularly at low temperatures.
The perovskite oxides are extremely interesting because of the enormous variety of
solid-state phenomena they exhibit. These materials include insulators, semiconductors,
metals, and superconductors. Some have delocalized energy-band states, some have
localized electrons, and others display transitions between these

two types of behavior. Many of the perovskites are magnetically ordered and a large
variety of magnetic structures can be found.
The electronic properties of the perovskites can be altered in a controlled manner by

1This chapter was inspired from this reference text: Thomas Wolfram, Sinasi Ellialtioglu, “Electronic
and Optical Properties of d-Band Perovskites”, Cambridge University Press (2006), ISBN-13: 978-0-521-
85053-7
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Table 4.1: Some perovskite and related oxides.

Insulating Metallic Magnetic Superconducting
SrTiO3(n-type)

WO3 ReO3 PbCrO3 NaxWO3 (t)
NaTaO3 NaWO3 LaCrO3 KxWO3 (t)
SrTiO3 KMoO3 CaMnO3 KxWO3 (h)
BaTiO3 SrNbO3 LaMnO3 RbxWO3 (h)
KTaO3 LaTiO3 LaCoO3 CsxWO3 (h)
LiNbO3 LaWO3 LaFeO3 LixWO3 (h)
t = tetragonal, h = hexagonal

substitution of ions into the A or B sites, or by departures from ideal stoichiometry.
The electronic energy bands of the perovskites are very unusual in that they exhibit two-
dimensional behavior that leads to unique structure in properties such as the density of
states, Fermi surface, dielectric function, phonon spectra and the photoemission spectra.
The perovskites are also important in numerous technological areas. They are employed
in photochromic, electrochromic, and image storage devices. Their ferro- electric and
piezoelectric properties are utilized in other device applications including switching,
filtering, and surface acoustic wave signal processing.
Many of the perovskites are catalytically active. Development of perovskite catalyst
systems for the oxidation of carbon monoxide and hydrocarbons, and the reduction
of the oxides of nitrogen have been proposed. The perovskites are also employed in
electrochemical applications including the photoelectrolysis of water to produce hydrogen.
Scientific studies of the perovskites date back many years. The physical properties of the
tungsten bronzes were investigated as early as 1823 [88]. However, it is only in recent
years that experimental and theoretical information on the electronic structure has begun
to become available. Energy band calculations [89], neutron diffraction and inelastic
scattering data [90], photoemission spectra [91], optical spectra [92], and transport data
[93] are now available for materials such as ReO3, WO3, NaWO3, SrTiO3, BaTiO3,
KMoO3, KTaO3, LaMnO3, LaCoO3, and a variety of other perovskites.
Surface studies of single-crystal perovskites have been performed using photoelectron
spectroscopies that indicate that the surface properties are extremely complex and
interesting [94].
In this chapter1 we present brief discussions of some of the properties of the perovskite

1This chapter was inspired from this reference text: Thomas Wolfram, Sinasi Ellialtioglu, “Electronic
and Optical Properties of d-Band Perovskites”, Cambridge University Press (2006), ISBN-13: 978-0-521-
85053-7
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oxides. The discussions are qualitative and intended only to give the reader a general
impression of the types of factors that must be considered. More quantitative discussions
are given in later chapters.
In Section 4.2 we describe the structural features of the perovskites. Sections 4.3 through
4.6 give a qualitative discussion of the electronic states starting from a simple ionic model
and then adding ligand field, covalency, and band effects. Section 4.7 deals briefly with
localized d-electron states and why many perovskites do not have conventional energy
bands. In Section 4.8 we touch upon the multiplet configurations of localized d electrons
and their role in determining the magnetic properties. The last section, 4.9, is a summary
of some of the technological applications of the perovskites.

4.2 The perovskite structure

The formula unit for the cubic perovskite oxides is ABO3 where A and B are metal
cations and O indicates an oxygen anion. The structure, illustrated in Figure 4.1 is
simple cubic (O1

h, Pm3m) with five atoms per unit cell. The lattice constant, 2a, is close
to 4 Å for most of the perovskite oxides.
The B cation is a transition metal ion such as Ti, Ni, Fe, Co, or Mn. It is located at the
center of an octahedron of oxygen anions. The B site has the full cubic (Oh) point group
symmetry. The A cation may be a monovalent, divalent, or trivalent metal ion such as
K, Na, Li; Sr, Ba, Ca; or La, Pr, Nd. The A ion is surrounded by 12 equidistant oxygen
ions. The A site also has the point group Oh.

The oxygen ions are not at sites of cubic point group symmetry. Focusing attention on
the oxygen ion marked with an “× ”in Figure 4.1 it may be seen that the site symmetry
is Dh

4 . The B-O axis is a fourfold axis of symmetry and there are several reflection planes;
the yz-plane and planes passing through the edges containing A sites. The transition
metal ion (B site) will experience a cubic ligand field that lifts the fivefold degeneracy of
the d-orbital energies. The oxygen ions experience an axial ligand field that splits the
2p-orbital energies into two groups. These splittings are described in the next section.
Well-known examples of cubic perovskites are SrTiO3, KTaO3, and BaTiO3 (above the
ferroelectric transition temperature). Many of the perovskites that we shall want to
include in our discussions are slightly distorted from the ideal cubic structure. If the
distortions are moderate the general features are not significantly different from those of
the cubic materials. BaTiO3 and SrTiO3 both have structural transitions to a tetragonal
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Figure 4.1: - The crystal structure of perovskite oxides with ABO3 formula unit.

symmetry at certain critical temperatures. Tetragonal and orthorhombic distortions are
very common among the perovskites.
In our discussions we shall also include substituted or mixed compounds of the form
(A1

xA
2
1−x)BO3 and oxygen-deficient perovskites, ABO3−x. Including distorted, substi-

tuted, and non-stoichiometric compounds, the class of materials under consideration is
very large. Within this broad class, examples may be found that display almost any
solid-state phenomena known.

4.3 Ionic model

The perovskite oxides are highly ionic, but they also possess a significant covalent
character. The ionic model is an oversimplified picture but it serves well as a starting
point for thinking about the electronic properties. The ionic model assumes that the A
and B cations lose electrons to the oxygen anions in sufficient numbers to produce O2−

ions. The usual chemical valence is assumed for the A cations; K+, Ca2+, and La3+, for
example. The ionic state of the transition metal ion is determined by charge neutrality.
If the charge of the B ion is denoted by qB and that of the A ion by qA then qB = 6 − qA

where the three oxygen ions contribute the factor of 6. A list of the common A ions and
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their valence states is given in Table 4.2.
Once the charge state of the B ion is determined the number of d electrons remaining is
determined from the atomic electronic configuration (Table 4.2). For example, for SrTiO3

we have Sr2+ and O2− so that the titanium ion is Ti4+. The electronic configuration of
neutral titanium atom is [Ar] 3d24s2. To form Ti4+ the outer four electrons are removed
leaving the closed-shell Ar core [Ar]. Since O2− has the [Ne] configuration, all of the
ions of SrTiO3 have closed-shell configurations. The electronic configuration of W is [Xe]
5d46s2. Thus in WO3 the W6+ ion has a closed-shell [Xe] core; however, for NaWO3

the W5+ ion has a d1 configuration. The electronic configurations of relevant transition
metal ions are given in Table 4.2.
According to the ionic model when all of the ions have closed-shell configurations the
material is an insulator.

If the B ion retains d electrons then the perovskite may be a metallic conductor
depending on other factors to be discussed. NaWO3 or ReO3 each have d1 configurations
and are good metals. For compounds such as NaxWO3 it is assumed that there will be x
d electrons per unit cell.That is, the Na donates its electron and the W ions donate the
remaining electrons needed to form O2− ions. One may imagine that there are (1 − x)
W6+ and x W5+ ions distributed at random or on an ordered array or that each tungsten
ion has an average valence of W(6−x)+. The proper picture can not be decided from the
ionic model but depends on other considerations. For NaxWO3 experiments show that
metallic d bands are formed so that we may picture an average valency of (6 − x)+.
However, among the perovskites examples of ordered and random arrays of mixed valence
B ions can also be found.

4.4 Madelung and electrostatic potentials

Starting from the ionic model, other important effects that determine the electronic
properties can be added. The ionic model described above would apply to isolated
or free ions. The ions are, of course, not isolated but interact in several different
ways. One such interaction is through the electrostatic fields due to the charges on the
ions. The most important electrostatic effect is the Madelung potential. The A and B
ions are surrounded by negatively charged oxygen ions. The electrons orbiting these
ions therefore experience repulsive electrostatic (Madelung) potentials. Conversely, the
electrons orbiting the oxygen ions are surrounded by positively charged cations and they
experience an attractive Madelung potential. The “site Madelung potentials”are defined
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Table 4.2: Cations commonly found in perovskite-type oxides. In parentheses is the
coordination number, Z, if the radii given are not for 12 coordination; HS and LS refer
to high spin and low spin, respectively. The effective ionic radii (in Å) are from R. D.
Shannon, Acta Cryst. A 32, 751 (1976).

Dodecahedral A site (Z =12) Octahedral B site (Z =6)
Ion Electrons Radius Ion Electrons Radius
Na+ 2p6 1.39 Na+ 1s2 0.76
K+ 3p6 1.64 Cu2+ 3d9 0.73
Rb+ 4p6 1.72 Mg2+ 2d6 0.72
Ag+ 2d10 1.28 (8) Zn2+ 2d10 0.74
Ca2+ 3p6 1.34 Ti3+ 3d1 0.67
Sr2+ 4p6 1.44 V3+ 3d2 0.64
Ba2+ 5p6 1.61 Cr3+ 3d3 0.615
Pb2+ 6s2 1.49 Mn3+(LS) 3d4 0.58
La3+ 4d10 1.36 Mn3+(HS) 3d4 0.645
Pr3+ 4f 2 1.18 (8) Fe3+(LS) 3d5 0.55
Nd3+ 4f 3 1.27 Fe3+(HS) 3d5 0.645
Bi3+ 6s2 1.17 (8) Co3+(LS) 3d6 0.5456
Ce4+ 5p6 1.14 Co3+(HS) 3d6 0.61
Th4+ 6p6 1.21 Ni3+(LS) 3d7 0.56

Ni3+(HS) 3d7 0.60
Rh3+ 4d6 0.665
Ti4+ 3p6 0.605
Mn4+ 3d3 0.53
Ru4+ 4d4 0.62
Pt4+ 5d6 0.625
Nb5+ 4p6 0.64
Ta5+ 5p6 0.64
Mo6+ 4p6 0.59
W6+ 5p6 0.60
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as the electrostatic potentials at the different lattice sites due to all of the other ions.
For example, the Madelung potential at a B site located at R⃗0

B is

VM(R⃗0
B) =

∑
R⃗O

e2|qO|
|R⃗0

B − R⃗O|
−
∑
R⃗A

e2|qA|
|R⃗0

B − R⃗A|
−

∑
R⃗B ̸=R⃗0

B

e2|qB|
|R⃗0

B − R⃗B|
. (4.1)

In 4.1, eqO, eqA, and eqB are the charges on the oxygen, A, and B ions, respectively,
and R⃗O, R⃗A, and R⃗B are the vectors for the corresponding lattice sites. The site
Madelung potentials are very large for the perovskites because of the large ionic charges.
Typical Madelung potentials are 30-50 eV for the B site. For A2+B4+O2−

3 perovskites
the (full ionic) site potentials [95] are: VM(B) = +45.6eV , VM(A) = +19.9eV , and
VM(O) = −23.8eV . A table of Madelung potentials can be found in Reference texts1.
The stability of the perovskite structure is largely due to the energies associated with
the Madelung potentials. The attractive potential at the oxygen sites allows the oxygen
ions to bind a pair of electrons. In effect the site potential adds to the electron affinity
of the oxygen ion. The affinity of O− for the second electron is actually positive. This
means that the second electron would not be bound on a free oxygen ion. O2− is stable
in the lattice because of the attractive site Madelung potential. Conversely, a d electron
is bound to a Ti4+ ion with an (ionization) energy of 43 eV. In the absence of the
repulsive site Madelung potential, donation of an electron from the Ti3+ to an O− ion in
SrTiO3 would be energetically very unfavorable. The site Madelung potential adds to
the ionization energy so that the d electron would have an effective binding energy of
−43 + 45.6 = +2.6eV (unbound) for SrTiO3 with the full ionic charges.
Thus, it is seen that the Madelung potentials are responsible for the ionic configurations.
An orbital centered on an ion has a finite radial extent so that an electron in such an
orbital would sample the electrostatic field over a distance comparable to the ionic radius.
In order to determine the complete effect of the electrostatic field on the electron state
we need to know the behavior of the field as a function of position near each ion site. If
we use the point ion model then,

V(r⃗) = − e2|qB|
|r⃗ − R⃗0

B|
+ Ves(r⃗),

Ves(r⃗) =
∑

R⃗B ̸=R⃗0
B

e2|qB|
|r⃗ − R⃗B|

−
∑
R⃗A

e2|qA|
|r⃗ − R⃗A|

−
∑
R⃗A

e2|qO|
|r⃗ − R⃗O|

. (4.2)

1This chapter was inspired from this reference text: Thomas Wolfram, Sinasi Ellialtioglu, “Electronic
and Optical Properties of d-Band Perovskites”, Cambridge University Press (2006), ISBN-13: 978-0-521-
85053-7
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The potential near R⃗0
B can be found by expanding Ves(r⃗) in terms of spherical harmonics

centered at R⃗0
B. The potential Ves(r⃗) then takes the form of an electric multipole

expansion. The monopole term is just the site Madelung potential. Thus, as we have
described, the site Madelung potential produces a shift in the energy of an electron
localized on the site.
The higher-order multipoles (dipole, quadrupole, etc.) create an electrostatic field (with
the point group symmetry of the site) which leads to a lifting of the orbital degeneracies.
The effect of the cubic electrostatic field at the B ion site is to split the fivefold degenerate
d states into two groups as shown in Figure 4.2(c). The eg group is doubly degenerate
corresponding to the d orbitals having wavefunctions with angular symmetry (x2 −y2)/r2

and (3z2 − r2)/r2. The threefold degenerate t2g group corresponds to the states (xy/r2),
(xz/r2), and (yz/r2).
The oxygen 2p states are split by the axial electrostatic field into a doubly degenerate
level denoted by p⊥ and a non-degenerate p∥ state. The notation p⊥ and p∥ refer to 2p
orbitals oriented perpendicular and parallel to a B −O axis, respectively.
The lowest unoccupied state of the A ion is an s state. Its energy is shifted by the
monopole (Madelung potential) but unaffected by the other multipole terms because it is
a spatially non-degenerate function with spherical symmetry at a site of cubic symmetry.
The particular level ordering shown in Figure 4.2 may be understood by considering the
orientation of orbitals relative to the charge distributions on neighboring ions. The eg
orbitals have lobes directed along the B −O axis and directly into the negative charge
clouds of oxygen ions. The t2g orbitals have lobes pointed perpendicular to the B −O

axis between the negative oxygen ions. As a result the eg states experience a greater
repulsion than the t2g states and consequently lie at a higher energy. Similar reasoning
suggests that the p∥ states lie below the p⊥ states when it is noted that B ion cores
appear as positively charged centers.
In insulating perovskites such as SrTiO3 the p states are completely filled while the d
states are completely empty. The energy difference, Eg, between the t2g and p⊥ states is
approximately equal to the energy gap. Metallic and semiconducting materials have the
d states partially filled. NaWO3 or ReO3 have a single electron in a t2g state.
In most but not all cases the energy bands involving the s state of the A ion are at
energies much higher than the primary valence and conduction bands of a perovskite and
therefore these bands are unoccupied. As a result the s state of the A ion usually does
not play any significant role in determining the electronic properties. This is not to say
that the A ion is not important. The electrostatic potentials of the A ions have a strong
influence on the energy of the p − d valence and conduction bands. Furthermore, the



4.4 Madelung and electrostatic potentials 63

Figure 4.2: Effect of the electrostatic potentials on the ion states - (a) free ions,
(b) Madelung potential, and (c) electrostatic splittings.
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size of the A ion is a significant factor in determining whether the crystal structure is
distorted from the ideal cubic form. Nevertheless, given a particular perovskite structure
and the effective electrostatic potentials acting on the B and O sites, the orbitals of the
A ion may usually be omitted from electronic structure calculations. This leads to a
major conceptual simplification because the electronic properties of the perovskites may
be regarded as arising solely from the BO6 part of the ABO3 structure. This implies,
for example, that the electronic structure of BaTiO3 and SrTiO3 should be essentially
the same. According to the same reasoning the electronic structure of NaxWO3 should
be independent of x. This does not mean that the properties are the same, but only
that the available electronic states are the same. Obviously, the properties of WO3 are
completely different from those of NaWO3; the former is an insulator and the latter is
a metal. However, as a first approximation the only effect of the sodium is to donate
electrons which occupy the t2g states of the tungsten ion.

4.5 Covalent mixing

In addition to electrostatic interactions, the ions can interact because of the overlap of
the electron wavefunctions. This leads to hybridization between the p and d orbitals and
the formation of covalent bonds between the transition metal ions and the oxygen ions.
It is frequently assumed that the covalent mixing in insulating materials such as SrTiO3

is negligible. This is not correct. Nearly all of the physical and chemical properties of
the perovskites are significantly affected by covalency.
To understand covalent mixing we consider a cluster of atoms consisting of a transition
metal ion and its octahedron of oxygen ions. The wavefunctions of the cluster can be
written in the form:

ψ(n)(r⃗) =
∑
α

a(n)
α ϕdα(r⃗) +

∑
R⃗i

∑
β

b
(n)
iβ ϕpβ(r⃗ − R⃗i), (4.3)

where ψ(n)(r⃗) is the cluster wavefunction for the nth eigenstate. ϕdα(r⃗) is a d orbital on
the B ion of α-type (α = xy, xz, ...,etc.) and ϕpβ(r⃗ − R⃗i) is a p orbital centered at an
oxygen ion located at R⃗i of the βth-type (β = x, y, orz). The coefficients a(n)

α and b
(n)
iβ

are constants which specify the amplitudes of the different orbitals which compose the
nth eigenstate.

For the ionic model the wavefunctions are either pure d orbital (b(n)
iβ = 0) or pure

p orbital (a(n)
α = 0). For the cluster the wavefunctions are still predominantly d or p
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Figure 4.3: Overlap between cation d orbitals and anion p orbitals
(a) Sigma overlap and (b) pi overlap.

orbital in character but there is a significant covalent mixing between the two (b(n)
iβ and

a(n)
α ̸= 0). The mixing comes about because of the overlap between d orbitals centered

on the cation and the p orbitals on neighboring oxygen ions. There are two types of
p− d overlap. The first is overlap between the d orbitals of the eg type with p orbitals of
the p∥ type. This overlap is called “sigma”overlap. The second type, “pi”overlap occurs
between t2g-type d orbitals and p⊥ orbitals. These two types of overlap are illustrated
in Figure 4.3. The overlap between t2g and p∥ orbitals or between eg and p⊥ orbitals
vanishes by symmetry. If only the p and d orbitals are considered then there are 23
cluster states for a transition metal ion and the octahedron of oxygen ions. These 23
cluster states arise from admixtures of the 23 basis states; 5 d orbitals and 18 p orbitals,
three on each of the six oxygen ions.
The cluster energy levels [96] are illustrated in Figure 4.4. The labels given to the cluster
energy levels indicate the group theoretical irreducible representations to which the
wavefunctions belong. The prefix numbers are used to distinguish different levels which
have the same symmetry properties. The degeneracies of the levels are indicated by the
numbers in parentheses.
It is noted that the cation d orbitals are still split into the eg and t2g groups. These,
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Figure 4.4: (a) BO6 cluster and (b) the cluster levels. The dashed levels are for the
electrostatic model. ∆es is the electrostatic splitting.

so-called “ligand-field states”differ from those of the electrostatic model (Fig. 4.2) in
two significant ways. First, the wavefunctions are no longer just d orbitals. They are
admixtures of p and d orbitals. A second difference is that the splitting between the eg
and t2g groups is much larger than for the electrostatic model. The cluster ligand-field
splitting denoted by 10Dq is due to both electrostatic and covalent effects. The covalent
contribution to 10Dq is usually much larger than the electrostatic contribution, ∆es.
Typically 10Dq is 2-3 eV in magnitude.
The ligand-field states, 3eg and 2t2g, have wavefunctions in which the d orbitals combine
out-of-phase with the p orbitals. The interference between the orbitals leads to a depletion
of charge between the B and O ions. For this reason these states are called antibonding
states. Bonding states are formed from in-phase combinations of the d and p orbitals.
These states have wavefunctions that correspond to an accumulation of charge between
the B and O ions. The bonding states are the 2eg and 1t2g levels (shown in Fig. 4.4).
These states have hybridized wavefunctions, typically 70% p orbital and 30% d orbital.
The percentage d-orbital admixture is a measure of the covalent bonding.
The remaining cluster levels have wavefunctions that are combinations of p orbitals
located on the six oxygen ions. They do not hybridize with the d orbitals and therefore
they do not contribute to the metal-oxygen bonding. Such states are called non-bonding
states. Wavefunctions of the three types of cluster states are illustrated in Figure 4.5.
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Figure 4.5: Cluster states: (a) antibonding, (b) bonding, and (c) non-bonding.

It is important to note that electrons occupy d orbitals on the cation even when the 3eg
and 2t2g levels are unoccupied. This is because of the covalent mixing of the d orbitals
into the filled valence states below the 2t2g level. This covalency effect is significant even
for “ionic”insulators such as SrTiO3. The ionic model implies that the titanium ion is
Ti4+ with a d0 configuration. Cluster models would give an effective valence such as
Ti3+(d1).

4.6 Energy bands

In the preceding section we considered a cluster model for the perovskites in which
the transition metal ion interacts with the nearest-neighbor oxygen ions. The covalent
mixing between the cation and anion wavefunctions leads to a partial occupation of
d orbitals which, in the ionic model, were empty. A mechanistic interpretation of the
covalent mixing is that the overlap between cation and anion wavefunctions provides a
means of transferring electrons back and forth between the ions. Clearly, for an extended
crystal structure the same mechanism will allow electrons to be shared between cations in
adjacent clusters. Each oxygen of a given cluster is shared by adjacent cations. Cations
can interact with each other through the intervening oxygen ion. An electron on a cation
may be transferred to the oxygen ion and then from the oxygen ion to the second cation.
When such processes occur the electrons become delocalized and electron energy bands
are formed. It is important to note that the formation of d-electron bands requires two
independent electron transfer processes. The delocalization of d electrons therefore is
second order in the p− d overlap (or the probability of p to d electron transfer). This is
quite different from a typical monoatomic metal where delocalization is first order in the
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atomic overlap. For cubic perovskites the cation-cation separation is nearly 4Å. This
is too large for a significant direct overlap between cation orbitals and therefore band
formation occurs by transfer of electrons between cations and anions whose separation is
only about 2Å.
In considering the energy bands of a perovskite it is appropriate to divide the crystal
into unit cells each with the formula unit ABO3. (The unit cell is shown in Fig. 4.1.) As
discussed previously, the s states of the A ion can be neglected. Therefore, there will be
14 energy bands corresponding to the five d orbitals and nine p orbitals of each unit cell.
The wavefunctions of the band states are characterized by a wavevector k⃗ and are of the
form

Ψk⃗(r⃗) =
∑
R⃗d

∑
α

aα(k⃗)eik⃗.R⃗dϕdα(r⃗ − R⃗d) +
∑
R⃗p

∑
β

bβ(k⃗)eik⃗.R⃗pϕpβ(r⃗ − R⃗p). (4.4)

In eq. 4.4, aα(k⃗)eik⃗.R⃗d and bβ(k⃗)eik⃗.R⃗p are respectively the amplitudes of the d and p
orbitals of symmetries α and β located at the lattice sites R⃗d and R⃗p.
An energy band diagram for a typical perovskite is shown in Figure 4.6 for a model which
includes only the interactions between nearest-neighbor ions [97]. For this simple model
the energy bands divide into a set of sigma bands and a set of pi bands. The sigma
bands involve only the eg d orbitals and the p∥ oxygen orbitals. The pi bands involve
only the t2g d orbitals and the p⊥ oxygen orbitals.
The sigma bands have five branches: two distinct σ-type valence (bonding) bands, two
distinct σ∗-type conduction (antibonding) bands and a single σ0-type non-bonding band.
The pi bands have nine branches: three equivalent π-type valence (bonding) bands,
three equivalent π∗-type conduction (antibonding) bands, and three equivalent π0-type
non-bonding bands.

The bonding and antibonding (σ; σ; π; π∗) bands have wavefunctions whose p − d

admixture varies as a function of the wavevector k⃗. At Γ(k⃗ = 0) in the first Brillouin zone
(see the inset in Fig. 4.6) the wavefunctions are pure p or pure d orbital in composition.
The states at Γ have no covalent character and therefore correspond to the levels derived
from the ionic model including the electrostatic potentials (Fig. 4.2(c)). As k⃗ varies
along Γ → X → M → R the covalent mixture of the p and d orbitals increases. It is
maximum at the point R, at the corner of the Brillouin zone. The states at R are very
similar to the “g”states of the cluster model (i.e., 2t2g; 3eg, etc.). Thus the ionic model
underestimates the covalency and the cluster model overestimates the covalency of the
perovskites. The separation between the σ∗ and π∗ bands at Γ, ∆es(d), corresponds to
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Figure 4.6: Energy bands for a typical perovskite showing the dispersion for k⃗-vectors
along various lines in the Brillouin zone (inset) according to the LCAO model with
nearest-neighbor interactions. The lighter curves are the pi bands and the darker curves
are the sigma bands. The energies, Eg, 10Dq, ∆d, and ∆p are the band gap, total (cluster)
ligand-field splitting, d-orbital ligand-field splitting, and the p-orbital ligand-field splitting,
respectively.
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the electrostatic contribution to the ligand-field splitting. The separation at R is the
total ligand-field band splitting and is approximately equal to 10Dq.
The non-bonding band states for σ0 and π0 involve only oxygen 2p orbitals and therefore
do not involve metal-oxygen covalent mixing. The band and cluster models produce
similar non-bonding states.
The energy separation between the π∗ and π0 bands at Γ is the fundamental band gap,
Eg. It varies between 1 and 4 eV and is largest for the insulating perovskites. Covalent
mixing decreases with increasing band gap. The magnitude of the band gap is a measure
of the ionicity of a perovskite. For example, the band gap of SrTiO3 is 3.25 eV and that
of ReO3 is about 1 eV. This means that SrTiO3 is much more ionic than ReO3.
Insulating perovskites (e.g., SrTiO3, BaTiO3, or WO3) have filled valence bands; that
is, the σ; π; σ0, and π0 bands are completely occupied with electrons. The conduction
bands (σ∗ and π∗) are empty. Metallic perovskites such as NaWO3 or ReO3 have one
electron per unit cell in the π∗ conduction band. Examples of metallic compounds with
two electrons in the π∗ band are CaMoO3, BaMoO3, and SrMoO3. Perovskites with more
than two d electrons tend to form localized-states similar to those of the cluster model
rather than delocalized band states.
Insulating perovskites can be rendered semiconducting or metallic by several means.
Reduction in a hydrogen atmosphere produces oxygen vacancies. The vacancies act
as donor centres; two electrons being donated by each vacancy (hydrogen itself may
also remain in the lattice and act as a donor). Electron concentrations in the range of
1016 −1020 electrons/cm3 can be produced in this way. Reduced insulating perovskites are
n-type semiconductors with the Fermi level very near to the bottom of the π∗ conduction
band. n-type SrTiO3 has been found to be a superconductor at temperatures below 0.3K
[98].
Insulating perovskites can also be doped by substituting appropriate ions into either
the B or A sites. The tungsten bronzes NaxWO3, KxWO3, LixWO3, and HxWO3 are
special cases in which donor ions are substituted into the empty A sites of insulating
WO3. Electron concentrations of the order of 1022 electrons/cm3 are obtained in this
case. Many of the bronze compositions are superconductors.
One of the reasons perovskites are particularly valuable for research is that the electronic
properties can be varied in a controlled fashion to produce almost any desired feature.
The Fermi level in SrTiO3 can be varied over a 3 eV range by going from cation- to anion-
deficient compositions. The basic band structure does not change appreciably so the
properties of such compositions are easily understood and interpreted in terms of a fixed
band structure; that is the “rigid-band”approximation is valid. The rigid-band model is
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also applicable to the tungsten bronzes, and mixed compounds of the A(1)
x A

(2)
1−xBO3 type

where A(1) and A(2) are different cations.

4.7 Localized d electrons

In the preceding section we indicated how the localized cluster states are delocalized
because of the overlap of wavefunctions between adjacent clusters. The d-band formation
is due to the transfer of electrons between cations via intervening oxygen ions. These
electrons become delocalized and have an equal probability (proportional to |eik⃗.R⃗|2 = 1)
of being found at any cation site. The band model neglects any possible spatial correlation
between d electrons. The potential experienced by a given electron is assumed to be the
same at every lattice site and equal to the average potential of the ion core and all other
electrons. The usual one-electron band model explicitly ignores the fact that at any given
instant of time a non-average number of electrons may be occupying the orbital of an ion.
However, during the lifetime of the “non-average”ionic state the electrons on the site will
experience a non-average potential. In particular, the intra-atomic Coulomb repulsion of
an electron on a non-average site will be different from that at an average site.
Consider the situation in which we start with two metal ions each having n electrons. The
electron-electron repulsion energy among the n electrons at each site is 1

2Un(n− 1) where
U is the Coulomb integral. If we transfer an electron from one site to the other there will
be n−1 electrons on one site and n+1 on the other. The electron-electron repulsion energy
will be 1

2Un(n+ 1) on the site with the extra electron and 1
2U(n− 2)(n− 1) on the other

site. There is a change in the repulsion energy at one site of 1
2U [n(n+1)−n(n−1)] = nU .

At the other site the change in energy is 1
2U [(n − 2)(n − 1) − n(n − 1)] = −Un + U .

Therefore, the net change is an additional repulsive energy equal to U . Thus, there is a
Coulomb energy barrier to the creation of non-average ionic states.
Band formation is favorable because the delocalization of an electron reduces its kinetic
energy (provided that the electron can occupy a state near the bottom of the band). For
such a case the reduction in kinetic energy increases as the band width increases.
It is clear from what has been said that energy band formation will only be favorable
if the reduction in kinetic energy is larger than the increase in the Coulomb energy. A
variety of models which include a form of the Coulomb correlation energy have been used
to find a criterion for the validity of the band model [99]. In general it is found that band
theory applies when W ≥ U where W is the band width. For W less than U , localized
d-electron states are energetically favored. The precise criterion is model-dependent.
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The localized electron criterion leads to interesting possibilities for the perovskites.
The band width of the σ∗ band is substantially larger than that of the π∗ band and
consequently, for a number of perovskites, the t2g states are localized while the eg states
form σ and σ∗ energy bands; LaNiO3 with filled t2g states and a single electron in the σ∗

band is an example [100].

4.8 Magnetism in the perovskites

The occurrence of magnetism in the perovskites is closely connected to the existence
of localized d electrons. In almost all cases where magnetism exists the d electrons are
localized and possess localized spins. In such cases the local electronic configuration
becomes an important consideration. One must be concerned with the multiplet structure.
The tendency toward the formation of a multiplet configuration with a net spin arises
from intra-atomic exchange and correlation. In atomic theory, Hund’s rule states that
the lowest-energy configuration corresponds to the state of maximum multiplicity or
maximum spin and orbital angular momentum. Hund’s rule is qualitatively applicable
to the perovskites with localized d electrons. There are, however, some significant
differences between atomic theory and the theory applicable to ions of the solid. The
major differences between free ions and the cations in a solid perovskite are:

1. the fivefold degenerate d states are split into the eg and t2g groups with a splitting
of 10Dq;

2. the energy differences between different electronic configurations are not as widely
separated as for the free ions;

3. there is significant covalent mixing between the d-ion orbitals and the neighboring
oxygen ion p orbitals.

As a consequence of 1 and 3 the electronic configuration of the cation should be specified
in terms of the one-electron cluster states 3eg and 2t2g. For simplicity the numerical
descriptors of these states may be omitted. The d-electron configuration may then
be specified by (tn2gemg ), where n and m are the occupations of the 2t2g and 3eg levels,
respectively.
The effect of 2 is that different valence states and different electronic configurations of
the cation are closer in energy to each other than for the free ion. This is a result of
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polarization and electron screening of the Coulomb interactions. On applying Hund’s
rule to a perovskite cation the ligand-field splitting must be taken into account. When
the number of d electrons, m + n, is between 4 and 7, Hund’s rule can be violated if
the ligand-field splitting is greater than the intra-atomic exchange energy. Consider,
for example, LaMnO3 which has Mn3+ ions with four d electrons. The intra-atomic
exchange favours the “high-spin”configuration 5Eg = (t2g ↑3 eg ↑). However, occupying
the eg state involves a loss of binding energy equal to the ligand-field splitting. Therefore,
the “low-spin”configuration 3T2g = (t2g ↑3 t2g ↓) is competitive. Assuming a constant
exchange, J , between parallel spin electrons, the intra-atomic exchange involves

Eex = −J
∑
i>j

s⃗i.s⃗j

where s⃗i and s⃗j are the spins of the occupied states. The 5Eg has an exchange energy
−3

2J while for the 3T2g, Eex = −3
4J . However, the 3T2g has a ligand-field energy of 10Dq.

Therefore, the difference in the energies of the two configurations is

E(5Eg) − E(3T2g) = −3
4J + 10Dq ≡ ∆E.

When ∆E < 0 the high spin state 5Eg (spin=2) is lower in energy than the low spin
state 3T2g (spin=1). If ∆E > 0 then the low spin state is favored. Experiments on d4

ions in perovskites show that the low spin state is usually favored. This indicates that
the ligand-field splitting is larger than the intra-atomic exchange and Hund’s rule does
not apply.
When the cations possess localized spins, then long-range magnetic ordering can occur.
The principal mechanism of spin-spin interactions is superexchange. Superexchange
involves the antiferromagnetic coupling between nearest-neighbor cations by exchange of
electrons with the intervening oxygen ion.
Examples of magnetically ordered perovskites are LaCrO3, PbCrO3, CaMnO3, LaFeO3,
and many others. Those named above form the simple G-type magnetic cell in which the
spins of nearest-neighbor cations are antiparallel. Many other types of magnetic ordering
also occur among the magnetic perovskites.
As a final comment on localized d electrons we mention the importance of the Jahn-Teller
effect. This effect is the spontaneous distortion of a cubic structure such as that of
perovskites. When the cation electronic configuration is orbitally degenerate, the ground
state will in some cases, be unstable to small distortional displacements. This Jahn-Teller
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distortion occurs because the electronic energy decreases linearly with displacement while
the elastic energy increases as the square of the displacement. A minimum in the total
energy always occurs for a small but finite distortional displacement.

4.9 Some applications of perovskite materials

The technological uses of perovskite and perovskite-related materials are extensive and
we will not attempt to review the field. In this section we shall only briefly mention some
of the common applications. References are given to only a few representative papers in
the vast literature.
The piezoelectric insulating perovskites such as BaTiO3, PbTiO3, PbZrO3,
Pb(ZrxTi1−x)O3 (PZT), and LiNbO3 have been employed extensively as solid-state device
materials. Some solid-state applications include switching devices, infrared detectors,
and a large variety of signal processing devices [101]. These materials are employed as
substrates for the generation of bulk and surface acoustic (elastic) waves. Because of their
piezoelectric properties, acoustic waves are accompanied by an oscillating electric field
[102, 103]. It is possible to generate acoustic waves by applying an oscillating electric field
to the substrate and conversely an acoustic wave may be detected by the electric field it
generates. The coupling between the elastic displacement and the electromagnetic field is
nonlinear and produces second-harmonic electric fields [104]. These properties have been
employed to design a number of acoustic wave signal processing devices, including time
delay lines, filters, acoustic wave image devices and nonlinear convolution and correlation
devices.
The nonlinear optical properties of the perovskite insulators are used for the generation
of second-harmonic optical waves. The second-harmonic generation coefficient of PbTiO3

is among the highest known [105]. Other applications of the insulators include pho-
tochromic, electrochromic, image storage, and display devices [105]. In the photochromic
applications the transparent host materials are doped with impurity transition metal
ions or rare earth ions. The impurity ions have several localized levels lying within the
band gap of the substrate that correspond to different valence states. The valence state
of the impurity ion can be changed by photoexcitation. Impurity ions are selected for
which one valence state has an absorption band in the visible while the second does not.
Colored images can be “written”by a light beam that causes photoexcitations of these
metastable valence states. The images can be erased by a second light beam of a different
wavelength which depopulates the metastable states. For electrochromic devices, the
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valence states are changed by shifting the quasi-Fermi level or by reducing the material
electrochemically. A thin film of WO3 may be changed from transparent to a deep blue
color by electrochemically converting W6+ ions to W5+ ions.
There is also interest in the surface chemical properties of the perovskites. Many are
excellent gas-phase catalysts and in addition several are photocatalytic and electrocat-
alytic.
Interest in the catalytic properties of the perovskites began with the suggestion that the
rare earth cobalt oxides, RCoO3 (R=rare earth ion) might prove useful as substitutes for
Pt-based automotive exhaust catalysts [102, 103]. Strong catalytic activity and a high
degree of selectivity have been found for a large variety of perovskite materials [106].
Many energetically favorable (exothermic) gas-phase reactions do not occur spontaneously
but require a catalyst in order to occur. The detailed mechanisms of catalytic action
are not known in most cases, but some general features are understood. There are
two principal factors which inhibit an exothermic reaction. The first is related to the
symmetry of the reactant and product states. As two molecules come together in a
chemical reaction the orbitals of the complex must evolve from those of the reactants
to those of the products. One can imagine a continuously changing set of hybridized
molecular orbitals for the reacting molecules. It frequently happens that the occupied
orbitals of the ground state of the product can not evolve from a hybridization of the
occupied orbitals of the reactants. An example is the hydrogenation of ethylene to
form ethane. The bonds associated with the hydrogen atoms of ethane evolve from
a hybridization of empty anti- bonding states of the reacting hydrogen and ethylene
molecules, and not from the occupied bonding states. Electron flow from the occupied
bonding states to the empty antibonding states is forbidden by symmetry consideration.
Reactions can be classified as symmetry-“allowed”or symmetry-“forbidden”in much the
same way as optical translations [107]. Reactions that are “forbidden”are inhibited by a
symmetry-imposed barrier.
Another barrier encountered is associated with the charge transfer involved in the reaction.
As charge flows from the reactant states to the ground state of the product, the molecules
must often pass through a transient polar configuration. Such polar configurations are
usually energetically unfavorable because the electron affinity of a molecule is small
compared to its ionization energy. The inhibition to charge transfer acts as an additional
barrier to the chemical transformation.
The catalytic properties of the perovskites are directly related to the presence of coor-
dinatively unsaturated transition metal ions on the surface. The term coordinatively
unsaturated, refers to the fact that an ion on the surface will often have less than its
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normal complement of six oxygen ligands. Such ions provide active sites for adsorption of
reactant molecules because in this way the ion can attain its normal number of ligands.
The symmetry of the d orbitals is favorable for interaction with both the bonding and
antibonding states of most molecules.
It is generally believed that chemisorption of one or more of the reactant molecules to form
a surface complex is a precursor to a catalyzed reaction. The role of the surface complex
in catalysis is twofold: d orbitals can hybridize with the reactant molecule orbitals in
such a way as to provide a symmetry-allowed path for the reactions [108]. In addition,
the adsorption of the reaction species greatly facilitates charge transfer processes. When
molecules condense on a solid substrate the ionization energy of the molecular levels
is reduced due to a process known as extra-atomic relaxation [109]. Furthermore the
barrier to charge transfer is reduced by the solid-state effects of polarization and electron
screening. It is also possible for charge transfer to occur via the transition metal ion. The
catalyst ion acts as an intermediary to accept (donate) electrons from the reactants and
to donate (accept) electrons to the product. This process involves a valence fluctuation
of the cation. Such fluctuations are of low energy compared to fluctuations of charge
on free molecules. The energy required for a valence fluctuation can be minimized in
systems such as the mixed or non-stoichiometric perovskites since they already contain
mixed valence transition metal ions.
There are several factors that make the perovskites particularly attractive as catalyst
systems for research. One factor is that they form a large class of structurally similar
compounds whose electronic properties can be varied in a controlled way. This permits a
systematic study of the effects of variations in electronic parameters on catalytic rate,
for example. (Pt is an excellent catalyst but there is little that can be done to vary
its electronic state and therefore to discover why it is such a good catalyst.) A second
factor making the perovskites important as catalysts is that they are highly stable at
high temperatures and in hostile chemical environments.
Voorhoeve et al. [106] have reported extensive studies on a variety of perovskite catalysts.
Co, Mn, and Ru perovskites have been investigated as catalysts for the oxidation of
carbon monoxide and hydrocarbons and for the reduction of the oxides of nitrogen.
(Such catalytic conversions are important in removing pollutants from auto exhaust.)
Particular examples of perovskite catalysts investigated include SrRuO3, LaRuO3, and
the substituted system (LaxK1−x)(RuyMn1−y)O3. The catalysts are very active and
highly selective in the reduction of nitrogen oxides. The use of substituted systems
permits a controlled variation of valence states for the cations. The electronic properties
can be tailored for a particular application.
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Another important feature of perovskite catalysts is that they can be designed to simul-
taneously catalyze reduction and oxidation reactions. An example of such a catalyst
is (La0.8Sr0.2)(Co0.9Ru0.1)O3. Several perovskite compositions have been found to be
superior or comparable to commercial catalysts.
It is also noted that surface oxygen vacancies on a perovskite can serve as catalytically
active sites. NO is believed to dissociate into adsorbed N by reaction at a vacancy site
on manganite catalysts. The liberated oxygen from the NO molecule can fill the empty
surface oxygen site. The vacancy can be restored by reaction with an reducing agent such
as CO. Such sites are useful in catalysis systems where both reduction and oxidation
processes are desired.
The perovskites have not yet emerged as commercially competitive catalysts, but have
proved valuable in the study of the possible mechanisms of catalysis.
As a final topic in the applications of perovskites we mention their use as electrochemical
electrodes.
Materials such as LaCoO3, n-type SrTiO3 and the tungsten bronzes have been utilized
as anode materials in electrochemical cells. They are particularly useful because of their
stability in an electrolyte. Nearly ideal reversible electrode behavior has been shown for
LaCoO3 and related compounds such as (La0.5Sr0.5)CoO3 [110].
A particularly interesting application is the photoelectrolysis of water. The electro-
chemical cell consists of an n-type anode such as SrTiO3, BaTiO3 or some substituted
perovskite and a Pt counterelectrode [111–114]. The electrolyte may be either alkaline or
acid aqueous solution. The electrodes are connected through an external circuit and the
electrolysis process is driven photocatalytically by photons incident on the anode surface.
In alkaline aqueous solution the anode reaction is

2p+ + 2 OH− −→ 1
2 O2 + H2O

where p+ designates a hole. Electron-hole pairs are generated in the oxide anode by
absorption of incident photons with energies equal to or greater than the band gap. The
electrons and holes are separated by the internal electric field of the oxide (due to band
bending at the oxide-electrolyte interface). In n-type materials such as SrTiO3 the band
bending creates an electron depletion (hole accumulation) region at the surface. The
holes combine with adsorbed hydroxyl ions to produce molecular oxygen and water as
indicated by the anode reaction above. The electrons are discharged at the cathode,
producing hydrogen.
The feasibility of photoelectrolysis for the production of hydrogen has been demonstrated
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using band-gap photons with h̄ω ∼ 3 eV for several oxides. The first such experiments
utilized n-type TiO2 [114]. Later studies employed perovskites such as SrTiO3 [112, 113].
These experiments have raised the exciting possibility of developing a solar-driven
electrolysis system for the production of hydrogen fuel. The band-gap energy of SrTiO3

or TiO2 is too large for efficient solar-driven devices and therefore interest has been
stimulated to search for another oxide with a smaller band gap. Methods of reducing
the energy for creating electron-hole pairs in large band-gap materials are also being
considered. One such method is the use of adsorbed sensitizing dye molecules. Surface
states in the band-gap region offer another way for the generation of electron-hole
pairs with less-than-band-gap radiation. Such surface states may also be involved in
electrocatalyzing the anode reaction.



Chapter 5

Defect in Perovskite : SrTiO3−x

5.1 Introduction and objective

One of the greatest challenges in solid state physics has been the development of a
satisfactory explanation of the fundamental differences between an insulator and a metal.
When a few atoms of the same kind are brought together to form a molecule, the individ-
ual atomic orbitals break the degeneracy and form molecular orbitals. In a solid, where
the number of atoms per cubic centimeter normally is in the order of 1023, the individual
atomic orbitals may form continuous bands. As explained by the nearly free electron
model [115], these bands split when the electronic wave functions Bragg-scatter off the
periodic lattice and give rise to regions in energy where no electrons are allowed. With
this fairly simple picture, the difference between an insulator and a metal is understood
as a full band and a partly filled band, respectively. In a full band, an electron has to be
excited, beyond the so called “bandgap”, to the next unoccupied band leaving behind a
positively charged “hole.” This hole moves, in an applied field, in the opposite direction of
the electron and in this way no net current will flow. In a metal, where the most lightly
bound electrons only partly occupy the band, the electrons directly start to move in an
applied field, creating a net current. If the partly filled band is close to empty, or close to
full, one normally talks about a semimetal or a semiconductor at elevated temperatures1.
In the first part of the twentieth century, when the quantum theory for solids was devel-
oped, experimentalists tried to prove the nearly free electron model. It was found that
wide-bandgap insulators (for example noble element crystals or diamond with bandgaps

1Reference text: Thesis of B. P. Andreasson, “OXYGEN VACANCIES IN SrTiO3: AN X-RAY
ABSORPTION STUDY”, ETH Zürich, Zürich, Switzerland (2009)
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of about ∼ 5 − 6 eV) and intrinsic semiconductors (for example silicon and germanium
with bandgaps around 1 eV) behave fairly close to this simple model [116]. For materials
with bandgaps around 2−3 eV, for example the 3d transition metal oxides, the behavior is
not that straight forward. Many binary 3d transition metal oxides with partly populated
3d bands were found to be semiconducting and even insulating [117]. The inability of
the nearly free electron model to predict the insulating behavior in the 3d transition
metal oxides with partly filled bands has since then puzzled the scientific community.
It turned out that the localized character of the 3d orbitals was responsible for the
insulating behavior. In the tightly bound 3d orbitals the coulombic interaction between
the electrons cannot be neglected. The localized behavior of the 3d orbitals is in strong
competition with the partly delocalized character of the hybridized oxygen 2p orbitals.
Therefore, in the 3d transition metal oxides, the charge, spin, and orbital degrees of
freedom, give rise to a variety of interesting properties. Many of these properties do
not arise in the intrinsic 3d transition metal oxides. However, when the material has
been doped, these properties are revealed. In the 3d transition metal oxides, doping
can be done either by partly substituting an element for another (for example La3+ for
Sr2+ in SrTiO3 giving metallic conductivity[118]), or by introducing defects, such as
oxygen vacancies [119]. It seems logical that a very small doping of electrons or holes
would gradually induce metal-like behavior in an insulator. In practice, there is a critical
doping level; normally the material remains insulating or semiconducting over a broad
range of band filling. Many compounds show transitions between insulating and metallic
states when different chemical or physical parameters are changed. The idea that one
could controllably switch a material between an insulator and a metal is originated from
the nearly free electron model. The gap between the bands, formed due to the periodic
potential, is controlled by the interatomic distance. Changing this distance by external
pressure or other means, it would be possible to alter the bandgap. Depending on the
filling of the bands, the material may switch between a metal and an insulator. Pressure
dependent metal-to-insulator transitions were found in metallic Sr and Yb [120]. Several
different transition metal compounds have shown metal-to-insulator transitions when
other parameters were changed, for example doping or temperature [121]. The field
of solid state physics, where different conductivity phenomenons are studied in the 3d
transition metal oxides, belongs to the field of “strongly correlated electrons physics”.
A comprehensive review on early progress in this field, where the irregularities in the
expected behavior of the 3d transition metal oxides is thoroughly explained, can be found
in reference [122].
The solid state physics revolution induced by the discovery of the transistor by Shockley,
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Bardeen, and Brattain [123] in the late forties was the basis for the electronic industry.
The accelerating demands on the performance of electronics refined the manufacturing
processes giving a possibility to produce materials of very high purity. Increase of the
quality in manufacturing has led to the miniaturization of electronic devices, where
the number of transistors per chip, amount of storage space per area, roughly follows
exponential growth (known as Moore’s law [124]). All progress in the electronics industry
since the introduction of the transistor has been based on current flow and storage of
charge. Information is, in this mainly silicon based technology, processed by redirecting
currents with transistors and stored by charging capacitor structures. If the limitations of
this technology are reached, currents and charges would have to be determined accurately
in structures smaller than a few nanometers. In such small structures, the quantum
nature of the electron will become more important, making the determination of currents
and charges difficult. Based on Moore’s law, the industry predicts to break the 10
nm barrier in 2020 (information taken from “International Technology Roadmap for
Semiconductors”) If the current electronic device development continues, ground breaking
technological advances and a new perspective on current technologies will be required in
order to avoid a stagnation of the market within the next few decades. Naturally, current
solid state physics research is therefore trying to implement some of the recent ground
breaking scientific discoveries in commercial electronic devices.
A renewed interest in transition-metal oxides and an upswing for the studies of strongly
correlated systems was caused by the discovery of high temperature superconductivity
in the copper oxides [125]. Since then, the temperature at which the material turns
superconducting has been increasing to above 130 K [126]. Although applications such
as superconducting power transmission or the generation of magnetic fields do exist, so
far there has been limited impact on everyday consumer electronics.
Many of the transition metal oxides have a very large relative permittivity, making
them suitable for the dielectric layer of capacitors. Especially BaTiO3 [127] and later
SrTiO3 [128] have had many technological applications as dielectric materials. The most
interesting question to ask is: How much electric field can one apply to the dielectric
before the material breaks down and becomes conducting? To answer this question,
and to develop new materials suitable for analog electronic devices, a lot of research
effort has been spent on studying the dielectric breakdown in perovskite titanates. The
phenomenon of resistance degradation has been known since the fifties, with early reports
on (BeBa)TiO3 in 1951 [129].
One phenomenon, closely related to the development of electronic devices, is the mag-
netoresistance effect. In recent years, this phenomenon has been detected in several

http://www.itrs.net/Links/2008ITRS/Update/2008_Update.pdf
http://www.itrs.net/Links/2008ITRS/Update/2008_Update.pdf
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manganese based oxides, where the resistivity can be changed with applied magnetic fields
[130]. Due to the extreme differences in resistivity this phenomenon was termed colossal
magnetoresistance. In the manganese oxide based magnetoresistance materials, when the
material is close to a metal-to-insulator transition, the conductivity can be changed by
several orders of magnitude with the application of a magnetic field. Possible applications
for these colossal magnetoresistance compounds would be to replace the current metallic
magnetoresistance materials used in the read head of computer hard-disks, if the working
temperature could be raised to room temperature and above.
In several transition metal oxides, the intrinsic resistivity, as well as induced states with
higher conductivity, can be switched between two or more stable states. This phenomenon
was first discovered in insulating films, e.g., SiO2 and Al2O3 [131, 132]. In these early
measurements, oxide films were grown by oxidizing chosen regions of the material. When
the fabrication methods for the growth of oxide films were developed, there was a renewed
interest in these kind of phenomena [133]. This was also boosted by the fact that the
electronics industry saw possible applications with this phenomenon. If the resistivity of
a material can be switched between two stable states, information can be stored.
The electronics industry is focused on improving the density, durability, and reading-
writing speeds of non-volatile memories. These are currently dominated by the Flash
memories which are important for almost all electronics, especially in hand-held mobile
devices. The current main focus in this research field now lies on materials for which
one can change the resistivity by controllable means. The main trends of this field
are explained in reference [134]. Suggested techniques to change the resistivity are:
Resistivity change of a metal-oxide-metal structure with applied electric field [133]. The
resistivity can also be switched in a magnetic tunnel junction using magnetic fields [135].
In chalcogenide glasses, based on different GeSbTe alloys, the resistivity is changed when
the material is switched between a crystalline and an amorphous phase with heat pulses
[136].
The main objective of the present chapter was the theoretical study of oxygen vacancies
in SrTiO3 with different concentrations by means of first-principles simulations. These
types of point defect represent very common imperfections in ABO3-type perovskite
oxides diversifying their chemistry and leading to a broad range of possible technological
applications.
Our first step was to examine basic properties of perfect SrTiO3 crystals. This study give
us a significant insight into the electronic properties and chemical bonding of SrTiO3

and give several predictions about the perfect SrTiO3, we have examined these prop-
erties, especially around the Fermi level, to clarify the picture of this system in the
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non-stoichiometric cases.
We also investigated the electronic structure and nature of bonding around the oxygen
vacancies in the next step. We have used a supercell model to calculate the band structure;
the incorporation of one or two oxygen vacancies in the supercell gives rise to variety of
unique density of state functions depending on the distribution of defects in the supercell.
Metallic behavior is thus predicted in every case.

5.2 Materials and Computational details

5.2.1 Method

The calculations have been performed within DFT implemented in the WIEN2K code
[137]. Atoms were represented by hybrid full-potential (linear) augmented plane-wave
plus local orbitals (L/APW + lo) method [138]. The electronic configurations are taken
[Ar] 3d2 4s2 for Ti, [Kr] 5s2 for Sr and [He] 2s2 2p4 for O. In this method wave functions,
charge density, and potential are expanded in spherical harmonics within no overlapping
muffin-tin spheres, and plane waves are used in the remaining interstitial region of the
unit cell. In the code, the core and valence states are treated differently. Core states
are treated within a multiconfiguration relativistic Dirac–Fock approach, while valence
states are treated in a scalar relativistic approach. The exchange–correlation energy
was calculated using the Perdew–Wang local density approximations (LDA) [139]. Very
carefully step analysis is done to ensure convergence of the total energy in terms of the
variational cutoff-energy parameter. At the same time we have used an appropriate set
of k points to compute the total energy. We compute equilibrium lattice constants and
bulk moduli by fitting the total energy versus volume to the Murnaghan [140] equation.
The total energy was minimized using a set of 78, 63, 38, 26 k-points in the irreducible
sector of Brillouin zone, equivalent to a 5 × 5 × 11, 5 × 5 × 5, 5 × 5 × 3 and 5 × 5 × 2
Monkhorst-Pack [20] grid in the unit cell respectively, and the value of 8 Ry for the cutoff
energy were used. The self-consistent calculations are considered to be converged only
when the calculated total energy of the crystal converged to less than 1 mRy. We have
adopted the values of 2.5 bohr for Sr, 1.95 bohr for Ti, and 1.5 bohr for O, as Muffin-Tin
radii (RMT). Density of states has been calculated using the linear tetrahedron method
with Blöchl corrections [141].



84 Defect in Perovskite : SrTiO3−x

5.2.2 The perfect perovskite SrTiO3

SrTiO3 crystallizes in a cubic perovskite lattice, titanium is in the center of the unit cell
octahedrally surrounded by six oxygen ions and a strontium ion in each corner. SrTiO3

has the perfect cubic perovskite structure at temperatures above ∼ 110 K, which means
that all the oxygen octahedrons are sharing a corner with another oxygen octahedron.
One unit cell of SrTiO3 is displayed in figure 5.1. This structure is generally known as
the “ABO3”perovskite structure. A and B denote cations and are in SrTiO3 represented
by Sr and Ti. The crystallographic space group of SrTiO3 is the cubic PM3̄M (221)
structure, the length of the unit cell (lattice parameter a in figure 5.1) is 3.8996 Å at
room temperature [142].

Figure 5.1: The unit cell of the cubic perovskite SrTiO3 - The positions of the ions
in the unit cell are: Sr (000), Ti (1

2
1
2

1
2) and one O at (01

2
1
2), (1

201
2), and (1

2
1
20) respectively.

The lattice parameter is marked “a”.

SrTiO3 is known to have a structural phase transition below ∼ 110 K, where the cubic
structure turns into a tetragonal structure. It has been suggested that this phase transition
corresponds to a rotation of one rigid TiO6 octahedron and a mirrored rotation of the next
neighboring TiO6 octahedron, thereby doubling the unit cell in all three crystallographic
directions [143]. SrTiO3 with its 3d0 electronic configuration is intrinsically a band
insulator and paraelectric at room temperature. Paraelectric materials can be polarized
by an electric field. SrTiO3 remains paraelectric when lowering the temperature, with a
sharp increase of the dielectric constant. Below 4 K the dielectric constant is very large
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and does not vary. This was interpreted as a quantum mechanical phase, which stabilizes
large ferroelectric fluctuations [144]. Furthermore, reduced, semiconducting SrTiO3 was
found to have a low-temperature superconducting phase, with transition temperatures
ranging from 0.1 to 0.3 K, depending on the carrier concentrations [98, 145].

5.2.3 The oxygen vacancy in SrTiO3

The oxygen vacancy VO (also called the F center) is likely the most abundant defect
in transition metal oxides and accounts for a rich variety of phenomena. To shed light
on this pivotal defect, it is instructive to view it from different angles. Firstly, VO may
be considered from the electronic point of view as an electron or a hole trap/donor. In
this respect, the position (shallow or deep) of vacancy’s one-electron energy levels with
respect to the conduction band is crucial for the electronic behavior and the optical
properties of an oxygen non-stoichiometric material. The oxygen vacancies are believed to
be largely responsible for leakage current [146], electrical breakdown [147] or degradation
of transition metal oxide-based microelectronic devices [148, 149]. Also, the VO are
often implicated in deteriorating the performance of high-k gate oxides such as ZrO2,
HfO2, trapping electrons and thereby reducing carrier mobility [149, 150]. Thus, the
understanding of the VO electronic properties and energetics of its formation in different
charge states is of great practical importance.
As to the SrTiO3 crystal in particular, oxygen vacancies are known to be a source of
electron doping, thus making it n-type conductor. The change of oxygen concentration by
only 10 ppm can change the conductivity of SrTiO3 from a good n-type to a poor p-type.
Furthermore, SrTiO3 may even become superconducting in strongly oxygen-reduced
atmosphere at T ≤ 0.35 K. An appropriate tuning of the oxygen content also enables
to switch the conductivity from the electronic to ionic type (see [151] and references
therein).
Secondly, at elevated temperatures the VO is a crucial ionic mobile carrier whose transport
properties are of substantial practical relevance to solid oxide fuel cells, permeation
membranes, oxygen gas sensors, etc. [152–155].
First-principles simulations of VO in SrTiO3 bulk were performed for 2×2×n (n = 1, 2,
3 and 4) supercells, for which the removing of the single and double oxygen ions allows
to simulate the non-stoichiometric materials with formal compositions SrTiO2.875 and
SrTiO2.750.

A supercell approach was used to simulate the effect of introducing vacancies into the
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Figure 5.2: - Crystal structure of SrTiO3 with double oxygen vacancy.
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oxygen sublattice. Initial SrTiO3 structure contained 20 (2×2×1), 40 (2×2×2), 60
(2×2×3) and 80 (2×2×4) atoms. A neutral vacancy was created by removing one then
two neutral oxygen atoms from these supercells, this corresponds to vacancy concentration
(x = 8.33% and x = 16.66%), (x = 4.16% and x = 8.33%), (x = 2.77% and x = 5.55%)
and (x = 2.08% and x = 4.16%) for 2×2×n (n = 1, 2, 3 and 4) supercells respectively.
Hence, the oxygen atom located at (1/4, 1/2, 1/2), (1/2, 1/4, 1/4), (1/4, 1/2, 1/2) and
(1/4, 1/4, 1/4) for 2×2×n (n = 1, 2, 3 and 4) supercells respectively, (the fractional
coordinates refer to the supercell), was taken out of the supercell. The supercell with
doubled vacancy was constructed in a similar manner. Two neutral oxygen atoms residing
in the SrTiO3 supercell at (1/4, 1/2, 1/2), (3/4, 1/2, 1/2) positions for 20-atoms, (1/2,
1/4, 1/4), (1/2, 3/4, 3/4) positions for 40-atoms, (1/4, 1/2, 1/2), (3/4, 1/2, 1/2) positions
for 60-atoms and (1/4, 1/4, 1/4), (3/4, 3/4, 3/4) positions for 80-atoms supercell, have
been removed (see Figure 5.2).

5.3 Results and discussion

5.3.1 The pure perovskite SrTiO3

The physical properties of strontium titanate have been studied extensively for well over
thirty years. These research efforts have accumulated a profusion of facts leading to
deeper understanding of some phenomena and greater bewilderment of others (compare,
for example, [156] with [157] and [158] with [159]). This section reviews the current level
of knowledge of bulk structure and properties of monocrystalline SrTiO3.
At room temperature SrTiO3 adopts the ideal cubic perovskite structure which may
be described as a close packing of Sr+2 and O−2 ions with Ti+4 occupying one quarter
of the octahedral interstices. Alternatively, one may consider the structure as a net-
work of polyhedra, as illustrated in Figure 5.1, from which its simple cubic symmetry
(crystallographic space group Pm-3m) is readily apparent. The basic structural unit
is the Ti+4-O+2

6 octahedron and the crystal consists of corner shared octahedra with
Sr+2 occupying the icosahedral interstices. Each oxygen is coordinated to two Ti ions
(linearly) and to four Sr ions, where the Ti-O bond length is smaller than the Sr-O bond
length. There are eight other oxygen ions surrounding each oxygen with an O-O bond
length equivalent to the Sr-O bond length.
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5.3.1.1 Structural properties

Firstly, we have calculated the structural parameters using the DFT [31] as First-principles
method and the Local density approximations (LDA) [139] for the exchange-correlation
treatment. We have optimized the fundamental energy with varying the unit cell volume
using the Murnaghan equation as equation of state (EOS) [140].
The results are compiled in Table 5.1, together with previous experimental and theoretical
data for a comparison purpose.
The overall agreements with previous literatures are satisfactory. The lattice constant of
3.859 Å and the bulk moduli 203.25 GPa agree with the theoretical and experimental
values (3.905 Å) so that the bond lengths are approximately 1.95Å and 2.76Å for the
Ti-O bond and Sr-O (O-O) bond, respectively.
In studying the stability we are interested in the equilibrium volume and the formation
energy defined as

Eform(SrT iO3) =
Etotal(SrmTinOp) − [m.E(Sr) + 1

2n.E(Ti) + p.E(O2)]
m+ n+ p

where m, n and p are the number of atoms used in the supercell and 1
2 in Ti used because

the unit cell of elemental bulk Ti contain two atoms. The reference state for Sr is the
face-centered cubic (space group Fm-3m), for Ti it is the hexagonal structure (space
group P63/ mmc) and for O it is monoclinic phase (space group C2/m).
The formation energy of pure SrTiO3 is -4.869674 eV/atom. From this negative value,
one can deduce that the SrTiO3 system is structurally stable. It is clearly seen that the
formation energy is converged at 2×2×3 supercell (see Table 5.1). This convergence
reveal that the study of defect in SrTiO3 require a supercell higher than 60 atoms.

5.3.1.2 Electronic properties

Early determinations of the electronic structure of strontium titanate, utilized the LCAO
(linear combination of atomic orbitals) or FPLAPW approach or molecular-orbital (MO)
methods based on a local density approximation for electron correlation. The limitations
of both methods are well-known — the former underestimates the band gap energy while
it is overestimated by the latter.
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Table 5.1: Calculated values for the lattice parameter (a, in Å), bulk modulus (B, in GPa),
the formation energies (Eform, in eV/atom) and vacancy formation energies (Evf , in eV)
for cubic perovskites SrTiO3 obtained in our FLAPW-LDA calculations in comparison
with available experimental and theoretical data.

20 atoms 40 atoms 60 atoms 80 atoms
SrTiO3
a (Å) 3.8599, 3.863[160], 3.863[161], 3.922[162], 3.865[163],

3.900[142], 3.89[164]
B (GPa) 203.253, 183.00[160], 198.00[161], 190.00[162],

200.00[163], 180.00[164]
Eform (eV/atom) -4.865595 -4.8679 -4.869674 -4.869021

SrTiO3-VO

a (Å) 3.8567 3.8587 3.8592 3.8595
B (GPa) 188.174 196.195 198.585 199.247
Eform (eV/atom) -4.646371 -4.6573 -4.80753 -4.821104
Evf (eV) 8.385 8.425 8.531 8.654, 9.14[165], 8.74[166]

SrTiO3-V2O
a (Å) 3.8477 3.8561 3.8582 3.8587
B (GPa) 174.656 188.3112 193.65 196.402
Eform (eV/atom) -4.429029 -4.4368 -4.743411 -4.771483
Evf (eV) 8.541 8.622 8.536 8.673
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These calculations, however, afford significant insight into the electronic properties and
chemical bonding of SrTiO3 and several predictions based on these results are consistent
with experimental observations [167]. Our calculated band gaps are less than experimental
values (3.25 eV), which is typical for our LDA calculations (1.86 eV). Figure 5.3 shows the
band structure for undoped SrTiO3. The results depict SrTiO3 as an indirect insulator
with the top of the valence band at R and the bottom of the conduction band at Γ. The
lowest conduction band from Γ to X is quite flat, which was found to be a common
feature of many ABO3 perovskite ferroelectrics [89, 163].
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Figure 5.3: Energy band structure of undoped SrTiO3 - The zero of energy is set
at the top of the valence band.

It is well known that the electronic properties of the doped systems can sensitively
depend on the electronic structure near the top of valence band and near the bottom
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of the conduction band. Figure 5.4 shows |ΨR|2 and |ΨΓ|2 throughout the Ti-O plane,
respectively. Here ΨR and ΨΓ are electron wave functions at R point of the highest
valence band and at Γ point of the lowest conduction band, respectively. It is clear that
ΨR is predominantly composed of O 2p orbitals and ΨΓ is predominantly composed of
Ti 3d-t2g orbitals.
In fact, because of the cubic crystal field produced by the six nearest-neighbor O atoms,
the empty Ti 3d orbitals will split into three lower energy t2g orbitals (xy, yz, zx) and
two higher energy eg orbitals (3z2-r2, x2 -y2). From Figure 5.3, this can be clearly seen
by the threefold degenerate states at the conduction band minimum and the twofold
degenerate states which are 2.3 eV higher in energy (at Γ).

(a) (b)

Figure 5.4: (a) |ΨΓ|2 of the lowest conduction band (Ti 3d− t2g orbitals) and (b) |ΨR|2
of the highest valence band (O 2p orbitals) in the Ti-O plane for undoped SrTiO3.

5.3.2 Single and double oxygen vacancies

Now we examine the effect of O vacancy doping on the structural and electronic properties.

5.3.2.1 Structural properties

For undoped SrTiO3, Introduction of the oxygen vacancies (VO and V2O) into SrTiO3

matrix is accompanied by a very small rearrangement of neighboring atoms. From Table
5.1, one can see that the introduction of vacancies in SrTiO3 leads to a reduction in
volume and bulk moduli. The same trend is obtained by the authors of Ref [163]. our
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calculated Sr-O and Ti-O distances are 2.757 Å and 1.950 Å, respectively. We find
that introducing O vacancies leads to a slight distortion, For the 40 atom supercell, the
vacancy-induced changes of the bond lengths are less than 0.06 Å for the Sr -O bond
and 0.04 Å for the Ti-O bond. We observe that the nearest two Ti4+ cations and eight
O2− anions move toward the vacancy.
We have also calculated the formation energies of our defected systems as:

Eform(SrT iO2.875) =
Etotal(SrmTinOp−1) − [m.E(Sr) + 1

2n.E(Ti) + (p− 1).E(O2)]
m+ n+ (p− 1)

Eform(SrT iO2.750) =
Etotal(SrmTinOp−2) − [m.E(Sr) + 1

2n.E(Ti) + (p− 2).E(O2)]
m+ n+ (p− 2)

The indication of the stability of these compounds with the following values according
to these calculations of vacancy formation energies, for SrTiO2.875 and SrTiO2.750 are
-4.821104 eV/atom and -4.771483 eV/atom respectively for 2 supercell. It is clear that
the single oxygen-deficient phase is less stable than the perovskite with double oxygen
vacancies. This remark coincides with direct estimations of the vacancy formation energies
(Evf ) as:

Evf = E(SrT iO3 : VO) + E(VO) − E(SrT iO3)

The results obtained (Table 5.1) also confirm that the formation energy of double oxygen
vacancy is the most energetically stable, adopting the minimal Evf in all cases. when we
compare between Eform and Evf of 40 atoms with VO and 80 atoms with V2O we find
that the double oxygen vacancy is more stable; this result confirm the existence of more
than tow oxygen vacancies in the bulk of more than 40 atoms. Note that our estimation
of Evf is in a reasonable agreement with other available data [165, 166]. The convergence
of the Eform and Evf from the 40 atoms and more, neglect the effect between neighboring
vacancies defects. In conclusion, The reduction of formation energy between single and
double oxygen vacancies confirm that the SrTiO3 perovskite structure cannot support
further removal of oxygen from the lattice. Note, however, that this limiting phase has a
reduced lattice point symmetry which suggests the lifting of energy band degeneracies.
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5.3.2.2 Electronic properties

We are most interested in the doping-induced change of the band structure around the
Fermi level.
examined deficiency in oxygen atoms on our stoichiometric supercell by the calculation
of the band structures in both cases: single and double oxygen vacancies, which are
shown in Figures 5.5a, 5.5b, 5.5c and 5.5d for 2×2×n (n = 1, 2, 3 and 4) supercells.
These results show that the Fermi energy is moved at the more energetic levels and
becomes a conductor. Our calculated band structures are in excellent agreement with
those determined by Luo et al [168].
We are most interested in the doping-induced change of the band structure around the
Fermi level. Figures 5.5a-(d) and 5.6 shows the band structure and DOS of SrTiO1−x,
respectively. For this case, the Fermi level is in the conduction band and the DOS at the
Fermi level is no longer zero because of the carriers arising from O vacancies. Hence the
doped system is metallic.
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Figure 5.5: Calculated band structure of SrTiO3 along several high-symmetry axis.
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Figure 5.6: Calculated projected total DOS plots of SrTiO3 with different supercells.
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Based only on a comparison of the DOS, i.e., Figs. 5.6(undoped SrTiO3) and 5.6(doped
SrTiO3), a supercell method appears to be proper for describing the effect of electron
doping on electronic properties, Since a 2×2×n supercell is used in our calculations for
doped SrTiO3. It is clear that the calculation of undoped SrTiO3 with 2×2×n supercell
is important to consider the band folding effects while comparing the band structure
of Figure 5.5a-(d) with that of undoped SrTiO3 [shown in Fig. 5.3]. From Figure 5.3,
we can see that the lowest level at X of the conduction bands is nondegenerate. For
undoped SrTiO3 in a 2×2×n supercell, there would be six low lying Γ levels, three are
associated with the original degenerate Γ states and the other three arise from folded X
states. These six states are much lower in energy than other levels in the conduction
bands, and therefore have a large influence on the electronic properties.
It is noticed that there is an important density in the non-stoichiometric supercells
compared with that of the stoichiometric supercells [shown in Fig. 5.6].
It is interesting to note that when there is one O vacancy in the 2×2×2 supercell, there
are seven Γ levels near the Fermi level in the conduction bands, as shown in Fig. 5.5b,
on the other hand, when there are two O vacancies in the 2×2×2 supercell, there are
seven band of defect and the width bands is wider than one oxygen vacancy. One of the
lowest conduction bands originate from the O vacancy. In order to clarify this point,
we analyze the partial density of states (PDOS) [shown in Fig. 5.7] and the electronic
charge density [shown in Fig. 5.8]. We find that, in the lowest conduction band, mostly
the eg type orbitals (3z2 − r2), and this observation is confirmed in the charge density
(Fig. 5.8 (a) of the lowest seven bands, when the charge is concentrate especially between
the both Ti3+, this orbital is less charged along the Ti-Vac-Ti direction in the 2×2×4
supercell (80 atoms); We can see that in the bands structure of 39 atoms Fig.5.5(b) and
79 atoms Fig.5.5(d).
The wave functions of the other six lowest conduction bands are predominantly composed
of Ti 3d− t2g orbitals, as shown in Figures 5.7 and 5.8 (b). For these six bands, all Ti
atoms (no matter whether they are close to the vacancy or not) have similar contributions,
which is also very similar to the picture shown in Figure 5.4(a) for undoped SrTiO3.
Therefore we may conclude that the lowest conduction band originates from a Ti 3d− eg

type defect state, and the other six conduction bands are associated with the band
folding states of the three lower conduction bands (mainly Ti 3d− t2g orbitals) of the
undoped SrTiO3. This again indicates that the effect of electron doping by introducing
O vacancies cannot be correctly analyzed within a small supercell.
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Figure 5.7: Calculated projected partial DOS plots of SrTiO3 in 40 atoms supercells.
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We note that in the 40 atom supercell calculations, the Ti 3d− eg type defect states
have lower energy than the Ti 3d− t2g type conduction states. This is actually easy to
understand, considering that the 3z2 − r2 type orbital concentrates its charge density in
a direction toward two of the nearest O atoms, while one of them (the one in the vacancy
site) is missing.
From the energy dispersion of the defect state [Fig. 5.6(b)] and the spatial extension of
the defect wave function [Fig. 5.8(a)], there is considerable interaction of the defect wave
functions along the Ti-Vac-Ti direction between neighboring supercells. To address this
problem, we had to investigate the band structure of SrTiO3−x with a doubled supercell
(80 atoms). Compared to the 40 atom supercell, there are two important differences in
the electronic band structure. First, the defect band dispersion becomes almost flat with
a bandwidth of ≈0.3 eV, which is the result of reduced interaction between defect wave
functions due to a larger supercell. Second, for the two Ti atoms next to the O vacancy,
the distance to their other nearest-neighboring O atoms along the Ti-Vac-Ti is reduced
by 0.06 Å compared to the undoped structure. The enhanced crystal field caused by
the closer O atoms lifts up the eg type defect states. Energy level of this shift is about
≈0.40 eV higher than the conduction band minimum and above the Fermi level. Thus
the defect state becomes completely empty. In a publication [169], Ricci et al. observed

(a) (b)

Figure 5.8: (a) Charge density of the oxygen vacancy induced defect state (mainly Ti
3d− eg type states) and (b) the lowest conduction band (Ti 3d− t2g state) above the
defect state of SrTiO2.875 in the Ti-O plane.

a similar impurity state in the band gap associated with the oxygen vacancy, although
they did not see the shifting of the impurity energy due to the lack of relaxation of the
internal atomic coordinates. In other papers [170] and [168] on the oxygen vacancy, it
is claimed that the defect wave function changes its character from a deep to a shallow
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level by going from a 40 atom supercell to a 160 atom (and 320 atom) supercell. While
the defect wave function in theirs 40 and 80 atoms supercell calculations is similar to the
Ti 3d− eg type defect state wave function in our calculation.

5.4 Conclusion

To sum up, we have performed a detailed investigation of the structural and electronic
properties of single and double oxygen vacancy defects in bulk SrTiO3 using first principles
LDA method.
Our first step was to examine basic properties of perfect perovskite crystal. We found for
SrTiO3 compound that the best agreement with experimental data on lattice constant,
bulk modulus, formation energy and charge band gap is provided by the density functional
theory (DFT).
Nominally pure SrTiO3 is an electronic insulator at room temperature. Incorporation of
point defects into the lattice can generate free charge carriers or charged ionic species.
The latter treatment introduces an approximately equivalent density of oxygen vacancies
which are known to exhibit significantly large lattice mobility. SrTiO3 is thus considered
a mixed electronic-ionic conductor.
The removal of one oxygen from the lattice reduces two Ti4+ to Ti3+ and replaces two
octahedra with two square-pyramids, as shown in Figure 5.2.
In our supercell band structure calculations, the incorporation of one or two oxygen
vacancies in a supercell containing eight unit cells gives rise to variety of unique density
of state functions depending on the distribution of defects in the supercell. Metallic
behavior is thus predicted in every case.
In the most heavily reduced case corresponding to two homogeneously distributed
vacancies per unit cell (i.e., SrTiO2.875, conduction band states were found to extend to
≈ 1 eV below the Fermi level and below ≈ 0.5 eV comparing to single oxygen vacancy.
As the oxygen vacancy density increases, it is assumed that the width of this band also
increases, while the formation energies decrease.
The similarity of t2g orbitals (xy, xz, yz) in the defect wave function of all Ti atoms
of supercell confirms the existence of an ionic conductivity in the SrTiO3−x. However,
the contribution of deep eg (3z2 − r2) in defect wave function confirm the electronic
conductivity, this state has a lower energy than Ti 3d− t2g type conduction states. This
is actually easy to understand, considering that the 3z2 − r2 type orbital concentrates its
charge density in a direction toward two of the nearest O atoms, while one of them (the



100 Defect in Perovskite : SrTiO3−x

one in the vacancy site) is missing.
The wave functions of the other six lowest conduction bands are predominantly composed
of Ti 3d− t2g orbitals. For these six bands, all Ti atoms (no matter whether they are
close to the vacancy or not) have similar contributions, which is also very similar to
undoped SrTiO3. Therefore we may conclude that the lowest conduction band originates
from a Ti 3d− eg type defect state, and the other six conduction bands are associated
with the band folding states of the three lower conduction bands (mainly Ti 3d − t2g

orbitals) of the undoped SrTiO3. This indicates that the effect of electron doping by
introducing O vacancies cannot be correctly analyzed within a small supercell.



Chapter 6

Perovskite alloy: Bi1−xLa−xCoO3

6.1 Introduction and objective

Numerous binary AOx and ternary ABOx oxide systems where A and B are two different
cations have been studied throughout the years, plenty of work still remains, to find new
applications for old materials and to find new materials for current and new technologies
based on more complex interplay between the composition, structure and properties
in ternary and higher order systems. Especially for complex systems where simplified
theories for magnetic interactions, conductivity, catalysis and ionic conductivity stop
working, additional investigations are necessary.
At this point of time, predictions through computational simulations are still neither
accurate enough nor fast enough to predict the structure and properties from only an
initial input of the composition for complex systems. Thus, systematic investigations
of compositional variations in, e.g., perovskite-related systems, to understand the more
complex compositions, are an essential first step. One of the goals will be to improve
the computational models in order to find new materials with desired properties more
efficiently in the future. Synthesis of new materials based on the initial research goals
is complemented by the measurement of the properties in order to improve the com-
putational models that are used to predict new materials. However, apart from the
exploratory research that is driven by curiosity to explain different phenomena or to find
new ones, most of the research is often application driven and that type of research is
mainly driven by the need to solve specific problems, e.g., increase efficiency, lower the
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price and decrease the impact on the environment1.
A material compositionally tuned to be at a phase boundary with a first-order transition
could be viewed as being “on the brink,” and it can often display a colossal response in
reaction to weak external stimuli such as temperature, electric field, or magnetic field.
For instance, giant piezoelectric responses are achieved in some Pb-based ferroelectrics
by tuning their compositions to their morphotropic phase boundaries (MPBs)[171–175],
where two different structural phases that are close by in the energy level coexist2

Multiferroic compounds with coexisting magnetic and ferroelectric orders [24] are the
focus of current research due to their potential technological applications [176]. For
technological purposes, it is desirable to have a high transition temperature as well as a
reasonably high value of polarization. Perovskite-type materials of general formula ABO3

and related materials have been discussed extensively for this purpose. Leaving aside the
emerging class of improper multiferroics [177] with magnetic-order-driven ferroelectricity,
for which generally both the ordering temperature as well as the magnitude of polarization
are low, most of known magnetic ferroelectrics have a lone-pair active Pb or Bi ion at
the A site and a transition metal ion having unpaired d electron at the B site. The
ferroelectricity is primarily driven by the A site cation, whereas the magnetism is driven
by the B site cation. Following this idea, compounds like BiFeO3 [178] and PbVO3

[179] have been synthesized and they show large polarization as well as large transition
temperatures together with antiferromagnetic ordering of spins at the B site3

Along the same line of thought, Multiferroic BiCoO3 has been carried out, Bi3+Co3+O3

has the PbTiO3-type structure and the Co ion is pyramidally coordinated by five oxygen
ions [180]. The pyramidal coordination for Co3+ is caused by the noncentrosymmet-
ric coordination for Bi3+ with Bi 6s lone pair. The Co3+ ion takes the d6 electronic
configuration which possess the possibility of low-spin, intermediate-spin, or high-spin
configurations. BiCoO3 is a pyroelectric insulator with antiferromagnetic long-range
order below TN = 470K and takes C-type antiferromagnetic state where the magnetic
moments of Co3+ ions are aligned antiferromagnetically in the ab-plane and are stacked
ferromagnetically along the c-axis [4]4.
The presence of the Co ion in BiCoO3 which is well known for its spin-state transition
is expected to add another dimension to the multiferroic aspect of the compound. In
ambient pressure (AP), BiCoO3 is in a polar tetragonal structure with a rather high

1Reference text: Samrand Shafeie’s thesis, “Properties in New Complex Perovskite Related Materials,
a Matter of Composition and Structure”, Stockholm university 2013, ISNB:978-91-7447-672-9.

2Reference text: D. Kan et al., Adv. Funct. Mater. 20, 1108–1115 (2010).
3Reference text: S. Kanungo et al., Phys. Rev. B 83, 104104 (2011).
4Reference text: T. Sudayama et al., Phys. Rev. B 83, 235105 (2011).
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tetragonality of c/a = 1.27 characterized with a large calculated [5] polarization (170
µC/cm2) and a high-spin (HS) state of Co3+. The HS of Co is found to be retained down
to the lowest temperature, preventing the temperature-driven route of the spin-state
transition as in case of LaCoO3 [181]3.
As Bi3+ has a very similar ionic size as La3+, it is reasonable to assume that when the
local Co-O bond lengths of BiCoO3 in the HP-PE phase become identical to those of
LaCoO3 in the LS state at low temperature (1.925 Å at 5 K) [182], a complete transition
into the LS state would be achieved in BiCoO3

5.
Metamagnetism from spin-state transitions may give rise to exciting phenomena such
as giant magnetoresistance [183], giant magnetocaloric effect [184], shape memory effect
[185], etc. We show presently that metamagnetism can also lead to giant magnetoelectric
coupling. Generally, spin-state transitions are induced by hole/electron doping, tempera-
ture, magnetic field, pressure, and/or lattice strain. For the first time P. Ravindran et al
[5] has shown that spin-state transitions can also be induced by an electric field in the
case of magnetoelectric materials that display magnetic instabilities.
Chemical modification of the A-site of the perovskite structure (ABO3) is expected to
affect the ferroelectric (FE) properties [186]. O. E. González-Vázquez et al [187], predict
an enhancement of the functional responses of BLFO for compositions close to both the
BFO and the LFO limits, revealing the atomistic mechanism responsible for the improved
properties. Also, Kan et al. [186] have shown that an enhanced dielectric response is
obtained in BFO samples in which Bi is partially substituted by a rare-earth RE, with
RE = La, Sm, Gd, Dy, etc.
In fact, chemical modification of BCO has been a popular topic of investigation and
there continue to be new reports of attempts at improving its FE properties. Despite the
collection of literature that now exists in such studies, a comprehensive picture on the
substitutional effect of rare-earth (RE) ions in BCO is still missing [186].
In the present study, we seek the origin of the giant tetragonal FE distortion in the am-
bient phase of BiCoO3 and identify the nature of the La-substitution-induced spin-state
transition, using local density approximation plus Hubbard U (LSDA+U ) calculations.
Our results show that the structural stability of this alloy between tetragonal-AFM-C and
rhombohedral-NM undergoes a strongly discontinuous transition between a Tetragonal-
phase and a Rhombohedral-phase at x ≃ 0.345, this structural transition is associated
with a spin state transition from HS magnetic state to LS nonmagnetic state, these tran-
sitions are mainly due to the changes in different effects such as, crystal field, Jahn-Teller,

3Reference text: S. Kanungo et al., Phys. Rev. B 83, 104104 (2011).
5Reference text: Ting Jia et al., Phys. Rev. B 83, 174433 (2011).



104 Perovskite alloy: Bi1−xLa−xCoO3

and lone pair effects.
In this investigation, we have followed this strategy:
In first, we have studied in detail the electronic structure and magnetic stability of each
parent (BCO and LCO).
Secondly, we have compared both materials in both structures (tetragonal and rhombo-
hedric).
Finally, we have carried out a detailed study about BLCO alloy in both structures, in
order to identify a magneto-structural transition.

6.2 Materials and Structure

6.2.1 Oxide Perovskites

A rare natural mineral, perovskite CaTiO3, has given name to a structural class in which
extensive range of materials adopt the perovskite structure or derivatives of it. The
general formula of perovskites is: ABX3 where A and B are cations and X the anion
which is mostly oxygen, ABO3

6.
Oxide perovskites offer diverse range of properties from insulation to metallic conduction,
ionic conduction, (anti-)ferroelectricity, (anti-)ferromagnetism and electrooptic responses
[188–190].
In an ideal perovskite with the cubic structure and space group Pm3m, the A cations
are similar in size to O anions (1.4 Å) and occupy the cubo-octahedral 12-coordinated
positions whereas the smaller B cations are in 6-coordinated octahedral sites. The O
anions are surrounded by four A and two B cations [190, 191].

6.2.1.1 Tolerance factor, t

If the ions are considered as rigid spheres, an ideal perovskite structure will have the
cations surrounded by as many anions as can touch them according to their coordination
number. The perfectly sized ions create a structure of touching spheres where the cations
cannot rattle around in the interstices between the anions. The geometrical relationship

6Reference text: Sara Karimi’s thesis, “Structure-Property Relations in Rare Earth Doped BiFeO3”,
Sheffield university 2011
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between the ions’ radii in this ideal cubic perovskite structure is expressed by Equation
6.1

(RA +RO) =
√

2(RB +RO) (6.1)

However, ionic radii depend on the form of bonding and electronic configuration and
actual materials rarely show ideal ionic radii. Tolerance factor, t, may therefore be
introduced as a parameter on how well the ions fit into the perovskite structure, Equation
6.2 [192].

t = (RA +RO)√
2(RB +RO)

(6.2)

At t=1 the structure is a perfect cubic perovskite and the ions are ideally packed.
Strontium titanate, SrTiO3, with tolerance factor of t = 1.002 is one of the closest
perovskites to ideal. In general when 0.8 < t < 1.05, the perovskite structure is usually
stable but deviations from the ideal value of 1 result in structural distortions of the
perovskite cell that result in interesting functional properties[1, 190, 192].

6.2.1.2 Distorted perovskites

The deviation from the ideal perovskite structure can be described as a result of either
ionic displacement, chemical ordering, tilting of the BO6 octahedra or combinations
thereof [193]. Generally these distortions are minor and the cubic structure will still
be recognized in diffraction patterns. Line splitting, and in some cases extra lines in
X-ray diffraction and extra reflections in electron diffraction will occur if the structure is
distorted. These extra features in the diffraction patterns can be used to determine the
true nature of the structure [1, 190].
Often for simplicity planes, directions and lattice parameters of the non-ideal perovskite
are expressed in terms of the ideal cubic unit cell. This makes discussing a heavily
distorted perovskite or comparison between perovskites much simpler and easier. These
indices are referred to as “pseudo-cubic” and are indicated by use of a subscript ‘p’[1].

Ionic displacement
There are two possibilities of displacement for any single ion: parallel and anti-parallel.
For parallel displacement all ions shift from the cubic positions by equal vectors. For anti-
parallel displacement neighboring ions are displaced by opposite vectors. Anti-parallel
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displacement of cations results in superlattice reflections in X-ray, neutron and electron
diffraction patterns due to the multiplication of the unit cell [190, 193]. Lead titanate,
PbTiO3, is an example of parallel displacement at room temperature. Displacement
of both Ti4+ and O2− along the < 001 >p direction, results in a tetragonal unit cell
with one formula unit. Lead zirconate, PbZrO3, has the anti-parallel displacement of
Pb2+ cations along the < 110 >p direction resulting in an orthorhombic symmetry with
multiple formula units.

Chemical Ordering
Chemical ordering occurs when the A-site or B-site are occupied by more than one type
of cation species resulting in complex perovskites with multiplication of the unit cell.
The long-range symmetry remains the same if these mixed species distribute themselves
in a disordered manner. This mostly happens when mixed cations have the same valence.
The symmetry reduces when the mixed cations show an environmental preference. This
mainly is the case when the mixed species have different valence and cations tend to
occupy the alternate 111p planes in a ratio that depends on the formula unit of the
perovskite [1].
For example lead scandium tantalate, Pb(Sc1/2Ta1/2)O3, orders in a 1:1 sequence and
strontium magnesium niobate, Sr(Mg1/3Nb2/3)O3, orders in a 1:2 sequence [194, 195].

BO6 octahedral tilting
Octahedral tilting is the mechanism responsible for the largest number of phase transi-
tions in a perovskite. The onset of octahedral tilting usually occurs in compounds with
low tolerance factor, e.g. when Sr2+ (1.44 Å) is substituted by Ca2+ (1.35 Å) in SrTiO3

[196], the cation no longer completely fills the 12-fold A-site interstice and the octahedra
will try and reduce the volume of the site by rotating or tilting the octahedron which
ultimately results in an orthorhombic rather than the cubic structure [11, 190].
Megaw [197, 198] initiated a way to understand the distortions of the perovskite structure
which was further developed by Glazer [9, 10]. Based on this system, combinations of
component tilts about the three tetrad axes are used to describe the type of octahedral
tilting. The component tilts are considered to be about the pseudocubic axes for small
tilt angles. The letters ap, bp and cp denote the tilt about [100]p, [010]p and [001]p axis
respectively. Where letters are repeated the magnitude of tilt around each axis is identical
so that ‘aaa’refers to equal tilts about all three axes and ‘abc’refers to unequal tilts [9].
When an octahedron tilts, the neighboring octahedra in the plane normal to the tilt

axis are constrained and tilt in the opposite sense, Figure 6.1, but at the same time the
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Figure 6.1: a) the untilted cubic perovskite viewed along a < 100 >p type axis and b)
the tilted perovskite structure viewed parallel to the < 100 >p type tilt axis [1].

octahedra directly above and below are not constrained and this allows tilt in one of two
ways possible.
The tilt is called ‘in-phase’ if the octahedra rotate in the same way as the central octahe-
dron, Figure 6.2a, and it is denoted by ‘+’ superscript. An ‘anti-phase’ tilt is when the
octahedra above and below tilt in the opposite sense, Figure 6.2b, which is denoted by ‘-
’superscript. Superscript ‘0 ’is to show that there is no tilt about an axis, e.g. a0a0c− shows
a perovskite with anti-phase tilting only about the pseudo-cubic c axis where ap = bp < cp.

Figure 6.2: a) An ‘in-phase’tilted and b) an ‘anti-phase’tilted perovskite view parallel
to the tilt axis [1].

BO6 octahedral tilting results in doubling of the unit cell which produces extra
reflections at half-integer positions in the diffraction pattern. With respect to the doubled
unit cell these reflections can be indexed with some indices odd while the main reflections
all have indices even. For example, c+ creates reflections with indices odd-odd-even
where h ̸= k, e.g. 310, whereas c− creates reflections with indices odd-odd-odd where
h ̸= k e.g. 311 [10].
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Glazer identified 23 tilt systems and consequent space groups for a unit cell based on a
pseudocubic cell doubled along each axis and containing 8 formula units, Table 6.1 [9].

Table 6.1: Examples of tilt systems (e = even, o = odd indices) [9–11].

Tilt
system

symbol Reflexions Multiple cell Relative pseudocubic
unit cell parameters

Space
group

Three-tilt a−a−a− eee,
ooo(h̸= k)

2ap×2bp×2cp ap = bp = cp,
α = β = γ ̸= 90°

R3c

Two-tilt a0b+b+ eee,
oeo(h̸= k)

2ap×2bp×2cp ap < bp = cp I4/mmm

One-tilt a0a0c− eee,
ooo(h̸= k)

2ap×2bp×2cp ap = bp < cp F4/mcm

Zero-tilt a0a0a0 eee ap × bp × cp ap = bp = cp Pm-3m

Later Howard and Stokes demonstrated that in tilt systems a+a+a−, a+b+b−. a+a+c−,
a+b+c− and a0b+b− it was not possible for the tilt transition to occur while preserving
a three-dimensional network without the octahedra being distorted from the perfect
structure [2, 9]. It was also shown that the tilt systems with octahedral distortions were
not uniquely linked to one space group and this was related to the way in which the
octahedra were distorted. While none of the space groups assigned by Glazer to these
tilt systems were incorrect, more information than solely the tilt system was required
to identify the space group [190]. Woodward suggested that the tilt systems where all
the A-sites are crystallographically equivalent are strongly favored when there is only a
single A-site species, resulting in the a+b−b− being the most common, followed by the
a−a−a− and the a0a0a0. When there are two or more A-site species, tilt systems with
non-equivalent A-site environments are favored [199]. Howard and Stokes argued that
there could only be 15 corresponding tilt systems, since when different tilt systems result
in the same space group, the tilt system with the lowest symmetry dominate. According
to Howard and Stokes the unnecessary tilt systems are a0b+b−, a0b+c+, a+a−a−, a+a−c−,
a+a+a−, a+b+b−, a+b+c− and a+b+b+ and no known perovskite structures have these
‘forbidden’ tilt systems. Based on this idea they established a group-subgroup relationship
between these tilt systems/space groups where a tilt system is considered a subgroup
of another tilt system when it can be obtained by an infinitesimal change to another,
Figure 6.3 [2].
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Figure 6.3: The group-subgroup relationship between the 15 perovskite space groups/tilt
systems where a dashed line joining two space groups indicates that the corresponding
phase transition has a discontinuous nature [2].

6.2.2 Bismuth cobaltite, BiCoO3

6.2.2.1 Structure of BiCoO3

BiCoO3 was first synthesized in 2006 [4] and since then has been the subject of many
investigations to reveal its structure and properties. BiCoO3 is reported to have a
tetragonally distorted perovskite structure, P4mm (shown in Figure 6.4), where Bi3+

ions are in the cubo-octahedral positions and Co3+ ions are in the octahedral positions.
It has parallel off-center displacement of both Co3+ and Bi3+ sublattices along the [001]
direction. This tetragonal structure has the space group P4mm with Bi in 1a sites at
(0, 0, 0); Co and O1 in 1b sites at (1/2, 1/2, z) and O2 in 2c sites at (1/2, 0, z). For
the crystallographic facilities, we fix Bi atom at (0, 0, 0) position. However, instead
of thinking in terms of shifts of the other atoms with respect to this origin, it is more
physically intuitive to consider displacements of Bi and Co from the center of the distorted
oxygen cuboctahedra and octahedra, respectively [200].

Figure 6.5 shows the transition from Pm3m (№221) cubic structure to P4mm (№99)
tetragonal structure, and the cobalt atom are displaced by 0.07 Å, producing on each of
the unit cells an electrical dipole along one of the cube axes [001].
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Figure 6.4: crystal structure of tetragonal BiCoO3. Bi-atom (blue), Co-atom (green) and
O-atom (red).

6.2.2.2 Physical properties of BiCoO3

7 The magnetoelectric properties of BiCoO3 are rather unexplored. This is mainly due
to the difficulties in preparing high quality samples [5]. The expected magnetoelectric
properties of this material are based on ab-initio calculations performed on BiCoO3 using
DFT (density functional theory) [5, 201, 202].
Uratani et al. predicted that BiCoO3 has an insulating and antiferromagnetic (G or
C-type) ground state in Ref. [201]. They also predicted a giant electric polarization of
179 µC.cm−2 in BiCoO3. In Ref. [202] Cai et al. reports that the C-AFM structure is
lowest in energy and thus more stable than other possible configurations, in addition
they predict a band gap of 2.11 eV in the insulating ground state of the C-AFM ordering.
A giant magnetoelectric coupling in BiCoO3 is predicted by Ravindran et al. in Ref.
[5], which means that the magnetic state of the cobalt atom can be switched between
a magnetic high spin state (HS, S=2) and a nonmagnetic low spin state (LS, S=0)
by an electric field. They also predict a giant electric polarization of 170 µC.cm−2 in
good agreement with Ref. [201]. Their calculations also show that the magnetic ground
state for the ferroelectric phase of BiCoO3 will be C-AFM which is in agreement with
Refs. [4, 202]. In addition they report a calculated total moment of 3.10 µB, which is
comparable with 3.24 µB as measured from neutron diffraction measurements at -268 C°
in Ref. [4].

7Reference text: Knut Bjarne Gandrud, “Thin films of multiferroic BiCoO3 by ALD”, Thesis for the
Master of Science degree in Materials, Energy and Nanotechnology, UNIVERSITY OF OSLO 2009
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Figure 6.5: CoO6 octahedral: (a) Cubic structure of BiCoO3, (b) Tetragonal structure
of BiCoO3.

Multiferroics: Magnetic and electric properties
This paragraphs gives a short and general description of magnetic and electric properties
which can be found in multiferroic materials. The term multiferroic is also explained,
together with why there are so few multiferroic materials.

• Magnetism
Materials with magnetic dipoles can be divided into four different fundamental config-
urations: ferro-, antiferro-, ferri- and paramagnetic. Figure 2.3 of chapter 2 shows a
principal sketch of how the magnetic dipoles (spins) are ordered in these four different
cases.
As mentioned earlier, BiCoO3 is reported to have an antiferromagnetic ordering [4], thus
this configuration is explained more in detail together with ferromagnetism. Ferrimag-
netism is not possible in such compounds, as it requires two subsets of magnetic moments
[203], and will therefore not be discussed any further.
a/ Ferro- and antiferromagnetism
This part elaborates on the origin of ferromagnetism and antiferromagnetism
a-1/ Origin of ferromagnetism:
There are only nine crystals of pure elements which are ferromagnetic: three 3d metals,
Fe, Co, and Ni, and six 4f metals, Gd, Dy, Tb, Ho, Er, and Tn [204]. However the
number of ferromagnetic alloys and compounds is practically unlimited. A material that
undergoes changes from a random distribution of its magnetic dipoles (Figure 2.3-I) to an
ordered parallel magnetic structure (Figure 2.3-II), below a certain temperature, called
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the Curie temperature TC , is called ferromagnetic. The Curie-Weiss law which describes
this transition is given in Eq. 6.3 [203];

χ = C

T − Tc
(6.3)

where χ is the magnetic susceptibility, C is the Curie constant, T is the absolute
temperature and TC is explained above. The driving force for ferromagnetic ordering
is the exchange energy, which gives the system a gain in free energy by ordering the
magnetic moments (electron spins) parallel.
However, when the atom is introduced into a solid or a molecule another interaction,
chemical bonding, is important. In general, the bonding energy is greater than the
exchange energy, however the d- and f -orbitals are localized and do not extend far from
the atomic nucleus, hence the bonding energy between these orbitals are weak. As a
consequence they are strongly influenced by the exchange energy and ferromagnetic
properties can therefore occur in materials with incompletely filled d- or f -orbitals.
a-2/ Origin of antiferromagnetism:
As mentioned earlier the d- and f -orbitals on the magnetic atom in a ferromagnet do only
participate in weak bonding, however, for an antiferromagnet this is not the case. In an
antiferromagnet, the transition metal ions are separated by a nonmetal such as oxygen,
and the d orbitals on the metal ions participate in the bonding. And this interaction of
the d orbitals on the cations via the intermediate anion is called superexchange, leading
to a long range ordering of antiparallel spins on the metal ion. A schematic illustration
of this antiparallel spin ordering, due to overlap of the metal d orbitals with the oxygen
p orbitals, is shown in Figure 6.6. For an antiferromagnetic material the temperature
at which the material undergoes a transition from paramagnetic to antiferromagnetic is
called the Néel temperature, TN .

• Electric properties
b/ Ferroelectrics
Ferroelectric materials are characterized by a spontaneous polarization in absence of an
electric field. Thus a ferroelectric material has to be an insulator; otherwise any polariza-
tion in the material would be canceled out by mobile electrons. Insulating materials are
often referred to as dielectrics and one of the most important parameters used to describe
an insulator is its dielectric constant, properly called the relative permittivity, εr. The
relative permittivity describes the response of a solid to an electric field. As an example,
the ferroelectric crystallographic polymorph of barium titanate (BaTiO3) has a relative
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Figure 6.6: Schematic illustration of superexchange leading to antiferromagnetic alignment
of spins on metal catios.

permittivity in the order of 1.104 [203], while silicon (Si) has a relative permittivity of
11.8 [205]. Materials with high dielectric constant can be used in a capacitor, where an
increased permittivity allows the same charge to be stored with a smaller electric field
(and thus a smaller voltage), leading to an increased capacitance.
b-1/ The origin of ferroelectricity:
The ferroelectric phase is obtained below a critical temperature called the Curie temper-
ature. There are several different mechanisms which results in ferroelectricity, however,
only the two that are relevant for this discussion in this thesis will be presented here.
The first mechanism is often found in perovskites, having an ABO3 formula, where the
B-atom has a d0 electronic configuration. In typical ferroelectrics as BaTiO3 and lead
titanate (PbTiO3) the titanium cation is situated in an off-center position in the oxygen
octahedron. It is shown for BaTiO3 that the hybridization between the empty Ti-3d
orbitals and O-2p orbitals stabilizes the off-centering of the Ti atom [206, 207]. As a
consequence the center of gravity of the anion array will now not coincide with the
positive cation, and each unit cell in the structure now contains a dipole. As a center
of symmetry in the structure would force the generated dipole moment to be canceled
out by symmetry, a ferroelectric material must therefore be non-centrosymmetric. In
perovskite ferroelectrics this cation displacement is bi-stable with respect to the center,
meaning that the displacement can take place in more than one direction, making it
possible to switch the polarization by applying an external electric field.
As ferroelectricity exists in BiCoO3 and other materials which do not have d0 electronic
configuration on the B atom, there must be another mechanism for the origin of ferro-
electricity in these materials. In fact the lone pair electrons of some main group elements
(Tl+, Pb2+, Sn2+, Sb2+,Bi2+,Se2+,Te2+) is known to be stereochemically active. It is
shown that the Bi lone pair (6s2) instead of remaining spherical mix with the Bi 6p states
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and creates a space-filling localized lobe, which in turn pushes away its neighboring atoms
causing a structural distortion [179, 208, 209]. This distortion stabilizes the polarization
of the material, and it is also reported in the case of BiCoO3 that Bi-O hybridization
plays an important role in increasing and further stabilizing this polarization [5, 202].
Thus, in the perovskite structure, the properties of the A-atom can also significantly
influence the formation of a ferroelectric phase in a material.

b/ Multiferroics
This section will first explain the term multiferroics, followed by an explanation for
why these materials are so rare in nature. Then an explanation will be given on how
the different mechanisms, resulting in antiferromagnetic and ferroelectric properties in
BiCoO3, can be combined together. Finally its predicted properties will be mentioned,
together with some possible applications for multiferroic materials.

Figure 6.7: The relationship between multiferroic and magnetoelectric materials [3].

Materials in which two or all three of the properties ferroelectricity, ferromagnetism,
and ferroelasticity occur in the same phase are called multiferroic [210]. By definition, a
magnetoelectric multiferroic must be simultaneously both ferromagnetic and ferroelectric
[3], see Figure 6.7, therefore ferroelastic materials will not be discussed any further.
In a magnetoelectric materials there is also often a coupling between the two order
parameters, which can give induction of magnetization by an electric field or polarization
by a magnetic field [211]. The promise of coupling between the magnetic and electronic
order parameters and the potential to manipulate one through the other has captured
the imagination of researchers worldwide.
It should be noted, however, that the current trend is to extend the definition of multifer-
roics to include materials possessing two or more of any of the ferroic or corresponding
antiferroic properties such as antiferroelectricity and antiferromagnetism, and it is this
definition that will be used in this thesis.
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Apart from that there are only 13 point groups that can give rise to multiferroic behavior,
the scarcity of multiferroics can be explained by:

• A ferroelectric material must by definition be an insulator, and as earlier pointed
out many ferroelectric materials have d0 electronic configuration.

• Many ferromagnets are metals, and the magnetic ordering is only possible due to
the presence of d-electrons.

Thus from these two points, there seem to exist a mutually exclusion between the
conventional mechanism of off-centering in a ferroelectric and the formation of magnetic
order, which explains why multiferroic materials are rare in nature.
As stated earlier the origin of ferroelectricity in BiCoO3 is a result of the lone-pair on
the Bi3+ ion, which hybridize with the O-2p orbital to stabilize a polarization of the
structure. Resulting in a tetragonal structure with a c/a ratio of 1.27 which is remarkably
large compared with ordinary perovskite-type oxides (for example, 1.06 for tetragonal
PbTiO3) [201]. And the calculated polarization of 179 C.cm−2 for BiCoO3 is the largest
among the multiferroic materials identified so far [5]. The four unpaired electrons on the
Co3+ ion is the origin of the magnetic properties, which by superexchange results in an
(C-AFM) antiferromagnetic ordering [4], see Figure 6.8. The calculated value of 3.10 µB
is less than the expected value of 4.00 µB, due to strong hybridization between Co-3d
and O-2p states [201].

Figure 6.8: (Left picture) Crystal structure of BiCoO3 with solid lines displaying the
chemical cell. Arrows at the Co atoms indicate the C-type spin ordering below TN =
197C° [4]. (Right picture) The unit cell of BiCoO3 seen along the b-axis.



116 Perovskite alloy: Bi1−xLa−xCoO3

Design of conventional actuators, transducers, and storage devices [212]. Other
applications include multiple state memory elements, in which data is stored both in the
electric and magnetic polarization, or novel memory media, which might allow writing of
a ferroelectric data bit, and reading of the magnetic field generated by association.
In the literature it is stated that the ultimate goal for device functionality would be a
single phase multiferroic with strong coupling between ferroelectric and ferromagnetic
order parameters making for simple control over the magnetic nature of the material
with an applied electric field at room temperature [213]. In fact, as mentioned earlier,
BiCoO3 is perhaps the only material shown to be able to exhibit such strong coupling [5].
Where BiCoO3 transforms from the high spin state to a nonmagnetic low spin state with
5% volume compression, which can be done by an external electric field, see Figure 6.9.

Figure 6.9: Variation of total energy with magnetic moment for BiCoO3 obtained from
the fixed-spin calculation for different volumes [5].
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However, BiCoO3 is an antiferromagnet and today the technological applications of
antiferromagnets are rather limited. They are used in spin valves, where an antiferromag-
net is used as a pinning layer for the magnetic spins on a ferromagnet [214]. However,
aside from the potential applications, the fundamental physics of multiferroic materials
are rather rich and fascinating.

6.2.3 Lanthanide cobaltite, LaCoO3

6.2.3.1 Structure of LaCoO3

8 A number of different distortions exist (eg. tetragonal, orthorhombic, monoclinic) as
a result of a mismatch between the radius of the B-site and the octahedral hole. One
common distorted structure is the rhombohedral unit cell, which can be described as
the two [100]-planes being shifted diagonally with respect to each other so that the
rhombohedral angle, α < 90°. The rhombohedral unit cell and hexagonal unit cell
essentially describe the same crystal structure and the only difference is the definition
of the lattice parameters. The structure is described in Figure 6.10 for LaCoO3, where
lattice parameters and atomic positions are designated. The rhombohedral unit cell will
still arrange itself according to the cubic closed packed.

LaCoO3 is known to have a rhombohedral structure with space group R3c. Thornton
et. al. [215] have measured the lattice parameters, bond lengths and angles accurately
using neutron diffraction and found that LaCoO3 maintains the R3c symmetry over
the temperature region, 4 − 1248K. Recently Maris et. al. [216] have shown neutron
diffraction data suggesting a lowering of the symmetry of R3c to its monoclinic subgroup
I2/a which means that the Co-O distance is three-fold degenerated. This structure
was also supported using EXFAS measurements [217]. The origin of this structure
could perhaps explained the Jahn-Teller distortion that has been observed in several
studies [217–219]. This removes the degeneracy of the eαeβ orbitals that are filled in
the intermediate and high spin states of Co3+. A subsequent sections will look into this
aspect in more detail.

8Reference text: Per Hjalmarsson, “Strontium and nickel substituted lanthanum cobaltite as cathode
in Solid Oxide Fuel Cells”, PhD thesis, Technical University of Denmark 2008
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Figure 6.10: The rhombohedral structure of a perovskite where the rhombohedral unit
cell parameters, α and a, are marked as well as the positions of the oxygen and metal
ions. The hexagonal lattice parameters, ah and ch, are also marked in the figure [6].

6.2.3.2 Spin state transitions in LaCoO3

9 LaCoO3 belong to the class of compounds known as Mott insulators. It appeals the
scientific interest by more than 50 years. The uniqueness of LaCoO3 is mostly related with
its non-magnetic ground state at low temperatures and with the significant violation of
the Curie-Weiss law at low temperatures [220, 221]. Most of Co compounds are magnetic,
even strongly. Despite of enormous long lasting theoretical efforts the description of
LaCoO3 is still under very strong debate. The fundamental controversy “how to treat
the d electrons” starts already at the beginning - should they be treated as localized or
itinerant. Directly related with this problem is the structure of the available states: do

9Reference text: Z. Ropka and R. J. Radwanski, “The 3d-electron states in LaCoO3”, arXiv:cond-
mat/0012228 [cond-mat.str-el] 2000
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they form the continuous energy spectrum like it is in the band picture, schematically
shown in Figure 6.11, or the discrete energy spectrum typical for the localized states.

Figure 6.11: Schematic description of the d states in LaCoO3 within the band approach -
there is the continuous energy spectrum [7].

There is a number of band-structure calculations [222–228] and the results are schemati-
cally shown in Fig. 6.11. The bands are not polarized with respect to the spin direction as
LaCoO3 does not order magnetically down to lowest temperatures. The same occupancy
of the spin up and down states reproduces the experimentally-observed non-magnetic
(diamagnetic) state at 0K and is the realization of the so-called low-spin (LS) state.
In reference [7], apart of the band picture, often appears a localized electronic structure
like presented in Figure 6.12 [223, 229]. At low temperatures the low-spin state (LS) is
realized for 6d electrons (spins) that is characterized by S = 0. The electrons (spins)
are put subsequently one by one on the single-electron states formed for 1d electron in
the octahedral crystal field: lower triplet t2g and higher doublet eg. With increasing
temperatures the LS state transforms to the high-spin (HS) state with S = 2. Korotin et
al. [223] pointed out the existence of the intermediate-spin (IS) state with S = 1 at the
middle temperature region. The temperature-induced transformation of the LS state to
the HS state has been originally inferred in Refs [220] and [221] from the temperature
dependence of the paramagnetic susceptibility that exhibits an intriguing maximum at
about 90K.
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Figure 6.12: Single-electron discrete energy spectrum of the Co3+ ion in LaCoO3 for the
low-spin (LS, S = 0), intermediate-spin (IS, S = 1) and high-spin state (HS, S = 2).
According to the current literature these spin states are subsequently realized with the
increasing temperature [7].

6.2.4 Computational detail

The calculations have been performed within DFT implemented in the WIEN2K code
[137]. Atoms were represented by the hybrid full-potential (linear) augmented plane-
wave plus local orbitals (L/APW+lo) method [138]. In this method wave functions,
charge density, and potential are expanded in spherical harmonics within non-overlapping
muffin-tin (MT) spheres, and plane waves are used in the remaining interstitial region of
the unit cell. In the code, the core and valence states are treated differently. Core states
are treated within a multiconfiguration relativistic Dirac-Fock approach, while valence
states are treated in a scalar relativistic approach. The exchange-correlation energy, Exc,
was calculated using the Perdew-Wang LSDA [139] and the LSDA+U [68].
Very carefully, step analysis is done to ensure convergence of the total energy in terms of
the variational cutoff-energy parameter. At the same time, we have used an appropriate
set of k-points to compute the total energy.
We compute equilibrium lattice constants and bulk moduli by fitting the total energy
versus volume to the Murnaghan equation [140].
The standard built-in basis functions were applied with the valence configurations of
(Bi: 5d106s26p3), (La: 5s25p66s25d14f 0), (Co: 3p63d74s2), and (O: 2s22p4). Convergence
of the calculations was checked by calculating the equilibrium structure for a number
of plane wave energy cutoffs (RMT*KMAX) and a number of k-point grids, which were
obtained using the Monkhorst–Pack method [20], and will be detailed in the table 6.2.
The magnetic ordering is studied using 2×2×2 supercells to model the antiferromagnetic
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(AFM) configurations. The self-consistent calculations (SCF) are considered to be
converged only when the calculated total energy of the crystal converged to less than 1
mRy. We have adopted the values of 2.5 bohr for La/Bi elements 1.85 bohr for cobalt
and 1.6 bohr for Oxygen, as MT radii.

Table 6.2: K -point and RMT*KMAX chosen in our calcul.

K -point RMT*KMAX

NM/FM 140 = 12 × 12 × 9 8
AFM-A 84 = 12 × 12 × 5 8

Tetragonal AFM-C 75 = 8 × 8 × 9 8
AFM-G 59 = 8 × 8 × 8 8
Supercell 36 = 4 × 4 × 4 8

Rhombohedric NM/FM 116 = 10 × 10 × 10 8
Supercell 40 = 6 × 6 × 2 8
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6.3 Results and discussion- Part-I: Parent compounds
“BiCoO3” and “LaCoO3”

In this part, we describe some essential properties of BiCoO3 and LaCoO3 compounds,
which can be obtained from ground state calculation; We will present the results of
geometrical optimizations, electronic band structures and local magnetic moments.

6.3.1 The effect of the Hubbard U -parameter on the ground
state

Density functional theory, the workhorse of modern electronic structure calculations,
unfortunately, is not suitable for studying strongly correlated systems. This is traditionally
accomplished by introducing to the Hohenberg-Kohn-Sham Hamiltonian, an effective
on-site Coulomb interaction term referred to as the Hubbard U. In this method, the
electronic correlation is associated with a small number of localized orbitals which are
treated in a special way. The results thus obtained strongly depend on the definition
of these localized orbitals and on the choice of the interaction parameter U used in
calculations. The magnitude of U can be estimated from experiments [230]. However,
the value of this parameter is uncertain for each compound, in our investigation we have
supposed that the variation of this parameter gives a best description of ground state
and electronic structure of this systems.

6.3.1.1 Magnetic stability of tetragonal compounds

The magnetic stability of this two materials (BiCoO3 and LaCoO3) is investigated using
a DFT calculation to define the most favorable structure respecting the total energy of
the system.

BiCoO3 Bismuth cobaltite based oxide BiCoO3 crystallize in tetragonal structure
with P4mm space group №99, In order to explore the electronic and magnetic orders
in the ground state, we compare the total energy of BiCoO3 in different magnetic
phases relative to the paramagnetic (PM) state. Calculations are done for an artificial
non-spin-polarized case, as well as ferromagnetic (FM), antiferromagnetic in the ab
plane stacked ferromagnetically in the c direction (AFM-C), antiferromagnetic in three
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(a) (b) (c) (d)

Figure 6.13: Possible spin ordering in BiCoO3 tetragonal-P4mm structure: (a) Ferro-
magnetic (FM), (b) Antiferromagnetic type-A (AFM-A), (c) Antiferromagnetic type-C
(AFM-C) and (d) Antiferromagnetic type-G (AFM-G).

directions (AFM-G), and ferromagnetic ab planes stacked antiferromagnetically along
the c axis (AFM-A) (see figure. 6.13). The calculated results are listed in table 6.3 and
shown in Figure 6.14. We find that the total energy of the AFM-C phase is the lowest,
which is consistent with experimental observations [4, 231] and other theoretical results
[5, 201, 202].

Figure 6.14: Magnetic stability: Energies of various spin configurations of BiCoO3 relative
to the nonmagnetic case.

According to figure 6.14 and table 6.3, we can see that AFM-C ordering is favored,
and the super-exchange coupling is dominated in ab-plane which confirms the gain energy
of AFM-G and AFM-C compared to FM and AFM-A (the ab-plane stacked ferromagnet-
ically). The spin ordering priority of AFM-C compared to AFM-G due to the charge
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Table 6.3: Energies of various spin configurations of BiCoO3 relative to the non-spin-
polarized case adopted by LSDA+U, and compared to the calculation results of the
ultrasoft-pseudopotential approach (UPA+LSDA) and other full-potential LAPW calcu-
lation (FP-LAPW+GGA/LSDA). Energies are given in eV.

BiCoO3 FM AFM-A AFM-G AFM-C
FP-LAPW, LSDA+U, U = 0 a -0.0027 0.0277 0.1051 -0.1409
FP-LAPW, LSDA+U, U = 3 a 0.0293 -0.081 -0.2685 -0.5854
FP-LAPW, LSDA+U, U = 4 a -0.1284 -0.2359 -0.3938 -0.7162
FP-LAPW, LSDA+U, U = 5 a -0.2986 -0.3974 -0.5182 -0.8409
FP-LAPW, LSDA+U, U = 6 a -0.4726 -0.5531 -0.6440 -1.5194
FP-LAPW, LSDA+U, U = 7 a -0.6522 -0.7059 -0.7720 -1.0877
FP-LAPW, GGA b -1.338 -1.463 -1.605 -1.678
FP-LAPW, LSDA b -0.889 -1.029 -1.195 -1.234
UPA, GGA c -0.21 -0.12 -0.55 -0.58
a Present calculation
b Taken from Ref. [202]
c Taken from Ref. [201]

transfer between neighboring oxygen atoms (we will explain this point in next sections);
This energy gain make AFM-C magnetic structure more favorable compared to AFM-G.

In the present study, the ground state determination, lattice parameters, electronic
structure, and magnetic properties of BiCoO3 are calculated by employing the LSDA+U
schemes. Moreover, we discuss how the choice of U affect those properties. Figure 6.14
shows that the pure LDA fails to give the accurate magnetic structure, precisely, the
meta-stable phase in BiCoO3 is AFM-G ordering [202] which has corrected after using
the LSDA+U. In this stage, the value of U does not affect the magnetic structure result.

LaCoO3 In the following, the magnetic stability of hypothetical compound LaCoO3-
tetragonal was investigated with good Hubbard parameter of BiCoO3-tetragonal (U = 6
eV). Figure 6.15 shows this magnetic stability; and its clear that the same spin ordering
appears in hypothetical LaCoO3-tetragonal, this result appears due to the similar atomic
size of both La and Bi atoms.
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Figure 6.15: Magnetic stability: Variation of energies in various spin configurations of
LaCoO3 using LSDA+U (U = 6 eV).

6.3.1.2 Magnetic stability of rhombohedral compounds

In the family of cobalt oxides, the prototypical perovskite LaCoO3 continuously attract
attention of researches since late of 1950s [232]. LaCoO3 has a rhombohedrally distorted
pseudo-cubic perovskite structure, space group R3c compared to the cubic structure, the
corner-shared CoO6 octahedra are tilted and the point symmetry of the central Co ion is
reduced from the cubic Oh to the trigonal C3i one; all the Co–O bond lengths lCo−O are
kept the same. The ground state of LaCoO3 is in diamagnetic phase in the low-spin state
(LS) [220]. To confirm this result, we have done two different calculations of LaCoO3,
no spin-polarized (non magnetic state) calculation and spin-polarized (magnetic state)
calculation.
There are three possible configurations of spin in Co+3 ion (see section 6.2.3.2), the

non-magnetic state is derived from low spin configuration (LS); and magnetic state is
derived from intermediate spin configuration (IS) or high-spin configuration (HS).



126 Perovskite alloy: Bi1−xLa−xCoO3

90 95 100 105 110 115 120 125 130
-550055

-550054

-550050

-550049

-550048

-550047

-550046

-550045

-550044

-550043

U = 7 eV

U = 6 eV

U = 5 eV

U = 4 eV

U = 3 eV

LaCoO3

Volume (Å)

E
nergy (eV

)

 

 

E
ne

rg
y 

(e
V

)

Volume (Å)

Rhombohedric
 Spinpolarized
 Non-spinpolarized

U = 0 eV

85 90 95 100 105 110 115 120 125
-1261827

-1261826

-1261825

-1261821

-1261820

-1261819

-1261818

-1261817

-1261816

-1261815

U = 7 eV

U = 6 eV

U = 5 eV

U = 4 eV

U = 3 eV

U = 0 eV

BiCoO3

 

 

 

Figure 6.16: Magnetic stability: Variation of energies for nonspin-polarized/spin-polarized
states for LaCoO3 and BiCoO3 using LSDA+U (U = 0 − 7 eV).

Figure 6.16 shows the nonspin-polarized and spin-polarized states for La/BiCoO3. To
your knowledge, BiCoO3-rhombohedral is an hypothetical compound. From this figure it
is clear that both materials are nonmagnetic for all values of Hubbard parameter Ueff .
The determination of spin state in this rhombohedral materials is an important step to

understand the magnetic properties of this compounds. The nonmagnetic state in both
compounds explains low spin configuration (LS, S=0). Since LaCoO3 is strong correlated
material, certainly, the effect of Hubbard parameter Ueff is clear; to confirm that, we
performed the so-called fixed spin-moment (FSM) calculations [233] within the LSDA+U
formalism using Wien2k-code [137] with variation of Ueff , this calcul is shown in figure
6.17. For both cases, the variation energy with total magnetic moment shows low spin
state for all U -values (U = 0 to 6); beyond U = 6 there is change of spin state from LS
to IS (intermediate spin); To clarify, the total magnetic moment correspond to IS state
is around 4 µB which gives the Co-ion a local magnetic moment (MM) 2 µB.
Moreover, from past figure, we can conclude that Hubbard parameter Ueff affect the
result and we should take the best value carefully; and finally we trying to resume our
results in figure 6.18 where we must use Ueff value equal or less than 6 eV.
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Figure 6.17: FSM curves for LaCoO3 and BiCoO3 (Ueff = 0to7) obtained by LSDA+U
calculation.

Figure 6.18: Variation of MM of Co-ion with Ueff value for LaCoO3 and BiCoO3.
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6.3.1.3 Structural stability of BiCoO3 and LaCoO3 compounds

To characterize the structural stability of Bi/LaCoO3 materials we have calculated the
total energies of these compounds in tetragonal and rhombohedral structures, with and
without U -Hubbard parameter application. Calculations were performed using LSDA+U
for U = 0, 3,4,5,6 and 7 and the resulting numerical values are listed in Table 6.4. Figure
6.19 shows only the variation of total energies with LSDA+U (U = 0 eV) and (U = 6
eV).

Table 6.4: Energies values of Bi/LaCoO3 compounds in tetragonal (T) and rhombohedral
(R) crystalline structures in different values of U ; Energies are given in eV/atom.

LSDA+U BiCoO3-T BiCoO3-R LaCoO3-T LaCoO3-R
U = 0 -126129.710010 -126129.775343 -54982.318654 -54982.443078
U = 3 -126129.287646 -126129.305323 - - - -54981.954490
U = 4 -126129.165087 -126129.116397 - - - -54981.814385
U = 5 -126129.048527 -126129.027615 - - - -54981.679179
U = 6 -126128.934355 -126128.895852 -54981.482978 -54981.547801
U = 7 -126128.831424 -126128.768089 - - - -54981.420634

The effect of U -effective on structural stability is clear in BiCoO3 (BCO) than
LaCoO3 (LCO), In figure 6.19b, LCO perform a rhombohedric structure, this finding
was confirmed experimentally [220]; Thus, U -parameter does not affect the structural
stability. However, the experimental result shows a tetragonal ground state structure for
BiCoO3 [5, 201, 202] which is not appear in our LSDA calculation (U = 0 eV) (see figure
6.19a). This failure of LSDA was corrected by application of LSDA+U with large value
of Ueff (equal or greater than 4 eV, see Table 6.4).
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Figure 6.19: calculated variation of total energies with LSDA+U (U = 0 and 6 eV).
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6.3.1.4 Structural data: Lattice and internal parameters

BiCoO3 In P4mm-tetragonal structure, the positions of the atoms inside the unit cell
are (0, 0, 0), (1/2, 1/2, z) and (1/2, 0, z) for Bi, Co and O respectively, where z is the
internal parameter for the cation–anion separation (see Fig. 6.4). We began our study by
optimizing the structural parameters for BiCoO3 compound in AFM-C structure. This
optimization was made by an iterative process as a function of the volume, V, the c/a
ratio, and the internal parameter, z, until the total energy converged to within 0.01 mRy.
Theoretical and experimental values of lattice parameters (a, c/a), internal parameter
z are represented in table 6.5. All past works suggest that BiCoO3 should rather be
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categorized as a Mott insulator, which requires DFT+U calculation, but unfortunately,
the application of U parameter in LSDA increases the volume and tetragonality (c/a).
However, this exchange-correlation approximation gives a good results in electronic
properties. Figures 6.20, 6.21 and table 6.5 show the effect of U Hubbard parameter on
lattice parameters and atomic positions of BiCoO3 compound; Figure 6.22 shows also
the effect of Ueff on volume and c/a of BiCoO3, these results confirm that Ueff = 6 eV
is a best value which gives a good structural parameters of ground state.

LaCoO3 LaCoO3 perform a rhombohedric crystalline structure, In our code (Wien2k)
[137], for rhombohedral (R) lattice the hexagonal lattice constants must be specified.
The following relations (eq. 6.4 and eq. 6.5) help us to convert between hexagonal and
rhombohedral specifications:

ahex = 2cos(π − αrhomb
2 )arhomb (6.4)

chex = 3
√
a2
rhomb − 1

3a
2
hex (6.5)

Position of atom in internal units, i.e. as positive fractions of unit cell parameters.
(0 ≤ x ≤ 1); the positions in the unit cell are consistent with convention used in
International Tables of Crystallography [234]. For R lattice we have used rhombohedral
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Table 6.5: Optimized lattice constants and atomic positions of tetragonal BiCoO3 in
AFM-C ordering; and comparison with theoretical and experimental data (values in bold
are in good agreement with experimental data).

BiCoO3-T AFM-C a (Å) c (Å) zCo zO1 zO2
FP-LAPW, LSDA+U, U = 0 a 3.6008 4.7663 0.5723 0.1994 0.7088
FP-LAPW, LSDA+U, U = 3 a 3.6385 4.7821 0.5681 0.2018 0.7186
FP-LAPW, LSDA+U, U = 4 a 3.6422 4.7858 0.5681 0.2019 0.7196
FP-LAPW, LSDA+U, U = 5 a 3.6462 4.7884 0.5680 0.2016 0.7208
FP-LAPW, LSDA+U, U = 6 a 3.6539 4.8025 0.5664 0.2052 0.7230
FP-LAPW, LSDA+U, U = 7 a 3.6480 4.7943 0.5675 0.2002 0.7201
PP b 3.7304 4.7897 0.5718 0.2015 0.7194
FP-LAPW, LSDA+U c 3.748 4.710 0.5658 0.2053 0.7287
FP-LAPW, LSDA d 3.73055 4.72613 0.57382 0.21421 0.72207
Experiment b 3.7199 4.7196 0.5664 0.2024 0.7311
Experiment e 3.729 4.723 0.5669 0.2034 0.7300
a Present calculation,
b Taken from Ref. [5]
c Taken from Ref. [202]
d Taken from Ref. [201]
e Taken from Ref. [4]

coordinates. To convert from hexagonal into rhombohedral coordinates, we have used
these following relations (eq. 6.6):

X⃗rhomb = X⃗hex


−1 1 0
1 0 −1
1 1 1

 (6.6)

The space group of rhombohedral LaCoO3 is R3c, a Wyckoff positions inside the unit
cell are 2a : (1/4, 1/4, 1/4), (3/4, 3/4, 3/4) for La atom, 2b : (0, 0, 0), (1/2, 1/2, 1/2) for
Co atom and 6e : (x,−x + 1/2, 1/4), (1/4, x,−x + 1/2), (−x + 1/2, 1/4, x), (−x, x +
1/2, 3/4), (3/4,−x, x+ 1/2), (x+ 1/2, 3/4,−x) for Oxygen atom; where x is an internal
parameter; we have used a structural relaxation to define a, α and x. Table 6.6 represent
these structural data.

6.3.1.5 Summary

We have achieved some success in our ground state study in comparison with experimental
and others theoretical investigations; BiCoO3 adopt a tetragonal structure because the
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Table 6.6: Optimized lattice constants and atomic positions of rhombohedral LaCoO3 in
NM state; and comparison with theoretical and experimental data (values in bold are in
good agreement with experimental data).

LaCoO3-R NM a (Å) α xO
LDA+U, U = 0 a 5.242 61.4226 0.19799
LDA+U, U = 3 a 5.2552 61.2266 0.19647
LDA+U, U = 4 a 5.2585 61.1533 0.19718
LDA+U, U = 5 a 5.2641 61.0826 0.19787
LDA+U, U = 6 a 5.2683 61.0761 0.19792
LDA+U, U = 7 a 5.2777 60.9141 0.19860
LDA+U b 5.4208 61.1287 —
Usc

c 5.3374 61.14 —
LDA c 5.3283 61.4 —
Experiment d 5.297 61.01 0.19735
Experiment e 5.3416 60.99 0.1978
a Present calculation,
b Taken from Ref. [235]
c Taken from Ref. [236]
d Taken from Ref. [182]
e Taken from Ref. [215]

existence of Bi-ion and especially, s orbital in valence states, this orbital promotes a
shift of cobalt position from his centrosymmetric site (lone pair mechanism). In our
knowledge, this existence of Bi is the main reason which BiCoO3 adopts a tetragonal
structure.
However, in LaCoO3, there is no displacement of Co-atom and no lone pair effect in
La-atom, in consequence, the CoO6 octahedra is perfect; Although, there is a tilt of these
octahedra due to large size of La-atom comparing within Alkaline earth metals.
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6.3.2 The effect of the Hubbard U -parameter on electronic
properties

6.3.2.1 Band structures

Band Structure (BS) can be obtained by diagonalization of the Hamiltonian matrix for
each k-vector, since the eigenvalues (energies) change as a function of k, and are different
along different directions in k space.
First, we will discuss the main features of the Bi/LaCoO3 band structures E(k) and the
effect of U parameter in the standard LSDA calculations. In Figure 6.25, Brillouin zone
of tetragonal (BiCoO3 (a)) and rhombohedral (LaCoO3(b)) structures, as well as the
most important high-symmetry k-point.
Figures 6.26 and 6.27 show the band structures E(k) along the high-symmetry lines in

(a) (b)

Figure 6.25: Brillouin zone of (a) tetragonal-P4mm structure and (b) rhombohedric-R3c
structure (Taken from Ref. [8]).

an energy range close to the Fermi level of BiCoO3 and LaCoO3 respectively.
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In addition to the U -parameter effect on structural properties, there is a clear effect
of Ueff on band structures in both compounds, there is also an important correction
of states from metallic to insulator nature. Table 6.7 presents a different values of gap
energies for Bi/LaCoO3 with LSDA+U (U = 0 − 7eV); these values are compared with
experimental and theoretical results.
Our results are shown in Figures 6.28, 6.29 and table 6.6; this investigation confirm the

Table 6.7: Calculated results of gap size (Eg) and magnetic moment per Co, for BCO
and LCO materials. (values in bold are in good agreement with experimental data).

BiCoO3-T AFM-C LaCoO3-R NM
Eg (eV) Magnetic moment/Co µB Eg (eV)

LDA+U, U = 0 a 0.15705 2.17381 0
LDA+U, U = 3 a 1.34708 2.7548 0.58164
LDA+U, U = 4 a 1.608 2.84047 0.9322
LDA+U, U = 5 a 1.7388 2.84047 1.31008
LDA+U, U = 6 a 1.72282 2.97489 1.69486
LDA+U, U = 7 a 1.7067 3.03908 1.97525
LDA+U 2.11 b 2.48 b 0.7 c, 2.06 d

unrestricted Hartree-Fock 3.31 e 3.32 e —
Experiment 1.7 f 3.24 g 0.9±0.3 h

a Present calculation,
b Taken from Ref. [202]
c Taken from Ref. [237]
d Taken from Ref. [223]
e Taken from Ref. [238]
f Taken from Ref. [239]
g Taken from Ref. [4]
h Taken from Ref. [240]

good choice of a large Ueff (U=6 eV), although the accurate gap energy is difficult to
determine because of the blurred onset of the conductivity perhaps due to the indirect-gap
nature [241], an indirect band gap between the valence-band maximum at M and the
conduction-band minimum at Z (for BCO-T), and the same case for LCO, indirect band
gap between the valence-band maximum at Γ and the conduction-band minimum at F.
We have determine the band gap and magnetic moment with a good accuracy, using
LAPW-LSDA+U.

Since the ionic radius of La and Bi are nearly equal, and Cobalt environment are
the same in both structures, we have found an equivalent band gap energies in both
materials which ensures a good bowing in Bi/LaCoO3 alloy and make it more stable and
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easy to synthesize.
Moreover, we have asked about the nature of these two compounds, insulators or
semiconductors; A large gap in LaCoO3 (1.69 eV) and BiCoO3 (1.7 eV) indicate an
insulator nature of these compounds; this result is correct for BCO (insulator), but it is
not for LCO (semiconductor); Thornton et al. [215] and Korotin et al. [223] confirm the
semiconducting character in LaCoO3.

6.3.2.2 Density of States and magnetic moment

The density of states is an important physical quantity overwhelmingly encountered in
solid state physics. It is measured by means of DFT-LSDA+U calculation. Figure 6.30
shows the total density of states (TDOS) of BCO 6.30a and LCO 6.30b with variation
of Ueff . As the band structure, the TDOS of LCO present a metallic character with
LSDA and a semiconductor character with LSDA+U . For BCO, the insulator character
is present, and an increasing of band gap energy with Ueff application.

Tetragonal AFM-C Figure 6.31 shows the calculated density of states (DOS) with
AFM C-type spin configuration. There are unoccupied Co 3d states (hybridized with O
2p orbital) extending from 2 eV to 2.8 eV. The width of this unoccupied band is about
0.8 eV.
According to partial DOS of Bi, Co, and O, there are occurrences of strong hybridiza-

tion effects O 2p-Co 3d and Bi(6s, 6p) -O 2p states. It is accepted generally that the
ferroelectric phase transition arises from a delicate balance between long-rang Coulomb
forces (which favors the ferroelectric state) and short-range repulsions (which favors
the nonpolar structure) [202]. The hybridization between Co 3d and O 2p leads to the
charge transfer from O to Co; thus, O (2.535) and Co (4.5884↑ and 1.6357↓) are not fully
ionized. The covalent Co–O bonds which extended from -7.5 eV to EF , will weaken the
short-range repulsions and lower the total energy, which is favorable for the ferroelectric
phase transition. Moreover, the Bi s state is fully occupied and acts as a lone pair state
causing the off-centering of Co ion [202]. The covalence of Bi–O (-10 eV - -9 eV) causes
the charge transferring partially from O to both Bi, which reduces the total energy and
then enhances the stability of the ferroelectric structure of BiCoO3. On the other hand,
the hybridizations of Co–O causes the large decrease of spin magnetic moments of Co
ions 2.97 µB in comparison with the d6 configuration 4 µB. Moreover, Fig. 6.31 shows an
hybridization between Co dxz, dyz and O pz, which is missing between dxy and pz, this
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(a)

(b)

Figure 6.30: Total density of states of (a) BiCoO3 and LaCoO3 (b) in different Ueff
values.
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remark confirms the localization character of dxy orbital. From fig. 6.31, we can observe
the occupancy of Co d orbital as follows: dxy ↑, dxz ↑, dyz ↑, dz2 ↑, and dx2−y2 ↑↓. This
result confirms that the t2g orbital is higher than eg orbital, where the down electron
prefers eg orbital. This last result shows the high spin (HS) state in BCO-T with magnetic
moment of 2.97 µB reduced by Co-O covalent bond.
The crystal field in BCO is present due to the octahedral environment of Co ion; also, from
our BCO-DOS, there are a splitting of partial d-orbitals of Cobalt due to the Jahn-Teller
effect, this effect arises because a regular octahedra deformed into a tetragonal distortion
to lift the cubic symmetry.
Nevertheless, in this type of transition metal oxides, the C-type or G-type antiferro-
magnetic spin state is favorable due to the superexchange mechanism; In the case of
BiCoO3 the C-type AFM is favored because the existence of charge transfer between
nearest-neighbor oxygens, where the transport properties follow Co-O-O-Co path. This
O-O transfer charge reduce the total energy of system and make the AFM-C state more
stable than AFM-G.
In the hypothetical tetragonal AFM-C LaCoO3, the same hybridization and covalent

bond between Co and O atoms (see figure 6.32). However, the missing of hybridization
between La s and p orbitals and O p orbital, make the lone pair effect absent, which
disadvantage the Co displacement and ferroelectric phase.

Rhombohedric NM For LaCoO3, figure 6.33 show the calculated density of states in
nonmagnetic state (LS: t62ge0

g); t2g is fully occupied with triply degenerate dxy, dxz, and
dyz orbitals (same energies in DOS), the valence band is formed by a mixture of these
Co states and O 2p orbitals. The doubly-degenerate dx2−y2 and dz2 orbitals which make
up the eg manifold form the conduction band.

We are agree on the fact that the valence band represents strong hybridization of
electrons of O and Co atoms with some small contribution from La atom. The valence
band is characterized by two peaks at -0.5 and -4.5 eV below the Fermi energy.
In hypothetical rhombohedric BiCoO3, it is clear in figure 6.34 the similarities between
BCO-R and LCO-R, However, there is a small hybridization between Bi s and O
p orbitals, which can causing a displacement of Co atom in addition to tilt of the
octahedral. This situation may produces another type of rhombohedral structure (R3c)
which is noncentrosymmetric; the work in this type of structure is in outlook.
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La ions in the NM rhombohedral structure obtained by LSDA+U (U = 6 eV).
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6.3.2.3 Structural effect on electronic structure

Table 6.8 shows the different structural data of bond lengths and angle of octahedra
rotation. The bond lengths of rhombohedric CoO6 octahedral are shorter than those of

Table 6.8: Calculated results of bond lengths and angles for BCO and LCO materials in
Tetragonal and Rhombohedric structures.

Rhombohedral
BiCoO3 LaCoO3

Co-O (Å) 1.9105 1.8998
Bi/La-O (Å) 2.2989 2.3873
Co-O-Co (°) 156°.66 162°.57

Tetragonal
BiCoO3 LaCoO3

Co-O1 (Å) 1.9757 1.93
Co-O2 (Å) 1.7346 1.813
Co-O3 (Å) 3.0679 2.3363
Bi/La-O1 (Å) 2.26 2.4334
Bi/La-O2/3 (Å) 2.7652 2.7122
O1-O2 (Å) 2.9497 2.8934

tetragonal ones, which confirm the large crystal field (CF) in rhombohedral materials
in comparison with tetragonal. This large CF energy make this effect more favorable
compared to exchange interaction (Hund effect JH , CF > JH). Therefore the low spin
configuration is more stable than intermediate spin where CF ≈ JH (Note that in high
spin configuration, CF < JH).
In tetragonal structure, the off-centering of cobalt toward O2 makes the bond length
of Co-O3 long, and the CoO6 octahedral yield to a pyramidal CoO5. And the down
electron prefers the dx2−y2 orbital than dz2 . Contrary, in LaCoO3, Co-O3 = 2.33Å keeps
a octahedral environment of Co-ion.
Furthermore, the distance between La and O is longer than Bi-O which make the charge
transfer impossible in LCO; So, the lone pair effect does not appear in LCO material.
We can conclude that the compression of tetragonal structure lead to rhombohedric
structure, this compression reduce bond lengths and increase the crystal field; and for this
reason, the magnetic state disappears due to spin state transition from HS (Tetragonal:
CF < JH + JT) to LS (Rhombohedral: CF > JH).
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6.4 Results and discussion- Part-II: “Bi1−xLaxCoO3”
alloy

Doping of BiCo03 or BiFe03 often gives a beneficial effect on properties, such as an
increase in dielectric constant, the decrease in the leakage current and the destruction
of the space modulated spin structure. Rare earth cations are considered the most
suitable substitutes for Bi+3 ions as they can easily be accommodated in the structure.
Partial substitution of Bi+3 ions by lanthanides has been shown to improve ferroelectric
properties and magnetization [242]6.
Rare earth oxides, RE203, are dynamically very stable [243]. The RE+3-O−2 bond is
stronger than Bi+3-0−2 which enhances the stability of the perovskite phase minimizing
the bismuth volatilization and reducing the number of oxygen vacancies [244].
Several research groups have reported that La substitution at Bi-site in BiFe03 eliminates
the impurity phases and enhances the magnetoelectric coupling; but to date, little works
for La-doped BiCoO3. It was expected having an improve in same properties, as well as
magnetic properties and spin state transitions.
We chose to study the lone-pair dilution effect on the electronic and magnetic structures
of BiCoO3 by substituting La3+ for Bi3+. Indeed both cations are isovalent, have com-
patible ionic radii (1.16Å for La and 1.17Å for Bi), and are nonmagnetic. At variance
with Bi3+,the La3+ cation does not possess a stereochemical active electronic lone pair.
LaCoO3 crystallizes with an rhombohedric-type structure, with R3c centrosymmetric
space-group symmetry. It presents a low spin configuration (nonmagnetic).
We present below the DFT study of magneto-structural stability, electronic structure,
and magnetic properties of the complete alloy Bi1−xLaxCoO3 for 0 ≤ x ≤ 1.

6.4.1 Magneto-Structural stability

Throughout condensed-matter science, disordered alloys provide unique properties which
are inaccessible in pure materials. Semiconductors and ferroelectric materials are two
important areas in which small changes in atomic composition dramatically change
material properties. Theoretical examinations have been hampered by the difficulty
of incorporating inhomogeneities into perfectly periodic systems. Several theoretical

6Reference text: Sara Karimi’s thesis, “Structure-Property Relations in Rare Earth Doped BiFeO3”,
Sheffield university 2011
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approaches have been formulated to address this specific issue, including the virtual
crystal approximation (VCA)[245].
Firstly, an optimization of atomic coordinates and lattice parameters was performed for
different x within the virtual crystal approximation (VCA) using parents structural data
with LSDA+U approximation (U = 6 eV).
Figure 6.35 shows the variation of cohesive energy of Bi1−xLaxCoO3 alloy with x

concentration, and indicates the structural stability of this alloy between tetragonal-
AFM-C and rhombohedral-NM. We found that BLCO undergoes a strongly discontinuous
transition between a T-phase and a R-phase at x ≃ 0.345, this structural transition is
associated with a spin state transition from HS magnetic state to LS nonmagnetic state.

6.4.2 Structural properties

Figure 6.36 represents the variation of lattice parameters versus x concentration in
Bi1−xLaxCoO3 alloy. It is clear that La-substitution in tetragonal structure decreases c
parameter and increases a parameter, the same trend will be continued in rhombohedric
structure with a lattice.
The incorporation of La atom reduces a tetragonality in T-phase which lead to a perfect

octahedral in rhombohedral phase.
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6.4.3 Electronic and magnetic properties

To understand this magneto-structural transition, we have calculated the density of state
(DOS) of Bi1−xLaxCoO3 alloy in both fundamental structures (Tetragonal-AFMC and
Rhombohedric-NM), using LSDA+U with U = 6 eV.
The density of states in Figure 6.37 shows several notices and explanations about the
situation in our alloy. In tetragonal structure, we can notice that below the Fermi level,
the majority up-spin is occupied by all eg and t2g bands, and the minority dn-spin by
dx2−y2 band; however, above the Fermi level, all bands unless dx2−y2 are in minority spin.
This situation make Co-atom in HS state with d↑

xy, d
↑
xz, d

↑
xz, d

↑
z2 and d↑↓

x2−y2 configuration.
We cannot understand the occupation of down electron eg orbital, instead of t2g orbital,
perhaps due to the pyramidal environment of Co-ion.
The substitution of La-atom with Bi, reduces the Jahn-Teller effect (reducing of t2g
orbitals splitting), and increases the crystal field effect (increasing of eg − t2g orbitals
splitting). These latter remarks confirm the possible transition of BiCoO3 under pressure
from HS state to LS state [246]; The incorporation of La-atom reduces Co-O bond,
this chemical pressure induce a geometrical transition from pyramidal to octahedral
environment of Cobalt.
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Figure 6.37: Total and Partial density of states of Bi1−xLaxCoO3 in tetragonal-AFM-C using LSDA+U (U = 6 eV).
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Figure 6.37: Total and Partial density of states of Bi1−xLaxCoO3 in tetragonal-AFM-C using LSDA+U (U = 6 eV).
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Figure 6.37: Total and Partial density of states of Bi1−xLaxCoO3 in tetragonal-AFM-C using LSDA+U (U = 6 eV).
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Moreover, there is another reason for reducing Co-O bond, the absence of lone pair
effect in La atoms. Figs. 6.37 show that band width of Bi s-like orbital decrease with
increasing the La x-concentration, this change is mainly due to the increase of Bi-O
distance. This latter, may predict a charge transfer reductions between Bi and O atoms;
And so, reduction of lone pair mechanism.
We can conclude from our study of Bi1−xLaxCoO3 alloy in tetragonal-AFM-C structure,
that this changes in different effects (Jahn-Teller, Crystal-Field, and lone pair) induce a
structural transition from tetragonal to rhombohedral structures, as well as magnetic
transition from HS antiferromagnetic to LS nonmagnetic states.
On the other hand, Fig. 6.37 show a hybridization between pz and d↓

x2−y2 orbitals, this
hybridization make a covalent bond in c direction, which make the C-type antiferro-
magnetic due to the superexchange mechanism. This covalency reduced with increasing
La substitution (we think that reducing superexchange interactions make HS to LS
transition easier).
Figure 6.38 presents the projected density of states of Bi1−xLaxCoO3 alloy in Rhombohedric-
NM structure. As shown in rhombohedric parent compounds, the Co d electrons are
localized in t2g orbitals and maintains the LS nonmagnetic state.
However, the Bi-atom substitution creates a new bond between Bi s-orbital and O
pz-orbital at a top of valence band, this hybridization may causes a lone pair effect which
can displace Co ion and induce J-T effect, but unfortunately, and due to the difficulties
to realize a total relaxation, we have used a VCA approximation where we cannot
see this displacement. We expect that the incorporation of Bi atom in rhombohedric
LaCoO3 may induce a structural transition from R3c centrosymmetric symmetry to R3c
noncentrosymmetric symmetry, which can shows the ferroelectricity in this system.



6.4
R

esults
and

discussion-Part-II:“Bi1−
x La

x C
oO

3 ”
alloy

155

0

8

16

24

32

40

Total

0

0.4

0.8

1.2

1.6

2

La-s
La-p

La-d

La-f

0

0.4

0.8

1.2

1.6

2

0

0.4

0.8

1.2

1.6

2

P
a
r
ta

il
 D

e
n

s
it

y
 O

f 
S

ta
te

s
 (

S
ta

te
s
/e

V
/C

e
ll

)

Co-d

0

0.1

0.2

0.3

0.4

0.5 Co-d
z

2

Co-d
x

2
-y

2

Co-d
xy

Co-d
xz

Co-d
yz

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 E
F

1 2 3 4 5

Energy (eV)

0

0.1

0.2

0.3

0.4

0.5
O-p

x

O-p
y

O-p
z

Rhomb _ NM La
1
Bi

0
CoO

3

La

Bi

Co

Co - d

O

(a)

0

8

16

24

32

40

Total

0

0.4

0.8

1.2

1.6

2

La-s
La-p

La-d

La-f

0

0.4

0.8

1.2

1.6

2
Bi-s

Bi-p

Bi-d

Bi-f

0

0.4

0.8

1.2

1.6

2

P
a
r
ti

a
l 

D
e
n

s
it

y
 O

f 
S

ta
te

s
 (

S
ta

te
s
/e

V
/C

e
ll

)

Co-d

0

0.1

0.2

0.3

0.4

0.5 Co-d
z

2

Co-d
x

2
-y

2

Co-d
xy

Co-d
xz

Co-d
yz

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 E
F

1 2 3 4 5

Energy (eV)

0

0.1

0.2

0.3

0.4

0.5
O-p

x

O-p
y

O-p
z

Rhomb _ NM La
0.833

Bi
0.167

CoO
3

La

Bi

Co

Co - d

O

(b)

0

8

16

24

32

40

Total

0

0.4

0.8

1.2

1.6

2

La-s
La-p

La-d

La-f

0

0.4

0.8

1.2

1.6

2
Bi-s

Bi-p

Bi-d

Bi-f

0

0.4

0.8

1.2

1.6

2

P
a
r
ti

a
l 

D
e
n

s
it

y
 O

f 
S

ta
te

s
 (

S
ta

te
s
/e

V
/C

e
ll

)

Co-d

0

0.1

0.2

0.3

0.4

0.5
Co-d

z
2

Co-d
x

2
-y

2

Co-d
xy

Co-d
xz

Co-d
yz

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 E
F

1 2 3 4 5

Energy (eV)

0

0.1

0.2

0.3

0.4

0.5
O-p

x

O-p
y

O-p
z

Rhomb _ NM La
0.667

Bi
0.333

CoO
3

La

Bi

Co

Co - d

O

(c)

Figure 6.38: Total and Partial density of states of Bi1−xLaxCoO3 in Rhombohedric-NM using LSDA+U (U = 6 eV).
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Figure 6.38: Total and Partial density of states of Bi1−xLaxCoO3 in Rhombohedric-NM using LSDA+U (U = 6 eV).
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Figure 6.38: Total and Partial density of states of Bi1−xLaxCoO3 in Rhombohedric-NM using LSDA+U (U = 6 eV).
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6.4.4 Structural effect on electronic structure

Lanthanum substitution in tetragonal structure reduces Co-O1 in-plane and Co-O3 along
c axis distances, and increases Co-O2 bond, these reduction in bond increase the CF
splitting and reduces the J-T effect, and consequently, a structural transition arises from
tetragonal phase to rhombohedral phase.
Figure 6.39 shows a possible transition from a pyramidal to octahedral environment of
cobalt atom. La-substitution induce a slight improvement in magnetic moment of Co-ion,
perhaps due to a reduction in Co-O bond covalency.
Even in rhombohedric alloy, there is a reduction of Co-O distance in perfect octahedral,
which induces a large crystal field splitting and improves LS state stability.
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Figure 6.39: Variation of Co-O bonds and magnetic moments in CoO6 octahedra versus x concentration of Bi1−xLaxCoO3
alloy.
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6.5 Conclusion

To conclude, using the first-principles DFT method and LSDA+U calculations, we have
performed a detailed investigation on the structural and magnetic ground states of
strongly correlated perovskites, BiCoO3 and LaCoO3; The choice of these perovskites
ACoO3 (A = Bi and La) as materials of this investigation is due to the presence of the
Co ion in ACoO3 which is well known for its spin-state transition, is expected to add
another dimension to the multiferroic aspect and magnetic behavior of these compounds.
The strong correlation of the Co 3d electrons requires the use of the LSDA+ Hubbard
U approach, it has been successful in treating strong correlations in transition-metal
oxides; However, due to the discrepancies in the past works of choice Ueff in BiCoO3 and
LaCoO3, in the first part of this study we revisit the effects of electron repulsion (Ueff )
on the ground state in bulk Bi/LaCoO3. We have begun by calculating the critical U
value that induces a spin state transition in the bulk rhombohedral LaCoO3 structure by
calculating the total energies for each spin state as a function of Ueff , in this investigation
we have found 6 eV, as a critical Ueff ; we cannot exceed this value; beyond this critical U
value, a spin state transition appears from LS to IS which disagree with the experimental.
Furthermore, the variation of U induces a structural transition from rhombohedric to
tetragonal in bulk BiCoO3, our result shows another critical Ueff = 4 eV, the correct
tetragonal AFM-C structure is only stable for Ueff values more than 4.0 eV.
According to these two critical values of Ueff (more than 4.0 eV and less than 6.0 eV), we
have taken the greater one. The magnetic ground state was found in good agreement with
experimental investigations, where BiCoO3 was found in antiferromagnetic state with
C-type spin ordering, and LaCoO3 was found nonmagnetic with low spin configuration
of Co d electrons.
Moreover, the crystal structure was found rhombohedric (R3c) for LaCoO3 and tetragonal
(P4mm) for BiCoO3; these results are in good agreement with experiments.
We continued our study by optimizing the structural parameters for BiCoO3 compound
in tetragonal-AFM-C structure and LaCoO3 in rhombohedric-NM structure. The best
results was made with Ueff = 6 eV, where a, c, c/a and z (T-AFMC) and a, α and z

(R-NM) are in good agreement with others experimental and theoretical works, with
an underestimation of lattice parameters, maybe due to the LSDA exchange-correction
approximation choice.
The electronic structure of ACoO3 (A = Bi and La) was calculated by LSDA and
LSDA+U; we have calculated also the energy gap and the magnetic moments of both
compounds, the best results were found for Ueff = 6 eV.
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The band structures in these compounds confirms the insulator character for both mate-
rials with a large band gap; Also, we have examined the density of states for synthesized
T-BiCoO3-AFM-C and R-LaCoO3-NM compounds, and hypothetical T-LaCoO3-AFM-C
and R-BiCoO3-NM compounds, According to partial DOS of Bi, Co, and O, there are
occurrences of strong hybridization effects O 2p-Co 3d and Bi (6s, 6p)-O 2p states. The
hybridization between Co 3d and O 2p leads to the charge transfer from O to Co; thus, O
(2.535) and Co (4.5884↑ and 1.6357↓) are not fully ionized. The covalent Co-O bonds will
weaken the short-range repulsions and lower the total energy, which is favorable for the
ferroelectric phase transition. Moreover, the Bi s state is fully occupied and acts as a lone
pair state causing the off-centering of Co ion. The covalence of Bi-O cause the charge
transferring partially from O to Bi, which reduces the total energy and then enhances
the stability of the tetragonal ferroelectric structure of BiCoO3. On the other hand, the
hybridizations of Co-O causes the large decrease of spin magnetic moments of Co ions
2.97 µB in comparison with the d6 configuration 4 µB. Moreover, we can observe the
occupancy of Co d orbital as follows: dxy ↑, dxz ↑, dyz ↑, dz2 ↑, and dx2−y2 ↑↓. This result
confirms that the t2g orbital is higher than eg orbital, where the down electron prefers eg
orbital. This last result shows the high spin (HS) state in BCO-T with magnetic moment
of 2.97 µB reduced by Co-O covalent bond.
The crystal field in BCO is present due to the octahedral environment of Co ion; also,
there is a splitting of partial d-orbitals of Cobalt due to the Jahn-Teller effect, this effect
arises because regular octahedra deformed into a tetragonal distortion to lift the cubic
symmetry.
Nevertheless, in this type of transition metal oxides, the C-type or G-type antiferro-
magnetic spin state is favorable due to the superexchange mechanism; In the case of
BiCoO3, the C-type AFM is favored because the existence of charge transfer between
nearest-neighbor oxygens, where the transport properties follow Co-O-O-Co path. This
O-O transfer charge reduces the total energy of system and make the AFM-C state more
stable than AFM-G.
In the hypothetical tetragonal AFM-C LaCoO3, the same hybridization and covalent
bond between Co and O atoms. However, the missing of hybridization between La s and
p orbitals and O p orbital, make the lone pair effect absent, which disadvantage the Co
displacement and ferroelectric phase.
For LaCoO3, the calculated density of states in nonmagnetic state (LS: t62ge0

g) show that,
t2g is fully occupied with triply degenerate dxy, dxz, and dyz orbitals, the valence band is
formed by a mixture of these Co states and O 2p orbitals. The doubly-degenerate dx2−y2

and dz2 orbitals which make up the eg manifold, form the conduction band.
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We are agreeing on the fact that the valence band represents strong hybridization of
electrons of O and Co atoms with some small contribution from La atom.
In hypothetical rhombohedric BiCoO3, there are a clear similarities between BCO-R
and LCO-R, However, there is a small hybridization between Bi s and O p orbitals,
which can causing a displacement of Co atom in addition to tilt of the octahedral.
This situation may produces another type of rhombohedral structure (R3c) which is
noncentrosymmetric; the work in this type of structure is in outlook.
The Co-O bond length in CoO6 octahedral presents an important degree of freedom; The
bond lengths of rhombohedric CoO6 octahedral are shorter than those of tetragonal ones,
which confirm the large crystal field (CF) in rhombohedral materials in comparison with
tetragonal. This large CF energy make this effect more favorable compared to exchange
interaction (Hund effect JH , CF > JH). Therefore the low spin configuration is more
stable than intermediate spin where CF ≈ JH .
In tetragonal structure, the off-centering of cobalt toward O2 makes the bond length
of Co-O3 long, and the CoO6 octahedral yield to a pyramidal CoO5. And the down
electron prefers the dx2−y2 orbital than dz2 . Contrary, in LaCoO3, Co-O3 = 2.33 Å keeps
an octahedral environment of Co-ion.
Furthermore, the distance between La and O is longer than Bi-O which makes the charge
transfer impossible in LCO; So, the lone pair effect do not appears in LCO material.
We can conclude that the compression of tetragonal structure leads to rhombohedric
structure, this compression reduces bond lengths and increases the crystal field; and
for this reason, the magnetic state disappears due to spin state transition from HS
(Tetragonal: CF < JH + JT) to LS (Rhombohedral: CF > JH).
We have chosen to study the lone-pair dilution effect on the electronic and magnetic
structures of BiCoO3 by substituting La3+ for Bi3+. Indeed both cations are isovalent,
have compatible ionic radii and are nonmagnetic. At variance with Bi3+, the La3+ cation
does not possess an active electronic lone pair.
We have presented the DFT study of magneto-structural stability, electronic structure,
and magnetic properties of the complete alloy Bi1−xLaxCoO3 for 0 ≤ x ≤ 1.
We have found that the structural stability of this alloy between tetragonal-AFM-C and
rhombohedral-NM undergoes a strongly discontinuous transition between a Tetragonal-
phase and a Rhombohedral-phase at x ≃ 0.345, this structural transition is associated
with a spin state transition from HS magnetic state to LS nonmagnetic state.
The same orbital occupancies were found in BLCO alloy in comparison with parent
compounds for each structure. In tetragonal structure, the substitution of La-atom with
Bi, reduces the Jahn-Teller effect (reducing of t2g orbitals splitting), and increases the
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crystal field effect (increasing of eg−t2g orbitals splitting). Furthermore, the incorporation
of La-atom reduces Co-O bond, this chemical pressure induce a geometrical transition
from pyramidal to octahedral environment of Cobalt. Moreover, there is another reason
for reducing Co-O bond, the absence of lone pair effect in La atoms. The band width of
Bi s-like orbital decreases with increasing the La x-concentration, this change is mainly
due to the increase of Bi-O distance. The latter, may predict a charge transfer reductions
between Bi and O atoms; And so, reduction of lone pair mechanism.
We can conclude from our study of Bi1−xLaxCoO3 alloy in tetragonal-AFM-C structure,
that these changes in different effects (Jahn-Teller, Crystal-Field, and lone pair) induce
a structural transition from tetragonal to rhombohedral structures, as well as magnetic
transition from HS antiferromagnetic to LS nonmagnetic states.
However, the hybridization between pz and d↓

x2−y2 orbitals make a covalent bond in c
direction, which make the spin ordering in C-type antiferromagnetic due to the superex-
change mechanism. This covalency reduced with increasing La substitution (we think
that reducing superexchange interaction makes HS to LS transition easier).
As in rhombohedric parent compounds, the calculated density of states of Bi1−xLaxCoO3

alloy in Rhombohedric-NM structure shows that the Co d electrons are localized in t2g

orbitals and maintains the LS nonmagnetic state.
However, the Bi-atom substitution creates a new bond between Bi s-orbital and O
pz-orbital at a top of valence band, this hybridization may causes a lone pair effect which
can displace Co ion and induce J-T effect, but unfortunately, and due to the difficulties
to realize a total relaxation, we have used a VCA approximation where we cannot
see this displacement. We expect that the incorporation of Bi atom in rhombohedric
LaCoO3 may induce a structural transition from R3c centrosymmetric symmetry to R3c
noncentrosymmetric symmetry, which can shows the ferroelectricity in this system.
Finally, from literature, BCO compound has a critical temperature TC about 470 K [4],
and for LCO, TC is about 95 K [182]; we can predict that La-substitution reduces TC of
Bi1−xLaxCoO3 alloy and improves their properties related to spin state transition.





Chapter 7

Anti Perovskites : RRh3C

7.1 Introduction and objective

Materials that crystallize with a perovskite or perovskite-related structure have been
widely studied, particularly after the discovery of colossal magnetoresistance [247, 248]
and high-temperature superconductivity [125, 249] in layered perovskite-related ceramics.
Moreover, perovskite-related materials have been shown to exhibit an extensive variety
of valuable physical properties and thus are suitable for use in a wide range of applica-
tions such as electronic conductors (in particular semiconductors), ferroelectrics, ionic
conductors, thermoelectric devices and battery materials.
The composition of perovskite-related materials is highly flexible, allowing huge scope for
both the structure and the physical properties of the material to be controlled by exploit-
ing the structure-property relation. Commonly, the manipulation of non-stoichiometry
and substitution of cations or anions is used to control the metal oxidation state and to
optimize the useful properties of the material.
The earliest description of the common atomic arrangement of perovskite structure having
the general formula ABX3 and a simple cubic structure was for the mineral known as
perovskite, CaTiO3 [250]. The structure of CaTiO3 was later found to adopt a distorted
perovskite lattice and thus an orthorhombic unit cell [197]; however the term perovskite
has been universally adopted to describe the structure of ABX3 compounds. Indeed,
most structures described as perovskites are essentially orthorhombic yet still assume
the ideal simple cubic unit cell at elevated temperatures.
Antiperovskites MXT3 (M=Mg,Cu,La,..., X=B,C,N, and T a transition metal) have the
same structure as the perovskite CaTiO3, except for the exchanged positions of the light
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atom and the transition metal. Studies on nonoxide antiperovskite-type compounds such
as the ternary carbides RRh3C (R=rare earth) have been comparatively rare. Among
the family of antiperovskites, the superconductor MgCNi3 (TC=8 K) has received consid-
erable attention (see Ref [251]). Due to the high amount of Ni, magnetic interactions are
present in MgCNi3 and their influence on the superconductivity mechanism is not fully
understood yet. It has been shown that MgCNi3 is near a ferromagnetic instability [252–
254], which can be reached, for example, by hole doping at the Mg site. Unfortunately,
it has been impossible so far to investigate the effect of enhanced spin fluctuations on
the superconductivity in doped compounds such as Mg1−xLixCNi3 or Mg1−xNaxCNi3
because all attempts to prepare such samples failed. The antiperovskite structure is
cubic and centrosymmetric which give a rise to the manifestation of the 3D topological
insulator (TI) phenomena, the antiperovskite 3D TI can provide a novel platform for
diverse potential applications [255].
Intermetallic antiperovskites closely related to MgCNi3 are therefore subject to inves-
tigations, both in the search for new superconductors and in the pursuit of a better
understanding of the interplay between superconductivity and magnetism. It was sug-
gested that carbon-containing antiperovskites may be good candidates.
Systematic investigation of the synthesis and fundamental properties of nonoxide perovskite-
type compounds is necessary. The ternary carbides of rare-earth metal R-Rh-C (R=Er,
Gd) system have also received considerable attention in the superconductivity and mag-
netism field. In the present stage of the study on perovskite-type RRh3B and RRh3C, it
has been observed that they form a continuous solid solution, RRh3BxC1−x, in the range
of 0≤x≤1 with cubic structure (space group: Pm-3m) [256–261]. The introduction of
smaller atoms such as carbon and boron leads in some cases to interesting changes in the
physical properties of the parent compounds. The synthesis of quaternary borocarbide
system RRh3BxC1−x has also been reported in the literature [261–263]. More recently,
RRh3X (R=rare earth; X=B, C) compounds have been studied for determining their
magnetic behavior [12]. Magnetic antiperovskites show a variety of magnetic orderings
and phase transitions. In the ref. [12], the magnetic behavior changed when the rare
earth element changed.
So, most interest is limited to the synthesization and structural analysis and the absence
in the literature of any information about the ab initio electronic and magnetic structure
of these compounds has led us to study these new materials. And for comparison with
Ref. [12], the magnetic stability of RRh3C compounds for R=La, Ce, Pr, Nd, Pm, Sm,
Eu, and Gd is studied. In particular, in the presence of rare-earth 4f orbitals, the widely
used local spin-density approximation (LSDA) [139] leads to a qualitatively incorrect de-
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scription of the 4f energy placement. A related problem is that the structural properties,
due to wrongly estimated localization of the 4f states, are often described improperly.
There are a number of approaches to minimize or overcome these limitations. Some works
include a Hubbard U parameter in order to consider the Coulomb repulsion between
the highly localized 4f electrons [68]. Traditionally, the parameters in such a model are
treated as adjustable parameters and deduced from experiment. Recently, it has become
very popular to calculate these parameters using the ab initio density-functional (DFT)
formalism in the LSDA [15, 264].
In the present chapter, we report the results of a systematic study by means of the
full-potential linearized augmented planewave (FLAPW) method of newly synthesized
non-oxide antiperovskites RRh3C (R=rare earth: La-Gd) and discuss the trends in their
structural, electronic and magnetic properties depending on the rare earth cations.

7.2 Materials and structure

7.2.1 Perovskite structure

The structural family of perovskites is a large family of compounds having crystal
structures related to the mineral perovskite CaTiO3. In the ideal form the crystal
structure of cubic ABX3 perovskite can be described as consisting of corner sharing [BX6]
octahedra with the A cation occupying the 12-fold coordination site formed in the middle
of the cube of eight such octahedra (see figure 7.1). The ideal cubic perovskite structure
is not very common and also the mineral perovskite itself is slightly distorted.
The perovskite family of oxides is probably the best studied family of oxides. The interest
in compounds belonging to this family of crystal structures arise in the large and ever
surprising variety of properties exhibited and the flexibility to accommodate almost all
of the elements in the periodic system. Pioneering structural work on perovskites were
conducted by Goldschmidt et al [192]. that formed the basis for further exploration
of the perovskite family of compounds. Distorted perovskites have reduced symmetry,
which is important for their magnetic and electric properties. Due to these properties,
perovskites have great industrial importance.
If the large oxide ion is combined with a metal ion having a small radius, the resulting
crystal structure can be looked upon as close packed oxygen ions with metal ions in the
interstitials. This is observed for many compounds with oxygen ions and transition metals
of valence +2, e.g. NiO, CoO, and MnO. In these crystal structures the oxygen ions form
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Figure 7.1: - Crystal structure of Perovskite ABX3.

a cubic close packed lattice (ccp) with the metal ion in octahedral interstitials (i.e. the
rock salt structure). Replacing one fourth of the oxygen with a cation of approximately
the same radius as oxygen (e.g. alkali, alkali earth or rare earth element) reduces the
number of octahedral voids, occupied by a small cation, to one fourth. The chemical
formula can be written as ABX3 and the crystal structure is called perovskite. X is
often oxygen but also other large ions such as F−, Cl− and N−2 or any light elements
are possible. On the other hand, the change of positions between the transition metal
and the light element is possible and leads to another interesting properties. Accordingly,
this composition was named Antiperovskite.

7.2.2 Antiperovskite structure

The choice of the non-oxide antiperovskites RRh3C (R=rare earth: La-Gd) as materials
of this investigation is due to the presence of the rare earth and transition metal elements
together in this compounds.
RRh3C crystallizes in the cubic antiperovskite structure with the space-group symmetry
Pm-3m where the atomic positions are: R at (0,0,0), C at (0.5,0.5,0.5), and Rh at
(0.5,0.5,0), (0.5,0,0.5), and (0, 0.5, 0.5) [figure 7.2].
In this structure, there are six Rh atoms at the face-centered positions of each unit cell
forming a three-dimensional network of Rh6 octahedron similar to oxygen octahedron in
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Figure 7.2: Crystal structure of Antiperovskite AB3X - The positions of the ions
in the unit cell are: A (000), X (1

2
1
2

1
2) and B at (01

2
1
2), (1

201
2), and (1

2
1
20) respectively.

CaTiO3. Each C atom is located in the body-centered cubic position surrounded by the
Rh6-octahedron cage. This is usually referred to as the cubic antiperovskite structure
due to Rh atoms occupying anion positions in the CaTiO3 perovskite structure [265]. In
order to obtain the structural properties of RRh3C.

7.2.3 Antiperovskites magnetic structure

We have studied the magnetic properties in nonoxide antiperovskites RRh3C. It is well
known that the rare earth ions present a partially filled f shell which provide a local
magnetic moments. The spin ordering in this elements is in different directions.
Figure 7.3 show the different magnetic ordering; Ferromagnetic (FM) when all spin direct
toward c direction (chosen as direction of magnetization), antiferromagnetic in the ab
plane stacked ferromagnetically in the c direction (AFM-C), antiferromagnetic in three
directions (AFM-G) , and ferromagnetic ab planes stacked antiferromagnetically along
the c axis (AFM-A).
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Figure 7.3: Crystal structure and the magnetic states of RRh3C compounds -
FM: Ferromagnetic, AFM: Antiferromagnetic.

7.3 Methods and functionals

7.3.1 Computational details

The calculations have been performed within DFT implemented in the WIEN2K code
[137]. Atoms were represented by the hybrid full-potential (linear) augmented plane-
wave plus local orbitals (L/APW+lo) method [138]. In this method wave functions,
charge density, and potential are expanded in spherical harmonics within non-overlapping
muffin-tin (MT) spheres, and plane waves are used in the remaining interstitial region of
the unit cell. In the code, the core and valence states are treated differently. Core states
are treated within a multiconfiguration relativistic Dirac-Fock approach, while valence
states are treated in a scalar relativistic approach. The exchange-correlation energy, Exc,
was calculated using the Perdew-Wang LSDA [139] and the LSDA+U [68].
Very carefully, step analysis is done to ensure convergence of the total energy in terms of
the variational cutoff-energy parameter. At the same time, we have used an appropriate
set of k-points to compute the total energy.
We compute equilibrium lattice constants and bulk moduli by fitting the total energy
versus volume to the Murnaghan equation [140].
The standard built-in basis functions were applied with the valence configurations of (R:
5s25p66s25d14fn, 0 ≤ n ≤ 7), (Rh: 4p64d85s2), and (C: 2s22p2). The total energy was
minimized using a set of 63 k-points in the irreducible sector of Brillouin zone, equivalent
to an 11×11×11 Monkhorst- Pack [20] grid in the unit cell, and the value of 8 Ry for the
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cutoff energy were used.
The magnetic ordering is studied using 2×2×2 supercells to model the antiferromagnetic
(AFM) configurations. The self-consistent calculations (SCF) are considered to be
converged only when the calculated total energy of the crystal converged to less than 1
mRy. We have adopted the values of 2.75 bohr for rare-earth elements, 2.25 bohr for
rhodium and 1.6 bohr for carbon, as MT radii.
We consider cubic crystal structure. The crystal-structure investigation shows that it
belongs to a simple cubic with space group Pm-3m. R and Rh atoms form an ordered-
Cu3Au type and the carbon atom is located at the body-centered position (as shown in
figure 7.2).

7.3.2 LDA+U

We used the LSDA [139] to describe exchange and correlation potential. Since it is well
known that such calculations cannot describe the strong onsite correlation between the
4f electrons, we added an effective Coulomb interaction Ueff = U − J . The LSDA+U
method essentially consists of identifying a set of atomic-like orbitals that are treated in
a non-LSDA manner (with the standard double counting correction [68]). Based on the
lessons from Hubbard model studies, these orbitals are treated with an orbital-dependent
potential with associated onsite Coulomb and exchange interactions, U and J.
The standard Hubbard Hamiltonian [259] is of the form

H = −t
∑

⟨ij⟩,σ
C†
iσCjσ + U

∑
ni↑ni↓, (7.1)

where C†
iσCjσ and C†

iσ(Cjσ) creates (annihilates) an electron on site i with spin σ =↑ or
↓. A nearest neighbor is denoted by ⟨i, j⟩.
The meaning of the U parameter was discussed by Anisimov and Gunnarsson [266], who
defined it as the cost in Coulomb energy by placing two electrons on the same site.
In an atom, the U corresponds to F0 of the unscreened Slater integrals [264]. Due
to screening, the effective U in solids is much smaller than F0 for atoms. Ueff can
be estimated by constraint DFT calculations, where some of the valence electrons are
selectively treated as core electrons to switch off any hybridization with other electrons
[264]. One can artificially simulate the addition and removal of electrons to the atomic
shell and observe the change in the calculated total energy in order to estimate Ueff (see
figure 7.4). We constructed a supercell and proposed the hopping integrals connecting
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Figure 7.4: DFT picture of U - Anisimov and Gunnarsson [266].

the 4f orbital of one atom. The number of electrons in this nonhybridizing f -shell was
varied and F 0

eff was then calculated from

F 0
eff = ε4f↑

(
n+ 1

2 ,
n

2

)
− ε4f↑

(
n+ 1

2 ,
n

2 − 1
)

−εF
(
n+ 1

2 ,
n

2

)
− εF

(
n+ 1

2 ,
n

2 − 1
)
, (7.2)

where ε4f↑ stands for the 4f spin-up eigenvalue of the rare earth atom. The original
LSDA+U method [15] was based on the LMTO basis set, where the individual orbital
and hopping terms can be identified, this is not possible within the LAPW method.
So, the method of Anisimov and Gunnarsson cannot be directly applied. Instead, the
hybridization can be removed by putting the f states into the core or by performing a
two-window calculation [15, 264] and U was then calculated from U − J = F 0

eff , where J
can be calculated from the atomic values to a good approximation.
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7.4 Results and discussion

7.4.1 Magnetic stability and structural properties

In order to study the magnetic stability, we compare the total energy of RRh3C in
different magnetic phases relative to the paramagnetic (PM) state. We have considered
three kinds of AFM configurations: AFM-A, AFM-C, and AFM-G in 40 atoms/unit
cell (see Figure 7.3). We restrict to the ferromagnetic (FM) and AFM-A, C, and G
orderings (i.e., we neglect possible next-nearest-neighbors AFM coupling). We report
total energy of AFM phases with respect to the FM phase in Figure 7.5. Moreover, from
Fig. 7.5, we found that FM configuration is more stable than the three AFM phases
for RRh3C (R=Nd, Sm, Eu, and Gd) compounds,while PmRh3C compound adopts the
AFM-C configuration. Also, calculation shows that RRh3C (R=La, Ce, and Pr) are
nonmagnetic materials (NMs), which are consistent with experimental data [12]. For the
other rare-earth inverse perovskites (R=Nd, Pm, Sm, and Eu) our results are predictions.
As the first step, total energy (Etot) versus cell volume calculations were carried out
to determine the equilibrium structural parameters – lattice constants a, bulk moduli
B, and cell volumes V. The results are listed in Table 7.1. It can be seen that our
LSDA calculations reproduce the experimental data to within at least 2.6% (LaRh3C),
1.76% (CeRh3C), 2.97% (PrRh3C), and 1.89% (GdRh3C). In order to see if the effective
correlation potential on R-f electrons can improve the discrepancies with experiments,
we have checked the validity of LSDA+U treatment, where the Hubbard U parameters
were calculated and presented in Table 7.1. It is well known that LSDA underestimates
the equilibrium lattice constants by 1.76–2.97%, while LSDA+U often corrects the LSDA
by predicting values 0.73–2.60% smaller than experiments.
LSDA+U is more accurate than LSDA, this implies that one should expect a perfect
agreement between the experimental lattice parameters and the computed LSDA+U
values. Bulk moduli of RRh3C were also calculated but there is no ab initio or experimental
data to compare with.

7.4.2 Electronic properties

For each magnetic state, the band structures and density of state (DOS) presented are
similar, as shown in Figure 7.6a and 7.6b, so all further discussion on bonding will be
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Table 7.1: The calculated equilibrium lattice parameters a (Å), the bulk modulus B
(GPa), and Hubbard U parameter (eV) of the RRh3C (R=La, Ce, Pr, Nd, Pm, Sm, Eu,
and Gd) Antiperovskites according to FLAPW-LSDA and (LSDA+U ) calculations in
comparison to the data for already synthesized compounds [12] [each compound presented
in his magnetic ground state (MGS)].

RERh3C MGS EXC a(Å) B(GPa)
LaRh3C this work NM LSDA 4.183 223.25

LSDA+U, Ud=0.136 eV 4.194 226.96
exp [12] 4.22 -
theory [263] 4.27 -

CeRh3C this work NM LSDA 4.121 236.35
LSDA+U, Uf=2.811 eV 4.137 237.89

exp [12] 4.146 -
PrRh3C this work NM LSDA 4.150 243.82

LSDA+U, Uf=2.332 eV 4.145 244.70
exp [12] 4.187 -

NdRh3C this work FM LSDA 4.148 231.93
LSDA+U, Uf=2.403 eV 4.150 234.56

PmRh3C this work AFM-C LSDA 4.143 232.62
LSDA+U, Uf=3.015 eV 4.145 228.04

SmRh3C this work FM LSDA 4.141 239.55
LSDA+U, Uf=3.083 eV 4.136 222.10

EuRh3C this work FM LSDA 4.136 225.63
LSDA+U, Uf=3.898 eV 4.137 218.83

GdRh3C this work FM LSDA 4.122 243.90
LSDA+U, Uf=4.154 eV 4.125 240.79

exp [12] 4.148 -
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Figure 7.5: Magnetic stability - Total energy of AFM-A, -C, and -G phases with
respect to the FM phase.

done with only one compound as a demonstrator, and we have studied the chemical
bonding in more detail.

7.4.2.1 Electronic properties of Nonmagnetic structure

Figures 7.7a, 7.7b and 7.7c show the total density of states (TDOS) and partial (PDOS)
of CeRh3C compound without spin polarization in the PM ordering from -15 to 10 eV
and the corresponding band structures are shown in Figure 7.7 using LSDA, LSD+U,
and LSDA+U+SO approach. This phase provides a useful reference for understanding
the spin polarized electronic structures. A sharp peak at -12.5 eV corresponding to the
C 2s states is clearly visible. It should be noted that the broad band between -8.2 and
-0.5 eV is mainly composed of Rh 4d and C 2p states, but also has Ce (6s, 5d, and 4f ),
and Rh (4p, 5s) states, which indicate the occurrence of a strong hybridization effect in
C 2p-Rh 4d states.
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Figure 7.7: Calculated projected total and partial DOS plots for nonmagnetic CeRh3C using: (a) LSDA, (b) LSDA+U, and
(c) LSDA+U+SO approach.
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Hybridization between Rh 4d and the Carbon surrounding is well known to lead to
superexchange interactions in magnetic perovskites.
The DOS of Rh 4d states at the Fermi level is high. At the Fermi energy, Ce 4f states
dominate with a small contribution of Rh 4d and C 2p states. From 2.5 eV, there is
a mixture of all states. From LSDA+U, the 4f bands are lightly modified. We also
calculated the fully relativistic DOS and band structures to see the spin-orbit coupling
effects, which are shown in the vicinity of the Fermi level (Fig. 7.8b). As expected SOC
splits the 4f states into two manifolds. In the case of LaRh3C (Fig. 7.8a) and PrRh3C
(Fig. 7.8c) compounds, the same features are observed with a few changes in detail. In
all cases, the electronic structure is found to be metallic.

7.4.2.2 Electronic properties of Ferromagnetic structure

In this part, we present the electronic properties of EuRh3C using both LSDA and
LSDA+U approach by taking into account the spin-orbit coupling in the FM phase.
Figures 7.9 [a-c] shows the TDOS and PDOS of EuRh3C in the FM structure.
Majority and minority spins are shown above and below the axes. For the FM ordering,
the electronic structure is found to be metallic with the near-Fermi-level DOS determined
by the Eu 4f, Rh 4d, and C 2p states.
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Figure 7.8: FPLAPW-calculated band structure of nonmagnetic compounds along several
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Figure 7.9: Calculated projected total and partial DOS plots for Ferromagnetic EuRh3C using: (a) LSDA, (b) LSDA+U,
and (c) LSDA+U+SO approach.
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When the Coulomb potential is added to the Eu 4f orbitals, the degeneracy between
the different f orbitals is lifted and they are moved at lower and upper Hubbard bands
(Fig. 7.10). When the spin-orbital coupling along the axis (001) of magnetization is
taken into account, the 4f orbitals are moved and split in three manifolds at 2.0, 7.2,
and 9.5 eV. One notes that the FM RRh3C (R=Nd (Fig. 7.11a), Sm (Fig. 7.11b) and
Gd (Fig. 7.11c)) compounds exhibit the same trend.
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Figure 7.10: FPLAPW-calculated band structure of ferromagnetic compound EuRh3C along several high-symmetry axes
using LSDA and LSDA+U approach by taking account of the spin-orbit coupling. The Fermi level is at zero energy.
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7.4.2.3 Electronic properties of Antiferromagnetic structure

we discuss the specific features of the band structure of the PmRh3C in the C-AFM
structure (Fig. 7.12) using the distributions of the total and partial DOS (Fig. 7.13 a-c)
with both LSDA and LSDA+U approach by taking into account the spin-orbit coupling.
Because only the DOS distribution near the Fermi level determines the magnetic prop-
erties, we concentrate our attention upon the DOS in the vicinity of this region. This
range is dominated by Pm 4f, Rh 4d, and C 2p electrons. The Pm 4f orbitals are largely
modified and are split into five manifolds for majority and minority spins at (-3.4, -2.8,
and +1.8 eV) for Pm↑, and at (+1.7 and +3.5 eV) for Pm↓, by some combination of the
crystal field and the anisotropy of the U interaction. Introducing electron correction
potential changes dramatically the result of calculation in comparison with one-electron
approximation. According to the partial DOS of Pm, Rh, and C, it is evident that the
Rh and C states, as well as the Rh and Ce states, are hybridized. In our magnetic
configurations, the effect of the SOC is very weak on the electronic structure of these
materials contrary to the environment of the hexagonal structures.



184 Anti Perovskites : RRh3C

-14

-12

-10

-8

-6

-4

-2

0

2

4

6

8

10

 

 

 up
 dn

E
ne

rg
y 

(e
V

)

LDA+U+SOLDA+ULDA

NdRh3C

R                                                            R                                                            R                                                           
 

 up
 dn

NdRh3C

 

 

 up
 dn

NdRh3C

(a) NdRh3C

-14

-12

-10

-8

-6

-4

-2

0

2

4

6

8

10

 

 

 up
 dn

E
ne

rg
y 

(e
V

)

LDA+U+SOLDA+ULDA

SmRh3C

R                                                            R                                                            R                                                           

 

 up
 dnSmRh3C

 

 

 up
 dn

SmRh3C

(b) SmRh3C

-14

-12

-10

-8

-6

-4

-2

0

2

4

6

8

10

 

 

 up
 dn

E
ne

rg
y 

(e
V

)

LDA+U+SOLDA+ULDA

GdRh3C

R                                                            R                                                            R                                                           

 

 up
 dn

GdRh3C

 

 

 up
 dn

GdRh3C

(c) GdRh3C

Figure 7.11: FPLAPW-calculated band structure of Ferromagnetic compounds along
several high-symmetry axes using LSDA and LSDA+U approach by taking account of
the spin-orbit coupling. The Fermi level is at zero energy.



7.4
R

esults
and

discussion
185

-14

-12

-10

-8

-6

-4

-2

0

2

4

6

8

10

 

 

 up

E
ne

rg
y 

(e
V

)

LDA+U+SOLDA+ULDA

PmRh3C

R                                                              R                                                               R                                                              

 

PmRh3C
 up

 

 

PmRh3C
 up

Figure 7.12: FPLAPW-calculated band structure of ferromagnetic compound EuRh3C along several high-symmetry axes
using LSDA and LSDA+U approach by taking account of the spin-orbit coupling. The Fermi level is at zero energy.
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7.4.2.4 Rh-C bonding in all compounds

In the past section 7.4.2, we have confirmed the contribution of the d orbital of Rh
and p orbital of C in Fermi region, the relationship between this region and electronic
properties of this compounds is very strong.
Accordingly, we have calculated the charge density of RRh3C compounds, and we have
taken in this section LaRh3C compound as reference. We have presented the plane which
takes into account Rh-C bonding.
Figure 7.14 shows the weak covalent bonding between Rh and C in Fermi region. We
know that t2g(dxy, dxz, dyz) orbitals oriented toward the other Rh atoms and only dz2

orbital which oriented toward C atom (see Fig. 7.14a and Fig. 7.14b). Consequently,
this hybridization are created between the dz2 of Rh atom and px, py of C atom (see Fig.
7.14c).
Figure 7.15 presents the total valence charge density which shows the different bonding

between all atoms. There is a metallic bond between transition metal (Rh) and rare earth
(La), while the bonding between Rh and C is a weak covalent as we have demonstrated
later.
Finally, the d-orbital of Rh atom participates to the covalent bonding with C atom
(1 electron) and the other electrons participate to metallic bonding with rare earth
atoms. This particular result is not presented in the perovskites materials which make
the properties of inverse perovskites (antiperovskites) different.

7.4.3 Magnetic moment

At ambient conditions the calculated magnetic moments per R atoms are shown through
the spin density calculation (Figure 7.16), and listed in Table 7.2 using the different
approach compared to the available experimental value (for GdRh3C, 7.025 µB/Gd as
compared to the experimental value of 7.9 µB/Gd at 3.5 K). It seems to be overestimated
compared to the experimental value; however, extrapolation of the experimental value
down to zero temperature would yield a magnetic moment close to the calculated one. A
broad prediction of the calculated magnetic moment for materials remainder is shown in
Table 7.2 and there is no experimental or theoretical value. We see that the magnetic
moments increase along the series going from Nd to Gd. Thus, it is clear that the
LSDA+U presents a better result.
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Figure 7.13: Calculated projected total and partial DOS plots for Ferromagnetic EuRh3C
using: (a) LSDA, (b) LSDA+U, and (c) LSDA+U+SO approach.
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(a) C atom in center

(b) Rh atom in center

(c) 3D charge density

Figure 7.14: Valence charge density (VCD) around Fermi energy in LaRh3C.
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Figure 7.15: - Valence charge density in plane (110)

(a) 2D spin density (b) 3D spin density

Figure 7.16: Spin density calculation in EuRh3C.
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Table 7.2: The calculated magnetic moment of R atoms of the RRh3C (R=Nd, Pm,
Sm, Eu, and Gd) antiperovskite using LSDA and LSDA+U approach [each compound
presented in his magnetic ground state (MGS)].

RERh3C × MGS EXC M(RE) [µB]
NdRh3C this work FM LSDA 3.058

LSDA+U 3.114
LSDA+U+SO 3.000

PmRh3C this work AFM-C LSDA Pm↑:4.232/Pm↓:4.232
LSDA+U Pm↑:4.081/Pm↓:4.077
LSDA+U+SO Pm↑:4.073/Pm↓:4.065

SmRh3C this work FM LSDA 5.367
LSDA+U 5.356
LSDA+U+SO 5.201

EuRh3C this work FM LSDA 6.454
LSDA+U 6.683
LSDA+U+SO 6.654

GdRh3C this work FM LSDA 6.912
LSDA+U 7.036
LSDA+U+SO 7.025

exp [12] 7.900
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7.5 Conclusion

In this chapter, we have performed the first-principles DFT calculations for intermetallic
antiperovskites (inverse perovskites) RRh3C (R= rare earth)compounds. The choice of
nonoxide antiperovskites RRh3C (R=La-Gd) as materials of this investigation is due to
the presence of the rare earth and transition metal elements together in this compounds.
We have studied the magnetic properties in inverse perovskites RRh3C. It is well known
that the rare earth ions present a partially filled f shell which provides local magnetic
moments. The spin ordering in these elements is in different directions (figure 7.3).
In order to study the magnetic stability, we compared the total energy in different
magnetic phases (FM, AFM-A, AFM-C and AFM-G) relative to PM state. Moreover,
from figure 7.5, we have found that FM configuration is more stable than the three AFM
phases for RRh3C (R=Nd, Sm, Eu and Gd) compounds, while PmRh3C compound
adopts the AFM-C configuration, this last result is maybe different due to instability of
radioactive Pm element. However, calculation shows that RRh3C (R=La, Ce and Pr) are
nonmagnetic materials (NMs), which are consistent with experimental data [12]. For the
other rare earth inverse perovskites (R=Nd, Pm, Sm and Gd) our results are predictions.
From the calculated band structures, densities of states and valence charge densities,
the hybridization between d− t2g of Rh ion and p− px, py of C atom creates a covalent
bonding. Also, the d orbital (electron) of Rh creates the Rh-C bonding with C atom, and
other electrons participate to metallic bonding with rare earth atoms. This particular
result is absent in the conventional perovskites materials which make the properties of
antiperovskites different.
The magnetic moment of these materials are created locally by partially filled f orbital
of rare earth ions, this local magnetic moment of R atoms play an important role for the
nature of the magnetism.





Chapter 8

Conclusions

The work in this thesis has focused on understanding the interrelations between the
composition, structure and properties in complex perovskite related materials. These
have been based on the parent compounds such as SrTiO3, LaCoO3, BiCoO3, and inverse
perovskites RRh3C.
In this thesis, electronic and magnetic properties from selected solids in the framework
of DFT were discussed.
In order to better describe correlation effects in strongly correlated systems such as
compounds with transition metals (3d electrons: LaCoO3 and BiCoO3) and lanthanides
(4f electrons: RRh3C), we have used the famous LSDA+U method. In this thesis, the
choice of U -Hubbard parameter has been done, based on two methods; In the first one,
we have made a variation of Ueff depending on different properties such as structural
and magnetic ground state, lattice parameters, band gap, and magnetic moments; this
method was used in chapter 6. In the second one, we have calculated the U -parameter
using constrained-LDA method [15]; this latter method was used in chapter 7.
In chapter 5, we have examined in detail the vacancy effect in SrTiO3.
Nominally pure SrTiO3 is an electronic insulator at room temperature. Incorporation of
point defects into the lattice can generate free charge carriers or charged ionic species.
The latter treatment introduces an approximately equivalent density of oxygen vacancies
which are known to exhibit significantly large lattice mobility. SrTiO3 is thus considered
a mixed electronic-ionic conductor.
Removal of one oxygen from the lattice reduces two Ti4+ to Ti3+ and replaces two
octahedra with two square-pyramids.
The similarity of t2g orbitals (xy, xz, yz) in the defect wavefunction of all Ti atoms
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of supercell confirms the existence of an ionic conductivity in the SrTiO3x. However,
the contribution of deep eg (3z2 − r2) in defect wavefunction confirms the electronic
conductivity; this state has a lower energy than Ti 3d-t2g type conduction states. This is
actually easy to understand, considering that the 3z2 − r2 type orbital concentrates its
charge density in a direction toward two of the nearest O atoms, while one of them (the
one in the vacancy site) is missing.
In the second study, we have performed a detailed investigation on the structural and
magnetic ground states of strongly correlated perovskites, BiCoO3 and LaCoO3 and their
alloy Bi1−xLaxCoO3.
We have chosen to study the lone-pair dilution effect on the electronic and magnetic
structures of BiCoO3 by substituting La3+ for Bi3+. Indeed both cations are isovalent,
have compatible ionic radii and are nonmagnetic. At variance with Bi3+, the La3+ cation
does not possess an active electronic lone pair.
We have found that the structural stability of this alloy between tetragonal-AFM-C and
rhombohedral-NM undergoes a strongly discontinuous transition between a Tetragonal-
phase and a Rhombohedral-phase at x ≃ 0.345, this structural transition is associated
with a spin state transition from HS magnetic state to LS nonmagnetic state.
We can conclude from our study of Bi1−xLaxCoO3 alloy in tetragonal-AFM-C structure,
that the change in different effects (Jahn-Teller, Crystal-Field, and lone pair) induces a
structural transition from tetragonal to rhombohedral structures, as well as magnetic
transition from HS antiferromagnetic to LS nonmagnetic states.
However, the Bi-atom substitution in rhombohedric LCO creates a new bond between Bi
s-orbital and O pz-orbital near the top of valence band, this hybridization may causes a
lone pair effect which can displace Co ion and induce J-T effect, and we expect that the
incorporation of Bi atom in rhombohedric LaCoO3 may induce a structural transition
from R3c centrosymmetric symmetry to R3c noncentrosymmetric symmetry, which can
show the ferroelectricity in this system.
In chapter 7, we have performed the first-principles DFT calculations for intermetallic
antiperovskites (inverse perovskites) RRh3C (R = rare earth) compounds. The choice of
nonoxide antiperovskites RRh3C (R = La-Gd) as materials of this investigation is due to
the presence of the rare earth and transition metal elements together in this compounds.
We have found that FM configuration is more stable than the three AFM phases for
RRh3C (R = Nd, Sm, Eu and Gd) compounds, while PmRh3C compound adopts the
AFM-C configuration, this last result is maybe differents due to instability of radioactive
Pm element. However, the calculation shows that RRh3C (R = La, Ce and Pr) are
nonmagnetic materials (NMs), which are consistent with experimental data. For the other
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rare earth inverse perovskites (R = Nd, Pm, Sm and Gd) our results are predictions.
From the calculated band structures, densities of states and valence charge densities,
the hybridization between d− t2g of Rh ion and p− px, py of C atom creates a covalent
bonding. Also, the d orbital (electron) of Rh creates the Rh-C bonding with C atom, and
other electrons participate to metallic bonding with rare earth atoms. This particular
result is absent in the conventional perovskites materials which make the properties of
antiperovskites different.
To conclude, the work in this thesis hopefully emphasizes the need for more systematic
studies of fundamental properties in complex oxides. These types of investigations are
essential to understand the effects that can be manifest in perovskite related materials,
and we can summarize an important competition between principles effects: crystal field
effect, Jahn-Teller effect, Hund effect and lone pair effect.
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